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NPEAUCIOBHE

Hacrosuwias xuura npeicrasaser coCoit ob6paboranHbll m paciimpen-
HHP kypC Jexumit, NpoumTaHHbIX Aas ctynedtoB III m IV kypco mexa-
HHKO- MaTEMATHUYeCKOr0 dakyabTeTa MOCKOBCKOIO  I'0OCYAAPCTBEHHOTO
YHMBEPCHTETA, CIELNATH3HPYIOLINXCA N0 BBIYHCIMTENLHOM MaTeMaTuxe,

ABToOpbl CTaBMan CBOeH 3ajauel nm3n0xHTb C BO3MOXHQH CTPOroOCTBbIO
CJOKHMBUIMECS B HACTOfLlee BPeMs MeTOAbl YHCJIEHHOTO DelleHus Bax-
HeMIUMX MaTeMaTHUYeCKuX 3a7ay. Pa3BuTue BHIUMCIMTEJBHOM TeXHuMkM 3a
nocsejiHne rojibl HaMOKMAO CBOH OTHEYaTOK Ha BHYMCJIMTENBHYIO Mare-
MaTHKy. ABTOpH cTapaiumch OTpasuTb 3TO B cBoeM xypce. Ho rtyr
BCTPETHaNCH GOsablline TPYAHOCTH, BhI3BAHHbIE ABYMs mpuynnaMu, C oauo#
CTOPOHH, TPe6OBaNOCh 1aTh He OYeHb OOIIMPHOE CHCTEMATHYECKOE M3J0-
JKeHHWe BakHeMIIMX 4YMCJIEHHBIX METOAOB JHLAM, HE 3HAKOMBIM CO Cme-
unduxot BruncauTeabHo# paGorh. C Apyro#t cTOpoHBi, MHOTMe Hampa-
BieHHA COBPeMEeHHOM BbIUMC/IMTeJbHON MaTeMaTHKM elle He CJOXKHJINChH
OKOHYATebHO,

B nocneanme roabl B BHYKCAUTEIbHYIO MaTEMaTHKY BCe ray6ike u ray6xe
NPOHMKAIOT hiew (YHKUMOHANBHOIO auanmsa, bnaroaaps atomy ayuyme
BBISCHAETCA CYLIECTBO KaxAOIO OTAEJbHOTO MET0la, BCKPHIBAETCS Tay-
G6oxas cBA3b Mexy passMyYHbIMM Ha NepBbift B3raadl merolamn. B ma-
CTOSAIIEM KyPCe AendeTcs MONbITKA HCIOMb30BATh (DYHKUMOHANLHOAHAIN-
THYeCKyl0 6a3y OpHM wn3a0xkeHWH KaxAOro pasiesa. Tak kak 3Hauue
$YHKUMOHANBHOrO aHasn3a He [PeANoaaraeTcs, TO B KYPC BBeleHH
NOCBAlEHHblE eMy naparpagul, ATn naparpadbl BEOASTCA B TOM MeCTe, I'le
BO3HHMKAET HEOGXOAMMOCTb HCIOJb30BaTh COOTBETCTBYIOLMH MaTepman,

Msyyenne BoiyucamTenbHOM MaTeMaTHKH HeMbICauMO Oe3 pemiexus
3HAYMTEJLHOTO KOMMYECTRA 3aday. Dbino Gbl 3aTPYAHMTENBHO B OLHOM
KHHTE 14Thb Pas3bop GoubLIOrO KOJHYECTBA NPHUMEPOB HA PABNHUHBIE Cay-
Yam, C KOTOPbIMu BHIUMCJNTEJb MOXET BCTPETHTbCA HA mnpakTuke. [lo-
3TOMY 31eChb Mbl IPMBOAMM JMIIb OYeHb MPOCThle NPHUMEPHl, HJAIOCTPH-
pyioilme OCHOBHOM Marepman xHurn, B xoOHle kaxioM riaBbl npmBeleHb
yIpaxkHeHns, pelleHue KOTOPBIX HOMKHO CHOCOOCTBOBATL  JyqlleMy
YCBOeHMI0 wW3snaraeMoro Marepuasa. llpeanmosaraeTcd, YTO CTYAEHTH
napaigenbHO €O CayulaHHeM Kypca PEINaloT NPaxTHYeCKHe 3a1aum 101
PYKOBOACTBOM mpenojaBaTens, OT KOTOPOT0 MNOJAYYAOT HEOOXOAMMBE
yxasaHms MmO npaxkTuke BbiUuCJAEHHH.
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Heo6xoanMo ykasaTh, YTO HmkaxOR KYPC He MOXeT AaTb OKOHYa-
TeJbHbIX PELENTOB A PellleHMs BCeX KOHKPETHHIX 3a1au BHIYMCJIMTENb-
HOR MaTemarmxku. DBblunmcnmrenbuas paGora, xax wu BcAxad HayyHas
pabora, TpebyeT TBOpYeCkOro noaxoda. ManoxewHblM 3aech MaTepmaa
NPu3BaH CJYXHTH JHIIb NOACNOPbEM, MO3BOAAOUIKM C Gosblue# cko-
poCTbi0  3)dexTHBHOCTHI0 HAXOAHTDb NYTH Ansl pelleHusl 3a1ay NPaKTHKH.

Hasn Gosee yrayGaeHHOrO u3y4YeHmMsl OTAeqbHBIX PAa3denoB aBTOPHI
OTCHJTAOT K COOTBETCTBYIOLIER smTepaType, YKa3aHHOM B KOHLE KaAXK-
IOR TaaBHl.

Inan xHurm m pyxonmch 06GCyxAanuch Ha xadelpe BBUMCJINTEJIbHOR
MaTeMaThkn MOCKOBCKOTO yumBepcuTeTa. B mpouecce 06cyxaenns Oblao
BbICKA3aHO MHOI'O LUEHHBIX 3aMe4annit m mpeinoxenu#, ABTODBI BHIPAKaAOT
ray6oxyio O6naroiapHOCTb yuyacTHHkaM o0O0cyxieHna: 3aB. xadeipoHt
akan. C, JI. Co6oneBy, un.-xkopp. AH CCCP, npod. JI. A. Jliocrepunky.,
npodeccopam A. A, Jlanywosy m M. P. llype-Bype, nouenram
A. 1. Top6ynoBy, B. T'. Kapmauosy, B. B. Pycanosy, 10. A. Hlpei-
aepy w accucrenry H. C. BaxBanory. ABTOpH BBIPaXalOT TaKxe
rayboxyio Gaaroaapuocts 4a.-xkopp. AH CCCP, npod. A. H. Tuxouosy
u aou. B. M. Byaaky 3a mx TPyl N0 peuneH3WPOBAHWIO KHHTH M 33 Pal
UEHHBX MNpelAnOoxeHn# U 3aMeyaHui.

Boabuio#t 06beM kHMIM 4 IUMPOTA OXBAYEHHOTO MaTepuana BbI3BAJIH
Goabime TPYAHOCTH 0pu ee Hanucaumd. KoHeuHo, 3T TPYAHOCTH He
BCETr/a yAaBajioCh NPeOfOneTh HAMAYYWKM 06pasoM. UuTaTesn, BepOATHO,
CMOTYT BBICKA3aTb MHOI'0O 3aMedaHuR u JaTh CBOM TNpeAnOKeHud IO
YAYYIIEHNI0 KHMTH. ABTOpPH MNpPOCAT NPHCHIAATh MM 3TH MNPEAOKEHHS
¥ 3aMevaHus M 3apaHee GuarogapsAT 3a HMX uYmrarenedt,

Kuwra pasbura ma ABa TOMa; OepBHiM u3 HEX COAEpPKHT IiaBb 1—5,
BTOpO# — raaBet 6—10, 4YTO COOTBETCTBYeT Tax:Ke PasleJeHHMI0 Kypca
«MeTon0B BBIYMCJEHMH» HA MEPBYI0 W BTOPYIO YacTh, YMTaeMble Ais
CTYAEHTOB 3-T0 M 4-ro rogoB o6yuenus.

U. C. Bepesun, H. Il. JKudros



BBEJIEHHUE
§ 1. MpeameT BHIUHCJHTENBHOH MaTEMAaTHKH

CoBpeMenHas MareMaTuxa jgocruria Ooabmux ycnexos. Ofnako Ao
NOCJeAHEr0 BpPeMeHu TaaBHble YCUaUS MAaTEMATHKOB ObiJu HalpaBmeHb
Ha coslaHue cTporo#t sgoruueckod 6asm a1 BHPaGOTAHHBLIX PaHee MeTO-
IOB, pacllypeH¥e MHOMXeCTBa OGBEKTOB, K KOTOPHIM 3TU METOAbl NpU-
MEHUMbi, U3yYeHUe KaueCTBEHHOM NpUPOAH MaTeMaTuUyeCKUX OGBEKTOB.
IFopasao MeHbllle BHMMaHUS yaesasnoCh paspaGoTke METOLOB AOBexeHUs
MaTeMaTUYeCKUX uccrelOBaHUM 10 YUCI0BOrO pesysabTara, a 3TO 33ya-
CTYI0 ABJMAETCA UHTEPeCHOM, TpyAHON u upesBbiua#iHO BaxHOR Ans npax-
TUKY 3ajavedt,

B cambix pasHoOGpasHbXx 06gaCTAX COBpeMeHHOM HAyk¥ U TeXHUKH
BCe Yalle NPUXOAUTCA BCTPeYaTbCsl C TAKUMU MaTeMaTHYyeCKUMY 3ana-
YaM¥, Anf KOTOPHIX HEBO3MOXHO INOJYYUTb TOYHOTO pellueHUs xaacCH-
YeCKUMHM METOAaM¥ Wa¥ e pellleHHe MOMKeT OhTb MOJyYeHO B TaKOM
CNOXHOM BHAE, KOTOPHH COBepllleHHO HelpueMgeM [as IPAKTUYECKOTrO
ucnosab3oBaHus. Tak, Hanpumep, OYeHb YaCTO NPUXOLUTCH BCTpeuaThcs
C HeoOXOAUMOCTbI) pelueHus CUCTEM guHeMHBIX asreOpaudeckux ypas-
HeHuM C JecATkaMu U COTHAMU HEU3BECTHBIX, C 3anayel OTbICKAHUA
KopHe# asreGpauueckuX ypaBHeHUH BHICOKUX CTemeHe#t u xopHe#t TpaHc-
HeHAEHTHBIX YpaBHeHu#M, . HeoOXOAUMOCTbIO pelleHus cucreM Audde-
peHUManbHbiIX yPaBHeHu#, KOTOPbie He UHTErPUPYIOTCA B 3/EMEHTADHEIX
GYHKUUAX, ¥ T, A

KoavuectBo 3agay Takoro poaa oCoGEHHO CHABHO BO3POCJIO B MO-
cneflHee BpeMs B CBsA3M C OYpPHHM DasBUTUEM Hayxu u TexHuxku. OT
MaTeMaTHKOB NOTPe60oBanOCh CO34dHUEe HOBBIX G0s€e MOIUHBIX BbIYUCTH-
TeabHbIX MeTOAO0B, Gbiid MOCTABMEHBl HOBBIE BHIYUCAHTENbHbIE 3a7aUH,
yBequuuaca o6bvem souucaeHu#l. C apyroRt cropoHB, ycmexu Hayku
M TeXHUKH, B OCOOEHHOCTY ()UBUKH U PAAMOTEXHUKHU, AaTH B PYKU Ma-
TEMaTUKOB HOBble MolllHbie BHIYUCJIUTEnbHble CPeACTBA. B cBOW ouepeap
HOBBe BBIYUCAUTE/bHBIE CPEACTBA 3aCTABASIOT MATEMaTHKOB HEpPecMOT-
PETb CyilleCTBYIOWlYe METOJb C TOYKY 3PEeHUs PAUUOHANBHOCTH UX pea-
JU3aUHM Ha HOBBIX MalUluHAaX, MOCTaBUIU Mepel MaTeMaTuxamu Dl
HOBBIX cBOeoOpa3HbiX 3aj1av.

fTo sTuM npuuunam B nocaelHee BpeMs HAyana CKJIAAbIBATHCSA
061acTL  maTeMaTHk¥, KOTOPas INpH3BaHA pPa3pPabaThiBaTh  METOLb
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JLOBEJIeHus 10 YHCJOBOTO Pe3yJbTaTa OCHOBHBIX 3a1ay MATEMaTHYECKOTO
aHanu3a, aareGpH M TreOMETPME W TNYTH WCIOJAb30BAHMA Aad 3TOH leam
COBPEMEHHbIX BBIYHCJMTE/NbHBIX CpPeACTB. Jta 06JaCTb MATEeMaTHKH
M NONyYHJa HA3BAHME BHYUCAUMENBHOU MAMEMAMUKL.

§ 2. MeTox BBIYMCAHTENbHOR MaTeMaTHKH

Kpyr sanay, ¢ KOTODBIMH NPHXOAMTCH CTAJKUBATbCS B BHIYMCJIH-
TeabHOM MaTeMaTHke, OUeHb UIMPOK. PasHOOGpa3HH M MeTOAb, NpuMe-
HAeMbie Aad pE‘,I.LIEHHﬂ 3THX 3ajad. OllHaKO MOXHO 3aMeTHThb OllHy
o6y 0 niel0 STHX METOIOB. JTa mniesd OTYET. MBEE BCErO BBHIpaXaeTcs
B TepMuHaX (YHKIHOHANBHOTO aHasm3a. [ToPTOMY MBI BBEJEM mnpejpa-
pUTENLHO HEKOTOpPHE BaxHeHIllme MOHATHA PYHKUMOHAJIBHOTO AHAIN3A.

1. PYHKUHOHAJAbHbBIE MeTpuMecKkue MnpocTpaHcTBA. OCHOBHLIM
NpeiMeTOM HCCJEIOBaHMA B KJAaCCHYECKOM MaTeMaTHYECKOM aHasim3e
apasercd YucaoBas GyHkums. C nosiBieHWeM MOHATHA (GYHK MM OJHOH
¥ HECKOJbKMX MepeMeHHbIX, (YHKLHMH TOUKH B E€BKJHAOBOM NPOCTPaH-
CTBe Hayascs COBpeMeHHHM 3ranm pasmTus MaTeMatnxu, HaumHas c pa-
60T Hbiorona w Jle#t6uuua n 1o xonuna XIX Bexa nojapasiouee 60sb-
IMIMHCTBO MaTeMaTHYeCKHX HMCcaeloBaHMMH Tak mam MHaye GBLIO CBA3AHO
¢ 9TuM nOoHATHEM. [ naBHBIM [peAMeTOM wn3ydeHms OblaM UYHC/IOBLIE
$YHKUMY B MX CHCTeMBl, 33a]aHHbIe B n-MepHoH o6sacTu, T. e, Ha He-
KOTOPOM MHOXeCTBE H-~MEePHOr0 eBKJHIOBA NPOCTPAHCTBA.

Jlsanuathi Bek BHEC MHOTO HOBOTO B STy KapTuHy. Oc060 BaxHYIO
pOJb HAUMHAET WIpaTh MOHATHE O GYHKIMOHAJIBHOM MHOMecTBe, O (yHk-
UMOHATBHBIX | POCTPAHCTBAX M O (YHKUHMOHAJNBHBIX OMNepaTopax, T. e,
0 QyHxUMAX, APTYMEHTAMM KOTOPHIX TaKkKe ABJAAIOTCA 3IMEMEHTH (YHK-
HMOHAMBHBIX MPOCTPAHCTB, BMecTo eBkaMAOBBIX NPOCTPAHCTB paccMart-
pHBaIOTC aGCTPAKTHBIE NPOCTPAHCTBA, JJMEMEHTHl KOTOPBIX MOTYT HMMETh
CaMyio passmyHyio npmpody. Tak, HanpmMep, BBOAWTCS MNOHATHE Mempu~
yecrozo npocmpawcméa R xak abCTPakTHOTO MHOXeCTBa, Aas JIOGhIX
ABYX ©9JEMEHTOB X M Y KOTOPOTO ONpejeqeHO MOHATHE PacCTOAHMA
p(x, y) yAoBaeTBOpAIOilEe CAEAYIOUMM YCHOBHAM:

1. p(x, ) >0, npuuem p(x, y)=0 Toraa m TOabKO TOrA4, KOrAa
X COBNAAZeT C Y.

2. p(x, y)=p(, X).

3. p(x, »<p(x, 2)+p(2, ¥) ana a0OOHX TPEX 3JEMEHTOB X,
¥, 2, OpuHapaexaiuX R (axcnoMa TpeyroabHmKa).

EBk/NAOBH MPOCTPAHCTBA C OOBLIYHBIM ONpeledeHHeM DPacCTOAHHSA
B HHU\ VAOBNETBOPSAIOT BCEM 3ITHM ycaoBuiM. Ho MoryT GuiTh u Apyrue
McerpHYecKme mpocTpaHcTBa. Tax, PacCMOTPMM MHOXECTBO BCEBO3MOK-
HBIX HeNpephiBHbIX (yHxkuu#, 3aAaHHBIX Ha oTpeske [a, b]. Hna moGeix
ABYX Takux QyHkumit x (f) m y(f) ompereamM paccTosHme p(X, y) pa-
BEHCTBOM

p(x, y)= max |x()—y(®)|. )
tgla, b]
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HetpylHO TPOBEpUTH, YTO TaK OMNpejefeHHOe PpacCTOSHHE YAOBJIETBO-
pfeT BCeM TPeM IMOCTaBJeHHHM Bbille yC/AO0BUSIM. TakuM 0GpasoM, Mbi
NOJYYHIH (PYHKILMOHAIbHOE MeTPUYECKOE NPOCTPAHCTBO, KOTOpPOe OOBIYHO
Ha3mBawT npocmpancmsonm C.

JpyruM BaKHBIM KJIacCOM (YHKLHOHAMLHBIX [POCTPAHCTB SBASIOTCS
npoctpaHcTea L,. (34echb p— AeHCTBUTENBHOE UYHCIO 2> 1.) Usmepumas
Ha |a, b] ¢ynxkuua f(f) npuHainexur L, ecau cymmupyema |f(#)["1).

Jse dyHkuuu X (f) W y(f), npuHaajexaiuue L,, CUATAIOTCA 3KBHMBA-
JEHTHBIMHM, €CIH OHH OTJHYAIOTCA APYr OT APYra JMIUb HA MHOXECTBe
Meph Hyiab. Paccrosuue p(x, y) B L, onpeleaserca caeldyiomwum o6pasom:

1

b
pen=| [lxey—y@la|’. @

Tak onpezneseHHOe pacCcTOsHHE YAOBJETBOPSET TPeM MOCTaBASHHBIM BHILIE
YCIOBHSAM.

MoxHO OblJ10 OBl 3HAYMTEIBHO PACIUMPHTL NPUMEPH PA3IHYHBLIX PYHK-
HUOHAAbHBIX MPOCTPAHCTB, HO Mbl Ha 3TOM NOKa OrPaHMYMMCA.

v/t

Puc. 1.

B kamaioM MeTpHYECKOM MPOCTPAHCTBE MOXHO TOBOPHTL 06 OKpecT-
HOCTH NaHHOH ToukH. HasoBeM e-okpecmuocmsio mouku X HeKOTOPOro
MeTPHYECKOT0 NPOCTPAHCTBA R COBOKYIHOCTb €ro TOYeK Y, AJMA KOTO-
PbIX BHINOJIHAETCS HepaBeHCTBO

plx, ) <e (3)

B npocrpancree C 310 GyAeT COBOKYNHOCTh BCeX HEMPePHIBHHX Ha [a, b]
$ynkuutt, nexawwmx B nonoce x(f) £ e (puc. 1). B npocrpanctse L,

) O Mepe MHOXECTB, M3MEPUMBIX M CYMMHUDPyEMBX (QYHKUMAX MOXKHO Npo-
4€CTb, panpumep, B kuure M. I, Hatancona «Teopus ¢yHkuuil Bemect-
BEHHON NepPEeMEeHHOI »,



12 BBEJEHHE

9T0 OydeT COBOKYMHOCTh BCeX (YHKHHMH, mpHHAi.Iexallux Ly, nna xo-
TOPBIX

b
flx® —yoFa << 4)

[Ipu 3ToM B OTAeNbHBIX TOYKAX OTKIOHeHHE Y (£) OT x (f) MoxeT OLITH
oueHp GOJbIIMM, @ 3aTO B APYTHX TOYKax OydeT OueHb MaibM (puc. 2).

[/
5

Puc. 2.

B BHIYMC/AHTENbHOM MaTeMaTHKE YaCTO MNPHXOAMTCH 3aMEHATb OIHY
¢yukuuio x (f) apyro#l dynkuued, Gojee yaoGHOM s BHUHCIUTENBHBIX
neded M B KAKOM-TO CMbiCae 6au3koit k mepeo#t. O6bIYHO 3Ty BTOPYIO
¢yHkuuo 6epyT B HeKoTopo# e-okpecTHocTH nepso#t. Ecmu e-okpecr-
HOCTL Gepercd B mpoctpancTee C, TO TOBOPAT O PABHOMEPHOM Npu-
Gauxcenun Qynkuun x (f). Ecaum e-okpectHocTs 6epyT B OpOCTPaH-
cree L, TO TOBOPAT o npubaudsceruu 8 cpednem. B uactHocTH, npu
P =2 TOBOPAT O cpeduexsadpamu4Hom TNPUOIUKEHHHU.

2. PyHKuuM, ONperejieHHbie HA (GyHKINUMOHANBHBIX MPOCTPAH-
cTBaX. TOYHO TaK e, KaK B KJACCHYeCKOM MareMaTH4YeCKOM aHa/IH3e,
MOYHO BBECTH IOHATHe (YHKUHHM, apPryMeHTOM H 3HaYeHHEM KOTOPOH
6yAyT d7eMeHTH aGCTPaKTHBIX NPOCTPAHCTB.

[Tyctb nam nanbl ABa aGCTPaKTHBIX mpocTpaHcTBa R, u R,. [lycts
KaX1OMy 3JeMeHTY X € R, NOCTaBleH B COOTBETCTBHE 3MeMeHT Y€ R,.
Toraa mbl 6yaeM roBOpUTb, YTO HaM 3afaHa (YHKIHSA

y=A() )

¢ obnacteio onpefencrHus R, u 06/1aCTbI0 3HauYeHUH, mpUHALJIexailel R,.
B uacrasoctd, ecim R, sBaseTcs 006/aCTbi0 AeHCTBUTEJbHBIX UM KOM-
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NJIeKCHHX uMcen, To A(x) HaswbiBaeTcs @yuryuorarom, Tlpocreiium
npuMepoM QyHKIHOHaMa B mpocTpaHcTBe C GyaeT ABAATHCA

b
I(¥)= f x (f) dt. )

TIpocrpaHcTBO R, MOXeT COBNadaTh C MPOCTPAHCTBOM R, u Toraa 6yieM
HaswiBaTb A (X) onepamoposm. O6JacTb MaTeMATHKH, M3yuawillas CBOH-
¢TBa (PYHKIHOHAJbHLIX MPOCTPAHCIB M 3aJaHHBIX HAa HUX GYHKUUH, U
HOCHT Ha3BaHUEe (PYHKYUOHAABHOZO AHAAU3A,

3. MeToa BbIYMCAUTENbHOH MaTemaTHkd. Temepb MOXHO OXapak-
TEPU30BATH METOI BBIYMCJIMTE TBHON MaTeMaTHKH,

B BbiuncauTe 1bHON MaTeMaTHke NpUXOAUTCA CTAJKHBATBCA C CAMBIMHU
pasquuHbIMH 3adauaMd. Ho G6OJbIUMHCTBO 3rHX 32124 MOxeT ObTh 3a-
MHCAHO B BHIE

y=A(), (7)

rde X W y NPUHAAMeKAT 3aJaHHLIM MPOCTPAaHCTBAM R, u Ry u A(x) —
HEKOTOPAas 3alaHHas (YHKUMA. 3ajaya COCTOMT JHOO B OTBHICKAHHH Y 1O
3a7aHHOMY X, JM6O B OTHICKAHMM X 10 3ajaHHOMY y. B Hamem xkypce
Mbl GyZeM UMeTb Iejo TOJMLKO C TAKMMH 3agauyamu. Jlaseko He Bcerna
¢ NOMOUIbI0 CPEACTB COBPEMEHHOM MaTeMaTHKH yAaeTCsl TOYHO peliuTh
3TM 3ajayd, NPHMeHAsS KOHEYHOe YMCao 1aroB. B stux cayuasx u npu-
6erailoT K BHIUMCJAMTeabHOR MaremaTuke, llHOorza samaya u MoxeT GhiTh
pelleHa TOYHO, HO MeTOIbl K/IacCHYECKOM MaTeMATHKH AAIOT OTBET MOCJe
FPOMO3IKHUX M TPyaoeMKHX BbiuuciaeHu#l. [TosTomy 1 3ajaud BbluMC/IH-
TeqbHOM MaTeMAaTHKW BXOAMT TaKke paspaboTka NPHEMOB M METONOB
HauGoJ/ee PalMOHAIBbHOTO pelleHUs] KOHKPeTHhIX 3alday. Kak 310 AenaeTcy
B PasqMYHBIX cJayuasx, OydeT BUAHO U3 aanbvHeHmero kypca. Cefuac xe
Mbl BLHICKQXXeM HEKOTOphie OO6llHe COOOHIEHHS,

OCHOBHBIM  ME€TOAOM, OPU MOMOIUM KOTOPOTO B BHIUHUCIMTELHOR
MaTEMATHKE PEIUdl0T NOCTABJEHHbIE BLile 33734, SBIfAETCA 3aMeHd Npo-
cTpaHcTB R, ¥ Ry W QyHKUuM A HEKOTOPbIMH IPYTHMU POCTPAHCTBAMH
R, u R, u dyHkuue#t A, 60see yLOOHBIMH AJA BBIYHC/IHTENLHHIX UEJEH.
MHoraa ObiBaeT A0CTAaTOYHO NPOMU3BECTH 3aMEHY MPOCTPaHCTB R, U R,
HJM AaXe OLHOTO M3 HUX. MHOTZa AOCTaTOYHO 3AMEHHTH TOJILKO (YHK-
uuio A. 3amena nomkHa OBITh clelaHa Tak, YTOOb! pellleHHE HOBOM
3ajauu

y=A(x), (8)

XER,, yER,— OHIIO B KAKOM-TO CMbiC/E GJIM3KMM K TOYHOMY PELIEHHIO
HCXOJHOM 3azauu (7) M ero BO3MOXHO Obii0 Obl NPAKTHYECKH OTHICKATH
C CPaBHHTENbHO HeGOMbLIMMH TPYAHOCTAMH.
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Hanpumep, nycrb Heo6X0IMMO BBIUMCAHUTb HMHTErpan
b
y=[fwax,
a

rae f(x) — HenpepHBHAA (YHKHHUA, MPUUYEM HeomNpeaeNeHHHH uHTerpan

He Oeperca B 2JMeMEHTapHBIX GYHKuHAX. YTOOH MOMYUYHTb HOCTATOUHO

TOYHOE DpuUOMMKEHHOE 3HAYEHHE MHTerpaja, MOXHO HUATH ABYMS MYTAMH.

1. 3amenum dyHxuuio f(x) anre6pauyeckuM MHorouaeHoM P (x),

paBHOMepHO mpuOAMKAOIWKM (yHKuuio f(X) Ha oTpe3ke [a, b] ¢ Heob-

XOZUMOH cTeneHblo TOyHoCTH. Kak OyaeT nokasaHo B r.ase 4, sTo Bceria
b

caenaTb MOxHO, BMecto uHTerpana y:ff(x)dx 6yldeM HAXOIUThb

a
b

HHTErpan y:fP(x) dx, BBIYHC/IEHHE KOTOPOTO He COCTaBJAeT Tpyiaa.
a

b
31ech MBI, He MeHsas QYHKUHOHaMIa A(f)z'ff(x) dx, 3aMeHAzM npoO-
a

crpaictBo C, KOTOPOMY MNpHHAIMEXHUT f(X), NMPOCTPAHCTBOM MHOroYJIe-
HOB U BMeCTO ¢yHKuHH f(x) GepeM MHoroudeH P (x) U3 HeKOTOpoOH ee

£-OKpeCTHOCTH,
b

2. W3 ompenenenus unterpada ff(x) dx cirenyer, 4TO BGET1a MOXKHO

Q
n

TOCTPOUTb HMHTETPAJILHYI0 CYMMY Zf(xi)Axi, kotopas OydeT nocTa-
i=1
ToyHo 6aMska K 3HaueHu0 uHTerpana. CienoBaTeabHO, BMECTO BBIYMC.e-
b
HUS UHTerpana y=ff(x) dx MOXHO pewaTbh ApYryw sajauy — 3afauy

a
BLIYUC/IEHH KOHEYHOH CyMMbl

n
y=2 f (& bx:.
b
31ecb Mbl yke saMenseM QyHkuuio A (f) = ff(x) dx HoBOU dyHKuUHEH

A(f)= g f(x) Ax;.

Ina ycnewHoro mnpuMeHeHHs YKa3aHHOTO Bhllle METOAA BhIUKCIH-
TeNAbHOW MaTeMaTHKH HEOGXOAMMO B NEPBYI0 OYEPEAb MMETb PaudOHab-

Hbie CnocoGbl 3aMeHb! NPOCTPAaHCTBA R ApYrMM MOPOCTPAHCTBOM R.
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YacTO A/A 3TOH eau B MPOCTPAHCTBE R OTHICKMBAIOT KOHEYHOE MHO-
ECTBO MEMEHTOB
P P2s e v s P
koTopbie Obl, C OAHOM CTOPOHBI, [AOCTATOYHO XOPOLIO ANNPOKCHMHPO-
Ba/qM KaXAb{ 3/MeMeHT npocTpaHcTBa R, a ¢ Apyro#t CTOPOHH, Ghiid Obl
1OCTATOYHO YAOOHH AJs BhlYHcIUTenbHOHM pabote. [Ipu stom B kave-

ctBe R GepyT NpOCTPaHCTBO, COCTOAWlEE H3 STOTO KOHEYHOrO yucaa
5/1€MEHTOB, M 3JMeMEeHTY ¢ & R cTapar B cooTpercTBHe Oammabimd sse-
MeHT ¢; € R niu ofun u3 GmuxallInX, eC/H TaKWX JMEMEHTOB HECKOJLKO,
B aanbHefileM Mb YBUAMM MHOTO MPHMEpPOB TOTO, KaK 3TO OCYilleCT-
BAAETCA. .

Tako#t mpueM He Bcerja mnpuUMeHHM. [as TOro 4YTOGH UM MOXHO:
6b1J10 BOCIHOJbL30BATLCHA, HEOOXOAMMO HAJNOXUThL JOMNOJHUTEILHbBIE orpa-
HUveHHS Ha MeTpuueckoe npocTpaHcTBo R. He BaaBasch B noapoGHoCTH,
yKaxeM Ha Te CBOHMCTBA, KOTOPHIMM B 3TOM CJay4ae AOJIKHO 0GraiaTh
npoctpaHcTBo R. i mo6oro & >0 A0MKHBH CYUECTBOBATL 3JEMEHTHI

@1, 2. -« +» Py TAKHE, UTO KaKOH 6bl 3J1eMeHT ¢ € R Mb HU B3aJH,
HallleTcs TakoH 3JeMeHT @; AJAS KOTOPOTro
p (e a) <.

B sTOM ciyyae 3/7€MEHTH @y, ©p, ..., ¢, HA3LIBAKT &-CEMbIO NPOCMDAH-
cmsa R. Vs Hanuyus s-ceTu npu mo6oM & > (0 6GyneT BHTEKATb KOM-
nakmuocms npocmpancmea R 8 ce6e. D10 o3HauaeT, uTO U3 JMI0GOH
N0C/Ie10BATEbHOCTH 9/eMeHTOB {,}, MpuHainexamux R, MOXHO Bblie-
JHTh OYHIAMEHTAJIbHYK NOANOC/]EA0BATEIbHOCTb, T. €. TAKYIO MOANO-
CJ1€10Ba TENBHOCTh {q»ik}, uro Ajas aw6oro & > (0 Halaerca uesoe 0oJo-

kuteapnoe N, uto npu m U n > N HMEET MeCTO HEPABEHCTBO
p(q)im’ %n)< 3.

M3 Hammuus e-cetn npu mo6om & >0 cienyeTr Takke cenapabeabrOcms
npocmparncmea R, 4TO 03HaYaeT CyLIeCTBOBAHHE CYETHOrO BCIOAY MJOT-
HOrO B R MHOXeCTBa 3JeMEHTOB, T. €. TaKOTO MHOXeCTBa, YTO B M0GOH
OKDECTHOCTH 3JeMeHTa ¢ € R Haljaerca xoTa 6b OAMH 3JMeMEHT 3TOTO
MHOXeCTBa.

OaHako M3 NpelbldyilluXx pacCyXAeHHH Henb3s AeaTh BHBOA4, YTO
KOHEYHbEe AaNnpPOKCHMHUPYIOIIHE TPYNNOH MOMXHO MCIOJAB30BATH TOJBKO
AN KOMNAKTHHX B ceGe MNPOCTPAHCTB, Bo-mepBHX, HYKHO 3aMeTHTS,
UTO cOBpeMeHHHH (YHKUUOHAMbHBIM aHAIM3 HE CBA3AH KaKUM-JHOO OAHHM
Cnoco6om meTpusyemoctd. Hao6opoT, oAHA u Ta we QYHKUUS MOKET
CIYWUTb 3JEMEHTOM CaMbiX Pa3/JUYHBIX NPOCTPAHCTB., PYHKIHOHAJIbLHBIE
POCTpaHCTBA MOTYT WUEJMKOM BKJAABLIBATLCA B ApPYrue (PyHKLHMOHAAbHbie
[pOCTpaHCTBa C COXPaHEHHEeM HJIH NoTepeld MOHATHSA 6/1430CTH, paccros-
HUA W Apyrux. MHerza BO3MOXHO pacCMaTpHBaTh NPOCTPAHCTBO R xak
NpeAeJbHOE MHOXKECTBO €ro NOAMPOCTPAHCTB R,, 06/1aJal0MHX HYKHBMU
HaM cBOHUcCTBamHu.
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MowHO 6riso Gbt MHOTOE TOBOPHTH OTHOCHTENBHO Pa3/uyHBIX NPH-
MeHeHn# (YHKUUOHAJIBHOIO aHaJAu3d B BHIYUC/JIMTENLHOH MaTeMAaTHKE.
Oanako yaoGHee 3TO CHeJaThb NPH H3JIOKEHUM KOHKPETHOTO MaTepHuata
Xypca.

PesioMupys CKa3aHHOE BblINE, Mbl OTMETUM, YTO B HACTOSIEE BPEMs
nepel BLIYHCJMTEJNLHOM  MaTeMaTHKOH CTOAT CJELYIOlLME OCHOBHLIE
B3aRauu:

1. [TpubiukeHHe MHONeECT8 B YHKLUMOHATILHLIX NPOCTPAHCTBAX.

2. [Ipubnmxenue ¢yHnuuM, 3a1aHHBIX HAa (YHKUMOHAJBHBLIX [1PO-
CTpPaHCTBAX.

3. Paspa6oTka pauMOHaJbHLIX aATODUTMOB M METOJOB pelleHus 3a-
Jay B YCJAOBUAX INPHMEHEHHS COBPEMEHHbIX BHIYMCJMTENbHBIX MaILUH.

§ 3. Cpeacrsa BbIMucHeHui

Hccnenys MeTOAH DEINEHHS KOHKDETHHIX 3a7a4, MB! LO/DKHBI, ecTe-
CTBEHHO, YUMTHIBATH T€ BLIYMC/IMTE/NbHLIE CPEACTBA, KOTOpble HMEKTCH
B namem pacnopsikeHud. [TosToMy, He cTaBs cBOeR uenbi0 daThb TEXHH-
YeCKO€ ONHUCAHHE PAa3JUYHbLIX BbIYHCAUTENLHBIX MAIUMH H OPHGOPOB, Mbi
npuBeieM 31€Ch KPaTKHE XaPAKTEPUCTHKH HAauGONee BAKHBIX M3 HHX.
HekoTophie U3 ONHUCAHHHX 31eCh MAalIMH euie He MNOJYYMJIH y Hac A0-
CTATOYHOrO PaCHpOCTPAHEHHSA B MATEMaTHYECKMX pacyerax. OaHako pas-
BHUTHE CYETHOH TexHHKM B Omnkafuive rojbl J0JKHO INpHBECTH Hac
K TOMY, 9YTO HH OIHO OOJE€ ujM MEHEE CEPbe3HOE HayYHOEe yupexie-
Hue He CMOXeT OOONTUCH 6e3 3THX CPEIACTB.

MaTemaTuyeckue MaliHHL M OpuUOOpbLI AeqaaTcds Ha JABe GoJbiline
TPYIOLI: HEMPEPHIBHOrO AeHCTBMA M AMCKPETHhie, WM LUPPOBbiE. [{ugh-
pOBble MAULUHG. TPOU3BOAAT MATEMATHYECKHE ONEPALMH C YMCIAMM, NpH-
HUMAIOILMMH JAHCKPETHbie 3HAYEHHA W HUMEKWMMM uUHPPOBOE i1peacTa-
BIeHHE B TOM MM MHOM cUCTeMe CUMCJEHUs. PeayabTaT NpeacTaBJsercs
B TakoM e Buie. EciuM MammMHa MCnpaBHa M OMepaToOp He jefaeT omy-
60K, TO TOYHOCTb PE€3YAbTATa 3ABUCUT OT KOJUYECTBA Pas3psloB, C KOTO-
pHIMH paboTaeT MalIHHA. B MawuHax Henpepusrnozo Oelicmsus uvucC/a
BHpPa#calOTCd MOCPEACTBOM (M3MYECKUX BeJUUYMH: JJHH, HaNpsiKeHuH,
yraoB u T. 0. Yaule BCcero Onu ABJIAIOTCH MalIMHAMH-2aHAJIOTaMU, MOIes
AMPYIOLWMMH TEM MM HHBIM (QU3HYECKHM TNPOLECCOM KaKyH-HUOYIb
MaTeMaTHYeCKyH 3agavyy. V3 npubopoB HenpepbiBHOrO AeHCTBUS IIHPOKOE
pacnpocTpaHeHue NOJayuuaa JdorapupMuieckas munefika. B Coerckom
Coi03e HAXOAAT TaKKe NPHMEHEHHE CJelyiollde MalMHB H OpuGopnl
HenpepbLIBHOTO AEHCTBUA: MJAAHMMETPbi, MHTEerpadhn, rapMOHHYECKHE aHa-
JIM3aTOPHI, 3MIEKTPO- U THAPOHHTETPATODH! PAa3IUYHBIX CHUCTEM, AHMdde-
peHlUHaJlbHbie aHanu3aTopbl. ToOYHOCTL peayiabTaTa, MNOAYYEHHOTO Ha
MallUMHE HENPEPBIBHOTO A€HCTBUA, 3aBUCHT OT MHOTUX (PaKTOPOB. TOYHOCTH
yCTPOHUCTBA, HCKYCCTBA OmepaTopa, BHEIUMHMX (AKTOPOB, XapaKTepa OTBET-
HOR MIKAaMbi, W BC/CACTBHE 3ITOro OOBIYHO ORIBAET He OYeHb BeJHKa.
{lo3TOMy MAaWMHB HENpPepHBHOTO AeHCTBHS HE MOAYUYHIM LWHUPOKOro pac-
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npoCTPAHEHUs! NPH TOYHBIX HayuyHbHX pacuerax. Kpome Toro, kak mpa-
BU.JO, MQUWHHEI HENPEepHBHOTO JAEHCTBUS TNPUCNIOCOOJEHH A Y3KOTO
KJ4CCa 3a4aY W KawAbid THN MALIMHB PE3KO OTJHYEH OT APYyroro. Mul
30eCb HX ONKMCHBATL He Oyaem.

I. Apudmomerp. KuasumHble BHIYMuCAMTeAbHble MamuHbl, [Ipo-
crefiiet uudpoo#t mamuHo# ssasercs apugmomemp (puc. 3). Hcxon-
Hple [JaHHbie HaBUpPAIOTCA Ha apUOMOMETPE C MOMOLILI) YCTAHOBOYHBIX

e P

e

&

Puc. 3. Apupmomerp.

privaros /. HtoObl CIOXHTL ABa YHCAA OAHO M3 CjraraeMbiX HaGHpaioT
H4 3ruxX pHYArax ¥ MOBOPAYMBAIOT DPYKORTKY 2 HAa ofuH 06OpOT B Ha-
NpaB/ieHUM, YKAa3aHHOM CTPeqKo# ¢ 3HaukaMu «—4-», «X». Crpenxa
HapucoBaHa Ha nNepelHe#t 4YacTu Kopnyca apudMomerpa 3. Ilpu stom
B CUETYMKE Pe3yJbTaTOB ¢ OKaXeTcsd 3TO CJaraeMoe. B cueTuumke 060-
poros 5 OyAeT BHAHA uudpa 1. 3aTeM NOCTYNaeM TaK ke CO BTOPHIM
c.uaraeMbuiM. Toraa B cueTudke pesybTaToB 4 MOJYYHM HCKOMYIO CyMuMy.
Aas BHYMTAHUS yMeHbIIaeMOe NEePeBOAMM B CHETYMK De3yabTaToB, Kak
it epsoe caaraeMoe. [Tocne sToro HaGupaeM Ha yCTAaHOBOYHBIX phHIYarax
BEluMTaeMOe M MOBOPAYHBAEM DPYKOATKY Ha OAWH OGOPOT B HANpaB.JIEHHH,
YiKa3dHHOM CTpe/KOM €O 3HAUKAMH «—>», « :%». PesyibTar onmarb Gyaer
BiLlCH B CYeTYHKe Pe3y/1bTaTOB. C MOMOLIbIO YCTAHOBOYHKX PBIYATOB MOKHO
HabpaTb uyuMcao, uMeiowiee 9 paspsaoB. CHeTYMK pe3yAbTATOB HMeeT
13 paspsnos. SIcHO, Kak NpPOM3BOAMTH MOC/eNOBATENbHOE CAOKEHHE H
BhlUNTaHHE,

Ilna nponsBoACTBA YMHOXEHHA HA apHPMOMETPe HYKHO HAGPaTh GAMH
U3 COMHOXKHTe/e#t C MOMOLBbIO YCTAHOBOUHBIX PLIYArOB. 3aTeM Bpaliaem
PYKOATKY B TOM e HalpaBlendWH, YTO W TPH CIONEHHH, NPOU3BEAd
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Puc 4. Knapuinaa BuMMcHWTEAbHaa Mampha BK-2

Puc. 8. Kaapuuipast BpluHcAnTeNbHES Mawuga «Pein-Mertanns,
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(TOJbKO 0GOpPOTOB, KakoBa mnochaeiHss wudpa BTOporo MHoxureas. {Ipu
3TOM B CYETYMKe pPe3y/abTaTOB OyAeT CTOSTb MePBbIE MHOXHTENb, YMHO-
*KEHHBI HAa NOCAEIHION UHDPY BTOPOr0 COMHOXHTE]A, a B CUETUHKE
060poToB OYAYT CTOATb HyaH, KPOMe NOCAeAHeR LudpH, YKA3hBAIOWIEH
Yuc/aI0 CHeAaHHBIX Hamu oboporoB. [locie aroro nepenBuraeM KapeTky
Ha OJMH paspsj BOpPaBO NPH MOMOWIM pbidara 6 W BpauiaeM PYKOATKY
B TOM K€ HaNpaBAeHWM HA CTOMbKO ©0OPOTOB, KAaKOBa MpeAnoc/elids
uudpa BTOPOro COMHOXuTeNd, 3aTeM CHOBA IMepelBHraeM KapeTKy Ha
OJMH paspsl BOPaBO W T. A ITOT [MPOIeCC MOBTOpSieM A0 TeX Mop,
noka He nepeGepeM BCe Paspsib BTOPOro cOMHOXutens. B wrore B cyer-
YyKe pe3yJbTAaTOB MOJYYHM HCKOMOE NMPOM3BEIEHHE, a B CYETUMKE 060-
pOTOB BTOPOH MHOXUTE/b,

Jlnsa npousBOACTBA Ae/eHus HYWKHO [pPENBADUTENbHO INEepPEeiBHHYTD
KapeTKy BIPaBO HA CTOJbKO Pa3pfioB, CKOJIbKO Pa3pPsAlOB KEAAlOT HMETh
B uacTHoM. [locie 5Toro, kak W MNPH CJAOKEHWH, MEPEHOCAT AEIUMOE
B CYETYMK pe3yabTaToB. [IpH 3TOM HYXHO CTapaTbC YCTaHOBUThb CTap-
muit paspsl JeJMMOro Ha yCTAHOBOYHBIX Dbiyarax BO3MOXHO JeBee, Caeis
B TO K& BpEMs 3a TeM, YToObl BCE AeAMMOe MOJHOCTbIO MEPElIo B CYeT-
UMK pesy/bTaToOB, 3aTeM racaT wudpy 1, nosBuBLIYIOCH B cyeTyuke 060-
POTOB, MOBOPOTOM COOTBeTCTBylOwero Gapamka 7. [locae sroro Ha
YCTaHOBOYHBIX PbIYArax AOJAKHO ObITb MOCTAB/IEHO BTOPOE YUCAO — A€MH-
Teqb. Ero ycTaHaBIMBalOT Tak, 4TOOH CTapluue paspsiabl AEJIMMOToO W
JeauTes CTOSJIM APYr NPOTHB Apyra, €Cau AeauMmoe GoJblle AeaUTeNd,
WaM CTapIUMA paspsail JAeauTens Ha OAWH paspsi NpaBee CTapluero pas-
pala AeauMOro, €cau JAeluMoe MeHbiue aeaurens (MpU 3TOM IEJIUMOE
W JeauTeab PACCMATPUBAIOTC KaK llesble YHCJAa C KOJIWYECTBOM pasps-
NOB, paBHBIM HOMEPY CaMOro JeBOTO U3 HCIOJ/b30BAHHBIX YCTAHOBOUYHBIX
pblyaroB) JleneHue oCywmecCTBASETCs NOBTOPHHM BbiunTaHueM. [loBopa-
YUBaeM DPYKOATKY B TOM K€ HANpaBJE€HWH, HYTO WU NPHU BbLIYUTAHWUU, 1O
TeX MNOp, NOKa YWCJIO, YCTAaHOBJIEHHOE HAa phiWarax, He craHeT $osiblie
YHC/Aa B CYETHYUKE De3yabTaTOB. EcAM MBl clenaeM MUIUIHUR 06OpOT, foO
ycaenuuM 3BOoHOK, Toraa HyxHO caenaTb oauH 060pOT B 0OpaTHOM
HanpaBJeHWH. [lanee, mnepenBuraeM KkapeTKy Ha OIWH Da3psi BJAeBO H
nosropsemM Ham npouecc. [locTymaem Tak 4o Tex Nop, mokKa Kaperka
He 3afimeT KpaitHero neBoro noJoxenus. IIpm sTom B cuerunke 060po-
TOB OyIeT HAaXOIMTbCA 4YaCTHOE, a4 B CYETYHKE DPe3Y/bTATOB — OCTATOK.

ITpu onucanuu xapakrepa paGoThl Ha apudMOMETpPE Mb! HE Kacamuch
1aKOro poja BOMNPOCOB, KaK oNpelefeHHe [OJOXKeHHs 3aliaTol, ycko-
peHHble mpuembl cyera W T 0. HeTanbHuft pasGop ux 3aHan OBl Cauiu-
KOM MHOro BPEMEHU U OHHW AOCTATOYHO XOPOIIO OCBEUiEHb! B JAUdTEpa-
Type. C apyro#t CTOpOHH, NPUBEAEHHOE 31eChb KpAaTKoe omucaHue Gyrer
NO/Me3HO ¢ TOH TOUKM 3pEHus, UTO GoJee COBepLIEHHHE CIETHHE Hud-
POBBI€ MaUIMHB MO XapakTepy paGoThi CXOXHbI C apUMOMETPOM.

Hyxuo 3ameTutb, UTO yXe Takas npocTas BuIYMC/IMTENbHas MauivHa,
KaK apudmomerp, naeT 60JbLIYI0 NOAb3Y NpH cueTHo# pabore. [Tpouspo-
AUTCS MeHbIUE 3amucel, BBHIUMC/AEHHS CTAHOBATCH MeHee YTOMUTENbHEIMHU,
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COKpaijaeTrca BpeEmi KaxXaoro BbIYUCJIEHUS, yMeHbIIAETCA HUCAO OmH-~
6ok, 3a 6 uwacoB paGoThl Ha apudOMOMETPE MOKHO NPOU3BECTH NpPH-
MepHO 750 yMHOXEHUR MATH3HAUHBIX YHCEN HA YETHIPEX3HAUHBIE C 3AMHCHIO
KaXIOro MpousBeleHMs W NpuMepHo 570 AedeHu#t NATH3HAYHBIX yucel
Ha YeTHPEX3HAYHBIE C 3aMUCBI0 KaXAOro YacTHOro,

Krasuwnse swouucsumensuse mauwuns. tuna BK-2, Mepcernec,
Peitu-metann u apyrue {cM, puc. 4, 5, 6), Haxoaswmecs B ymoTpe-
6acunn B Coserckom Colose, ¢ TOYKM 3DeHuUs MaTeMaruka He OTau-
YalTCAd 3HAYUTENbHO OT apudmomerpa. B HuX puiuaxHbifi HaGop sameHeH
KJAdBULIHBIM M DPY4YHO# MPUBOA 3JMEKTPOMOTOpPOM. MmeloTcs W apyrue

It S

ELd

A
ki
3
&

Puc. 6. KnaBumnas BuYMCAMTEIbHass MaiminHa «Mepcezgecs.

He3HaUuTe bHble YCOBepmeHCTBOBaHUA. ONHAKO M 5TO 1aeT MHOrO s
YCKOpeHUs BHIYMCAWTEMbHBIX PaGoT. X npuMeHeHHWe Pe3KO yBe/HMUYHBAET
npou3BOAUTEALHOCTE. C MOMOIIBIO STHX MawUH MOXHO NPOW3BECTH MpPHU-
MepHO 1200 yMHOXKeHHMH NATHBHAYHEIX YHCel Ha YeThIPeX3HauHble
C 3aMKMCHI0 NpOW3BeneHHH U NpuMepHO 1210 neseHuR naTH3HAUHEIX Yucen
HA YeThIpeX3HAauHEe C 3aMUCHI0 YAaCTHHIX 3a 6 yacoB paGoOTHI.

HenocratkoM ONMCaHHBIX Bbime MAamMH 4BJAgeTCH TO, YTO MOCJE BH-
MOJHEHHsT KaXNOro NeHdCTBUA OMNePaTOpPy HEOGXOIMMO YCTaHOBUThH Ha
MauuHe HOBhlE JaHHBle M HAXATh KJIABHMY, YKA3HBAWWYIO CJelYIOLLYIO
apudmMeTHUecKyl0 oNepauuio. JIOBOMLHO YacTO MPUXONMTCA 3aNHCHIBATEH
Ha 6yMare NMPOMeXYTOUHhie Pe3yJLTAThl BHIUKCJEHHH.

2. CueTHo-aHaduTHYeckue MammHbl. HJaabHeHmum waromM no
l'IyTH yCOBepI.LleHCTBOBaHHﬂ BBIUUCJAUTENLHOR TeXHUKHU ABUAUCE asmo-
Mamuueckue euyucaumensusie mautuns. OO6BIYHO OHH  COCTOAT U3
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11eIOF0 KOMIJIEKCA MAWIMH PAa3jMYHOrO HasHauyenus, [lpocrefluM U3
TAKHX KOMIIEKCOB  SBJASETCS KOMHACKM  CHEMHO-OHAAUMUYECKUX
MAULLK,

WcxolHble JaHHBIE s paGOTH HA CYETHO-aHAIMTHYECKHX MAIIMHAX
npo6UBAIOTCH HA CHEUHaNbHEIX KAaPTOHHBIX KApTOYKAaX CTaHAAPTHHIX pas-
MepoB — nepgoxapmax (puc. 7). Ha nepdokapre nanecennl 45 wuau
80 xononok uudp or 0 2o 9. (YHCIO KOJIOHOK 3aBUCHT OT CHCTEMBHI

Puc. 8, Tlepdoparop I1-80.

CYETHO-AHAMUTHYECKUX MawuH.) [IPH MOMOUM OZHOM M3 MallHH KOM-
naexra — nepghopamopa (puc. 8) Ha nepdoxapTe npoOUBAOTCA OTBEp-
crus. B kawIo#l KOJMOHKE MOMXeET ObITb NPOGHTO OTBEPCTHE, PACmoJo-
MeHHoe JM6O TNPOTUB OJHON u3 uudpp, MM60 B OZHOM H3 IBYX PaloB
Bulile UHGP. VX HasbiBaiOT COOTBETCTBEHHO 11 W 12-# gonmoAHUTENbHOM
nosuuuet. MoXHO Takxme OCTaBUTb JAHHYI0 KOJOHKY HENpOOUTOM.
I'pynnupysa onpelefeHHBIM 0O6Pa3oM KOJOHKH NepQOKAapThl, MBI MOXeM
HAaHECTH HA Hee 3HAYUTEJIbHOE KOJHYECTBO Pa3/NMYHBIX RaHHbIX. Onepa-
TOp MOXeET mpoOuTh Ha nepdopatope npumepHo 230 kapT B vac,

Tak kax npu paGore Ha nepdoparTope omepaTopoM MOryT OHIThb
AONyiieHH OINMOKH, TOc/e NPOSUBKH JAaHHBIX HEOOXOAUMO TNPOU3BECTH
KOHTPOJb. JTO OCYIIECTBAAETCS C MOMOWIBIO CNEUMANbHON MAalUMHB —
rKonmpoabviurxa (puc. 9). Jag npousBOACTBA KOHTPOJS HA KOHTPOJb-
HHKE ONEPATOP NPOM3BOLMT T€ K€ ONEpaluM, YTO H Ha mepgoparope.
Ilpu sTOM BOCHpHHUMAaOUIEE YCTPOMCTBO KOHTPOJNLHHKA OULYNBLIBAET
kapTH. Ecau KapTa npoGura npaBiAbHO, TO OHa GECHPENATCTBEHHO
NPOXOJUT 4Yepe3 BOCMpMHHMallee yCcTpoicTBO, Eciau mpowusowmia
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owubKa, TO KapTa OCTAHOBUTCH, NPUYeM OIWMOOYHO TNPOOUTAs KOJOHKA
OKaXETCH Hajl BOCIPHHHMAamOWUM YycTpolicTBoM. B stom ciyuae kapty
M3BIMAIOT W TNPOOUBAIOT HYXHBlEe [aHHble NOBTOPHO Ha HOBOH KapTe.
OnepaTop MOXeT NPOBepUTH NpuMepHo 250 kapTt B wyac.

WHorna BO3HHKAeT HeOOXOLMMOCTb, INpexJe 4YeM INPOU3BOAUTHL Bhl-
yHC/AECHHA Hajl JaHHBIMM, NPOOUTHIMM Ha nepdokapTax, MpelBapUTENbHO
paccopTHPOBATb HX 1O TeM WJH HHBIM NPU3HAKAM, JTO OCYLIECTBJAETCH
Ha cneuuaibHO MaumuHe — copmuposrke (puc. 10). TlepdokapTh Bkia-
JABIBAIOTCS B MAarasuH nojayu copTHPoBKM, [locie 3TOro ¢ NOMOMLbIO

Puc. 9. Konrpoasuux K-80.

PYKOSTKM YCTaHAaB/JWBAIOT, MO Kako# KOJNOHKe caelyeT COPTHPOBAaTh
KapThl, M HaOXUMAaIOT NYCKOBYI KHOMKY. Ilpu 3ToM kapThl 6yRyT aBTO-
MaTHYeCKH TMNOJAaBaTbCi MOJ BOCHPHHHMAIOUee YCTPOHCTBO COPTUPOBKH
H 3aTeM CKJIaJbIBATbCA B ee kKapMaHbl. TakuX KapMaHOB B COPTHPOBKe 13.
JlBeHauaTh KapMaHOB COOTBETCTBYIOT BO3MOXHBIM BapuaHTaM NPOOHBOK
B OIHOH KOJNIOHKE M TPHHAALATHH KkapMaH MNpelHasHaueH AJad KapT, He
MMeWUX NPpOGMBOK B NAaHHOM KOJMOHKe. B TeueHMe yaca Ha COPTHPOBKe
MOXHO TPONycTHTH npumepHo 24 000 KapToO-KOJMOHOK.

Hanee xapTel nocTynaioT Ha mabyasmop (puc. 11). Tabyastop
fBJIgeTCs CUETHO 3anuchBaiowel MamwuHoH. OH aBTOMATHYECKH BOCTIPH-
HMMaeT MCXOJIHble AaHHBEe, NpoOuThe Ha mepdoxaprax. B cooTseTcTBUM
C HacTpoiko#, OCymIeCTBAAEMOR NpPH INOMOWM COeIHMHEHHH HA KOMMY-
TaUHOHHOM AOCKE M YCTaHOBKH BBIK/IOYaTelel, OH NPOU3BOAUT HeoOXo-
AUMBle MOACYETH H TeyaTaeT HYyXHBe pe3yJAbTaThl. TaGy/ldaTop HMeeT
HECKOJILKO CYETYMKOB, KOTOPBHIE MOTYT He3aBHCHMO APYr OT Ipyra cyM-
MUPOBaTh uuc/la, NPOOHTHIE B ONpeleleHHbIX KOJOHKax., MOXHO Takxe
CYMMHpPOBaTb OJHH M Te e YHCAa B Pa3HBIX cyeTyuxaXx. MOXHO me-
DelaBaTh MTOTM W3 OJHOTO cueTyuka B ApPyrolt kak co 3HaKOM ILIiOC,
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Puc. 10. Coptuposxa C-80.

Puc 11. Ta6yasrop T-5.
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TaK M CO 3HAKOM MuHyC. MOXHO neyaratb JAaHHble, NpoOHTHIE HA NeEp-
dokaprax, UaM MTOTH, NOJYYEHHHE B CYETYHKAX.

[IpuBeneM HeKOTOpblE SKCNAyaTauHOHHbIE NaHHHE OTEYECTBEHHOTO
rabyasropa T-5. OH paboraer Ha 80-konOHHHX kapraX, lmeer Bocemb
11-paspsaaHbiX cueTunkoB. MexaHu3aM meuarn uMeer ceMb cekuuit. Ilects
CeKUMH C mNepBOR MO 1mecTyid COomepar mo 11 paspaioB AJs 3aNMMCH
undp u OAMH Paspsii A% 3amuCH  YCAOBHHIX ofosHaueHnBt. CeabMas
cekuns uMeer TOAbkO 11 uupposbx paspsnos. CHeTYMKH HE CBA3AHH
C OMpPEAENCHHBIMH CEKLUSMU M COENMHSIOTCS C HUMU NyTE€M KOMMYTaLMUH.
Ha nepdoxapre Hapsiiy c YMCIOBBIMHM HNAHHBIMH MOTryt OHTBH NPOOHTH

e tmorns, AAWE et
e
3

Puc 12, Hrorosnii nepdopatop MII-80.

npusﬂaxn, OTauyawuue OAHH 4ucJaa OT Iprl‘YlX. STH NPHU3HAKHW TaKkKe
npeacrasasior coboft uncna, Tabyasrop T-5 cHabweH KOHTPOJLHBIM
annaparoM, BOCNPHHMMAaWUIUM npusHaku. Eciam y Hac uMewTcs uyucnaa
€ pas3/MuYHbIMM TPH3HAKAMM, TO TMOC]E€ TOTO, KaK KapThl, COAEpIKauiue
OfMH TNpH3HaK, NPOHAYyT uepes tabyndarop M NOCTYNUT NEPBas Kapra,
coaepxamas yucaa C llpyl‘lrIMl(l HpHSHaKaMH, KOHTpOJIbHHﬂ anmnapar nacrt
curHan ¥ Oyzer nojsefeH MTOr MO Npoleaniefl rpymnne Kapr.

Kourpoab Moxer ocymectastbes no 20 xononkam. Tabynsrop T-5
cuabwen 17 cenexropamMu. BoceMp u3 mux umeior no 11 paspsaos
W 1€BSTH BCMIOMOTATEIbHEIX TIO OAHOMY paspany. Celektopbl MOTYT OhITh
HCHOMb30BAHBE AN YIPABJAEHWS TEPEMEHHBLIM BBOAOM 4YHCEN C mepgo-
KapT B CYETYNKH, TEPEeMEHHBIM MeyaraHWeM 3THX YMCEN, a TaKKe And
BHIIONHEHUS TIEPEHOCOB W3 OJHHX CUYETUMKOB B ApPYrie H NEPEMEHHOro
TNIeYaTaHns peaynbTaTOB, NOJYYEHHHIX B CYETYHKAX.

Ilns toro uto6m npowWsBecTH mnevaTtaHue WTOrOB MO Npomeamel
Tpynne Kapr, nmepeHeceHde YMCJa M3 CYETUMKA B CYETUHK U HEKOTOpHe
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JApyrue HeHCTBMS B COOTBETCTBHH C XapaKTepOM pellaeMo# 3ajaum,
HCHOJNB3YIOTCS NPOMEXYTOYHBHIE XOAH, BO BPEMS KOTOPHIX MaliMHa pa-
Goraer Ges moxaun kapr. Ha raGynsrope wuMeercs uMnyabcatrop Aas
NOCBIIKH MMIyALCOB 000 LUPPE BO BPEMS KAPTOYHBIX XOAOB M TNPO-
MEXYTOYHHX X0J0B. liMeercs takke yHUBepCATbHBLIE HMHTEPBANLHBIH
ABTOMAT, MO3BOMAMIMK PEryAMPOBAThL INPOABHXKEHHE GyMaru Kak B py-
JOHaX, TaK M B OTAEJbHBIX JHCTaX.
Ckopoctb  paborn  tabyastopa T-5
C MeyaraHWeM IaHHBIX H UTOTOB NpH-
MepHo 6000 kapt B uyac u ¢ mevara-
HUeM urtoros npuMepro 9000 kapr
B yac. OyeHb YacToO pe3yabTaTh, MO-
JydeHHble Ha Ttabyaatope, AOMKHBI
ObiTb CHOBa MCNOJbL30BaHH A% pa-
6ot HAa HeM Ke. B 3TOM cayuae BhI-
FOAHO HE TONBKO mneyaratb pe3yJb-
Tathl, HO M CHOBa mpoOuBarb MX lia
nepdokaprax. D10 OCyweCTBAAETCH
Npu TIOMOLIH #mo208020 nepgopa-
mopa (puc. 12). Tlpu cosMectHOH
pabote TabyasTopa ¢ HTOTOBBIM Ilep-
dopaTropoM NOCJAeAHUH aBTOMAaTHYECKH
neppopupyeT NpH3HAYHBIE JAAHHHIE M
MTOTH, MOAYYyEHHble HAa CUETYMKAX.

B npakTuke paGoTHl HAa CYETHO-
AHANUTHYECKHX MAaIMMHAX BO3HHKAeT
HeOOXOAMMOCTb TIEPEHECTH TPOGHBKH
OJHOTO MaccuBa nepdoKapT HAH YaCTH
5TUX NPOGHBOK Ha Apyro#t, IToT poa
paboTH TPHU3BAH OCYLIECTBAATL nep-
gpopamop-penpodyxmop (puc. 13).
Vicnosb3ys nepgopaTop-penpoLyKTop,
Puc. 13. Tlepopatop-penponykrop. vy moxeM NepeHOCHTb JAHHBIE C OJl-

HOFO MaccHBa KapT Ha Apyro#, usme-
HAf MPW 3TOM TPYNNHPOBKY NAHHHX, MCKJIOYas HEHYXHBE HaM [laHHblE,
106aBJss HOBhH€ NpoOuBKH. CKOPOCTh PaGoTH nepdpopaTopa-penpoiryk-
Topa npumepHo 6000 kapt B uac.

Ha rabyasTope oOyeHb 3aTPYIHHTENLHO TNPOH3BOANTL YMHOXEHHE,
Hto6pl BOCIOAHMTBL 3TOT NPOGeN, CO34aHA €lle OJHA MAaMHA — YMHO-
acaiomyul  nepopamop (puc. 14). Ha ymunoxaomem nepdoparope
MOXHO TPOM3BOJHTb YMHOXEHHE uMCes, TNPOOGUTHIX Ha neppoKaprax
¥ MMEIWKUX 10 BOCBMH PaspsloB; MOXHO TaKke NPOM3BOIUTL CAOXKEHHE
¥ BHUMTAHME. PesynbTaTh MONyyalTCs B BUAE NPOOGUBOK Ha nepdokap-
Tax. Bo3MOXHO TpPOM3BOANTL OAHOBpPEMEHHO pasauunble AeHcteus, [Mpu
STOM BOCHPHHHMAIOTCS [0 NATH unced ¢ neppokapThl. CKOPOCTh paGoThl
yMHOXaWETo nepdoparopa 3aBUCHT OT XapakTepa pa6oTsl. Ilpu ywmHo-
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JKeHMH 1IECTH3HAYHBIX UYMCEJ Ha LIECTH3HAYHBE M Tepdopauuu pesyib-
raTa C JABEHAAUATLIO 3HAKAMH MOXHO mnpousBecTd A0 1200 neficrauft
B uac.

CueTHO-aHAMUTHYECKHE MAlIMHB PaGOTalOT HA 3MEKTPOMEeXaHHUECKOM
NpHHIHIIE, D10 06ycloBIMBaET CPABHUTENbHO HeOOJBLIYI0 CKOPOCTb HX

Puc. 14. YMHOXaomuil neppoparop.

paboTel. Bo BCceM KOMNJIEKTe HET MalllMH, OCYILECTBJ/SIOMIMX JeJIeHHE.
IMpucnocobrenne KoMnjaeKTa A/ peLIeHMs CJAOXKHBIX MaTeMaTHyecK MX
3anay’ COMpsikeHO C OOJbLIMMH TPYAHOCTAMH.

3. DJexkTpoHHbili BHYHMCAMTEJbL. J[ladbHeRIMM IIAFOM 1O NYTH
YCOBEPIIEHCTBOBAHUS BBLIUUCAHTENbHOM TeXHUKH SBJAETCH IACKMPOHHbBLE
soqucaumens (puc. 15). DJIeKTPOHHBIR BBIUHCAUTENb COCTOMT M3 ABYX
vactelt: nepgopamopa u swyucaumeas. Ilepdoparop npenHasHaueH
I/ BOCNPUATHS JAaHHBIX ¢ neppoKapT U NPOOGMBKH pe3yabTaTOB Ha
nepdokaptel. OH pa6oTaeT Ha 3JEKTPOMEXAaHHYECKOM NPHHUUNE CO
ckopocteio 10 100 kapt B mMunHyty. B nepdopatope umeercs Tpu mara-
3WHA /19 SaKJadblBaHus KapT: npoOuBHOM, cpenHu#t u mnpasblit. Pe3yib-
TaTbl NPOOMBAIOTCA HA KapTax, NPOXOAAlUMX uyepe3 NPOOGMBHOM MeXa-
HU3M. JlaHHbHE, NpoOuThle Ha nepdoKaprax, NOCTYNAIOT B BHIYUCIMTEND,

BbiuucauTenb npenctasaser co60 3/eKTPOHHYIO GbICTPOAEHCTBYIOILYIO
BBLIYHCIUTENbHYIO Maluy. OH COCTOUT M3 CJAEAYIOWMX OCHOBHBIX GJOKOB;
NEPBMYHOrO XpOHH3aTOpa, MNPOFPAMMHOTO ycTpoHCTBa, (uKCaTOPoB,
CueTunka, ycTpo#cTBa ClBMFa pas3paioB, CXeMH YMHOMEHHS, CXeMH
ACIEHHS ¥ BCMOMOraTeJbHbIX nenef. BochpusTue uucen W uX nepenaua
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B BBIUMCJNTE/Nb NPOM3BOAATCS BO BPEMS MPOXOXKIAEHUS KADT TIOf BOCTPYU-
HHUMaIOILMM ycTpolicTsoM nepdopatopa. Buluncienus npoussoasrcs B 10T
nepuoi, KOFJAa oOuepelHas KapTa Mpowia Yepes BOCHIPHHUMAIOLIEE
YCTPOHCTBO, a Cleldyiolas elle He MOCTYMHAA. 3a 3TO BpeMs (IPUMEPHO
110 MHUIIMCEKYHI) BBLIYMCAUTENb YCHeBaeT chenats 250—280 uuk/aoB
CNOXEHUS U/JM BHUMTaHud. Paccka)ieM HeMHOTO O HasHAYEHHM OCHOBHBIX
6JI0KOB 3JIEKTPOHHOTO BBLIUMCIAHTE/S.

[lepBHuHBI# XpPOHH3AaTOP NpelHA3HAYEH s CHHXPOHH3ALHH PaGOTH
BCEX VY3/0B BHUHCAHTENS., B HeM ¢opmuUpYIOTCA M pachpelesiorTcs

Puc. 15. JnexkTponHbId BHIYKHCAHTE s D B-80.

MMIYJbChl HanpsixeHu#, HeoOXoNMMble TPH BHuuclAenusx. [Iporpammuoe
yCTPOHCTBO MNpeNHa3HAYeHO MJId TOTO, YTOOH TIpM NOMOIH KOMMYyTa-
UMOHHOM JNOCKM yNpaBifTb NOCJAELOBATENbHOCTHIO BHIYUC/AEeHUH B BHIUH-
crurene. Ilas pewenust MmoGol 3anauun HeoOxonumo pasbutb €€ Ha pan
npocrefux onepauuit, cAeLyoWUX APYT 3a APYTOM B ONpefeeHHOH
NOCAe10BATEMLHOCTH, W CKOMMYTHPOBATH COTJIaCHO 3TOW MNpOTpaMMe
KOMMYTAUHOHHYI0 AOCKY Bbluucaurtessd. Ilpu BbUMCAEHHAX NPOFpPaMMHOe
ycTpoiicTBo Oyaer nOcAeloBaTe/bHO NMEPEK/oUarh rHe3la KOMMYTAlHOH-
HOH 1OCKH M 61arofaps COOTBETCTBYWOIIEH KOMMYTauwH ynpasfisTh He-
006X01MMON MOC/IeN0BATENLHOCTBIO Onepanuil.

dukcaropaMi Ha3BIBAOTCA YCTPOMCTBA, TNpEJHA3HAUEHHBIE HJS (UK~
CallM¥ YHCeN NPH BOCMPUATHHM AAHHBIX C KapT, NPH BBIYMCIAECHUAX U NPH
npoOuBKE HUTOTOB. B 3/eKTPOHHOM BBHIUMC/IHTENE HMMEETCS TPH THIIA
duxcatopos: dukcarops uyuces, obuime GUKCATOPH, (PUKCATOP MHOKM-
tens-yacTHoro. OOwme dukcaToput MOTYyT BOCHPUHWUMATH UNCHAa C mep-
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(GOKApT, XPaHUTh NPOMEXYTOUHBE Pe3yAbTaThl TNPH BHYHC/IEHHSAX
4 C HUX MOXeT NPOM3BOAMTHCA nepdopauus uroroB. Bcero umeercs
yeThipe OOmMX (PUKCaTOpa: NBa TPeXpaspsdHLIX M JABa NATHPA3PAIAHBIX,
X MOXHO OOLEIMHSTh IIPH TNOMOWIM KOMMYyTaluu N0 j1Ba, 00pasys
[LIeCTHPa3pSAHblE HJAM BOCbMHPa3psiHbie (uKcaTopb. PuKcaTopsl UHCEN
OTJMYAIOTCA OT OBWIMX TeM, UTO C HHX HeJdb3s TPOU3BOLMTb MPOOCMBKY
uToroB. Bcero umeercs naThb (MKCATOPOB YMCEJ: [Ba TpeXpaspsiHbIX,
ABa TMATHPa3PAAHHX M OAMH BOCbMHPaspSAIHBIH,

Tpex- ¥ BOCbMUpa3psiHble (PUKCATOPH MOXKHO OOBEAMHATL NONAPHO.
DUKCATOP MHOXHTEN — YaCTHOTO — BOCbMUPa3psiHbi#t. OH  aBasercs
o61wMM (PHKCATOPOM H, KPOME TOTO, UCMOJb3yeTcs KaK (PUKCATOP OLHOTO
M3 MHOXHTeNeH NPH YMHOMEHMM M YaCTHOTO MPH AeNeHUH. OJIEeKTPOH-
HBIH BHUMCAMTENL PaGOTaeT B JBOMYHO-NECATHYHOH cucteme. ITO 03Ha-
yaeT, YTO KAaXA0€ YHUCAO, NOCTyMamlliee B BHIYHCAWTENb, 3aNHMCHIBAETCH
B NEeCATHYHOHM cHuCTeMe, a Kaxjad uudpa 3TOFO YHUCIAa — B JBOMYHOM.
Jlns npencTaBleHds 1BOMYHOTO pas3psafa B DB cayXuT Tpurrep-siek-
TPOHHAs CXeMa, HUMewlas ABa YCTORUMBHLIX noJoxeHHs. OLHO H3 3TuX
nojoxeHut npuHumaercs sa O gpyroe 3a 1. Takas cxema, oOJanas
Maloff HHEPIUHMOHHOCTbIO, MOXET ObiThb C TPOMaiHOH CKOPOCTBIO mepe-
OpolleHa M3 OJHOTO mNOJOXeHus B Apyroe. [l mpeacTaBieHus Uudp
or 0 10 9 Tpebyercs ueThipe Tpurrepa. B DB umeeTcs oAMH leCTHan-
LAaTUPa3psAHBI CUeTUUK.

[Tpu cloxeHMH M BHIYUTAHMU B CUETUHK TNOCHAENOBATENbHO TNOLAITCA
cnaraeMble, [Ipu yMHOXEHHM B CueTUHKE TMOJYYaeTCs NPOM3BELEHHeE,
ITpu neneHuu B cueTyuk nepelaercs JeNuUMoe, a NOC/Ae [eNeHHs CHHU-
MaeTCs OCTaToK. YCTpo#icTBO CaBura paspsioB NpEIHA3HAueHO AJS ne-
pelaud uyucesa M3 (GHMKCaTOPOB M CUETYMKa CO cABMFOM. Yucia u3 Qux-
caTOpOB MOTYT NepenaBaThcs B aApyrue OUKCATOPBl M CUETUHK CO
CIBUTOM [0 BOCBMHM pa3psnoB B/IeBo. [I3 cuerynxa uucCla MOTYT nepe-
1aBaTbCA B (PMKCATOPH CO CABHTOM 10 BOCbMH PaspsioB BnpaBo. Kpome
TOTO, NPH YMHOXEHMH M A€JEHHM YCTPONCTBO CIBUIa aBTOMAaTHUYECKH
NPOU3BOAUT CABMT uuced. CXeMbl yMHOXeHHS H fAeJeHHs NpelHasHaYeHBl
IS ynpaB/ieHUs aBTOMATHYECKHM BBINOJHEHHEM JAeHCTBUR YMHOMXEHHS
1 jefeHus. BcnomoraTelbHble YCTPORCTBa elle paCIUUPSIOT BO3MOX-
HOCTH MawuH. B DB uMeercs ycTpOHCTBO OKpPyr/eHUs, MO3BOAAIOILEE
NPOM3BOAUTL OKPYrieHuss no JMioOOMy M3 [eBATH MJallIWX PaspsloB
CUYETUHKaA.

VMmMeercs ycrpofictBo npoBepku Hyas. Eciu mossonser BpeMs, OTBe-
NeHHO€ /15 BbIYUCJ/EHHUI, MOKHO NPOM3BECTH OAHO W TO e BHIUMC/EHHUE
JABaXIb M ONHH PE3yAbTaT BLIYECTb M3 JAPYFroTro. YCTPORCTBO mpOBEpPKH
Hyas OOHApyMUT, TOJAYYHTCS JU NP ITOM Hy/db, T. €. NPaBHUALHO JM
NpousBeleHbl BHYHC/IEHHS. DIEKTPOHHBIE BBIYUCAUTENb NO3BOJSET PEIaTh
CIOXHBIE MaTeMaTHYeckde 3ajaud. K ero HelocTaTKaM C/eLyeT OTHECTH
HeGOJbINYI0 €MKOCTb (HUKCATOPOB, YTO JHMHTHPYET KOJMYECTBO JaH-
HBHIX, C KOTOPHIMH MOXHO NPOHM3BECTH BHuHcleHus. Ilepdoparop xe,
B KOTOPBI} 3aKk/alblBalOTCS BCE HCXOAHBle JaHHBle, paboTaeT MeAJieHHO
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CPaBHUTENBHO ¢ BhiuuciauTedeM. C Apyro#i CTOPOHBI, BpeMs, OTBOAUMOE
A/ BBIYMC/AEHUH, He OueHb BEJIHKO, M NMO3TOMY YacTO OblBaeT 3aTpyil-
HUTE/JBHO TPOBECTH B 3TOT MEPHOMI CJOXKHBIE BBLIYMC/AEHHS HAJ JaHHBIMH,
NOJMyYeHHBIMU C ONHOMH KapThl.

4. YHuBepcaJbHbe 3JEKTPOHHHE HUPPOBHIE BHUHCJIHTEbHbIE
MamuHbl. YKa3aHHHE Bbllle HELOCTaTKM YCTPaHEHH B COBpPEMEHHBIX
GoLempo0elicmsyou,ux Bol4UCAUMENLHUX MAULUHAX € NPOZPAMMHBLM
ynpagaenuemn. CylecTBYET 3HAUMTENbHOE KOJMYECTBO Pa3/NUYHBIX THUIOB
TakuX MawuH. B HacTosuiee BpeMs 3Ta 006JaCTb BBIYHCJAMTEJNbHOM TeX-
Hukd OypHO DAa3BMBAETCA M MOKa €lle NpekIeBpeMEeHHO JelaTh OKOH-
yaTe/bHBIE BBHIBOAH O HaubGo/Mee palUOHAJIbHHX JOTHMYECKMX CXeMaX
M sJeMeHTaX Takux MawmmH, OIHAaKO BCE OHM HMEIOT OOLHE YEPTHI.
Bcakasa o/MeKTpOHHas UW(PPOBas MallMHA C NPOTPAMMHBLIM yhpaBJeHHeM
MoxeT ObThb u300paxeHa cxemoft Ha puc. 16,

Bbodwote  yempoucmbo

\
Be1Bodnsie & nevomon \
yue yempordemsy '

Janomunarouyee
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APLUPMEIIIYECKOE
yempodembo

]
-

YempodcmBo ynpadnerus

Puc. 16. Brok-cxeMa JeKTPOHHOH MalIMHbIL

[Tpouecc pemteHnss MaTeMaTHueCKOM 3alayd Ha SJEKTPOHHOH wuub-
poso#t MamuHe B oOwmMX uepTax MOXeT ObITb ONHMCAH CJAELYIOUIUM
o6pa3oM. MaremaTuk pa3spabaTbiBaeT MeTOJ peuieHus. 3aTeM npoilecc
penleHus TPelCTaB/seTCs B BHIE TNOCAeJ0BATENbHOCTH 3JeMEeHTapHBIX
onepauu#t, KOTOPHIE MOXKeT NPOU3BOAMTh MamuHa. Kak mnpuHsaTO ceftuac
TOBOPUTb, COCTaBJSETCA npo2paMma. B nporpaMMe 1o/kHBI ObITh Mpe-
JAYCMOTPEHBl BCe OCOOEHHOCTH BBIUMCAMTENBHOTO npouecca. Kaxabiit
nociaenyomuit 1mmar JA0/KeH OAHO3HAYHO OMNpeaessaThCs NpeAblLyILHMH
4 TEMH YHC/IaMu, KOTOpbieé OYAyT HaXxOAuTbCd B MallHHE B 3TOT MO-
MeHT. [lporpamma BMecTe C MCXOIHBIMH JAaHHBIMH AJIs BBIUMC.TEHMH
C MOMOWbIO YCTPOKCTBA BBOAA MNOJaeTcs B 3allOMUHaOLIee YCTPOHCTBO
mMamuHbl, [locie 3TOr0 HauumHaercs caM cuer. B coOTBETCTBMH C npo-
rpaMMolt MammuHa BHIOMpaeT He0OXOAMMble JaHHblE M3 3aNOMHMHAIOLIETrO
ycTpofictBa, noaaeT uxX B apupmeruyeckuft OJOK, NPOU3BOLUT TaM
HyXHbl€ BBIYHC/EHUS M HanpaBlideT pe3yAbTaThl JuOO CHOBAa B 3amoMu-
Hauee YCTPOHCTBO, /MO0 Ha BHIBOJL MalHHBL JJIs TedaTaHus. BJok
ynpaB/eHust TpelHasHaueH J1Js  cor/lacoBaHus paboOTH  BCeX y3/0B
MaliMHB.
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B CoserckoM Coiwose ¢ 1952 r., paboraer ObiCTpOAEHCTBYIOWAA
9MeKTPOHHas uudposas Mawmuna Axazemun Hayk CCCP (BICM)
(puc. 17). TlpuseaeM HeKOTOpHIE €€ XapAKTEPUCTHKH, DBBIYHC/IEHHA Ha
BIOCM Beayrca B aBouuHOH cucreMe, Yucna B MalluHe npencTaBAfAIOTCA
B BUIe

x=a- 2P

rie —1<<a<1 u p—uenoe (NOJOKHUTENbHOE WJIM OTPHULATEIbHOE
4ic/a0). BeluuuHy @ Ha3bIBAIOT MAHTHCCOHM 4YMCJIAa M p — NMOPALKOM 4dHcaa.
JJIs 3anmucu MaHTHUCCHI OTBOAMTCA 32 ABOMYHBIX Paspsna, OLWH paspsn
OTBOAMTCA JJs 3aNMCH 3HAKa 4YUCJA, NATb JABOHYHHIX pa3psaioB OTBO-
OMTCA AJA TOPAAKAa YMC/AA U OAMH AJsl YKa3aHUA 3HAaKa mopanka. Takum
00pasoM, Ha MauldHe MOTryT ObITb NpeACTaBAeHb 4YHCJIA, MOLYJH KOTO-

pHIX 3aKJIIOYEHH MEXAY 278y 9t Ilpu XKenaHuM KOJUYECTBO 3HAKOB
yHCc/Ia MOXeT OBITb YABOeHO. IJTOT cnocol 3anMcH YHces XapaKTepusyeT
MAIUKHB C MJABAOWEeH 3amaTod B OTJAWYME OT MALIMH C (uxcupoBaHHo #
3anato#f, B KOTOPBIX YMCJA 3aNHUCHIBAIOTCA OGBIYHBIM 06pasoM ¢ Qukcu-
POBaHHBIM TMOJOXEHHEM 3anfATOH, HO HajaaraeTcs NOMOJHUTENIbHOE Tpe-
OoBaHue, 4TOGbB HCXOIHBIE JAAHHBlE, NPOMENKYTOUHBlE U OKOHYaTeJbHHE
pesysibTaTH JeXkanu B ONpejpesNeHHOM HHTepBaje, HampuMep (—1, 1).
Mawwunel ¢ ¢uxcupoBaHHO# 3andaTo#i Gosee NPOCTH MO KOHCTPYKUUH,
HO MeHee YIOOHH IAd NPOrpaMMHUPOBaHHA.

B3CM — rpexanpecHas MamuHa. 310 3HAYMT, YTO KaXAas HHCTPYK-
UMA TPOTPAMMB COLEPXKHT KPOMe WYHCJ/Aa, NMOKa3blBAIOIEro, KAaKYo olle-
pauMio AO/DKHA BHINOJHUTbL MAallKHA, elle TPU HHCJIa, ABA U3 KOTOPLIX
MOKa3biBAIOT, OTKYLAa AO/KHBI OBITb B3ATHl YMC/J4, YYaCTBYIOLUHE B 1aH-
HOM omepauuu, ¥ OJHO TNOKa3blBaeT, KyAa JOJ/MkeH OBITb HanpanijeH
pesyJabTaT.

B B3CM mpenycmorpeda 31 xomanza. K HHM OTHOCATCS KOMaHABI
NS YeThipeX apudMeTHYeCKHX onepauui, KOMaHAA YMHOMEHHA C BBIBO-
AOM YABOEGHHOTO KOJHYeCTBA pAa3pfAloB M HeJeHHA C BBHIBOLOM OCTATKa.
MeeTcs HecKOJBKO BCIOMOTaTeJAbHBIX M JOTHYECKHX KOMaHA, Bce one-
pAaUKUU BHIMNOJHAIOTCA OAHUM apUdMeTHYECKUM YCTPOUCTBOM, CKOHCTPYH-
POBaHHBIM HA TPUTTEPHBIX fAYelkaX. ApudMeTHueckoe yCTPOHCTBO
COCTOUT M3 NPHEMHBIX PErHCTPOB M CYMMartopa.

3anomuHaowux ycrpoticts Ha BACM Heckoabko. Haubosee Grictpoe
M3 HUX HCNO/Mb3yeT 3MeKTPOHHO-JIy4YeBble TPYOKH M DPACCUUTAHO Ha
1023 uucna. Bpema BHOODKM WM 3aNuCH 4MC/IA COCTaBaseT 12 mcex.
BropuiM BuUZOM mnaMaTH fBJseTCd 3aialllee YCTPOHCTBO Ha repMaHue-
BHIX NUOAAX, paccuutaHdoe Ha 376 umcen. I3 Hero MOXHO BHIGHpaTh
YHCJIa WM KOMAHAbI, HO B HEro HeJab3sl 3amucaTh pe3yabTaThl. [uon-
HO€ 3amOMMHaollee YCTPOHCTBO MCMOJb3YeTCs B OCHOBHOM A/ THIOBBIX
MOANpOrpaMM, ILJA9 YCTaHOBKM KOIPDHUHEHTOB, MeHAIOWUXCA OT Ba-
PHAHTA K BApHAHTY, AN PYYHOTO YIPaBJEHHA XOAOM BHIUIC/IHTENLHOTO
npouecca u t. n. Tperu#r Bun namaru BICM Gonee MelJIeHHbBIM
W ucnose3yer MarHuTHbi# GapaGad ¢ emxoctbio 5120 umcen. Haxowneu,
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yeTBEPTHIA BHE MCHOJb3YeT YeTHpPe MarHuTOPOHa ¢ OOIEH €MKOCTBIO
okono 120000 uucen.

BBoxn uucen M KOMaHA B MalWlMHYy TPOU3BOAMTCA C nepgoIeHTH
co ckopoctbio 20 uducen B cekyHny. Ec/iu BBOAHMBlE NaHHblE NOJYYeHbHI
B pe3yibTaTe CYeTa HA MamlMHe, TO HX 3aNMHCHIBAIOT HAa MArHUTHYIO
JEHTy W BBOAST C 3TOH JICHTH.

BbiBOL pe3y/MbTaTOB NMPOU3BOAMTCA NMYTEM 3aMHCH UX HA MAarHUTHYIO
JIGHTY W TOCHAEAYIOWEero IeYaTaHus Ha KuHomreHky. Ckxopoctb paGoTH
doroneyataowero ycrpoficrsa cocrarnager 200 uncen B cexyHny. Kpome
¢oTONeUaTaOIWEr0 YCTPOKCTBA MMeeTcsd 3JeKTPOMeXaHuyeckoe MNevaTaio-
mee ycTpoHcrso, paGoraiouiee HemocpeAcTBEHHO OoT MawuHbl. CKopocTb
neyaradua 1,5 uMciIa B CekyHAy.

CpenHsas ckopoctb paGoThl Mawmuuel cocraeaser 7000—8000 onepa-
uuit B CEKyHLY.

5. CpeacTBa BHUMCJAEHHH M 3a8auM BHUHMCJAHTEJbLHOH MaTema-
tukd., CremaeM Tenepb HeKOTOpble BBIBOJbLI OTHOCHUTEJIbHO BJIHUSAHHSA CO-
BpEMEHHH X  BBIYHC/JHTENbHBIX MAUIMH Ha XapaKTep BHIYUCIUTENbHH X
pabot. Ilpexae Bcero HyXHO HMETb B BHAY, uTO UHPPOBHIE MaIUHHBI
CHOCOGHB MPOU3BOAHTBL TOJBKO YeThIPE OCHOBHBIX apUdMETHYECKUX
HOeHcTBUA M MHOTAAa ewe Hekotopbie omnepauun. CnefoBarenbHO, paspa-
GaTbiBaeMbie HAMH METOABl pelleHHs 3aAayY JLOJDKHBI, B KOHUE KOHLOB,
CBOAMTbCA K TIOC/TENOBATENbHOCTH STHX onepauuii. [anee, Hamuuue
CueTHHX MalMH oOnpefeiser U O6GbeM BHYHCAUTEJIbHOM paboTH, KOTO-
PYI0 MOXHO NpaKTHYeCKH BHIIOJAHHTb. UeM coBepuieHHee y HAC TeXHHKa,
TeM KpynHee BHIYUCTHTENbHBIE PAGOTHI, KOTOPblE C €€ MOMOIBI0 MOMKHO
ocymecTBUTb. MHOrHe paGoTH, KOTOpPHE paHee CYUTAJIUCh NMPAKTHYECKH
HEOCYLIECTBUMBIMH, NPOBOAATCA ceffuac cpaBHutenbuo Jerko. C apyro#
CTOPOHBI, YeM cOBepllieHHee TeXHHKa, TeM OHa LOpoxe, AOpoxe 06X0-
nutca M ee sxcnayarauus, [lostoMy Bo3Hukaer 3ajnaua o HauGoJee
pauMOHaIbHOM HCMOJb30BAHHU Pa3JHYHbIX BHIYHCJAUTENbHBIX CPEACTB,
YMeJIOM COYeTaHUM HX APYT C APYroM.

IMpu Bcako#t BbuMCAUTENbHOH paGoTe BAXHO YMeTb XOpOLIO ee
MJaHUPOBaTh, YMeJblli BbIGOD aATOpUTMa J[JA pelUeHUs 3adaud, pauuo-
HaJbHOrO TnNOpsaKa AeHCTBUH, CcXeMbl 3anucH Oyaer cnocoGCTBOBAThb
6osiee OGbLICTPOMY pellEHHIO 3a4aul, COKDAueHUIo OWnOOK K MeHbLIeMY
YTOMJIEHHIO BBHIYHCAUTENEH. ODTO CTAHOBUTCA OCOOEHHO BaXHBIM TpU
NPUMEHEHHH COBPEMEHHBIX 3JMEKTPOHHBIX UM(PPOBhIX MawnH. CoBpeMeH-
Hag  GbcTpOAEHCTBYIOIIAA ABTOMAaTHYecKas BbIYUMCAMTENbHAA MaluuHa,
Npousponsmwas B cekyHiy okosao 8000 omepauutt 3a 8 uyacos paborhl,
Npoxenaer npuMeprno 200 000 000 onepauutt. 310 Ko/IOCCANbHAA Bbl YHCIH-
TelbHaa paGora LOJKHA NPOU3BOLAUTBCA aBTOMAaTHYecKM Oe3 BMea-
TelIbCTBa vuesoBeka. Ho uesoBexk JO/MKeH CMJIAHHPOBaTh BCIO PaboTy
MawnHe. KoHeuHO, 3TO He O3HAuydeT, YTO OH JO/MKEH 3HATh W AepKaThb
B NaMaTu Bce onepauuu, Kotophie GyAyT npousseldeHu. Ho OH mo/ken
fipenycMoTpets BCe OCOGEHHOCTH, KOTODbie MOTYT BCTPETHTbCH, 1
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ofecrneuuTb BHIMOJHEHHE TOTO AJrOPHUTMA, KOTOPHH HYyxeH A peuie-
Hug 3afaud. Celiuac ycneHO pa3BUBaeTCs CMNeUMadbHBIM pasgen Bbl-
YHCAUTENbHOH  MaTeMAaTHKH ~— T€OPUA  NPOTPAMMHUDOBAHUA, KOTOPBIH
npu3BaH OGJeruuTb TPYA YeJOBEKA MO COCTABJIEHUIO mporpaMm. B srtoM
paszene HaxoAAT WHPOKOe NpUMEHEHHE TeOpUA MHOKeCTB, MaTeMaTH-
yeckas JOTHKA, aiareGpa., JiAa cOCTaB/JeHUA TNPOTPaMM  UCIOJAb3YIOTCA
H CaMM MauIMHHL.

Besbwioe 3HaueHHEe TNPH COCTABJACHHH TPOTPAMMBl AJd pelIeHUs
KOHKpeTHO# 3alauM MMeeT YaAauyHbi#t BumOGop amroputMa. [lpu sTOM
BO3HUKAIOT CaMble HeOXULaHHble U cBoeOGpasHble 3ajaud. Kasasoch GH,
4Yero npoie COCTABUTb TMNPOrpaMMy AJdq  BBIYHCJAEHUA MHOroOWieHa.
OZHaKO U 3HeChb MOXHO YIAYHBIM aJFOPUTMOM IOJIHEE HCIOJb30BATh
BO3MOXHOCTH MamnHbl. HM3BecTHO, uTO Ha MNPOU3BOACTBO YMHOXEHUS U
IeneHUs 3aTpauuBaeTcd G0Jblue BpeMeHH, uYeM Ha CJHOXeHHe M BHIUMTA-
Hue. CnenoBatesbHO, HYMXHO CTPEMHTbCA COCTABUTbL aAJATOPHTM TaK,
4TOOBl 1O BO3MOXHOCTH YMEHBIUUTb YHUCJIO Omnepauutl yYMHOXEHHA H
Aenenus. Ilyctb, Hanpumep, HaM TpeGyercs MOACUMTATb MHOTO pa3 3Ha-
YeHHe MHOrowieHa:

x4 4-2,2x3 4-3,4x2 1+ 4,2x + 5.,4.

Ecnu HelicTBOBaTH HEMOCPEACTBEHHO, TO TNPHAETCS KaXAbH pa3 lenaaThb
MO WecTH YMHOxeHHH. OHHAKO 3STOT MHOTOWIEH MOXHO 3anucartb
B BHIe

[x(x+1,1)4+1,9405 — x] [x (x +1,1) + x + 1,2495] 4+ 2,97534525.

Ilpu TakoM npeacTaBJeHUH HaM notpebyeTcd Bcero JHIIb ABA yMHOME-
HUS: OZHO AJg noayuyeHus x(x—+-1,1) u BTOpOoe A/ TOJYuYEHUS TMpPO-
M3BelleHHs KBaJAPaTHbIX CcKOoGoK. KoHeuHO, Hesnb3d Bceria CUUTaTh, YTO
BTOpPOE€ TNpEACTABJEHHE Jyyule MepBOTO, HO ITUM TPUMEPOM MH mo-
Ka3a/JH, KaKk CBOEOOPA3HO MOXET O0Ka3aTbCsl TNpPEACTABJIEHHE 33134l A/
BHIYMC/IUTE/bHBIX Uesedd. Bonpochl, cBA3aHHble ¢ BHGOpOM HauGosee
PauuoOHaNbHOTO aAropuTMa AJd peuIcHU# BBIYUCJIUTEABLHON . 3a1auH,
CIOXHB, M B HacTosliee BpeMs euie OTCYyTCTByeT oO6was Tteopus,
NO3BOJAIONIAA YKAa3blBaTh, Kak 3TO Hesiath. M B 3TOM HanpasjeHUU
MOTYT MOMOYb ObICTPOLEHCTBYIOWIHE BEIYUC/IUTENbHBIE MalIHHbI.

Ilpy npuMeHeHHH aBTOMATHYECKMX CHYETHBIX MALIKH BO3HHKAeT elle
oaHa npoGsieMa. Yacto B mpouecce BHIYHCMEHHH NPHUXOAUTCH HCNOJb-
30BaTh T€ MJM UHble TPAHCUEHIeHTHble @YHKUUH. BBoauth Tabauubl
TaKUX (QyHKUu# B MamuHy HeynoOHO, TAK KaK 3TO CUJABHO 3arpo-
MO3IMT ee 3anoMuHalomee yctpotictBo. [lostoMy ceftuac ocoBeHHO
OCTPO BO3HUKAET HEOOXOAMMOCTb NMOJYYUTb AOCTATOYHO XOPOIUME Npes-
CTaBJIEHHs HauGoJ/ee YacTO BCTPEYAIOWIMXCA TPAHCUCHACHTHHX QyHKuui
PaLHOHAMLHEIMU QYHKUUAMY.

Ilpu BCAKOH BBIYHCIHTENBHOH PabOTE BAXHO BECTH YYeT OIIUGOK,
BO3HHKAOWUX B CBA3M C TNPOU3BOLHMEIMH OKDYI/IEHUAMH H ¢ TpH-
OmxeHHBIM  XapakTepoOM MpUMeHdeMblX MeToLoB. Ho mHoHaTHo, uTtO
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BAMAHHE STHX ()aKTOPOB GyjneT MeHee 3HaYUTENbHHIM MPU CPABHUTENLHO
HeBOJIbLIOM O0ObeMe BBIYMUCJAUTEAbHBIX paboT Npu pYdHOM cuere H
GyaeT OFPOMHBIM TpPH TpaHAMO3HOM oObeMe BHIUHCIUTENbHBIX paloT
C HCNOJb30BAHHEM GbICTPOAEHCTBYIOMMX BBIUHCIUTETbHBIX MalluH. Jlerko
ce6e MNpeACTaBUTb, YTO MOCJAE TOrO, KaKk OYyAyT NPOU3BEAEHbI COTHH
MUJIJTHOHOB ONepauuit, OMUOKU OKPYT/IEHUS MOTYT COBEpIUEHHO HCKA3HThb
MCTUHHYIO KapTHHY, €CJM Jaye He YYUTHIBATb JAPYTHE HCTOUHHKH
ownbox. IlosToMy yuer BceBo3MOxHOro poiaa owUGOK CTAHOBUTCH
cefidac COBEPIUEHHO HEOGXOAMMBIM U 3Jech MNPEACTOUT elle 6oJblIas
pabora.

FoBops B mpexbiaylieM a63aue o0 owuOkax, Mb HUMEJH B BHAY
JMIIb €CTECTBEHHBlE OWMKOKH, BO3HUKAIOUUE BCJAEACTBHE OKpYTJIeHHH,
NPUOIHKEHHOCTH METOLOB, MPUGIMMKEHHOCTH MCXOZHBIX HAHHBIX M T. 1.
Mb He uMMenH npH 3TOM B BHAY TeX OIUMOOK, KOTOpHle MOFYyT Npo-
M30UTH MM BCJEACTBUE HEBHHMATEJIbHOCTH BBIYMC/IMTENA, WJIH HEHCTPaB-
HocTH MamuHbel, OfHAKO M 3TH OMWMUOKH NLOJIKHBl YUYMTHIBATbCS. Bbrunc/au-
Tesib, €CTECTBEHHO, YTOMJseTcd NpU AjauTejbHO# paboTe, 4 COBpEMEH-
Has BBIYUC/AMTENbHAS MallMHA COMAEPXKHMT CJAUUWIKOM MHOTO pa3/IHyHBIX
CJHOXHBIX ycTpocTB. OwuOkM Takoro poaa Mbl GyneM HasblBaTb npo-
cvemanmu. TlpocueThl MOFYT HCKasuTb pesyJbTAT B KAKOM  YrOIHO
HANpaBJEHHM M B KAKUX YFOAHO TpaHMUAX B OTJHYME OT OLIMGOK,
0 KOTOpPbIX 1IW/Ia pedyb B TMpenblfyuieM abaalle, BAHAHUE KOTOPBIX
CKaxeTcs /JHIUb B ONpeleJeHHHX npeaeiax. Yro6bl BOBpeMA 3aMeTHTH
NPOU3BEACHHBN TNpocueT, HeoOXOAMMO BCeria Tak MJIaHUPOBATH Bbi-
YuCJ/IeHUA, uToOB 0GECneYnTb MOCTOSHHBLIH TLATEALHBIH KOHTPOJb.

§ 4. Meroan BuUMcaeHHH Kak pasfeq BRUUCAMTENbHOM
matematHku. KpaTkoe conepixanne Kypca

B onHO#l KHHre HEBO3MOXHO H3JMIOXUTb WM XOTd OBl KpaTko
33TPOHYTb Becb KPYT BOMPOCOB COBPEMEHHOH BBIUMCJIMUTENbHOH MaTe-
MaTHKM, TO3TOMYy MBI OrpaHUYMJMCh KDPYTOM BOINpPOCOB, OTHOCALIMXCHA
X OJLHOMY pasfesy BBIYHCJAUTEJbHOH MaTeMAaTUKH — MemooaMm Bbiiuc-
nenui.

Uro6u Gosee ACHO 0XapakTEPU30BaTb BOMPOCH], OTHOCAIIHECS
K STOMy pasfesy BBIYHC/IUTEJSbHOM MAaTEMaTHKH, PACCMOTPUM MNpouUecc
peweHus MOGOH MareMaTHyecKOH 3alauH, €cqU ee pelleHHe HeoOXOAuMO
10OBeCTH AO YMCJOBOTO Pe3yJabTaTa, MCNOMb3Yyd HAJHUHBIE BBIYHCJIHTE/b-
Hble cpeACTBa. JTOT NpoUECC MOXHO pa3GuTh Ha [ABa KPYNHHX 3Tana,
TlepBrift 3Tam — BHIGOP UYHC/MEHHOTO METOAA pelleHUs 3a4aud WM, KaK
MBI TOBopUJM paHee, 3aMeHa 3alauM y=—= A(x), rie X U y NpHHaLIE-
HAT K HEKOTOPHM (YHKUHOHAJNbHBIM TNpPOCTpPaHCTBAM R; u Ry,
A(x) -~ dyHkuma, onpeseseHHas Ha R,, sajauer y=—A(x), 6oxee
ynoOHOM 1Ana  BHIYHC/AMTEJbHHIX UeJeH, HO peuleHe KOoTopol B
HEKOTOPOM cMeIcie GJM3KO K peIUeHHI0 HCXOAHOU 3amaud. Bropo#
STan — COCTABJAEHUE BHIYUCAUTENbHOR CXeMBl (DU PYYHOM CcueTe) WJH
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nporpaMMe pelleHus 3agaud y= A(x) (NIpu MaWHUHHOM cueTe) M CaM
npotlecc cueTa.

Jna nepBoro stana HeOOGXOAMMO HajauuWe pa3paboOTaHHBIX METOLOB
YUC/IEHHOTO pelUeHHs OCHOBHBIX MaTEMATHYECKUX 32734y M HOJ/IKEH OblThb
HU3BECTEH CPaBHUTE/NbHBIH aHa/JM3 pAa3JAHYHbIX METOJOB peElIeHUd OAHOH
M TOM ke 334a4H C TOYKHM 3PEHHs HMX TOYHOCTH, TPAHUL NPHMEHUMOCTH
¥ 1enecoo0pa3sHOCTH MX PEaU3aUMM HA TeX WM UHBIX BBIYMC/JIHTEJIbHBIX
MailIAHaxX.,

PaspaboTka # aHanu3 3TUX METOHOB M COCTABJAIOT NpeiMeT MEeTOLOB
BbIYMC/ICHUH, 4 UX ONHCAHME W OGOCHOBAHME COCTABJAIOT COJAEpKaHUe
Hacroduweh KHUru,

B nepBoift rjaBe KHUTH U3JIOWEeHbl OCHOBHblE TNpaBuaa AeHCTBUH
¢ npubmmieHHHIMH BeJUYHHAMH M TPaBUJIA OUEHKH HX TOYHOCTH.
B raaBax 2—5 u3M0MKeHBl OCHOBHble CnoCcOGH NpHOTIMNKEHH (yHKUMA
(MHTEpNOJIUPOBAaHUE, PaBHOMEpPHOE UM CPeRHEKBAAPATHYHOE MNPUGIHNKe-
Hue GyHKUMH) U UX NpHIOkeHud. B riaase 3 M3nOXeHbl UHCIEHHbIE
Mmeronsl AuddepeHunpoBaHus M HHTerpupoBaHus. B rmasax 6 u 8
OMUCAHBI YUCJEHHbIE METOAbl pelleHHs] OCHOBHBIX 34434 JHHEeHHOH
aare0pbl: peuleHHe CHCTeM JHHeWHbIX asrebpaHyeckKuX ypaBHeHHH,
ofpaieHne MaTpHL, BBIYHC/AEHHEe COGCTBEHHBIX 3HAYEHUH M COOCTBEHHBIX
BEeKTOPOB MaTpul. B riaaee 7 u3nomeHb cnocoGbl 4HC/JIEHHOTO pelleHus
anreOpaud4ecKUX ypaBHeHHMH BBHICOKMX CTeNeHe#l M TPaHCUEHAECHTHBIX
ypasnenu#t. Haxodeu, rnasn 9 u 10 nocBsuieHbl YHCJAEHHBIM METOLAM
peweHus OOBIKHOBEHHHIX AuddepeHUHa bHBIX ypaBHenu#, auddepen-
UMAJMbHBIX YPAaBHEHUH B YaCTHBIX MNPOHM3BOAHBIX U HHTETPAJbHHIX ypaB-
Heuu#l. bosaee noapobHoe comepimaHHe KHHUTM BHAHO W3 €e OTJABJIEHHS,

B TtoM nmu uMHOM o6GbeMe 3TH BOTNPOCH H3/IAraloTcd BO MHOTHX
KHUFax W MOHOTpaduax, a Takxke B OOWMPHON XKYyPHAJIbHOH JUTEpATYpE.
[TepBpiM B MUDOBO# JHTEPATYPE KYPCOM METOLOB BHIUMC/JIECHUH ABH.JIACH
kHura akaaemuka A. H. KpwutoBa «J/lekuin 0 npuGauMKeHHBIX BBIYHCIE-
HUAX», u3lanHas B 1911 r. DToT Kypc He MOTEpPANT CBOErO 3HAYEHUS
M celyac, HO OH eCTECTBEHHO BO MHOTOM ycCTapesn M He OXBarbiBaeT
MHOTMX BaXHBIX B HacTOdllee BpeMd BONPOCOB. JieMEHTaPHbIM KYpPCOM
METOLOB BBIYHCJAECHMH, pAcCUUTAHHBIM Ha UHWEHEPOB U TEXHHKOB,
asagerca kuura S, Besukosuua «[lpubmixeHnbie BbIYMCIEHHA», NepBoe
M3AaHde KOTOpod oTtHocuTcA K 1924 r. HeonxorpatHo nepeusaasanach
monorpadus JI. B. Kantoposuua u B. U. Kpninosa «IIpubmmxennsie
METOAb BBICUIETO 3aHAMU33a®», B KOTOPOH ONUCaHbl MPUGIMKEHHBIE METOIbI
pelIeHHd 3alay MaTeMaTHuyecKo# (U3UKH.

M3 ApyruX, CpaBHUTENbHO MABHO M3AaHHBIX KHUT CJELYET YKas3aThb
moHorpaduu B. JI. I'oHuapoBa «Teopua WHTEPNOJHPOBAHHA U MPUGTH-
wenua @ydxuuii», H. T1. Hatancona «KoHcTpykTuBHas Teopus dyHk-
unity, pycckuit nepeson kxnuru CkapGoppo <«UucjeHHblE METOLbI MaTe-
MaTHYeCKOTO aHamu3a». B nocneBoeHHble TOABl M3AaH PAL OTeueCTBEH-
HBIX W TNEPEBOAHHIX KHHT M MoOHOTpaduii, OTHOCAIMXCA K 3TOH
o6aactu: B. H, ®anneeBa «BblunciurenbHele METOL JTHHEHHOH anreGphI»,
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{1, E. Mukenanse «UucjaeHHble METOLBI MaTeMATHYeCKOro aHaau3ax,
Muan «Yucrnenuni#t avanus» M «HucaeHHoe peweHue nuddepeHunannb-
HelX ypaBuenuit», Koanaruw «Yucnennie Meronw pewenus audipeped-
uMadpHHX ypaBHeHui», Xaycxonazep «OCHOBH UHCIEHHOTO aHAJIH3a»,
B. C. PaGenbkuit u A. ®. Pumunno «O6 ycToHUHBOCTH Pa3HOCT-
HbX ypasHeHu#», B. W. Kpwuto «IIpubiauxenHoe BbiuMC/IeHHE HHTEFpa-
aos», JI. K. dapnees u B. H. danneeBa «BuiuucaurenbHbie MeTonnl
AuHelHo# aarebpui», . JI. Byr «Yucnennsie meromw», B. K. Cayiabes
«MdTerpupoBaHue ypaBHeHH#l NapaGoJMYECKOrO THNA METOLOM CETOK»,
P. J. PuxrtMatiep «Pa3HocTHble Meronpl pelueHus KpaeBhX 3ajau»,
K. NManuow «[IpakTuueckue Meronbl NpUK/IAAHOrO aHaniu3a», B. Tl [le-
mugosuy U U A, MapoH «OCHOBB BBLIYMCAMTENLHOH MaTEMATHKH »,
I. H. Tonoxu#t u np. «MaremarHueckuit npakTuxym» u apyrue. Ho
HY OJHA W3 YKA3aHHBIX BHIUE KHHT HE OXBATHLIBAET BCEX BOMPOCOB
METOAOB BHIYHC/IAEHHH H He COOTBETCTBYeT MpOrpaMMe KypCa MeTOAOB
BbLIYHCJAEHUH, YHTAEMOrO CTYNeHTaM YHHBEDCUTETOB, CHEUUANU3HUPYIOMUMCH
Mo BHIYMCAMTENLHOM MAaTeMaTHKe, U He MOXeT ObTb pPeKOMeHNOBaHa
B KauyeCcTBe OCHOBHOrO ydyeGHOro mocofus MO 3TOMY Kypcy.

JlaHHag xHUra TpPeACTaBAseT MNONHITKY C03AaHus yueGHOro nocobus,
OTBeualomero AeHCTBYIOWUM  YHUBEDCUTETCKUM  INPOrpaMMaM  Kypca
METOAOB BHIUMC/IEHMH, M, KaK Yyme YKasnBaloChb B NPELUCTOBHH,
B OCHOBY ee JerJM JIeKUWH, YMTaHHble aBTOPAMH Ha NpPOTAXEHHH psna
Jder B MOCKOBCKOM YHHUBepCHTeTe.

YuputeiBad WIMPOKOE HUCMOJAb30BAHME UUPPOBHIX BHIYHCIUTENbHBIX
MALIHH B NPAKTHKE PACYETOB B HACTOSUIEe BPEMs, Mbl AeJaTH OCHOBHOH
YIOp HA YHC/IEHHbIE METOAM pelleHHs 3aJay M COBCEM Malo KacajlHch
AHAJMMTHYECKUX METOAOB NpUOIMIKEHHOTO pelleHHs MaTeMaTHYeCKUX
3afay. TaM, rie BO3MOXHO, Mbl CTapaJIUCh HATb LOCTaTOYHO CTPOrOe
060CHOBAHHE M3/MaraeMblX METOAOB U XOTsi OBl HAa NPOCTHIX NpHMepax
NPHBECTH HMX WLIIOCTPauulo. BhofHe ecTecTBEHHO MBI He MOrJIM M He
CTABUNHM CBOEH UEMbI0 H3MONHTL BCE CYIECTBYIOmIHE METOAB pelleHUs
Jame OCHOBHBIX MATeMaTHYECKUX 34134, HO CTapajJuch NOAPOGHO U3J0-
WUTb Haubosee PACTIPOCTPAHEHHBle /M C HAlued TOYKH 3peHHs nepcrek-
THBHbIE. MHOrMe OueHb BaXHBIE BONPOCH, OCOGEHHO BONPOCH OUEHKH
TOYHOCTH METOIOB, Mbl He CMOMJIH M3TOXKHUTL B KHHre, TaK KaK OHH
ellle He HAUUIH TOJHOrO DeEIUEHH.



FJTABAL
JIEACTBUS C MPUBJIHKEHHBIMH BEJTHYUHAMHU

§ 1. Kaaccudukanus norpemHocTei

1. UCTOYHHKM mNOrpemiHOCTH pe3yJbTAaTOB BhYHCAeHHH. Bo Bse-
JeHUH MBl YKe TOBOPHJIM O TOM, HACKOJLKO BAXKHO yMeTb OLEHUBATDH
TOYHOCTb TIOJYYEHHOTO pedyabTata. OTKyla e MOTYT BO3HUKHYTD
ownOku? Takux npuuyMH MHoro. Bo-mepBblX, HCXOZHble HLaHKbe 1A
BHIUHC/IEHHH HaCTO TNOJYYAaIOTCA M3 SKCNEPUMEHTa, a4 KaWAbH SKCHepH-
MEHT MOXET [aTh pesy/ibTaT C OTPaHUYeHHOH TOuYHOCTBIO. Bo-BTOpHIX,
B MpouecCe BBIYHCAEHUH TNPUXOLUTCS
HCMOJb30BATh HPPAUMOHAIbHHE BE/U-
4iHBI, TaKue, HapuUMep, KaK =, e,

]/2. Tak kak npH BBIYUCJAEHHH Ha
UMPPOBBIX MalIMHAX MBI MOXeM HC-
NoJIb30BaTh OTPaHHYEHHOE KOJHYeCTBO
! pa3psnoB, TO 3TH 4UCAA Takwe GynyT
— NMpEeACTABJEHb JIHUDb npu6nmerH0.
B-TpeTbux, BO MHOTUX caydagx Cy-
LMIECTBY0.:He v auidn! PEURKHHR 33434
MOT'VT L2Th TOYHLH OTBET AWIUb NOCHe
GeckOHeUHOTo 4Mcia waroB. Tak Kax
npaxfuqccxu ITO OCYWECTBUTL HEJIb34,
TO MH OydeM BHHYXAECHH OCTAHO-
BHTbCA Ha KaKOM-TO KOHEUYHOM Iuare
Puc. 18 U, CIEAOBATENBHO, He HOCTHTHEM TOY=
HOTO 3HaYeHHsd, HanpuMep, NPH BHIUH-
C/ICHHH CYMMBbl psila Mbl OFDaHMYMBAEMCS CYMMOM KOHEYHOTO YMCJa mep-
BHIX WIEHOB. B-ueTBepTHX, yxe npu TakMX NPOCTEHWHX OMepaUMAX,
KaK yMHOXeHHe U JeJIeHHE, Y HAC MOMeT CHJIBHO BO3Pal A KOJHYECTBO
Pa3PALOB M PE3YJbTaTh MOTYT HE MOMeIATbCs B CHETUMKAX WM APYTHX
YCTPOHCTBAX MAlUMHH, B 3T0M ciyuae Mm GyZeM BHHYyxIeHH OTOPOCUTBH
HEKOTOPOE KOJHMYECTBO pa3piaaoB. HakoHel, HCXoAHbie MOTPEWHOCTH
GYAYT MOC/eNOBATE/NBLHO NEPeXOAHTh, MNPeOOPAZOBLIBAACH, OT ONEpaluH
K ONepauud ¥ ROPOKIATb HOBHE NOIPEUIHOCTH,
BiugHue ONMHMCaHHBIX BHINE NOrpemIHOCTed HAa TOYHOCTH PE3YAbTATA
MOXET O0Ka3aThCA 3HAYHTEaLHO Oo.ibluiM, YeM 9TO OOBIYHO npeacTa-
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BJAIOT Laxe INpH He OYeHb CJOXHBX BhuucAeHHsax. [Ipencrasum ceGe,
yt0 HaM TpeOyerca HaltTh oO6beM 1apa, Kacaiouwleroca UWIMHAPA
paauyca R u ABYX KacaTe/bHHX K HeMYy B3aHMHO-IIepPNEHAMKYIAPHBIX
ngockocte#t (puc. 18). Jlerko uadtd, yro pamumyc wapa r OyldeT paBeH

V2 -1
r= R — T,
VZ+1
a o6beM v
4 2 —1)3
V=‘—‘ 3 —_—— .
3R (V 2 +1)
Ho
Vi1 )3 (- . -
) =V2 —-1)=8—-2V2)=99—-70V 2.
(La=1) =z —1r=G—2v?) 4
[MoacuuraeM noc/ieAHHe TPU BHPANKEHHUs, B3AB 3a NpPUGHMKEHHBle 3Ha-
yenus Y 2 aBa  uwmcna: %:1,4 H %;1,4166... Tak Kak
V~§= 1,4142135624 ..., 1O Kaxnaoe M3 BHIOPAHHBHIX HaMH 3HAYCHUH

HLOBOJbLHO OJU3KO K TOYHOMY M BTOpPOe U3 HHX TouHee. Pesyabrarth
SHUHCACHUN cBefeM B Tabiauuy:

Ve ¥V2—1° B—2V?2° 9—-70V7
7 64 1
5 | 56 = 00050900 o5 = 0.00800 1
17 15 625 1 :
1_2 ——2 085 354 = 0,005238 QT = 0,004'6296 -_— E = — 0,1666 e

MB noJy4HIM 3HAYMTEJBHO OTJAHYAOLIMECA APYT OT APYFd OTBETH,
¥ He BHAHO cpasy, Kako#l U3 HuUXx Omxe K BepHoMy. M3 mpusegpensoro
npuUMepa BHAHO, € KAaKOH OCTOPOXKHOCTBLIO HYKHO OOpallaTbcd C NpH-
OJIUKEHHBIMH YHCJIAMHU.

2. 3agaun, Bo3HMKaWOWUEe NpH paGore ¢ NPUGIHIKEHHBIMH BeJH-
yuHamu. Ilpu pabore ¢ npuGAMMEHHHIMH BEJNHYHHAMH MaTeMaTUKY
NPUXOAUTCA pPeIlaTh CJAeAYIOUlMe 3a7a4M:

1. JasaTh MaTeMaTHueCKHe XapaKTEPUCTHUKH TOUHOCTH NPHOJIHKEH-
HHIX BeJHYHH,

2. OueHuBATL TOYHOCTb pe3Y/bTaTa, KOFAd H3BECTHA TOYHOCTD
HCXOAHBIX JaHHBIX.

3. HaxomuTb TOYHOCTL HCXOAHHX HAHHHX, OOECleYMBAIOUIYI0 3alaH-
HYIO TOYHOCTb pe3yJbTaTa.
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4, CormacoBsiBaTb TOYHOCTb pPAa3IHYHBIX HCXOAHBIX HAHHHX C TeM,
YTO6L HEe 3aTPauMBaTh W3JAMIUHEH PaGoOThl NMPH OTBICKAHMM WJIH BHIYHC/E-
HUH OJHHX LAHHBIX, €CIH ADYrHe NaHHBle CAHWKOM rpyGsl.

5, Creaurb B mpouecce BblYMC/IEHHH 33 TOYHOCTHD NPOMENKYTOUHBIX
pe3yabTaToOB, ¢ TeM 4ToObl, C OLHOH cTOpOHB, OfecneunTbh HEOOXOAHM-
MyI0 TOYHOCTb OKOHYAaTeJbHOTO pe3yJbTaTa H, C APYro#l CTOPOHH, 1O
BO3MOXHOCTH yNpPOCTUTb BhluMc/leHus. [locieanue nBa NyHkTa UMeIOT
HeManoBaxHoe 3HaueHue. Axamemux A. H. KpblioB yxaswiBaa, uro
eMy NpUXOAMNOCH pAacCcMaTpPUBAaTL NpOekTH, B KoTophix 909% paGorh
3aTPauuBaOCh BIYCTYIO HA BHINUCHIBAHHE HEHYXKHBIX M HEeBePHBIX LUDP.
M Bce 3TO U3-32 He3HAHUS TpaBu AeHCTBHA C NPUOTIKEHHBIMU Beu-
yuHaMu!

3. MpaBuaa okpyraeHus dncen, Ilpexne ueM nepexoiutb K Hayue-
HUIO 3THX MPaBWI, YCJAOBUMCA OTHOCHTEJBHO HEKOTOPOH TepMHHOJIOTHH.

ByaeM Bcerza cudTaTh, YTO YHCJ4, C KOTOPHIMH HaM NpHaeTCA
HMeTb HeJO, MOTYT ObITb 3amMicaHbl ¢ NMOMOIWIBI) KOHEYHOrO 4YHCJa pa3-
pPAZOB B TOM WJIM HHOM cHcTeMe cuMciaeHud. TakxuM o6Gpa3oM, eciu 3a
OCHOBAHUE CHCTeMbl CUMCJIEHHMA B3ATO HaTypasbHOe uHCIO B u ecau Myl
JONyCKaeM YMCJTa, UMelomHe He GoJee m pPa3paioB, TO HX MOWHO
3aMHcaTh €LUHCTBEHHBIM CNOCOGOM B BHIE

+ (@f+aB" 4. .. e,

The @;— Ueibie NMoJXoxuTedbHble udcia, 0 < a; < B. MnrepecHo orMme-
TUTb, 4YTO YXKe 3Jech MHbl CTaJKMBaEMCA C TeM IPUEMOM, O KOTOPOM
FOBOpPWIOCh BO DBBeneHun. BMecTo Bcero MHOXeCTBa LeHCTBHTENbHBIX
YHMces HEKOTOPOFO OTpe3Ka HCNOJb3YeTcs €ero KOHEYHOE HHCKPEeTHOe
NMOAMHOXKECTBO. B npolulecce BbluMC/IeHMH MHOFAZAa NPHXOLUTCA M YAaeTcA
BLIXOAMTL 33 Tpefesbl 3TOTO MOAMHOMXECTBa, HO BO BCeX CJAy4Yasx
KOJHYeCTBO pa3pAiOB OCTaeTcd OFPaHHYEHHHM UM Mbl onarb Oylem
HMEeTh HeJ0O C KOHEUHBIM MHOXECTBOM 4HCel.

Moxer okasaTbcsd, UYTO pe3y/IbTaThl BBIYMC/IeHUH OyAyT UMeThb
GeQuuC/IEeHHOE WM OueHb OOJbUIOE KOJHYECTBO Pa3psAioB, TaK YTO MX
HEBO3MOXHO TNOMECTHTb B MaUIMHY HWJAH OHM OKa3biBaIOTCH CJAHLIKOM
TPOMO3AKMMH TNIPH BHIYMCJAEHUAX Ha OyMare. Toria mpUXOAUTCA 3aMeHATb
pe3ysbTaT HEKOTOPHIM YHCJIOM U3 Haller0 OCHOBHOTO NOAMHOMECTBA.
EctecreenHo Opatb Oauxaliuiee 4€HCIO 3TOro NoAMHOXecTBa. [lpaxkrtu-
YeCKH 3TO CBOAMTCA K cjaedyloweMy. Ilyctb MBI noayuuiau B pesyb-
TaTe€ BLIYUCJEHUH YHCJIO

+@f Faf" T 4 o e e T L

Toraa, ecau

am+1+am+2p—1+ e < %p’
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TO MbI 3aME€HAEM pE3YyJ/JbTAT HA

* (aIBn +02@n_1 + ... +am3n_m+l)'

Ecau xe
_ 1
am 1+ Gmyo 1+ >7B

7O 3aMCHAEM pE3yJbTaT Ha

e +af" T+ L @+ DT

OctaeTcsd COMHHTENbHBIM Caydah

st mpf L= 5B

3zech Ge3pasiMuHO, KAaKUM M3 JABYX [A4HHBIX BbIlIE YHCEJN 3aMEHHTD
pesyabTaT. Toraa NPHUMEHSIOT pasjiHYHble COIJIALUEHHS, UCXOAA WIH M3
NPOCTOTHl BBLINOJIHEHHA 3TOM OmepauuH, WIM H3 yaoOcTBa nociaenyiomeh
paGoThl HAA pe3y/abTaTOM. Tak, B HEKOTOPBIX MAIUMHAX, HanpHMep
B DB, okpyrienue OCYUeCTBJIAETCA NyTeM NPHGABIeHHS K pe3yabTaTy
1 pn—m+1
5B

yucaa H MNOoCJHeAYIOLIEro OT6paCbIBaHl/19I BCEX MJAALIUX pas-

pALOB, HauuHas ¢ paspsaa, comepxauwero B~ ™. 1o o03Hauaer, uTO
B COMHHTEJbHOM CJIydyae Mbl 3aMEHSEM pe3yJbTaT Ha

+laf" +af" + L @+ DB

[pu BuiunceHHAX HA OyMare B OObLIYHOM NeCATHYHOH CHCTEMe CuHcJe-
HUA PeKOMEHAYeTCS NOJb30BATbCA B COMHHTEJBLHOM Clyuae CJELYIOUHM
npasuioM. Ecau a4, — ueTHOE 4HCJIO, TO 3aMeHseM pe3y/bTaT Ha

+ (@, 10" 4ay- 10" 14, ., g, - 1Qn-m+1),
€C/IU e a,, — HEYETHOE UYHCJIO, TO 3aMeHseM Pe3yJbTaT Ha
+a,- 10" 4ay- 10" 4. .. (@, 1) 10n-m+1],

OnucaHHbI{ HaMH NpOLECC HA3bIBAIOT oOkpyesenuer. Ecam crenosats
Noc/leIHEMY M3 ONHCAHHBLIX TNpPaBHJA, TO NPOLECC INOC/AEL0BATENbHOTO
oKpyraenus uucnaa 2,804953 OyneT BeIradieTb C/eAyOUHM 0GpasoM:

2,80495; 2,8050; 2,805; 2,80; 2.8; 3.

4. Knaccnpuxanus norpemHocteif. I[lpousBons okpyrieHus, Mol
3aMeHfeM [1aHHOE HAM YHCJO ADYrUM, NPeACTaBJAIOLIUM ero npub.iu-
KeHHO, Bo3HuMKaOIYI0 TPH STOM nOrpelwHocTb OyAeM Ha3blBaTh 10-
2PEULHOCmbIO OKpY2AeHUSR.

Hcxonnble naHHBlE, KaK NPABHIO, He OYAYT HAM H3BECTHBI TOYHO.
Mp O6yaneM 3HaTe He CaMH YHCJIA, a HEKOTOpPble 0OGJACTH, B KOTOPHIX
OHH TIOMelialOTcA. DyldeM HasbBaTb HX 064QCMAMU HeOnpedeAeHHO-
cmu. B pesynbTaTe BHIUMCJAEHUH MBI Takke TNOJYYUM He TOYHOE 3Haye-
HHe, a HEXOTOpYW 006JacTb, B KOTOPOH OHO NOMeELIAeTCA, AaMe ecJu Bce
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NOCJAEeAYIOUIHe BbIYHUCIEHUS TIPOU3BOAMIHMCL TOUHO, 6e3 okpyriaeHufl. ['pa-
HHUBL 3TOH OO6JACTH ONPEAEJAT NMpPeiessl MOTPEUIHOCTH, He 3aBHMCALIEH
OT cmocoba 3anucH uyHceq. Ee Mbl HazoBeM Heycmpanumod nozpeut-
HOCMbIO.

CyuiecTByer TpeTuif BUA NOTpeWIHOCTeH, He 3aBHCAlUlMM HH OT mor-
peulHoCcTe#l MCXOAHMBIX [aHHBIX, HH OT cnoco6a 3amUCH YHCEJ, HH OT
TOYHOCTH BblYHCJ/JeHH#. Kak yxe rosopusock Bo Beenenuu, njs pete-
HHS 3a1a4H

y=A(x)
MBI 3aMeHseM NpOCcTpaHcTBa R, W R, APYruMHM mpocTpaHcTBaMH R, i R,
u ¢ynkunio A apyroft ¢gyHkuue#t A. [losToMy naxe npu TOUHBIX HC-

XOIHBIX JAaHHBIX M TPH TOYHBIX BBIYUCJEHHAX C STHMM JaHHBIMH Mbl
pewnM 3anayy, OT/AHYAOULYIOCs OT ToMH, KoTopas HaM naHa. EcrecTsenHo,
H pelleHne OyAeT OTJHYATLCA OT TOYHOIO DELUEHHS MCXOAHOH 3anauu.
310 oTKJIOHEHHE Mbl OyAeM Ha3bIBAThb nOZpeuLHocmbio Memooda. B stoli
riaBe Mbl He OydeM KacaTbCl NMOTpeUIHOCTE# METONa, a OTHECEM H3yue-
HHE MX K COOTBETCTBYIOIUMM pasiesiaM Kypca.

§ 2. HeyctpaHuMas HOTpemHOCTS

YcioBuMcs B panbHeHllleM 0603HA4aTh TOYHBIE 3HAYEHHA- KAKMX-TO
BEJHYHH JaTHHCKUMH OyKBaMH X, ), 2, ..., @ COOTBETCTBYIOUIME HM
NpUOIHKEHHblE 3HAYEHHA TAKMMH ke JaTHHCKMMH OYKBAMHM, HO CO 3BE3-
noukoft Beepxy: x*, y*, 2% ...

[ycts HaM TpebyeTcs BHIYUMCJIHTH 3HaueHHA (QYHKIUH

Y=fGr Xor <eer )

M TOYHble 3HAYEHHs 4PTYMEHTOB X;, X, ..., X, HAM He H3BECTHBI,
a AaHbl JUlIb KX 06J1aCTH HeompeldeNeHHOCTH. ONpeleJHTb HEYCTpaHUMYIO
NOTPELIHOCT ) 3TO 3HAYUT HalTH 06JacThb HeoNpeldeNeHHOCTH STOH Be-
anuuHbl. Tlo cylllecTBY 5TO 3aldaya MAaTeMaTHYECKOTrO aHAMHM3a M MOXKET
ObITh pelleHa JIOOLIM M3 METOJOB, BBIPaGOTAaHHBIX. MM TaKHX uene
B MaTeMaTuyeckoM aHaquse. [Ipu Golee waH MeHee CIOKHOH yHKUMM f
NpUMEHEHHe TOYHHX METOJOB MAaTeMATHYECKOTO aHAJM3a INPHBOAHUT
K CJIOXHBIM H TPYAOEMKHM BbluncaeHHsM. [losToMy ue/neco06pasHo UMETD
B CBOEM pacnopsiKeHMH NpPHeMbl, TNO3BOJAIOUIME PEUIUTbL HalWy 3anavy
GoJlee 5JeMeHTAPHO, XOTA ObiTh MOxeT M Oosee rpybo. Ilocnennee
OTIPaBNbIBAETCS €lle H TeM, YTO CaMH OG/MACTH HEONpele/eHHOCTH X

06bIYHO GBIBAIOT M3BECTHBl JAOBOJBHO Tpy6O.

1. AGcomoTHas H OTHOCHTeJbHAA morpemnocTH 4Yucaa. [lpexne
YyeM TNepedTH K STOMY BONPOCY, BBeleM HEKOTOpblE XaPaKTEPUCTHKH
TOYHOCTH 4HUCe.

PaccmoTpuM pasHocTb

Ot == X — X"
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MeX1y TOYHBIM 3HAUYEHHEM HEKOTOPOH BEJHUMHBI H €€ NPHOIUKEHHBIM
3HAYEHHMEM, C KOTOPBIM TNPOU3BCAMTCSA BBIYHCJIEHHE. DTy Pa3HOCTb HA30-
BeM aGCOAIOMHOL nozpewHocmsio 4ucna x*, AGCOMIOTHAA NMOTrpeLIHOCTh
u 6yleT ONHOM M3 XapaKTEPUCTHK TOYHOCTH uucet. OueBHAHO, OHA Mpen-
CTaBJfeT TOJbLKO TeOpeTHuecKHH HHTepeC, TaK KaK TOUYHOrO 3HAYeHHA X
MBl B GOJIbLIMHCTBE CJyuaeB He 3HaeM. Ho MBI Bcerza MoxkeM YKa3aTb
rpaHHUB, B KOTOPbIX H3MeHAeTCA abCOMIOTHAas NOrPelWHOCTb. DTH TIpa-
HHUB OMpelensioTcs TeM cnoco60M, KOTOPBLIM Mbl NMOJYYHJIH NPUE/IH-
ameHHoe uHcao x*. Tak, npousBoas H3MepeHHS OOLIYHOH YueHHUeCKOH
JuHefikof, MBI MOXE€M rapaHTHPOBaThb, YTO MOAY/b a6COMIOTHOH morpel-
HoctH He Oyaer mnpesblwath 0,5 M. AHaJTOrHYHO NMPH MPOU3BOACTBE
u3MepeHui LITAHTEHUUPKYJIEM HJIM MUKDOMETPOM MBI MOJYYUM COOTBET-
CTBEHHO, YTO aGCOJMIOTHBIE MOTPEIIHOCTH He MOTYT NpeBbILATh MO MO-
aymo 0,1 u 0,01 mu. Tlpn 3aMeHe HPPALHOHAIBHOTO YHCJIA KOHEYHOH
Apo6bl0 BEJNMYMHY NOTPELIHOCTH TaKXKe YacTo yAaeTcs OLEHHTb. B cBasu
C 9TUM BBeIEM ellle OJHO TOHATHE, a HMEHHO: HAHMEHbUIVIO H3 BepX-
HUX TpaHul |og:|, KOTOPYIO MOXHO HaiTH HCXOAA M3 CNOCOGa moJyde-
HuA udcaa x®, OGyaeM HasbiBaThb npedeasHol QGCOAOMHOL nozpeu-
HOCcmbi0o © 0003HauaTh Ag+, Ha npaxTHke 4acTo 3a mpenenbHyi0 a6co-
JIOTHYI0 TOrPeWHOCTb A+ TNPHUHHMAIOT He HAaMMEHBIIYIO H3 BepXHHX
rpaHefi |ag+|, a OLHY M3 BepXHHX rpaHeff, AOCTaTOYHO G/MSKYI0 K Hau-
Mmenblief, B cBA3n ¢ rpy6oCcTbi0 OLUEHOK TOYHOCTH C NMOMOLUBIO Tpe-
JenbHbIX a0COMIOTHBIX NMOTPELIHOCTeH! Mbl He MOMYYHM NP STOM 3aMETHOH
pasHuubl. TakuM obpasoM, ecan Az = 0,005, a x* = 2,18, 10 2,175
<L x<2,185.

ABCOMOTHAS TOTPEWHOCT M MpeaebHas abCOMOTHAsS NMOTPELIHOCTD
€llle He XapaKTepH3YIOT TOYHOCThL pe3y/bTaTa, KaK ee OObIYHO HHTYM-
THBHO TMOHHMAlOT, €CJM He yKa3aH caM pesyabTaTr. B caMom xene, mycts
npenenbHas a6coMIOTHAS NOTPELIHOCTh Pe3yJ/IbTaTa H3MepeHus pasHa 1 cu.
Ecin npu 3TOM H3Mepsiach JHHA KOMHATHl, TO TOYHOCTb YIOBJETBO-
puTenbHas. Ecau ke H3MepAnOCh pPAacCTOsHHE MEXKAY NBYMs NYHKTaMu
pasJHUYHBIX FOPOAOB, TO TOYHOCTh OuYeHb Besuka. IloaToMy Mbl BBedeM
elly OAHY XapaKTePHCTHUKY TOYHOCTH — OTHOCHTEJLHYI) TNOTPEUIHOCTD.
OmrnocumeabHOL nOZPEULHOCMbI0 HA30BEM OTHOLUEHHE aGCOJMIOTHOH mo-
TPEeIHOCTH K aGCOMIOTHOMY 3HAUEHHIO NPUOJIMKEHHOH BeJHuHHL. Bynem
0603HayaTb OTHOCUTE/JbHYI MNOTPEWHOCTb uHcaa X* uyepe3 3y +. Takum
o6pasoM,

I

z* — [Fl .
TouHo Tak ke BBOAMTCA MOHATHE npedessHOH OMHOCUMEAbHOE noZpeul
Hocmu, kotopylo Mbl Oyaem 0003HauaTh 4epesd Ays:

MNEI

B oTanume or abcomoTHOM MOTPEWIHOCTH, KOTOpas wyalle BCero OLIBaeT
[a3MepHOH BeNHUYHHOM, OTHOCHTENbHAS NOTPEWHOCTL GyAeT BEJAHYHHON
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6espasMeproli. B pasbuefilem npenesbible aGCOMIOTHBIE M OTHOCHTENb=
Hbl€ TOTPEUIHOCTH, €CJH He OYyAeT OMaCHOCTH CMelleHHs, GyaeM Ha3bl-
BaTh NMpPOCTO a6COJMIOTHBIMH H OTHOCHTEJbHBIMH TOTPELIHOCTIAMH.,

NocmoTpuM Tenepb, Kak u3MeHAeTcd mpeneJbHas aGCcoMIOTHas TO-
IPEIIHOCT NPH OKPyriaeHud uucaa. [1ycte HaM aano yucio

t= aan +a23n—1 + cee +am'8n—m+1 +am+13n—m +...

M MBI OKpYrjfieM ero CcorjacHo npuBeieHHsM B § 1 npasuiaMm 1o m
cTapuxX paspsaoB. Ecian a6comoTHas mOrpelHocTb YHUCIa ¢* pasHa A«
TO

& —Ap Lo LA
Mocse okpyrieHHs Mbl MOJYYHM UYHCIO

C**": aan Jr_a?Bn—l Jr— . +am-lﬁn—m+2+bmgn—m+1,

rae b, paBHO a4, WU a, -+ 1. Tlpu stom | ™

MEHbLIUEMY H3 ABYX YHUCET:

aeran—m +am+2§n—m—1 + o
Bn-'rrH 1 _(am+lﬁn—m+am+2pn—m—l _+_ .. -).

Takum 06pa3oM, aGCOJIOTHAA NOTPEWIHOCTb A yncaa ¢™ GyneT paBHa
HAWMEHbIUEMY M3 IBYX 4YHCEJ:

AC* +am HBn_m +am+25n_m-l + ...
Ac* + Bn-m+1 - (am+1Bnﬂm +am+23n—m—1 + .. )

—¢*| 6yner paBHO HaH-

HJIH

HJIH

1 pn— 1
Mpu mobbix ycaoBusx Age He OyAeT mnpeBbIIATh Ac*—+—-—2—p mrh
MoryT 6GbITb TaKHE CJay4aH, KOTaa A+ OKameTca PaBHOH

Ags A B

2. Bepubie 3Haku uucaa. [Ipu 3anucH npubHKEHHOrO YMCIA MbI
00653aTeJIbHO A0JDKHbl YKa3blBaTh COOTBETCTBYIOILYI0 eMy 0O6/acTb He-
onpeaeneHHoctH. HauGonee akkypaTHbifl cnoco6 sanucu OGYAeT MMeTb
Bun: (X*—a,, x*+4a,), roe x*—o, u x*4-a, — rpauuus  o6JacTu
HEONPENENEHHOCTH. MOKHO TakKe 3anuCbiBaThb NPHOJHKEHHOE 4YHCAO
B Bufe x* = A+, OfHAKO €CAM HAM HYMKHO 3aNMHCAThb 60ABIIYIO Tabauuy
NPpUGIMKEHHBIX 4YHces, To o06a cnoco6a 6yayr HeyaoOuml. IMostomy
B BBIUHCJHTEJIbHOH NMPAaKTUKE 4YacTO NPHOEralT K PasMHYHLIM NpHEMaM,
NMO3BOJAIOUIUM MO 3aMICH TOJbKO CaMOro NPHOJMKEHHOTO uMCAa CYAUTb
o ero norpewHocTH. OanmH H3 HauGoJiee PacNpPOCTPAHEHHBIX MPUEMOB
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COCTOMT B CJIeAYIOWEM. Boi6GHPAIOT HEKOTOP O NMOJIOKUTEIbHOE UHCI0 © <1,
B npubauxeHHOM uucae

c=af"af" . T L

uudpa @, CUMTAETCA BePHOL, ecjH Ac*<mp""‘“. B npotusHoM cay-
uae @; CUHTACTCA COMHumeabHol undpoi. flcHO, uTo eciu g, aBiaseTcs
BepHO# uuMPpo#l, To M BCe npeabayumne uudpb BepHble, 3anuchIBas
NpHGJHKEHHOE YHCIO 6€3 YKA3aHHA €ro MNOrpellHOCTH, TPeGyIOT, 4To6H
BCE 3aNMCAHHBbIE WLHppel Oblau BepHbl. Tak, HanpuUMep, €Cid B AECATHY-
HO#t cucTeMe OyaeT 3anucaHo nNpubJaHKeHHOe duciao 3,14 M He OyneT
yKasaHa ero npefejbHas abCcOJIOTHAS MOTPELIHOCTb, TO 3TO O3HAYAET,

4TO OHAa HE MNpeBblLIaeT o - 1072 UYrobsl NoKa3aTh, 4YTO mNpeletbHas
a6comoTHas mnorpewHocTs yucaa 314 000 He npeswbiwaeT o - 103, ero
cnenyeT 3anucath B Buae 314 - 103,

Ecan McxoaHoe 4yuc/IO HMEET HECKOJIbKO COMHUTEJNbHBIX UHPP U MbI
XOTHM WCNOJb30BaTh HAll cnoco6 3aNHCH, €ro HYXKHO NpeaBapHTE]bHO
OKpyrmuTb. K OKpyrieHuaM npuberaloT W B TOM CJy4ae, KOria 4MCJO
paspsioB Yepecuyp BeJHKO. B cBA3u ¢ 9THM HaKJIajbiBaeTCs OrpaHuye-
HHe Ha HauMeHbllee BO3MOXHO€ 3HAYeHHE . JleHCTBHTENbHO, KAK MbI
BHIEJH, NPU OKPYIrJIE€HHM 4YHCIAA 10 m CTAPLWIHX Pas3paaoB abcoaoTHad

1 pn-m+1
IOTPEWHOCTb MOXeT BO3pacTH Ha — B" ™', TakuM 06pas3oM, Hesb3s

1
6patp ® <7, TadK KaK Npd 3TOM HaHAYTCA YUCJAA, Yy KOTOPBIX NOCJ]EN-

HA8 uudppa 6yneT OCTABATbCS COMHHTEJBHOH, CKOJNbKO Obl Mbl HH OKPYT-
aamu. Tlpu mo6oM Bbi6Ope ® HAfAYTCA TaKHE YHMC/IA, Y KOTOPLIX NO-
CreaHAs BepHas UHdpa Nocjae OKPYIJICHHA Yke He CTaHEeT BEPHOM.
Hafinem HaumeHbllee o Tak, 4ToOBl mocje OKPYIJEHHA OCTaBaJach Bep-
HOH, MO KpaliHeli Mepe, mpeanoc/enHss BepHas uudpa uuciaa. I[lycts a,,
ABJAETCA NocaeaHedl BepHON uugppolt ducaa

c=af" +af" e a T a, BT
AT0 3HAYHT, YTO

mBn—m<Ac*< m@n-m+1'

locse okpyraenus 1o m — 1 cTapuwux paspsaioB npefenbHas a6COMIOT-
Has MOTPEIIHOCTbh MOMKeT AOCTHTHYThb

ACA _+_ % Bn—mTZ-

HyxHO, uTo6bl oHa me mpesbiwama wB" ™*2

T. €. HyXHO TpeboBaTh,
yT06bl 6BLIO

Ack_lr_%ﬁn—mﬂhzéwpn-m+2.
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3T0 HepaBeHCTBO NOJKHO OBITb BBINOJHEHO H MpPH 3aMeHe A+ ero Hau-
6OJbLIMM BO3MOXHBIM 3HAUEHHEM, T. €. JO/KHO ObITb BBINOJHEHO He-
PaBeHCTBO

mpn_m+1+%pn—m+2<mpn—m+2-

Orciona
0,5
@ > ——T .
—
B
Haumenbluee 3nauenne o Gyaer pasHO
05
=—""7.
—
B
[Ipu §=10, T. e. B AECATHYHOH CHCTEME CUHC/EHHA NOJIYYHM:
05 -
m_@—0,555 ... 0,56,

lMpu B==2, T. e. B NABOMYHOH CHCTeMe CUHCJAeHHA, OyieM HMeThb:
0,5

W= 5 = l
0,5
Ecan nponyckaTe caBur noctefHeti Bepuott LMdpbl HA 1BA pa3psana BJEBO,
TO B AeCATHYHOH CHCTEME MOXKHO B3ATb B KaueCTBE ® YHUCJIO

m=—%=o,50505 ...~ 0,5l

l_ﬁz

[lpn Tako#t 3amMCH NPHOIHKEHHBIX 4YMCEJT Mbl GyAEM uUMETh JHILb
rpy6oe npeicTaB/AeHHE O MCTHHHOM MX mnorpellHocTH. Yem Gosblie Mbt
O6yneM 6path o, TeM GoJblie GyIAeT TaKHX YHCEN, A9 KOTOPBIX HCTHH-
Hag norpewHocTs OyneT 3aBbiweHa. [losToMy, ecau HallM  YHCJIA
NOSBJAIOTCA B pPe3yJbTaTe BbIYMCJAEHUH MO (OPMYJIaM C TOUHBIMH 3Ha-
YEHHSIMH MCXOAHBIX MaHHbIX (HanpuUMep, NPH COCTaBJeHMH TaGJHIL TPAHC-
UeHAEHTHHIX (QYHKUMHA), KOrja Mbl MOXEM JOCTUTHYTb TNPAKTUYECKH
M1000# 33 1aHHOM TOYHOCTH, BEITOLHEE GPATh © BOSMONKHO MeHbIIMM. B 5THX
Cllyyaax B [ECATUYHOH CHCTEMe BBITOAHO OpaTb © BO3MOXHO OoJee
6auskuM k 0,5, Hanpumep, MoxHO B3aTh © =0,56 wau o =0,51 u
T. 0., ﬂ.pyroe AeNo, eCad Halwu NpubJMKeHHble YUCaa TNOJYydYaloTcs
B pe3y/abTaTe H3MepeHuH MM B pesy/bTaTe BbIUMCJIEHUR C Hemocta-
TOYHO TOUHBIMM HCXOAHBIMH JaHHBIMH, KaK 3TO 4YacCTO CJy4aercs
B TEXHMYECKMX pacyeTax. [Ipu sToM MaJsble 3HaueHHs o OYAYT CBA3AHDBI
C HeoGXOLMMOCTbIO NpPOW3BOAMTbL OKPYF/EHHA, CHHXKAIOUHME TOYHOCTDb
pe3y/ibTaTOB, M TaK HEAOCTaTOYHO TOUHBIX, H MNOITOMY HEBBITOAHBI.
B 9THX ciyyasx o6biuHO GepyT o= I,
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YcaoBHe 0 3anmMcH MPHOJIMMEHHBIX YHCeJ, NPH KOTOPOM BCe uudpwr,
LOMKHL OBITH BEPHBIMH, HYXHO HCNOJb30BATH JHIIL B TE€X CJAy4asx
Koria 3aTPYAHMTEJbHO YKa3blBaTh HAPAAY C CAMMMHM UMCIAMH HX TO-
rpewHocTd, Ot6pachiBaH¥e  COMHHMTENBHBIX 1U(P, CONPOBOKIAAEMOE
OKpYT/IEHHAMH, BCEria yBeJWYHBaeT 06JaCTb HEONPeAeJEHHOCTH NpuGJu-
KEHHOTO uYHcsa. Bo BcakoM caydae, ecau NpHOJHMXKEHHbIE UMCIA HE HO-
CAT OKOHYATeJbHOrO XapakTepa W ¢ HHMH NpPEINoJaraeTcsa IPOH3BOIAHTH
elle Kakue-TO BBIYUCAEHHA, TO CHeAyeT COXPaHATb OAHY W/IH ABE COM-
HUTeJbHble UHPPBI,

Ecau Mbl 3HaeM nocC/IeiHIO BepHYIO UHGPY NPHOIHNKEHHOTO 4MCIIa,
TO MOKEM Cpasy K€ 1aTh OUEHKY ero aGcomoTHo#t morpewxoctH. [lo-
JYYHM Tenepb (OPMYJbI, MO3BOJAAIOLIME OLEHHBATbL OTHOCHTE/NbHbIE TO-
rpewHocTH 4ucen, IlycTh AaHO npuG/IMKEHHOE YHCJTIO

=" af . a8

npHyeM mochenHef BepHOH uudpo# asaserca a, u a, + 0. Ab6comoT-
Has MOTPEIHOCTb A+ 3TOr0O uMcia GyaeT 3aKJIOuYeHAa B Npefetax

mpn~m< Ac*<mﬁn_m+l.

CnenoBareJbHo,
mﬁn—m
af"+ a8 L am T a8 <
mﬁn—m+1
< Ac* <

@B+ @™ b L 4 @ g 8T L

[Mosyanm orciona Gosee rpyGuie, HO 3aT0 M GoJjee yAOGHbE OUEHKH.
Jlns 3TOro yBEIMYHM NPaBYI0 4aCTb, 3aAMEHHMB B HeH gy, Q3 ..., Gpy. - .
HYJSIMH, U YMEHbLIUM JIEBYIO 4YacTb, 3aMeHHB B Hell a,, a3, . Qs v+ -
HyaaMu U @, Ha a;-+ 1. Torna OyneM umeTs:

@ @
As _—
Grng ~ < ™!
3a rpy6oe 3HaueHHe Ag+ MOXHO TpPHHATDH

[
ale—l

Hawu ¢opMy/ bl MO3BOJAIOT TaKKe TPYGO OLEHHTh KOJNHYECTBO BEPHBIX
unp wuau BePHBIX 3HAKOB NPHGJMKEHHOrO 4MCHa, T. €. YHCIO /M, eCJH
H3BeCTHA OTHOCHTEJbHA MOTPeIHOCTh. [1ycTb, HanmpuMep, B pe3y/abTaTe
BblUMCJAeHMH NOJAydYeHo 4duciao 2,14865, HafimeM, ckoJbKO OHO HMeeT
BEPHbIX 3HakOB, ecau A=10,000023 u o ==0,5. Ham HyxHO HatiTn m,
npH KOTOPOM

Ap =2

05

Srigm < 0,000023 < __05

2.10m1!
HJIH

1 < 0,000138 - 10™ < 15.



48 AEHCTBHS C NPUBJHKEHHBLIMH BEJHYHUHAMH [ra. 1

O6a wnepaBeHcTBa OyAyT BHINOJHEHBI NpPH m =4 uaAM 5. 3HAUHT, MbI
MOXEM YBEPEHHO CKa3aTh, 4TO HAall pe3y/bTaT HMeeT 4YeThlpe BepHBIX
3Haka. PaKTHYECKH NPU OTBICKAHUM YMCJA BepHbIX 3HAKOB Mbl J0JIKHBI
OTHICKHBATh HAUMEHbIIEE 7, MPH KOTOPOM BHINOJHAETCA HEPABEHCTBO

PRI

3aMeTuM 31eCb Ke, UTO B BHIUMC/MTEJbHOH NMPAKTHKE UCMOJb3YIOT TaKie
TEPMHH H4UCA0 BepPHuiX OecAmu4nux 3Haxos. [lox 3THM noHHMaOT
yMCJIO0 BepHBIX BUp nocae pecarhwyHod 3anatofi. Tak, HanpuMep, ec.JH

B 4HCTE
0,000304

Bce UHMGpPB BePHbI, TO TOBOPAT, YTO OHO HMeeT LIECTb BepHBIX Jecs-
THYHLIX 3HaKOB. B TO e BpeMss 5TO uMCJIO HMeeT TPH BEPHBIX 3HAKa,
[pu noacuere BepHBIX 3HAKOB HYJH, CTOfLME CJEBAd, HE CUATAWOTCH,

3. HeycTpaHuMas NOrpemHOCTb 3HAYEHHA (YHKUHMH Ajs NpuGau-
WEHHBIX 3Ha4YeHuil aprymeHTtos. IlorpemHocTu peayiabTatos apud-
meTHYeckux onepanmii. [lepefinem Temepb K OTHICKaHHIO OO6aacTeft
HeompeneseHHOCTH (YHKUM# Npub/IHKEHHbIX apryMeHToB. Kak Mbl yxe
rOBOpUJIM paHee, 3a1a4ya MO CYWIECTBY CBOAHMTCA K OTBICKAHHIO 3KCTpe-
MaJbHBIX 3HAaueHMH GYHKUHUH W MOkeT OBITb pellleHa MeTONAMH Marte-
MaTHYECKOro aHanu3a. 3aecb Mbl 6ydeM H3ydaTb 6oJee rpyObie cnocobbl
onpefesneHNss aGCOMIOTHOH M OTHOCHUTENbHOH NOTrpelHOCTER (PyHKuuh.
Jlas MX npUMeHeHHS HYXHO HAJOXKHTb HEKOTOpHIE OTpaHHUYEHHS HA H3Y-
yaeMble (PYHKUMH M MOTPELIHOCTH aPryMeHTOB. Mbl 6yieM npeanoJiarathb,
4TO HaWK (PYHKUHM HenpepbIBHO AMddepeHupyeMbl B paCCMaTPHBAEMBIX
o6aactsx. [IpeanosoxuM Takxe, YTO NOLPELIHOCTH, C KOTOPBIMH MU
O6yieM uMeTb [1eJo, ONpeneaioTcs ¢ HeGO/bLIOH TOYHOCTBIO — OJHH-1BA
BEPHLIX 3HaKa. JTO NO3BOJHUT HAM COKPATUTL PAaBOTy MO BBLIUHCJIEHHIO
caMux norpemnocteti. [Jlanee, 6ydeM npeanosararbh, 4TO NOTPEWHOCTH
3HAUHTE/NbHO MeHbHIE NPUGMMKEHHBIX BEAHYMH, TAaK UYTO HUMH MONHO
npeHebperath B CYMMaX, COJAEPWALIHX ONHOBPEMEHHO IPHOIIHAKEHHYIO
BEJMYMHY W €€ MNOTPEIHOCTb. IDTO YC/JIOBHE HA NPAKTHKE OGLIYHO BHI-
noJiuferTca. Ham wacto npuaetcs BcTpevyaTbes C 3HAYCHHAMM (YHKUHMH
M MX TPOWSBOAHBIX B HEKOTOPbIX TO4Kax o6aacTH, OmnperetAeMol
06/1aCTAMU HEONpeleIeHHOCTH apTyMeHToB, IloAbaysdce MalUMMHU Tpel-
NOJIOXKEHHAMH, Mbl OyAeM QakTHYeCKM paccMaTpHBaThb MX B JAPYTHX
TOYKAX, 6oJiee YAOOHBIX AJ8 HAWIUX HeJeh.

HatineM a6coMIOTHYI0 M OTHOCHTEJNBHYIO MOTPEIIHOCTY (QYHKUMH y ==
= f(x1, X2 ..., X,), CuMTas, 4TO NOrpelLIHOCTH apPryMEHTOB 3ajAaHb.
Tlo dopmy/ie KOHeUHBIX TpHpallEHUH NOJYyUUM:

ope =f (X X - .-, xn)—f(x’:, Xy vens x;)_—-;lf;i(E)am:.



§ 2] HEVCTPAHUMASl TOTPELUHOCTD 49

rae f, (§) —3HaueHWs TNPOM3BOAHBIX f, , B3ATHIX B HEKOTOPOH TOUKe
0 s

* *
OTpe3Ka, COeJMHAIOWIEr0 TOUKH (X3, X5, ..., X,) H (xl, Loy ey xn).
Vcnosb3ys mocieiHee 3aMeuyaHue npeibiiyiiero absaua, 3aMeHuM f; ®
%

Ha f, (x"). Tlpu 3TOM monmyuum:
*

n
7/
Qypr = me (x*) aﬁ.
i=1 T
Takum obpasom,

Ap <L é /o, 50| Ay

Jlerko BW@EeTb, 4TO NPpH COOTBETCTBYIOLIEM BbIﬁOpe aw* npaBasa 4acThb
T

nocneiHero HepaseHcTBa GyleT pasHa Ay=. Otciona
n
4
Ay = 2}1 | fa, (x , Aw?.

Tenepb HETPYAHO HAUTH W OTHOCHTEJbHYIO morpewHocts. OHa 6yaer

paBHa
n

Ay _\
b= = X

t=1

Fgy (27)
e

A

at

HJIH

Agr :21 {inf(x") )z, | Az,

Ecau HaM HyXHO BbIPa3HTh OTHOCHTEJNbHYIO NOrPelIHOCTb  (YHKLHH
yepes OTHOCHTE/bHLIE MOTPELIHOCTH APTYMEHTOB, TO MBI 3aMHINEM Halle

BHIpaXeHHe TaK:
n

A=Y,

i=1

Az?‘
x; {In f(x) };’@I p—:—f- .

OTciona
n

Ap=2

i=1

X {Inf ), |Agy

Mbl moayuniu oGuiMe BhipameHus A8 a0COMOTHOH M OTHOCHTEJLHOM
norpewHocTei PyHKUNH HECKOMbKHX NPHGIHKEHHLIX aPTYMEHTOB B mpel-
NOJMOXEHHH MAJOCTH MOrpelHocTet apryMeHToB.

[lpumenum renepb Hawm o6umue GOPMYAbl K HEKOTOPHM YaCTHBIM
cayuasM. Haudem c¢ npocreliwux apugpmeTHyeckux onepaunh., Ilycrs
HaMm TpeGyeTcs HafiTH CyMMY HECKOJLKHX NPHOTHMEHHBIX BEJMYUH

X=x+%4+ ... +x,.
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Mbl GyseM OTAEJILHO DPACCMATPHBATE PA3HOCTb MPHOIHMKEHHBIX BEJIHUHMH
H MOSTOMY MpeArnojaraeM, uto sce x; > 0. B wamem cayyae sce f, (x)
13

1
pasubl 1, a BCe {lnf(x*)};_:—x;. Orciona
12

Aﬁ_zlAm*,

= 1

n *

Ape = 2 —
e R

TakuM 06pasoM, npu CAONEHUU NPUGAUNCEHHBLX BEAUMUH UX
abcosomHsie nOPeULHOCME CKAQOb8AIOMCA. 3aMEeTHM, 4TO 3TO paBeH-
CTBO He fBJseTCA TPYObLIM H He 3aBHCHT OT TeX NPEANOJOKEHHH, KOTO-
pbleé Mbl BHICKA3aJH pamHee.

Mycte M u m ~— cooTBeTCTBeHHO HaHOO./blIa® W HaWMeHblUad U3
OTHOCHTEJbHbIX NOrpelHocTell caaraeMelx. Toraa Ha OCHOBaHMM BTOPOro
PaBEHCTBA MOJMYYHM:

A <

M x’:—}— x;—}—x*... —!—x; M

H dHAJOTHYHO
*

* *
X+ x4 o0 X,
m p

A > =m.

Taxum o0pa3oM, npu caoscenuy npubAuiCeHHbLX BeAUMUH OMHOCRMEe b~
Has nozpewnocmy cymms. Oylem 3axaionena Mexwcdy Haubosvued
U Haumenbvuied OMHOCUMEAbHBIMU NOZPEULHOCMAMUE CAQ2ZQEMBIX.

[lpu npousBoacTBE BBHIYMCAECHHH HA ABTOMATHYECKUX BBHIYHUCIHTENbHLIX
MamMHaX HET CMbICAA NPOWU3BOAMTL OKDPYIJIEHHS CJAaraeMbIX nepeil Mpo-
M3BOACTBOM CJIOXEHHS, €CJAH TOJNbKO OHH NOMEIAIOTCS B MalluHe, IJTo
He YCKOPHT BBIUHC/JEHUH, HO pacWMPUT oO6/aacTb HEONPENEJEHHOCTH CJa-
raeMblX, a cjAefgoBaTe€NbHO M CYMMbi. Jlpyroe neso npu NpoOM3BOACTBE
BbIYHC/IEHHH BPYYHY0 MJH Ha HEAaBTOMATHYECKOH BLIYMCJIMTEJbHOH Ma-
mune. B sTom cayvae Gonblioe koamuecTBO paspamos OyneT cBA3aHO
C JJHTEJIbHOH YCTaHOBKOH WYHCEN, N/MHTEJbHHIMH BBISHCJCHUAMH H TPO-
MO31KMMH 3anucaMu. [I03TOMY npu BBIYWHCAEHHAX BPYUHVIO
HIH HAa HEAaBTOMATHYECKHX BHUMCJAMTEJbHB X MAaWIMHAX
NPOHM3BOAAT NPEABAPUTENbHOE OKPYTrJeHHE CAAaraeMblX.
IIpn sToM cnaraemoe, uMelllee HauMeHblIEee KOJTHYE-
CTBO NE€CATHYHBIX B3HAaKOB, OCTAaBJAIT HEOKPYTJEH-
HBIM, @ B OCTaJbHB X CJMaraeMbx OCTAaBJAAKWT HAa OAQUH
NJAH A1Ba AECATHYHBIX 3Haka Goabiue,

O6paruMcs Tenepb K BbluMTaHHIO. PaccMOTpUM pasHOCTb

Kk
X=X — X,
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npeanonaras, uto x; > x, >0. Torna
Apr = Azy + Azs,

x,; Am""f“x;Awg

Ax* —_— —_—x‘—' .
1 B sTom cayuae abcoaiomnas nozpewnocms 6Gydem pasha cymiue
A6COAOMAHBX  NO2PeULHOCMm el  YMeHb L aeM020 U 8bMUMAEMO20, HO
OTHOCHMTENbHAA MOT EIHOCTh OyAeT yxe OoJblle, YWEM “KAXLa® H3 OTHO-
cuTebHBIX mnorpewHocTedl. Ecan yMeHbluaeMoe 3HauuTenbHo OGodblie
BHIUHTAEMOTO, TO 3HAMEHaTelb MNOCAeAHed APoGM GAH3OK K X; H Cama

apobb Onu3Ka K Aw;. B sTom cayuyae HyxHO AeficTBOBaTh TaKke, Kak

H npu chaoxeHuu., CoBeplleHHO Apyras KapTHHAa NOJAY4YMTCSA, KOraa
yMeHblIaeMoe M BbluHTaeMoe GJMSKH Apyr K 1pyry. B sTom cayuae
3HaMeHaTe, b APOOH OYeHb Masi M, CJlefoBaTeAbHO, APOGL OYAET OuYeHb
Bequka. [Tonyuyaercsa Goabwaf moTepss BepHHX 3HAKOB,
[MosToMy TaM, rie 3To BO3MOXHO, HaAO cTapaThcsl M3GeraTh BbIYHTAHHUA
61U3KUX Mo a6CONIOTHOH BeJHYHHE 4KceJ. IJTOro HHOTAA yAaeTcs A0-
CTHYb 3aMEHOH BEHIUMTaHHUSA OJM3KMX 4YMCeJ] HENOCPEACTBEHHBIMH H3Mepe-
HUAMH HMJH HEKOTOpBIM IpeofGpasoBaHueM ¢opmya. Tak, nanpuMep,
nycTh HaM Tpebyercsd BLIYMCAUTL OOHEM, 3aKIIOUYEHHBIH Mexay ABYMA
czpaMn ¢ oOWMM UEHTPOM, €CAH J[aH palduyc MeHblleft cdepn r
M pasHOCTb paauycoB cep paBHa a. HMckoMuilt o6bemM OyleT paBeH

LRl —r,

H eclH @ Majo, To BHYUTAHHE HAcT GOJbIUYI NOTEPI0 TOYHOCTH. Bri-
FroAHee BBIYUCAATL pe3yabTaT no ¢opMy.e

% = [3r2a 4 3ra? - a?].

3ameTuM, urTo QGOpMyabl AR BHIUHMCIEHHA TNOTPEUIHOCTEH CYMMH H pas-
HOCTH fBAAIOTCS aBCO/IOTHO TOYHBIMH M HE HCNOAL3YIOT TeX Npenmno-
JOMEHHH, O KOTOPHIX TOBOPHJIOCH BhLle,
PaccMoTpuM Tenepb npouspefende npubmmkeHHbIX Beauuud. [lycrsb
&
X =x%, ... X
Torna
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Takum 06pasoM, npu YMHOMCEHUU NPUOALUNCEHHUX BeAUHUH OMHO-
cumeapHoie nozpeuwrocmu cxpadsisaomcs. OueHuM rpy6o uuciao Bep-
HBIX 3HAKOB B IPOM3BEJEHHH /M MHOXHTE/EH, 3alaHHBIX B ACCATHYHOMH
CHCTEME CYMC/IEHHS, HMEIOUMX OIMHAKOBOE YHC/IO0 Xk BEPHHIX 3HAKOB,
ecau m Hepeiuko (Menbile 10). O6osHauuM uepes by, b,, ..., b,, nep-
Bble UH(PB COMHOXHTeNeH, OTJHUHBIE OT HyJAS (MX HA3LIBAIOT NEPBHIMH
3HauauMu uMppamu). Toraa no naHHON paHee NpHOGIMKEHHOH (opMy.e

A~ —
Z T by 105!

Orcona

m

o 1
Aw*zl_()m 5

=1

OGo3HauuB uepe3 b nepeylo 3Havauylo UHGPY npouseeseHus, GyaeM
HUMeTh:

o m |

3==1

3amenuM B mpasolfl yactH & Ha 9 u b; Ha 1. Tloayuuwm:

O+ Do < .
Tak kak m He npeswiaer 10, To
(b+DAx < IO_’;)‘—S .

TaxkuMm o6pasom, Mb OyleM HMeTb NO KpaiiHe#t Mepe kB — 2 BepHHIX
sHakoB. Hama ouenka ouens rpy0a, M NpaKTHYeCKH Mbl GyleM HMeTh
k—-1 BEpHHIX 3HaKOB, a HHOTAA U k.

[MpH yMHOMXEHHH BpPYYHYIO HJIH Ha HeaBTOMaTHYE-
CKUX BHIUHCIHTENbHB X MaWHHAX ABYX COMHOXHTeneH
C UeAbl 5KOHOMHU BpPEeMEHH U COKpDalleHUS 3anuced
6onee TOYHBHIH COMHOXHUTENAb OKpPYIJAAIT TakK, YTOGH
YUCNO €ro BepHB X 3HaAaKOB ObJA0 Ha | Goabllle, uew
y MeHee TOuHOTO.

B cayuae 4acTHOro AByX BenMYHMH

*
x“:ii—
X9
OyaeM HMETh:

|x;|Aw§+|x:IAw§

%2 4
X9

A =Awi ‘]LA.;';'

w*:
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Takum o6pasoM, H B 3TOM C/AyuYde OMHOCuMEAbHble ROZPEULHOCMU
6yoym craadsisamscs W OyAyT AeHCTBOBATH Te Ke MPaBHJA, YTO H NPH
YMHOKEHHH.

PaccmMoTpuM eule npumep TpaHcueHAeHTHOH ¢yHkuuH. Ilyctsb

V' ==lg x".

Aw*
R o
m —0,4-)4 ... Am*.

Toraa

An* —

TakuM o06pasoM, a6co/OTHAA NOrPEIIHOCTL AECATHYHOrO JOrapugMa
NPUMEPHO paBHA MOJOBMHE OTHOCHTEJNBHOM MNOrPEIIHOCTH 4MCJAA, CTOfA-
ero noA 3HakoM JorapudMa. Ecau x* umeer n BepHHX 3HAKOB, TO

w
a- 10"'1 )

Wrak, y* OydeT uMeTb TNPHMEPHO £ BeDHHIX HECATHUHBIX 3HAKOB.
OO6paTtHo, no #n-3HauxbiM TabaulaM Jorapu¢pMOB MOXHO HaHTH caMo _
YHCJAO € TOYHOCTBIO 10 £ BepHHX 3HakoB. Otciona BeiBoa. YToO6 bl
He 3ATPYAHATHL CBOW paboTy, ¢ OAHOH CTOPOHBH, H HE
yMeHbWAaTb TOYHOCTH, ¢ APYroH, MB HAOJAKHH O6paTh
Tab6AHUB C TAKUM KOJHYECTBOM JNeCATHYHB X 3HAKOB,
KAaKOBO YMCJAO BEPDHBX 3HAKOB B apPryMeHTeé NOA 3HA-
KOM norapudgwma.

[TonyueHnsle HaMH (OPMyJibl NMO3BOJASAIOT pellaTs M O6paTHYIO 3adauy
TEOPHUH MNOTPEILIHOCTEH: HAXOAMTH MAOMYCTHMBLIE MNOTPEWHOCTH OJAHOTO
M3 APryMEHTOB 1O 3aNdHHHM TNOTPEWHOCTAM (YHKUHMH H OCTaJbHHIX
apTyMeHTOB.

B sakaioueHue eule pa3 XOTHM HANOMHHThH, YTO TMOJYYEHHHIE B Ha-
crosuleM maparpade ¢opMyab H cnocoGH OLUEHOK MOrPEIHOCTH chpa-
BeNJIMBB TOJbKO NPH TeX NpPEANOJOMEHHIX, KOTOPHE ObIN BHICKA3aHb
Bblllle. IJTH MNPEANOJOXEHHS CBOAATCA K TOMY, 4TO HPH PAa3JOKKeHHH
pasHocTH 3HaveHuH (DYHKUMHM NIPH TOYHHX M NPHOIHUKEHHBIX 3HAYEHHAX
apryMeHToB B pan Tefinopa no cTemeHsM NOTPelIHOCTEd apryMeHTOB
MBI MOXEM OrpaHHYUTHCA TOJABKO MNEepPBHIMH YJEHAMH, COJAEPKAIHMHU
nepBbie CTeNeHH norpeulHocTedl apryMeHToB. Ec/au nepBeiMM cTeneHaMu
NOTPEIHOCTE! OrPaHMUUTBLCA Hedb3d, TO CJAeldyeT HCNoJb3oBaTh ¢op-
Mmyay Tefinopa A0 BTOpHIX, TPETHHX M T. A. CTemneHeH.

Ax*%

§ 3. MorpemHocTn OKPYTJAeHHS

B npedsinyuleM naparpade Mbl yKe TOBOPHJAH O TOM, KAaK NOTpell-
HOCTH OKpYIJ/eHHs BJMAIOT Ha a6COJIOTHYIO HOTpeuHocTs. B sToM na-
parpade Mbl KOCHeMC HEKOTODHIX BONMPOCOB, CBA3aHHBIX C OKpyrJe-
HUSMH, TPOU3BONMMBIMH BHYTPH OnICTPONEHCTBYIOMIEH BHYMCAUTEIbHOM
MallMHH. DM BOMPOCH B HacTosllee BpeMs paspaboTaHb elle OYEeHb
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cnabo. [losToMy Mbl OrpaHWuYMMCH JHIUb CaMBIMM TIpeABAPHUTENbHBIMH
€O00p AKEHUAMH.

Bananue oKpyriaeHuwH BHYTPW MallWHBI Ha pe3yJbTAT BbiUKC/IEHUH
B pasauuHbix MawwHax Oymer pasauuHoe. [losTomMy MBI AOJXKHB YCJO-
BUTHCA, C KAKOH MAaLIWHOH 6y11eM uMers aeno. [ad ynpoueHus noc.e-
AYIOLIMX paccykaeHu#t Bo3bMeM caMblfi mpocto#t o6paseun aeromarH-
uecko#t MalluHel. Dyaem mnpeanojaraTh, YTO Y HAC uMEeTcs MallvHa
¢ (UKCHPOBAHHOH 3anATOH, B KOTOPOH BCE uuCjaa YAOBJAETBOPHAIOT YCJIO-
B0 | x| < 1. TlycTh MalIMHA uMeeT 3amoMuHalOLlee YCTPOUCTBO, B KO-
TOPOM MOTYT XPaHWTbCA uWcAa, uMemouue m paspsaos. [Ipeanonoswxim,
YTO MallMHa MOMKeT TNPOW3BOAMTH ONepPaluy CJHOXKEHWA, BblYHTaAHHUS
¥ YMHOXeHWd, pe3yJbTaThl KOTOPHX NOMELIAITCS B CHEUHANbHOM Ha-
Konutene, uMeKleM 2m paspsios. Ecaw B 3TOM HakomuTelde nepen
HAaya/ioM BBINOJHEHWS OUEPEAHON onepauuy ykE WHMEJIOCh KAaKOe-TO
YuCIO, TO pe3yJabTaT omepauuu Jubo npubaBifeTCAd K UHCAY, MMEIOLIe-
Mycsl B HakomuTtesde, au0o BuiuntTaercd w3 Hero. I[lycts Hama mawwHa
MOXKET NPOW3BOAMTL W ONEPaunio AeNeHWd, NpPHYEM OHAa NMOMEellaeT nep-

BBe m paspaaos BeawunHbl (x*/y*) 4 (B7™/2) B cneumaibHBH CUETUHK.
TlocnenHee Hawe npeanonoxeHue OyAeT COCTOATH B TOM, YTO Halua
MalllyHa MOXKeT OKPYrafTh Yucaa B HakonureJe nyteM mnpubaBiaeHus

kK HuM B7™/2 w or6pachiBaHus NOCAENHMX M PaspsloB.
Haa toro yrobnl MO¥kHO OBJIO NMPOW3BECTH HA Hawel MalwHe neH-
C1BYUf CJOXKEHWA M BHIYMTAHWA, HYXKHO TObKO NOTpPeb6oBaTh, YTOOH

ey (<1 &=y <L

OkpyradaTh Npu 3TOM HE npuieTcs, W ClelOBaTedbHO, OlMGOK
OKPYI/IeHHs He BO3HWKAeT.

Eciu HaM HYXHO NepeMHOXHTb ABAa KAKMX-TO YWCAA, HAXOAALIMXCS
B KakuX-TO fueHKax 3amOMHHAIOMIETO YCTPOHCTBA, TO MOAYJb DPE3Yiib-
Tata pcersa OymeT MeHblle 1, a cam pe3yabTaT HE MOKET uMeTb Gojee
2m paspanoB. TakuM o6pa3oM, u B TOM Clyyae OKpPYI;eHu# He moTpe-
OGyerca. Ho ecam 3TorT pe3ysibTaT NpuAETCa BHBOAWTH B KaKylO-TO
YelKy 3aNOMHHAIOWIETO YCTPOHCTBA WJAM BHIBOAWTH U3 MAUIMHE, TO
npugetcs caenate okpyriaeHue. Ilpuw 3TOM MBl yX€ He MOJAYYHM TOY-
HOTO npousseseHus. Pe3aynpTarT Takofl onepaunu Oynem o0603HauaTh
X" X y*, oraMuas ero TeM CaMbiM OT TOYHOTO TPOW3BENEHHA X7y,
u OyaeM HasHBaTh NceBponpouspencHueM. Hrak,

-m

|y — e Xy < e= 2

TI€ & BBEACHO A YNpoOLleHWs NOCAEAYIOIMX 3amucetl,
TouHo Tak ke mpu gejeHun x* Ha y* MB OydeM noayyaTk He TOu-
HOe yacTHoe x*/y*, a mnceBmouyacTHoe x':y*, mpuuem
x‘i 1

— xFy €.
' ys
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[lycte Temepr HaM HyXHO 006pasoBaTe CyMMy npousBeneHufl. Ipu
TOM MBIl MOXEM CHAuana HOJyYMTb B CHEUHAJbHOM HAKONKTe/e TOUHYIO
CyMMy TNpOu3BeIEHMH ¥ /Wb 3aTeM Npou3BecTH OKpyriaenwe. Takyo

. NV ww
nceproonepanuio 6yaem 0603HaYATh 24 x,y,. Takum o6pasowm,
¥k * ®
| 2 xy — 2 x| <.

VlurepecHo oOTMeTHTh, 4YTO He BCe CBOHCTBA OGBIYHBIX apudMeTH-
yeckuX omepauu#t coxpanarcs 141 ncesaoonmepauui. Tak, Hanmpuwep,
uMeeT MecTo C IuCTpuOYTHBHBIM 3aKOHOM. Buipamenwe (x*— y*) X 2*
MONET OTamyaThes OT (X 4y 2" Ha g, a XX 2*+y* X 2* o1 x*2"+
—-y*z" Ha 28, TaK KaK B NEPBOM CJyuae NPOUSBOAMTCA OXHO TNCEBAO-
yMHOXeHHe, a BO BTopoM fBa., TakuM o6pasowm,

[y X 2" — (1 X2 y" X2 | 8e.

Ho umcna, pasHOCTh KOTOPBIX CTOUT MOL 3HAKOM MOLY.JfA, MOTYT OT/u-
ya1bCsl APYr OT Apyra Jullle Ha BeJWUHHY, KPAaTHYI0 25 (KpaTHYIO enu-
Hulle TOCJAeNHero paspaaa), M CAelOBaTENbHO,

[(x" V) X" — (X" X 2"+ ¥y X 2" | L 2.

Mb 1MOJYYHIH, UTO PA3HOCTh BEAMYMH, CTOALIMX INOA 3HAKOM MOAyJd,
HE MOMNET NpEBHINATh EAMHHUH NociesHero paspsaga. Yro takas pas-
HOCTb [IeHCTBUTEJIbHO MOXET BO3HWKHYTh, NOATBEDXAAETCS NPOCTHIM
npumepoM. Ilpennosoxum, 4to m =3, ¥ HaM HYXKHO HaHTH

(0,364 4 0,423) - 0,125.

[pu 3TOM
(0,364 +0,423) < 0,125 = 0,098,

(0,364 X 0,125+ 0,423 X 0,125) = 0,099.

Mgt kak pa3 MOAyYWIM PasHHLY B €IMHHIY NOCJENHEro 3Haka.
Mopsanok, B KOTOPOM TNPOM3BOAATCA ONEPALMH YMHONKEHHH M AeJe-

Hua, Takwke OyaeT umeTh 3HaueHwe. IlycTh HaM Ppebyercss HaliTh Beaw-
unHy x"y*z*. Tlpu 3TOM
x* >< (y* >< z*)_x*y*z*z

=" X (' X2)— (X DN+ [5" (" X 2) — £y
H, CJEA0BATENELHO,

| X ("X ) — 2y | < (U | 2] e < 26

AHanoruyHo noayuum:

[(FF XYY X2 — 2y 2" | L (L] 27]) e < 2e.
Orcona

(" X" X2) = (X)X 2@ [+ e < 4.
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Mposoas Te me pacCyXAeHWd, YTO ¥ B NpPEABAYLIEM CAyuyae, Haflmem:
2" X (¥ X 25— (5" X y) X 2| L 2e.

Y amecs HETPYAHO NpHBECTH MNpuUMEp, KOrAZ TaKad pasHOCTh AOCTH-
raercs. [ycte =3 Hu HaMm HYKHO  HalTu  NpousBeleHHe
0,964 - 0,836 - 0,030. Tlpu stom

0,964 % 0,836 = 0,806
il
(0,964 < 0,836) X 0,030 =0,024.
B t0 ke Bpems
0,836 0,030 = 0,024
il
0,964 < (0,836 % 0,030) = 0,023.

Paccmotpum emwe oanwH npumep. IlycTh Ham TpeGyercsl BHIUHCANTD
BbIP3KEHHE
x‘k
o
Bynem mpeanoaarath, uro x*, y* u 2° NONOMHUTENbHBl ¥ BCE OTeEPALHH
BO3MOXHO NPOM3BECTH Ha Halue# MawwuHe. [Ipu BblumcieHwn 310rO0 BHL-
pa}eHns B Pa3JAMUYHON MOCJEAOBATENBHOCTH MOJVYHM Pa3HbIE PE3YILTATH!.
Buiuncaum cuavana y' X 2* u 3atem HafimeM x*: (y* X 2%). Ilpu artom

—+ i - (XD =

x* w Lo o X X
yz':.—'x (.y XZ)—--S’?_ZT-}’SXZ:

o
yEX 2
x*

X r * & P L gE. * *
= T (VX D — N+ [ — X )]

Bropo#t uned npaBo#t uyacTu oueHmBaetcsa Ge3 TpyAa:

— X" (X2 -

[

| y'x >< z*
OueunM mnepBbHIH 4ieH, npeanonaras, u4to y* X 2* wmajno, T. e. 6au3KO
k 4e. Jlag 1oro uTo6bl Gbi0 BO3MOKHO MPOM3BECTH AedeHue, MPHAETCA
norpeGoBath, 4To6bl x* 6BIAO 6aAu3ko K 2&. Tak Kak

—e< ) — (VX2 <,
T0 y'2° MOXeT OuTbh Gav3knM k 4e —e=3c uan 4e J-e=Be. B nep-
BOM Clyyae OUEHWBAEMBIH uieH GymeT 630K K

1
6 *

2e .
v [4e — 3e] =
BO BTOPOM — K

2e 1
n[4c - 58]:— —16.

* . * 4
Tounoe wactHoe npw x™ ==2¢; y*2* =5e¢ OyneT 2/, u morpewHocTs CO-
cTaBigeT OKoio 259/,
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Tak kak AAS HEKOTOPHX 3HaueHuH x™. y*, 2° Mb moayumam Heyao-
BAETBOPHTEALHEN pe3yIbTaT, TO BO3bMEM JAPYIYI0 MOCAEA0BATENLHOCTD
onepauuit. PaszmenuM cHavana x* Ha y* u pe3yabTarT mojeNMM Ha z¥,
Ouennm

x* # & FY *—\‘ix TN *}
S —(x" =2z — X7 —+
T (GRS VR 5 y
Onare chaepyeT pacCMOTpeTh TOJAbKO mNepBbift uigeH. Pesyabrar 6yner
3aBHCETb OT TOro, 4to Goabwe: y* wau 2% Jlywwuf pesyiabrar noay-

untesl npu 2° > y*. 1o Mp OyaeMm npeanoJarath. Tak Kak

ik

x*:
z*

y*—(x*:y*):z*].

ya:z* > x#
(vHaue AeNieHWEe HEBO3MOMHO OblO Obl BHIMOJHMTL Ha MAllWHE), TO
2>V
MoxHo cumrtath, 4TO x* > 2¢ W, CJELOBaTEAbHO,
2>V 2.

Orciona

<V 5

JtoT peayabrTaT Jayulle, yeM npeisiaywmift. Ecan y*2" Hemans, 1o mep-

Bbifi CNOCO6 BHUMCACHWH MOMKET OKasaThcs Jy4ullle BTOPOTO.
IpuBeneHHble 3A€Ch PACCYKAEHHSA OTHOCATCA K KOHKDETHOH MalluHe,

JaHHBIE O KOTOpOfl MpuBeleHH B Hauaje Naparpada, u ABJAOTCA NpH-

MepHbeiMu. Jlo Tex mnop, noka He BbipaboTaeTcs CTaHAapT B KOHCTPYK-

UMM aBTOMATHYECKHMX MalWH, HEOO6XOAWMO NPOW3BOAHTL AaHAaJOTHYHBIH

aHaau3 A8 Kawao# MalluHB B OTAENbHOCTH. HToGH Npu 3TOM He 3a-

TpauMBaTh uepecuyp MHOTO BpeMeHu NpH pa3paboTke KaxkAoH vacTHOH

NporpaMMbl, enecoo6pa3HO MpOBECTH €ro 3apaHee A4 THAHYHBIX Bbl-
YHCANTENbHBIX MPOLECCOB.

x* Ly L
y*—x*—{(x 1y 27

§ 4. Mosnas nOrpemHoOCTSH

Mpl yKe TOBOpHAM O TOM, YTO NPW peLICHWW MaTeMaTHuyecko# 3amaum
MBI MOJMyYaeM NPUOAHIKEHHblE Pe3y/abTaThl B CHJAY PazAuuYHbIX NPUYHH:
3aJdHHA HaM 3a/aya 3aMeHAeTCHd APYrof, M B CHJAY 3TOT0 MB NOJYYaeM
ouHbKY — nozpewnocms memo0a; YMCIOBHE 1aHHHE, C KOTOPBIMH MPO-
M3BOAATCA BBIYMCJIEHHA, HETOYHH, ¥ B CWJIy 3TOr0 H3MeHCHHas aalaua
He MoxeT ObiTh pellleHa TOYHO W BO3HMKAET HOBAs OWMOKAa — Heycmpa-
HuUMAsL nozpeutHocms, ¥ HAKOHeU, NpubAMKEHHBIE WCXOAHBIE HaHHHE
O6yayT HoaBepraThCsl He TeM ONEpauusM, KOTOphie TpeGyloTca Aasi uaMe-
HEeHHOH 3afauu, a mceBpoonepauusM, TaK KAaK Mbl BHIHYXKIAEHH NPOH3BO-
IuMTh OKPYTJjeHus, ¥ BO3HHKAET TPeThf OlNUOKA — n0Zp WHOCME OKIY2-
aenus. Paccmotpum Temepb, Kak GVAST CKAALBBATHCA MOAHAS RO2peli-
HOcmp Y3 OTHeJbHBIX HoTpellHoCTeH.
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Nycts Ham TpebyeTca peWNTh 3anavy

y=A(x).
Has toro yro6bl 3Ta 3adaya MOraa ObITh uYHCJEHHO pelleHa, Mbl IpH-
BGAHM €€ K BHULY

y=A(x).
Janee, 6marofaps HETOMHOCTH MCXOIHBIX JaHHBX H NpOUECCaM OKpyr-
JeHus Mbl (PAKTHYECKH -pellluM 3aaauy

y=A(x).
Mycre Aas onpenefeHHOCTH, HaM HyxHO no x Ha#itn y. Torna
y=y=0—nN+0—.
[MepBas w3 cko6OK cHpaBa u 0acT olnOKy METOAA, BTOpas CKOGKa ompe-
JeJuT BJAMSAHWE HEYCTPAHHMOM FNOTPEIIHOCTH W NOrPELHOCTH OKPYI/IeHu .
Mpb ee HazoBeM S8bivUcAuUmMEAbHOL nozpeuwsHocmbio. TakuM ofpasow,
NOAHASR NOZPEULHOCMb ABASEMCS CYMMOU ROpewHoCmu Memoda u

BHIMUCAUMEALHOU NOZPEULHOCMU.
INpu aHanu3e HOTPELUIHOCTH METOAa MBI JOKHB YUMTBHIBATH CNOCOG

3amennt R Ha R w 3amennt A Ha A, [lpw aHanusze BHYHCAUTENLHOH NO-

FPEIIHOCTH MBI JOJIKHBL TaAy6XKe YueCTb CTPYKTYPY GyHKumit A w A.
HeficTBuTeibHO, KaK 3TO Mbl BHAEAW B UPEABIAyLleM mnaparpade, Bemu-
YyHa NMOTPELIHOCTH OKPYTJEHWS CYLIECTBEHHO 3aBHCHT OT NOCAEN0BATENb-
HOCTH omepauu#l, Npou3BOAMMBIX Han uyucaamu. Ilostomy Mbt OyneM pac-
CMaTPpHBaTh BHIYHCAUTEAbHYI0O MOTPEWIHOCTH JWlIL B TOM ChAydYae, KOTria
Hal [ABYMs NpubAMMKEHHBIMH UYMCAaMH TNPOW3BOAMTCA OAHA omNepaius.
Ilycts ¥ w y—Te uucia, HaA KOTOPHIMM MAO/KHA ObiTh NPOM3BEleHa
HEKOTOpas omepauus . PakTHYeCKu Mbi O6yAeM NPOU3BOAMTHL ONEPallHio
He Hal HUMH, & Hai HEKOTOPHIMHM NPUOMMKEHHAMH K HuM x* u y*
Kpome Toro, B neHCTBUTEABLHOCTH BCJAEACTBHE OWMGOK OKPYTAEHHS Mb
NpousBefeM He Omepauuio o, a Apyryio onepauuio o*. Takum o6pasowm,
BMECTO xoy Mbl nmoayunM x*o"y*. Ho

xoy — X0y = (x0y — x"0y’) 4 (£"oy" — £y,

lleppas ckob6ka B NpaBof uyacTH B 9TOM CJyyae [1aCT HEYCTPAHHMYIO
NOTPEIHOCTS OJHOTrO lara NPOTPaMMBl, a BTOPAas — NOTPEILHOCTh OKpy-
raeHua. Takum o6pa3oM, Ha OMHOM liare BHIYHMCAMTEJIBHOTO Npouecca
BOLUUCAUMENBHAS NO2PeULHOCTME Gydem cKAQOWBAMbEA U3 Heycmpa-
HUMOU nO2pewtHOCMU U NOZPEULHOCMU OKDY2ZACHUS.

{Ipu cocra/ieHnn NPOrpaMMbl XKeaaTeabHO NPOUECC BECTH TAK, yTOGH
OIHM MOTPELIHOCTH KoMNeHcHpoBaau apyrue. IlpaBaa, 4acTo 3To cBasaHo
¢ GOoJbWIMMH 3aTpPaTaMu TPyAa ¥ BPeMEHH Ha COCTABJICHWE NPOTpaMMBL.
O/HakO HeKOTOpbie MPOrpaMMBl HMCHOJB3YIOTCA OYCHb YaCTO M CJIEAyeT
X0Ts# Obl OAMH Pa3 NPOM3BECTH A8 HuX NOJHBH aHaAN3 HorpemHocTed.
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§ 5. lonatue 0 crTaTHCTHUYECKMX MeTORAX OLEHKH MOrpelHocTei

Monbayace pesynbTataMu NPeABIAYIHX NaparpadoB, Mbl MOXEM INO-
JYYHTb OUECHKY MaKCHMaJbHO BO3MOXHBIX norpewHocTett. OmpHako Ha
NpaKTHKEe OHuM Jdajeko He Bceraa fpocturalorcd., [lpusenem cieayoummi
npumep. bbuio npousseneno 440 onbiToB. B KaxaoM ombiTe CKaaabi-
Ba.1Ch 20 Jorapu¢MoB, B3ATHIX C NATHI0 AECATHUHBIMU 3HaKaMu. 3aTeM
Obian HalaeHB a6Co/IOTHBIE MOTPELIHOCTH KAXKAOTO CYMMHUPOBAHUA NYTEM
CTOKEHHS TeX Ke JorapudMoB C CEMblO AecATHYHBIMH 3Hakamu. [lpwm
3TOM 0Ka3ajfoCh, YTO STH MNOTPEUIHOCTH pacrnpefefieHbl CACAYIOUUM
06pasom:

[lorpemiHocTH B €IMHH- Yucno cayuaes
ax celbMOr'o 3HaKa B %
Or 0 g0 1005 65
» 1005 » 2005 28
» 200,5 » 3005 6
» 3005 » 4005 1
» 400,5 » 1000 0

Ecan oueHuBaTh pe3yJbTaThl Ha OCHOBAHMM NPEABAYUINX pe3y.bTa-
TOB, TO Mbi Morau Obl CKa3aTh Julllb, YTO MNpefe/ibHas a6CcoMIOTHAsA NMO-
rpewHocts He npesetiiaer 1000 emnnuu ceapmoro suaka. [as Ttoro
yto6bl 6HJIO Jerye NOHATH, B YeM 3jech JAeJo, npeiacraBum cebe cie-
AYIOWYI YcaoBHYIO KapTudy. CKAanplBalOTCA fBAa uMCaa, NpefenbHas
a6coaioTHAs MOTPELIHOCTh KaXAOTO M3 KOTOPHIX paBHA 5 KAaKUX-TO enu-
uan. JonyctuM, 4to abCconIOTHAA NOTPEeUIHOCTh KaXAOT0 W3 ClaraeMbiX
MOKET NPUHHMAaTh TOJBKO OAHO H3 CAEAYIOWMX 3HAUeHwMH:

0, £1, =2, £3, =4, 5.

[peanonoxuM, KpoMe TOro, YTO NOABJAEHHE KAXIOTO W3 3THX 3HaueHuH
OIMHAKOBO BEPOATHO, T. €. HH ONHO M3 HHX He WMEeT NpPerMyLIecTB
nepex apyrumu, IlpenenbHas a6CcoOMIOTHAas NOTPEIMHOCTh CYMMbI ABYX
TakuxX uyucen Oyper pasHa 10, a a6coalOTHas NOrPEWIHOCTH €€ MOXET
MPUHUMATL OAHO M3 CAEAYIOWHX 3HaueHwud:

0, =1, 2, =3, =4, £5, *£6, £7, £8, £9, *10.

AG6coaoTHAA MOrpelHocTs CyMMel, paBHag 0, moayuutcsd, KOTaa no-
TPEIHOCTH NEPBOro CJAAraeMoro NpuHuMaeT OAHO M3 HANMMCAHHBIX BHILUE
3HaYeHuH, a MOTPeIIHOCTb BTOPOTro — paBHOE No abcOMOTHOH BenuHHE,
HO MNPOTHBOMOJONKHOE NO 3HAaKy 3HaueHwe. Bcero Takmx woMGuHaumh
Oyner 11. AGcoai0THas NOTPEUIHOCTh CYMMBl NpuUMET 3HayeHue 1, kKoraa
HOTPELIHOCTH NepPBOTO U BTOPOTO chAaraeMbiX MNPUMYT CAeAylollHe 3Ha-
yenua: —4 u 5; —3 w4, —2 u 3;...; 5 u —A4, Bcero Ttakux
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koMGuHauu 10. TpousBens Takue noAcueTh AAS BCEX BO3MOKHBIX CIY-
Yaes, MOJNYYHM CJAEAYIOLIYI0 KapTyHYy:

[orpemnocte| 0 ' 1 ' 2 I 3 ' 4 l 5 6 7 l 8 ' 9 ' 10 !
Yucno | }
KoMGHHaLmit 11 I 10 ‘ 9 I 8 ' 7 6 5 4 ' 3 l 2 I 1 :

Ias otpuuaTedbHbIX NOTPelIHOCTeH KapTHHa O6yder CHMMETpPHUHA.
Mp BuAMM, uTO uMcAO KoMGuHAauu#l, Korga norpewHocts 6au3Ka K Ma-
KCcuMaabHOH, OoueHb He3HauuTedbHo. IJTo Gyaer elne Gosee 3aMeTHO NpH
croXeHuwu Tpex u OoJjbliero uucia ciaraemsix. Ilpu sToM Hemocpenacrt-
BEHHBIH MNOACYeT uucaa KoMmOuHaumit OyneT 3aTpYAHUTEIbHBIM, M Mbl
npouspeaeM ero OGXOAHBIM NYTEM.

bynem pewarth CAeAYOULYIO 3aaauy: pacCMaTPHBAETCA CyMMa

y=x+x +... +x,

npuYeM KakAOe CJaraeMoe MOXeT He3aBHCHMO OT APYruX MPHHUMATHL

BCE lLIEJOUNCIEHHble 3HaueHud OoT —m A0 —+—m. CKoAbKO BO3MOMHO

P43AMYHBIX KOMOWHauuH 3HAueHWN x;, NPW KOTOPBLIX CyMMa INpHHUMAaer

NaHHOe 3HayeHwe kP JlBe KoMOuHAUMM 3HAYeHMH X; CUMTAIOTCA Dasiuy-

HbIMH, €C/IM OHW OTAWYAIOTCA XOTA Obl ONHHM 3HaUeHHEM x.
PaccMoTpuM oRHOUYJIEHb!

a0 a

Lty .. tm,
rae ¢; (i==1, 2, ..., n) —Kakue-TO mapameTpsl u 2; HE3aBUCHMO APVT
OT Apyra mnpoberaloT BCe UENOYHC/IEHHblE 3HAaueHusd OT —/m A0 M.

Cymma BCEX TAaKUX OMHOYJEHOB MOXKeT ObiTh 3amucaHa B Buie

n

DAL t;nzkl](t,:”‘+t,;‘+ R Yy M L

=1
Mosoxum B o6enx wuacTAX paBeHCTBA (| ==f,= ... ={,==¢f. Dro
aacr

mn

N A= e ™)

k=—mn

Kosduunent A, u Gyner paBeH uMCAY HCKOMbIX KOMOWHAUMH, TaK Kak
OH PaBeH YHCAY Da3iuuHbIX KOMOGuHAUMH &;, NP KOTODbIX

R=a+oay+ ... +a,

OO6uwee uncio BceX BO3MOMHLIX BooOuie KoMmOuHauu# moayywrcs,
€CAH Mbl HOJONKHM f==1, T. €. OHO paBHO

B=(2m-++ 1"
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[lpu GoabLIMX 3HAYEHHMAX M M A 3TO OueHb O6OJbLIOe YHCJO. IlosToMy
ynoOHO pa3biCKUBATh He caMH Ay, a OTHOLIEHHE

Ag
Pk=—B—‘.
m n
Bripaxenue < Z t"> MOXHO 3almucaTb B BUIe
k=—~m
i n g=mn (] — t2m+1)n
2 th} =—m—————— =
a—n"
k=-—m

=t-mn[1 _nt2m+1+ n (”2_.__1) t4m+2+. . -][1+nt+{z—(£§_—l)t2+. . -].

TakuM o0OpasoM, HAM HYXHO NOACYMTBHIBATD KO3(DOUUHEHTH Npou3Bene-
HUSl MHOTOuleHa M GeckOoHeuHoro pana. Tak Kak u 3gech 6yner nabmio-
1aTbCAd CHMMeTpHUs, TO (PAKTHYECKH TNPHAETCS HCKaTb KO3PPHUUEHTH!
BHIP aXeHHs

[1 ——ntgm“—}—ﬂ'—z?!—-—l—) Fms ][1 +nt+5’-‘ﬁ§jr—l)t2 + ]

a0 ™"

HYCTB, Hanpumep, CKJIQABIBAOTCA TPH CJAATAEMBIX, MOTPEUIHOCTH KO-
TOPBIX MOTYT NMPHHUMATh C OLHHAKOBOM BEPOATHOCTHIO 00O UEOuH-
CaAeHHOe 3HaueHHe oT —5 Ko -+5. Ilpenbiayuiee pasnoxeHde B LaHHOM
cAyuae TMPUMET BUL

(1 — 3
=i

X[1+3t+6t2+10t3‘—(— +‘_”i1)2_(’3i2_)f"+ ]:
— 1 3¢ 4 62 1068 - 1564 4 21£5 - 2816 | 3617+ 455+ 559
6610 - 75¢11 | 8212 4 B7£15 4 90f14 L 91415 | .,

Takum o6pa3oM, MH noayuaem Tabauuy:

=1 — 311 312 3]

Yueao ' Yueno
MorpeurxocTn KOMOHHALUMK | lorpeiunoctu KoMOuHaluit
0 9N } 8 36
1 90 9 28
2 87 10 21
3 82 11 15
4 75 12 10
5 66 13 6
6 55 14 3
7 45 15 1
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ITorpeHocT, KOTOPBIM COOTBETCTBYET GOJBLIOE YMCAO KOMOWHAUMH,
OyayT dauie HaO/MIORATbCA Ha NPAKTHKE,

Ilpu 60AbIIMX 3HAYEHHAX N Jaxe MOCAeRAHUH crnocod nmoacuerTa vuciaa
koMOuHauuit oueHb rpoMo3nok. IlosToMy npuxoiutca npuberath K pas-
JUYHEIM TpHOAMKEHHBIM ¢opMy/aM. PaccMOTpUM 3iech OAHY U3 HuX,
Ilpexxne Bcero 3ameTHM, 4TO KOSGduuuer a; npu (* pspa F (f) no cre-
neHaM £, CXOMSIIErocs Ha TPaHHLUE eIHHHYHOTO KpYra, MOXKeT ObiTh
onpene/eH no ¢opmy.e

ap = 717:— fF (e9) e~**e dg,

/ F (e’iq:) e—ik? dcp — 2 a, /ei ("‘k)‘f’dcp,
-1 n=0 —"rt

. { 2 npu 8=0,
fe""?dcp =
0 npu uwerom B=£0.

6o

-
[TosToMy BenmumHa Pj, O KOTOPOH TrOBOpUAOCH Bhille, OyAeT paBHa

T

e—(mn+k)qn [1— e(2m+1) inp]"

P"_Q—n_[ @m -+ 1yr (1 — )" de=

n o —ike [ — (Bm+1) 19 @m+1)io N
1 ¢ [e T e B ]
—_ do —
T 2n ,/ i ﬁyt =
- (Qm—{—l)”(e 2 _p?
2 1 n
L f e [T
=35 7 do=
2n v 2m 1) sin L
1 cos k¢ S ¢ do—
— - > D=
2n R @2m-+1) sin _;_ 0
2m 1 n

. sin ¢
= l/ Coske 2 ds.
n 1
0 (2m 1) sin 59

MoxHO MOKa3aTh, YTO MpH OOJBLIMX SHAYEHHSAX N NOCAeJHUM MHTerpan
6yneT npub./uKeHHO paBeH

oy m{m+1)
L[ cosge™ M 4
p- CoS Rype ¢.
0
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BhrurcieHne nocjenHero HHTerpana MPUBORUT K (opMyJe
32

P~ V e m(m+lyn
m(m + Hn

Orciona OTHOLIEHHE YHC/Aa KOMOMHAUM#t, JAJs KOTOPHX MOrPeMIHOCTH
sakmoueHnl B npenenax (—k, k), K uMcAy BCERBO3MOXKHBIX KOMOMHalMi
OyneT MpuOIMKEHHO PABHO

| . .k 3?
___:“/___‘,6_*_ 2 e mmihn.
2V = m(m+1)n
J=-
0O603HaunM
e
2m(m <+ ) n :
Toraa moCHENHIOW CYMMYy MOXHO PACCMATPHBATHL KaK MHTETPANBLHYIO A
3 3
1 ¥V smmion ) "Vm
— / e~ dr—=—= e~?dz.
T

T .
0
_kV_._s_
2m (m+1)n
Jlas nocnaenHero HHTETrpaia CoCTaBJEHE TabAM b, KOTOPBIMH H MOXHO
BOCMOJIb30BATbECH B MPAKTHYCCKHUX pacuerax.

[lpuMeHuM HawmM BBHIBOLBH K TNPUMEPY, mNpUBEeIEHHOMYy B HauaJe
naparpada, — caoxenuto 20 norapudmon. Ilpu stoM mnoayuum:

[MorpewHocTH OTHOCHTEABHOE YHCIO
B €IMHHLAX CEIpMOro KOMOHHALHH
3HaKa B %
Or 0 no 100,5 52,2
» 100,5 » 2005 32,2
» 200,5 » 300,5 12,2
» 3005 » 400,55 2,9
> 400,5 » 1000 0,5

CpaBuenne »3Toft Tabauunl c Tabauuedt, upuBeieHHOH Ha ctp. 59,
NOKa3biBAeT, YTO HAIUUM BHBOAB OJHM3KH K NMPAKTHUECKUM pe3y/bTaTaM.
Takum o6pasoM, BuAHA HEOGXOLHMOCTh HApALy C OUEHKOH MpelenbHBIX
NOTpeiHOCTe! HAXOAUTb BO3MOXHOCTH AOCTHXECHHS OTHAEJBHHX MO-
rpewnocTe#t. Taxo#f mnonxon K oOueHKaM norpemHocte#t HasbBIBAOT
cmamucmuieckurm WM BepOIMHOCMHsM., Mb npoBeNM B 3TOM na-
parpade BepOATHOCTHYIO OUEHKY MOTPEMIHOCTH /s CYMMBl 7 ciarde-
MHX. B Gosee cnAOKHBIX cAyudsx Takad OUEHKA NOTPeGYeT WIMPOKOTO
TIPUBJCYEHUS] TEOPHUM BEpPOSATHOCTEH, a MBI 37eCh He npeanojaraeMm
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3HAKOMCTBA C STUM pasieoM MaTeMaTHkd. C/eiyeT MOLYEPKHYTH elle,
YTO XOpOIMH aHAa/MM3 MOTPEMIHOCTER OCOGeHHO BaxeH g Haubosee
YynoTpeGUTENbHBIX CTAHAAPTHBIX MPOTPAMM IS SJAEKTPOHHBIX MalUMH.

§ 6. CpennexsagpaTnuHpie NOTPEMIHOCTH

1. CncremaTnueckHe M cJydaiiHbie OMHOGKH. MBbl HauHeM 3TOT
naparpad ¢ kJaaccupukanuu oOwHOOK, BO3HHKAIOUMX TNPH H3MEpPEeHHH
(Pu3HUeCKHX BEJUYHH.

Koraa rosopsar 00 uaMepeHHM HeKOTOpPOH# (PuaHUecKOR BeJHUMHBI,
TO HeSBHO MpPeANoJaraiT, uTO JAaHHAas ¢U3HYeCKas BEIHYHHA HUMEET
BMOJIHE ONpele/ieHHOe YHCAOBOE 3HAaueHHe, IJTO NPEeANOJNONKEHHE NOKHO
ObITb BBHIMOJHEHO BO BCEX TeX H3MEPEHHAX, O KOTOPHIX OyAeT UATH
peub B HAcTOsieM naparpade.

OnbiT nOKasbiBaeT, 4YTO B pe3y/bTaTe MH3MEPEHUs MBI MOJyuaeM
He TOYHOEe 3HaueHHe M3MepsieMOR BeMMuMHBI, a JUIIb NPHOIHXKEHHOE,
BK/IOYAOIee Hekoropylo owuOky. llosBiaeHue owHOKH MOXeT OBITH
BbI3BAaHO CAMBIMM pa3/MUYHBIMH MPHYHHAMH,

HHcTpyMeHT, ¢ mOMOUIBI0 KOTODOTO NPOM3BOAAT HM3MEPEHHH, MOXET
OBITb HEAOCTATOYHO aKKypaTHO BhinoJHeH. Hanpumep, nenenus usme-
pHUTeNbHOR JHHEHKM MOTYT OBIThb HaHeCeHH HeTOuYHO. Ilpu 3TOM B pesyib-
TaTe HM3MepPEHHs BcerAa BoHAeT owMOKAa, KOTOPYIO HA3LIBAIOT ZHCMPY-
MeAMmaArsHOL.

JlMuo, npousBoifiliee H3MEpEHHS, HMeeT Onpele/eHHble HABBIKH
M onpeiefeHHble ¢uaHueckue paHHble. [105TOMY OOBIYHO NMPH TOYHBIX
M3MEPEHHIX pasHble JUUa JaXe MPH OAHHAKOBHIX YC/AOBHAX MOJYHAIOT
pasHele peayabrath. Kawabifl pesyibraT o6najaeT HEKOTOpO# owHOKOH,
KOTOPYIO Ha3HBAIOT ALU4HOU.

Ilpu HekOTOPHIX M3MepPEHHSIX Mbl MOXEM He YuecTb KaKux-TO (uau-
YeCKHX (PIKTOPOB, CYUIECTBEHHO BJUSIOIMIKX HA pe3y/ bTaT H3MEpEHus,
H TEM CaMbIM BHeCTH B pesyabTaT owMOky. Takywo omuOKy MB CoBep-
wHaH OB, HanpuMep, e€CJAU NpPH ONpeeJEHHH WHPOTH MECTa C IIOMOMIBIO
4CTPOHOMMYECKHMX HaOmiofeHu#t 3a0bIIM O MPEIOMJEHHH Jyya NP TMpo-
XOXIACHHH deped arMocdepy. DT OWIKUOKU HA3BIBAIOT MeopemuiecKumy.

Bce ykasanHble Bbe OWMOKH HA3LIBAIOT CUCMEMAMULECKUMU,
B HY®HBIX CaAyuasx Mbl BCETZAa CMOXeM, XOTS Obl MNPHUHUMINHAJILHO,
AM00 HMCKJIOYHUTH TakHe OIWMOKHM, JAMOO CHeNaTh MX KaK YTOAHO MaJjbIMH,
HeucnpasHbiff UHCTPYMEHT MOXHO 3aMEHMTb HMCNPABHEIM, JHMYHAA OWIKOKA
MO¥eT OHTb AOBOJBHO TOYHO ONpejeseHa H UCK/I0YeHa, HEYYTCHHBlE
(usrueckue (aKTOPH MOXKHO Y4YeCTb C AOCTATOYHO OOJbIIOH TOYHOCTBIO.
B nanmnom naparpade Mbl npeanosaraeM, 4TO CHCTEMaTHYecKHe OwMOKH
OTCYTCTBYIOT.

Hckmouns cucremaTnyeckne OWMOKH, MBI €ule HE CHENAEM pe3yib-
TATBl HM3MEpeHH TOYHBIMH. [leo B TOM, YTO ycC/0BHA, NMPH KOTOPHIX
JOJKEH OBITb TPOUSBENEH OMBIT (TeMnepartypa, AaBJEHHE H T. 1),
He/b35 CYATATh MOJHOCTBIO CTaOH/JBHBIMH M MOJHOCTBIO COBMALAIOLIUMK
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¢ 3amaHHHMH ycaousMH, Kpome Toro, mpu BCSIKOM ONBITE MBI OTBJIE-
KaeMci OT psia (u3HuecKMX (PAKTOPOB, BJAHUSHHE KOTOPDHIX CUMTAEM
HHYTOXHBIM. BCfikoe u3MeHeHHe COCTOAHMA ISTHX (AKTOPOB H3IMEHHT
pe3y/abTaT Ha BEJHYUHY, KOTOpPYI0 MBI He YUYHTHIBaeM, a 4acTO U He
MOXEM YyuecTb, Tak, Npu U3MepeHHH IIHPOTH MBI HEe CMOXEM MOJHO-
CTbI0O YYeCTb COCTOSHMS aTMOC(epH B [NaHHHIH MOMEHT M B JAHHOM
MecTe. Bcsikoe H3MeHeHME B COCTOSHHH aTMocgeph OyldeT BAMATL Ha
pesy/bTaT H3MepeHHd. Bce 5TH OTK/IOHEHHS OT 3alaHHHX YcCaAORUM
OMbITa BBIBOBYT MOsIBJEHHE OIWMOKH B pesy/ibTaTe H3MepeHus, Ity
owxOKy HA3HBAOT cay4ainod. Takoe Ha3BaHUe ONpABALIBAETCA TeM,
YTo Be/JHYMHA caydyafiHo#t ommOku onpejenseTca ¢akTopaMu, He ynpa-
BJASIEMBMH 3SKCNEPUMEHTATOPOM, H NPU PA3HHIX OOCTOATENbCTBAX MOXNET
OBITb pasJHyHON,

HanuM Teiepb MATEMATHYECKYIO XapaKTePHCTHKY cayyaftHo# OwHOKH.
ByzeM mnpe.nonaraTb, uYTO NpPH H3MepeHUH (PuU3HUYECKOH BENUUYHHB X
MBl MOXEM MOJYYHTb P€3Yy/bTAT, NPUHAANEKAHIKE HEKOTOPOMY KOHEUHOMY
uad OecKOHEYHOMY MHOXECTBY BO3MOXHBIX pe3y/JbTaTOB H3MepeHHUs,
B nanbHefimieM AnS NPOCTOTH paccyxkieHu# OyieM npeanodarath 3TO
MHOXeCTBO KOHeuHblM. (OO003HauuM Bce BO3MOKHBIE pe3y/bTaThl H3Me-
peHusl BeJHYUHB X 4Yepes

Xy Xasy ooy Xy

ITH BO3MOXKHBIE pe3yAbTaThl K3MepeHHs He Bcerja OLIBAIOT paBHO-
UEHHBl B TOM CMBIC/€E, YTO €CJIM MPOU3BOAKTD U3MepeHUs1 OOJMbIIOE KOJHYe-
CTBO pa3, TO ONHU pe3yabTaThl OYAyT MOABAAThLCA ualle, APYTHE pexe.
B cBasu ¢ sTuM MBI GyAeM NpeANonaraTb, YTO KaXAOMY pe3y/bTaTy X;

n
Al

MOXHO CONOCTABUTL AeHCTBUTE/IBHOE YHCJIO ¢, (0< q; < 1; 2, g;=1)—
=1

8ePUAMHOCMb NOSBACHUST 3TOTO pe3yabTaTa. BepoaTHOCTh pe3ynabrara

Tem Oosblue, yeM yaule MOTYT HaOMOAATbCA YCJAOBMSA, (IPX KOTOPBIX MO-

siBaseTCa JAAHHBIR pe3yabrar. llo TepMuHOMOrMM Teopuu BeposiTHOCTEH

Hally pe3y/nbTaThl UBMEPEHHS NPEACTaBSIIOT cOOOH CAYHalnyI0 BeAuHURY.
bripaxenne

q;%;

s

B TEODHH BEpOSTHOCTe! HA3HBACTCS MAMeMAMUHECKUM OXHCUOQHUEM
ciryvafiHo#t Beauuunbl. B pajipmefimieM ™Mb  OyaeM npeinoJaraTh, 4YTO

BBIMOJHEHO PaBEeHCTBO
n

2
X =>..n q;X;.
1=1
Jro — MaTEMaTHueCKad 3amMCh HALIErO NPEANONOMeHus 06 OTCYTCTBHH
CUCTEMaTHUeCkOH OMUOKH.
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2. CpepHexBaapaTH4HbEe TOrpemHocTH. Ismepenue dusnueckoft
BEJMYUHBE OOBIYHO MOXKHO NPOU3BECTH PA3JHYHBIMH CTOCOOAMY ¥ MHCTPY-
menTamu. Ilpu 3TOM, BoOOUIe ToBOpA, PasHHM cnocofaM M3MepEeHHUS
6y,llyT COOTBETCTBOBATbH PA3HLIE COBOK YMHOCTH BO3MOXHHX pesyanaTOB
M3MEpEHHA WJAM e OJMHAKOBHE COBOKYMHOCTH, HO C pasnMUHHIMH
BEPOSTHOCTAMH TMOABJACHUS OTHACJABLHBIX pe3ynbTaToB, B ceAsu ¢ 9THM
OYeHb BAXKHO YMEeTb JaBaTh KO/MYECTBEHHYI0 XapAKTEPUCTHKY KaueCTBa
usMepeHud. [lng 3TOTO BBEAEM B DACCMOTpEHHE BEJHUKHY

n
o 21 qi (x —_— }Ci)z.
i=

KopeHb kBajpaTHHft M3 3TOH BeJMYHHH HOCHUT HA3BaHUE CpedHeKs8ad-
pamuinol nozpewnocmu uamepenus. Kaxaomy usMepenuto GyleM mpu-
NHUCHBATb BEC p, paBHLIl

’

K
P=g

rie K — BeqMuHHa, MOCTOSAHHAA AJs BceX cnocoBoB uaMepeHus x. Yewm
Oonplie Bec, TeM H3MEPeHME CuHTaeTcs Jyuyuwe. B TakoM mnoaxoze
K OLEHKe KauecTBa H3MepeHHs eCTb Oonbliad cTeneHb npouseona. Ho
3T0 M Heu30eXHO B TeX CJyyadx, KOTAa HAM MPUXOIMUTCH BBOAUTH
KaKBe-TO XapaKTepUCTHKHM (pU3MueCKUX ABJEHUH.

Jlo cux mnop TroBOPHIOCE O RePOSATHOCTH MNOABIEHMA OTAEABHOTO
3HaueHud caydafiHoft BequmuuHbl, B paanHefiiuem MH OyAeM TOBOPUTH
TaKKe O BePOATHOCTH MNPUHAMJIEHHOCTH CJAyYalHOH BeJMYMHH K TOMY
HId HHOMY MHOxecTBY. CreiyeT NOACHUTHL, 4TO MOA 3TuM OYIET No-
HHUMaTbcA. YcaoBUMcS 0603HAYaTh cayuyafiHyl0 BeJAHUHHY OfHOHN OyxmoH .
CumBosoM P (EES) GyneM 0603Ha¥aTh BEpOATHOCTH TOTO 4T CAy-
yajiHag BeJMYKHA MNPHHAANEHUT MHOMmecTBy S. Ilpu stom, ecianu

S={xi; xi,; .. X}
TO MO ONpeie/eHKIo

PEES)=q, +q;,+ ... +q,.

Ham 6yayT nosesHun cieiywouike Ape JeMMH:

Jdemma 1. Ecau cayraiinas geaununa & npunumaem mesbko
Heompuuamesbioe 3HAUMEHUS, 4HACMb KOMOPHLX MeHee HEKOmOopoit
NOAOMNCUMENbHOL BEAUHUNY. &, MO

PE<a>1—1E,

3neeb uepesa M (5) 06GO3HAYEHO MAaTeMATHYECKOE OXHIAHHE CJyuahHoH
BEJIMYUHH §.
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ITonouM Ansi ONpeneeHHOCTH, YTO X;, X3, ..., X HE MPEBHIIAIOT
@ M Xppy, Xpge +.» X, TNPeBHWAT a. MaTeMaTHYeCKOE OXKHIaHUE
cayuatiHo#t esMuuHbl & pa3oObem Ha /iBe HaCTH:

k n
M@= Z g%+ > g%
i=1 i=k+1
Tak xak Bce x; >0, To
ME > qporXpt + GraeaXpre+ < oo+ quXy >
> @i+ e+ - Fgoe=[1—(@ + g+ ... +gla

Orciona
M
Gi+ge+ . g > 11— (E)

¥ Tak Kak ¢, +¢+ ... +q=P ¢ a), To yTBepkienue 10Ka-
3aHO.
JNemma 2. Ecau a nHexomopoe noroicumesproe 4ucAO, MO

P(IE=M®)| < a)>1—~

Ilng noKasaTe/bTBA pPacCMOTpuM CayuafiHylo seanunHy (E— M ())2
Ha ocuoBarny npeamiyuie#l Jemmu OGyleM HMETb:

P(E—MEPLA=P(E—MO|I<)>1—

o2
a_iy

M(E—ME) _

a2

=1—

uyro M TpebGoBasoch AOKasaThb.

M3 nocnennedl 1eMMH cleAyer, YTO yeM MeHble CPeJHEKBAAPATHUHAR
NOTpPeuIHOCTh, TEM MEHbWE paccedHHe 3HaueHuR cayvyaHON BEIMUMHH
OKOJIO €6 MaTEeMaTHUYECKOTO OKUAAHMS.

Iycts Tenepp B nocneaneM HepaBeHcTBe @ = ko. Toraa noayuaem:

1
PUE—ME| < ke) > 1—5
B uvactHocTH, npu k=3 6yiem umeThb:

Pt~ M| <39> 1 —5=0888 ...

10 o03HauaeT, uro npumepuo B 9094 cayyaeB MH OyaeM nOJIyuaTh
3HAYEHHS CAyyadHON Be/AMYMHH, OTJMYAIOUHECS OT MATeMaTHYECKOTO

0:XuAaHUA He OoJjee Yem Ha YTpOCHHY10 CpeAHEKBAAPATHUYHYIO norpeiul-
HOCTB.
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3. O6paGoTka pe3yJaLTaTOB NO METOAY HAMMEHbIIWX KBAApPATOB.
Mpoussens HeckoAbkO H3MepeHHH HekoTOPO# (Pu3MueCKOR BenMuHHBl X,
Mbl TOJYYMM HECKOJbKO, BOOOUiE TOBOpH, PA3NHYHEIX pPe3yALTaTOB:

X, x® L x(m)

Kawabit 3 5THX pe3y/TbTATOB COAEPKUT KAKYIO-TO CAYYaHHYIO OWMOKY -
[To 3TMM HaHHHIM MBI He MOXeM HafiTH TOuHOe 3HAaueHHe u3MepseMmoH
senuuuHbl, 11o3TOMy BOsHMkaeT 3apava: mo XU, x® . .  xm patiti
BeJHUMHY X*, KOTOpyl0 Obl ¢ HaWOOJLUIMUM OCHOBAHHEM MOXKHO ObIJIO
npuHaTL 33 npubaukeHHoe 3HaueHwe x. B Takoi#t nocraHoske samaua
elie OYeHb HeOMpeleNleHHA U pelueHHe ee MOMeT HATH M0 CaMbiM pas-
JMUHBIM HamNpaB/eHUSIM. MBI KOCHEMCH 3HeChb JMlIb OAHOTO MOAXOAA,
OCHOBAHHOTO Ha MHHHMM3aLHMU CpEIHEKBALPATHUHOM MOTPEIHOCTH,
ByneM mnpenmonarath, YTO MNpPOHW3BENCHHBIE HAMH M3MepeHus Okl
HE3aBUCHMH. JTO 03HAYaeT, YTO COOTBETCTBYIOLIAS KAXKAOMYy H3Mepe-
HHI0O COBOKYMHOCThL BO3MOXHBIX pe3y.bTaTOB HU3MepeHHS H BepOSTHOCTeH
MX MOABJIEHHS He 3aBUCAT OT pe3y/ALTATOB APYTHX M3MepeHHH,
Benuuuny x™ GyaeM MCKaTb B BHAE

Fe= D e x® e L ) X)) (hH

rae Ay, Ay, + .., Ay — HEKOTOpPLIE MOCTOSHHLIE, KOTOpHE HaM MPELCTOUT
nono6path. Hapany c¢ (1) 6yseM paccMaTpuBaTbh BeHYMHDLI

Ky =R @)

iyla oee

rae x%? (k=1, 2,-..., m) npoberaeT COROKYMHOCTL BO3MOXHLIX PE€3yJb-

TATOB M3MepeHus NpH k-M uaMepeHHd. Ouu OyayT urpaTh poJL BO3-
MOXHBIX pesyanTaToB HusMepenud. Kawpo# M3 BeauumH x*;ﬂ.ﬁ”_, npu-

3
nuieM BEPOSTHOCTH mnossienus, pasuyno ¢lgl ... g{™, rae sepes q(i‘;)
' m
0603HayeHa BepOATHOCTh nosBaeHus x{¥ npu k-m usMmepenun. Takoe
k

Qrnpene/icHue BEPOATHOCTH MOSBJIECHHUSA )C::1 i eCThL CJEeICTBHE HALIEro
tha oee Gy

IPEANO/IOKEHHS O HE3aBUCHMOCTH H3MepeHHil.
[loctosuunte A, 6GyieM BHOHPaTL Tak, 4YTOOH OblAM BLIMOJIHEHH
CAEAYyIOUIHe 1BA YCIOBHS:

1. Cayvatuas senmuuma X, , He JIO/MKHA MMETb CHCTEMarH-
ia eee

yeCko# owmubku, T. €. ee MaTeMaTHyecKoe OXUAaHUEe MAOMKHO pas-
HATLCA X.

2. Cayuainas BenuuuHa X4 .. ; ~ ALOIKHAa MMETh  HaMGO.bL MK
A

BO3MOXHLIH Bec.
Kak MB yBUZMM, 3TM [Ba YCJAOBUS ONpPENE/SIOT MOCTOSHHBIE M
0JHO3HAYHO,
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fpexae Bcero mnoTpeGyeM BHMO/HEHHS TEPBOTO ycaoBHA. Mn
AOMKHB UMETH:
— ) 2 —
x= 2 (l)q(‘*“ cen qg:"n) (M x4 L R X =
. 1 . m

m

= 2 g x(UZ e . 2 q(m +122 qux qw X ‘S‘ ay .
L g —!—)\ME o ... N q‘.m"l) > gimiximn =
im - i i L o b U

Y b m=1

=0MN+l+ .0 FN)x

TaKk KakK

Orcioza

Ml . =1, 3)
Byaem Temepn yIOBJETBOPATL BTOpPOMY yC/a0BHIO. Kawao#h paznocTn
X (x4 L ) =
=N (x— A e (2 — )4 o (2 — £
6y11eT COOTBETCTBOBATH BepOHTHOCTb NnoABJAeHHUA
79 - Al
Taxum oOpasowm,

ot= X gig .. g Py (6 — 20) e (x — 2E) + .

Tty sen 1m
oA =an B gl g (e A

XN

2 2
+h X glg® ... gm (x— 2PV 4 oo hp > qugd
(A o m K Uy s By bt

co g (x— xR 2N, X gPgP .
‘m ‘m ifigee iy,

o (e ) (2 — )+

Ho
o B g (e ) (2 ) =
= Ny 2 gy (x — x) Z qf) (x — %) g9 =0,
E 1'7. g
TaK Kak ’

zqu({';‘)(x-x;‘k):x—-izkqg’;‘)xg’;)=0, k=1, 2, ..., m,
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JHaaee,

2 N Mg® .. gm(x — x()2 =
* z,1ﬁ. i 79 qzm ( 1k)

=\ g, (x—x(k))zz)\ic;%:ﬁ,
ik ‘% ‘k pk

rie o — CpelHeKBaRpPATHYHAA MOTPEWIHOCTb M Py — BeC R-TO U3MEPEHHS.
CnenoBaTelbHO,
K [7\? . A2
=—=K|—+—+ ... +—].
p 51 P + +Pm
Takum oOpasom, uTOOBI YAOBJAETBOPUTH BTOPOMY TpeGOBAHUIO, MBI
LOJOKHBI 0J06paTh Ay Tak, YTOOH BHIMOJAHANOCH ycaoBue (3) u obpaiua-
JIOCh B MHHHMYM BBbIpaXXEHHE
7\2 l2 AZ
1 2 m
— 4+ — cee +—. 4
7 Tt P 4
Bro —sanaya Ha ycaoBubtit skcTpemyM. Iloambsysace Mertomom neompe-
JeeHHbIX MHOXutejnett Jlarpanxka, OyaeM pasbiCKuBaTL Ge3yCJOBHBIH
SKCTpeMyM (yHKUHH

2 A2
1 2

LT P W B 1 (TE I W E ' W
41 P Pm

rie o — HeKoTopas nocTosHHas, IlpupaBHHBAasS Hy/MI0 4acTHBE NpoOU3-

BOJHBIE MO Ay, MOAYYHM:

of My
_—=————a:0.
o pe
Orciona
M__ b _tm_ MAAt . M 1
Pt Pe T Pm Pt Pt oo T+ Pm Prtpet oo+ Pm
Hu

£, — DPx
K+t o et

Taxkum o6pasom,
x_ pixXV 4 pox® + L A px™
Ptprt oo. +Pm )

Bec sroro pesyabrara OyaeT paseH

1
P=0 T =Ptpet o o

1 2 m
J2 + J2 T +Pm

X
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Hrak, noctosHHbe ), HafineHs. Belpamenue (5) MOXHO noJyuuTh, ecJH
OTHICKHBATh 3HaueHHe £, naiollee MHHUMYM (YHKUUH

¢ (E) = gpk (x® — )2,

TosToMy u rosopsr, 4ro x* Haxoautcs mo xU, x@, ..., x(™ yemo-
O0M HAUMEHbUILX KB8AOpaAmos.

Yro6bl BHIYHUCIUTL CPEAHEKBAAPATHUYHYI0 MNOTPEIIHOCTL BEJHYHHBL X7,
HaM HywHO ewe Ha#tru K. [lns storo obpasyeM ciayuaiiHyl0 BeJHYHHY

: Py 4 paxl) + s 4 Pl
e seetm T Pit+Pt oo +DPm

W BBlYHUCJIUM

Z, oot B =)

i,y .

3aMeTuM, uTO BHYTPEHHee CYMMHPOBaHME MAET MO HHAekcy k. Mcnoas-
3yeM CJAelyIOllHe OueBUAHEIE PABEHCTBA:

‘_ka (x(h) — x) = (Ez‘zg ety x) >k3pk; ;pk (xy;‘) ‘—Ei,i, im) =0.

Cuavana npeoOpasyeM BHYTPEHHIOW CyMMy. Panu KpaTKOCTH 3anucu, Ml
ONMyCKaeM HHAEKCH ¥ &4, ... ;. DyseM umersb:

D) — = S (< — ) (< — 2 e 4-2)=
=2p () =Y (<) — 0 — € — 0 D (ol —) =
— (el — x ) (e — ) =
=2p (=) =2 — =0 Zpu (ol — 5) =

=2 (¢ — 2 — E— )" Dy
k k

CrenposarteibHO,

> qgll)qg‘)q(m) [2 (x(k> )]:

Ulgene lopy k

= 2 o[ D (P — 2] —

fadg ene By
— X qlgP ... gm [(z~x)2§pk].

tly e By
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Ho

:
D P
k

iy vve gy

I A e e S

E AN k
H
N A . k
\ K
MY g E— X = M p =K.
2 2 A

TakuM o6pasoM,

1)g(@) (m) (k) — 2]: — K= (m —

DI S L [Zpk(xik £ | =mK —K=(m —DK.
(2 N k J

OTciona MOXHO Ha#lTh K, €clin MB 3HaeM BCe BO3MOXHBIE Pe3y.ibTaThl

H3MePeHns ¥ BEPORTHOCTH KX nodBieHus. llpaxTuuecku 3To OOBIYHO

OBIBaET HEHM3BECTHO. Toraa B KauecTee NPUOIHKEHHOTO 3HaueHUR s K

GepyT
21”# (x(k) _ x;)a
I3
K=
Ilpu atom
> o (59— x)?
PP
(m—1) ¥ px
2

Ecnu Beca uaMepennit 6yayT ONMHAKOBBI, KaK, HanpuMep, Ipu Ha3Mepe-
HHSX OJHHM HHCTPYMEHTOM B INPKMEPHO OJAWHAKOBBHIX YCJAOBUAX, TO
nociaensag ¢GopMyna npuMmer Bul

Z (x(k) - x-t)2
k

62%———————-————-—.

m(m—1)
B xauectBe X B NaHHOM CJ/yuae HYKHO B3#Th

2
R e A TS

m

X

4. CpepHexBanpaTuuHas norpemHocTs (yHruuu. [lpocaenum
Tenepb, Kaxk MNpeobpasyloTCs CpelHEKBaAPATUYHbE INOTPEIIHOCTH INpH
NMpOU3BOACTBE MaTeMATHUYECKUX onepaunn. BeJlPl‘-lPleI, Hajl KOTOpPBIMHU
DpoU3BOAATCA oOnepauuu, OyaeM NpeAnonaraTb HE3ABUCHUMBIMH B TOM
CMbICJE, KaK 3TO yKa3blzaJOCh panee.
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Haunem ¢ onepauuu caoweunus. [lycts

z=x-+y,

rne X W y NONBEPKEHBl HEKOTOPHIM CayuainbiM owmubkaM. Yepes x* u
y* 6yneM 0603nauaTh (AKTHYECKH TMOJYHEHHBIE HaMH Hauenua X H y,
yepes X, U y, — BO3MOXHbBIE Pe3yJabTaThl, a uepe3 q; u q — BepoAaT-

HOCTH nx nogasJjaenua. Toraa

m/Zq’ HE—x)+—y)P=
=V 244 =) 20 =) )+ B 0 ) -

Kak u npe)Kﬂe, HalneM:
///(x x)a_cg. ///(x_x)(y y)
S‘ ’ /r(y y)zzcz

UUrak,
1V 12
o, = ch —1——cy.
Ananoruunblft pesy/abTaT NOJYUYHUTCA U AAd n caaraeMbix. Ecau

y:x1+x2+ s e +x,n,

T

s = S‘c”.

4 1._1 4

B wactnocTH, ecau oy =0y, = ... =0g, =0y, TO

cy ESS chE.

TakuM o6pasoM, cpenHeKBaapaTHuHAs AOTPEIIHOCTb CYMMBI fIPOMOpPLUHO-
Ha/lbHA HE YHCJAY CJAraeMblX, KaK npeneabuas abCoJIOTHAs NMOrPEIHOCTD,
a KODHIO KBaAPaTHOMY H3 HHCJA CJaraeMbX.

PaccmoTpuM Tenepb JauHeHHY0 QYHKUHIO

y=Cx,

rie C — Touynas Beauuuna. Toraa

—‘/‘ QLC (x_xi)z_lcl‘/_‘-l%(x*xz)z ’C‘cm

Vi3 nocnennux nByxX pesyJabTaToB CAeayeT, HTO CpenHeKBaapaTHYHAs
ROTPEIHOCTL (PYHKIUH
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Gy:l/-ZC?Gii.
1
PaccMoTpuM Tenepb GYHKUHIO

z=f(x, y),

gpuveM o f(x, y) OyaeM JenaTh Te Ke INPeANONONKEHH:, YTO H NPH
n3yueHud ab6CcoJIOTHOM M OTHOCHTeabHOH morpemmnoctu. Toraa

an=f(x, ) —F Y)=F € na, 1, G Da,.
B cuay ManocTH mOTpelIHOCTEH MOXHO IIOJIOXKHTH
=S (" ) o S (5" Yo,

OyneT paBHa

Mul noayuunn JuHefiHyl0 GYHKUHIO. BOCMONBL3OBABIIHCH NMpPeABIAYLIHM,
TI0JIyuaeM:

AT Ay s VA Ery) T
AHANOrWYHO A8 (YHKUHH

y=7F(xy, Xo, ..., X,)
OyneM HMETh:

o, = g,l [f;i (x*)]gci:j

[lpumenuM 3ty GHOPMYJY K NPOHM3BEJEHHIO 1 BEJHUUH
V=X1X2 ... Xy,
Tlpu 3TOM nOJMyuuM:

v,
";;‘ Gm..
1
i=1 K

_ =x
&p — [l

I
b=

O603HauuM

u 6yneM HasHBAaTh 9TO OTHOIUGHHE OMHOCUMEAbHOL cpedHeKsadpamut-
HO# nozpewnocmso. Torna nocienHss ¢Gopmysa NpHMET BHL

n
— 2
&y = Z Cx,°
2=1 i
B uacTHOCTH, €C/H &y =g, = ... =85, =&, TO

Ey — g, V;

5. CpeanexpaipaTHUHAA NOrpelIHOCTh PABHOMEPHO pachpeneneH-
#Hoil Besuunubl. IlycTh U3BECTHO, 4TO NMPUOGNHNEHHAR BEJHUKHA X° HMeeT
npeneabHylo aGCOMOTHYI0 MOrpemwHocT Agx. [lpu 3toM, BooGuie rosops,
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omubKa MOXeT NpPUHHMATL /1060e 3HaueHHE MeXay — Age 1 - Ay,
Mpl OyneM CuuMTaTh BCe STH 3HAYEHUS OLKWHAKOBO BO3MOMKHBIMH. YUTOOBI
ClenaTb MHOXECTBO BO3MOXHBIX 3HaueHWH KoHeunblM, Oylem CHauana
npennojaraTh, 4T0 OWIMGKA MOMET C OAHHAKOBOH BEpPOATHOCThLIO MpH-
HUMaTb 3HAYEHHA

—nd, —(n— D23, ..., —95, 0,0, 25 ..., (n—1)9, nd,

A .
rie 8= =, Torna cpeaHeKBaapaTHuHas NOrPeHIHOCTH GyleT paBHa

n
. 2124+ 22 ...+n)
01/ In 1

Ho
n
2 k2=n(n+l)(2n+1)
6

H, CJCAOBATEJALHO,

o an(n+l)_l/A;*(”+l)
ez} FREED_ |/ 220D,

Uro6bl TOuHee OTOOpas3uTh Halle NPEANOJOKEeHHE O TOM, uTO owkbKa
MOXET NPHUHUMATb NPOU3BOJBHOE 3HAUeHHe MeXAY — Ags U Ags, MbI
NOJKHB! yBeJHuUBATL z. B mpenese moayuuM:

A

a}*_‘/‘g—v

Kak caeayeT us pesynabTaToB NpeiblAyUEro NyHKTa, CpPelHEKBAApa-
THYHAA NOTPELIHOCTL CYMMBl 7 CJaraeMblx, 06/alallux INpeleabHOR
a6conloTHON morpemHocTbio A, OyneT pasHa

=2y 5.

Wuoraa yc/aapnuBaloTca NpU CAOKEHUH A NPUOIMKEHHBIX udHcea (n > 3)
¢ GJAU3KHUMM CPENHEKBAAPATHYHHMHU NMOTPEIIHOCTAMH CUMTATh HpeleNbHYI0
a6CONMIOTHYIO NMOTPEIIHOCTh CYMMBl PaBHOH

A’ = 3.

HexoTophlM omnpappaHueM 3TOr0 CJAYXKUT JeMMa 2 HacTOALEro napa-
rpada. das npumepa cymMmbl 20 ciaraeMblX, NpUBeIeHHOTO B MNpejbi-
ZyweM naparpage, Mbl 6yaeM HMMeTb:

A’ =390,

YTO JOBOJILHO XOPOWIO OTPAXAET peaspHOe mosoxeHue sewet. H B cay-
4ae BHIYHCJEHH fPOM3BOJBLHOH (YHKIHH 1 NepeMeHHBIX € JAOCTAaTOUHO
COJbIIHME  OCHOBAHMAMH MOXHO 3aMEHATb TNpelebHylo a6CcoMOTHYIO
TIOTPEIHOCTL YTPOEHHOH €pelHeKBaAPATHYHOH NOrpewmHOCThIO,
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YTIPAXHEHUA

1. 3anucaTe YUCAO ¢ ¢ TPeMs 3HaYaumUMHM BEepPHBIMH LU(PaMU W Onperennts
npefenbHyio a6CoMOTHYI0O 1 OTHOCUTENBHYIO OMIMOKH 4ucaa.

2. CTopoHa KBajapaTta nupubauzutenbHO | 4. C KaKOH TOYHOCTLIO ee Hal0
H3MEpUTh, YTOGBl MOTPEIIHOCTD Tomany 6blia He 6oapue 1 c.u??

3. lnusa nepuMerpa fNpPasuibHOrO BHHCaHHOTO U6-yrosbHHKa, KOTODHIM
nonb3oBancs ApxuMen TpPH BHIYACIEHWM 7. BblpaxxaeTcs mpH 7 == 1 (opmyno#t

p=s)6]/2_-V2+ VorVaor vs

Ecau BHUMCASTD HENOCPENCTBEHHO O 3TOH hopMmyJte. xenasd MOAYYHTL = C TOU-
Hocteio 10 0,001, TO ¢ Kakoifl TOYHOCTBIO HYXHO MPOU3BONUTL BLHIUUCIEHHs TOR-
KOpeHHBIX BETH4UH? )

4. KopHu ypaBHeHns x?—2x-41g2=0 HyXHO TONYYHTb C UYETHIPbMSA
BEPHBIMM 3HakaMH. C KAKMM YHUCJIOM 3HaKOB Hajlo B3ATb CBOGONHBIA uleHd ypas-
HeHus?

5. llpy u3aMepeHWH AAMHBL TPOJeTa CTPOSIIErOCs MOCTa Ha onHOM Oepery
oTnoxeHa 6Ga3ucuad nuHus, paBHas 200 +0.01 4. VsmepeHsl yrasl Mexnay 6a3u-
COM ¥ HAmpaBieHWEM M3 KOHNOB €ro Ha TOUKY 3a pekoil. OHu okaszamuces 90°*=1°
u 60° £1° C kaxkoll TOYHOCTHIO MOXHO ONpeIeNuTb MO 9THM NaHHBIM AAHHY
MocTa?

6. B naTu3HauHLIX JOrapH(MHUUECKUX Tabaunax faHH feCATHUHBIE 10rapugmbl

yncen ¢ TOYHOCTLIO 70 0,5-107% Kak Bennka wmower 6HITH MOrPEIIHOCTb NPH
HaXOXAeHNH uucaa 1o Jorapudmy, ecay 4ucao 3akiawoueHo mexxay 300 u 400?

7. Tot e Bonpoc B MpUMeHeHWH K Tabavle JOrapu(MoOB CHHYCOB U JOra-
PU(MOB TaHTEHCOB, €ClM yroJa oKoJo 45°.

2
8. Ecnv f(x)=1— % , TO HTepalud

Xi41= X4 [1 + f(gxt)]

CXOnUTCA K KBanpaTHOMY KOpDHIO w3 a. [locTpouTs nporpammy, OCHOBaHHYIO Ha
9TOW nTepauuu, fjf MalIMHBI ¢ TaKUMHM NaHHBIMH, KaK 6bl10 onmucaHo B § 3 9TOH
raaBbl M MNpOaHajN3MPOBATH MOrPEIUHOCTH

9, o o6pasuy & 5 npoBecTH aHaunu3 pacrpejelesus norpemHocreil npu
BO3BelEeHHUH X B CTeneHb 1, ecau x == 10,
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TEOPHUSI UHTEPNIOJHUPOBAHNSI U HEKOTOPBIE
EE NPUJIOXKEHUSA

§ 1. HNocraHoska 3apauu

B BHUYHMCAWTENbHOH NpPAKTUKE 4ACTO NPHUXOAUTCH HMETh AENO C PYHK-
uuaMu  f(x), sanaHHbiMu TabaMUAMH HX 3HAYEHHR A8 HEKOTOPOTro KO-
HEYHOrO MHOMWECTBA 3HaueHuH x: f(xg), f(xy). f(xa), ..., f(x,).

B npouecce e pemeHus 3anaud HeoGXOAMMO HCIMOJAb30OBATL 3HAUE-
Hus f(X) AJdn NpPOMeXYTOuUHbIX 3HaueHHH apryMeHra. B stom cayuae
CTPOAT QYHKUMIO ¢ (X), AOCTATOUHO NPOCTYIO AJA BbIYMC/JEHMH, KOTOpas
B 3a0aHHBIX TOYKaX X, Xy, ..., X, TpUHHUMaeT 3HaueHua f(X),
f(x), ..., f(xy), a B OcTalbHbIX TOHKAX oTpe3ka (¢, b), mnpunHan-
Jexawero o6jaacTH onpejeseHus f{x), npubAHNKEHHO MPEACTaBASET QPYyHK-
UMl f(x) ¢ TOH uaAM UHOR CTEMEeHbI0 TOYHOCTH, W TMPU PELICHUU 32]auM
BMecTO QyHKuuu f(x) onepupyor ¢ ¢pyHkuue# ¢ (x). 3anaua nocrpoeHus
Takoft GYHKUHH ¢ (X) HasuiBaeTcsn 3adaxed unrrepnosuposanust, Hame
BCEro HMHTEPHOJUPYIOWYI0 (QYHKUHIO ¢ (X) OTHICKHBAIOT B BHAe anrebpan-
yeckoro MHorousneHa. Tako#t cnocob npubaukeHus uMeer B cBoell ocHoBe
runoTesy, 4ro Ha He6GoJbIUMX OTpPe3Kax H3MeHeHHs X QyHKuus f(x)
MOXeT ObITb AOCTATOYHO XOpOWO NpubJMKEeHa ¢ MNOMOWbLI0 napabosl
HEKOTOPOTrO MNOPsAAKAa, aHANUTUYECKUM BBIpAXEHHEM KOTOpoi H Oyler
anrebpanyeckuit MHOTOUJEH.

K HHTepMOJHpOBaHHIO NMPUXOAWTCA HHOrAa mnpuberaTh W B TOM cay-
43¢, KOraa Aas QyHKUUY f (X) U3BECTHO W AHANUTUUECKOE NPEJCTABJEHHE,
¢ TOMOIUBI0O KOTOPOrG MOMKHO BBIMHCJAATH €€ 3HAueHHs AJs J11060ro 3Ha-
YeHHa X U3 oTpe3«a la, b], B KOTOPOM OHA ONpeleneHa, HO BblYHCJE-
HHE KaXAOr0 3HAYEHUR CONPAKEHO ¢ OOALIIMM OOBEMOM BbIUHCJIECHHH,
Ecau B npouecce pemenus sanauu #eo6x0NMMO HAXONAUTH 3HAYEHHA PYHK-
uMH f(x) AJas,_ oueHb OGOJNBLINOrO KOJNHYECTBA 3HAYEHHH apryMeHra, To
npaMoft cnoco6 norpeGosan Gbl rpoMaiHON BHIYHCAUTENBRHOR PaGoThI.
B srom cayuae nans yMedplueHus oGbeMa BbluMcAeHHH npuberaior
K UHTEPNONUPOBAHHIO, T. €, BBIYHCJIAT HECKOMbKO 3HaueHu# f(x;)
(=0, 1, ..., n) ¥ NO HUM CTPOAT NPOCTYI0 UHTEPNOJUPYWOILYIO PYHK~
UHID ¢ (X), ¢ NMOMOILBI0 KOTODOH M BHIYHCJAIOT NpUOJAHMKEHHBIE SHAYE-
HUA f(X) B OCTaJbHbIX TOHKAX,
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B Hacrosiue#t raase M OyAyT paccMOTpeHbl crnocobbl nOCTPOEHHS
HHTePNOJAAPYIOIWUX (YHKIIA, TPHBEAEHb! OLUEHKH TOYHOCTH MNp ub/auKeHUs
¢ UX MOMOIIbIO, 2 Takxue OYAYT H3JO0KEHbl HEKOTOPbE NPUJIONKEHHSA TEO-
PMH MHTEPIOJUPOBAHHS,

[Tpexne ueM nepeiiTH K USJIOKEHHIO 3TUX BONPOCOB, NMpHBeleM Golee
TOUHYI H OOLLyI0 MOCTaHOBKY 3a1a4d MHTEPHOJHPOBAHHA H HEKOTOPHE
HeoO6XoauMble NOHATHS.

1. JuHeitHble MHoOXecTBa. JIMHeliHO He3aBMCHMELIe CHCTEMbl 3Jie-
MeHTOB. MHOXecTBO M 3/eMeHTOB X, V, 2, ... Ha3bIBAETCH AuUHElHBIM,
ec/li B HEM OTpejeieHsl ONepanus CA0KEHNs!, 0603HAUAEMAs 3BHAKOM «—»,
¥ YMHONEHHMS Ha uHcJa (AeHcTBUTE/bHbIE WJIH KOMAJEKCHbIE), He BBHIBO-
Asintde 3a mpefedbsl M U yAOBMETBOPSIOLINE CJAEAYIOLIUM YCJIOBHAM:

1. Cnoxwenue accouuarusso, 7. e. (x+y)+2=x-4+(y-+2).

2. Cyuecrsyer uynepo#t snement 0 rako#, uro x +0=04x=x
npu moboM x € M.

3. laa BcAkoOro x cyluecrByer snemeHT, 0003HauaeMbli — X, Tako#,
410 X (—x)=0.

4, CnoxkeHHE KOMMYTAaTHBHO: X — y = y—| X.

5 @+ BHx=ax+fx.

6. a(x+ ) =oax4-ay.

7. a(Bx) = (@) x.

8. 1. x=x.

3neco nartuuckuMu OyxkBaMu oGosHaueHsl 3jMeMeHTHl M, a Tpeue-
CkuMH — uHcaa, M3 nepBeIX Tpex aKCHOM BbITEKAeT eAMHCTBEHHOCTb
HYJeBOr0 9JMeMEHTa, eAHMHCTBEHHOCTb OOpaTHOTO 3JeMEeHTa — X H rnipa-
BUJO, 4TO €CMH X 2=y -2 u 24-x =2}y, 10 x=y. Hcnoan-
3ya yciaosus 5, 8 u 2, MOXHO A0Kas3ath, 4t0 (—l)x=—xu 0. x=0
npu mobom x. Mbl He OyaeM 570 AOKa3bIBATH, MPELOCTABUB BOZMOKHOCTH
nposecTd A0KA33aTeJNbCTBA CAMOMY UHTATEJIO.

B kauecTse mnpumepa BO3bMeM MHOXECTBO R Bcex AeHCTBHTENbHBIX
¢yHxkumit, 3anaHHblX Ha otpeske [a, bl. Ecau caowenne ¢yHkuufi n
YMHOXeHHE HX Ha JeHCTBHTe/bHble YHC/AA OCYLIECTBAATL OGbIUHBLIM 06pa-
30M, KaK 370 AeJjaeTcd B aHaaude, 70 R OyleT MMHEHHBIM MHOXECTBOM.

B nuHeHHOM MHOXECTBE MOXHO BBECTH NOHAMUE AuHelHOl 3a8u-
cusmocmu u Aunelnod He3asucumocmu Inemenmos. COBOKYNHOCTH
3JEMEHTOB X;, X5, ..., X, JHHEHHOr0 MHOXecTBa M HasblBaeTCsl 1U-
HeHHO 3aBMCHMOH, ec/iu HalperTcs TaKas CUCTEMA YMCeN €y, €y - .., Cp,
HE PaBHBIX OJHOBPEMEHHO HY.IO, 4YTO

X X+ ... ¢, x,=0.
Ecan rakux unces ¢; mopobpath He/lb3s, TO COBOKYIHOCTb 3JEMEHTOR X;
Ha3bIBAETCH AUHeUHO He3asucumol.

2. 3ajaua uHTepnoJupoBaHud. Bei6epeM B npocrpaHcTse R nefi-
CTBHTEAbLHBIX (PYHKUHUH, onpeleneHHbIX HA [@, D], KOHEUHYIO WAy CUYETHYIO
COBOKYMHOCTb {@;} ero siementos, npuuem OyileM NpeanoJaraTb, 4Te
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Awbas KOHe4Has CHCTEMA 3STUX IJIEMEHTOB JIMHEHHO HE3aBHCHMA. Ha
NMpaKTHKE 4alle BCEro B Ka4eCTBe {%} 6epe’rca MOCJACAOBATENbHOCTD CTE-

newedt x:1, x, x2, x%, ...; NOCJAGAOBATEJbHOCTb TPHUIOHOMETPHUYECKUX
dyukuuft: 1, sinx, cosx, sin2x, cos2x, ... HIM NOCJENOBATENLHOCTD
nokasate/bHblXx Oyuxuui: 1, e%®, e%®, ., ., rae {a;} — HeKOTOpas uuc-

N0Bas NOCJENOBATENbHOCTb. BosbMeM mnepsole 7 -1 saemenros {q,} u
ofGpasyeM BCEBO3MOXHble JNHHeHHble kOoMOUHALHMH

Ao+ e+ . .. “+anoy

¢ nAeHcrBuTeNpHBIMU KO3(GUUUeHTaMu g; Kaxnas rakas nusefiHas xOM-
6unanus npuHaatexur R. MHoecTBo BceX JHMHEHHbIX KOMOHHauu#, Oue-
BMAHO, caMo fBJAserca JuHeiHbIM. Ero o6osHauuM uepes R,.

MMes. R 1 R,, Mbl JO/KHb pewmuTb, KakuM 00pasoM NMpOHU3BOJAbLHOMK
GyHKuuy u3 R CTaBUTb B COOTBETCTBHE (YHKIHIO U3 7?,, B pasHbix
CAy4asx MOCTYNAKT NO-pasHOMY. B reopnu HHTEPNOJHPOBAHHA 370 JE-
JdaeTcsd Tak: BBIOMPAOT HEKOTOPYI0 KOHEHHYK COBOKYIHOCTb TOHYEK X,
X1y vves Xy (X F X5 I /), npunannexamux [a, b}, u ans kaxoit-aubo
¢yukuuu f € R noabupaior ¢ € R rak, uroObl B BbIOPAHHBIX HAMH TOYKAX
3HaueHus f u ¢ coBnananu. MHbLIMY coBaMu, HAXONATCA MOCTOSHHbIE @; TaAK,
uyroObl UMEJH MECTO PaBeHCTBA

F(x) = aopo (X)) +ayp () + ... Fa9, (x) (=0, 1,2, ....m).
H B KauecTBe QyHkuuu ¢ Oepyr
@ (%) = ago (X) +- a9, () ... e (%)

C 9TMMH 3HAYCHHAMH @;. TOUKM X; HA3bIBAIOT Y34AMU UKMEPNOAUPOSA-
Hug. Beam f u ¢ nuddepeHuupyemble QYHKUMM, TO HHOrAA, KpOMe
T0ro, TpebGy1OT COBMAJEHUA NPOUIBOAHBLIX B TOUKAX X; HJIH KAKuX-.1u6O
Apyrux. llpn coOTBETCTBYIOIHX YCJAOBHAX MOXHO Tpeb0oBaTh COBHAJEHHS
NPOH3BOAHLIX BBHICWIMX MOPSAKOB,

3. Nocrpoenue unrepnoupyiomeii GyHkuuu. 3atiMeMcs cHauana
npecreitmesi sanauvefl. Jlas onpeneseHus KOSOPHUUUEHTOB @; MBI HMeeM
cucremy m -1 ypasHeHu#t ¢ n-1 HeusBecTHeIMH. Marpuua cucreMul
HMeeT BHJ

%o (*0) 71 (%) -+ Pn(X0)
go (1) 91(x) ... en(x)
90 (X)) 91 (X)) oo En (X))
Ecau Mpl XoTuM, 4r06bl KOSDPUUKEHTH @; MOXHO ObIO MOAOOPATH

Ana mobolt ¢yuxuuu f, T0 HyXHO morpe6oBath, YTOGb PaHr 3ToH Ma-
TPHubl “Obia paser m - 1. B nporusHoM cnyuae Mexay 3HAuEHHAMH F(xp
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Ao/kHa Owbia Ol CYLIECTBOBATL OMpejJe/eHHas JUHEHHAs 3aBUCHMOCTD.
[pu srom n Oyner Goablie uax pasHo m. Jlanee, uroObl peleHue 370H
3anaud OblJO OAHO3HAuUHbIM, Han0 norpebomars, uToObl m —n. Urak,
6yneM mpeAnonarath, 4TO M =1 ¥ ONpeleIHUTE]b
#0 (%0)  e1({X0) ... 9n(xp)
g0 (%) P1(X1) ... 9n (X))

90 (Xn) ¢1(Xn) ... Pn(Xn)
orauven ot Hyas. Toraa mpu mobuix f(x;) cucrema 6yner umerb pele-
HUe W TPUTOM EAWHCTBEHHOe. BolpaweHHe AMs @; MOXHO MpeacTaBuTh
B BHIE
4,

a =7, 1)
rae A; noayuaercs W3 A myteM 3aMeHbl i-ro croabua cToaduoM f(x;.
Mrak, ¢ynxuun fE€ R 6yaer coorBeTcTBOBATL PyHKUUA ¢ € R, HMEw-
1ast BHUJL

<P=%<Po(x)+%%(x)+ +%,¢n(x)_ 2)

DyHKUMIO ¢ MOXHO 3amucath B Apyrod d¢opme. Jlag 3TOro pasioxuM
onpeleauteds A; no 3dneMeHraM i-ro cronaQua. [Moayuum:

Zf(xj) Ay
= . 3)

a; =

3nech Ay — coorsercTBylolne anareGpauueckue aonoanenus. [lodcrasass
37U BbLIpAWEHUA B ¢ M CoOMpas BMecTe WieHbl ¢ OJANHAKOBbIMU f(xj).
6yleM HMeTb:

"o () =F(x) Do () +F ) D ()4 ... +Fx)Pp(x). (@)

dyuxuun O; (x) apasiorcst JuHeHHBIMM KOMOMHAUMAMU OYHKUHUH ®; (X).
Ouu He 3aBuCAT OT PYHKUHUH [ U UETHKOM ONpeaensorcs QyHKUHAMY ¢; (X)
H y3J1aMu HHTEPNOJNUPOBaHWA. 3aMeTuM, ur0 npu awboit QyHKuuH f(x),
T. €. mnpu JOGOH cHCTeMe 3HAueHHH f(x;), LOKHBI  BLINOJHATHCSA
paBeHcTBa

Fxg) = (x0) @o () + f (x) @y (x) 4« T (%) O ()

(=0, 1, 2, ..., n). )
‘Orciona caedyer, uro $yukuun P;(x) ynoBIETBOPSAIOT YCAOBHAM:
0, ecan i/,
0, (x)— |
i) {1, ecn i=j. (6)
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4, Cuctemn YeGwuiimepa. IlpoanaausupyeMm Tenepb BONpPOC O TOM,
KaKne HYXHO HaJIOXHTb yCJaOBHs Ha {@; (x)} AaA TOro, uToGH Ompene-

auteab A He obpainanca B uyab. as uegefl MHTEpHOJHPOBAHHS BaXHO
HCMOJB30BATh OJHY U TY e CHCTeMYy OYHKUMA {¢; (X)] NpH pasiHuHBIX
COBOKYMHOCTIX TOYEK Xo, Xy, ..., X,. [lo3ToMy OyleM OTHICKHMBATh
ycaoBus TOro, uto A He oOpaiiaercs B HyJAb HH TNIPH KaKO# CHCTeMe
yuCeNl Xp, X1, Xz, -y X, X3 X; ((5]), X; € [a, b]. Jlusefinoit Hesapu-
CUMOCTH QYHKUMH yKe CTAaHOBHTCS HENOCTAaTOUYHO, XOTH 3TO YCJAOBHE H
spageTcsl HeoOxomuMbIM, Tak, HanpuMep, ¢yHkuuM 1 M sin x JauHeHHO
HE3aBMCHMBI, HO €CJIH B3iTb Xy =T — X;, TO ONpeleauTelb

1 sinx,
1 sin xy

paBeH HYJIO.

Ecnu A paBHseTcs HyJMIO A5 KAKOR-TO CHCTEMBl UHCEN Xg, Xy, ..., X
TO 3TO 03HayaeT, uTO CYyILeCTBYIOT TaKHe NOCTOSIHHBIE ), €y, ...
HE BCe paBHble HYJIO, MJIS KOTOPHIX

CoPo (%) €181 (X) + ... 6P, (%)

oOpaiaeTcd B HyJAb B TOUKaX X, Xy, ..., X, [akuM 06Gpa3oM, HaM
HAaIO0 HAJOXHTb TaKHe OrpaHHueHHs Ha {¢; (X)}, MPH BHAOJHEHHN KOTO-
pHX MbB MOr/H Obl ObITH yBEepPEHHHIMH, UTO HMKaKas juHe#Has kxomOu-
Halus

CoPo (X) = €191 (X) 4 ... - Cp9, (%)

He MOXeT uMeTb n— 1 pasauunbiX KopHeit Ha [a, b]. Cucremb pyHxuuit,
obnanaiouiye 3TUM CBOHCTBOM, OyleM HasnBaTb cucmemamu Yebwuiuvesa.

HanoxuM Ha OYHKUHH @) (X), @, (X), @2(X), ..., 9, (X) crenyouiye
orpanuueHus: 1) ¢;(x) auddepenuupyeMs 10 nopsaka n-4-1 una [a, 8]
M 2) BCe BPOHCKHAHH

P (%) ¢r(®) ... e(x)

P00 ) oo ()
W[(?o’ (Pl""'@klz « e e 4 8 e e e e »
& P ... P
OTJHYHEl OT Hyas Ha [a, b]. JlokaxeM cuenywinee oGoblieHHe TeOpeMt

Poaas:

Teopema 1. Iycms f(x) ecmys n—1 pas dugpgepenyupyenas
dyurgua na [a, b) u umeem Ha s3mom npoMescymrxe n—+2 rxopued.
To2da Ha [a, b] nalddemca maxas mouxa §, umo

— Wligo ¢1 +vvs ¥ S
Ln+1[f]— W[O(PO: 1‘?1: oy ‘Pn]

obpawjaemcs 8 Hyab 8 mouKe s.
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HLlokasatensvctrBo, Hapany ¢ L,,,[f] G6yzem paccMaTpuBaTh

Ly, le(x)] (=0, 1, 2, ..., n), onpenenseMble PaBEHCTBAMH
W[(P()v P1r -0 Phs ol
L = L
k41 [(P] w [(P()v P1y v 0 (Pk]
3neck ¢ — npoussoabHas k-1 pas nudepenuupyemas Ha [a, O] ¢yuk-
uus, [MokaxkeM, uro MOXHO HalTH Takne QYHKLHHU By (x), by (%), ..., b, (X).

Y10
d
Ly lel =g Lelol — by (x) Ly [9].
Deticteutenbio, Ly . [¢] — auHeitunifi nuddepeHUHaNbHBIE OnepaTop

nopsika k-1 ¢ xo3dduuueHTOM npH cTapluef NPOM3BOIAHOH, PABHHIM
epvHule. Hauee,

L1 [e1=0 G=0,1,2 ..., k.

TakuM 06pa3oM,, GYHKUHA @g(X), ¢ (X), ..., ¢ (x) ob6pasyT ¢ynna-
MEHTAJbHYI0 CUCTeMY pelueHHH ypaBHeHus L, . ,[¢]=—0. Oneparop

a(vj—x Ly Yol — bi (%) Ly [9] =

d
Wigo oos ox—1lgz Wlvo, --or 9k-1 9]
T w2 [‘PO? ey ?k—l] -
d
Wi «vvs -1, ‘P]EW[‘PO, <o $E—1]

— b (%) Ly 9]

w3 [‘PO’ A ?k—l]
— TaKxe JMHeHHHA aupdepenuuanbHbifl  onepatop nopsaka k-1
¢ Ko3pdHUMEHTOM NPH CTaplueil NPOM3BOAHOH, DABHHIM EIHHHLE:
d .
Lol — b () Ll =0 (=012 ..., k—1D.
Onpeznenum by (x) Tak, uToOHI
d
7 Lo lowd — b () Ly ) = 0.
Jas 3TOro AOCTATOYHO MOJIOXKHTH

2 Ll

by (X) = —F5———.
k Ly [¢x]
Tax kaxk Lj[gg] He oOpaimmaercs B Hyab, TO by (x) OyleT HempepuigHas
¢Gyukunsa. OnpemeauB Tax by (X), MBl NONY4HM, UTO CHCTEMa @, (x),
(%), ..., gp(x) Oyner dpysnaMeHTaNbHOR CUCTeMOH pElIEHUH Aas ypaB-
HeHuUst

2L 15) — B, () L[] = 0,
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3TO 03HAY3eT, YTO
d
Ly [9] = % Ly [9] — by (x) Ly [€).

PaccmoTpuM Tenepb (YHKILHIO
@

- § b, (@) dx

hx)=f(x)e @
Ee npoussoaHas umeeT BHI

- [ b (@) do { - 'fbbo @) do
¢ () =[f () — by (x) f(x)] e @ =L, [f(x)]e ¢ ;

$,(x), kak u f(x), oOpamaercs B HyAb Ha [a, b] n—+42 pas. Caeno-
BaTeJNbHO, qa; (x), a nostomy u L,[f (x)] oOpawmaercs na [a, b] B Hyas
no kpa#Heit mepe n—-1 pas.

Hanee, BBOIMM (PYHKLHIO
&

—fb,(m)dm

Yo () =L, [f (x)]e ©

Mposoxs Te e caMble pacCykieHus, NoJyuuM, uTo L, [f] obpa-
H@eTcs B HyJb N0 Kpaitneit Mepe nr pas. Ilpomomxas stor npouecc,
NOJyudM, B KOHIle KOHLOB, UYTO Ha#aeTCd mo KpaHHeR Mepe oaHa TOuKa

E€[a, b], ansn koTOpOH
Ly [f (®1=0.

TeopeMa nokasaHa.

Teopema 2. Ecau @y(x), ¢1(x), ..., ¢, (%) (n—+ 1) pa3 dugppe-
perngupyems. na ompeske [a, b] u Wlgy @, ..., @]l 0 Ha [a, D]
npu scex k=0, 1, 2, ..., n, mo pynrguu ¢ (x), ¢;(x), ..., @, (%)
o6pasyrom cucmemy YeGviu esq.

JokasaTenbCTBO. I /eANONOMHUM, UTO 3TO He Tak. Toraa Hafi-
JeTCsl Taxkasi JNUHeHHas KOMOHHaius

f(x) - Cl)(PO (x) +Cl(Pl(x) + L + Cn(Pn (x)
(¢;— neficTs., e e P S 0),

KoTopas o6pamaercs B Hyab No kpafiHeit Mepe B n -1 pasauunbix
TOYKax oTpeska [@, b]. Toraa no Toabko uTo noKasaHHOH TeopeMe L, [f]
00g3aHa o6pallaTbCsl B HyJAb MO KpaitHeHl Mepe B opuoit Touke & € [a, b].
Ho
L [flzwl%’ P on=tfl . Wlgo 90 .., 9n
" W90, ¢1-++5 1l " Wl%0, ¢1 0 pn—1l

Tak xax
Wilea @10 ovvr @5l 1 Wileg, ¢ ..oy 9,_4]
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He oOpauiaeTcs B HyJdb HM B OAHOH Touke X € [@, §], TO KOMKHO OHITH
¢, = 0. Takum o6pasowm, HalineTca n— 1 pasnIHuHBIX TOYEK OTpe3Ka [a, b],
B KOTOPHIX

f=cepo+cro1+ -+ +Cp1®Pp1

obpamiaerca B HyJb. Toraa, CHOBa nNpHMeHsss OOGOOGILEHHYIO TeopeMy
Poansi, naftnem, uro L,_,[f] oOpailaercs B Hyab no Kpafineit Mepe
B oaHo#t Touke £€[a, b]. [Iposoas Te e paccy:xAeHHs, YTO M paHblue,
Hafinem, uro ¢,_, = 0. [Iponomxas 3TOT npoilecc, Mbl NpHUIEM, B KOHLE
KOHIOB, K BBHIBOAYy, uTO Bce Ko3dpduuuents ¢; (=0, 1, 2, ..., n)
paBHbBI HYJI BONPEKH HalleMy NpennoJioXKeHulo.

5. OcHOBHBIE BOMpPOCHI TEOpHH UHTEpnoJupoBanus. Ha s3Tom noka
npepeeM oOillHe pacCyxIeHHs H NepefileM K PacCMOTPEHHIO Pa3JMUHRIX
yaCTHHIX CjyuaeB BuGopa ¢yHkumu# {¢;(x)]. Hac Oyzer unrepecosaTh:

1) Bonpoc 06 yao6HbX cnoco6ax (aKTHUECKOTO MOCTPOEHHs] HHTep-
NOJMAUMOHHHX (YHKUMH JAJA KaXAOrO KOHKpeTHOro BhOopa ¢yHkK-
18707 {(Pi(x)}.

2) Vinteprnoaaunonnsle QpyHxkuun OyAyT COBnalaTh C MHTEPHOJMpYe-
MOHt ¢yHKUMeH B y3/JaX HHTEPNOJMPOBaHHS, HO, BooOWE roeops, OyayT
OTJHUATbCS OT Hee B OCTaJbHHIX TOUKax npomexyTka [a, §]. Hyxuo
HaH#TH TMPAKTHYECKH NPHUTOJHbIE OUEHKH TOTO OTKJOHEHHS,

3) BosnukueT BOmpoc 0 TOM, KaK BHITOAHee BLIOHPAThL Y3Jbl HHTEP-
TI0/IMPOBAHHSA AJSl TOTO, uTOGH 3TH OUEHKM OblH HanboJiee BHIrOIHBIMH.

4) 3navenust (PyHKUMH MOTYT OKasaThcsl npubmmxeHHbiMM, Heobxo-
JMMO BHISICHUTb BJIMsHME 3TOro (aKTOpa Ha MOTPEMIHOCTb WHTEPNOJH-
POBaHHA,

Mbl paccMoTpuM 00600iIeHHs NOCTaBJISHHOR 3alauM HMHTEPNOJHPOBaA-
HUSI, KOTAa B y3aaX OyAyT 3afaHbl He TOJbKC 3HaueHHs (yHKUHH, HO
¥ ee NPOU3BOAHHIX. PacCMOTpPHM Kparko 3anyuy 00 HHTEPHOJMPOBAHHH
¢yHKuHH MHorumx nepeMeHHbiX. Ceituac ML HauHeM pas3bop HauGosee
BaXXHOTO CJiyuyass MHTEPNOJUPOBAHUSI MPH OMOILM anre6panyeckux MHO-
TOUJIEHOB.

§ 2. UdrepnoasuuoHHbiii MHOro4JeH JlarpaHka

1. TMocTtpoenne wunrepnoasuuoHsoro Muorousexa Jlarpamxa.
BosbMeM B KkauecTBe {¢; (X)] moc/ie10BaTeNbHOCTD

1, x, x2, ..., x™ ...

dyHKUHM S3TOR NOCJENOBATEJbHOCTH JIHMHEHHO HE3aBUCHMMBI Ha moOoM
orpeske. JleficTBHTE/NbHO, €caH OB H2 KaKOM-TO OTPE3KE HMENO MeCTO

Cot+c x4 cpx? 4+ ... L, x"=0, x € [a, b],
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To Bce ¢; = 0, TaKk kKaK aareOpanueckuit MHOTOUJEH CTENEHH 7 ¢ OTJHY-
HEIMH OT Hy.as KO3(DQdHUHEeHTAMH HE MOXET HMeTb Oo.nee n KOpHefl.
Onpeaenuten A B AaHHOM CJyuyae HPUMET BHI

2 n

I ox, x5 . .. x4

1ox, x5 L X
A:

2 n

b ox, x, Xy,

310 — onpeneauteab Baupepmonza. OH pasen

A= " (x; — x5).
i>7

B cuny nammx npeanosioxeHu#t o X; onpelejautesib OTIMYEH OT HyJIs.
CreloBate bHO, npu JIOGHX f(x) ONHO3HAUHO omnpeneAnTcs ¢ (x). Has
onpejenenus Buxa ¢ (x) OyzeM oTeickuBath dyHkugu P, (x), Kax 6wo
ykaszano suime, P;(x) npeacrasaser coboit .vaeﬂHylo KOMOUMHALHMIO
GYHKUMA @ (X), @,(%), ..., ¢,(X), YIOBIETBOPSAIOHIYIO YCJIOBHAM

0, ecam i+ ],
Q; (x )—{

ecau [ =/j.

Wtak, aas toro uto6nl oThickaThb ®;(X), HaM HYXHO HAWTH MHOTOUJEH
cTeneHn n, o6paialomufics B HyJdb B TOUKAX Xg Xy -.., X;_y,
Xi1, +++, X, ¥ paBHbift 1 B Touke x;. OTciona

D,(x)=Ax—x)(x—x) ... (x—x;_D(x— x50 ... (x —x,).
Tak kak @ (x;)=1, To
1 =A(x; — %0) (X3 — X1) ... (0 — %) (% — X300 -+ (X — Xp).

IMoJsyuaem okOHUATENbLI:

@, (x) = (x — Xxo) (x—xl) (X — X ) (X —X440q) - (X — xp)
(xg— xo) (x5 — Xq) - (xi— X5—1) (K5 — Xgpq) -0 (X — Xp)
H

700 = f (o) Iy =

+f(x1)(x—x0)(x—x2) (x_‘x‘n) +

Xg) (X1 — Xa) ... (X1 — Xp)

+f(xn) (x ‘—XO) (x—xl) (x—‘xn—1) ). (1)

Xg) (Xn — x1) Xy — Xp—y

DT0T MHOrouJeH M peliaeT 3alayy HMHTEPHOJHpOBaHud. ByneM HaswlBaTh
€r0 UHMEPNOAAUUOHHBM MHO204AeHOM Jlazpanoca M, yTOGH OTJAHYATH
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OT ApYTHX CJyuaeB MHTePNOJAMPOBaHMA, 0603HauaTh L, (x), rae n — cre-
NeHb MHTEPNOJSLHOHHOrO MHOTrousieHa, BeeneM o603Hauenue

0 () = (£ — %) (¥ — %) . .. (X — xp). @

Toraa UHTEpMOJAUHOHHHIH MHOrouseH JlarpaHxa Mo»eT OhITh 3anMcaH
B (dopme:

1\ wy (X)
Ly(x)= ) f(x)) ———F—. 3)
% (X — X)) @n (X))

PaccmMoTpuM HeKOTOpHIE TNpPHMEDbl Ha MNOCTPOEHHE HHTEPMOJSLHOHHBIX
MHOTrouJIeHOB JlarpaHaxa.

[Tpumep. llocTpouTh HHTEPNOJANMOHHEI] MHOrouseH Jlarpadxa
[0 CJeNYIOLWMM LaHHBIM:

X l 0 2 3 5

f(x) 1 3 2 5

B sToM cayuae

x—2)(x—3) (x—5) X (x—3) (x—95)
== Tire—me—n T

Ly(x)=

x(x—2) (x—29) x(x—2)(x—3) 3 , 13 62
+236=23=5 +55E=y6=3 —10F X trtl

MMpuwmep. IlocTpouTs HHTEPNOJAUHOHHBIE MHOrouldes Jlarpanxa
no CJelyIOWMM AaHHBIM:

f(x)'1|3,2l5‘6

B stoM cuayuae
(x—2)(x—3) (x—5) (x—6) x(x—3) (x—2>3) (x—6)
==y —n t32e=nc=vHe—n T

X(Xx—2)(x—5)(x—6) X (x—2) (x—3)(x—6)
T2 3= 656=F T°36=096=-36-6 T

X (x—2) (x—3) (x— 5) 11 73 601 413
T 5= 6=n06=3 — ™" T m»mF Tt

L, (x)=
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Mbl B 060MX npHMepaxX pacnoJjaraid MHOTOWIEHH MO CTENEHSAM X.
Ecau L, (X) HYXHO MOACUHTHIBATb JHIIL NPY HEKOTOPHIX 3HAUEHHAX X,
TO HUKaKO# HeOOXOIHMOCTH TaK pacnojaraTb €ro Her.

Kak BHAHO M3 NpHBEIEHHHIX MPUMepoB, 00pa3oBaHHe HHTEPMOJALHOH=-
HEIX MHOrouJeHoB Jlarpawxa cBsi3aHO ¢ GoablIOH BHUHCJAHTENbHOMH pa-
gorofi. Tak e BenMKa BbIUMCAMTENbHAs paboTa NPH NOJNYYEHHH 3Haue-
s L, (x) 1S KaKoro-to ¢ukcHpoBanHoro sHauenuss x. CpapHelHe
JBYX TIPMBEJEHHHIX NPHMEPOB MOKa3biBAeT, uTO €CJIH JaXe Mbl HMeeM
MHTEPNOJSALHOHHBI MHOTouseH JlarpaHxka, nOCTPOEHHbIH MO 3HAYEHHSIM X,
Xy, «v.s X, TO 3TO MajJO NOMOraeT HaM NPH NMOCTPOEHHH HHTEPHOJsI-
ILHOHHOTO MHOrOwjeHa JlarpaH»a no 3HAaueHHAM €ro B TOUKAX Xo, Xj, ...
e+, Xp, Xy Bce 3TO 3acTaB/isieT 3aAyMEIBaThCH 00 yCOBepIUEHCTBO-
gaHun (opMyJan Jlarpamxa ¢ ue/bl0 YNPOUIEHHS BBLIYHCAMTEJIbHOTO NpoO-
uecca. O6 3ToM MBI cefiuac W OyaeM TrOBODHTb.

2. UdTepnoasnquoHHbii MHoOroudJed Jlarpasxa nJjs paBHOOTCTOSA=-
uHux y3qaoB. PaccmMoTpuM cuayuaft, KOTja 3HaueHUs X; ABJAAIOTCA DaBHO-
OTCTOSILIUMH, T. €.

Xj—Xg=Xg— Xy = ... =Xp— Xp_ ="
X — Xy
Tlpu sTOM, ecan BBeCTH O0O3HaueHHe ~—h——=t, TO NOJYYHM:
B, () — F I ) s (B ) () s (B )
(x; — x0) (xi — xq) .. (xi_‘xi—J) (X;— Xi41) - -« (X5 — Xp)

_thh—"h) ... [th—(U—=1) h][th— (4 1) k] ... ¢h—nh)
- ih(i—1)h...h(—h)... [—(n—l)h]

_te=D...¢—n (=1t —(—1)r e 1 t(¢—1). t—n)

t—t iTn—0nt Pt—i n!
Hraxk,
Ly () =L, (xo +th) =
t(t—' (t—-fl) nyq/
= (" ( . 4

3necb ¥ B JaibHeitlueM A48 COKpalleHus 3amucedt Mbl O6yzeM 0603Ha-
uaTb f(x;) uepes y;. B nocneasem BhipaxeHHn KO3(PHUMEHTH, CTOS-
Llke nepex y;:

=t at(E—1)...f—n)
(=" Cn t—1nnl ’

He 3aBUCAT HM OT QyHKuUuH f(x), HU OT £ — ara Tabauusl. HxXx MoxHo
TalyAMpoBaTh H HCNO/MB30BaTh B CAMHIX pPasAMuHBIX CcayuasX. Takue
Ta6/MUb COCTaBJEHH W W3BECTHH MOJ HasBaHueM TaGaul Koaguyuer-
mos Jazpanaa.
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3. UnTepnonsnuonHas cxema 3JiiTkeHa. Ecan 3nauenus x; nepas-
HOOTCTOAME M TpebyeTcs HallTH He oOuiee Bhipaxenue L, (x), a Aulb
€ro 3HaueHHs MPH HEKOTOPHIX X, TO YAOOHO MOJb30BATbCS UHMEPNO-
A8guoRHOd cxemol Sdmxena. [lo 3TOi cxeme 3HaueHHe HHTEPNOs-
HMOHHOTO MHOTOUMEHA AN KAKOTrO-TO 3HAYeHMs] X HAXOAMTCS NyTeM
NoCcJe0BaTeIbHOTO NPHMEHEHHs efMHOOOPA3HOrO npouecca. PaccMeTpHM
BhHIpaXEHHE

Yo Xo—xl
Y1 X—X

Ly ()= B

310 MHOTOuJeH MepBOH CTeNeHW OTHOCHTENbHO x. [Ipu x = x, nojayuum:

1)’00

X1 — X
Loy (x0) = A}a?l__}o_O- = Yo

AHajoruuHo npu X = x, OyaeM HMeTb:

Yo Xo— X1
y1 O
(X1 — xo)

Tak kax MHorowieH nepBoH CTeneHH, NMPHHUMAIOUIMA B TOUKAX X¢ H X,
3HaueHUs Y, H Yy, EIHUHCTBEHHHH, TO Ly (¥) M peliaeT 3ajzauy HHTEp-
NOJUpPOBaHUS MO JBYM AaHHHIM. TOUHO Tak e MB CMOxeM 00paso-
BaTb Ly;p(x), Lyg(x¥) ¥ T. A. DTH BHIpOXEHHS JIerKO BBIUMCJASIOTCS Ha
MaJHX CUYETHHX MaluuHaX. B camoM geJe, BbluHC/eHMe onpeleauTens
BTOPOro MNOPSAKAa CBOAMTCA K BBIUHCJIEHHUI) PA3HOCTH JABYX NpOHU3BEnE-
HUt, YTO OCYIIECTBJSETCH OueHb Jerko. IIpu 3ToM Ha cueTunke 06OpO-
TOB, €CJAH OH O00OOpynOBaH NEpPeHOCOM JeCSITKOB, Kak 3TO CAEAaHo
B MammHax Pefinmerana, Mepcerec W ApPYrHMX, MNOJYYHTCS DPAasHOCThb
Xy — X, Ha KOTOPYIO H HYXHO DPa3leJuTb BeJHUMHY ONpeje/uTes.
PaccMoTpuM, nanee,

Ly (x) = = y1.

LOl (x) Xog— X l
Lip(x) Xa—x
Xo — Xo

Logo (x) =

9T0 — MHOTOuUJEH BTOpO# CTemeHH oTuocuteavo x. [lpn x=x,
OyleM HMeTb:

_ 1 Yo 0 l —
Lo (xo) = Xg—xg | Lp(xo) Xa—xo | Yo
[Ipu x = X, noayuum:
_ 1 y1 Xo—- X1 ; _
Lygs (x9) = e | Y1 Ho— oy | i
a4 NpH X = X
1 Lyt (X0) X9 — X
Loz (x2) = , o )(,2 W o 0 =y
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CrnenoBatesbHo, Ly (X) COBNazaeT ¢ HMHTEPNOJSLHOHHBIM MHOTOUWIEHOM
JlarpaHxka, NPUHHMAIOUIMM B TOYKAX Xg, X;, X COOTBETCTBEHHO 3Haue-
HHS Vg, V.. Ve. BooOuue,
Lotzs...n (x) = 1 Lowa.. . m-1(x) x9g—x

Xg—Xo | L1im3...n  (x) xp,—x
GyZeT MHTEPNOJAUMOHHLIM MHOTOuNEHOM Jlarpamxa, NPUHMMAIOLIHM
B TOYKaxX Xo, Xy, ..., X, COOTBETCTBEHHO 3HAUeHHS Yo, Vi, ..., Vp-
OueBuAHO, YTO MOPSAOK M HyMepauuss TOUeK NDH 3TOM 3HAUEHHS He
uMeloT. Kaxnwiit MHorouneH Loz, . p(X) noayuaercs u3 Lo .. x_1(x)
M Liss . x(X) Tak xe, Kak u Ly, (x) noayuaercs u3 y, u y,. Brruncau-
TeJibHasg CXeMa JAJsl MOJyueHHs! 3HaueHHs] MHTEPNOJSILLHOHHOTO MHOTOYJIeHa
GyaeT BHIrAsAeTb CAelyloiuM oOpasom:

Xy | Y] Xg—x 1-5—1, i | Li-a, j=1,¢ | Li=3, 4~2s-1. 1| Li~4 i3, =2 i—1, ¢

Xo | Yo | Xo—X
X1 ¥1| x1—~x| Log ()
Xo | Yo | Xa—x | Lyg(x) Loga (x)

X5 yg | Xg— x| Layg(x) Lyss (%) Ly1a3 (%)
Xgl Yg| Xa—x | Ly (x) Lagy (%) Loz (%) Logoss (%)
X5 | Y5 | Xs—x | L (x) Lags (x) Loag; () Lisgys (%)

Tak, mo AaHHKM BTOPOro NMpuUMepa 3TOro naparpada nojayuuMm clie-
AyillHe 3HaueHus (31ech B3aTO X = l):

X\ Wl Xe—x | Li—g,¢ | Lima,i=1,4 | Li=g4~9, 4~1, 7 [ Limg, i=3, 4=2, 4-1,4
0 1 —1

213 1 2

3|2 2 4 %

5195 4 —1 %7 g

6 | 6 5 1 — % 2_; 4

Ecan noactasuth B nosdyueHHbifft TaM MHOrou/ieH 3HaueHne X = 1,
TO MOJyuuM Ty xe BeJuunHy L, (1) = 4.
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YurtepecHo To, uTo, MpHMensis MOCJEAHIO CXEMY, MH MOXeM MNO-
CTEMleHHO MOAKJIOYaTh BCe HOBbIE H HOBhIEe 3HaueHus Xx; A0 TeX NOp,
noKa CaMH BBIUHCJEHHMS He MOKaXyT HAM, uTO TOYHOCTb YK€ He BO3-
pacTaer.

HccnenyeM Tenepb pasiHYHOTO pOJAa NOTPEMIHOCTH, MOJyualoLLHeCs
npu NpHMEHEHHH WHTEPNOJALUHOHHOTO MHOrouiena Jlarpamxa.

§ 3. NorpemHOCTH MHTEPNOJAHMO1HOH (opmyanl Jlarpaunxka

1. Ocrartounnii 4naeH ¢opmyant Jlarpanxka u ero ouesnxu. Ecau
BCe BLIUHCJEHHS NpOH3BeleHH TOYHO, TO HHTEPNOJSLMOHHBHIA MHOTOuJEH
JlarpaHka coBnafaeT C 3ajaHHON HaM ¢yHkuue#r f(x) B y3naX uHrep-
NOJSILHH Xy, Xy, ..., X¥,. OmHako, BoOOOGIE roBops, OH OyneT OTJAHYEH
OT Hee B OCTaJbHbIX TOUKaX. MICKJIOueHHe NpeACTaBAfET TOT Cuayual,
Koraa caMa ¢yukius f(x) gBJASETCS MHOrOYJEHOM CTeleHH He BHILE I,
B nocneaveM cayuae f(x) u L, (x) GyAyT TOXIECTBEHHO COBMANATb.

Tak kaxk 3HaveHHs y; MOTYT OKa3aThbCs NPHOJIMKEHHHIMH, TO BO3-
HHKHET JAONOJHUTENbHAs MOTPEIHOCTD.

Kpome Toro, B mnpouecce BbuMcaeHHH GyldeT BO3HHMKaTb HOBas MO-
TPEIIHOCTb 33 CueT OKpyTJeHHHA.

[TlepBass morpemwlHOCTb HACT HaM no2peuLrocms Mmemoda, BTOpas —
HeYCMPOHUMYIO NO2PEULHOCIb W TPETb — NOZPLULHOCMb OKPY2ACHUSR.

HauneM ¢ u3yueHus] MOTPeIIHOCTH MeTOAA. 314eChb MBI 1OJKHbBI CY3HTh
Knacc ¢yHKUMH R, Tak Kak NpoH3Bo/bHas (yHKIHsA, coBhanas c f(x)
B y3/1aX MHTEPNOJALHMH, MOXeT KaK YrOAHO OTJHUaTbCs OT-He& B OCTaJb-
HBIX TOuKax. MoOxHO OuJI0 OH HaJOXHTb Ha (yHKUHH f(X) CpaBHHU--
TeJbHO HeGoJibline OrpaHHueHHsi, HO 3T0 OyneT CBA3aHO C rPOMO3AKHUMH
BBIKJIAIKAMU NPH OlleHKe NOrpelIHOCTH., MbI HaNOXHM Ha f(X) KecTKue
OrpaHuyeHHs, a HMeHHO OyleM CUHTaTb, YTO HHTEpPHOJHpyeMas (yHK-
uust f(x) oGrapaer Ha [@, b] HenpepHLIBHBIMH NPOM3BGAHBIMH A0 TO-
pPSiKa n W npoH3BoAHas [ (x) andpdepenunpyema Ha [a, b). Takue
npeanoaoxeHuss GyAyT BbINOJHEHBI AJaA OOJNbIIMHCTBA C.ayuyaeB, C KOTO-
PbIMH NPUXONMTCS CTaJKHBATbCA Ha MNpakTuke. [lJs olueHKH Norpeiu-
HOCTH PaCCMOTPHM BCNOMOTaTeJbHYIO (QYHKLHIO

PR =f(@)— Ly (&) —K@E—x9)(2—x)) ... (2— %),
rie K — HekoTopas nocCtosiHHasg. QueBHIAHO, - 9 (X)) =p(X) = ... =
=¢f{x,)=0. IloaGepem K rak, uroObl ¢(x), rae ¥ —Ta TOuKa, AJq

KOTOPO# Mbl MPOHM3BOAMM OLEHKY, Takie o6pailajach Obi B HyJdb. ITo
BO3MOXHO, TaK KaK TOria

K— F () — Ly (x)
(x—Xg) (x—xq) ... (x—xy)
a 3HaMeHaTeJab 3TOH ApOGH OTJHYEH OT HyJsl, H60 x == x; (i =0, 1, ..., n),

dyukung ¢(2) obpaimaercs B HyAb Ha [a, b] B n 42 Toukax x, x,,
X4 ++.y Xp. CHENOBATENbHO, HAa OCHOBAHMH TeOpeMbl PoniA NPOHM3BOL=
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Has ¢ (2) ofpawaercs B HyJab MO KpaHned mepe n -4 1 pas Ha uHTep-
Bate (@, b). [lycTe atu 3HaveHus z Oyayt:
&(()1) gl) E(zl) )
’ » T e 0 -

LI

Npumenum cHoBa TeopeMy Pouaas k qovHKunn ¢’ (2). Hoayuum no xpai-

neft Mepe n Tovex &, &Y &2 . ¥ rakux, wro
CP//(E(()z))ch//(e(lg))= R //(8(2) )_0

ITpoxoaxas 3TOT NMpolecc Aajblie, HafiieM, 4TO CYLIECTByeT NO KpaH-
Hel Mepe OJHa TOUYKa £ Ha unrteppasie (a, b), B KOTOpPOH

P+ (§) = 0,
HO

@+l (2) = fir+D (2) — K (n 4 1)),

TaK KaK MpOou3BOAHadA mopsaika n— 1 oT MHorouneHa L,(x) cTenexu n
paBHa HYJMO, 3 MPOM3BOIHAsA OT MHOTOUJEHA ®, (x) cTenend n—+1 co
crapwum ko3dduunentom 1 pasHa (n-{-1)l. Tlonoxus B nocrennem
paseHCTBe 2 ==1§, MOJYYHM:

_ "™
RSV
Orciona
£ @)
f(x)—Ln(x)=m—1)—!—(x~—xo)(x—x1)...(x—xn) ey
uu, noaaras M, = €sup | (x)|, noayunw:
Mp 1

O — L@ < GrprlE—5@—x) ... c—x)|. @

3ty ABa BHpaXeHHs MOTYT CIYXUTh OLEHKOH OTKIOHeHHd f (X) oT L, (x),
1
€CJH TPOU3BOAHAA f®Y (&) momer 6mTh ouewena. [lpusenem NPUMEDHI

TaKuX OLEHOK,
MMpumep. OueHuTb, C KAKOH TOYHOCTHIO MOMKHO BBEIUHCIHTbL MO

tdopmye Jlarpanxka In 100,5, ecn M3BECTHH 3HAuYEHMS
In 100, 1n 101, 1n 102, 1n 103.
B pannom cayuae

_ _ — _ Wiy— 8 __6
fix)y=1Inx, n=23, a=100, b=103, fV(x)= i M“_TOBT‘
-9
110 100,5 — L (100,5) | < < ot 4!05 0,5.1.5-25=2,344-.10

Mpumep. C kako#h TOYHOCTBHIO MOXKHO BHUYHCIUTH sind® mo dop-
Myne Jlarpatxa, ecid W3BECTHBH 3HAYeHHs

sin 0°, sin 30°, sin45°, sin 60°,
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B nannom cayvae f(x)=sinx, n=3, a=0, b:%,f” (x)=sinx,
M4:l/2—3—:
| sin5° — L, (69 | <
<l E- D ~3)
T2 4T |\180 180~ 6/1180° 4/\180 — 3
2. BuiGop y3noB uHTepnojsuposaHus. Kak Mbl BuAenH, OTKJ/OHE-
nue f(x) or L,(x) omnpereasercs BeJIHYHHOH ey (&) ¥ w,(x). Ecm
0 mepBOH Be/HUYHHE MbI MOKEM HHOTAa CKa3aTh, B KaKWHX Npelenax OHa
3aK/MI0YeHa, TO BTOPYI Mbl MOMEM B HEKOTOPHX C/AyYasX MeHATh IO

HallleMy JKeJaHWIO, M3MeHAs TOuKM x;. [locTaBum ciaepyoOUlyl0 3agauy:

KaK HYXHO BbIOpaTb y3ab X, IJs TOTO, YTOOH sup]wn (x)] 6Bl1a Hau-
{a, b

meHbuwe#h. Jiaa oTBeTa Ha 3TOT BONMPOC HaM MPHIAETCA HCNOJIb30BaTh

muorouneHn Yebniuesa.

Mrnozousen YeGuuresa T,(x) onpeneisercs Tax:

= 0,0009.

T,(x)=cos[narccosx], |x|<1.
Mpu n=1
T, (x) =cos(arc cos x) = x.
Npu n=2

Ty (x) =cos |2 arccos x] — 2 cos?(arccosx) — 1 = 2x2 — 1.
Jlanee, ¥3 TOXAecTBa
cos(n—+ 1)0=2cosBcosnb —cos(n— 1),
noaaras O = arc cos x, nmoayuum:
Tpi1 (X)=2xT,(x) —T,_,(x).
Takum o6pasom, T, (X) 1eHCTBUTEIbHO ABJAAIOTCA MHOTOUYJNCHAMH, NpHYEM

-1
ko3(puumMeHT npM cTapwe# cTeneHu x pased 2 . M3 pekyppeHTHOH
$opMyan MocC/Ie10BaTENbHO HAXOAMUM:

Ty (x) =4x%— 3x,
Ty(x) = 8x*— 8x2--1,
Ty (x) = 16x5— 20x% +5x,

T,(X) Kak MHOroujeH CTemeHHM 7# HMeeT pOBHO n Kopwel. Ua
cos(narccos X) =0 caeayer

n 2m -+ 1=
narccosx = (2m+1) nm x=cos —(—-2;:——)—
HNasas m 3navenus O, 1, ..., n— 1, moayuuM n pa3JHYHBIX KOp-
Hefl, NMpHYEM BCE OHHM OKa3bBAIOTCA 3aK/JOUEHHHIMH Mexay —I1 u

—+1. 3amerum Takme, uto max|T,(x)| Ha orpeske |—I1, 1] paBeu |
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mmn
u pocTuraercs B n-+ 1 Toukax X == COS—— (m=20, 1, ..., n). Ecan

B KayeCTBe OTPe3Ka MHTepnoaupoBanus [a, b} B3aTh [—1, 1] U B Kaue-
CTBE Y3/0B MHTEPNOJHPOBAHHS — KOPHH MHOrouieHa e6bimesa x,, TO

o, (X) :'2711‘—‘? T,(x) usupjo, x)|= 27@1_1. [Tokaxem, 4TO Kako# Obl

MHoroused P (x) cTeneHH n cO cTapliuM Ko3hdULEMEHTOM | Mbl HUM B37/H,

sup lP(x)l}—;l_—l—. Je#crBureabno, ecau O6n 3TO OHlJIO HE Tak,
@El-1s +1] 2

1
TO Pa3HOCTb ;ﬁ:—lTn(x)—P(x) npeiacraBnasaa Obl coO00#f MHOrOUJIEH

3

mw
crenend n — 1, npunumalowu#t B n-+1 Toukax X == €OS — (m=0,

1, 2, ..., n) NONEPeMEHHO TO NOJOXHTE/bHbIE, TO OTPHIATENbHLIE 3HA-
yenus, Cse10BaTebHO, OH JOMKEH MMETh NO KpaliHe#t Mepe n KOpHeH,
YTO HEBO3MOXHO,

TakuM 06pasoM, ecau OTPAHUYUTBLCA pacCMOTpeHHeM oTpeska [—1, 1],
T0 ®, (x) OyleT HMMeTb HaMMEHbllee BO3MOXKHOE 3HauyeHHe Sup|w, (x)|
IpH YCJAOBHM, YTO B KauecTBe Y3/J0B MHTEPMOJMPOBAHHMA B3ATHl KOPHH
MHorouseHa YeObilepa, U B 3TOM CJyyae.Halla OlLieHKAa NPHUMET BHA

Mn+1

]f(x)—Ln(x)!<m- 3)

Ecau MHTepnoJMpoBaHHE NMPOU3BOAUTCA Ha NMPOM3BOJLHOM OTpe3ke [a, b],
TO JAMHeHHOH 3aMeHOH NepeMeHHJTro

x=glb—0z+ 040

1
Z=m[2x—b—al

ero Moxuo nepesectd B [—I1, 1]. Tlpu stoM kopHM MHoroureHa T, (2)
nepedayT B
1 p 1
xm=§[(b—a)cos—zﬁlﬁ_t—~1c+(b+a)].
Ouendka Aaa 3TOro cayyas OyZeT Takosa:

Mniy (6— &)™+

If(x)—Ln(x)|<(n+1)! ST 4

[Monyuennsie HaMH pe3yabTaTsl JAIOT HAHAYYIIYIO OLUEHKY B LEJOM
10 BCeMY OTpe3ky [a, b]. Mbl BOCNOJIb30BaJINUCH TeM CBOHCTBOM MHOTO-
urenoB T, (x)= pre T, (x), urto ansa uux  sup |7, (x)| umeer Hau-

Z€[-1, +1]
MeHbllee 3HauYeHMe CPeld BCeX MHOTOU/NEHOB CTemeHH n ¢ KO3 uuueH-

TOM TpU CTapllefi CTeNeHH, paBHHIM eluHHuE. Daarosaps 3TOMy cBOH-
CTBY MHOroOujeHbl T, (X) MOIYYHIM Ha3BaAHHE MHO204ACHOB, HAUMEHee
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OMKAORAOWUXCA om HYAA. MOXHO MOCTaBUTb U APYTyl0 321auy: Nnpu
(GUKCHPOBAHHBIX y3/1aX MHTEPNOJMPOBAHHS H3YUHTb, NI KAKMX NMPOMe-
KYTKOB W3MEHEHHs OCTAaTOUHbIH uneH OyAeT MPHHUMAThb GOJbLIME 3HAYe-
HMSL M 414 Kakux MeHbliue. Jlia pelleHHs 3TOH 3a1aud HaM HYXKHO
H3Y4HTh TMOBeAcHHE GYHKIMH ©, (X) TPH GUKCUPOBAHHBIX Xy, Xy, . ., Xp.
Muorouner o, (x¥) o6pamaeTca B HyAb B TOUKaxX Xy, X, ..., X, MEHAET
3HAK, flepeXOlAsl 4Yepe3 KaxI10oe H3 3ITHX 3HAUeHU#, M rle-TO B NpOMe-
KYTKAX MeXIy HMMH NPHHHMAeT TOMEePEMEHHO TO MAKCHM4lbHOE, TO

/
L NG % \& & \zo S NE_ S \&s
N v N~~~ 7

Yemroe n Hevemnmoe n

Puc. 19.

MuHHMaJabHOe 3Hauenue (puc. 19). AO6COMOTHHE 3HaYeHHs 3THX 3SKCTpe-
MyMOB GYAyT paBHBI APYr APYTy TOJbKO B TOM C/lydae, €CIH Xg, Xi, « ..
«e., X, SBIAIOTCS KOPHAMHM MHOTOY/EHA

2x—-—b—a]

cos [n arc cos
b—a

B ocTambublX cayuasXx OHM OyayT pasamunbl., [Ipu MHTeprOIMPOBAHMH
BO/MM3M OOJALLIMX 1O aOCOMIOTHOH Be/JHYMHE 3KCTPEMYMOB MOXHO OXH-~
1aTh 6Oablle# MOTPEeWHOCTH, TaM e, TAe 3TH 3KCTpeMyMbl GyaAyT npu-
HHMATh MeHbLIHE 3HaueHHs, CJeLyeT OXHMIAThb MeHbLUeH MOrpellHOCTH,
WccaenoBarue o6LIEro caydas o, (x) NMpu NPOU3BOILHOM pacrpeic]eHuu
Y3J0B MHTEPNOJALMH LOBOJIbHO 3aTPYAHUTE.NbHO. [109TOMY MBI OTpaHH-
yuMcs CAy4aeM PaBHOOTCTOSUIMX Y3J0B, T. €. Oydem npeilnonaratb, 4TO

X —Xg=Xp— X, == ... =Xp,— Xy =h.

— X
9 Toraa

Onath BBeAeM f NpPH NMOMOLIM COOTHOLUEHHA t="=
o, () =0, (X +th=h""tEt—1Dt—2) ... ¢t—n),

M HaM CAelyeT U3Y4dThb MOBEAEHHE GYHKLHH

eO) =t —1N(E—2) ... (t—n)
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fIpH pa3MMuHBIX 3HAueHmsx f. [lpexae BCero 3aMeruM, 4TO 3Ta QYHKLHSH

n
GyneT 4eTHOM WM HEYETHOH OTHOCHTENbHO TOUKH (7, 0) B 3aBHCHMO~

n
CTH OT YeTHOCTH n. He#CTBUTENBHO, €C/IU NPOU3BECTH 3aMeHY [ — & = 2,

n n\? n— 2\
o(s+5)=[2=(3)][= = (7)) -
MpaBas uacTb 9TOro paseHCTBa OyneT ueTHOH yHKuue# 2z, ecau 7
HeueTHO, H GyleT HeueTHOH GYHKUMEH 2, ecau n 4eTHO. Jlanee, 3aMeTHM,

4TO
t+1
t—n

TO MOJYYHM:

-+ =@+ Dtt—1 ... ¢+1—n= P (£).

Takum 06pa3oM, ecau pas6uT, oTpesok [0, 7] Ha 4acTH 0, 1], 11, 2], ...
.e., (n—1), n], To sHauenue QyHKUMH B OTpe3ke li, i41] Gyner
MONYYaThCA M3 COOTBETCTBYIOLIErO 3HaueHMs (YHKUMH B MNpeablaylleM

1
OTpe3Ke NMyTEM YMHOXEHHS €ero Ha rg [Tocaennu#t MHOXuTeIb BCEraa

t—
oTpuuaTenen npu uaMenenmn t oT 0 po n. [loatomy suaku 3HaueHHUH
dynkuuu GyAyT vYepenoBaTbCA NPH nepexole OT OAHOrO HHTEpPBaJa
K caeayioleMy. AGCOMOTHAA BENNYHHA STOTO MHOXUTEA OyleT MeHbile 1
—1
2

6yayT yOuBaTh NMO a6COMOTHOH BeJMYMHE 1O CepelMHBl OTpe3ka 10, ni

n
Ha OTpe3Ke [0, ] Takum 06pa3oM, 3KCTpeMaJbHble 3HaueHHs ¢ (£)

A aA" / wAwANS

\/2 \J’ i N7 A

<

Yemmoe n freyemyoe n

Puc. 20.

W 3aTeM B CH/Iy CHMMETpHM CHOBa BO3pacTaTh. Bre npenenos orpeska [0. ]
{ynkumus ¢ (f) 6HICTPO Bo3pacTaeT no abcomoTHoH Beanuuue. Virtak, rpa-
dukn dyskumu OyayT creaylowux AByx Tunos (puc. 20). Kakue xe
BbIBOAbl MOXHO CI€JaThb O TOYHOCTH MHTEPMOJHDOBAHMS U3 MPHBEICHHOTO
HaMH aHaiu3a? Bo-mMepBbIX, OLEHKAa OCTaTOYHOro unexa Qopmyas Jla-

n+1)
rpamxa R, (f) :%_1()&_?

LA 3HAYeHMH X, JeXallux BHE OTpe3ka [x,, X,]. [losTomy caeayer

X — Xg) + .- (X — Xx,,) OyneT OCOBEHHO BEJIMKF
0. n Y.
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OXHAATb, YTO €CJAH Mbl NPOU3BOAMM BHIYMCJEHHA O HMHTEPNOASLHOHHON
dopmyse and 3HaueHuit X, JexallMX BHE OTpesKa [x,, Xx,], WM, Kak
NPHUHATO TOBOPUTh, NMPOM3BOJAUM 3IKCMPANOAUPOBAHLE, TO TOrPEIHOCTH
6yAyT OueHb BeJHKH. BO-BTOpLIX, TNPH HHTEPNOJHMPOBAHHM A5 3HAue-
HMB X, JexalluX He 6/M3KO K y3JaM MHTEPNOJUPOBAHHA, TOYHOCTb G6yIeT
6oablue A5 CPENHHMX OTPe3KOB [X,, X,,;| M MeHblle A KpaHHHX.

3. Heycrpanumasa norpemHocTs (opmyan Jlarpanxka. Wayuum
Tenepb HeYCTPaHMMYIO MOrpellHOCTh (PopMy.b JlarpaHxa, npeianoJaras,
4To 3HaYeHMn f(X,) MpUOIMKEHHB, a 3HaYeHWs X, TOuHb. Popmyry
Jlarpanxa BO3bMeM B BHIE

%ngﬂmam

Toraa
az = 30, () o (2. (5)
Ap= 2| 9.(0)| 4 (2, (6)

Huyero Gosbulero 0 HeycrpaHMMOH NOTPELIHOCTH AJs CJydYasl, KOTAa
yanbl HHTEpPTOAMPOBAHUS PACMOJOKEHH NPOU3BOMBHBIM [06pazoM, Ml
cka3aTb He MoxeM. OOpaTHMCS K CAyYalo, KOrla y3/bl HHTEPNOJMPOBAHUSR
paBHOOTCTOAUIMe., TOraa, Kak MB BHIEJH,

(=)™t —1)  (t—n) ¢ Cry

Ly (¥) = Ly (xo+1h) = — ¥~y
1=0

X — Xy

Tie (= 7

. CrenosatebHO, B 3TOM Cayuae

n 12
5y Cudy,

[t—1i] "

t¢t—1) .(¢—n)
nt

Ar =

=0

Mlyctb BCe 3HaueHWs QYHKUMM ), H3BECTHH C OLMHAKOBOM TOYHOCTBLIO

H npeneabHaga abconmoTHas NOrpelIHOCTh KaXa0ro U3 HUX paBHa Ay = %-p.
1

Torsa npeneibHas a6coMIOTHAsA NMOrpellHOCTh Az GyaerT paBHa

o
=i @)
0

1 t¢t—1) . (t—n)
AL=7P! n

=

[pusenem Tabauuy sHavyeHUH KO3(dULMEHTA NPH p B IPABOH YACTH 3TOTO
PaBeHCTBA 1A pa3JMYHbBIX 3HAYCHUH n W £
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Kos¢ppuunents npn p

{
[
| t
t —1 1,5 3,5 75 15
— 0,9 1,4 3,1 6,4 13
— 08 1,3 2,7 5,4 11
— 07 1,2 2,4 45 8,5
— 06 1,1 2,1 3,7 6,7
—0,5 1,0 1,7 3,0 5,2
— 04 0,9 1,5 2,3 3,4
—0,3 0,8 1,2 1,8 2,8
—02 07 10 13 19
—0l 06 071 0.86 11
0.0 05 05 05 05
0.1 05 0,54 0,63 0.78
0.2 05 0,58 0.72 0.96
0,3 0,5 0,60 0,78 1,06
0.4 0,5 0,62 0,81 1,10
0,5 0,5 0,62 0,81 1,1
0,6 0.5 0,62 0,79 10
0,7 0,5 0,60 0,74 0,92
08 0,5 0,58 0,68 0,80
09 0,5 0,54 0,59 0,66
1,0 0,5 05 0,5 0,5
1,1 0,6 0,54 0,54 0,57
1,2 0,7 0,58 0,58 0,62
1.3 0,8 0,60 0,60 0,66
14 0.9 0,62 0.62 0,69
1,5 1,0 0,62 0,62 0,70
1,6 1,1 0,62 0,62 0,69
1,7 1,2 0,60 0,60 0,66
1,8 1,3 0,58 0.58 0,62
1,9 14 0,54 0,54 0,57
20 1,5 0,50 0,50 0,50

Kak BuaHO M3 3TOH TabaMuH, HEYCTPaHHMass MNOTPeUIHOCTb HH1ep-
N0 IAUMOHHOH (opMyan Jlarpama npu usMeHeHuu ¢! Ha orpeske [0, n]
CpaBHHUTENbHO HeBeMKa OHa He3HAUYHUTENbHO BO3pacTaeT MPU YBe/MYe-
HUM n. MuUHMMaJbHBE NOTPeIl{0CTH TOJYYaIOTCH B CPEIAHHX OTpe3KaX
It, t+ 1] npu uaMeneHuu ¢ or 0 10 n [Ipu 3KCTPANOJALMH ONATH NMOJLY-
9310TCA 3HAYUTEIbHbIE NOrpeluHOCTH.

OueHOK OWMGOK OKPYrJeHHs Mbl 31eCh NPOM3BOLMTHL He OyldeM, TaK
kdK OHHU LEJUKOM ONMPee/siOTCA MPOrpaMMOHi BHUKCAeHHH B naibefilieM
Mbl  M3yuuM psaa  Gopmys, ABJIMIOWKXCA BHIOU3MeHeHUAMH GOpMYybl
Jlarpamxa 3tn GOPMY/bl HAXOLAT WHMPOKOE MPHMEHEHHE B BBIYHCIIUTE.Ib -
Holt npaxTuke, I103TOMy Le/fecooOpPa3HO MCCAEAOBATH BCe 3TH (POPMYJIHI
COBMECTHO C TOYKH 3peHusa TexX OU.II/I60K, KOTOpBIE OHHU A3I0T, H C TOYKH
3penus yno6cTBa BblYHCAEHHH.
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§ 4. OcratouHbl#i yjeH o6med UHTEPNOJAAUOHHON (DopMy/Ibl

B npeasiayuieM naparpage Mbl HallJIH OCTATOYHbIA uieH Gopmyasi Jlarpanxa,
HaijineM Temepb OCTaTOYHBIHA yieH 06uied HHTEPNOAAUHOHHOHA dopmyasl. Ha ynx-
an ¢ (X), 91(X), «+., 9n (X) HalOKHM Te e OTDaHHYEHHA, 4TO ¥ B KOHUe § 1,
T. e. 6yaeM mpelnolarath, 4T0 OHHM AuddepeHuupyembl a0 nopsaika n 1
Ha {a, #] w Bce BpoHckuanbl W (¢, @1, ..., 9x] (0 <L &< n) oTanyHbl OT Hyust
Ha [a, b].

PaccMOTPHM OYHKIHMIO ABYX NEPEeMEHHbIX X H S

K(x, 8) =W 9 (s), 91 (), .-s o ()] X
90 (5) Py (S) eos P (8)

%() 916 ... 9 (9) n

b G I S A SR = 2 gt (s) o7 (x)
2 RN OB RO B R O B
%o (%) ¢1 (%) e 0p (X)

Kak ¢yHKuMA x OHa sBAAeTCH JHHeAHOH KOMOMHauued QyHKumi ¢; (x) H, caego-
BATEILHO,

Lypi1[K(x, 8)] =0,

rie
W[(PO’ P1s e eor Pms f]
L f—t
e = Py e e s 9]
(cm. § 1).
C Apyro¥ CTOPOHBI, OYEBHIHO,
K (x, 5) 0 npu I<n—1,
oxt  |,_, |1 opn I=n.
dyHKUuA
n @
Y= Naw )+ [[Kx 94 ()ds
i=0 a
npH MOGHIX JeACTBUTENbHLIX MOCTOSAHHBIX G; YIOBAETBOPSET ypaBHEHHIO
Lyt [yl =9 (0).
B camom 1ene,
n @
Losr1lyl= E Ly 11 [9a] - Ln+1[ f K(x, $) 4 (s) dS}-
i=0 a

Neppuii uieH cnpaBa, O4eBHAHO, paBed Hymo. JAs TOro 4TOGH HaiTH 3HaueHue
BTOPOro ujleHa, 3aMEeTHM, 4TO

p . @
EfK(-’C,S)‘P(S)dS=K(x,x)t{a(x)—}—/(—}%s—)qa(s)ds:

= %%qa(s)ds.
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OTciona
me(x D) as =KDy ) faK( 2y (5) ds =
= /aK(x’S)’(s)ds
H, BooOuIe,

al—l , mal ,
dx,fK(x,s)v(s)ds——a’j%i)wxwf%w@m:

_faK(x )y (s) ds

a
nas seex [ <L n. Jaa [ =n- 1 noayunm:

antt n+1
/K(x»S)v(S)ds PR D) 4 )+ fa K59 (5) ds =

dxn+1 gxn+1

n+1
—v<x)+fa KDy () as.

Taxum o6pasoM,
x @ (n+1)
Lnﬂ[fK(x’ $) 4 () ds} =[f1<<x, $) 4 (s) ds} +

&£ (n) x
+ ay (%) {fK(LS)k’e(S)dS] + .. +an+1(x)fK(x,S)dH(S)dS=

=4+ [ Luat [K(x 91§ () ds = 4 ().

ITHM Halle yTBep:kAeHHe JNOKa3aHO,
3aMeTHM, 4YTO ecau Mbl BMeCTO OYHKUMH ¢; (X) B3saH 6b mobyio apyryio
CHCTeMy 72 {1 JHHEHHO He3aBHCHMbIX PelIeHHH ypaBHeHHA

Lys1[g) =0,

TO nOJyuyHan Obl Ty ke camylo ¢yukuumio K(x, §). JeHcTBHTeNbHO, ecan Pyuk-
an Yo (X), gy (%), ..., by (X) 06pasyioT Takyio CHCTeMY, TO

n

bi(x) = Dagei (x)  (=0,1,2,...,n)
i<o
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# onpejennTelb

oo aO_l cer Qop
D=1/ %0 %1 .. %n
%np %ny Cnn

otanuer ot Hyas, Ilpu stom
W= b 41 oo dnl =D W g0, 1, .-, 9ml,

a
w®  hE e e © IO AC R
B W O %) FE) gy (o)
................ =D« oo
SO R i O NN Gy O] %' 7®) TV©)olr T (o)
L I 1€ NP MY e W) w0 a0

Tlpyn yMHOX(EHHH NOCJEJHHX BEIDaXXeHHH TIOJNYYHM TO KE CaMOe, YTO M paHblie,

B vactHocTh, dyHKumm ®; (x), BBeneHuble B § 1, ABAAIOTCA NMHEHHBIMH KOM-
6uHanMaAMH QYHKUMI ¢; (x). OHM aHHEHHO HesaBUCHMEL B camom nene, ecan 6bl
Cyi{ecTBOBana JHHeHHas 3aBHCHMOCTb

0@ (¥) + 121 (X) + ... + P (x) =0

M ¢; IPH HEKOTOPOM i OTAMYHO OT HyJs, TO, TOJaras B 9TOM TOXIECTBE X = x;,
Mpl 110ayunan 6bl ¢; =0 BONPEKH NPEANOJOXKEHHIO, 31eCh Mbl HCHOJIb30BANH
cBoicTBa ¢QynKmmA @;(x), uTO
D; (x5) = By,
rae b;; — cuMBod KpoHekepa, paBHui 1 npu [=j u paBHbi#l O npu = ;.
Taxkum o6pasoM, ¢yrkuuio K (x, §) MOMHO 3amucath B BHIe

K(x, 8) = Gs (5) 05 ().

=0

Ho .

K (xj, 8) = D) G (5) Bi (x5) = Gj (5.
Hrak, =

K(x, 8) = 2": K (x5, 8) @; (x)
dyHKUMA =0
n " @
y= N800+ B2 [Gi) b (o) s
1=0 =0 z;

yaoBaeTBOpsieT ypaBHeHHMI0 Lp.q[y]=¢ ¥ npunumaer B Toukax x; 3Haue-
HHA ;. B wvacTHOCTH, QyHKIMA

n feid
ne = Y % [ Gi)ds
=0 mz
YAOBJETBODSIET YCAOBHAM
Lot lhf=1 h(x)=0 (t=0,1,2,..., n)
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PyHkIHA h(x) He MOweT OfpamaThCs B Hymb HH B KakoH npyrofi Touxe
X€ [a. b], Tak Kak MBI MOJAYyYHAH Obl TOrHa NPOTHBOpPeuHe C 0606meHHOR Teope-
moft Poans.

PaccMOTPHM pasHOCTb

n
R(x) =f(x)— ¢ (x) =1 (x) — X /% (x), xEla, b);
i=0
R (x) ofpamaercs B HyJb B TOYKax Xy, Xq, ..., Xy 1O KE camOe MOXHO CKa-

3aTh M NPO (PYHKIHIO
J(x) — ¢ (x) — Mh (),

rae M — NpoOH3BOJBHOE NMOCTOAHHOe 4HCaO. [IycTe Ham TpeGyercs oueHHTH R (x)
1S HEeKOTOpOH ToukH x’ € [a, 6] (x” == x;). Ilon6epem M Tak, uto6bl mociaenHee
BhlpaxeHHe OOpaTHAOCH B Hydb H B TO4Yke Xx'. DTO BO3MOKHO, TaK Kak
h(x") # 0. Torzxa

Ly1[f (%) —9 () = MAh(X)] = Lps( [F ()] —M
Ha OCHOBaHHH 0606meHHOH Teopembl Poans fomKHO OOpAaTHTBCA B HYJb MO
KkpafineH Mepe B onHOH Touke £€ [a, 6], TakHM oGpasoM,

M= Lpi [FO)]
RN =F(x)—o (X)) = Loy [F O] £ (x).

JT0 PaBEHCTBO, OYEBHIHO, COXPAaHHT CBOIO CHAY H IiA TOrO cayyas, KOraa
x' = x;. Utak, npH mobom x € [a, 8]

R(X)=F(x)—¢ (X) = Ln 1 [F (O] £ (%) 1)

D10 H eCTb OcmamO4Hbld 4AeH 00ujeld UHMePnOAIGUOHHOE (HOPMYAbL.
[Tonyurm eme oxHy ¢OpPMYy OCTaTO4yHOro uieHa. Jliobas n -1 pas mHdde-
peHuHpyemas (QyHkuHs f(x) Ha [a, b] yRoBaeTBOpAeT ypaBHEHHIO

Los1[y] = Lps [F (0]

OTtcrona

CnenoBatenbHo,

fx) = Z y4s () + Z @ (%) f Gi(9) Lns1[F ()] ds =

=0 z,

—9 (0 + Z @; (x) f K (x5 ) Luai 17 (9] ds. @

i=0 zy

@ z Ty
Ho f:f—f,nnosromy

R(x)=f(0) —g () = Z@ ) [ Gi(5) Ly [£(9)] ds —

=0
},cb ) f G; () Lns1 [ (9) ds =
=0

—fK(x 9 Lns 17(9)] ds—ZcIn(x)fG (8) Ln+1 (£ ()] 45,

1=0
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Hoxacrasaas B noayyeHHOe BbipaxeHHe b BMecTO a, 6yneM HMeTb:

R = [ K 9 Lui [F©)1ds— 390 [ Go(s) Lustl F ) ds.
b b

i=0

Tlonycymma NOCHeNHHX ABYX BbipaweHHH naeT Ham:

b
R(x)= fR (, 8) Lypaq [ (5)] ds, @)

rae

2R (x, §) = K (x, §) sign (x — §) — 2 @; (x) Gy (s) sign (x5 — s). @
i=0

Yepes signz 3mech, kak H oObUHO, 0603HaueHa (yHKIHA, NPHHHMalOWas 3Ha-
yeHue -1 NPH MONOKHTENBHBIX 2 H —] NPH OTPHUATENbHHX Z.

llonyueHHoe paHee BbIpaKeHHe Ias OCTaTOYHOTO dYleHa HMeno Oouee
upocrofi BHE. Ho ono ObuIO noayyeHO mnpr HCNOAb30BaHHH 06OGIEeHHOH Teo-
pembl Pouans, IAs CnpaBelJHBOCTH KOTOPOH HYXHO mnpeimoJarath, 4r0 BCe
W (90 Ppp -++» 93] (#==0,1, 2, ..., n), OTAHUHBL OT Hyns Ha [a, b]. [locnenHee
BhlpakeHHe Oyner BepHO B TOM cayuae, eCAH 9, ¢, ..., 9, MOTYT OwTh
HCNONBb30BaHbl AJs Uened HHTeDNOJHPOBaHHA TNPH 3afaHHbIX y3naxX x; H
W (9 940005 ¢,] = 0 NPH x € [a, b].

§ 5. Butepnoasuuonnas dopmyaa HpioTona nas HepaBHbIX
NPOMENKY TKOB

BepHeMcs cHOB4 K HMHTepNOJMPOBAHUIO NPH MOMOLH aareOpaudeckux
MHOTO4seHOB, B »T1OM maparpade Mbr noayuuMm ¢opmyay Hoiotona,
ABJAIOLIYIOCA BUIOU3MeHeHMeM (¢opMyawr Jlarpamxka. OHa uHTepecha
cama no ceGe M NOCAYKHT HAM HCTOYHHMKOM TIOJYYeHUS PsAla HOBBIX

dopmy.

1. Pasnenennsie pasHOCTH H HX cBoiicTBa. IlpenBapurensto
BBelleM HOBOe MOHsITHe — pa30eaeHHbie PA3Hocmu. BosbMeM HekoTOpyIO
oyukumio fER M CHCTeMy Y3/0B MHTeDNOMAUHH Xo, Xy, X, « .., X,
Xy X5 UpH i==J, x;€la, b]. Jlaa 3700 QyHKUMH H y3JOB 00pasyeM
BCEBO3MOXKHbIe OTHOUICHHUS

L(')Z::—Q%):f(xo; x1); E O
LoD L0 — s s, o, L LORD — py, oy
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Takue OTHOUIEHHS HA3BIBAIOT PA3OCACHHHIMU PASHOCMAMUL NepBozo
nopadka. loayuns pasjefeHHble Pa3HOCTH NePBOFO MOPAAKA, Ml MOXeM
00pa3oBaTh OTHOMIEHHS

I (xp X9)—f (X5 X1) —f

Xg— Xp

(Xg; X135 X3), |

J (xg; x9)—f (X35 x2)=f(x X3 Xs) f(fn—1; Xn) — f(Xn—9 Xn-1)__ I (2)
Xg— X DS A Xp— Xp—3
=f(xn-2; Xp~1s xn)'
DTH OTHOLIEHMs] Ha3bIBAT Pa30eseHHOLMU PASHOCMAMU 8MOPO20 NO-
padka. Boollie, ecaH Mbl Y)Ke ONpeleJWaH pasle/eHHble DPa3HOCTH
k-ro nopsanka f (X3 X;p4 + .5 Xiyz), TO Pasje/eHHble pasHOCTH (B - 1)-TO
NOpsika HAXOAATCHA NPH NMOMOLH (POPMYJbl

Sxg Xgaps oo Xiak) —JF (Xg—p X85+ 5 Xpak—1)
= f(X_11 X5 o003 Xian)
e ICTINE ZRRRE SN
Unorna sMecto f(xi Xy.q5 -5 %us) A17 0003HAUeHHS pasleseHHbIX
pasHOCTEd MCIOJABL3YIOT BhIpaweHHe [X; X;p .5 -+ .5 Xi.z]. YCaA0BUMCS
pacniosarath TaGaIMUY pasfeleHHBIX Pa3HOCTell CiefyioliuM 00pasoM:
X f (%)
I (X0 xq)
X4 fxy) f (Xoy xq5 X2)
J (g x9) F(xy: x93 x93 X3)
Xo I (x9) f(xg; xq; x3)
f (x5 x3) I (g5 xo5 x5y xy)
X3 f(x3) S (g5 X3 x4)
flxg xp)
Xy fx9

Tax, 1 f(x)=x% x,=0; x,=2; x,=23; x3=205; x,=06; x3=1
aTa TabJauua NpuMeT CJelYIOWHA BHI:

Xy fx) Flxs X)) | Fxg Xpu0s Xpaa) | F05 X b Xy Xiqg)
0 0

4
2 8 5

19 1
3 27 10

49 1
5 125 14

a1 1
6 216 12

43
1 1
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Ham notpefyeTcs HCHOJb30BaTh HeKOTOpble CBONCTBA pasielleHHHIX

pasHoCTel.
[Mpexnme BCero [HOKaXeM, 4YTO pa3desesHHas PpPasHocms R-20 no-
pAOKka f(x; Xip1s - -3 Xj.p) PABHQ
f(x9)
Xil Xsois - -5 Xjpp) =
Fx iy K (05— X0 (g — Xipa) - (65— Xivk)

F (x40

(it — X)) (Xga1 — Xia0) oo (Kja1 — Xiak)

F(Xi48) 4

(Cipk— X0 (Kot — Xg41) - -+ (Kiik— Xgpp—1)

NokasatenbcTBO OyldeM BeCTH MO HHAYkuMH. [as £=1 370 yTBepMie-
HHe CripaBeAJHBO, TAK KAK

Fre ) —Ffx) _  f(x) I AC 73V,

(x5 X%3.)= .
Flxs %i) Xig1— X§ (X — x449) (K41 — %)

ITpeanonoxuM, yto OHO cHpaBeMJHBO Aasl k==[-—1, U JAOKa¥eM ero
cnpaseJuBoCcTh ai k=1[. B camoM peue,

s . . ) — F (i1 X495 X)) — F (X Xaw- - o5 Xavg-1)
Xis Xigprs -5 X)) = P ==
i+l — X
— 1 { f(xi+1)
Xipg— X U (gt — Xpe) (Kpy — Xga3) -0 (g1 — X447)
Fxia9)
(Xira— X500 (Kiwe — Xiag) oo - (Xjaa — X34 7)
(X0 -
(Kivr— X0 (L s — Xga0) -0 (g — X0 1-0)
_[ f(x)
(0 — X41) (05 — Hga0) - -0 (64— Xg1—1)
S (x40
(X501 — %) (Lp1— Xyp0) oo (B — X 1~-1)
4+ Fxioi—1) ]}
(Fir1—1— X)) (K117 Xg+1) « - (Kgpp—1— Xit1~2) :

B noayuensom Bmipawenuu f(x;) u f(x;,;) BCTpeyaioTCs N0 OLHOMY
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pasy M NPHTOM B BHIe
Fxp
(o — x50 (Xg— Xg0) - - (g — X547)°
F(xi47)

(Corr — x0) (g p — Xga)) o (Kgrg— Xirg—1) *

T. e. TaKk, KaKk OHHM JO/KHB BXOJMTh B JOKa3biBaeMOe paBeHCTBO (4),
Bce ocraabHbe f(x;) BX0XAT ABa¥abl. OObeluHss STH YieHbl MONapHo,
NOJTYYHM:

Xip]— Xg (xj—x’H)...(xj—xj_l)(xj—xjﬂ)...(x,-—xjﬂ)
. F(xy) ] .
(j— ) o (G — X)) (K5 — g - (K — Xgyg=)
I xy)

= (j—paq) oo (=5 ) (05— X500 - (X — Xy p—1)

1 [ 1 }__
(reg—x) L x5— X401 X;— X

7
F(xy

TG ) (6 — KiwD) - (X = X)) (X, — Xap) - (X5 — XixD)

4yTO HaM U TpebyeTcs.

W3 noxasaHHOro BbiTekaeT paAd CAeACTBuH.

Caencrsue 1. Pasdesennas pazHocme cymMMmbl uid pasHocmu
PYHRGUE pasHa CYMMe UL PA3HOCMU DA3CCACHHLLX PA3HOCmeEd Cad-
2aeMblX, COOMBEMCMBEHKO YMEHLULAEMO20 U BHLLUMAEMOZ0.,

Cneacreue 2. JIoCmMOSHHbLIE MHONCUMENb MONCHO BOLHOCUMb
3G 3HAK pa3deseHHOd paznocmu.

Crnencreue 3. Pasdenennas pasnocme ecmb CUMMEMPULECKAS
OYHKYUS CBOUX QAPZYMEHMOB, T. e.

FO0 Xipp oo X =F(Kqans X5 X000+ 005 Xpap) =

= f(Xi40) Xipt X3 Xivg - s Xigp) = ...

Pazfesennbie pasHocTn 0064a4ai0T ellie OJHHM CBOHCTBOM, 4 MMeHHO:
pa3soerennvie pasnocmu k-ro nopadra om x" A8AL0OMCA O0HOPOOHbL MU
MHOZOULCHAMU OMHOCUMENLHO CBOUX QP2YMEHMO8 cmenexu n—k;
npu k=n pasusi 1 u npu k >n pasuw 0. JloxaxeM 35T0.

s pasHOCTeH NepBOrO MOPAAKA MMeeM:

. Xy — Xy n—1 n—2 n—1
fxs xi+1)=m=xi+l +xigaXit+ oo X
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Janee, eciu

F(%5 %ipp 5 Xign) =%+%+”§uk=n_kx:"x;‘+l coe Xk
ajaa mobux {, TO
F O Xingh e Kisgar) = FXints o o§ Kiaieard) — F Xig 505 Xaan)
Xi+k+1— ¥4
__=f(xi+k+13 Kig gy o v -5 Xepk) — F (X5 Xpags ooy Xivk) —

Xi+k+1— X4

&y o, xuk . o o« @y
__2 Xigk+1%i41 - Tigrqn Z X Xipr e Xy

Xitrk+1— %

— Bo . .B: 8k+1
'— 2 x5 xl+1 e xt+k+1'

Bo+B.+ -.-+3k+1=n—k—1

TaxkuMm o0pasoM, M 3T0 CBOHCTBO AokasaHO, Ha ocHoBanuu ero M cien-
ctBuit 1 u 2 3axai04yaeM, 4YTO pa30e€aeHHble PaA3HOCMU noOpsAdKa n
Om MHO204seHA n-N CmMenenu noCmosuHb, @ pasnocmu 6oaee 8bL.CO-
K020 nopsoka pasus. Hyaio. Tloc/leiHUM 3aMevaHHeM MOXHO NOJb30-
BaThCA I/ oOHapyxkeHHs owMOox B TalJHUAX MHOTOWIEHOB WJH (yHK-
uni, OJM3KHUX K HHUM,

1 2. BoiBog ¢opmyast HrloTOHA AJs HepaBHBIX I[POMEXYTKOB,
ITepefineM Tenepb Kk BoiBOLY ¢opMyasl Heiotona. Ilyete fER, x,,
Xi, v+, X, —y3Abl HHTEPNOJHPOBAHHA H Ly (X) — HHTEPNOJALHOHHBIN
MHOTousMeH JlarpaHxa, NOCTPOeHHBIN M 3TOH QYHKUMH MO y3JaaM X,
X1y « -9, Xz Toraa

L, (x)=Lo(x) + Ly (%) =Ly ()] +[Ly () —L; ()] 4+ ...
vee HIL, ) —Ly (). (D)

PaccMOTpUM OTAe/bHYI0 Pa3HOCTb, CTOALLYIO B NpaBOH 4vacTH, L (x)—
—Ly_,(x). Do OyleT MHOrouted cremenu k. On obpawaercs B HyJb
B TOUKAX Xg, Xy, ..., Xx_q1. Ho3TOMy L (X) —Lp_ 1 (X)) = A(x — xp) X
X (X —X1) oo (X—X3_) (A-—mocrosinHas), [as onpeacieHus Benu-
YHHbl A TOJMOKHM x = x;. [lpu 3ToM noayuum:

Fl) — Ly () = A —xg) (5 — X)) o oo (X — X )e
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Hrak,
f (%)

(X — %)+ (% —xk_l)_

A=

=Xy (K X ) (K — Xjy) or (K Xpy)
Zf(x,) (K= %) oo (55— X5 ) (5 — X500 - (55— %)
e — %) (K — X)) - (K — %)
=é 7 (x5) _
furd (xj——xo) (xj—xl) (x.—xj_l) (xj—xj+1) (xj—xk)

__g=0

J

= f(Xg, X1} ...; Xp).
Or1cona

L, (x) == f (x0) + (x— %) f (x5 %) + (x—x0) (x— %) f (xg; x15 X9) 4.
=X (e —x) (=X ) f(Xey X1 L X (6)

dta ¢opMa 3anMCH HHTepIOJAILHOHHOTO MHOTOUYJeHa Jlarpawxka M Hocut
Ha3BaHHe WHMEPNOASUUOHHOZ0 MHO204aena Hoomona Oas HepasHvx
npomexcymros, OHa OGoaee yno6Ha Aas BHUHCIeHHR, dYeM opMy.a
Jlarpanxa. J106aBleHHe OJHOTO MJH HeCKOJbKHX Y3J0B He MPHBOAMT
K TOBTOpPeHHMI0 BCelfl mNpoje/JaHHOW pabOThl 3aHOBO, Kak 3TO OHJIO NpH
BhiuncAeHUAX no ¢opMyae Jlarpamka. IlpuMenum 3ty dopMyay k TeM ke
npuMepaM, kOTOpble OblIM NpHBeJeHH B § 2.

PasgeneHHsle pasHoCTH
X y 1 2 3
0 1
1
2
2 3 -3
3
—1 2
10
5
3 2 5
3
2
5 5

Lw=1+x1+xx—2(—5)+rc—Dx—3 5.
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| PasneneHHbe pasHOCTH
x y
1 2 3 4
0 1
1
2
2 3 —3
3
—1 1
5 11
3 2 T ~ 12
3 71
P S
1
5 5 -5
1
6 6

L=l4x1+x@—9(—3)+ra—2a—35+
+x(x—2)(x—3)(x——5)(—fl§10).

Ecan packpbiTh ¢k0OkH B NOJYYeHHBIX BHIPAXEHHAX U PACMOJIOXKUTL HX
no CTeMeHAM X, TO NOJYYHM TO e CaMoe, YTO U B § 2.

[lpu nomoun wuHTepnoasiuuoHHON ¢opMyas HbioToHa MOXHO nouay-
YUTh INIPeACTaBleHHe pasfieeHHBIX Pa3HOCTed B BHie OTHOMIEHHS OIlpe-
Hdeautedefl. HeHcTBUTeqbHO, Kkak Mbl BHAedH B § 1, koadduuueHTH

NpH ; (X) B MHTep1OAMPYOled ¢yHkumu paBusl —%, rie A; noay-

A"y
4alTcd U3 A NyTeM 3aMeHbl {-TO ¢T0J0la CTOAOUOM f(x;. B yactroctn,
npu @;=Xx* M y3JaX HMHTePNOJMPOBAHMA Xo, Xy, ..., X, KOIPPUUHeHT
npu x" OyleT paseH
n-1
1oxg oo X7 f (x0)
n—1
1 x4 4 F(x)
n—1t
4, 1. x, *n f(xn)
AT xy e X LR
n-1 n
| N Xy
n—1 n
box, oox, X,
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Kosa¢duitneHT ke mpH X" B MHTepNOJALHOHHON ¢opMyJe HbioTOHa nas
¥

HePaBHHIX NPOMeXYTKOB paBed f(Xo, X, ..., X,). TakuM o6pasom,
-1
1 x, x5 f (%)
1 x, 7N f(xy)
1 oxy oo X070 f(xy)
n n n
[ x5 .05 X)) = T . Q)
1 xy ... X Xy
n—1 n
1 x, Xy Xy
n—1 n
1 xn * xn xn

M3 3T0r0 BHpaXeHHS HeTPYAHO MOJYYHTh BCe Te CBOMCTBA pasieJeH-
HbIX Pa3HOCTeH, O KOTOPHIX FOBOPHJOChH paHee.

3. Ocrtarounpii yden (opmyabt HbotoTona. Ocratounmil uien dop-
myau HploToHa ToyHo Ttakofl ke, kak u Yy ¢opmyas Jlarpanxa. Ho ero
MOXKHO 3amucath M B Apyro# ¢opme. Il 3T0T0 paccMOTpHUM

f(x)

f(x ;CO; X5 e Xp) = (x — xg) (x —x1) ..o (x— Xp) -+
R e b e
0O Sy (e — %) (%, —f)(fj)n) c(Xp — X)) ®
TCciona
f ) = f o) (o e
e Sl e )y
F =X (x—xp) .. (X—X) [ (X5 X x5 . 1), (9)

Wrak,
) =Ly (X) 4 (x—Xo) (x—Xp ... (X—%Xp) [(x] Xg; X35 .5 X,). (10)
TakuM oOpasom,
Ry (x)=f(x) — Ly (x) =
=(x— X)) (x — X} (x —x,) f(x; X, x5 ...5 Xp).  (1])

B uwactHOCTH, ecad f(x) HMeeT NpPOM3BOAHYIO nopsaaka n -+ 1, TO mo-

JYYHM:
Fm ¢
f(x; xg0 X5+ v x"):—‘—(;_T_T;!—). 12y
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3rech & — HexoTOpas TOUKA, NPUHAL/IEKALAA HAMMEHbIIEMY TPOMEXYTKY,
COllepXkallieMy BCe TOUKH Xg, X1, ..., X, X.

PaznefleHnan pasHoOCTb f(X; Xoi ...; X,), BXOAAWAA B BhipaeHue
OCTaTOYHOTO WieHa, MOXeT ObiTh HaljeHa TOJAbKO B TOM CJy4Yae, Koria
nam wusectHo f(x). Ho rtorma Her 60JAbWIOrO CMBIC/AA MCIO/b30BAThb
uHTepnoJsinonuyo ¢opmyay Heiorona, OnHako B HEKOTOPHIX CJAyYasX
nocaegHi0ld (GOpMY OCTATOYHOTO UJEHa MOXKHO MCIOJNb30BaTh AJa (ax-
THYeCKOM OLEHKH MOTPEWIHOCTH, JaBaeMO# MHTEPMOJIALUHOHHOH (opMyoH
Heiotona.

[TycTb HaM M3BECTHO M3 KAKMX-TO JOMOJHUTEJbHHX COOOpaMeHHi,
uTO pasie/ieHHbE PasHOCTH MOpsaakoB n-+1 ¥ n-2 coxpanaiT no-
CTOSIHHBIE 3HAKH HA paccMaTpuBaeMoM oTpeske. TOraa HCHOJAb3yeM pa-
BeHCTBa

n

f(x):}:, (X—Xg) oo (x—x;_) f(xgs X5 -3 X))+

i=0
. Fx—=x)(x—xp ... (x— XD f(X Xoi X5 ... Xy,
n+

fx) = EO(X—)CO) v (X =) f gy X ey X))

= X)X —x) o (X=X ) F(X; Xgi X3 o e il Xpio)e
Jas paHHOTO X Bcerza MOxHO moaol0pate X,,., Tak, 4to R, U R, ,
O6yAyT HMMeTb pasauyHble 3HAKH., Ecaum  f(X; Xo; Xy ...; Xp) W
fx; x5 %45 ... Xn.) HMMEIOT OJMHAKOBbIE 3HAKH, TO OepeM X,., > X;

ecqi OHHM HMEIOT pasHbie 3HakH, TO OepeM Xx,., < x. Ho Toraa, ec.u
B3iTb BMeCTO f(X) 3HaYeHHs HHTEPINOJSALMOHHBIX MHOTOWIECHOB C A — 1
M -2 4YleHaMH, TO MOJYYUM B OJHOM C./ydae 3HaueHue, Soapmiee f(x),
B Ipyrom — Meubuiee, CaenoBatensHO, abCOJMIOTHAs BeJMYMHA OINUOKH,
KOTOpas MNOJyYaeTcss B pe3yJbTaTe HCMNOJb30BAHHA MnepBod OPMYIbI,
He MOXeT npeBbaTh a0COMIOTHON BeJHYHHEL

(Xx—X)(x—x) ... (x—x)f(x0s X03 Xo; - -5 xn+\l)
H HMMeeT TakoM e 3HAax, kak M Ta BeauyuHa. B sToM cayuae, ecau
f(xp,,) usBECTHO, MBI MOXeM (DAKTHUECKH OLUEHHTb R,,.
PaccMorpuM ewe oxuH cayua#t. Ilycts na orpeske {a, 6], rae Ge-

pyTCa X M Y3/l UHTEPNOJMPOBAHMA, QYHKUHMA f(X) MMeeT NPOM3BOJHYIO
f*+2 (x), coxpausowyi cBoi 3uak. Ilokaxem, 4TO B 3TOM CJayyae

f(x; xo; -..; X,) — MOHOTOHHas (yHkuHua x Ha [a, b]. Haa storo obpa-
3yeM
2= F(X; Xoin oo Xn) — [ (X, Xo3 -+ 5 Xg)
x—x

TIE X M ¥ — HeKOTOpble TOYKH OTpe3ka [a, b]. B cuay cummeTpuu pas-
Je/IeHHbIX Pa3HOCTed OTHOCHTENLHO CBOMX apryMeHTOB OyleM HMeTh:

_F 5 xg e Xn) —f (X3 X5 o3 Xni X)
x—x

z

»
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a 3TO €CTb He YTO MHOe, KAK PA3/eeHHAas PAasHOCTb f(X; X; Xoi .. .; X,)
nopsaka n—+ 2 ¢yukunu f(x). Ho u3 paeencrea (12) monayuum:

SV (n+2) (¢
z=f(x; %3 Xgi + -3 xn):%zTQ-)(!E)—'

Cnenosate/bHO, 2z COXpaHseT CeOH 3HaK Ha (a, f. Ecan f@+3 (x) >0,
To mpu MobHX X € [a, b] u Xx€[a, b] (x > X) GyleM uMeTh:

f(?c; Xoi X145 « e s xn)>f()=c; Xgs o v e Xp).
[pu f(»+2 (x) << 0 u 106HIX EE[a, b, ;E la, b] 6yaeM uMeTh:
F6 50 %y s %) < F(R KXoy Xi3 + 3 X

B stux cayuasx R MoxeT ObiTh OlIEHEHO, €CJAH HaMm H3BeCTHH f (@)
u f ().

Kak ™Mbl BMgenn, Aas MHOFOY/NEHOB pa3fefNeHHble PasHOCTH, HayHHas
C HEKOTOPOro mopsaika, o6palalTcs B HYJAb. [l QyHKUMH, He ABJISIO-
IUXCSA MHOTOW/JeHaMH, 3Toro He OyaeT. [losxe Mbl MOKaxeM, 4TO 074
TaK Ha3blBaeMbIX LedblX (YHKUUH pasfeneHHble DPA3HOCTH CTPEMATCSH
k Hymo. Ho sta xaptuHa 6ymer napyumartbcs 6narolaps TOMY, 4TO CaMH
MCXOMNHbIE NaHHBE OOLIYHO ObIBAIOT NPHUOIMKEHHBIMH, 4 B TpPOLECCe Bbi-
YUC/IEHMs pasleseHHLIX Pa3HOCTe# MBI BBIHYXeHBl 1el1aTh OKpYTJ/eHHus.
Hamwe ecero HalMI0MAeTCH Takas KAPTHHA: CHayana pasfefeHHbE Das-
HOCTH YObIBAIOT C NOBbIIIEHHEM TNOPsAKA, a 3aTeM BelyT ce6Gs HeEmNpa-
BUJIBHO H CHOBa pacTyT.

Tak, HanpuMep, BLIFrAAAMT Ta0auUa pazldeNeHHBIX PpasHOCTEH Has
¢bvHxkumn f (x) = sin x:

Xy sin x4 Floxg xien) | (05 Xap Xiwo) [F (5 Xiats Xia0 Xiag)]
0° 0,0000 1
0,01731
13° 0,2250 — 0,000033
0,01652 — 0,0000008
9240 0,4067 — 0,000063
0,01501 — 0,0000008
37° 0,6018 — 0,000094 ’
‘ 0,01219 — 0,0000006
540 0,8090 —0,000120 '
0,00858 — 0,0000005 1
67° 0,9205 —0,000140 |
0,00500 — 0,0000002 (
79° 0,9816 —0,000149 ,
0,00167 |
90° 1,0000 l
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Pa3HOCTH 4YeTBEPTOrO mopsiaka GyAyT BeCTH Ce0s HENpaBMABHO, pas-
HOCTH TIITOFO H 60Jiee BLICOKHX TNOPSAKOB CHOBA HAYHYT BO3pPacTaTh.
¢IcHo, uyTO HeT O6OJBIIOTO CMbICAIa MCHOJAL30BATH HMX B BbIYHC/EHHAX,
TAK KAaK OHH CHJbHO HMCKAXEHBl PA3JHYHLIMH MOTPEILHOCTAMH.

Y3ne MHTEPNOJAUMH, Jexaine OJMNKe BGErO K HHTEPHNOJAMPYEeMOMY
3HAYEHHI0 X, OKAXYyT OOJbluee BJAMAHME HAa HMHTEDHO/SUHOHHBIH MHOrO-
y/led, Jexalike Aablue — Menbinee. [1osTomy Lenecoo6pasHo 3a X, H X,
B3ATh OMMkaflie K X y3/abl HHTEepPHOJMPOBAHHS M TNPOHM3BECTH CHauaJa
JMHEHHYIO HMHTEPMOJALUHMIO MO 3THM Yy3JaM, 3aTeM NOCTENEHHO TpHBJE-
KaTb CJelyioliMe y3Jbl Tak, YTOOB OHH BO3MOXHO CHMMeTpDHYHEE pac-
noJaraluchb OTHOCHTedbHO x. [lonydYeHHBle TpPH 3TOM MONpaBKH OyAyT
06byHO He3HAuMTedbHb. YUTOOH NMPOWIMIOCTPHPOBATH 3TO, AAAHM 3[eCh
pesy/bTaThl BHIYMCJAEHHH TO NpHUBeleHHOH Huwe Tabuuue. [lpu momoru
HHTepNONAUHOHHON ¢dopMyabsl HpioTona Oblium BHIYHCAEHB 3HAYEHHUA sin x
aas yraos 5° 10° ... B nepsoM cTo.n6Ue 1aHBl aPFyMeHTH, BO BTO-
pOM — pe3y/bTaTh JHHEHHOH MHTEpNOJAAUMH, B TPETheM — MONPABKH
32 cyeT BTOPBHIX H TPeTbHX PasHOCTeH, B 4eTBEPTOM — OKOHUATENbHLIE
pe3yabTaThl HHTEPNOJAUMH H B [ATOM — TOYHbHle 3HAaueHWs sinx C ge-
THIPbMS JECATUYHLIMHM 3HAKAMH:

5° 0,08655 0,00072 0,08727 0,0872
10° 0,17310 0,00066 0,17376 0,1736
16° 0,25804 0,00081 0,25885 0,2588
20° 0,34064 0,00137 0,34201 0,3420
25° 0,42171 0,00088 0,42259 0,4226
30° 0,49676 0,00323 0,49999 0,5000
35° 0,57181 0,00178 0,57359 0,5736
40° 0,63837 0,00487 0,64274 0,6428
45° 0,69932 0,00770 0,70702 0,7071
50° 0,76027 0,00572 0,76599 0,7660
56° 0,81758 0,00155 0,81913 0,8192
60° 0,86048 0,00554 0,86602 0,3660
65° 0,90338 0,00295 0,90633 0,9063
70° 0,93577 0,00386 0,93963 0,9397
75° 0,96122 0,00461 0,96583 0,9659
80° 0,98327 0,00152 0,98479 0,9848
85° 0,99162 0,00459 0,99621 0,9962

§ 6. Hurtepnoasunonnsie dgopmyan Heiotona
LJi paBHbIX NpOMEXyTKOB

EcTecTBEHHO OXHIATb, 4YTO eCAH MNPOMEXYTKH MeXAy MNOC/Iel0Ba-
TEJAbHHIMY Y3/J1aMH MHTEPTOJHPOBANAA PABHBI, T. €. X; — X;_; — NOCTOSH-
Has BeJMYMHA, TO Npelblayuias Gpopmyna ynpocTurcs. Tak OHO W eCTh
Ha caMoM fefe. [lpexae deM mepexomuTh K BHBOAY DOpMY.J, A STOFO
€Jyuasl BBENEM MOHATIIE O KOHEYHH X PA3HOCTAX,
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. Koneunne pasuwoctu u ux csofictea. IlycTh Ans 3HaueHnid x:
Xo Xo—+ R, X9+ 2k, ..., %o+ nh (A— mar TaGJuilbl), HAM H3BECTHBI

sHaueHuss QYHKUUU f(X): Voo Vis Vor v os Yno
HasoseM Torma pasHocTH

Nh—Voo Vo—V1is +-vs Yp—Vn-1

KOHEUHbLMU DA3HOCMAMU nepsozo nopaika.

B nuTepaType HCHOJB3YIOTCS CaMble pasiuuHble 0603HAaueHHd KO-
HeuHDBIX pPa3HOCTEH:

Yier=Yi=b8yi Y= =V }

Yior—Yi =i Yisr—Yi = fisp )

Mp OyjeM NOJb30BATLCH MOCAEIHHM OOO3HAYEHHEM,
13 pasHocTe#f mepBOro MNOPAAKA MOMXHO 00pa3oBaThL KOHEYHEIE Ppas-
HOCTH BTOPOr0O MOPSAAKA:

f3>9 —fllf, =ff fﬁz — fih —f3 .. f(12i+1)/2 —f(lzi-—l)/z=f?. -

Ay, —Ay, =A%y, Ay,—Ay, =A%y, ..., Ay, —Ay; =A%, ..
Vy,—Vy = V2y,, Vys—Vy,=V2y,, ..., Vy ., —Vy; = V2y; ,, ..
O3, — 01, =291, VY5, — By, =, ..., BYaisp—3Y@ioyp=0%; ...

l
" } @
l

AHANOrMYHO MOXHO 06pa3oBaTh pPA3HOCTH TpPeTbero NOPSAAKA, YeT-
gepToro W Tak JAanee, Tabauuy pasHocTell O6bYHO PACHOJIAraloOT Cie-
OYIOIUM 00pa3oM:

x f f1 f? r3
X fo .

f’/z .
X1 fl fl

f"l/z f“3/n
Xo fo ‘23

fslfn f?/n
X3 fs 13

1

1,

X4 fa

Tak, Hanpumep, Ta6uuua KOHeuHbIX pasHocTe#t nasd QyskuuM X3
Gynmet BBIASAETh CAEAYIOUEM OGPA3OM:
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x f f I I
0 0
1
1 1 6
7 6
2 8 12
19 6
3 27 18
37 6
4 64 24
61
5 125

[lpakTuyeckue BBHIYHCAEHHS TPeGYIOT HAJIHYHS KOHTPOMHDPYIOLIHX Ofle-
paunit Ha BCex 3Tamax paboTel. ITo 3acTpaxyeT OT IPyOEIX NPOCYETOB
WIM Mo KpalHel Mepe cBelleT HX K MHHHMyMy. TakHe KOHTDOJHPYIOLIHE
ONepauHH Ype3BLYafHO NPOCTO MOJYYAIOTCA MPH COCTABAEHHM TabJHILL
pasHocTel.

OuesuiHo,

S R Sy S
At fi o A=
:faZ_ 11/ﬂ+fsl/a_fsl/q+ L +f1_1/’_f71l_3/’:f;_l/,-—fll/,!

T. €. CYMMQ 4UucCes 8 KANCOOM cmoslue pazhocmell PAsHa pa3Hocmu
Kpalinux wucea npedudyuezo cmoadya. osToMy uenecoobpasHo BBecTH
B NonoJHeHMe K Tabiule elie 1Be CTPOKH: CTPOKY L, PaBHYIO CyMme
yHCeJ, CTOAIMX B CTONOLUE, H CTPOKY S, pPaBHYKW pasHOCTH KpalHHX
unced CTonbUa, M HCIOJb30BATH NpeibAyliMe paccyxaenud. Ilias npe-
AbLAYIIEFO TpHMEpa 3TH CTPOKH GYIVT TaKOBHI:

) l 125 60 18

S ‘ 125 60 18 0

B HekOTOpHX HHTEPNOJAUMOHHHX (OPMyJax HCNOAb3YVIOT Hapsay
¢ TeMH 3HAYEHHMSIMH f; M Pa3HOCTel, KOTODHE ¥ HAC MMEIOTCH, elle Ccpel-
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HHe apuUPMeTHYeCKNe:

fo+f1= f1+f2 f fi+fi+1 _f
2 s Sttt 2 T i,
f’lfz_gfatn :f1’ f‘*/n+f5/a_f2' ., l—l/2+fl+%—fi- .. (3)
fitfs_ f2+f3_f fitfin_
2 ‘/5’ 5/9’ crte 2 ‘,/ +l/2

B Tex cayvasx, xoraa pad o003HaueHHs pPasHOCTeH ymoTpebasioT
3HAYOK &, NJS CPefHHX apUPMeTHYeCKHX MCIOJB3YIOT 3Hauok po, Tak,
noclneAHH# CcTON6el B 9THX 0603HAYeHHsX OyneT BHINAAETh C/IENYIOLIHM
o6pasoM:

pO%isne DOV DOitue - (4)

Pas6epem Temepb HekOTOpble CBOMCTBA KOHeUHH X pasHocTed. Ilpewnpe
BCEro HafneM 8upasicenue pasHocmu 406020 NOPAGKA HENOCpedcmeerHo
wepe3 3na4enuss Pysxyuu. Dyrem UMeTb:

i1+1/-,:fi+1_fi'
Fi= Floy— Flos = Foos —2f + fr_
i3+1/2: ?ﬂ_f%:fnz_3fi+1+3fi_fi—1‘

IMoxaxem, uto obuwee Bblpamenue ans f¥ Gyner:
o 1 2
fi _fi+k/2_Ckfi—1+ k/2+Ckfz—z+k/z_ ter
m M
. +(_1) Ck i—m+k/2+ +(_1) f — k2t (5)
Ins £=1, 2, 3 sTa dopMyna BepHa, YTO BHIAHO M3 NPENBIAYLUHX Bbi-
paxennfi, IlpeanonoxuM, 4YTO OHa BepHa nas BceXx k<[, ¥ nOKaxewm,
YTO Torjga oHa cnpaseianuBa W aaa kB =1[—-4 1. PasHocts nopsaxa [+ 1
fi+1 6yner pasua
T4+1 _ 0t 2
it =A== {fi+l/2+z/z Cif i yip+Cfiyin—
m ~m i
D"y e D ) —
—|fr _C H —
{fi—1/,+l/2 lei—%+l/2+C’fi—%+l/2

Dy ap e D )
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Ho
m myr__ 'l z —
C+G =g T a—m =1
. (4+D _ omer
T mEDI=mi T
Cle10BaTebHO,

1
f; = z+(l+1)/2_C’+lfz—1+(l+l)/2+ cee
|\ eom 111
e (D Cl+1fz—m+(z+1),z+ e atY) fi—(z+1)/2’

4yTo ¥ TpeboBajsoCh N0Ka3aTb.

Vs nonyuenHo#t Gopmynsl, B CHIAy nuHeHHOW zaBucuMocTH f* or f,
BEIBOIUM:

Cnencreue 1. Koueunse pasnocmu f% cymmer wan pazwocmu

Pynryuii f=q¢ t g pasHs CcyMmMe uil PA3HOCMU KOHEHHBLX PA3HO-
cmell ynryul ¢ u g
fi=e £ g

Cnenctsue 2. [lpu ymuoowenuu GYHKUUL HE ROCMOAHHbLE
MHOMCUMEAb KOHE4Hble DA3HOCMU YMHOJNCAIOMCS HQ mom e MHO-
aHeumens.

YCTaHOBUM elle CB83b MeNHCOY KOHeHHbMU PASHOCMAMU U pa3de-
ACHHBLMU PA3HOCMAMU 048 mO20 CIyyas, KOTAA X; — X;_, TNOCTOSHHA.
Bynem uMeTs:

fz+1 _fz @l_p/ﬂ
f(xs Xi49) = PPt A
. . )_f(xi+1: X+0) —f (L5 Xiv1) filps,— 11+%_ fia
i X Xowe) = Xypp2— X4 o 2hh T Tope
Booodiue,
fk+k/2
1
f(xi; Xiyp1r oo o xi+k) = Rk (6)

JloxasaTeabCTBO ONAThH OyldeM BECTH MeTOLOM HMHAYkUMH. Ilpeanonaras
dopMyay cnpasefHBOH aad k<[, NokameM ee CNpaBelHBOCTb A
k=1+41.

JeficTBUTEIBHO,

L T e e A G T ) _

Xiy Xiq) 000 X =
f( i Vil ’ l+l+l) Xotle1— X,

1 ] I+1
_ Np—fiae  Higee

Y N A AT
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Kak cnencreue sToft ¢dopMy/abl M pe3yabT4dTOB, NOJYYEHHBIX paHee s
paaleneHHBIX PasHOCTeH, moaydaem:

Crnencteue 3. KoHeuHse pa3Hocmu n-z0 NOPAGKQ OM MHO20-
YALHQ Cmenexu N NOCMOAHHB, Q KOHeuwse pasnocmu (n—+ 1)-20
nopAdKa pasHsl HYAO.

[Mocnentee cBOHCTBO MO3BOJSIET AAThb NMPOCTOH ¢nocol cocmasaeHus
mabauy MHO204aex08. HenocpeacTseHHO BHIYMCASieM 3HAYeHHS MHOTO-
uleHa aas n -+ 1 3HaueHwit apryMedta. [lo 3TUM JaHHBIM COCTaBAsieM
Tabauily pasHocTedl. B Hee BOHAYT pasHocTH Ao n-ro nopsika. [anee,
3anoJiHseM CcTOJa0el pasHocTell A-TO MOpsAKa, NOJAb3YSICh TeM, YTO OHH
NOCTOSIHHB!, 3aTeM 3anojHseM CToa0eu pasHocTed (n— l)-ro nopsaxa.
Jns MX noJy4eHHMs CKJaAbBaeM COOTBETCTBYIOIME pasHOCTH (n — l)-ro
MOpsIKa C PasHOCTAMH 7-TO Nopsaka. 3aTeM NOCJel0BATENbHO 3amoJ-
HneM cTonbeil pasHocTell (n— 2)-ro mnopsaxa, (n— 3)-ro nopsaaka H
Tak fanee, NMOKa He moayuuM crtonbeu f(x;). Tak, HanpuMep, moayuen-
Hasg HaMu Ta6Jauua QyHKUHHM ¥ =x® OyleT NpOMLOMKATHCS CJAENYIOLIUM
o6pasom:

x f I r? 1
0 0
1
1 1 6
7 6
2 8 12
19 6
3 21 18
37 6
4 64 24
61 6
5 125 30
91 6
6 216 36
127 6
7 343 42
169
8 512

[Tp¥ nmpakTuueCkOM NpHUMeHEHHHM 3TOTO NpHeMa C LEeJbI0 HCKJYeHNd
rpy6E X MpOCYeTOB lienecoo6pa3Ho BpeMs OT BpeMeHH NPOM3BOIAUTH Bbli-
YUCJEHH MHOTOWJEHOB HEenoCpencTBeHHo. IDTO 00eCHEeYHUT M OT HAKO-
N7eHUs omNOOK OKPYF/NeHUs, eCJH MH BelJeM BHIYHC/EHHS He TOuHO,
4 C K4KHM-TO 3aJaHHBIM KOJMYeCTBOM JIECATHYHLIX 3HAKOB.

MuTepecHo npocienuTe pacnpocmpanedue OuubKu, COeAQHHOL npu
sviucaeHul f(X) HQ KOHe4Hsle pPQ3HOCMU pPA3AUYHBX NOPAOKOS.
B npuseneHHo#f Hmke Tabaumile 3TO YKA3aHO B TPENNOJOKEHHH, UTO
Oomu6GKa BeJAMYMHB & CHeJaHA NMPH BHYHUCIEHHUH f,.
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[rn. 2

X f n r2 r3 4
Xi—y fi-s .
1
fi-"/, ..
9
Xi-3 fi-s fizs s
1 3
15, 0 'f.'—% .
Xi-9 Ji-2 fio fiate
1 3
i3 2 ‘fi'—"/n +e 4
Xi—1 fi—a fioite fioy— %
3
f%-—‘/n_l— & f'—l/s— 3e .
Xi fite fi—2 fi+ 6e
1 3
fiyy,—e . Tipwt3e |
Xi+1 Si+1 fipite fz+1—4E
1 f3
i+%, . ity ¢ .
Xito Jive it2 figote
1 3
i+ . TN
Xi+3 fi+s 143 .
1
ity
Xit4q Jits

Takum oGpasoM, owmHuGka ¢ kosdpuuuentamu Ci pacnpoCTPaHUTCs
Ha PasHOCTH nopsaxa k. [lpu »TOM MakcuMaablitie MO MOLYJIO OIHKOKH
Oyi1yr MMeTb pasHOCTH, OamxaliuiMe K CTPOKe, B KOTOPOH HAXOMMTCA f.
JroT pesyabTAT MOMHO TaK e MOJAYYATb M3 (GOpMYJab, CBASbIBAIOIEH
KOHeYHble Pa3HOCTH HENOCPEeACTBEHHO CO 3HAauYeHHSIMH (YHKIMH.

2. BriBoa uHTepnoasnnoHusix dopmyn Hetotona. [lepeiinem Tenepn
K BbIBOLy HHTepnoJsIiHOHHBIX (opMys1 Heiorona. Oas sToro paccmor-
pum dopmyay Heiorona ans HepaBHHX NpPOMEKYTKOB, B3#B B He#l B Ka-
4eCTBe Y3/0B UHTEPNOJHPOBAHUA Xo, X, ..., X, TOYKH X, Xo T A, ...

., Xo— nh. Tlpu 3ToM, 3aMeHss pasienerHble Pa3HOCTH HX BhIpae-
HUSMH Yepe3 KOHeuHble Pa3HOCTH, MOJYYHM:

_ (x — —
I L

(x—~x)(x—x1) ... (x—Xp—1) 2

e + ni Rt n/a* (7)
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— X
h

0O603Ha4UM =1¢, TOTAa Hama QopMyaa npuMeT BHUJ

t—1) . —1 —2
LyGot-hty= fotfy, + 2 D LEZDEZD g0
t¢—...f—@n—1
LDl

[TonyueHHy0 GOPMYyy HA3LIBAIOT UHMEPNOAAUUOHKOL Popmyarol Heo-
mona 04 unmepnoiuposarus eneped. Vicnonb3oBaHHble B Hel pas-
HOCTH PacCnoJIOKEHpl MO JHAaroHajau BHU3, HAHHHAA C fOZ

7
Pox f f r Vi iz e
X Jo
T
2
X1 fi 1
1 - 3
“ LA
Xg S f é g
1 3 - 5
f5/2 2 f'.’:/2 4 -_5/2
X3 S 13 f3
1
f7/4 ff/n
i Xy fa f:
| £,
: X 15

flpueneM mpuMep Ha BHIUAC/EHHE MO HHTEPTNOJALHOHHOH (opMyne
Hbiotona ans uHTepnosupoBatus Bnepen. [lycTs HaMm Aasl sin 5°, sin 7°,
sin 9°, sin 11°, sin 13°, sin 15° u Tpebyercs Hatitn sin 6°. TabGmuua pasHo-
cTeft Oymer BHIIAANETH TaK!

!
x sin x 7n I f3 T4
5° 0,087156
34713
7° 0,121869 —148
34565 —42
9° 0,156434 —190 —1
34375 —43
11° 0,190809 —933 42
34142 —41
3° 0,224951 —274
33868
15° 0,258819
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Tlpy HanmucaHuu pas3HOCTEH padM COKPALIEHHS MBI BHOCHJIM B TabmaHiLy
Jullb 3HaYawMe UUPpH; Tako# cnocol 3anuCH TabJaHI KOHEuHblX pas-
HOCTeH sABAseTCS OOILENPHHATBIM,

Mayuas Tabauuy, oOHapyxHBaeM, 4YTO TpPeTbH pa3HOCTH MOYTH mNO-
CTOSIHHBI, 3 pA3HOCTH YeTBEPTOTO H CJEAYIOWMX TNOPSAKOB MEHSOTCH
HelpaBWIbHO. DTO B 3HAYMTEJNbHOHM Mepe OGBACHSETCH TeM, UTO Mbl
MCHOJ/IL30BAaMH NPUOMMKeHHble 3HaueHHs sin x. Omubka KaxIOro M3 HUX
MOXET AOCTHTaTh NSITH elMHHL CeibMOro aecsiTuyHoro sHaka. CienoBa-
TeJIbHO, a0COJIIOTHAA MOTpPEeIHOCTb NepBbIX pasHOCTe#l MOXKET LOCTHraTh
eNMHULB IIeCTOro 3HaKa, BTOPBIX — JNBYX eNWHHI[ IIECTOro 3HaKa,
TPeTbUX — YeThlpeX, a 4YeTBEPTbIX — BOCbMH. [lorpeltHoCTh B 4eTBep-
TBIX PpasHOCTAX MOXeT MpeBblIlaTh HMX BeJuYuHy. IlodToOMy B JaJb-
HeHlINX BBIYMCIEHHAX Mbl OyeM MCHOJb30BaTH TOJbKO TpPeTbM pas-
HOCTH.

3a x, BO3bMeM 0OHO W3 O/mKAMIIKWX 3sHayeHHWH Kk X — 6° a HMeHHO

BoabMeM X, — 5°. Toraa t = :h—x—o =1/, ¥ BBIYHCJIEHHS TPHUMYT cle-
nyIOmul BUI:
fo=sin5° = 0,087156,
tfy, =0,5.0,034713 = 0,0073565,
Eﬁglﬁz% .0,000148 =  0,0000185,

fi—_ls’_(f:_?l £l = — . 0,000042 = —0,0000026,

1
16

L;6)=  0,104528.+

Tounoe 3Havenue sin6° ¢ 1IeCTHIO BEPHBIMH JECATHYHBIMM 3HA-
xamu paBdo 0,104528. Taxum o06pasom, BCe 3HAKH NOJYYHIMCh Bep-
HBIMH.

B npoilecce BBIYHC/EHHH MBI COXDAHAMM CEAbMOM NECATHYHBIH 3HAK.
B okoHuateIbHOM OTBeTe MBI €ro OKPYTrJ/HJH.

Beisenem ewe oldHy HHTepnoJsauHoHuyoo ¢opmyay HeioTtona. Onatob
OyneM MCNOJb30BaTh MHTEPNONAUMOHHYIO (opMyay HblOToHa A.d Hepas-
HBIX NPOMEXYTKOB, HO Temepb 3a y3abl X;, Xy, ..., X, BO3bMEM TOYKH
Xo» Xo—Hh, ..., Xo—nh. TIpn sromM noayuum:

L, (x) = f(x0) + (x — xo) f (%03 %o — h) 4=
+ (X — X (x — X0+ B f(xg, Xo— By X0— 2B)+ ...
cor X —X)(x—xp4-h) .. [x—xg+(n— DA X
K flxg Xo—h; oo X9 — k).

Ho B cHny cuMMETpHMM pas;eseHHBIX pasHOCTeH OTHOCHTENBLHO CBOMX
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apryMeHTOB OyleM HMeTb:
fxes Xo—h; .. .5 Xg—ih)y=
= f(xg—ih; xo—ih-h: ...; xo—h; Xp),

CHoBa 3aMEHUM pa3le/ieHHbIC Pa3HOCTU KOHCYHBIMU

i

flxg—ih; xg—int+h; ... x0)=—”—hf—.
Orcoaa
L=fop i, oo Rt e
-+(x——xo)(x——x0+h)n'hn[x——x0+(n——1)h] f_n/g- ©)
3aMmensis, Kak u Npexie, _;on Ha ¢, MOJYy4nM:
LE+T) L,

Ln(x0+th)=f0+tf.l_l/2+~2!— _1+ M
4 t(t+1)~--[’:!+(n——1) ]fr_bn/z' (10)

9r0 ecTb unmMepnoAsyuonHas @opmysa Hsomona oas unmepnonu-
posanus Hasad. B Hel HCNOJBL3YIOTCS Pa3HOCTH, MAYLIME N[O NUArOHAaJH
BBEPX, K4K 3TO MOKAa3aHO B Talauue:

X f fl ’ f‘l f3 f4
X—4 f_, . l
S,
X—3 f_3 %_3
fLs/, ) f:?—s/n
X9 f—‘l f_g f‘.i_g
f1_8/u i% —
| 2
=,
Xo fo

[IpuBenemM BLIYKUCAUTEbHBIA TIpUMEP Ha MCNOJb30BaHMe opmy-
aul HeloTona nns wurepnoamposanus nasan. Ilo TeM ke naHHBIM, uTO
M B npelblgylleM npuMepe, Hahzem sin 14°. 3a x, B 3TOM Cayuae
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sosbmem 15°. Torna t=llo—;——°'1—50=—% ¥ BHUYHC/JEHH$ AAnyT:
fo=-sin 15° = 0,258819,
i, = — & - 0,033868 = — 0,016934,
HrDp — 3 -0,000274 = 0,00003425,
L(ﬁ—“_(ﬁ—?) £, _l6 0,000041 — 0,0000025,

Ly(49= 0,241929.

OnsTb OTBET MOJYYMICA C MECTHIO BEPHbLIMHM AECATHYHBIMM 3HAKAMH.

MH noayuuau ABe HOBHe ()OPMYJbl HHTEPIOJHPOBAHUS M HECKOJIbKO
noaxe NoJyuuM elle psia Takux ¢opmys. Ho uymuo TBepao nommuuts,
yTO Ka4as M3 HUX sABAAETCS Apyroft QOpMo# 3anuCH HUHTEePNOJSLHOH-
poro MHorouwieHa Jlarpanwxa. [losToMy, ecam oTeieubcs orT pasamuus
B 0ofo3HayeHMUsIX U B ¢dopMe 3aMUCH, BCE 3TH (POPMYJB TOKAECTBEHHBI.
[Tpu 3TOM, KOHEYHO, NPEANoJaraeTcss, YTO B HHUX MCMOJMb30BAHB OLHH
W Te e y3Abl MHTepnoaupoBanus. ORHAKO CHELMaJHCTHI-BHIYUCANTE TH
NPUMEHSIOT B PA3JUYHBIX CAy4asX pasHble GopMy/n. Jleno cBsizaHo ¢ TeM,
yt0 OOHIYHO ObiRaeT yRoOHee BECTH BBIUMC/EHHA, CJM NPU HHTEPNOAHU-
POBAHMM CHaya/na HMCMO/bL3YIOTCA OJMmafiie K X Y3abl, a 3aTeM NOCTe-
NeHHO MNOAKJIOHaloTCa BCe GoJee YyaaneHHble. [IpH 3TOM mnepBble uneHml
MHTEPNOJSLHOHHBX (HOPMYA AaAYT OCHOBHOM BKJad B HCKOMYIO Be.aH-
yuHY, 4 OCTaJbHBIE OYAyT AaBaTh JMIIb HeOoabiie NONpaBku. B sTom
cayyae Jjerde u3bexaTb NPOCYETOB, Jerye YCTAHOBHTb, Ha KaKOM pas-
HOCTH CJaefyeT 3aKOHYUTb BBHIUMCJAeHHs. Yawie Bcero MHTEPHOJALUMOHHBIE
GopMYJIBl A48 PABHBIX [POMEXYTKOB NDHMEHSIOT AJS BHAaueHHH £, He
BHIXOZSILLUX 32 mnpejenwn npomexyTtka [—I1, 1. Ho rtak xak ¢ B-pas-
AMYHBIX MHTEPLOJALMOHHBIX (QOPMYNaX MMEIOT PpasiuuHBIH CMBICA, TO
pasHble MHTEpPNOASLHOHHEIE (OPMYan OGYAyT MCNOJB30BATH pasHble
yY44CTKH M3MEHEHMSi X B HHTepnoJjsuuoHHoH ¢opmyne Jlarpanxa. B § 3
Mbl BUAEJM, YTO TOYHOCTb MHTEPNOJIHMPOBAHHS HA Pa3HBIX YYaCTKaX H3Me-
HeHMsi X pasHas, B 3TOM CMEICIe MBI MOMXEM CPaBHMBATb MO TOYHOCTH
pasinyHHE HHTEPNOJISLUHOHHBIE QOPMYJIHL.

3. OcraTounsle YaeHsl HHTepNOAARHOHHBIX Popmya Herorona, Ceit-
yac Mbl nepefiieM K HMCCJAELOBAHMIO OCTATOUHBIX YJIEHOB MHTEPMOJSIHOH-
Hpix QopMya Helotona ang wuTepnosupoBanus Bnepen M Hasan. [las
nepBoft GOPMY/L MOAYUNM:

D
n=X— %) (x — Xog—h) ... (x— xp— "”)(n-|-1();')=
T E p e — 1y —2) ... ¢ —n). (11)

(n+ 1!
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Jias BTOpO#
7 @)
Ry = (x — x0) (x — xo4 1) ... (x — xo+ nh) T Y R

PR PICERY
=——(Ef_,_—1)l(—&lt(t+l)..-(t+ﬂ). (12)

B HeKOTOpHIX CAyyasX, OCOOCHHO KOTAa 3HAueHHS f; MOJAyueHbl M3 3KC-
nepuMenTa, OBIBA€T OYEHb TPYAHO OUEHUTb BEJHYHUHY NPOU3BOAHOH
f@+D (). llaaum specb npoCcToH, XOTs# M OueHb IPYOLIA cnoco6 Takoh
oueHkd, Kak usBecTHO M3 npeasiayilero naparpada,

ARRIG)
f(xgs Xo4hs .. os xo+(n+1)h)=m- (13)

C npyroit CTOpOHH,
n--1
F s

. . . — 2
f(xor Xo4-h5 ..o x0+(n+1)h)—m. (14)

CunTasi, 4TO Ha pacCMaTpUBaeMOM OTpe3ke npoussomHas f+V(x), cae-
JOBaTeJbHO H Pa3HOCTH f?“, MEHSieTCSi HE CHJIbLHO, MBI MOXEM 34aMEHHUTb

NpOHU3BOAHYI0, BXOASUIYI0O B OCTATOYHBIH UJEH, PasHOCTbIO M MNOJNYYHTBH

t(E—1) ... (t—n) m+Y
R,~ CES) "Zl . (15)
AHanoruyHo Aad BTOPO#H opMmy.nt
(1.
Rume +(r2—|—1)(! - M- (16)

HyxHo elie pas noAuepyHyTb, 4TO NOJYuYeHHblE (POPMYJIBl OYeHb TPYOHI
U OpUMEHSiTh HMX MOMHO TOJBKO B CJayyae KpaliHel HEOOXOAMMOCTH.
Ecau He BHINOJHEHO YCJIOBHE O TOM, yTO NPOM3BOAHAS MEHAETCH HE3HA-
YHTeNbHO, TO MOXHO TMOJYYATh COBEPIICHHO HeJdenw#t pesyabraT. Tak,
HanpyMep, pacCMOTPHM (YHKLHIO

f(x)= x4 ksinrx,

¥ NYCTh B KauyeCTBE Y3JIOB MHTEPNOJMPOBAHUSA HUCIO/b30BAHBl LIEJIOUHC IEH-
Hble ghawemuss x; =0, X1, =2, ... Torma passoctu Beayr cebs
OYeHb XOpOWIO M yiKe, HayMHas CO BTOPOIO NOPSAKAa, TOYHO PABHBI HYJIO.
ChefoBaTenbho, Ha OCHOBaHMM TPYGOH OlEHKH ME NOAYYHAM Obl, 4TO
f(x) — nnuepnas ¢ywkums, OnHako Ha camoM nede X -}k sinwx npu
GonblMX & GyneT CHABLHO OTJAMYATLCA OT AuHEHHOH Qynkuuu, Ilo rpy-
00 oueHke OMWKOKA MHTEPMNOJALMOHHON (OPMYJbl PaBHA NEPBOMY OTGPO-
lueHHOMY u/eHYy.
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Hnst Toro yto6bl MOXHO OHJIO CPaBHHBATL MO TOYHOCTH pasjaHyHBblE
YHTEP NOJSLHOHHbIE (QOPMYJH, MpHUBeNeM 3AeCh 3HAUYEHHS KO3P(HLHEHTOB

tE—1)... (t—n)
nF !

ans 3Hauenuit f ua ortpeske [—I1, 1}. Mbr ux Oyzem Gpath mo aGco-
JIOTHOH BeauunHe, IOTH aGCOMIOTHEIE 3HAauyeHUst OYAYT NPUrOAHBI W /s
HHTepNOAAUOHHON QopMyan HbioTona anas uHTepnoanposanus Hasan
¢ 3ameHo#l # Ha —¢. [losToMy B JMeBOM CTOAOLE MBI AaAMM 3HAYeHHs ¢
Ans gopMyael HploToHa ans MHTEpnoaupoBaHus Bneped, a B caMOM Npa-
BOM — [/I1 WHTEPNOJHUPOBAHUSI Ha3an:

| | —~
! n 1 2 3 4 n

—10 1,000 1,000 1,000 1,000 + 1,0
—09 0,86 0 83 0, 81 0,79 —+0,9
—08 0,72 0,67 0,64 0,61 +08
—0,7 0,60 0,54 0,50 0 47 + 07
—06 0,48 0,42 0,37 0,34 406
—05 0,38 0,31 027 0,25 -+ 0,5
—04 0,28 0,22 0,19 0,17 +04
— 03 0,20 0,15 012 0,11 —+ 0,3
—02 0,12 0,09 0,07 0,06 4-02
—0,1 0,06 0 04 0,03 0,02 -+ 0,1

0,0 0,000 0,000 0,000 0,000 0,0
-+ 0,1 0,045 0028 0,021 0016 —0,1
+02 0,080 0,048 0,034 0,026 —0,2
-+0,3 0,150 0,059 0,041 0,030 — 0,3
+04 0,120 0, 064 0,042 0,030 —04
-+ 05 0,125 0, 1062 0,039 0,027 —0,5
-+ 0,6 0,120 0, 056 0,034 0,023 — 0,6
+07 0,105 0,045 0,026 0,017 —0,7
-+ 0,8 0,080 0,032 0,018 0,011 —0,8
-+09 0, 045 0,016 0,009 0,005 —0,9
-+ 1,0 0,000 0,000 0,000 0,000 —1,0

Kax ¥ BCerpa, norpeiHocT! 3KCTPanoAAli 3HAYUTENLHO MPEBBIMIUIDT
NOT'PEIIHOCTH HHTE PIOSILHH,

[TpuseneM eiie Tabauly 3HaYeHUH HEYCTPAHUMOM TNOrpelIHOCTH AJA
Hamux Qopmya, Tounee Tabmuuny koadduuventos npu p (e, (7) § 3).
3HaueHusl B3ATH M3 Tabauuel Ha cTp. 97 C COOTBETCTBYIOLMM BHAOH3-
MeHeHneM 3HaueHu# f. Onsatb JeBbift cronben OyaeT COOTBETCTBOBATH
HHTepnoJasuHoHHON dopmysne HbOTOHZ 149 MHTepNOJMpPOBaHHS BNEpen,
a NpaBbI /IS MHTEPNOJNUPOBAaHHs Hasa.
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\ 1 2 3 4 /

¢ t
—1,0 1,5 3,5 7,5 15 -+ 1,0
—09 1,4 3,1 6,4 13 -+ 0,9
—08 1,3 2.7 5,4 11 -1-08
—0,7 1,2 2,4 4,5 8,5 407
—0,6 1,1 2,1 3,7 6,7 —+ 0,6
—05 1,0 1,7 3,0 b 405
— 0,4 0,9 1,5 2,3 3,4 —+ 0,4
—0,3 0.8 1,2 1.8 2,8 + 03
—0,2 0,7 1,0 1,3 1,9 402
—0,1 0,6 0,71 0,86 1,1 +0,1
0,0 0,5 0,5 0,5 0,5 0.0
+0,1 0,5 0,54 0,63 0,76 —0,1
-+ 0,2 0,5 0,58 0,72 0,96 — 0,2
-+ 0,3 0,5 0,60 0,78 1,06 —0,3
-+ 04 0,5 0,62 0,81 1,10 —04
-+ 0,5 0,5 0,62 0,81 1,1 —0,5
-+ 0,6 0,5 0,62 0,79 1,0 — 0,6
+ 0,7 0,5 0,60 0,74 0,92 —0,7
+ 0,8 0,5 0,58 0,68 0,80 — 0,8
-+ 0,9 0,5 0,54 0,59 0,66 — 0,9
—+ 1,0 0,5 0,5 0,5 0,5 —1,0

Ha 3ToM MBl BpeMEHHO OCTaBMM MHTepnoAsLHOHHble dopMyibl Hbio-
TOHa M mnepefiieM X BHBOLY Apyrux d¢opmya. Henocratkom dopmyn
Hbi0TOHa npu MHTEpPNOJAMPOBAHMM B NPOMEXYTKE H3MEHeHUs OT —]
10 1 sBaseTCs TO, YTO Y3,k MHTEPINOJMPOBAHMS PACNOJOMEHbl HECHM-
METPHYHO OTHOCHTENbHO X, Celtuac Mb moayunm QopMy/b, cBOGOAHEIE
OT 3TOr0 HENOCTAaTKa.

§ 7. Udrepnoasuuonusie HopMylisl, HCNOJAb3YIOMHE
IeHTPaJdbHbIE PA3HOCTH

1. Unrtepnoasuuonusie dopmyan Iaycca, Crtupaunra, becceas
u IJseperta. OnaTb BOCNOJAb3yeMCsi MHTEpNOJALMOHHON QopMyoH
HbloToHa ans HepaBHBIX NpoMexyTkoB ((6) § 5) u BO3bMEeM B KaueCTBe
Y3JIOB Xg, Xi, »++y Xpy «+. TOUKM Xo, Xo—+ R, Xo—h, ..., Xo—+nh,
xo—nh, ...

Toraa
L(x) = f(x0) 4 (x — %) f (01 X0~ )+ (x — %0) X
X (x—xo— h) f(x0 Xo+hi xo—h) 4 ... 4 (x — X} (x — xy— h) X
Xx—xo-+h)...(x— xg—nh) (x—xo+nh) f(xg Xo—+ h; x,—h; . ..

o Xotnhy xo—nhy xo+@+DR+ L0 (D)

Mcnonb3yst cMMMeTPHYHOCTL Pasfie/ieHHbIX Pa3HOCTE# OTHOCHTEJNbHO CBOMX
apryMeHTOB M MX CBS3b C KOHEYHBIMHM Da3HOCTAMM, NOJYYHM:
7

fxes Xo-+h xg—h .3 Xo+ kA, xo—kh)=W'

@)
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i
fxg Xo=hs xo—h ooy Xo— (R —1) &y xo—l-kh):m,
3
Orcioaa
— —xo— &
Ley=fopistop Lot B gy
(x——x)(x——x — R (x—xo+ k) s
—+ g Ogghs . ‘d/a_'—— v
(x—x)(x—xp—h)(x—x+h)...(x—xF+n—-1)h) ,,_
o F N n— 1)1 a1 noF
(x—xg) (x—xq—h) (X—x0+ ). . . (x—x¢+H(n—1) h) (x—xp—nh) 4,
- @)t £** I
4)
O6n3HauuB, KaKk ¥ paHee,
X — Xg _t
h - r
NOJIy4HM:
t——l t (L2 ——1
L(xo—{—th)=f0—+—tl‘/2 t( )f+ ( )f?/—*‘
t(t2_1)(t2_22) [t"-—(n——l)2]
-+ @n—T)! i
te—10 ... [2—(n—1)°J(t—1n) o,
-+ @) i S (5)

Or0 — unmepnoasyuonnas gopuyaa laycca. B Hel HCnobsywoTcs
CAeAylOlMe Pa3HOCTH (MOAYEPKHYTHI 4epTOUKOM):

x f 1 £2 Vi f4
X—3 S
’ Lo
X—9 f_._, f2—2
fl_ﬂ/u fs_l/‘)
X1 f_1 f2_1 f4_1
fl_l/’ fs_l/’
%o fo L 7y
X1 fi ff f%
fs}/a fss/,
Xq fo 1
13,
X3 fs
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Ecau OB MB B3SJIM y3Jbl HHTEPNOJMPOBAHMA B APYroM MNOpsiKe,
a HMEHHO: Xo, Xo— R, X+ h, ..., Xo—nh, xo—nh, TO COBEpPUIEHHO
aHAJOTMYHO NoJayuuan Gbl BTOpyo ¢opmyay [aycca:

t(E-+1 1
Lo+t =fyttft, + LD 2 (O p

tE—1) (=2 .. (t%—(n—l)) o

t@E—1 ... @ —-—@n—-0)¢+n
+ o r ®

Jlas Toro yroGbl MX MOMXHO OBJIO PasaHYKTb, OyieM Ha3bIBaThL nep-
8YI0 M3 HUX UHMEPNOALUUOHAON gopmyaoi Faycca 048 unmepnoau-
posanus sneped, smopyi — 048 unmepnosuposanus Hasad, Hnrep-
noasipMoHHas ¢opmyna Iaycca Ans HHTEpNOMHPOBA'IMA HAsal HCHOJB3YET
C/lelyiOlIHe Pa3HOCTH:

x f f1 f? 3 1t
X—3 f_
? e, 2
X_a f_g ) s
f_3/, . fi:;/u .
X_1 f"‘l f—l f—]
I A
A . £, .
X1 f . h . h
£y, . 1y,
Xy fa f3
7,
X3 fs

TlonycyMma mByx uHTeprnoasuMoHHbX dopmyn [aycca mact nam:

L (fotth) = fy - tf} o fo+ -

tE—)(E—2) ... [—n—1)] 0
-+ @Cn—1)! a +

pEe—1... 20— @n—12 ,, :
+ @n)! frt e @




[ra. 2

»

128 TEOPHUAA HHTEPNOJHPOBAHHAA H HEKOTOPLIE EE NPHUJOXEHUS
TAK Kak
1Tt —1)E—2%... [ —n—1DY (¢ —n)
2 [ @n)!
tE—1HE=2D ... [P— =11 +n] BE—1%... [ —n—-1)?Y
+ @2n)! ]— ©ny!
¢ 1
T+ =

Mbl noayunaun gpopmuysy Cmupaunza. B Hell HCnoab3ylOTCA pasHOCTH
YeTHOro0 MNOpsika ¢ MHAeKcoM 0 M MOJyCyMMBl PasHOCTEH HEYETHOrO

nopsaika C MHIEKCAMH —|——%— " _—;— KaK 3TO MNOKas3aHo B CleayouieH
TaGJHLE:
x f m e fo f
X—9 f_‘z L
T
X—1 f—l .
2
1 3
1 ff"l/a ] 5 1 [f—’/a] .
o fo 71 1 51 fo
1 - 3 —
. ) . 7% )
fi
| X1 f .
Ty,
- Xg fa
[lpuseneM npumep Ha Bbluucienue no ¢opmynae Crupaumnra. [lycrts

TpeGyercs HafTu sin 14° no 3nauenusm sin 9°, sin 12°, sin 15° sin 18°,
sin 21°. Ta6auua pasHocre#t Gyner TakoBa:

x sin x 11 Vi 73
9° 0,156434
! 51478
12° 0,207912 —571
J 50 907 —138
; 15° 0,258819 —709
50 198 —138
18° 0,309017 —847
49 351
21° 0,358368
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3a x, BO3bMeM Ommxaitiiee k x yaloBoe 3Hauenue, 1. e. 15° Toraa

L :—-—;5 H BBIYHUCJIECHUSA ﬂaﬂyT:
fO — sin 15° = 0,258819,
tfi= 3 -0,0505525 = — 168508,

1

8 __ __ = e

2_lf° = 8 . 0,000709 = 394,
(@—1) o 4 e
._T_fg_ 87 0,000138 = 69,

L(14°)=0,241922.

Bce 3HakM BEpHBHI.

[MoayuuM eue ONHY BAKHYIO MHTepNoJALMOHHYI0 dopmyay. [as
5TOrO NPUMEHMM HHTEPNOJSILHOHHYIO ¢opMyay [aycca ans vHTe pnoau-
poBaHusi Hazai (6) k Touke x;. Torna

, , 7 1 o ’ /3_1
L(x1—+—ht)=f1—|—tf}/2—i—t ¢ + ) f2 A 5 )f,,,—i—

1) [ (n—1)2]

@n—1)! ft+
-1, — 2 (¢
AL B e M ey @)

B aro#t dopmyae ans o0o3HaYeHHs NapaMeTpa MB MCNOJb30Baau £’

X —x X — X
BMECTO £, TaK KaK OH paBeH 5> 4 He ——. Jlerko BupmeTh, uTO

t' =t —1. Cpenaem 3aMeny ¢’ ua f. Toraa noayuum:

L+ thy=f4+¢—Df,+LE D p LEZDEED g 4
3
LR —1) ... [f2—(n—23) (¢ —n+1) (¢t —n)
e @n=T1)! o
tEr—D... (2 —(n—1)2) (¢t — .
+ L Em e RS g @

[Toaycymma stoft dopmyabl u ¢opMyabl ['aycca AJs MHTepHOJHpOBaHHsS
Bnepen (D) nact

L(x0+m)=fl/g+<t__;_) 11/2_'_t(t 1)

fi4

t@—1 ... [~ @1
. + (2n)| f1/2

t(Er—1) ... [2— (n— 1)} (¢t—n) (t - l)
+ @n 1y f

2n+1' (10)

Yg
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TaK Kak
i[t(t‘l—l)...(t‘z—n‘z) £ —1).. .2 — (n—1)2] (¢ — n+ 1) (¢t — n) ] B
3 GnF1) @nF 1) =
tE—1y... [tz—(n—l)?](t—n)(t——21—>
- @nE+ 1) ’
a

1o

1

_—[f2 2n] — f2

92 [fl +f0 ]_ ~.
dra gopmysa Hocur uMa Becceas. Ona ocoOeHHO yAOGHZ AJAs MHTEp-

1
NOJHPOBAHUS HAa CePeAMHy, T. €. Mg = . [eACTBUTEIbHO, B ITOM

5 -
clyyae BCe uJeHBl, COAepxXauike pa3HoCTH HeUeTHOro nopsiika, obpa-
TaTcs B HyJAb. B dopmyne Beccens ucnonbsylorcs caeayiouye pasHoOCTH:

x f f1 2 b 4
X9 f_.z f1 )
Xoq £ p : 2 .
2,
_1/2 _/1
Xy lffo\ 1 lff?)\ . lffi
1 { fi s L 51
Xy | £ | £3) 3 | /1)
fi £,
x fo - £ /
7
X3 f3

B kauecTse npuMepa Ha npuMeHeHue ¢opMynanl Beccenst BBIYHCAMM
sin 16°30’ no maHHbIM npepbAyulero npumepa. [Ipu 3ToM, ecau B kaue-

CTBE X, B35Tb CHOBa 15° TO t=—2—. Beryucienus nawor:
f,m:—,;—[f0—§—f1]:-%(0,258819—}—0,309017):0,283918,
t(t—1 1 1
{ - ) 2 = — [l = — g (— 709 —84T) = 972,

L (16°30") =0,284015.
[Moayunan Tcyuoe 3HAYEHHE C LIECTHIO AECHTUYHLIMH 3HAKAMH.

W3 ucnonpayeMulX 4acTo QopMys HaM OCTaJ0Ch NOJYUYHUTH elle TOJbKO
dopmyry Jsepemma. UYUroObl BHIBECTH ee, MCK/IOUMM PasHOCTH HeueT-
HOro nopsiaka M3 Qopmyanl ['aycca ans uHTepnoJupoBaHus Brneped (D)
NpH MOMOLLM COOTHOLIEHHUS

2 1 ___ £ 2
f:/:H— _fln‘fon'
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[pu 3TOM y HAC MOABATCS WIEHH C PA3HOCTAMH fa", HMeloliMe Ko3¢-

duiuent
L —19) ... (£2— n)

CnF 1! '
M PasHOCTH f2" ¢ Kko3(pHUiLMEHTOM
ter—19) .. [ —(n—1)2)(¢t—n) t@—19) ... [2—(n—1)2|E@—n)
2n)! _ @Cn+ 1) =

_te=).. [P ¢—n)(rt1-0
= @nF 1!

[Tpeo6pasyeM mocienHee BbipaxeHue, 3amenus £ Ha 1 —§&. [loayunm:

(=5 (1—E—1) A—&+D). .. (I—f—nt 1) A—E+n—1) A—E—n) (n+1—-14+E)

@n+ 1)l

_EE—1Y) .. @ — )
= @nE D)l :

OkoHuaTeIbHO ¢hopuyaa IJsepemma TPHMET BUIL

2 2 2:
Logttm=tf,+ 1 E-0p g | O Oy
o+ EDp L g=1—9. (1

B artot dopMyne HCNOAB3YIOTCS pPa3HOCTH, MNOAYEPKHYTHe B TaGauile
YepTOYKOH:

x f st f2 73 ft
X9 f_‘3
fos,
X1 f_1 fg_l
3
fl—‘/: . f—'/a
*o fo 5o EE
flll5 f13/ﬂ
X1 N : H
- 3 -
f}/2 £
X 1 fg
A
X3 fs

dopmyaa IJsepeTTa MMeeT HEKOTOpble OCOOEHHOCTH, OT/IMYAIOLIME ee
OT IPYTHX BbIBeNEHHBIX HaMM ¢opmya. [lpexiae Bcero oma comepxur
TOJNbKO PAa3HOCTH YETHOI0 MNOpsaka. IJro OCOOSHHO YIOGHO NMpH Tmedva-
TaHUU TaéJIPIU., €CJIH B HdX HSOOXDIHMO TIOMECTHTbL TaKke H pa3HOCT H.
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Jlanee, OHa COLEPXUT pA3HOCTH, COOTBETCTBYIOLHE TOUYKAM X, K X,.
IIpu sTOM KOJHYECTBO BBIYHCJEHHH He OoJblle, uYeM Mo JOOOH Apyro
nHTepnoasitnonHo# ¢opmyse. C Apyro#t cTopoHsl, 3TOH 0COOEHHOCTHIO
MOXHO HMHOTJa BOCMOJb30BAThCHA IS COKpAalleHus padoTsl NMpPU HEKOTO-
PBIX BBIYHCAMTENbHBIX Tpoleccax. JTO, HAMPHUMEp, HMeeT MECTO B Mpo-
ieccax cybmalyauposanus, T. €. B TOM CJyuae, Korja no JaHHOH
TabJHile HYXXHO COCTaBUTb HOBVIO Tadauily ¢ Oosee MeJKMM IIATOM,
JieficTBUTENbHO, NIPH 3TOM BTOpad CTPoKa (GopMyJbl IsepeTTa nepeinet
B MEPBYIO HA CJAELYIOLIEM IIare H NMOJYYeHHHle HAMH HA TNEPBOM wLiare
ee 3HAYEHUS MOTYT OHITb MCNOAb30BAHBI “BTOPHUHO. B kauecrtse wimo-
CTpailiH Ha TpHMeHeHHe (OpPMyJbl' DBepeTTa Mbl H BO3bMEM MNpHUMED
Ha cy6rabyauposanve. Ilycth mno 3anaHHblM 3HaueHHaM sin 9°, sin 12°,
sin 15°, sin 18, sin 21° TpeByeTca Halitu 3SHAYEHHS CHHYCOB Ha OTpeske

[9°, 21°] ¢ waroM B 30’. Tlpu 3Tom ¢ M § OyAyT npuHMMATh 3Haue-
1 2 3 4 5

HHS =, G 5 60 6 Koadpduitnenter popmyan dseperra 6yayT pasHbl:

EEEAENERNEREN

t@r—1)
—

— 0,007006

I
— 0,049383 ‘ — 00625 | —0,061728 | — 0,042498 1

3HaueHHs] CHHYCOB W BTOpPbIX pa3HOCTel BO3bMEM H3 MPELBIAYIIHX
npuMepos. OTCYTCTBYIOLIHE TaM BTOpble PA3HOCTH PaBHBI

foe=—0,000428 u [y = — 0,000982.

TIpoMexyTouHble BBIYHCIEHHS MOXHO CBECTH B CJIeAYIOLLYi0 TalJHily:

x ‘ tf, EDpl otw | e

1 2 3 4 5 6
_61_ 0,0260723 00000115 |  0,026084 1
_:13_ 0,0521446 0,0000119 0,052165 2

& % 0,0782170 0,0000267 0,078244 3
%— 0,1042893 0,0000264 0,104316 4
_2_ 0,1303616 0,0000180 0,130380 5
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ITpodo.aocerue
x t tfi Al e+ Ne
1 2 3 4 5 6
'flj— 0,0346520 0,0000150 0,034667 6
% 0,0693040 0,0000280 0,069332 7
12° —;— 0,1039560 0,0000360 0,103992 8
—g— 0,1386080 0,0000350 0,138643 9
—2— 0,1732600 0,0000240 0,173284 10
+ 0,0431365 0,0000190 0,043156 11
% 0,0862730 0,0000350 0,086308 12
15° —;— 0,1294095 0,0000440 0,129453 13
% 0,1725460 0,0000440 0,172590 14
% 0,2156825 0,0000290 0,215712 15
—é— 0,0515085 0,0000230 0,051526 16
% 0,1030056 0,0000410 0,103047 17
18° —;— 0,1545085 0,0000530 0,154562 18
% 0,2060113 0,0000520 0,206063 19
% 0,2575141 0,0000360 0,257550 20




134  TEOPMS HHTEPNOJHPOBAHHS W HEKOTOPBHIE EE IPHJOXEHHA [ra. 2
ITpodoascenue

x t tf; i(ﬁ—ﬁ_ﬁ fi (3) + (@) Ne

1 2 | 3 4 5 6

% 0,0597280 0,0000270 0,059755 21

_;_ 0,1194560 0,0000480 0,119504 22

910 _;_ 0,1791840 0,0000610 0,179245 23

.,z_ 0,2389120 0,0000600 0,238972 24

% 0,2086400 0,0000410 0,208671 2

[Toxyuus 3Ty TabaMily, TNOCAENOBATENBHO HAaHIeM 3HAYEHHA CHHyCa

npoMexyTouHblx aprymenTos. Tak, sin9°30’ pasen cymMme umces, cros-
WHxX B croabue 5 M crpokax 5 u 6, sin 10° pasen cymme crpok 4 u 7,
sin 10°30" — cymMmme crtpoxk 3 u 8, sin1l°— cyMmme crTpok 2 u 9,
sin 11°30" — cymme ctpok 1 u 10. [lanee, sin12°30’ pasen cymme
yhces, CTOALIMX B CTOOUE D M cTpokax 10 W 11, a 3ateM Tak e, Kak
M B NpeibllylieM cayyae. OKOHYATELHO MOJYYHM Tab/Hily (B MOC/JedHEM
CTO/MOUE YKA3aHA PABHOCTb MEXIY MNOJYYEHHBIM M TOUHBIM 3HAUECHHAMH

B €JHMHHIAX WeCTOro AeCATHYHOrO BHH}(H)I

X sin x Pasnocts X sin x Pasnoctb
° 0,156434 0 15° 0,258819 0
9° 30’ 0,165047 —1 15° 30’ 0,267288 0
10° 0,173648 0 16° 0,275637 0
10° 30/ 0,182236 0 16° 30’ 0,284015 0
11° 0,190808 —1 17° 0,292371 —1
11° 30’ 0,199368 0 17° 30’ 0,300706 0
12° 0,207912 0 18° 0,309017 0
12° 30/ 0,216440 0 18° 30 0,317305 0
13° 0,224951 0 19° 0,325567 —1
13° 30/ 0,233445 0 19° 30 0,333807 0
14° 0,241922 0 ° 0,342019 —1
14° 30/ 0,250379 —1 20° 30’ 0,350203 1

|

MBl yXe TOBOPHIH O TOM, YTO NpPH H3AAHHH Tal/Mil BHITOLHO
neyaTaTh TOJbKO PA3HOCTH YETHOTO NOPAAKA W TEM CAMBIM [peamnoJa-

raTb HHTEPNOJMpPOBaHHE NoO ¢opMyae Iseperra.

[Tpu 5TOM MOXHO
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JOCTHYD JaJbHeHWMX ynpoiueHuBl. [IycTb MBI XOTHM MCMOJABL30BaTh (HOp-
Myay OBepeTTa A0 UJEHOB C YETBEPTHIMH Da3HOCTAMM:

t(t2 Z)fl tE—-1) (-2 fit
120

p @ FE-DE—2)
+ifot+—5—fo+ 120 15
ITocnennyie nBa 4jaeHa NepBOH W BTOPOHM CTPOK MOXHO 3anucarb B BHje

¢ (2 _-1)[f2 kfﬂ,_*_t(t )[ 4—t ]f"

L(x+1h) =1tf, +

H

E(E2— 19 E(&z—l) 42
ok 5 [k 20]0’

4—£ 48

0 Y T30
B 1I0CAEIHUX KBAAPAaTHBIX CKOOKAaX, M3MEHAIOTCH HE3HAUMTEJNbHO TMpU
usmenenunt ¢ u & B npomexytrke {0, 1], B KOTOPOM OOBIYHO HCMOJAB3YIOT
dopmyny seperTa. I[losTOMy MOXHO Tak mnopodpaTbh R, 4TO MHOXH-
Tend MPH YETBEPTHIX PA3HOCTAX B MOCJEIHMX ujeHAX OyAyT OueHb MaJbl.
Ecay mpu 3TOM M CaMM YeTBEPThHlE Pa3HOCTH He OueHb BEJHMKM, TaK 4TO
HX TIPOM3BEJEHMe C STHMH MHOXHTE/SMM HE OKAXET BJMAHMSA HA BEpHBIC
oecaTHuHble 3HAKH L (x,--{A), TO mnocjelHMe WIEHB MOXHO UEIHKOM
ordpocuTh. Toria Mbl MOXEM MeuaTaTh B Tadaulue BMeCTO HACTOALIMX
BTOPHIX pasHocTed f2 modugpuyuposannse pasnocmu f2—kf! 1 ucnonn-
308aTb GOpMyJay IDsepeTTa TOJBKO L0 BTOPHX PasHOCTeH.

Bribepem & Ttak, 4ToOHI

f[k —i%ﬁ} dt

0

rie kR — HEKOTOpas MOCTOAHHAd. BripaeHus CTOsLHe

OblT paBeH Hymwo. JTO AacT

k:zlo-[zt—%-]_éé_o 1833 |

4 £
5 20
n k= ;05 n3meHaoTCa B mpepeaax or —0,016 mo 0,034. Kosddu-

et npu f4 Menswrcs or —0,00077 no 0,00053. Caenosarennio,
Iaxe ecnu ueTBEPTHE PAa3HOCTH AocTHraiT 600 eauHMl, TNOCJeLHEero
3HaKa, HamW npueM OyLeT NPHMeHHM.

Ckaszannoe 31ech 0 GopMy/ae IJpeperTTa MOKHO HaCTHUHO MEpEHECTH
4 Ha JApyrue HMHTEPNOJAAUHOHHble Gopmyabl. Tak MOXHO MCNOJb30BATb
MOAK(HIMPOBAHHbIE PA3HOCTH ¥ ¢ APYr¥Mu GopMysaMu. MOKHO HCIOMb-
30BATb CHUMMETPHIO KO3((UIHEHTOB MHOTHX MHTEPMOJAIMOHHBIX QOPMYJI.

Ha npakrtuke wucnonssyior sHauenne R ==0,184. [lpyu stom &k —
4
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2. OcTarounsie YJIEHBI HHTEPUOJANHOHHLIX (OPMYT C UHEeHTPAdb-
HHIMM pasHocTaMM. llepefileM Temeps K CPAaBHUTEIHHOMY aHAIM3Y pas-
JAYHBIX HHTEPNOJALHOHHBX (OPMYM C TOUKH 3PEHHS HX NMPAKTHYECKOTO
npuMeHenHs. [lpexae Bcero uccaelyeM OCTATOUHblE YJEHBI,

Haa dopmyas laycca aid uHTEpnOMMpOBaHus Brepel yaabn Opajauch
B CIENYIOLIEM TOPAIKE: X5 Xo-+ A, xo—h, xo-4+-2h, xq— 2h,
[Tostomy

f(2n+1) (E)
R2n=m(x—xo)(x—xo—h)(x—x0+h)~~~

oo (X — xqg — nh) (x — xq -+ nh),

@n) (&
Roms ="yt (6 — 30) (5 — g — ) (6 — 5,8 -

de—xg—m— DA {x— xp+(n— 1) B (x — X9 — k)

HIH
h2n+1 (2n-+1)
Ran__(g—f;—Il)!_@t(ﬂ—ﬂ)(ﬂ—zZ)...(tZ—nZ), (12)
2n £(2n)
Rowr=22_" O re_ 1@ _—on  1p—@—1p1¢—n. 3)

(2n)!
Ecau NPpOU3BOAHBIE 3aMEHUTL pPA3BHOCTAMH, TMOMHS, 4YTO MBI FOBOpHIIH
00 3TOM TPH BBIBOLE OCTATOYHBIX 4ieHOB HopMy.s HeioToHA, TO MOJyunM:

2n+1

RMNQ + T L2 — 12 (12— 22) . — n?), (14)

2n

f
Rm_lz(Tfl)Tt(tZ — 12— 2) ... |2 — (n— 12| (t—n). (15)

Kak u n1s ¢opmyn HbioTona, owmnGka oOKasbiBaeTCs NPHOIH3HTEIbUO
paBHOH mnepBOMYy OTOPOILEHHOMY WY/EHY HHTEPMOAAIHOHHON (OPMYIb.
g opmynn Tayceca nas uuTepmoguposanus Ha3an yanasl OpPanuch

B TAKOM MOpSAKe: X, Xy —h, xq—+ h, xo— 2k, xo+ 2k, ... TlosTomy

f(2n+1) (E)

R,,= orEm (x —x)(x —xy+M(x —xg—Hh) ...
x—xy+nh) (x — xy—nh) =

h..n-H (2n+1)

= e — 1@ —2) @ —)  (16)
"

(2n)

Ry 1= 8 (x —xg) (x —xog+ R (x —x0— ) ...

@y
Jx—xo-+(n— 1A x —xy— 1 — DA} (x — X4 4+ nh) =

2 ()
=£—%’l)—!@t(ﬂ~ ) —2) ... —— D¢ Ln). (7
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[pyOble OLUEHKH NPHUMYT BHI:
f2n+1

Ran(—Qﬁ?’“mt(ﬂ— 12) ... —n?), (18)
2n
Rzn_lz—éz—)!t(tz— 1@ —2) ... [2—@— D ¢E+n. (19

[Tpoussoauble, BXOAALIHE B OlEHKY, LEJHKOM OMpele/sioTcs BhOpaH-
Ho# (yukume#t f(x). MHOXHMTE M TPH STHX NMPOH3BOLHBLIX BABHUCAT OT
BoiOpaHHel « GopMyabl HHTeprnoauposanusa. [lpuselem 3gech Tabauiy
a6CoOMIOTHBIX 3HAYEHHUH STHX MHOXUTe/ el MpU M3MeHeHWH £ o1 —1 mo 1.
Wugeke 7 O3HauaeT CTeneHb B3ATOr0 HAMH HHTEPHOJSAUHOHHOrO MHOrO-
yjseHa, B snepoM cToa6ie aaHbl 3HaueHHd ¢ k ¢dopmyse [aycca nas
MHTEPTOJIUPOBAHHA Blepel, B MNPaBOM — IJS HHTEPIOJHPOBAHHA HA3al.

n 1 2 3 4 n -~
¢ / P
—1,0 1,00 0,000 0,000 0,0000 1,0
—09 0,86 0,028 0,020 0,0046 0,9
—08 0,72 0,048 0,034 0,0081 08
— 07 0,60 0,060 0,040 0,0104 0,7
—06 0,48 0,064 0,042 0,0116 0,6
—05 0,38 0,062 0,039 0,0117 0,5
—0,4 0,28 0,056 0,034 0,0108 0,4
—03 0,20 0,046 0,026 0,0089 03
—0,2 0,12 0,032 0,018 0,0063 0,2
—01 0,06 0,016 0,008 0,0033 0,1
0,0 0,00 0,000 0,000 0,0000 0,0
0,1 0,045 0,016 0,008 0,0033 —0,1
0,2 0,080 0,032 0,014 0,0063 —0,2
0.3 0,105 0,046 0,020 0,0089 —03
0,4 0,120 0,056 0,022 0,0108 —0,4
05 0,125 0,062 0,023 0,0117 —05
0,6 0,120 0,064 0,022 0,0116 —06
0,7 0,105 0,060 0,020 0.0104 —0,7
0,8 0,080 0,048 0,014 0,0081 —0,8
09 0,045 0,028 0,008 0,0046 |- 09

CpaBuuBag ¢ cOOTBETCTBYIOUIHMH 3HAUCHUAMH MHOXMTENEH 19 HHTEp-
NoOMAuUHOHHBIX ¢opMysn HploTOHa, NpHBeneHHBIMH Ha cTp. 124, MBI BHINM,
uTo ¢opmyne [aycca HyXHO oTaaTh npeanourenne. OObACHeHHE STOMY
$akry napanoch Ha crTp. 94—96.

M noabsyemcs B mepBOM cayuae KpaHHUMH YaCTAMH MpHBEJEHHBIX
TaM rpadukos, B TNCCAEIHEM — CpPeIHUMH. ITO JAaeT HAM OCHOBAHHE
OTnaTth ¢opmynaM [aycca npeanourenue. OLHAKO HMH He BCeria yaaeTcs
BOCnonb3oBathed, JleHCTBHTENBHO, €CJM 3H3auYeHHe X, Mg KOTOpPOro
HYXXHO TMpoHM3BeCTH HHTepNOJHMPOBaHHE, HaXOMWTCA BOJIM3H Hauana W.H
KOHua ralaMilki, To HaM He OynyT WM3BECTHH Pa3HOCTH, HEOOXOLMMbie
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Lag Hcrmoab3osanus dopmya laycca. B sTux cayuasx Mul 6ysem BEIHY-
KIeHBl npUMeHaTb GopMyasl HbioroHa. Ecan x Haxoautca BOIH3H Hauasia
Ta6/auiLLl, HCOAb3YIOT GopMyay HbloTOHA M/1d HHTEPMOMHPOBAHHS BEpes,
ecad BOAM3M Kolilla TaOJHLbl — 119 MHTEPTOJMpOBaHUA Hazan. B ocrasb-
HBIX CJyYadX npuMenaioT aubo ¢opmyasl [aycca, 1ub6o dopmy.el, noay-
yeHHple nyTeM TnpeoOpa3osaHua ¢opmya laycca.

dopMyna IpepeTTa NOJIYYaeTCqd MYyTEM HCK/IOUEHHS PAa3HOCTEH HeweT-
HOro mopsiaka u3 Gopmyanl [aycca 1ns HHTEPNOIHPOBAHMS BrEpeEL.
[TosToMy H OCTAaTOUHBIK uJeH ee OyAET TAaKOB *€, KaKk H y dopmy.si
[aycca ags Toro cayyas, KOrja MNOCJIENHAS HCNOJb30OBAHHAA TaM pas-
HOCTb MMEET HeueTHBIH MOPANOK 271, cJel0BaTeJbHO, OCTATOYHLIH uJeH
ee OyleT MMeTh BMI

S A O NP 2) (1292 2 2

R2n+l:ml t(t 1)(t'—‘2)...(t —ﬂ)(t—/l—l) (20)

PaccMoTpumM Tenepb HeycTpanmMble TorpemnoctH ¢opmyn laycca.
Ias sroro BbiOepeM M3 TaOauibl, NpHBeleHHOH Ha cTp. 97, HyXHble
HAM 3HAYeHHUS KO3(PPUIUHEHTOB NpPH p, YUHTHIBAS ONpeleleHHe f IJ4
ofeux ¢opmyn (n, Kak H npexne, OydeT O3HaYaTb CTeNeHb HHTEPMOJA-
- ILHOHHOTO MHoroureHa). Jlesbiit cronbei, ¢ Gyner OTHOCHTLCS K (opMyie
[aycca nnd WHTepnoaHpoBaHus Bhnepen, npasw#t —k ¢opMyne [aycca
I/ MHTEPNOJHPOBAHHA Ha3al.

n . n
N 1 2 3 4 /

—10 1,5 05 05 05 10
—09 14 0,54 0,62 0,57 0.9
—038 1,3 0,08 0 72 0 62 0,8
07 12 0,60 078 066 07
— 0,6 11 0,62 0,81 0,69 0,6
—05 1,0 0,62 0,81 0,70 0,5
—04 0,9 0,62 0,79 0,69 0,4
—0,3 0,8 0,60 0,74 0,66 0,3
— 0,2 0,7 () 58 0,68 0,62 0,2
o0l 0.0 0.54 0,59 0,57 01
0,0 05 0,5 0,5 0 5 0,0
0.1 0,5 0,54 0,54 0,57 —01
0,2 0,5 0,58 0,58 0,62 —0,2
0.5 05 0,50 0,60 0,66 —03

I 02 0,5 0,62 0,62 0 69 —04
0,5 0,5 0,62 0,62 0,70 —0,5
0,6 0,5 0,62 0,62 0,69 — 0,6
0,7 0,5 0,60 0. ,60 0,66 —0,7
0,8 0,5 0, 58 0 ,58 0,62 —0,8
0,9 0,5 0,54 0,54 0,57 —0,9
1,0 0,5 0,5 0,5 0,5 —1,0
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Kak Mbl BHAMM M HeyCTpaHHMBE TNOrpewHOcTH a9 ¢opmya [aveca
Mmerblne, ueM 1js dopmya HbloToHa.

[Tepe#tieM Temepb K OiEHMKE MOTPELIHOCTH WHTEPIOJAILMOHHOA (op-
myast Crupaunra, Ona asaserca noaycymmo# ¢opmyn laycca. TMostomy
¥ OCTATOUYHHK uieH ee OyIeT paBeH INOJYCYMME OCTATOYHBIX YJEHOB
dopmys aycca. Orciona

2 1 2, 1
Y Al VR o A C N
20 == 2 @n 1)t
¥ TaK Kak npoussoiHas fCn+D(§) Hapany c¢ f@HU(E) u fEr+D(E,)
NpMHHMAeT BCe MPOMEXYTOYHBIE 3HAYEHHA, a CPelHee apupmeTHuyecKoe
ABYX WYHCEJ BCeraa 3aK/I0YeHO MexIy HAMGOJbLIMM M HAMMEHLUIMM M3
HUX, TO

t(2—12)(2—2%). . . (t2—n?),

f(an+1) (E )+f(3ﬂ+1) (&2)

= fOntY )

h2n+1f(2n+1) (E) 5 2) (2 9z £ 2
w')'—t(t—l)( - )‘...( —n). (21)
Ec/aH mocJeaHss M3 MCNOJb30BaHHBIX B (opmyne CTHpaMHra pasHocreih
HMeeT HEYETHbI# MOPANOK, TO OCTATOYHBIH uJjeH OyleT MMeTb BHI

R2n=

Ron-1= —)E—2%.

Q(Qn)'

B —(n— 1PIEM G E— )+ O G E+m)). (22)
[Tonyunnocy 6onee CAOXHOE BbIpAXEHHE, YeM B MPENbLAYLIEM CJayuae,
H ero He yadeTcs YNPOCTHTh TaK, KAaK 3TO OBLIO CHEJaHO B TepBbIH
pas. OLHAKO eCJH MPeLNOJOXHTb, 4TO f™ (x) MOCTOAHHA MM XOTS Obl
YTO OHA MEHNEeTCH He3HAYMTEJbLHO HAa PACCMATPUBAEMOM MpPOMEXYTKe, TO,
samensas f® (&) u f® (%) HekoTOpHIM 3HaueHueM f7 (5), noayuum:

2n r(2n)
Rop.. 1~%n),(ﬁ)ﬂ(ﬂ—12)(t2—22)...[tz—(n— D2 (229

[py6ble OileHKH OCTATOYHBIX u4TeHOB I ¢opMyan CrHpJuHra Oyayrt
HMETb BHI:

_.n+1
R~ 1 _H),t(t? 12) (2 —22) ... (2—n?), (23)
Rzn_lzéf;ﬁ PE—1)E—2) .. [F—@—1R. (24

AagMM M aad 3TOTO cayuad TaGmuuy a6COMIOTHHIX 3HAYEHMH Ko3ddu-
uMeHToB mnpu A¥fA)(E) B ocratounom unene ¢opmyast Crupaunra, s
TOTrO cayuas, Koraa Geperca ¢opmynsa CrupauHra, OKaHuMBAalOILAACA Ha
Pa3HOCTAX HeuyeTHOro mnopsaaka, OyleM MNpeinoJaraTe, 4YTO BO3MOXHBI
YTpoLIeHHs, KOTOPbie Mbl NMPOAENAIH. (72, KAK H BCEraa, —CTeNeHb MHTep-
HOJIAUMOHHOTO MHOrOYJEHA.)
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N 1 2 3 4

¢
0,0 0,000 0,000 0,0000 0,0000
0,1 0,005 0016 0.0004 0.0033
0.2 0,020 0,032 0,0016 0,0063
03 0,045 0,045 0,0034 0,0089
0,4 0.080 0,056 0,0056 0,0107
0.5 0,125 0,062 0,0078 00117
0,6 0,180 0.064 0,0096 00116
07 0,245 0,059 0,0104 0,0104
0,8 0,320 0,048 0,0096 0,0081
0.9 0,405 0,028 0,0067 0,0045
1.0 0,500 0,000 0,0000 0,0000

Jag oTpHuUATENBHBIX # MOJYYaTCd 3HAYEHHMHA, CHMMETPHUHBIE OTHOCH-
TeapHo £ = 0.

CpasHuBan npHBeNEHHble 3HAaYeHHS C COOTBETCTBYIOIMMH 3HAYEHHSAMH
ana ¢opmyn aycca, BHAMM, uTO TpH YeTHHX 72 3HAYEHHS] ONHHAKOBHI,
a NpU HeYyeTHHX 7 W MNpu £, OJM3KHX K HYMI0, 3HaYeHHS MOJYUHJIHCH
3HAYUTeJbHO MeHbwHMH, [lpaBpa, nocJjeiHee WMeeT MECTO NpPH MOUYTH
MOCTOAHHBIX COOTBETCTBYIOIMX MNPOU3BOAHKX. Boobiue rosops, ¢pop-
myay Cmupiunza 80120000 NpuMenSIms, OCMAHABAUEAICH HA PA3HO-
CMAX HewemH020 nopAoKa, U npu 3Haverusx t, 6AU3KUX K HYAO.

Ha npakTuke ee mpuUMeHSIOT A/ 3HaueHuH ]t|<%.

[lepettinem k ¢opMyre Beccens, Ee Mu nmoayuwau kak MOJIYCYMMY
dopmyan [aycca nnd uHTepnoauposanus srnepel wu dopmyas [aycca
IJ1 MHTEPNOJIMPOBAHHA HA3aJd, HO B3ATOH CO CABMrOM Ha ONMH ATl Bhe-
pea. Ilna tnocneane#t ¢opMy/ab OCTATOUHEIM UYJeH MOMKHO 3aMHCaThb
B ONHOH M3 CJaelyIOLIMX ABYX ¢opM:

2n+
Ren (2’:1+1)1f( PEEEE— 1) (=2 .
AR —(— D ¢—m)(E—n —1),
R?n—-1= (’21;:;' f(Z'n) (E)t(fZ_ 1)(t2_22) . [tz—(n . 1)2] (t__n)'

bepa TNOJIycyMMy 3THX OCTaTOUYHBIX WIEHOB H COOTBETCTBYIOIIMX HM
OCTaTOUYHBIX uJeHOB ¢opMyasl [aycca naa uHTEpPNOJHDOBaHHA Bhepel,
MOJYYHM ocTaToulible 4iIeHb GopMyan Becceas:

2n+1
Ron = iyr 7 /O ) (€ — n— D 40 ()¢ 1)) X

Yt —DE—29 ... [2—n— D¢t —n), (25
th

Rono1= (o 3 L G+ G — 19— 2) ...
[ —(— D2 (¢ —n). (26)
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[Mpeanoaaras onars, 4ro npousBogas fE2+1(E) auGo nocrosHHa, JMu6O
MEHAETCS HEe3HAYMTENbHO B PACCMATPUBAEMOM HDPOMENYTKE, MBI MOMXEM
yOpOCTHTL NMEPBOE BLIpaXeHHe (25) M 3anucarts:

h2n—‘,—1
Ron ™ e S0 @£ — 12) 2 — 22

= m— e —n(t— ). @)

[Mocnennee puipaxeHue (26) ynpomaercs, Tak ke Kak M A9 GOPMYJH
CrupauHra, nyTeM HCHOJb30OBAaHUS CBOHCTBA CPENHEro apHPMETHYECKOro
1 cBoficTBa Mpou3BOAHLIX. OHO MOXET GBITb 3aNHCAHO B BHILE

Ron—1= 5 ),f““”’(i)t(ﬂ—12)(12—22) — (n— 1]t —n). (26)

préue OHEHKH OCTATOYHBIX WJICHOB 3aNMCLIBAIOTCA B BHIE

f2n+ 1

Rmzq2+nﬁat—nxﬂ*aau.

.“m—m—wm—m@_a,en

b
Rop1 = (2,;’), HE— 12 (B —2?). —(n— 121 ¢—n). (28)

1
3necy Gpocaercs B rnasa chaenywowut dakr. Tipn ¢ = 5 yOpolieHHoe

BhipaxeHue 1ias Ry, o6pauiaercs B Hydb. IJTOro, BOOOIE TOBOPS, He
G6yner B AeficTBuTeabHocTH. [lorpemnocts R,, 0GpaTHICS B HYJabL TpH
t:% B TOM cayuae, koria f@»+1(x) = const. Taxum o6pasoM, MHOro-
uneH, npelicraBiaseMbitt ¢opmyinoit Deccens, BaaTo#t 10 pasHocteRt mo-
1

panka 2n, Gyler NaBaThb TOYHBE 3HayeHus f(x) npu f= 3, ecau
f(X) —npousBOMLHER MHOrOYNeH CTeneHM He Boille 272 -+ 1. PasHuua
MEXLY TOYHLIM M YHPOLIEHHLIM BHpaXeHUIMH R, OyAeT ompenensThcs
NPOU3BOJHLMK nopsaka f@»+23 (x), HMcnonsays BhipameHHe OCTATOYHOTO
uneHa Qopmynnl JlarpaHxa, colep:xalliee pasje/ieHHble PA3HOCTH, MOXHO
OblJI0O 6Bl MOKAa3aTb, YTO PAasHOCTb MeXAy TOYHLIM W NPUGIMKEHHBIM
3HaueHHIMH Ry, NpUMepHO paBHa Ry, ;.

[TpuBenem Temeps aGCOMOTHBIE 3HAYeHUS KO3 uLmeHTOB PR A% U0 (§)
B BBIP2XEHMAX OCTATOYHBIX uieHOB ¢opmyas beccens (z osHauaer cre-
lieHb HCMOJbLb30BAHHOTO WHTEPHOJALHOHHOIO MHOrowieHa). [as ueTHBX 7
UCOAb30BAHA ynpolieHHaa Gopmy.a.
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n
\ 1 2 3 ‘ 4 ‘
—1,0 1,00 0,500 0,0000 0,0000
—09 0,86 0,401 0,0207 0,0058
—08 0,72 0,312 0,0336 0,0087
—07 0,60 0,240 0,0402 0,0006
—06 0,48 0,176 0,0416 0,0091
—05 0,38 0,127 0,0391 0,0078
— 04 0,28 0,084 0,0336 0,0060
—03 0,20 0,053 0,0262 0,0040
—02 0,12 0,028 0,0176 0,005
—01 0,06 0,012 0,0087 0,0010
0,0 0,00 0,000 0,0000 0,0000
0.1 0045 0,006 0,0078 0,0006
0.9 0,080 0,008 0,0144 0,0009
03 0,105 0,007 0,0193 0,0008
04 0,120 0,004 0,0224 0,0004
0,5 0,125 0,000 00234 0,0000
06 0,120 0,004 0,0224 0,0004
07 0,105 0,007 0,0193 0,0008
0,8 0.080 0,008 0,0144 0,0009
0,9 0,045 0,006 0,0078 0,0006
1.0 0,000 0,000" 0,0000 0,0000

Kak BunuM u3 sro#t Tabmuun, gopmyse Becceas umeem npeumy-
wecmsa mnepen Qopmynamu laycca m  Crupaumnra npu uwemunsx n

1
U OCOBeHHO npu 3HateHusx t, 6AU3KuUX K 5 - [TosTtoMy ee 86120080

npumenims, k0204 HOpMYLQ 3AKAHUUBALMCS KA HeMHHX PASHOCMAX
1 3
U npu 3HGUEHUAX [, 3QKAIOHEHHLLX 8 NPOMEdCYMHKe (T’ I\)'

3aMeTHM, YTO NpPH VOPOUEHMM OCTATOYHLIX uJeHOB dopmya Beccens
u CTupiuHra MBl HMCNOMBL30BaJMM NMPEANOJONEHHE O TMOYTH MOCTOAHCTBE
COOTBETCTBYIOIMX NPOU3BOJAHLX. DTO NPENNOJONKEHHEe HMEET MO coGo#
MOYBY B NPAKTHKE HHTePHOJHUPOBAHMA. [ea0 B TOM, YTO €CJH NPOHU3-
BOAHblE BEJMKH M CHJIBHO H3MEHAIOTCH, a4 3TO OGLIYHO BLIPANKAETCS
B HENpaBWJILHOM MOBEAEHHH COOTBETCTBYIOLIMX DPABHOCTEH, TO BPAL JH
MONHO OXMAATh GOMBUIOH TOYHOCTM WHTEPNOMMPOBAaHMA. B 3TOM cayuae
JAUGO YBENMYMBAIOT MOPANOK HCHOJb3YeMBIX pAas3HOCTEH, JHGO yMEHb-
IAIOT WAl HMHTEPNOJMPOBAHMUSA.

§ 8. HexoTopmie apyrue NOAXOAB K BuiBOAY (HOpMY.
MHTEpNOJUPOBAHUSA AJS PABHBIX NPOMEXYTKOB

1. Juarpamma ®pesepa. B stom naparpade MBIl KPaTKO HM3JI0XKHM
HEKOTOpble ApYTHe CHOCOGH MOoJayYeHHs (GOPMYJ HHTEPNOJMPOBAaHMUS.
Tlpexre Bcero namum cnocof, npeitoxeHHbRt PpesepoM, [as cokpa-
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wenua sanuce#t seeneM cumpoa C§', Tle m — HATypaAbHOE uMCIO H
¢ — NpOM3BOJbHOE NEeHCTBHUTEJLHOE HYHCJIO, NMOHHUMAA ero Kak

m!

M3 Bcex CBOHCTB, KOTOPHMM o6aanaeT Ci', HaM TOHALOGUTCS JHLb
cilelyioLiee:
+1 g+1
Cr=Ch i —Cy . (2)

OHO JIErKO MOJyYaeTCs W3 ONpelesieHUs C{'. Ile ACTBUTEJBLHO,

cimt _ ettt _(p+hpp—1... (p—qg+1) plp—1...(p—9)
=

pr1— G CE=] -
PP=1...(p—qg+) pF+1—p+9 __
o g g+1 "

YmuomuN NOJY4YeHHOEe TOXAECTBO HAa PAaBEHCTBO
7 q __ £q+1
fr+1 "“fr— f1‘+1/2-

1 1 +1 1
Crft— Clft=Cii fi —Ch [l 3

Moayunn:

HIN
+1 rq+1 1 1
CLF 4 CEAfE, = ChfLu - C ' FELh,. (4y

PaccmorpuM Tenmeps pOMGOBMAHYIO AMATPaMMy, TPHBEACHHYIO Ha
puc. 21,

q,qf,‘?
[’I‘
p;:: AN
&
g
A
Puc, 21,

Y13 mociennero papeHcTBA CJELYET, YTO €CJHHM, MCXOAA M3 KakOH-TO
BE/IMYMHLI, TMOMEUIEHHOHX B JEBOR BeplUMHE poOMGa, ABHraThCca MO ero
BEPXHUM CTOPOHAM A0 MpaBO# BEPIUMHH, NPUOABJAA BCE BCTPeUaonifecs
MO MyTH BEJWYHHH, TO ML NOJYYHM TAKOR e pesdyabTaT, Kako#t mo-
JYYHTCH, eCJH, HCX0HN9 M3 TOM JKe BEJHUMHLI, ABHraTbCd 1O HHKHUM
CTopoHaM pomGa, npubasass BCE BCTPEYAIOWMECH 1O NMYTH BEJHUYHUHH.

Ilanee, ecan MB OpOBeleM AHATOHAJb POMGA, COENUHSAIOWIYIO JEBYIO
Il NpaBy0 BEpLIMHB, M, NPOABHrasiCb no He#f, GyleM OpaTb MOMYCYMMbL
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yyces, CTOAUIMX HEMOCPEACTBEHHO Hal M mold He#f, TO, OUEBHIHO,

MIOMYYUM TAKOR e peaynbTar. Tak, Aas MOCTPOEHHOTO BHILIE pOMOba
Mbl MOJAYYMM HA STOM [HMATOHAJILHOM MNYTH CJelyioliee BHIPAXEHHE:

1
Coftin + 0l (Chii+C5) Fi. )

CocTapuM Temeph M3 TAKUX SJeMEHTaPHHX POMGOB ceTKy Ha IJIO-
CKOCTH. B Kawno# BepuINHE TOMECTHM DAa3HOCTb C COOTBETCTBYIOLIUM
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Puc. 22. Juarpamma ®pesepa.

K03 dUIHEHTOM TaK, 4YTOOH 3TH pPAsHOCTH pACNOJNATaJUCh TaK e,
Kak M B TaGmuue pasHocte#t. K pasnoctu f}/o BO3bMEM B KauecTBe K03d-

1 1
puunenros C; n C;_,. ITonyunrtcs pomGuueckas AMarpaMMa, KOTOPYIO
MBl HasoBeM duazpammoi Ppesepa.
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PaccmMoTpuM Tenepb NpOMSBOJLHEIH NyTh, HMAYLIME CJleBa HANpaBo
ot f, mo cropoHaM pomGuueckoit auarpaMmmbi. Vcmoawnays mocsenosa-
TeJLHO MpPOBEJEHHBIE HAMH pACCYXIEHHS s OAHOro pomba, Ml
MOJYYHM CACAYIOWMA pesyabTaT: MOGOH myTh, MAylM# ot f, nHampaso
No CTOpOHaM poOMOOB MM HMX TOPH3OHTAMbHLIM [HATOHAJAM M TNpH-
XOAAIMA B Ty IKE KOHEYHYI0 TOuKy, MHacT TakKyil0 Xe CYMMY, 4YTO
U nepBbul#

[Toctpoum auarpammy ¢pesepa Ans HEKOTOPOTO MHOrO4JIEHA, XOTA Obl
MHOrouJeHa Jlarpawxa Aas Hekotopo# &yHkumm f(x). PasHocTh,
HayMHag ¢ HEKOTOPOro mnopsiaka, obpauwalorcs B Hyau. OTciola caenyer,
uTo JI00ble ABa NMyTH, HAYMHAIOUIMECs C f, U MPOLOKEHHBle A0 cToAbua
NOCTOAHHLIX PasHOCTER, NAaAyT OAMHAKOBBLIE CYMMBI, TaK KaK MX BCeria
MOXHO CBECTH B OJHY TOYKy NO CTOJOUAM C HYJNEBLIMH PA3HOCTAMH,
Boaee Toro, yumrbiBas, 4To MMeeT MECTO COOTHOLIEHME

foFtf=f+E—1Th ©)

Mbl MOMXEM HCHOJbL30BaTh moGHE NMyTH, HAYMHAIOLIMECH B f; M 3aKaHUYU-

BalolMeCs Ha NOCTOSHHBIX PA3HOCTAX, M NMOJY4YaThb TOT XE DEe3y/abTaT,

a oTCI0Ad caenyeT, YTO Ha mioGOM OyTH, MLYIIEM OT NPOHM3BOJLHOrO f;

IO NOCTOSIHHBIX PA3HOCTeH, Mbl HOJYYHM OAMH H TOT XE DPE3Y/bLTAT.
[TyTs, maywm#t ot f, Mo AMaroHaim BHM3, AACT HaM

ok CifL +-Cift - Cifi + ...

dra cyMma 1no ¢opmyte HpioTOHa Aa9 MHTEpPNOJMPOBAHMA BHEpEN
pasna L, (x,-}+¢h). Takum oOpasoM, BbHIOMpas NMpOM3BOJALHBIM 00pasoM

Puc. 22

HAuaMLHOE 3HaueHMe f; M TNyTh, 3aKAHYMBAIOWMACA HA NOCTOAHHBIX
PasHOCTAX, CKJaABIBAS BCE BCTPEYAIOLIMECS HA MNYTH BEJMYMHBI, MBbl
Takke noayuuM L, (X, -¢h). DTHM cnocoOOM MOMHO MOJYYMTH TPO-
Ma/JHOE KOJIMYeCTBO CAMBIX Pas3AU4HBIX (HOpMyI.

dopmyna [laycca na4 MHTEPNOJNHPOBAHUS BHEpEeN MOJMYUHUTCH, €CJH
B3ATh 34 HAYAMLHYI0 TOYKYy f, M H30paTh 3Ur3arooGpasHuit OYTh,
HMEKOLMi BUA, TNpUBeJeHHH® HAa puc. 23. Mwp mnoayuum dopmyny
Crupaunra, ecam no#ieM ot f, 1m0 ropusoHTasM Hampaso; Gopmy.iy

Beccens MoxHO NOJIYYHUTL, €CJIM ABUTraThCA BAOJAbL CTPOKH C HHAEKCOM e

2. MousTtHe 06 oneparopuom MeToAe BHIBOAA (hOPMYJI MHTEPNOJAHPO-
Bauus. [laguM Tenepb onepaTOpHbLE BHIBOAL MHTEPHNOJNSUHOHHLIX QOPMY L.
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PaccmMoTpuM JMHe#HOEe MHOXecTBO R BceX NCHCTBUTENbHBLIX (YHKUMH,
3allaHibiX HAa BCeR meRcTBUTEabHOR npamoft. [locTaBuM B COOTBeTCTBHE
npousBoabHO# dyHkuMH f (X)E R dyHKuMIO

fxe+-m— f(x),

rie 4 — QUKCHPOBaHHOe [eHCTBHTENLHOE HHCJHO. ITa QDYHKUHUA TaKke
npunangexur R. Cnenosateabso, B COOTBETCTBUM C OMNpElEJeHHEM,
HaqHBIM BO BBeseHuu, Mbl BBeIM HekoTOpHft omepartop. O6osnauum ero

yepes A. HMrax,
Af ()= f(x+h — f(0). (7

B naabreftuiem Mbl HacTo GvieM OmyCcKaTh CKOOKHM, BbAeJAIOLHE apry-
MeHTH onepaTopoB. Hamu OyAyT TaKkxke MCNOJIbL3OBAHB OMNEpPaTOpH V
1 3, KOTOPhle BBOISATCS CJELYIOLIMM OGPASOM:

Vi) =fx)—fx—h, (8
8f(x):f<x+%)—f(x——g). %

Onepatop A, onpele/feHHBI Ha JMHEHHOM MHOMECTBe R, HasbIBAETCH
adOumusubiM, €CIM IJs TMPOM3BOJMLHEIX XER M y€ R n mobux ne#t-
CTBUTEJIbHLIX YMCEJT €; M C; MMEET MEeCTO PaBEHCTBO

A(eix 4 coy) = i Ax Ay, (10y

Hetpyano nposeputsh, uTo BBemenHne Hamu omepatops A, V n 3
ABJAIOTCA ANAUTHBHEIMH.

BeegeM mousTHe cyMmMH M npousBelenus onmepatopoB. Omepatop C
HasblBaeTCa cymmoli onepamopos A M B, ecim Bce 3TH ONEPATOPH
ompeje/eHH Ha OLHOM H TOM e JHUHEHHOM MHOXecTBeé R M A
moGoro x € R MMeeT MeCTO PaBEHCTBO

Cx — Ax -+ Bx. (1)

Oty casp onepatopo A, B u C mb Oynem 0603HauaTh TaK:
C=A-+B. (12)

B CUIYy KOMMYTATHBHOCTH CJOXEHHA B JHHEAHOM MHOMECTBE HUMEET
MeCTO

A4+B—=B1 A (13)

Ecan onepatop B mnpeoGpasyer moGO# 3ieMeHT X JIHHEHHOTO MHO-
wectBa R B aneMenT cAx, rae ¢ — nefcTBHTEAbHOS uMcno U A — He-
KOTOpHI# onepaTop, TO MH OyleM ofosnauaTh ero uepes cA. [lasee,
O6ynem HasnBath onepatop C npoussedenuem onepamopos A n B,
€ClM 114 MoOoro 3JeMEeHTd X HEKOTOPOrO MHOMECTBa R MMeeT MecTO

Cx = A(Bx). (14)
QuesuaHo,
(AB) C = A (BC). (15)
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Ecmn R sMHefiHOE MHOMECTBO, TO HMEIOT MeCTO TaKXKe PpaBeHCTBA
(A +B)C=AC + BC, (16)
C(A+B)y=CA+CB. 7
Boo6ue rosops, AB == BA. Bynem o6osnavars, uepes / oneparop, Aas
xkoToporo npu JwoboM xE€ R uMeer Mecto [x = x. HasoseMm Tako#t

onmepatop edunuunbim. Temepb MH MOXeM oONpeleuts A2=— AA,
A3= A?A, ... ]laa cTemeHe# OmepaTopa HMMeeT MeCTO PpaBeHCTBO

Am+n:AmAn: AnAm' (18)

[Mo onpenesnenuio, mosoxum A°=/. Tenepb MH MOMeM pacCMaTpPUBATH
MHOTOWJIeHH OT ONepaTOpOB

a +aA+a, 24 ... 4a,A". (19)

Ecan B nuHeRHOM npocTpaHCTBE R xakum-TO 06p330M BBEAEHO MOHATHE
npeagsaa, TO MbH MOXeM pacCMAaTPUBATL M pAdbL ONepaTOpPOB

o +a A+aA2+ ... +a A4+ ..., (20)

NMOHHMMas NOA 3THM Tako# omepartop B, 4rto

n

Bx= lim 3, a.A"x. (21)

n>co k=0

Onepatop B Moxer ObTb BOOOWE He ONpefeled MIN OIpeleleH
TOJBLKO Ha 4acTH mpoctpaHcTBa R.

[MepefineM Temepb ¥ BHBOLY HMHTePHNOJMALMOHHBX dopMyn. B no-
MOJHeHMe K BBeACHHHM panee omepatopaM A, V u 3 paccMoTpuM eiue

onepaTtop D:%. Ecau dyukuma f(x) pasnaraeTcs B OeCKOHeUHHH
CTeleHHOR paAl, TO
d 2 g2
Fotn =(14+a+5imt ) 0=ePf (). @2

B uacTtHoCTH,

fxg+h)y=2e"Pf (x0) = (I +B) f (x). (23)
Urak,
ehD — [ 4 A
u
D = (I + A
O1ciona

f(xo - th) = D f (x) = (I ++ A) £ (xp). (24)

B uactoctn, ecam f(x) =L, (x), T0 BCe HAWM PSAH NPeBPALIATCS
B KOHeyHble CYMMBE M MNpOM3BeleHHBE HAMH OMEPalUM  ABJAAIOTCA
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3aKOHHBIMH. PackpblBad mnochaenHee BBIpaXeHHe, Mbl NOJYYUM HHTEPHO-
asuyonnyio GopMyay HbioTOHa s MHTEPHNOJMpPOBaHMS BHEpen:

t(t 1)

Ly, (xo—th) = f (x0) + (Af (x0) + A2 (xp) +

tE—1) (@ —
E]l

+ 2 A () - ...

It noJyuyeHHss MHTEPNOJNANHOHHOR Gopmyan HbloTona nas uHTEp-
HOMHPOBAHMA Ha3al 3aMETHM, 4TO

AVF(x)=Alf(x) —fx—h) )=
=fx+nN—fx)—fO)Ffx—h=Af(x)—Vf(x).

OTcona
AV —A—V, (25)
A=V(UI—wn"" (26)
u, ngMe TOTO,
[+A=({—v)"" @7)
Hrak,
Ly (xo=4 1) = (I +0) f (x) =T — V)" f (x), 28)
HJIH

Ly (5o 4ty = [ (x0) 41V () +- "D gaf () 4
+’—Qi%,~(t—ﬂ Vif (x5) 4 ... (28"

dT10 — MuTepnoAAlHoHnas GopMyas HpOTOHA Aa9 HMHTEPHNOJIHpOBAHUSA
Hasal, HO 3amucaHHas B APYTUX OOO3HAuYEHUAX.

Cesisb omepaTopa 8 C OnmepaTopoM A 3HAYHTENBHO CJONHee. Mt
HMeeM:

o =f(x+5)—F(r—3)

Rf)=fx+b—fX)—fXO)+f(x—hH=Af(x)—Vf(x)

UiIn
R2=A—V. ©29)
Orciona
R=A—A(+A)" =02 +N"", (30)

T. e. A 9BJAfETCS pelLUeHMeM KBaApaTHOrO ypaBHEHMd
A — A —=0. (31)

Mb He OyneM BXOAWTHL B JeTajJH JAJbHERUWIMX pACCYXIeHU# 1Jd MOJaY-
yeHHs POPMYJ LEHTPadbHHX pasHOCTEH
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§ 9. CxoaMMoCTL HHTEPNOJALHOHHOTO Mponecca

[py NpaKTHYECKOM HCHOJMBL3OBAHWM HWHTEPHOJIMPOBAHMA HE BCEria
yaaeTC MPOM3BECTH OUEHKY OCTATOYHHX WJEHOB. BricliMe NPOM3BOAHLIE,
BXOISILME B 3TH OCTATOYHbIE WYJEHBbl, HE BCEraa ILOCTYNHb. [losTomy
yBEPEHHOCTL B TOM, 4YTO, BBIOPaB J0OCTaTOYHO OOMbLINOE KOMMYECTBO
V3JOB, MB JOCTATOYHO XOpOoWO mNpHOMH3MMCA K HMHTEpHOJHUpyeMOH
¢dyvHkumuy, Obija Ob OYEHb MOJE3HA B MPAKTHYECKOM MHTEPNONHPOBAHHH,
B CBA3M C 3THM BO3HUKAET 3a0Q%Q 0 CXO00UMOCMU UHMEPNOASLYUOH-
HO20 npoyecca.

[lycTs HaM sajaHa TpeyroJbHAS MAaTpHUuA

xg,
1 1
€&, xP,
PV SR 2 (1)
B S AL

BCE 3JIEMEHTB KOTOpPO#f mnpuHAaiaexaT OTpe3Ky [a, b]. Jlas HeKOTOpOH
sanannoft Ha otpeske [a, b] dyukuuu f(x) CTPOMTCA IOCJELOBATENb-
HOCTh MHTEPTOJAUMOHHE X noaunomos Jlarpanxa L, (x), n=0, 1,2, ...,
NpuueM Aad mocTpoenuss L, (x) B KadecTBe Y3JOB MHTEPIOJIAPOBAHUSA
UCTOTL3YIOTCS BCe 3JEMEHTH n-f CTPOKHM Halue#t MaTpuunl. Humepnoas-
HUOHHBLE npoyecc HA3bBAEMCS CXOOAUUMCS, ecau

lim L, (x)=f(x), x€la, bl {2
n > oo

I10v npouecc paABHOMEPHO CXO0UMCS, eCAl CXO0UMOCMb NOCAeIHe20
BblpAdCeHU PDABHOMEPHAS,

Ha nepnmift B3rasn kaweTcd, YTO €CJAM 3JeMEHTH MaTpPULH C IO-
BHIUEHNEM HOMepa CTPOKH BCe IUIOTHee M IIOTHEe 3aNOJHAIOT OTpe-
30Kk [a, b], Tak uro B moOGOR ero uacTH, HauuHas C HEKOTOPOro 7,
HaXOAMUTCH MO KpaftHeR Mepe OJMH V3end, TO AOJKHA ObITb PaBHOMepHAs
cxnaumMocTs L, (x) x f(x) x0T G And HenpepuBHHX (GYHKIHR,
Oniako 3T0 oKasadoch me Tak. Kak Owiao nokasano daGepom, 045
210600 300aunol mampuyn Y3208 8suda (1) wmaddemcs maxas He-
npepul8uas @PyuKyus  f(x), umo nocmpoenHsie AL Hee UHMEPNOAs-
Yuownsle MHOZOUAEHW JIAzpausca no IMuM Y34QM He CX00Amcs
pasromepuo Ha [a,b] x f(x). Boaee TtOro, kak OnlJIO MOKA3aHO
BepHIﬂTeﬂHOM, nocJel0OBATENLHOCTDL I/IHTepI'lOJIﬂU.PlOHHbIX MHOTI'OYJIEHOB
Jlarpauxa L, (x), noctpoeHHnlx ans ¢ysnkumn f(x)=|x| wHa oOT-

pesxe |—1, ] no paBHOOTCTOAWMUM y3/aM (x(()")z—l; X(,?): 1), He
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CTPEMHUTCSI C BO3pacTaHWEM N K f(x) HU B OJHOH TOuKe, OTJMYHOH
or —1, 0, 1.

Bonmpocy CXOIMMOCTH HMHTEPNOJALMOHHOTO TpOoHEcca NOCBsAUIeHa
obwnpHas Jutepatypa. [lasg wM3yuyeHHMs 3TOro BONpPOCAa NPHBJEKAIOTCH
CaMble COBPEMEHHbBIE M TOHKHME METOJbl MATeMATHUYeCKOro aHajauda. Mul
HE HMMeeM 3JeCb BO3MOXHOCTH Jlaxke BKPaTHe KOCHYTbCA BCEX HOJy4eH-
HBIX B 3TOM HampaBJeHHWH pe3yAbLTAaTOB, He TOBOPS YKE O NPOBENEHHH
10Ka3aTenpCTB. JaluM 3lech JMIIL  OAHY TeOpeMy, OTHOCAWYKOCS
K HednM GyHKnuaAM. [laauM cHabaja onpejeneHue ueao#t QyHkuuu.

Dyuryua f(x) nasvsaemcs yeaol, ecau ee MOXNCHO npeocmasume
8 Bude cmenesnozo paoa

F)y=ao4a,(x —x) +ay(x — X+ ... +a, (x—x)"+ .

CxX00AUe20CH Npu BCeX 3HAUEHUAX X.

Teopewma. ITyems f(x)— yesasn pynuryus. Tozda nocaedosa-
MmeAbHOCMs ROCMPOCHHOLX 0AS Hee UHMepnoASUUOHHbX MHOZOYALHOS
L,(x) no awboi mpeyeoabnoli mampuye YKa30HHO020 S8bhiwe 8uda
c Iaemenmamu, npunadsesxcawumu ompeaxy [a, b], paswomepro na
ompeske [a, b] cxodumcsa K f(x).

3ameTHM, YTO Ha OCHOBAHWM M3BECTHBIX TeOpeM aHanuda gyuxkuus f (x)
UMeeT TNpOM3BOAHHIe Ji0Goro mnopsaka. CrefoOBaTeJbHO, Mbl MOXEM
BOCIMOJBL3OBATLCH MOJYYEHOR paHee OILEHKOH OTKJIOHeHHs f(x) ot
CBOEr0 MHTepPHOJALMOHHOIO MHOTOYJIeHA:

My
|0 = Lo ()] <t on (. 3)
3nech
My — (n+1) _
+1 m;ﬂ{gxm lf @) n w,®
=(x—xM)(x—x™) ... (x— <. (4
Ho oueBuaHo, yro
o ()| < (0 — )™,
Hrak,
[f(x)—L,(x)| < My (b —a)". (5)

(1!

Mbl moKaXeM, YTO NpaBas YacThb 3TOrO HepaBEHCTBA CTPEMHUTCS K HY 110

npu n, crpemawemcs Kk OeckOHeuHOCTH. [lpousBOnHas s (x) pyHx-
unu f (x) moxeT OBITh 3amMMCaHa B BHJe

FOP @)=+ Dag, -+ 4 1) ... 2, (x—x) -+
R (R — 1) L R (e —x) T L
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Orcwona
!f("“’(x)l D!y + @+ 21 . 2] a0l x — %G|+ .
R (R — 1) Ry x—x T L
TeM Oouee,
" | K 4Dty 4@+ a6 — x|+ ..
cF AR ]| — o [FT

V13 HepaBeHCTBa
X n
(1—{—7) <e* nmpu x>0

cireayet

()" =0+ i) <o

Taxum o6pasoM,

(n+1)
L0 ol ol el — 5o 4 ..
"+|an+k|(6’|x—x0|)k_1+“

1
YMHOXHUM 06 4acTH MOCJelHero HepaseHcTBa Ha S™ ', rae S — npous-
BOJIbHOE, HO (PMKCHPOBAaHHOE MOJOXHTeNbHOE 4UCI0. Torma noayuyum:

(n+1)
%;sz%lsw«awJS”+‘+1an+2|S"+‘<e|x—xo1>+
ol g | ST x— )T L
O6o3HauuM uepe3 R HauboJblilee W3 NBYX YHCEN

S u  max (e|x— x]).
z¢la, b]
Toraa

o
m+1) (¢ 1 N\
]f: ()lsn+ < ’aszk.
(n+ 1! =
k=n-+1
TaK KaK T1ocCJenHee paBeHCTBO HMeeT MeCTO npu JI060M 3HAYEeHHH

X ¢ la, b}, 10

e S o

k=n+1
oo}

Pan D)|a,|RE cxomutca. CiaenosateabHo, D |ax|R¥ u Tem Gouee
k=0 k=n+1
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Mp 418"+

m CTpeMHTCS K HyJaI0 npu n— oo. [asee,
sty gt Muss (b DM e
(n+ D! (n+ D™ (41!

V13 pasaoxeHus

7n+1
en+1—1+<n+1>+(”+”+ T Uik AT

(nF 1)1
crefyet, 4TO
" (ﬂ—|— 1)n+1
o e
[lo3Tomy
(erl)'( "< m—Jr/VM_l;'%*—’ le—al™. @

MpunnMas S= e (b — a), u3 HepaseHcTBa (6) MOAYUHM HYXKHOe mpejeib-
HOe COOTHOIleHHe
lim Mur

nroo 1+ D1

Tpe6GoBanue, utoObl f(x) Oblia Uedaoll GyHKUHeH, gBiageTcd cylle-
CTBEHHBIM B YCJOBHAX TeOpeMbl, 4TO II0Ka3bIBAET NPHBELeHHBIR HHXeE
npumMep.

PaccmoTpum Ha otpeske [—1, 1] dyHkuuio

b—a)"=0.

1

| =
x>0
fy—=1{¢ npu >0,
lO npu x < 0.
Jta ¢yHKUHA HeNpepbiBHA BMeCTe CO BCeMH CBOMMH NPOH3BOAHBIMEH
Ha Bcefl wucaoBofl npaMofl. Ecau BHOWpaTh y3ab HHTEPNOJIHPOBAHHA

ToJabKO Ha oTpeske [—1, 0], T0 L,(x)=0 u ne cTpemurca k f(x)
HH NPH KAaKOM NOJOXHTeNbHOM 3HAaUeHWH X,

§ 10. HurepnoiupoBaHue NEpUOINUECKUX (PYHKILHIL

B Tex cayuwasx, xoraa uHTeprmoaupyeMas ¢yukuud f(x) obaanaer
ceolicteom f(a) = f(b), To ecTecTBeHHO Ha G6asuCHble QYHKUHH @, (X),
¢ (%), ¢, (X) HakJanBIBATL TaKOe Xe orpaHudeHHe ¢; (@) =q; (b)
Taxne q)yHKunn MOXKHO pPAacCMaTpuBaTh KAK TepHOAMUYECKHE C NEPHOLOM

=0b —a. lna nepuoNuyecKHX (YHKUUH MOXKHO TaKKe BBECTH MOHATHE
cuctem YeOvimesa nHa otpeske [a, bl. Cosoxynnocmsy Pyniuyud @, ¢1.
$2, -+ -+ Pp, YOOBAETBOPAIO'LUX YCIAOBHIO @; (@) = ¢; (b). 6ydenm Hazvisams
nepuoduueckoii cucmenmoll Yebuwesa na ompeske [a, b, ecau awbas
Aunelnas xKombunayus

COCPO"“_ €191 + e + Cn¥Pns

ne 8ce roapduyuenmer Komopol wyau, umeem na [a, b] nHe 6oaee n
Koprell npu ycaosau. umo a u b cuumawmcs 30 00un xopens. Joka-
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eM, YTO NMOPANOK n mepuojudeckuX cucteM YeObimeBa n0/KeH OBITh
yeTHBIM. JlJI9 J0Ka3aTeJbCTBA PACCMOTPUM OIpejeauTe b

90 (X) g (x1) ... %o (¥n)
D(xy—| 7P B 0D )

en (%) 9n (Xy) -o. 9n(Xp)

rie Xx; — HeKOTOphHe TOYKM OTpeska [a, b], X; # x; 1mpH i+ j. He
yMeHbILas OOUIHOCTH, MBI MOXeM IpeiNoJaraTh, UTO HH OJHA U3 TOUEK X;
He COBMajaeT HU C &, HU ¢ . B nNpoTuBHOM ciyuae MLl BOCHOJb30Ba-
JUCh Obl MEPHOJAHYHNCTBIO (DYHKUMH M CABMHYJIHM Ovl Hall OTpe3OK [a, b)
Ha HEKOTODYIO BeJHYHHY BIPaBO HJAH BJEBO.

Ecau @yukumn @5, ¢, ..., @, cocraBasoT cucreMy “eGuiesa,
10 D(x) He MoxeT o6pawaTbcd B HyJAb HH B OIHOH Touke X € [a, b],
32 UCK/IOYeHHEM X;, B KOTODHIX, KOHE4HO, OH paBeH HyJi0. JloKameM, UTo
B 3TOM cayyae D(x) MeHsleT 3HAK NpH NepeXojle uepe3 KANKAOE U3 X;.
[lpeanonoxuM, uTO 3TO He TaK W X; — T4 TOUKA, NpPH Iepexole uepes
xkoTopylo D (x) He MeHsleT 3xaka. Toria paccMOTpuM onpeleautenb D (x),
nocTpoeHHufl Tak xe, kak u D(x), 3a uckaoyenueM (B + 1)-ro croabua,
B KOTOPOM @;(Xz) 3aMeHenHl Ha ¢, (x;) rae  x; — NpOHM3BO.IbHAA

TO4Ka [a@, b], orTauuHas oT Bcex x;. D (x) Takxke sBasercss AUHeHHOH
KomOunauue#t ¢; (). OHa OTIMYHA OT HyJAs B TOUKE Xy, @ B CHJIY Hempe-
PBIBHOCTH (yHKUUH @; (X) H B HEKOTOPOH OKDeCTHOCTH X Paccmorpuy
GOVHKLIHIO

Y (%)= D (x) — 2D (x),

rie A — HeKOTOpOe [efCTBUTE/BHOE WYHCJAO, HMelOillee TaKoOl 3HAK, 4TO

D(x) n WD (x) B HEeKOTOPOH OKPecTHOCTH X; UMEIOT OJMHAKOBbiE 3HAKH.
OG6osHaunm yepe3 2¢ HaWMeHblilee PACCTOAHHE MEXKAY TOYKAMH Xi, Xz, ...

o K o as X, x;c. BbiGepeM ) HAacTOMBKO MajbiM 1o aGCOMOTHOM
Beauyude, uTo Y(xp-¢) U P(x; —e) HUMeeT TAKOM Ke 3HAK, KAK H
D (x;, +¢) u D (x;, —e). Toraa ¢ (x) uMeeT B TOUKAX X — €, Xz U X €
YepelyOuldecs 3HAKH M, CJeloBaTe/bHO, HMeeT NO KpaitiHefl Mepe IBa
KOpHsi Ha wuHTepBaste (x; —e, Xz +¢€). Kpome Toro, ¢(x) obpawaercs
B HYJIb B TOYKAX Xy, X2, ...» Xp_1s Xpigs - --» X, TaKHM 0Opa3zoM,
3Ta (yHKUUa UMeeT Ha ortpeske [a, b] n—4-1 xopHe#. Ho oHa saBasercs
THHeHHOK KOMOHHAUHeR @; (x), He paBHOW ToxnecTBeHHo Hymo. Caeno-
BaTe/bHO, OHA He MOXeT o6pallaTbCcs B HyJb Ha oTpeske [a, O] Goxee
YeM B n rtoukax. Mu npumsu x 0poruBopeuHio. TakuM 0OpasoM, MBI
AOKasand. uyTo D (X) npu nepexole ueped KaKAYIO H3 TOUEK X; MeHsET
3HaK.

B cuny nepnomnmunoctu ¢; (x) D(a)= D (b). HUrak, npu pospacta-
HAW x ot a no b onpereauteds D(x) n pas MeHseT 3HAK H NPHUXOZHT
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K TpexHeMy 3HaueHHI0. IJTO MOXeT OHTh TOJBKO B TOM CJydae, KOTAd
n — 4eTHOE YHCJO.
Mpocreilitelt mepuonuyeckoil cucteMoit eGwiliea ABasercs CHCTeMa

1, simx, cosx, sin2x, cos2x, ...

lepuon 3TOH cHCTeMbl paBeH 2m. Mbl MOxeM ee HCOABb30BAaTL H AJsA
HHTEPIOJAHPOBAHHS (QYHKUHH, HMEIOWHX 1PYTO#t mepuot. [s 3TOTO HYKHO
TOJbKO NPeIBAPUTENBHO JHHEHHOU 3aMeHOM He3aBHCHMOTO nepeMEHHOr 0
ClemaTh LJIHHY Nepuoaa paBHo#t 2w. B cuay mpenblaymmx paccyxieHuft
Mbl JOJ/DKHBl PacCMaTpHBATh CHCTEMY

1, sin x, cosx, sin2x, cos2x, ..., sinnx, cosnx.

[MokaxeM, 4TO Takad CHCTeMa ¢yHKUu# Npu q060M n o6pasyer Nepuo-
auyeckyo cucTemy YeOwmiuesa. Jlag 3TOr0 pacCMOTPHUM NPOM3BOJbHbIH
TPUTOHOMETPHUYECKHNT MHOTOUJ/IEH

n
T,(x)= % -+ 2 (ay cos kx -+ by, sin kx),
k=1

KO3 PUUHEHTEl KOTOPOTO KOMIVIEKCHBlE HJIHM AeHCTBUTeNbHBle 4HCJA.
ByneM rOBOpHTb, 4YTO 3TOT TPMUTOHOMETpPHYeCKMH MHOTOU/IEH HMeeT MO~
PARIOK 1, ecau IO Kpa#Heil Mepe onuH U3 Kod(pUuueHTOB @, UMY b,
oTiuyed ot Hyas. Ecaw a,—4-ib, + 0 u a,—ib, + 0, 10 T, (x) umeer
poBHO 2n kopue#t B monoce 0 < Re x < 2n. [lefiCTBUTENbHO, NPOU3BOLA
3aMeHY He3aBUCHMOTO TMEPEMEHHOTO e'¥=— z, MBl NOJYYHM:

n
T,(x)= 2 cp2k = z-"P,, (2),

=—n

aL_Qﬂ nmpuk > (.= npu k < 0. P,,(2) asagetca
a1refpanyeCKUM MHOTOY/EHOM CTENeHH 27 OTHOCHTeJsHO 2. B cuay Hamux
NPEANONOKEHUH OTHOCHTENbHO KO3dduuneHToB T, (x) Ko3hdHIHEH b
npH 227 ¥ 20 3T0ro MHOrou/MeHa OTAMUHB OT HyJad., C/leloBaTeabHO, OH
MMeeT POBHO 2n KOpHe# M HH OJMH M3 KOpHell He paBeti Hym0. Kaxiomy
M3 3THUX KOpHefl B CHJIy omnpeledeHus 2z GyleT COOTBETCTBOBATb OLHO
H TOJBKO O[HO 3HaueHde x, npuHaldexauee nonaoce 0 < Rex < 2=, IJro
u 6ynyt xopuu T, (x). Ipyrux kopueit T, (x) umeTb He MoxeT. Ecuau
YCJAOBHMA, KOTOpble MH HakJaiblBaJ¥M HA a, H b, He BbINOJHEHH, TO
T, (X) MOoxeT UMeTh B Halllefi moJjoce MeHee 2w HyJeld.

Kak caeactBe NpedBIAYHMIMX PAacCymIeHHH NOJydYaeM: ecau 08a
MPUOROMEMPULECKEX MHO20wAeHa cosnadawm 8 2n-1 mouxax x,,
Xis wves Xop BpU X; o+ X5 i+J, x;€[0, 27), mo onu cosnadaom
Mo JCoecmsenro.,

[lepefileM Tenepb K (HaKTHUECKOMY OTBLICKAHHIO TPHTOHOMETPHYECKUX
MHTePTIOJAMOHHBIX MHOTOwIeHoB. Ilycth HaM 3anmamel 21 -+ 1 y3i0B x,,

a b
rae ¢ = L'Q_—J‘—
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Xy, -+ .y Xa,, UpHHAAJMeXawuxX mnoayorpesky [0, 2x). Oupeneauteas A
B HalleM CJ/y4ae NPUMET BH]

1 cosxy sinxy cos2xy sin2xy, ... cosnxy sinnx,

1 cosxy sinxy cos2xy sin2x, cos nxy, sinnxy

4 4 4 s e e e e e

A pm—
1 €OS Xy SIN Xoy €OS2Xgp SIN 2X9y ... COS NXay SIN Xy,
=W]l, cosx, sinx, ...].

Hafnem BeJnYMHy 3TOrO omnpeleiutensd. s 3TOTO NpeicTaBUM KaXAyIO
M3 TPUTOHOMeTPHYeCKHX (YHKLHH B mnokasarenbHolt dopme. [lpu stoMm
NOJTYYHM:

A=
1 &% _|_ o~ s &% __ o~ i %o _|_ o~ MiTy  MiTy e—nima
2 21 o 2 21
. P + P o __ p—im P + oML gimy e—m‘ml
— 2 21 o 2 2i

ew?n+ o~ Tan ) W0an _ "% en1w2n+ o~ o™ ®an _ ,;m Wiy,
1 9 T, D) %

S
TpeobpasyeM STOT OUPENENHTENb, BBIHOCA M3 CTOAOLOB OGUIHE MHOXH-

Teu L) Wi 5z W npubapJsis K Kax10My CTOIOLY C YeTHBIM HOMEPOM CTOA-
s

Gell ¢ HeueTHBIM HOMEPOM, Ha eMHHULY 60/bIMM. B peayabrate 6ynem umets:
1 26i® im0 p~i@ | 9 GinZ __ ,—ina,

1 1 26 QT __ o 9N &N __ e inx,
—221,,[” ......................... . .
1 26%m T Tm | 9g"™ P g7 ey

BhineceM NBOHKM 3a 3HAK ONpefenHTe s U3 CTOJAOLOB C YeTHHIMH HOMe-
paMH W BHUTEM 3TH CTOJOUH U3 CTOJAOUOB C HEYETHBIMH HOMepamu,
Ha efunally GOJBWHMMH. B moayuenHOM ompenenutesne

1 ezmo e-imo o™ & Pt
(D" |1 o emim | gmEm ma
A=y | LT
) emm e-—1m.m emm?n e-~mw2,1
—-inx,
BEIHECeM M3 Kaxao# crpoku e 4, j=0, 1,2, ... 2n B pesyan-
Tare 3TOro Hadaem:
. 2n enimo ei(n+1)mo ei(n-—l)mo eﬂnimo 1
- X
(_l)ne j=0 g gma glntl)a ei(n—l)m, L ema
AZ——W——',,’
2niw,

niz, L (n+l)@, Ln—-1)
e 2"e‘( % g )'m...e m ]
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Tenepb NepecTaBuM CTOJOUB TaK, YTOGH MOJAYYHJICHA Ompeledutenab BaH-
nepMonaa. [lpu 3TOM mnpuaercd npoussectd 2 (n—+1) TpaHcnosuuui,
a ompejeJUTe]b NPHUMET BUI

e § 1 ew;o e2ixu .. e‘ammo
- X . . .
. n(w+2)e P 1 ew;1 e2m;1 . e2mm,
A= Sw
1 em;an 2m;2n egmm‘m
Kak u3BeCTHO, TaKo# ompeleguTe]b paBeH:
n
-nf Xi
. n(n+2) _7‘20 J
_ hH e B iz iz
A—-— 2"[” (e k_.e l)=
Mk>I>0
2n
- N % : ;
n(n+2) j=0 v(@tE) [(@p—Ty) A )
= e 2 e 2 —e 2 ’

P
MSESI>0

a 3TO BHPA@XEHHWE JerKO TNPHBOLMTCA K TPHTOHOMETPHYECKOMY BHAY:
an? . Xp— X
A=2 sm—k—Q-—l.
M2k >I>0

[lycTh MCKOMBEIl TPUTOHOMETPHYCCKHA MHOTOWICH HMeeT BHUI

T, (%) = g+ ) (a;, cOs kx —+ by, sin kx). (1)
k=1

YCJIOBHFI, HajlaracMble MHTEpPNOJ[LHEd, MOXHO 3anmucaTb B BHIE

fxg)=a, —}-162 (ay, cos kxy—+ by, sin kx,), ‘

f(x)=aq, +k2 (aycoskx, +bysinkxy), @)
=1 '

n
(X)) =10, +k21 (05, COS RXs, — by 5i0 RX,,,).

Bynem paccmatpuBath paBeHCTBA (2) M paBcHCTBO (1) Kak CHCTEMY OIHO-
POMHBIX JIMHeHHBIX aare6paMyeCKHX YPaBHEHHH OTHOCHTEJBHO KO3(du-
LueHTOB npu 1, coskx, <inkx, coSkx,, sinkxy, unpu T, (x), f(xy), ...
- v+, f(xg,). Dra cuCTeMa HMeeT HeTpHBHAMBHOE pelleHHe (KO3PQULHEHTD
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npu T, (x), f (x;) pasuni —1). CienosaTeqbHO, ONpefeUTE b CHCTEMbI
paBeH HyJo:

Tp(x) 1 cosx sinx ... cosnx sinnx

Fxg) 1 cosxy sinxy, ... cosnxg sinnxg

f(xy) 1 cosx; sinxy ... cosnx; sinnx, |[— 0.

S(xan) 1 coOs xqy sinxay ... COSNXy, sinnxy,
PackpbiBag 3TOT ONpeeqUTE/b N0 3J€MEHTAM NEPBOTO CTOAOLA, NOAYUUM:
Tp()A—fx) A+ f(x)Bo— ..o — fx9,) Doy 1 =0.

3nech A; o3HauaeT onpeleadtedb A, B KOTOPOM (- CTPOKAa 3aMeHeHa
nepBoit CTPOKOH M3 HANHUCAHHOTO BhIIUE ONpelennTetd. Tak kak 3Tu ompe-
AEJUTENd HMEIOT TAaKOE Ke CTPOEHWE, KAaK M ONpeac/HTeNb A, TO MBI
I'lOJIqulM nocJie O4YeBUIHBIX COKan.IEHHﬂZ

2n
Tu(9) = N f(x) X

1=0
X—Xy . X— X X — X;— x—x; xX—x
sin—3—051n ——2-—1...sin 2’ 1 gin 2’+‘...sin_2_.2£
X .G
X, — Xy . X;— x X — X X; — X; x; — X,
sin 24 5 % sin ”2 1. ..sin2 5 11 g “’1...sin—L§—2’-‘

Yro 3TO AeHCTBUTENIBHO TPHUTOHOMETPHUYECKHH MHOrOuJeH, oOHapy»xu-
BaeTcs MPOCTHMU TPUTOHOMETPHUECKUMHU NMpeobpasoBanusmMu, B uuciaurene
KaXaoro cJaraeMoro Mbi HMEeM TIpPOHU3BCIEHHE 2n MHOXWHTeJeH BHIA
L X— X

sin ————2 k . Hponsseneﬂne ABYX TaKHX MHOXHUTEJIEH nacT

X—Xp  X—X;

Sin——x5— =
2

s
111 5

1 X;— X X+ x4 . E7 e
= 5 (€08 ~—5— — €08 X COS —5— —sinx sin —5—= 1,

T. €. TPUTOHOMETPHMUYECKHH MHOTOUJIEH NEepBOro Nopsaika. Teneps JoKa-
eM, YTO NpOH3BeleHHe [IBYX TPUTOHOMETPHYECKMX MHOTO4IeHOB T, (x)
u T,(X) COOTBETCTBEHHO INOPAAKOB M MW n AaCT TPUrOHOMETPHUYECKHH
MHOTOuWJeH nopsanka m —+ n. Je#CTBUTEJIbHO, B 3TO NPOU3BELEHHE BOULYT
yjgeHp BHAA Sinm kx simlx, simkx coslx, coskxcoslx. Ho

sin kx sin lx = % [cos (R — ) x — cos (k + 1) x|,
sin kx cos lx = % [sin (& + 1) x +sin (& — ) x},

coskxcoslx = % [cos (R — ) x +-cos(k + 1) x].

Ecan kospduinentsr Muorounsena T, (X) 060sHauntb uyepes a{™) u o™,
@ Ko3puumentsl MHOTOUMeHa T, (x) OykBamu al® u b, TO KOI(JHLHEHT
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1
npu cos (m—+n) x B nponssenennn T, T, Oyaer paben o [a8MalP — p(Mp]

. 1
a KoappuiueHT UpH Sin(m +-n) X — [a565 4- a$pCM). Tlo kpattuen

Mepe OJHH M3 3THX KO3()PHLHEHTOB OTJIHYeH OT HyJd., ITO U JOKa3bi-
BaeT yTBepxkieHue. Takum o0OpasoM, Kaxjioe cJaraeMoe HaIHUCaHHOK
MHTePNOJALHOHHOH (GOPMYb SBJASCTCS TPHUTOHOMETPUYECKHM MHOrOuMe-
HOM MNOpAlKa # M, CJel0BaTe/bHO, BCA CYyMMa TaKxe $BJAfeTCA TpH-
rOHOMETPHYECKUM MHOTOY/IeHOM NOpPAAKa He BbIlUe A,

BoinosHeHde HHTepPNOJALUMOHHBIX YCJAOBUH TpOBepseTcd Hemocpel-
ctBeHHO. Takum oGpasoM, T, (x) peluaeT NmoCTaBJeHHYW 3anauy. MoxHo
6bi;10 Obl He NMPOM3BOIMTH BHIKJALOK C ONpeleJUTENAMH, a Cpasy Hamlu-
catb BblpaxeHHe A T, (X) W NpOBepuTb, UTO BCe YCJIOBUA OyAyT BbI-
MOJIHEHBI,

[lpuBefeM NpuMep HAa NpHMeHeHHe MOJYyYeHHOW WHTEpPNOJALMOHHON

dbopmyah.
[TocTpours TpnrOHomeTpnqecxnﬂ MHOro4Jied BTOpOro nopsika, KoTo-

T 3=n
prift 66 B TOWKax 0, =, o, ¥, 5 NPHHMMAJ] COOTBETCTBEHHO 3Have-

Hug 2, i 0, 2, 0. B 5TOM CJyyae NOJYYHM:

2
sin (% —%) sin (%—%) sin (g — —;) sin (%—%’1)
T2(x):2 Tt p P 3 +_
sin 5 sin T sin 5 sin e

cmxsm(x n)qin( n)sm(x 3n)
1707 2 4)7\2T 2 27 4
+— 7 +
2 sin id sln( _“.) sin ( T 1) sin (i _§_’1>
6 6 4 6 2 6 4
Slﬂism L Z)sin X _Z)sin i—%
49 2 2 6 2 4 2 4
sinﬂ i d d i (n—n)sin(n Ei '
?S“(‘__F)S“ 7))\ 4)

Hucsmress nepeoft npobu Gyner pasen

. (X T\ . [ X =\ . (X =\ . [x 3n
sin (5 — F) sin (5 — T) sin (5 — 5) sin (5 ——4—) =

=—116+ cosx+116c052x—T551n2x.
3uameHaTe/b ce paBeH
. T ., m , W™ , 3% 1
sin & sin - sin o sin = = .

Hrak, nepsas Iip06b paBHa

-i—cosx —{—~ cos2x — l[Qism 2x,
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Yycaute b BTOPOrO CJAaraeMoro aact

X L (X m ,n(x LAY E 3w\ 1.2
SIH~Q-SII](§ Z)Sl §—§)Sln(2———4—)——§sm X,

a 3HaMeHaTeJb

wl

si T, T . T ., It V
_— ngslng'slnﬁslnﬁ——T,

a BTOpOe cJaraeMoe paBHO

3 .
—3—sm 2x.

Yucaurteab TPEeTbero CJaaraeMoro paBeH

inf_in(i_i)sin(x_i i __x_3“)—
St 5~ Sili\ 5 — 7§ F) 4)5"(2 1)

V3 V3 V3 1 .
_Ts_i'"s_cosx__lfTCOSQx_ﬁstx‘
a 3HAaMEHaTeJab

7t 7t 3n
COS—= COS — COS —/— —<

. T
SI & 5 Z 1

2

V3
4 ?
H TPETbE CJlaraeMoe paBHO

1 1 1 .
——cCcos X+ —cos2x 4+ —— sin 2x.
2 2 2V'3
CKJIallbIBaﬂ HafileHHbIE Bblpa)i(eHI/lﬂ OJ9 KAXA0ro M3 CJaraeMbix, noJjave
YUM:
Ty(x)=1~}-cos2x.

[poBepko#t yGexknaemcs, uTO AeHCTBUTENBHO 3TOT MHOTOU/JEH YIOBRJAC-
TBOpAET BCeM YCJOBHUSAM,

Ecan uHTepnoampyemas ¢yHKkuHg deTHasds, TO eCTECTBEHHO HCKaTh
YeTHBIHl MHTEPNOJUpYIOMHE MHOrousteH., TOUHO TaK ke 149 HeYyeTHBIX
HHTEPNOJMHPYeMblX (PYHKIHMH ecTeCTBEHHO Pa3bICKMBAThH HEUETHBIH HHTEP-
NOJIMPYIOWKMHA MHOTOUYJIEH.

Paccmorpum chawama cayua#h udertnbix ynxumii f(x). Tlycts f(x)
3anaHa Ha orpeske [—w, -+-w]. B xauecTBe 6asucHOR CHCTEMBI HHTED-
NOMUPYIOUX (PYHKUHUA BO3bMeM

1, cosx, cos2x, ..., cosnx,

Kawnas ws dynkunit atot cuctembl Takxke derHas. [109TOMY MbI MOXeEM
3a1aBaTh y3.Jb HHTEPNOJHPOBAHUS Ha KaKOH-HUOYis H3 MOJOBHH pac-
CMaTpuBaeMOro otpeska. BmiGepem moayortpesok [0, w). Tlyctb Ha HeM
3a1aHBl Y3JBl X;, Xj, Xg o-., Xy H Yo, Vi, Vo, oe., Yp— COOTBET-
CTByIOlIMe MM 3HaueHHs Gyukuun f(x). Ecaum cpenu ysaos HMeeTCH
Touka 0, TO OyleM CuMraTb, YTO OHA COOTBETCTBYET X, [locTpouM
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TPUTOHOMETPHUYECKHH HMHTEPNOJAUMOHHBIA MHOTOUYJEH NOpsaAKa n, MNpu-
HUMAOWHA B TOYKAX Xy, Xy, ..., Xy, — Xy, — X3, ..., — X, COOT-
BETCTBEHHO 3HAYEHHA Yy, Vi, «e+y Yno V1. Vo, - ., Vpo Mb MOXEM
NPUMEHHTb NpPeIbIAYyLUIHe PACCYXKAEHHS, TaK KaK AJdHA OTpe3ka paBHa 2.

[lpu sToM noaydum:
Tp(x)=

X—Xy . X4+Xx . X—xy5 . X+ x L X— Xy Xdx

§ sin > ! sin _; 1sin 5 2 sin _|2_ .. .sin 5 ® sin _E L
=T —x Xo—+ x — X x—|—x Xo— X, Xo-- .
sin =2 sin =0 1gin X0 2 sin 20 2 . .sinT0 ?gin 2070

D] 2 2 2 5 P T o

X—Xp , X— Xy ., X X X — X; X Xi~
n On 1111 +1 i‘sm +’Ll

sin ) si 3 S 2 ... sin o) o)

+ E Vi - X;— X X1+ i XL Kim1 g X+ Xt

sin sin s
2 2

X

Xi— X
sin =% ! sin
i=1 2 2 2
x+xi in X %n x—|—xn n x—xo L X— X

.. sin sin -

- : + > i 2 2
in xi—|-x1 Xi— Xn x1—|—xn ? g =X X g X H

sin ...sin 5 5 5

*X+ X sinx+xi~1 sin 2K g X Xia
% 2 2 2 2
— X — X — X%+ Xl gy X X g T Ki— Xiyy

sin—Q——-—...sin ) 3 5

X — X -+
n gin X Fn
X 2 2
sin — xiQ_ *n gy — xi2+ *n

.. sin

Ucnoabsavem ¢GopMy.Jibl

s X—Xp . XX 1
sin = k sin _E % = = (cos x — cos x)

. Xg— Xg . X+ X 1
sin =% sin '_E b — 5 (cos 1, — cos xy).

Jlpo6b, crosduias B nepBOM CJaraeMOM, NPUMeT BHI

{CO5 X — COS X1) (€CO8 X — COS Xo) ... (€COS X — COS Xp,)
(€Os X5 — €OS X7) (CO8 X5 — €O8 Xg) ... (CO8 X5 — €OS Xp) °

OO6belMHHM YJeHbl C OJMHAKOBHIMH y; 'B nepBoi W BTOpOH cymmMax.
Ouu GynyT UMeTb OOLIMH MHOXKHTEJb

(COS X — €08 X4) (COS X — €OS Xg) ... (€COS X — COS X;_1)
(cos x;—€0s1) (COS X; — €OS Xg) . .. (COS X; — COS X;1) X
(COS ¥ — €OS Xj.41) ... (COS X — COS Xp)
X (608 X; — €08 X, 41) ... (COS X;— €OS Xp) *
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YeHbl, CTOSAILHE NnpH 3TOM o6lleM MHOXHTEJE, AanyTt

X— X X — X
sin % sin ‘

sl

X — X, x+ x;
n 0 sin —; 4

2 +—2 > —
. X X, -
sin 2% gin «, stin X0 g
2 2
X — X x4 x; Xi+ xo X —x; Xi— Xy
sin
_ sin 5 (sin 5 sin 5 -+ 5 sin 5 B

Xi— Xo X; 4 Xo
5 sin )

% sin x;xo[cos x;xo —cos (x—l;xo_’_ x,) 4+ cos (X—|2—x0 -—x;) —cos x——xo]

sin sin x;

1
5 sin x (€08 xg— COs x;)
X— Xy, X+ xo

2 2 €OS X — €OS X
sin x; (cOs Xo —€OS X;)  €OS X; — COS X"

2 sin sin

sin x;

Takum o6pazoM, T, (x) B 3TOM cayuae OyAEeT WMETb BHI

T, (X)= i s ( (€os x — cos xg) (COS x — €08 X¢) ... (€OS X — €OS X;_1)

€OS X3 — €OS Xg) (COS X; — €OS Xy) ... (COS X; — €OS X;_q)
i=0
% (€OS X — COS Xj4q) ... (€COS X — COS Xp) )
(cos x; — €OS X;1q) .. (COS x; — €OS Xp) °

D10 OGynerT 4YETHHH MHOTOW/NEH, MpPHHUMAaWIKA mpu x=ux; (i=0,
1, ..., n) x;€[0, ©) aHauenua y;.

[lpuBenemM cAeAyIOIMHA YHCIOBOH MpPUMEP.

[locTpoHTh YETHHIH TPHUrOHOMETPHYECKHH MHOTOYJEH, KOTOPHHA TpH
T
T’
B srtoM cayuae OyneM HMeTb:

s X — coS — (cosx cos —
co i\ 2

T T +-

c0s 0 — cos — }|{ cos 0 — cos -
(sos0 =0 gm0 e 5)

T
x=0, - TPHHHMAET COOTBETCTBEHHO 3HAYEHHS 2, 1, 0.

T2 (x) =2

(cos x — cos 0) (cos X —cos %)
—+1 . =
(cos L cos 0) (cos L cos i)
4 4 2
2

= Vi1 (V' 2 cos? x — cos x — cos? x - cos x) = 1 4 cos 2x.

CoBepuieHHO aHaJOTMYHO MOMKHO MOCTPOUTH HEYETHBIH MHOTOYJIEH, KO-
TOPHH NPH X=X, X3 ..., X, X;&(0, ™) NpuUHUMaeT 3HAueHHd ¥,
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Yau vees Yy Jna sTOrO GyneM CTPOMTL TPHrOHOMETPHUYECKHH MHOrO-
yien T,(X) nopsaika n, KOTOPHH B TOYKAX — X,, ..., — X1, O,
Xi» «»+, X, TPHHHAMAET COOTBETCTBEHHO SHAYECHHA — ¥, — Vp_ 1, »+ -
ceer — ¥ 0, ¥, .., ¥,. B 3TOM cayuae

n — x —x; X -
sinisinx——ﬁsinm vevsin 2T Fim1 g —|—(x¢ !
.= E:y ) ) ) D) 7
n = i ) — R —_ ]
el sin % sin ’9—2—{1 sin {%ﬁ ve.sin 22 2x¢_1 sin 24 —|—2x¢_1
X X, —_
nx+xisinx Xit1 sinx+ L=} ...sinx—{ﬁsinﬁ—ﬁ
% 2 2 2 2 2
sin FE Kb g K — Fart o Kot Xoar g Ki— n o Ko+ X
2 2 2 : 2 2
sinx sin x—l—x1 T e sinx_l—xf"1
3 2 2 2 %
— E 2 —
sin — —— sin Mg x;-f—x1. Losln X Xin1g ‘+ Xi-t
2 2
—x; —x x4 x, —
sin X Fign % 41 sin + Xizs coosin 2T g X + Xn
% 2 2 2 2 2
sin _X‘; Xi gjp ; Xitl g —xrg Xit1  sin —x,2— *7 5in _x‘;_x”

Kax u mpexne, oOHapyxuM, 4YTO €CJH OODBEJAMHHTb YJAEHB C OLMHAKO-
BEiMH J;, TO MOXHO GydeT BHIHECTH OOlIHe MHOXKHUTEAH:

X
sin 5 (cos x — €0s x1) (€COs x — €OS Xq) +.. (€COS X — €OS X;—1)

X

X
sin 7’ (€os x;— €Os xq) (COS X; — COS Xy) ... (€OS X; — COS x,-_1)

% (COs x — €08 x;4.1) ... (COS X — COS Xp)
.
(cos x; — €08 x;4.1) - .. (COS X5 — COS xp)

Kosdduumentamn npu 3THX OOLINX MHOXKHTENSX OyayT

X+ x, X — x; X X

—_— in ——* _— 2
n—sy s 5 2 cos 5 sin 5

sin x; sin x; sin x; )

Wrtak, oxoHuaTeNbHOE Bhipaxenwe aas T, (x) OyaeT HMeTb BHI

T, (X) = E . sinx (COs x — €08 xy) ... {€COS X — COS X;_1)
n Vi S Xx;(COs x, — €0s Xq) ... (COS X3 — COS X—1q)

% (cos x — €08 x;4.1) ... (COS x — €OS Xp)
(cos x; — €0S X;41) ... {COS x; — COS Xp) °

5

310 OyneT HeYETHHIH TPHrOHOMETPHYECKHH MHOrOYJIEH, MPHHMMAIOUIHA

MpH X=X, X3, ..., X,, X;€(0, ©), sHaueHns y;, ¥,, ..., y,. [1pH-
BeJeM M JJ9 3TOTO CJy4as YHCJIOBOH NpHMeED.
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TMocTponTh HeuyeTHHH TPHIOHOMETPHYECKMH MHOTOUJNEH. KOTOPBIH

npH x=%, < TPHUHAMAET 3HAUCHUH 1—-}—%—2—, 1. Tlo ofuweit dopme
OyneM HMMeTh:

ki1 ki1
sin x (COSX—COS——) sin x(cos x—cos—)

2 2 4
TZ(x)=(l+12 ) T n n +1 ™ o ke
sinT (cos vy — COos ~2-) sin—i (cos ~2-—cos T)
=<1 +—1—/§2>2smxcosx—fsmx<cosx ——-‘%}2-)=sinx+sin 2x.

TlpoBepko#t yGexnaeMcd, YTO STOT MHOTOUJEH YIOBJETEOPAET MOCTABJEH-
HBIM YCJIOBHSIM.

Kak Mbl BuEeaH, NPAKTHYECKOE TMOCTPOEHHE TPHTOHOMETPHUYECKHMX
HHTEDMOJAUHOHHBX MHOIOUJEHOB upe3BhYaliHO rpoMosixo. Ecrectsenno
OXKHJATh, YTO €CAHM y3JH PaBHOOTCTOALIWE, TO 3a/aya ynpocTurca. [lo-
CTPOEHHE TPHTOHOMETPHYECKUX MHOTOUJIEHOB JJS CJayyas PaBHOOTCTOA-
HIAX Y3JOB COCTaBJseT 3ala4yy rapMoHudyeckoro anaamsa. K stomy Bo-
NPOCY Mbl elde BEPHEMCSl B pasjene CpelHEKBAAPATHYHBIX NPHOIHKEHHH.

Taxk kax nociennue IBE 33Ja4d HMEIOT BCErJa €IWHCTBEHHOE pelle-
HHe, TO cHcTeMbl ¢QyHkuuh 1, cosx, cos2x, ..., cosnx W sinx,
sin2x, ..., sinnx nepsas ua ([0, =), a Bropas Ha (0, ) obpasyior
cucteMb Yebrnimiena.

§ 11. O6mas 3apada HHTEPNOJMPOBaHHS aareGpandecKUMH
MHOTOYJIeHAMH

1. UntepnoasnuonHbif mHOrousen IpmurTa. Paccmorpum Tenepsb
Gonee oOwlyl0 3anauy, YeM Ta, KOTOPYIO MH pewanu. IlycT Ham 3amana
6asucHAn CHCTeMa MHTEPNOMALUHOHHBIX GYHKUHA @) (x), ¢ (X), ..,

®p(X), ... Ha [a, b]. Tpebyercss HaTH Takyl0 WX JHHEHHYIO KOMGHHa-
1LHI0
m
90 = 2 ci9i (), M
170
P(X) =3, ¢ XY=y ... ¢V (x) =y,

P(x)=y,. ¢ (xl)—yl, . cp(“*“‘)(x)—y(“*'”

\
, .
Px) =Y, ¢ )—y,,. g ‘)(x,)—y(“ w0, J

rie yY) — sapaunpie uwncna, a x;€[a, b (=0, 1, 2, ..., n; x; =+ x;
npu [ = j). Tax xak 4YHCAO YCJAOBHMHA, KOTOpBIE Mbl HAaKJaAbBAEM
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Ha ¢ (X), paBHO @y—4-0a;+ ... 4@, TO LA TOrO, 4YTOOH HAIUA 3a1aya
BCErla WMeJa €IMHCTBEHHOE pelleHHe, TpebyeTcs, uToOH
m=og+a;+ ... +a,—1 (3)

u

o (%) ?1 (%) cor Om(X)

4 4

P (%,) ¢; (xp) con By ()

eV () gfnh () B R N ) )

Po (%1) ¢ (x0) cor Pm(¥y)

R CA R N R RIS

Mbl He OyzeM 3lecb BXOLMTb B NOApPOOHOCTH oOuwlero ciayuas, a orpa-
HAYAMCA JMIIb  aare6panyecKUMH MHOTOWIEHaMH, T. e. TOJOXHM
93 (x) = xt,

Wrax, waM TpeGyeTcs MOCTPOMTL anreGpanyecknih MHOTOW/EH CTe-
TNeHH He Bblle m, YIOBIETBOPAIOUIMA NOCTABJEHHBIM BHILIE YCJOBHSIM,
[lpeanonoxuM, YTO TakOH MHOrOYJeH CYIIECTBYeT, H OOO3HAYHM €ro
vyepes H,, (x). Hapaay ¢ H,(x) paccMOTpHM HHTEPNOJIALHOHHHIR MHO-
rounex Jlarpawka L, (x), npuHuMaloumui B TOYKAX X4, X;, ..., X, 3Ha-
HeHRd Yy, Vi, ... Vn. Pasuocte H, (x) — L, (x) pomxna 6HITh MHOTO-
YJIeHOM CTENeHH He Bhillle m, OOPaUIAOLIMMCA B HYJb B TOUKAX Xy, X,
X3, .., X,. ClepoBarenbio,

Hyp (%) — Ly (X) = 0, (X) Hpp_, (%), )
TIE
o, () =((x — X)) (x —xp) ... (x— xp). (6)
[Mpu moGom muorounene H,,_, (x) obyukuus
Hyp (%) = Ly, (X) + 0, (%) Hpy_, (%) @

TIPMHAMAeT B y3/aX WHTEPNOJHMDOBAHHA 3HaueHus ;. [lonbGepeM Temepsb
Hy,_, (x) Tak, MTOOB OHJM BHIMOJHEHE M OCTA/JbHEIE YCJ0OBHA. Jln(-
¢epeHunpya obe uwactn pasenctBa (7), MOJAy4HM:

Hi (%) == Ly (%) + 0 () Hpy_p, (%) - 0, () Hy (%) ®)
Tlonaraa specb x = x;, 6GyneM WMeTb:
Hip (353) = Ly, (%63) - 03, (%3) Hyg_p (X ©

Tak kak of (x;) + 0, TO B KaX1OH Touke, B KOTOPOH B3amaHo H (x,),
Mb HafineM H,, ,(x;)). Iuddepenunpys euie pas, noayumm:

Hop (%) = Loy () 4 03 (%) Hyp . (%) 4 203, (%) Hyy_n (%) +
—+ 0 (%) Hen (%) (10)
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[Tonaras cHoBa x — Xx;, Halnem:
Ho () = Ly (%) + 03 (23 Hpp_ (6 203, (%) Hrn (6. (11

WNa sToro paBeHCTBa MH CyMeeM HalTH H;n_n(xi) B TeX TOuUKaxX, B KO-
TOPHIX 33JaHH H;',, (x;). lponomxum stor mpouecc nanee. Kawami pas
ko3¢ duuneHTOM Npu crapued npoussosHo# oT H,, ,(X) B TOUkax X;
6yner m;(xz.)_ Takum ob6pasom, Mb cBeleM Hamy 3anayy 00 OTHICKAHHH

H, (x) x 3anaye 06 oThickawuu KH,_, (X), yAOBJIETBOPAIOILETO yCJO-
BHAM:

H )= 25 Hiyon (5 2o o HED (29 = 2P0 )

Hp ) =21 Hpon() =21 ..., Hulg (x) =257 (12)
d ‘ «,—3 «, —3

Hp n(X) =2, Hpon(X))=2n, ..., anfn )(xn) = 2,(‘ n )-

rae 2\ — uwssecTHpe unmcaa. K H, _,(xX) npHMeHMM TOYHO TaKO# Ke
npueM. IloayunM HexOTOpHE YCJAOBHSA, HaJdOKeHHbe Ha FH,_, (X).
B koHue xOHIOB, HaM mOTpe6yeTcs MOCTPOMTb HHTEPMNOIALHOHHBIA MHO-
rousex Jlarpanxa mo JAaHHBIM B HEKOTOPHIX TOYKAX X;.

TMocMoTpuM, KakoBa Xe OYNeT CTeneHb NOJYYEHHOrOo TakuM obpa-
3oM MHorouneHa H,, (x). Ita cTemeHb GyleT paBHAa YHUCJAY Y3J0B, B KO-
TOPHIX 3aJaHBl Y, IUIOC YHCJAO Y3/0B, B KOTOPHX 3aiaHBl y;, MJIOC
YMCJIO Y3JIOB, B KOTOPHIX 3alaHBbI y;.’ U T. ., TIIOC YHCJO Y3JO0B, B KO-
TOPH X 3afaHBl CaMbple CTaplUHe, BXOASALIME B YCJNOBHA, TPOW3BOAHHE H
MHHYC elMHHLA.

Taknm o6pasom, s3Ta CTeneHb paBHa

o+o%+ ... +a,—1l=m,

4To M TpebOoBaNOCH.
[MocTpoeHHBIE HaMH MHOTOWJIEH eIMHCTBEHHBIH, KOTODHI YJOB/ETBO-
pfeT MOCTaBJeHHBIM YcJAOBHAM. J[leRcTBHTENBHO, ecan Ob HMeJoch IBa

TaKkux MHOrouneHa H,, (x) u H,(x), TO uX pasHoCTb
Hm (JC) - ﬁm (JC)

npeactapaana O6bl cCOGOH MHOTOUJMEH CTENEHH He BLIE M, WMEIOIMH Ha
oTpeske [a, b] m 4+ 1 xopHe#t (C yyeTOM KpPaTHOCTH KOpHeH), uTO He-
BO3MOXHO. Jla H caM TpOYECC TOCTPOEHHA B CHAy TOTO, 4YTO BCE
Hm_ni(x) ofnpeleNuCh eIWHCTBEHHEIM 00pasoM, NaeT OCHOBaHHA yTBEp-
HIATh €AMHCTBEHHOCTh MOCTPOEHHOTO MHOrouJjeHa, [lpuBeneM npuMepn
Ha MOCTPOEHHWE TAKHX MHOTOWIEHOB, KOTOpble MHl B laJbHefiuieM OyneM
HA3LIBATb UKMEPROAAYUOHHBME MHOZO4ACHAME Spruma,
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Mpumep. Tlycte 3Hauenns f(x) M ee NPOU3BOAHLIX B TOYKAX
x=0, 1, 2 3anann Tabauueh:

x 0 1 2
y 1 2 129
y’ 0 7 448
% 0 1344

HaliTu uHTEpnoaauuOHHBIH MHOrOY/IeH DpMuTa.
Wntepnonaunonnsii  MHorouseH Jlarpawxa L,(x) B 3TOM cayuae
Oyner paseH

Ln=1%DE=D | 92D 4 9oX D 6300 6204 1.
Orcona
H,(x)=63x2—62x 4+ 14+ x(x— 1) (x —2)H, (x).

JuddepeHurpys 3TO BHpaXeHHEe, HAXOLHUM:
H7(x) = 126x — 62 + (3x2 — 6x 4 2) H, (x) 4 (x2 — 3x%+ 2x) H] (x).

[ToacTtaasas ciona 3vavenns x =0, 1, 2, noayunm:

H, (0)=31; H,(1)=57; H, (2)=129.
Bropas npowuasoaHas or H,(x) uMeeT BHI
HY (x) =126 4 (6x — 6) Hy (x) + 2 (3x2 — 6x + 2) H  (x) +

+ (x® — 3x2 4 2x) H} ().
Orciona HaxonuM 3uauenns H; (x) B Toukax 0 u 2:
H,(0)=15; H;@)=111.

Wrak, HaM HaRo HaHTH MHOrouieH H,(X), yLOBAETBODAIOLIHA YCIOBHAM:

H,(0)y=31; H,(1)=57;, H,(2)=129;

H; (0)=15; H,(2y=111,
3anuceiBaeM €ro B Bule
H=31 8= DEZD | 57 XED 4 ygg x2D

A2 (x— 1) (x—2) H, (x) = 23x2+3x+31 +(x3—3x2+ 2x) H, ().
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JuddepeHuupya, HaxoAuMm:

H, (x)=46x -3 4~ (3x* — 6x < 2) H, (x) + (x® — 3x% 4 2x) H (x).

TToncrapaas ciona x =0 u 2, onpereaseM

H, (0)=6

Orcrona '
Hi(x)=x46
B
H,(x)=(63x2 —62x + 1)+ x(x — ) (x — 2)[23x2 4 3x + 31 4
X (x —1)(x —2) (x 6 =14 x7.

PaccMOTpHM enie OIMH MpHMED.
Ha#iTH MHTepNOAGUMOHHBIYI MHOrOUJEH JPMHTA, MPHHAMAWOMWHKA B TOY-

XaX Xy, Xy, ..., X, SHAUEHHS Yo, Vi, ..., Y, W HMEOMHH TaM Npou3-
BOLHbIE, PABHEE Y., Vi, ..., ¥,. B sTOM cayuae

Hp ()= Ly (X) 4 0, (x) Hypy_p, (), (13)
rie

O, (X)=(Xx — X)) (X — X)) ... (X—X,).

IuddepeHunpya, HaiaeM:
Hy () =L, (x) 40, (X) Hp_p () F-0,(x) H,, _ ().  (14)

OTcona
Vi =1L (xz)+m,¢ (xz) H n(xz) (15)
7!
’ _ LI i
Hypy_p (%)= _yi_T_”_(x_)_ .
mn (‘x'b)
Yrak,
)', Ly (x;) o, (x)
m—n X)= ~ . 16
*)= ‘_“1 o) (x— %) 0, (X) (19
Hycts
w, (X)
= Ly; (x). (17)

(X — X;) 0 ()

TOl'Ila HHTEPNOJALHOHHbI}} MHOrO4YJEeH SpMI/ITa MOXKHO 3amucaTh B Bule

n n ’ _ L/
Hn (0= D 0w )+ Ron 22D g )

10 =0 n ( i)
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IMocaeaniolo cymmy pasoObeM Ha JBe 4YacTH:

n

an(x)——MLm( 9=

im0 on (%)

n L, ;
i Lm 0 =0, ) X L.

i=0 iz ©n )

[lepBoe caaraeMoe B MpaBO# 4YacTW 3amMHIUEM B CJEAYIOLIEM BHIE:

Zy@ L,,,()_Zy(x—x,)Lm(x)

i=0 =0

Bropoit ufeH moABeprueM HEKOTOPHIM MPeOGPA30BAHHAM:

00 32D Ly — 0,0 3 3 P (D ”L"f( Ly 0 =

i=0 n( ",) 1=0 J—O
= e D Zysz 0 20D 1, 09,
j=0  i=0 (%3 i=0  j=0 ( *3)

TaxuM 06pasoM, HCXOMBIHf MHOTOUYIEH MOXHO 3amucaTh Tax:

H (x)—Zy,iLm(:o Vo0 2D 1ol o
i=0 j=0 ( j) J

+2}’: (x — x3) Li (x). (19)

§=0

PaccMoTpuM Temephr BhIpaweHHe, CTOsilee B CKOOKaX NMOA 3HAKOM mep-
BOH CyMMHI:

Pi() =Ly (2) — 30, (2) "'((xf)) Luj (). @0)

=0 J
910 — MHOrouseH cremeHn 2n - 1. Tlpn x — x;, noayunm:
Py (%) = Ly (1) = i 1)

Mrak, Ham MHOrou’aeH oOpaiaeTcs B HyJab NMpH BceX Xx; (k=+i). Pac-
CMOTDHM TpPOHM3BOIHYIO STOrO MHOT'OY/EHA

] / , QO Lne (%) N ED
Piw=1, (x)_m”(x)gﬁ%(x)—mn(x)g i
j=o "

. (6] .
J j=0 “n{%

L:,,j .
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[lpH X = Xx; MOJAYYHM:

Oy Lo (%
Pi(x)=L,; (x3) — o} (x3) 2 ,__32 Ly (xp) =
j=o o, Xj) ) )
= Lpi (%) — Lni (x)=0. (22

’

TaxuM o6pasoM, P,(x) uMeeT IBYKpATHHIH XOpeHb INpPH BCEX X = X,
k==i. CnenoBaTe bHO, 3TOT MHOTOY/JEH HMEET B XaYECTBE MHOMXHTEJs
2
oy, (x)
(x—x)2
caTh B BHle

Tax xax crenenwr P;(x) pasHa 2n - 1, TO ero MOXHO 3amu-

Pi) =D A4 B (x— )l @3)

OnpeneanM xo3¢duuuentst A u B. ITlonaraa B mocieiHeM DaBEeHCTBe
X = Xj, TOJYYHM: .

4
Orcrona

1
2 °
o (X3
Hugdepenunpya paBenctBo (23) M moJarasg 3aTeM X — X;, HalaeM:
’ ’2
0 =P, (x;) = o, (x3) ©, (x3) A+ o] (x;) B.

A=

Orciona
e
B=— .
"’:13 (xp)
Koasddpuunent P;(x) MOKHO NMpeACTaBATb B APYrOM BHIE:
2 ”
P;(x) = —" (XL [1 - m?(x_‘i) (x— xi)] =
(x — x)Pon (%3) 1 on (%)
— L (x) [ 1 —ft‘(—xi)(x—xi)] :
©On (xi)
Hrak,
] n
Ha =Y, { _ o ’;( — 2 Lo ) - X r— ) L2 )
i=0 =0

OxonuaTteabHO MOJyuaeM:
-
Hm(x)=2{yi[l— "E ’;( x,)] +y; (x—x,)!Lm(x) 249
i=o0 \ al?g

2. O6muit BHA HHTEPNOJALMOHHOTO MHOTOWJeHa Jpmura. Halnem
Teneph oOMME BHA HHTEPMOJALUHOHHOTO MHorouiewa JDpmura. Ilas storo
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MOCTPOMM MHOTOUWAEHE! H;;(X) CTeneHH He BHINE m, yIOBJETBOpAIOLIHE
CeIYIOIHMM YCAOBHSIM:

Hy(x)=H (%)= ... =H}F (x,)=0, i+&k,
H, (%)=Hyx)=...= HE D (x)=HE" (%) =HS5=(x ) =0,
H)=1 (¢=0,1,2 ..., 1 j=0,1, 2, ..., ay—1).
(25)

Tax xak H;; 001andeT B TOUKAX Xg, X1, «vvy Xj_g, Xjbps + = +s Xy HYJAMA
COOTBETCTBEHHO KPATHOCTH Oy, O, « v vy Gj_q, Ojtqs ++o, &, @ B TOUKE X;
HyJeM KPAaTHOCTH j, TO

Hij=(x — %)™ (x — %)™ ... (¥ — x;_)"i=1 (x — %)’ X
X (X — L )L L (X — X,)" Hyj(x), (26)

rae H;;(x) — muorounen crenenn o; — j — 1, He oOpaialomnica B Hyab
npu x = x;. IlpeiacTtaBHM ero B BHIE

Ay =AY + A)(x—x)+ .o AL (2 — X)WL @)

k
Jna onpeieneHds K03pPHIHEHTOB A§j) BOCTIO/Ib3YEMCSHl TEM Ke T(PHEMOM,
yTo W B npeaeayuieM npumepe. Ilyctsb

Rx)=(x—x)" (x —xp)™ ... (x — x)"". (28)
Toruna
A\O A(l) (x x )+ —’—A("S_]-l) (x— xi)“i"’_l —
(x—x)% 7

="g5w Hi;(x) 29)
[ToACTaBASA CIOAA X = X;, NOAYYHM:

. — )i :
A9 — lim [ W) T iy } (30)
z>a, 2 (x) (x — xg)?

IlepBoe oTHoOLleHWe HenpepHBHO NpU X = x;. ChenoBaTe.bHo,

% %4
lim [(x—xo ]=[ (x — x4) ]
wl—>wi Q (x) 2 (x)
TIpenen BTOpOro OTHOLIEHHs Halaem no mpasuay Jlonutans:
[ Hi; (%) ]_ i H%) (%) _ 1
(x—xy

w=wi

] - =

lim
w—)w‘

i

>z /!
Urax,

(x—x)™
AY = i [___Q (x; ]w=w¢' @1
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AHANOTHYHO HAXOAUM KO3(DPHLUHEHTH A%';-’:
L3
ﬂ[u—nﬂ mnn]

1
AR — " im .
T o>z, dxF Q) (x—xp)

(32

[pumennM npapuio JleH6nuua ans LuddepeHIUPOBaHHS TIPOHM3BEAEHHS
. .3 k . -
i[(X—Xi) i Hy(x) }z\ﬁcp[ (x— x)8 ]””[ Hyj (%) ](k »
dxk Q(x) (x—xy) 2 (x) (x — x5y

dd
IlponsBoansie

p=0

HENpephIBHE B TOUke X = X;. [losTOoMYy

. (x—x% 1P [ e—xp @
‘m['gm ] —[ o) ]

3

&> Z’i w=wi

Jlaa omnpenenenus

lim

w—)wi

[ Hij (x) ](k—P)

(x—x;)

i
BOCNONb3YEMCSi TAKHM K€ MPHEMOM, KaK H [ OTHICKAHHSA Agj). MHoro-
unen H,,(X) umeeT crenens He Bhime m. On jeantca ua (x — x;)’. Cie-

JAOBaTeJbHO, €r0 MOXKHO 3amnvcaTe B BHIAE

Hy;j(x)=Bf) (¢ — xy +Bf (x — x* '+ ... + B (x — )™

HJIH
Hiz (%) - -
(727)],:33‘;)-1-33) (x—x)+ oo + BT x—x)™,
- 1
OTciona

Hy; (x)

(k—p) 5-p)
li — =k—p!B; .
w—)w{[ (x_xj)J] e

Ho B&’;"p), Gyayun ko3pdHUHEHTaMH pasiowenus H;;(x) mo crenensam
{(x — x;), 3anMCHIBAIOTCA B BUle
BE-P _ HYEP) (1)
¥ T TUtR=PT
B namem ciyuae

J+e—rp<Li+rLity—j—1l=04—1,
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Takum ofpasom, B%‘""’ OT/MHYHEY OT Hy/s TONBKO MPH p=R, U B 3TOM
cayvae
o__ 1
Byj = T
Hrak,
A(k) 1 11 dk [ (x —_ _xi)ui Hij (x) ] ] —
k! z>z4 dx Q (x) (x—x)?
1 x—xp% 1®
=— [ ( ) ] (33)
Rl j! 2 (x) P
n .
1 2 S (x—x)" 1 "
Hy () = ————— _[__L] (x—xp)". (34
v 7! (x— x5 k§0 k! Q (%) vea, g

Mcnoabsys moctpoennsie Hamu  ¢yukunn H;;(X), HeTpyAHO HamucaTth
BHpaxenue aaa H,, (x). Jlerko BuieTh, 4YTO

n %1
Hp()= 2 3 ¥PH, (%)
1=0 j=0
UJIH
u-—lu..]- (%)
L[ (x—xp° 2
H,(x) = 20 on ]‘20 4jkl 7 [ 2 L=wi (x_xi)ai—j-k (35)

3. OcTaTounbil uneH unTepnoaAHo ol Gpopmyant pmMuTta. Tipous-
BEJEM OlIEHKY OCTATOYHOTO 4Y/eHa HHTepnoAAuUHOHHOK dopMyas DpMuTa.
[pn sToM ™Mbl 6yneM TpeOoBaThb CYLIeCTBOBaHHA npouaBoanolt (m -+ 1)-ro
nopaika OT HHTeprnoianpyeMoR ¢yHkuwn f(x) Ha orpeske [a, b), Ha ko-
TOPOM HaXOMASTCS Y3/1b HHTEPMOJAHPOBAHHS H 3HAUEHHE X, A8 KOTOPOro
NPOH3BOJANTCA HHTEPNONWDOBAHHE, ¥ CYIUECTBOBAaHHA M HEMPEPBIBHOCTH
BCEX TIPOM3BOJAHEIX HH3IUETO MOPAJKa.

PaccMoTpuM BcmoMoraTebHYI0 (YHKIHIO

$(2)=f(2) —Hp(2) — K2 (2), (36)
rae K — HeKoTopad mocTosiHHaA., JTa (PYHKLHUA HMeeT HYAb KPaTHOCTH o
B TOYKE X HYyJb KPAaTHOCTH «; B TOYKE X; H T. H., HAaKOHel, HyJb
KpaTHOCTH a, B Touke X,. IloaGepeM K Tak, uToOm {(2) OGpaTuiacs
B HyJb B TOYKE X, Il KOTOPOH Mbl NMPOW3BOAMM HHTEPMOJHPOBAaHHE.
DTO BO3MOXKHO, TaK KaK TOrAa

K— ) = Hu (2)
2 (x) ’

a 2(x)£0. Ha ocnosanun Teopems Ponnda npousponxas ¢’ (z) oGpa-
THTCA B HyNb B n -1 TOUKaX B HHTEPBa/MaX MEXAY X, Xo, Xy, ..., X,
H, Kpome TOro, OyleT HMeTb HyJaW kpatHocte#t ay— 1, a;—1, ...,
a,—1 B Toukax x4 Xy, ..., X, T. €. Bcero m — 1 Hyne# Ha mpome-
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wyTke [e, b]. Hanee, moiyunM, 4To BTOpad MPoOW3BOAHAA OYAET HMeTh
no kpalHed Mepe m Hynaell Ha STOM NPOMEXyTke, TPeTbs m — | HyneH
u T. 4. Hakoneu, mnpowussoanasa (m — 1)-ro mopsaika OyleT HMMETb Ha
oTpeake [a, b] mo xpalHeH Mepe onmn uynab. MTak, Ha oTpeske [a, 6]
HafiieTcs mo kpaliHed Mepe oAHa Touka § Takad, 4TO

q)(m'l'l) (E) fr— 0_ (361)
Ho
q)(m+l) (z) = f(m+l) (z) - (m _+_ l)lK’ (37)

Tak kak H,,(2) ecThb MHOTOUYJEH CTemeHH HE BBIIUE #2 H, CHENOBATE/]bHO,
ero mpomsBoaHas (m -+ 1)-ro nopsaxa paBHa Hymo, a 2 (2) ecTb MHO-
rounel crtemeHn m -+1 co crapuuM kos(pduunenToM 1 W ero mpous-
soaHad mopaaka m -+ 1 pabua (m -+ 1)1. Orcrona

. f(m+l) ©® N
K= - 38
Uraxk,
(m+1)
F(xX) — H,, (x) =I(7;:1(% 2 (x). (39)

OTHOCHTENLHO MPAKTHYECKOTO MPHMEHEHHS 3TOH (POPMYyJBl MOXKHO CKa-
3aTh TO K€ caMoe, YTO TOBODHJOCH paHee A MHorouneHa Jlarpamka.
Ha ocHoBanum sTo#t ¢opMyibl, Tak e KaKk M palee, MOXKHO JOKa3aTk
paBHOMepHYW cxoauMocTs FH, (x) x f(x) nHa Ja, b), ecam TOAbKO
f(x) — uenas ¢ynxuua,

B Tex caywadx, xoria uHTepmoJafuHoHHA® (opMyna DpMHTa HykHa
HaM JUIUbL 049 Lesedl WHTEPHOJMPOBAHHA, a He A/ MPHOAHKEHHOTO aHa-
JIUTHYECKOTO MpelcTaBieHnd ¢ynxuwu, TO o6was ¢GopMmyna, KOTOpYIo
Mb Toayuuiu, HeyroGua. Korma wmu usyuananm cdopmyay Jlarpanka, To
Okasanoch GoJee BHIOAHLIM Tpeobpa3oBaTh ee k ¢opMe Hriotona. Tlo-
npo6yeM W B caydyae KpaTHEIX y3JM0B MOCTYNMHTh aHAJOTUYHBIM 06pasoM.
Tlpoule Bcero sTo clenaTb, NepeRad k MpeAeNy B MHTEPNOJALHOHHOH
dopmyne HploToHa. D10 mpuBeleT Hac K MOHATHIO Pa3deeHHBIX pas-
HOCTEH € MOBTOPAIOLIMMHCA 3HAYESHHAMH apryMeHTa,

4. PasaejienHbie PasHOCTH C MOBTOPAOMUMHCS 3HAUCHHSAMH apry-
MEHTa. HeHOCpeIlCTBeHHOG Onpelie/ieHne pasfieieHHbIX pa3HOCTEH, AaHHOe
paHee, HENpHroaHO B C./1y4a€ NOBTOPAIOMHXCA 3HaYeHH# apryMeHTa, Tak

0
KaK TIpH 3TOM 0643aTeILHO BCTPETATCA OTHOILUCHHA BHIa 6' Heo6xo0-
JAWMBl NONOJNHHUTEAbHBIE ONpPENCICHHA. Tlonoxum

J(Xos Xg5 o5 Xoo X X5 heus Xp ..o X X oo X)) =
Nt —— .
ko pa3 X, pas kn pas
; R O RS VIRV ¢ )
=11mf(.xm Xa's ...,xS" 3 X x(l,...;

(®:-1) m K —1
Xl 5 e Xy Xnh .. xf,” )), (40)



174 TEOPHS HMHTEPNOJAMPOBAHMA W HEKOTOPHLIE EE NMPHJOXKEHWA [ra. 2

koraa x§) — x; u Bce xi” pasamunni. [Lad cylecTBoBaHMS TaKOTO Tpe-
AeNa HYWHB HEKOTOpHE JOMOJHHTEeJbHBlE YCJAOBMA Ha (yHKUHIO f(X).
Tak, HampuMep, COrJACHO HAlEeMYy OMNpeleneHHI0

f(%g; %)= lim £ (x1) — f (xo) :f/ (%)
2, > 2, X Xp
M C/eJ0BaTebHO, MBI JIOJKHBI MpelmnofaraTh CyLIECTBOBaHHE NPOH3BOL-
HOH [ (%y). B nmanpHeRimiem Mbl 6yleM mpeanojaraTh Cy liecTBOBaHHE H
HEMpPEPBIBHOCTD BCEX MPOM3BOAHBIX OT f(X), KOTOphie HaM BCTPETATCA.
Il usyuvenHs DasiesieHHHIX pasHOCTeH C TMOBTOPAIOUIMMUCS 3Haye-
HHSIMH apryMenta OyAeM MOJb30BATHCA TMOJYYEHHHIM paHee NpeicTasJe-
HHeM OOBIYHBIX pa3lle/leHHBIX PasHOCTER B Bule OTHOIUGHHA OMpelenuTened

1 oxy x5 ...x370 F(%)

1 ox, £ X f(xy

(Xo; Xg5 Xo3 . ..3 X)) = L . 41
[ Xy X ) 1 xg x3...xp7t xy
1ox, 2 oaxpt up

2 n—1 n
1 ox, x,...x,7 x

Jlas coxpamieHus 3amucelt 6yaeM 0003HaYaThb ONpelenHTENb, CTOAILMH

B 3HaMeHatene uepes D (xy, Xy, ..., X,), & ONpeleinTelb, CTOAUHH
B uncawutene, yepes D(xy xy, ..., X5 f).
Ham nyxHO HaliTH mpepmei OTHOUieHHs
™ (ko —1) () (ki =1) m (ky,—1)
D(xo,xo,...,xo ,xl,xl,...,xQ‘ s X Ky eees X ,f)
(1) (ko —1) (1) (k, —1) (1) k, -1
D(Xgn g seves Koo n Xp Xy yeees Xy ,...,xn,xn,....xsb" ))
(2) (2) M H (1
npu X, — x; xXi' = x; . HenocpeacTBennaa noactanoska xo BMECTO Xo

HAYEro He JaeT, TaKk KaK MNpM 3TOM YMC/AWTe]b M 3HAMeHaTenb obpa-
waioTcd B HyAb. Bocnoanayemca npaBuiaom Jlonutana. Tlochae auddepen-
1 1

UHPOBAHHA UHCAHTENd W SHAMEHATedd MO Xy M 3aMeHH x) na X, BTO-

pas cTpoka uuciauTend GyleT BMeTb CJAeAYIOUIMA BHA:

0 1 2% ... (p— 1B F/(x0)
a BTOpaﬂ CTpPOKaA 3HaMeHaTe s n‘epeﬂlleT B
0 1 2% ... (p— Dxf™® pxbt.

3necr uepes p 00603HaYeHO BhHIpakewune Ry+R+ ... +k,— 1.
OcraibHble CTPOKM YMCJAHTENS W SHaMeHaTensd He HaMenarcs. [lpuMene-
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HHe npaBuna Jlomutans OyldeT 3aKOHHO, €CJAH 3HAMEHATeJb OKaXEeTCH
OTAMYHBIM OT Hyad. [lpoBepky STOr0 Mb NpoW3BeleM B daljbHeRIleM.
Yctpemum Temepb % x Xo. OnsaTb NpPHAETCS TNPHMEHATb NPaBHAC
Jlonurana. Tfocne oaHokpaTHoro Aud@depeHUHPOBAHHA YHCAMTENS M 3HA-
MeHaTens MO x5’ W MOCAeAylOmeH 3aMeHsl X, Ha X, Yy Hac coBmauyT
BTOpHE M TpeTbH cTpOkH. [losToMy OyleM AnddepeHLHpOBATL NBAXKALI
W JMIIb TIOCAE STOTO 3aMEHHM X5 Ha Xo. B pesynbraTe TpeTb CTPOKA

YHCIUTENA MPEBPATHTCA B
0 0 2 3-2x5 ... @—2@—1 7 7 (x0).

Tpetbss cTpoka onpelenuTens B 3HameHaTene OyneT TakoBa:
0 0 2 3:2% ... W—2(@—DxI? (p— pxb~>.

[IponomxuM 3TOT mpolecc Aajiblie A0 TeX MOP, MOka He mepebepeM
Bce xi. [ipn sToM mepBule R, CTPOK ONMpeleNHTENs, CTOALErO B YHC/H-
Tene, OYAYT TaKOBH:

1 ox, xf ... xb! f (%),
0 1 2x...(p—DxP? [ (x0),
0 0 2 ...p—D(p—2) " I (%),
00 0 ...p—1...(0—ke+1xf™" £ (%)

B 3naMenaTene OymeT aHanOrMuHas KapTHHA, TOJbKO B KauecTBe f(x)
Hy®HO B3aTh xP.
TMocse 5Toro mpoieiaeM aHajOTMuHBle OMEpalMH ¢ Xy, 3aTeM ¢ x5

W Tak Jasee, moka He mepebepe Bce x. Hetpyamo mpeicTasuth, BO
YTO TepeRIyT NMPH STOM UKWCAHTE/b W 3HAMEHATENb.

[lpoBepuM Tenepb, YT0 HY OJAMH M3 MOAYUMBIUMXCA y HAC 3HAMeHa-
Tene# He oOpatuTcs B Hy.ab, Kax uaBecTHO,

(1) (ko—1) (1) Eo—1)y __
D(xo, Xo's wuns Xy R xn,...,xsbn ))—
=H(x£f)—x§")) i>k wm i=k, j>I)

1
BbuiennM oTciona MHOXKHTENH, COJEpKALIAE xﬁ,). Hoayunm:

D(xy %, ..., sl D)=
=) — ) () — ) < (7 — 20 Dy A D),

Takum obpasom, mpowssoanas snamenarens mo x{) mpu x{l) = x, Gyrer
paBHa

(x(()z) — xo) (x(()s) — xo) e (xfbk"*l) — xo) D (xo, x(()a) s e xfbkﬂ”'l)).



176  TEOPMA WHTEPNONHPOBAHHA W HEKOTOPHLIE EE NPWIDXKEHHA [ria. 2

Bhimensas anecs MHOMHMTEH, COMNEpPKALLHE xg“), MONYYNM:
(xg‘” — xo)EI (x(()s) — xg‘” ) ... (xg‘"' N _- xg” ) (xf)8 — xo) ..
.. (xgkn'l) — xo) D (xo, x((,s). cens xflk"' l)).

2 .
Bropas npoussBoatas mo x{ oT storo Buipaxenns npu x@ = x, Gyner
paBHa

2! (x8 — xo)" ... (™D —x ) D (x, 2, L, £,

AHanoOrWyHO HAXONMM, YTO TPETbS MPOM3BOAHAA OT 3TOTO BHIPAKEHHS
no x® npn x{ = x, 6yner pasna

0 3 k-1 3 @ ko—1
2131 (% — %g) - -+ (xgln )—xo) D (g Xg s eens xﬁln )).
Tponomkaem 3TOT mpoilecc A0 TeX mop, moka He nepebepem Bce x{),
Ok oHYATENBHO nony4nm:
Fo 1 ko =1
2181 (Rg— 1! (3%, — xp)* 7 (30 — xp)* L
E —1 k-1 () k, -1
o (T — )T D (g 2y 20, L x(Fe DY,

Tlepeiizem teneps k muddepenunpoannio no x{). Beaenum w3 nocnenr-
HEro MHOXHTEJd MpeAblAywero BuipaxeHna x{U;

2181 (ho — D (8 — )" () — ) (o — )
o (D =) (o) — ) () — 1Y)

. (xsbkn_‘ H__ x(lx)) D (xo' X, x(lz), o xsbk”—l)).
JuddepenunpoBanue mo x(l‘) ¥ [OCHEAYIOIAs TOACTAHOBKA X, BMECTO x(ll)
danyT:
203N, (Ry— l)l(x‘ ____xo)zko—l(x(lz)_xo)ko—l o

e (T g o )
... (xfbk"'l) —x,) D CAEN x(lz), e, xs‘n_l)).
‘Tenepb BbiieAseM M3 TNOCJAEAHErO MHOXHMTenAd pasHocTH X@ — x;,

x@ — x(, satem nudpepennnpyem aBaxab no x{) u nonaraem x{) = x,.
31o nacrt:

2131 .. (ky— DI2! (%, — x )7 (2 — x )T L
.. (xflk"'l) —xo)""‘l (x(ls) —xl)z e

.. (xfbk"— H )'cl)“‘ D (xo, X, x(ls), ver, x&kn' l)),
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Tpouecc nponomkaem 10 Tex mop, moka ne nepebepem Bce x{/). B konue
KOHILOB, MOJYYNM:

Ko—1

2031, .. (Bg— 12131 ... (B — 1) (%, — %)™ ™™  (, — Xo)
(T — )T e, — )L

. (xsbkn— H_ xl)k’—l D(xo’ X, X, x;l), L x,(,k"—l))-

Teneps Gynem nuddepenunposats mo x{), satem mo x{) u Tax nanee,

3aKaHyuBag Ha xslk"— Y. B wrore wucxommbit onpejeauTenb NepeRIeT B
2131, .. (kg — 112131 ... (By— D! ... 213! ...

k:k.—1
o (By— 1)!1;[_(xi—xj) CIT D (g, Xgy vy Xp)
>

WM, ecau BoiuMcauTb D (X, Xy, ..., X))
9131 ... (kg— 112131, . .(ky— DI... 2131 . .(ky— ) TL (i — x5 2.
1>

TIpH HAWHX TPEANOJOKEHHAX O X W X; HH ONHMH M3 MOJyYEHHbI X TAKHM
o6pasom ompeleantenel ne oOpamaeTcd B Hyab. Taxum oOpasom, Halue
ompelcfienue pasiefieHHBIX pasHOCTeH ¢ TMOBTOPAIOUIMMHCSA 3HAUYCHHAMU
apTyMEeHTOB 3aKOHHO, M 3TH Pa3HOCTH MOXHO BBIYHC/AATb TEM CHOCOOOM,
KOTOpbLI 3leCh MpHUBEIEH.

PaccmoTpum, B 4acTHOCTH, f(Xg; ...; Xg). IlpeicTaBienue sToft pas-

——

HOCTH B Bule OTHOLIEHH ompefleinTeiel OyIeT BHIIAAETb TAK:

F (X0 X5 .. o5 Xg) ==
h—q,—_——/
k pas
2 k-2
1 xy x5 ... X0 F(xy)

0 1 2x5...(k—2xf™% f'(x)

0 0 ... *—2 fF%2(x)
_Jo o o .. 0 FE=D (xg) _ 15 (49
Tl ox, X2 £k xi-t Tok—D T

0 1 2xp...(k—2xE™> (R—1)xk2
(k—2)! (k— 1) xq
00 0 ... 0 (B —1)!

(=1
(=1
(=1
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MoayyeHHble HaMu BHIPAXEHHS pa3fefieHHBIX PasHOCTER ¢ MOBTOPSAIO-
IUMHCA 3HAYEHHSIMH APTYMEHTOB CJMIUKOM TPOMO3AKH H HE MOTYT Cly-
WUTb 1A TIPAKTHYECKMX Boiuncienuil. Ilepenecem Ha HHX Cmoco6 BhUK-
c/eHus OOGLIYHBIX DAa3le/ieHHBHX pa3HOCTeH uepe3 PpAasHOCTH HU3LiEro
nopsaka. IlycTs Ham TpeGyeTcs BBLIUMCAHTH Pasfe/eHHYIO PasHOCTb

f(Xg: X1 o3 Xoo X155 Xp5 oo} X4h eues X Xy oo ad Xp)
k; pas k, pas k,, pas

TlpeanonaraeM, 4TO Bce pasaeneHHble DPa3HOCTH HH3WeEro MNOPsAAKA
y¥e BuluMcheHbl. DyJeM npeanojaraTb Tak#e, 4TO MOJ 3HAKOM pasie-
JCHHOW DA3HOCTH HMMeeTcd MO KpaHHeR Mepe [BAa PasjMUYHBIX apryMeHTa.
MycTe XoTa OB Xg#=X,. A9 cayvas, KOria Bce apryMeHTH MOL 3HAKOM
pa3ieNeHHON PpasHOCTH COBMALAIOT, Mbl yxe MNOayunan yaoOHyio ¢op-
myny. Tlo ompenenenuio,

Fgs o003 Xgb Xy ooy Xi eaas Xt .. Xp)=
N —
k, pas k, par kn pas
= lim f(xo; x®; o x(Fom Dy xs x(Us L
as@—):vl
. 4B, . (1), . k, -1 () 0]
cea X, xnxnxfbn )) (%, #x,)-
Ho
. LD o gm0 (D), . -1, . ¢ D () | T
F(Xgs Xg s oees X0 X505 cees X005 0y X0 X5 e xsbn ))—
— o, | =1 (), (=), O, ko~ 1
_xn—xo[f(xo RS N T PR e ,...,xn,xn,...;xsﬂ ))—
) (ko — 1) 1) (k, -1 1) k-1
— f(xg 2y " eus Xy | 5 Xp Xy w3 Xy D e ))]
(2)

[epexons x npeleay B 06eHX 4acTAX paBeHCTBA NPH X; —> X;, MOAYUHM:

F(Xg Xos oo Xoyw X153 K15 o vas X v ens Xp Xps o0y Xp) =
-~ N trrr— et =
k, pas k, pas kn pas
== ——[f(Xo, erey X0y X3 X5 w0y X3 eaey Xy Xpteees Xn)—
Xp—Xg e e
k,—1 pas R, pas kn pas
—f(xg X0 +- . Xos xl;...;xl;...;xn;...;xn)]_
P St S (43)

k, pas k, pas kn—l pa3



§ 11] 3AIAYA WHTEPNMOJNHPOBAHMA AJrEFPAMYECKHMH MHOTOYJAEHAMH 179

Orcloaa noay4aetcs mpocTo# cnoco® cocTasieHns TaOAuibl pa3jeneHHbX
pasHocTeR (p. p.). B mepBoM cTonbue BbIHCBIBAeM Y3Jibl HHTePNOJHPO-
BaHMA, MPHYEM KaXIbIA y3el MOBTOpSAEM CTO/NbKO pa3, KakOBa elro kpaT-
HocTb. Bo BTOpOM cronbue BHIMMCHIBAeM COOTBETCTBYIOLIME y3JaM 3Ha-
yennd QyHxuuu. B TpeTbeM cTonbie noMeniaeM pasle/ieHHble PasHOCTH,
eCcaM COOTBETCTBYIOLIME APTryMeHTH He COBMANAIOT, MJAM TepBble MpOowu3-
BOAHBIE, eC/AM apryMeHThl COBMaaaloT. B ueTBepTOM cToa0Le MOMeinaeM
paslefieHHble PA3HOCTH BTOPOTO MOPSAKA, €ClAH OHH BBIYHCJAAIOTCA TAK Ke,
KaK 3TO JeAanoch paHee IJs OOLIYHBIX pasfiefieHHBIX PA3HOCTER, WMJH Ke
NpPOH3BOAHEIE BTOPOrO NOPRAkA, HeJeHHble Ha 2!, ecanm apryMesThl, Ha
KOTOPHE HYXKHO IejWTb, COBMalaloT. [lpomo/mkas Tak ke H Aajblue, Mbl
cyMeeM 3amojHuTb Bclo Tabauuy. Tak, X npumepa, NMPHBeIeHHOTO HA
cTp. 166, Tabauua OyneT BHIrAfleTb CleAylolnM o6pasoM:

X y 1p.p.| 2p.p. | 3p.p. |4p.P.|5P.p.|6P. p.|7 p. p.
0 1
0
0 1 0
0 1
0 1 1 4
1 5 11
1 2 6 26 6
7 57 23 1
1 2 120 72 8
127 201 39
2 129 321 150
448 351
2 129 672
448
2 129

5. OGobmennan uuHTepnoasuuonsas cdopmyaa HeloTona ¢ pasze-
JIeHHBIMH pa3HocTAMM. [lepefineM Temeps Xk 006001leHHI0 HHTEPNOJA-
uUMOHHOH ¢opMyan HbloTOHa A4d HepaBHBIX NPOMEXYTKOB Ha caydah
KpaTHeiX y340B. IlycTb HaM mocTaB/eHbl TakHe e HHTepPHOJALHOHHBIE
TpeboBanusi, kak B m. 1 (yciaosua (2)), npuueM y; ABJAIOTCA 3HAYEHUAMH
HeKOTOPO#H (yHKIMH f (X), OnpeleieHHOH H HenPepHBHOH Ha oTpeske [a, b],
B y3/1axX Xx;, Pacno/ioxeHHbIX Ha 3TOM OTpe3Ke BMeCTe CO 3HAYEHHEM X,
a ygi) ABAseTCd 3HavyeHHeM j-H mpou3BOAHOH OT f(x) B y3slde X,; Bce

HYKHbBlE MPOU3BOJAHBE MPELNOJATalOTCd HenmpepHBHHIMH. DyneM paccma-

1
TpuBaTh Ha [a, b] Hapsly C Y3NaMH Xg Xi, ..., X, elle yaas x(, ...
(%—1) (1 (=,~1) (1) (2, —1) ¢
axge L al, LX) L, Xy .., X, T ), BHGpatHbie TAK, UTO
cpeas Bcex ysnoB X, x{, ..., x%-D, x, x{, ..., BT, Lk,
1 -1
xD, .., £ yer pasumx.

n
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Torna
S = () (2 (2 #0) -+ () (£ ) (53 55 ) -
e (X)) (x—xP)s ls (% —xem ) fxg x5 L Xl X))+
—{—(x—x)(x—x(‘) (x—x(“o—‘)(x—x)x

><f(x X0y Xy s DY L (= xg) (x— ) L
(x_-x y)f(xo, x(l) PP ,V’(,"a’n—l)) (_x_xo) (x_x(l) .
(2T F (o xg 20 X (T, (44)

Tlepeiinem B 5TOM pasencTBe K npeleay npu x{ —x, . Tlpn 3Tom
NOJyYHTCA:

F ()= f(x) - (x — %) f (Xg; X))~ (x — Xp)2 f (X5 X¢3 X) 4+ ...

-1 o,
C o X)Xy X 425 %) (e—xg) (g - 15 Xy X))+
e e e sy e’ P —
@, pa3 & pas
‘f‘(x_xo)%(x_xl)f(xoi ceay Xg3 Xy XD+ ..
S ————
«, pas
-1
= x) (e —xpt L (x—x) T X
><f(x0, Cees Xoy X Xis eve X05 ooy Xpb Xup o v X))+
b e Zm Zm e
g paa o, pas «, pas
Fx—x)(x—x)™ ...
L= x)n f (x Xop Xgi o3 Xgi X3 ooo3 X5 ool Tnj Xnj -oo; Xp). (45)
*, pas «; pas lln pa3s

Mepsbie m -+ 1 uleHOB M AAAyT HAM BHPAXeHHe A4 HHTePHOJALHUOH-
HOTO MHOTOY/eHa, a NOCAeAHHA ujeH OyneT ABAATHCA OCTaTOUHBIM Ylje-
HoM. [lokaweM Temepb, YTO MOJMYyYeHHBIH WHTePiOJSLHMOHHBIA MHOTOUJeH
6yleT yINOBJeTBOPATbH NOCTABAEeHHHIM YCIOBHAM. B c¢BA3nm ¢ 3THM Mbl
ero OyleM o0603HauaTb uepe3 FH,, (x). [eHCTBHTeNBbHO, IpH X=X,
Hpy (%)= yp ..., HE&U(x) =1, uro BHAHO u3 caMmOH 3samucu
mHorouiena. C Apyro# cToponsl, 10 MepexOna K Mpelefy Mb MOIAH Obl
B3AThb 33 HAYaNbHYI0 TOYKYy He X,, a o6yl Apyryio us x;. Ilpn sTOM
B CHy eIMHCTBEHHOCTH HHTepPMOJALUHOHHOTO MHOTOuMeHa Jlarpamxa Mbl
NOJAYYHAH OBl TOT e CaMbiii MHOTOWJIeH, TOJbKO JIHIlb 3aMHCAHHLIN B ApY-
ro#i “popme. CrenoBaTe bHO, ¥ Npellesi STOTO MHOTOY/eHA GYIET TOT e
cambii. Ho B 3TOM ciyyae HayaibHBle 4JeHB ero GYAyT WMeThb BUL:

J @) 4 —x) f (e 2+ - A — 2" f (X )+
@, pas
e —x)" f (s X5 - X X)L

@, pas3
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M CJef0BaTeNbHO, OH VAOBJETBOPSET HHTePNOJIUHOHHBIM YC/IOBUAM
B TOYKe Xx;. Tak KaK 3TOT MHOTOUJEH TOxlecTBeHeH ¢ H,,(x), TO
u f,,(x) ynoBaerBopsier 3TuM ycjaoBusaM. Hrak,
x, o o
F(0) = Hp (1) 4 (x — 9™ (x — £)" ... (x — %) X
KX X3 vovs Xgy Xg5 o003 X3 Xy .0 X)), (46)

@, pas o, pas %, pas

PaHee Mbl MOJY4YMIH APYroe BHIPaXeHHe NJ OCTaTOuHOro ujeHa. Cpas-
HeHHe 3THX BHAOB OCTATOYHBIX YJEHOB AdeT
f(m +1) (E
Fx; Xg5 o ois Xg3 Xp s f_l,; ic_”_’_v_’_fi‘):(_m—‘l—T)'l
o, pas o, pas @, ba3
[TpumeHuM moJyueHHYI0O HaMu 006o0OweHHyi0 ¢opmyay Heiorona nas
pelleHUs MpHUMePa, yKasaHHoro Ha ctp. 166. B stom ciyuae

Hx)y=1-4x-04x20+4x3- 14+ x3(x—1) - 44 x3(x— 1)2- 11
X3 x— 12 (x—2) 6 x3(x — 12 (x —2)% 1 == x7+ L.

Kak u csnenoBano oxuaaTe, NOJAYYHJIOCH TO e CaMOe, YTO W paHblle.

Crnoco6 DititkeHa B To#t ¢opMe, kak OH Obl1 ONUCAaH y HAc paHee,
TaKXe MOMeT ObITh TPHMEHEH A/ UHTePNOJHPOBAHHS C KPATHBIMH Y3JaMHU.

B sakmiouenne 3TOro mnaparpada noJyuuM BhIPa)eHHs pasaelieHHBIX
pasHOCTeH C NOBTOPSIOILMMHKCA 3HAUEHUSIMH ApTyMeHTa B BHAe JMHEHHLIX
KOMOuHAUMH 3HaueHuH (YHKUMM ¥ ee NPOM3BOAHBIX. [l 3TOrO CPaBHUM
KO3¢p¢uuueHtTsl Npu X™ B o6o0wenHot ¢opmyne HbloTOHa M uHTEPMO-
JsilnoHHOH QopMyne Dpmura., CpaBHeHue NaeT:

(47)

F (Ko Xg3 oo o3 Xoo Xq5 oo ns X3 ov ol Ko Xy "';_ﬁ")z
a; pas o, pas unwf)as
now—1 (#—1-d)
_E Sy(f) 1 [(x*xf)%J l .
- il a;—1— ) Q
~ - J(ay i) GO P

§ 12. HuTepnoanposanne GYHKHUA MHOTMX HE3ABMCHMBIX
nepemMeHHbiX

1. TpyaHOCTH 3aja4y¥ MHTEPHNOAMPOBAHMS (DYHKHHIE MHOTMX mepe-
MeHHBX. MHTepnonnposanne QyHKUHH MHOTHX HepeMeHHBIX 3HAYHTEJIbHO
CJIOXHee, 4YeM PYHKUHMH ONHOH mepeMeHHOH. ITO BHI3BAHO He TOJBKO
TEM, 4YTO PACCYXKIeHHs CTAHOBATCH 6oJee TPOMO3IKHMH B CHIY HaJH4YHA
60JBLIIOr0 4MCJIa NnepeMeHHblX, HO U pAAOM MNpPHHUHMNOHAJbHBIX TPYyAHO-
cret.

B pajpHefinleM palM KparKOCTH Mbl OIPDAHHYMMCH CJydaeM JBYX
nepemenHblX. [lycTb Ha miockoctH (X, y) Aaubl n -1 Touek (Xg, Vo).
(x4, ¥, ..., (x,, y,). DBynzeMm pasbickuarb MHorounen P (x, )
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OTHOCHTEJNBHO X H y BO3MOXHO Hu3LIEH cTemeHW, KOTOPHI# OB B 3THX
TOYKAX NPHUHUMAJI COOTBETCTBEHHO 3HAYEHUS 2y, 2y, ..., Zp. LECJM HCKO-
Mblif MHOrOYJIeH 3amuCaThb B BHIE

P(x, y)=ag,+ a1p* 0y~ Ay X2 - ay Xy 4 aepy*+ ...
o QXM =gy XY A G Y™,

TO, MOACTABJAS AaHHBlEe KOOPAMHATHl TOYEK ¥ MPHPABHUBAS JEBYIQ YaCTh
COOTBETCTBYIOILEMY 3HAYEHHUIO 2;, MOJYYHUM CHCTeMy n--1 JuHedHBIX
aare6paMyecKUX ypaBHeHHH OTHOCUTEJpHO | +2+ ... 4+ (m 1) =

(¥R
HesaBucuMbl, CJ/leJloBaTe/NbHO, €CJIM He HakJaawBate Ha P (x, y) Hu-
KaKUX JONOJHHTEJbHBIX VCJOBHH, TO n-~1 JA0MKHO ObITh PpAaBHO

(m—+1) (m+2)
2

He MOXEeM pellUTb MOCTABJEHHYIO 3al1ady NpH NPOH3BOJIbHOM KOJIMYECTBE
y3.10B HHTEPNOJUPOBAHKUS.

Janee, pacCMOTPUM ONpeNeNUTe b NOJYYEeHHOH CHCTEeMbl YpaBHEHHUH.
Npu n=2, 5 sror ompeieaute, b NPUHHMAaET BHUI

:=£n——l——~p2(£l_—zl HeM3BECTHBIX @;;. BooOlie roBops, 3TH YpaBHeHHS

. OT0 — mepBoOe NPUHUHMOHAIbHOe 3aTpyAHEHHe. MBl yxe

2 2
1 ox, v, % %% Yo

Vox, oy, oxp xyy, )"i

I xo ¥ 1 xy ¥ x§ X9Yo )’g
L x 91| (n=2), 2 o | (=0
I X 1 x3 y3 X3 X3¥3 Y3

Voxy oy xg X, yi

1 x5 Y5 X2 Xy ¥5

Tlepsui#t w3 Hux OyaeT o6paimatbCs B Hy/b, €CHH TPU TOUKH {Xq Vo)
(%1, ¥1), (X2, yo) Mexar Ha onHo# npsMo#. Bropo#t Gymer o6pauwiarbes
B Hy/b, €CJH WIECThb Yy3JIOB UHTEPMNOJHUPOBAHHUA JEXAT HA OJHOR KpPHUBOH
BTOPOroOfN0OpaaAka. AHaloruyHo, ecau B3atb 10 y3noB, To onpepenunrelb
cucTeMbl OOparuTcs B HYJb, €C/JIH BCE OHHM JEXAT HA ONHOH KPUBOM
TPeThero MOPsAKa. JTO MOPOXAAeT BTOPOE NPUHLHMGHAIBLHOE 3aTpy.nHe-
HHE! Y3J/1bl MHTEPNOJUPOBAHUS HE MOTyT ObLITh pPacnoJyoXKeHbl NPOU3BOJILHO.
Ilposepka TOro, uro onpelenntesu He OGPAAIOTCH B HY/b, UYpe3BLI-
yalHO 3aTpylHUTE/bHA.

TpeTbe NpHUHUMIHAJbHOE 3aTpyAHEHHE BO3HHKAaeT NPH OUEHKe OCTa-
TOYME X uneHoB. Teopema Pouans, KOTOPOH# MB MOJb3OBAIUCH paHee,
AJg TOro CJayyas, KOTOpPHI MBI paccMaTpuBaeM ceHuac, nedCTBOBaTh He
Oyner.

PopMysBl MHTEPNOJAMPOBAHUA (YHKUMM JABYX MEePEMeHHHX OyLyT
rPOMO3AKMMU M moTpebyioT GoJbwmoro koJuuectsa 3amuceil. C pednio
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COKpallieHHus 3THX 3anuceit 6yleM HCNOJb30OBATh BeKTOPHhIe 00603HAYERHS.
Mbl 6yaeM MOJMbL3OBATLCA CJEAYIOIIMMU BEKTOpPaMH:

rp=(X— %) i+ —yJ.
re= (X — %) i+ — y) J. (N
r;lz(yk_yl)i_(xk —x)J.

Bektop r’;d NOJy4aeTCss W3 BEKTOpa r,, OyTeM MOBOPOTa Ha 90° no
4acoBOH CTpeliKe.

[MycTp Temepb 3aAaHLl TpPH y3Ja HMHTEPHOJHPOBAHUA: (X, Vo),
(X, V1), (X9, ¥9) W HaM TpeOyeTcs HaliTu MHOrounen P,(x, y) nepso#
CTelleHH, MPUHUMAIOMKA COOTBETCTBEHHO B 3THX Y3JaX 3HAUCHHUS Z;, 2y, Zp.
DBynaeM pasblCKMBaThb, KaK M B CJyuyde MHTEPHOJHPOBAHMA (PYHKUHHA OAHOH

nepeMeHHOH, MHoroulen P, (X, y) B Bule

1

Pi(x, )= 24P (x, y)+2/P11 (%, y) + 2P (x, ), 2)

rae Py;(x, y) — MHOrou/jeHbn NepBO# CTemeHH, PaBHble €JMHHLE B TOUKe
(x;, ¥;) m obpamapouminecs B HyJb B OCTa/JbHHX IBYyX Toukax. Paccmo-
TPUM CKaJfApHOE NMpPOM3BeleHHe (7, r,). ITO — MHOTOUJEH NepBOH cTe-
neHd OTHocuTenbHO X M Y. OH o6pamaercs B HYJAb B TOYKe (X, V),
TaK KaK OpH 5TOM MepBHH MHOXHTEJb CKaJAIPHOTO MpPOHU3BeleHHA 0Opa-
WAeTCS B HYJb. OHn o6pamaeTca B HYJb U B TOUKe (xg, Vo), TAK KAK BeK-~
TOp ryy NEPNEHANKYIAPEH K 7',. B TOuKe (%o yo) (rl, ’13) OyneT paBHO HYJIO
B TOM M TOJbKO B TOM cCJayuyde, KOTAa TPU TOUKH (Xg, Vo) (X1, Vi)
{Xy, Vo) JexaT Ha oaHo#t mpamo#t, Ho 310 m Oyner kak pas ToOT cayuatt,
KOrla OnpeleuTegb o0Opaiiaercs B HyJb H, BOOOLIe ToBOpS, He Cyiue-
CTBYeT MHOTOY/JEHA NepBOH CTemeHH, NPHHUMAIONIErO B 3818HHEIX TOYKAX
3aganubie 3HaueHus, Mckmaiouas 3TOT cayva#f, Mbl MOXEeM [PHHSTb
3a Pyy(x, y) Bblpa)eHue
("v r12)

(’01. 12)

AHAJOTrUYHO _
(’2’—’20) (’0’ ’zl)
(71:\’ ’20) ’20’ ’01)

6yayt nasate Py (x, y) u Py (x, y). UTaK, HCKOMBI# MHOTOUJEH MOXeT
ObITb 3aMMCaH B Bule

(’1’ 1‘)) T3 ’20) ("o’ ’01)
P (x, W= - = — 3)
15 =2 (’01: 12) ("12, ’20)+ : (’zu: ’01)
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Ecau packpuiTh cKajspHble NpOM3BeleHHS, TO MOJAYYMM (oJjiee TPOMO3IA-
Ko€ BLHIpaXeHHE:

P ) =5 G G e+

T G Gt st

pREE T e

BosbMeM Temepb wecTb TOYEK (Xg, Vo), (X1 Vi), (X2, Vo) (X3, Vi)
(X4 Va), (x5 V5), He JexaluXx HA OAHOH KPHBOH BTOPOro mopsnxa.
bBynem pasbickuBath MHOrouseH P,(x, y) BTOpOH cTeneHH, NPUHHMAIO-
HMA B 3THX TOYKAX COOTBETCTBEHHO 3HAUEHHUS 2, 2, 22, 23, 2,5 Zz
Jns 3TOrO HOCTPOMM OnpefefuTe/b BTOPOrO HOPSAKA:

(’1> ’Tz)(’sv ’24) ("51y? )(’53’ r’;;)

(’1: ’T3)(’z’ ’ZA) ("51’ r’:3)( 5% ’24)
ITOT onpele/nTenb SBASETCHd MHOTOUJEHOM BTOPOH CTENEeHH OTHOCH-
TedbHO x ©W y. On obpamaercs B HyJdb B TOUKax (Xy, ¥y). (X2, Vo),
(X3, ¥3)» (x4, y,), TaK Kak npu 3TOM 0oO6pPAIAIOTCH B HYJAb 3JEMEHTHl
nepsoro croibua. On o6pamiaeTcs B HYJb M B TOUKe (X, V;), TAK Kak
Opu 3TOM MepPBhIit ¥ BTOPOH cToa6UE coBnanaoT. Hyxuo eie y6eauthbcd,
YTO Hall OMpefe/uTenb He 00palideTcss TOMKAECTBEHHO B HyJb. [lpexie
BCEr0 3aMeTHUM, YTO BTOpO#H cTosabell B Hy.b He obpamaercs. [eficTsu-
TeMbHO, ecan Obl OH 0Opamasnca B HyJb, TO U3 BHIOPaHHBIX HAMM LUECTH
TOYeK MO KpaHue#f Mepe uyeThHpe Jexan Ha olHo#t mpamoir. Ho B 3ToM
C/ly4yae BCe WeCTb BBIOPAHHBIX HAMH TOYeK Jexkaau Gbl HA OLHOH KPHUBOH
BTOPOr0 mNOpsiiKa, pacnajamomiefics Ha JABe NpAMble, OAHA M3 KOTOPHIX
NPOXONUT 4Yepe3 4YeThlpe YKasaHHble TOYKH, a BTOpasg — 4yepe3 JHBe
octajibHble. Ecam 6Bl Hamw ompefennTesb TOXIeCTBeHHO oOpauiacs
B HYJb, TO Hawauchb 6B ABe NOCTOsAHHBEe @ U b (a®-4 b2 =~ 0) Takue,

“(;1’?:2)( 34)+b(1’ )(— 24)50‘

310 HeBO3MONHO. ToxaecTBeHHOe OOpallieHUe B HyJ b 3TOTO BbIpameHHs
0yleT TOJABKO B TOM Clyude, eCJH YeTHpe TOUKH (X1, V), (X3, yg),
(*3. V3). (X4, y,) JexaT Ha onano#t npsmoft. [lomenaumsB Haw onpeleJu-

teJb (D) Ha
(?01’ 7?2) (703’ _;*34) (751, 7’:2) (753’ 7;4)
(7o1v 7={‘3) (702' ?24) (’51y ;* ) (752’ 724)

NOJYYHM MHOrO4Y/JEH BTODOH CTeNeHH OTHOCHTEJNbHO X M Y, o6paiuaio-
Iuica B Hyab B TOUKaX (X;, ¥;) (=1, 2, 3, 4, 5) u paBubfi eluHHle
B TOUKe (Xg, Vo). AHAJIOFMYHO MONHO HOCTPOMTH MHOroO4YJeHH BTOPOH

©®)

) (6)
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CTeleHH, PaBHBle elWHHULE B KamaoH u3 Touek (x;, y;) M oOpaiamouiuics
B HyJAb B OCTa/MbHbIX 3aJaHHBIX TOYKax. Torja, TaKk e KaKk M B Opelbl-
AylleM caydae, CTPOMM MHorouleH P, (x, y). O Moxer OblTh 3anucaH

B BUIE
— = — — =\ g
(’1' ’Tz)(’& ’34) (’51v’12)(’53’ ’34)
70 r15) (T Tay) (75  719) (7o Tag)
Py (x, y) =2, £1'_13 S ARSI AN S S
B ’ ("01’ ":2)("0& ’24) ("51' "Tz)("-:ﬁ' ’;4)
(701’ 7511:3) (;02' 724) (751’ 7=I1<3) (752, ;;4)
(72 73) (7o Ta5) (Toa Ta0) (Tous T15)
(—;2, 7;4) (r P 725) (?0‘)’ 7;4) (703’ 7;5)
+ 2 == — == +
' (r12 ";3)("14 "Zs) ("02’ r23)(r04 ’Zc.)
(?12, 7;4) (713’ ?:;o) (702 ;;4) (’ 03 7;5)
(73 730 (75 750) (T1z T) (715 T30
(73 75) (70 720) (T1o 755) (T1w Ta0) ||
+2 e ey = -+
* (’93 ’;)(rzo' r;o) ("13' ";4)("15' ’Zo)
i (r‘)3 r;5) ("24' ’Zo) (713’ ’:5) ("14’ ;Zo)
(74’ ;Zs) (70' ;31) (724, 725) (720» 7:1)
I AA A N AN
("347 ’45)(’307’01) ("24' ’Zs)(’zo r(n)
(’ 340 740) (730 7;1) (724' 720) (?29 ?fn)
(75' ;;o) (71' 7?2) (?35' ’50) (?317 7?2)

(’5’ 7:1) (70’ ;32) (;39 _’_21) (;307 7;2)
2= = = -+
! (’45v ’Zo)(’m- ’fz) (’35- ;:o)(’:n ’72)

(745 750) (Ta0 7o) (T35 751) (T30 T02)

(;0' ;31) (72’ ;;3) (;40’ ;31) (?42 ;:3)

(To 702) (T4 T18) (740 T02) (T4 T13)
/e, S . /e S L 7
T o 7o) (7o 72) (P 7o) (o 7 ’

(750' 7;2) (?w ;Ts) (7407 _’-;2) (;41, ?i?,)

HOJIY‘H/UIOCB O4YeHb [POMO3AKOE BbIpaXKeHHE. OHO craner ewe GoJee
FPOMO3AKHUM, e€CJH pacnoucatb BCe oOnpelefUTeNM W CKaJsipHHeE Npou3-
BeneHud,
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Has no sToMy nmyTu, MOXHO HAmMCaTh SIBHHE BLIPAXEHHS HHTEpIO-
JSALMOHHEIX MHOrOY/eHOB TpeThell M 60Jsee BHICOKMX CTeneHeH. Mul 3aech
3TOr0 JneJaTb He OyleM, a PacCMOTPMM OAUMH YACTHHHA cayuyall pacno-
JIOKeHUs1 y3JI0B.

2. OGofmeHne MHTEPNOJAANUOHHLIX (opmya HplOTOHA HA cayuaik
(n+1)(n+2
2

¢yHKUHA MHOTMX nepeMeHHBIX. BosbMeM y3J0B, pacno-

JOXEeHHBIX CJAeAYIOHM O6paSOM .

(%0 Yohs (X1, Yol cees o Yoo (Xpe Vo)

(X0r V1), (X1, W), s (Xpo Y0
R ®)
(Xos Ya-1)» (X1, Yn-1» <xi#xj npu i#ﬁ)

(X0, V) Yi#y; mpu i#j )

3uaueHus x; U y; MOryT ObITb NPOM3BOJbHBIMH, TaK YTO B3aWMHOE pac-
[OJOXeHHe Y3J0B MOKeT ObITb [A0BOJAbHO 0OwuM. [lpoBepum, uto 4er
KpUBOH 7-rO NOPALKA, NPOXoldulelt yepes Bce 3TH ya/ie. B camom nese,
ecan OBl Takas KpuBasg HMenacb, OHA cofiepxana Obl TOYKH, pacnoJo-
KeHHble B NEPBOM paly. DTHX Touek 72—~ 1, ¥ BCe OHM JexkaT HA OAHOM
npamoit. CrenoBaTtebHO, BCS OpsMas TaKie NpHHaAfexana Gbl KPUBOH

nopsaka n. B 3ToM cayuae KpuBas HOpsAKa 1 pacnafgaeTcs Ha NPSMYI0

n(n-1
W KPHUBYI0 mnopsamka #— |, mpoxonsulyio uyepes OCTajJbHble (—;_—)
tToueK. [l Hee MOXHO OBIJIO OB MPOBECTH AHAJIOTHYHBIE PACCYKIEHUS.
[Mpono/axkasa 3TOT MPOLECC, M B KOHLE KOHLOB HPHUIM Obl K 3aKJI0-
YeHHI0, YTO TPU TOUKH (Xg Vn_1)» (X1 Yy _1), (Xo, Vn) 7€KAT HA OAHOMR
npsmo#t. Droro Her. CienoBate/bHO, BHIOPaHHBIE HAMH Y3JBl He MOFyT
JexaTb Ha ONHOH KDHUBO{ nopsaka n.

[TocTpouM Tenepb WHTEPNOJALHMOHHBIE MHOrOYIeH MO HAWKM Y3JaM.
O6o3nauum ero uepes P, (x, y), a P, (x;, y;) uepes z;;. Ecam paccmo-
TpeThb TOJBKO Te U3 BBIGPAHHBIX HaMHU Y3J0B, LIS KOTOPHIX [ j < n,
TO HA TeX e OCHOBAHMAX Mbl MOXeM HOCTPOUTb HHTEPHOJSLHOHHBIH
MHorouneH P,_;(x, y) cTeneHu n— |, NpUHMMAIOWKY B TOUKAX (X;, V),
[ +j<n, sHauenus 2z;;. O6pasyeM pasHOCTDb

Py (x, ) — Py (%, 9)-
Ona Oynet SBJAATHCS MHOrOY/JEHOM CTeNEHH He Bblllle 71, OOPAILAlON{HMCH
B HyAb B Toukax (Xx;, y;), i-+j<n. Bynem paswickuBaTe ee B BHie

Pox, ) —Pp_1 (X, )= Ao (x — Xo) (x — x9) ...
e =Xy DA (=X)L (— X (Y — )+
- Ap-z2(X-=%X) ... (X —Xp D (Y —I (V=YD + ...
vor F A Y=YV —Y) oo (V= Yp) 9
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[lokaxeM, 4TO NeACTBUTE/IbHO MOXKHO TaK MOAOOpAaTh MNOCTOsIHHBIE A, 4 4,
4TO 3TOT MHOrOYJeH, oOpamaomuics B HyJAb B TOUKAX (X ¥,

i+j<n, Gyner pasen P, (x;, y))—P,_ (x5, ¥ wpu i~+j=n.
B Touke (X;, ¥,_;) Bce 4jeHH ero oOpaTATCA B HyJb, 3@ HCKJAIOYeHHEM

Ap i (X —X0) oo (=X ) (Vg —V0) -+ Wt — Yn—i-1)-

TakuM oOpasoM, Ko3pduuueHTsl A; ,_; ONPeleNATCT OAHO3HAYHO.
i3 cuJy eIMHCTBEHHOCTH MNPeJCTaB/JeHHS MHTepNOJILHOHHOTO MHOTrOYJeHa
no BHOpaHHBIM HAMH y3J1aM 3TO M OyJAeT eJHMHCTBEHHBIM 3HAaYeHUeM pas-
Hoctn, Mrak,

n
P,(x, y)=P,_(x. y>+§0An_i, (X —Xg) ...

e (X=X i (Y —Yo) .. (Y —Yi_p. (10)

Moctynast tak ke ¢ P,_;(x, ¥), a 3aTeM ¢ P,_,(x, y) u Tak Jlalee,
NOAYYHM:

Pp(x, y) == Ay + Ay (X — Xo) 4 Aot (¥ — Yo) =+ Ago (x — Xo) (x — x4
FALE—X) (VYo + AV —Y—y)+ ...
oA (X —Xg) oo (X — XD FHAp i (X — X)) (X — X)) ...
X=Xy ) (V= Y)F - F Aty — V=) - Y ).

(1)

Bripasum  rtemepb  Ko3(¢uuuentsl  A;; 4epe3 3HaueHUss YHKUHUH
2 == f (X, x;). TloactaBass B npaBylo M JEBYIO YaCTH PABEHCTBA (X, W),
noayuuM  Agy == f (X, ¥o). B Touke (xy, yo) Pp,=f(x1, ¥y, a npamas
yacth paBeHctBa (11) paBHa Ay —+ Ay (X, — xo). CaenosarenbHo,

A= £ (x5, yo) — / (%0, ¥0) . (12)

X1—Xp

IT0 OTHOWIEHHE SBJAETCS PasiefJeHHOR pasHOCTBIO (QYHKLHH f (X, V)
npu (UKCHPOBAHHOM Y == ¥,. Mu Oynem ero o6osHauath f(Xy; X1 Vo).
AunanoruuHo noayunM Ay = f (x4, Yo; ¥1). 3adukcupyeM Tenepn y, Npu-
JaB eMy 3HaueHue, paBHoe Y,. [loayumm:

Pix, yo)= Ag A (X — Xg) + +.. + Ap(X— %) «.. (¥ — Xp_y).

ITO0 MHTEPNOJAUMOHHBIR MHOTOUIEH OTHOCHTEJIbHO X, NPHUHUMAIOWINH
B TOuKe (x;, Vo) 3Hauenme f(x;, y,). CienoparenbHo,

Ap = 1{Xg Xg5 -« o3 X35 Yo)- (13)
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Ipy y =y, Halll MHTePOOJSALHOHHEIE MHOrOu/leH NPUMET BHI

P(x, yy=="[Agp+ Ap (¥, — ¥y + A}y + A (¥ — Yl (x — xo) +
- [Agp =+ Aoy (Y1 — Y (x — Xp) (x — X))+ ...
coo HlAnmn ot Aut, 1 (0 — YT (X — %) L+ (X — Xy _2) T
+ App (x — %) (¥ — %9) ... (X — X, 1)
ITOT HHTEPUOJAUMOHHBIE MHOrOYJEH OTHOCHUTENBHO X JOJIKEH B TOUKaX
(%, yD(E=0, 1, 2, ..., n— 1) npusumarb sHaueHus f(x;, y;). [lo-
clefHMH wieH NOpM 3THX 3HAYEHHAX X; o6pamaercs B Hyab. Cienosa-

TENBHO, BCe YJeHb NpPaBof YacTH, KPOMe nocieiHero, Nal0T WHTEPROS-
UHOHHBIA MHOrouteH HbioToHa cremenu n— 1, NpUHUMAIOUIMH B TOYKaX

(%, y) ((=0,1,2, ..., n— 1) 3snauenns f(x;, y;). Taxum oGpasom,
A+ A (V1 — Vo) = f(Xgs %05 - -5 X5 Vo)
Orciona
A o Lo Xg - Xy y0) —F (K x5 -5 Xk Yo)
k1 — .
Yi— Yo

Bripaxenue B MpaBoff 4acTH MMeeT BMJ pasfie/eHHOM pPasHOCTH mO Y H
Gysler TakKe Ha3HBATbCH pasieneHHOH pasHocThio. Hrak,

Apy = f(Xo5 X5+ - -3 X5 Yoi Y1) (14)
BooOuue, ecam MH yKe 3HaeM, YTO
A =Ff (%o X1, -+ .0 X3 Yoo V1o v v o0 Vi)

s Bcex [ < m, TO, paccMaTpuBas P(x,ym), NOJyYuM
P(x’ ym)z [AOO+A01 ()’m*)’o)—i— e +A0m (ym_)’o) (ym""yl) ...
e W — YD+ 1A+ A Y — Yo+ - .
con AL Y—Y0) V=1 - Ym—Ym-D)l (X—X%) +. ..
Paccyxnas, Kak u mpexie, HaieMm:
Ak0+Ak1 (ym—y0)+ s +Akm ()’m”—)’o) L (,vm—ym—l)z
= f (X, X1, - -» Xpi Y-
PaccmaTtpuBas 370 BhHpaxeHnne Kak (YHKUHIO V,, NOJYIHM CHOBa
A =f(Xp: X0 ... X5 Yor Yoo -3 Vi) (15)
Takum 06pasoM, Mbl MO¥eM 3aNHCAaTh OKOHYAaTEJNbHO HAIUY HMHTEPHOJS-
LUMOHHYIO (OPMYJIy B BUAE
n
Por, =2 2 (x—X%) ... (x—%_)(v—3p) - ..
E=0 i+j=k

e Y=y 0 f g X e XS Y Yo o-e Y. (16)
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Ato — 0606ujerue uHMepnoAAGuOHHOU gopmyas Heiomona 043 Hepas-
HBLX NPOMENCYMKOB HQA CAYLQl UHMEPROAUPOBAKUA BYHKUUL 08YX

nepeMernsLx,

Mpumep. [ana tabauna ¢yHKUHM ABYX NepeMeHHBIX:

[
[ 4¢ e
F (a, cp)__‘ofvl_.__km , R=sina.

VHTEPNOJ/IMPOBAHUE ¢VHKUHUH MHOr¥MX NEPEMEHHBIX

1 \
{ \“ 5° 20° 40° 50° 80°
b9
i
10° 0,1745 0,1746 0,1749 0,1751 0,1754
20° 0.3491 0,3499 0.3520 03533
30° 0,5233 0,5263 0.5334
{ 40° 0.6985 07043
| 50° 0.8734

Hadtu F (10°, 15°).
CocrtapnsieM TabauMUB pasielieHHBIX pPasHOCTed,
OueHb Majbl, U Mbl OyleM AaBaThb UX B eAMHHLUAX YeTBEPTOrO JNecCATHY-

DTH pasHocTH 6ynyT

HOrO 3HakKa:
? F (ap, @35 9) F(ag a9 %) F (g a5 %) F (ag; a5 9)
10° 0,07 0,15 0,2 0,1
20° 0,53 1,05 13
30° 1,67 3,55
40° 3,87
a F (3 905 %1) F(a; 94 99) F (a5 995 93) F (35935 94)
50 174,6 174,7 174,7 175,9
20° 1753 176,4 1814
40° 1771 178
50° 178,2
¢ F(ag ag; ag 9) F (ay; ay; ag; ¢) F (ag ag; a4 4)
10° 0,002 0,002 — 0,002
20° 0,015 0,008
30° 0,054

189
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@ F (o5 901 915 92) ] F (a2 ¢35 9; 93) F(a; 995 955 94)
5° 0,005 0,000 0,06

20° 0,055 0,25

40° 0,045

F (o) ag; 0n; 1) | Flags &5 010 90) | F (67 @5 @35 9s) [ F (@] @ 095 1) | F (%15 005 015 ) [ F (s} 050 013 93)

> 0,046 0,114 0,22 l 0,09 0,25 0,11 l

Kak MH BuAWM, pa3llefeHHble Pa3HOCTH BTOPOTO MOPSAKA Majbl H
pasHocTH GoJee BEHICOKMX NOPSAKOB MH YuHTHIBATH He Oydem. Hawa
¢dopmysaa aact

F (10° 15°)=0,1745 4-0,000007.5 4-0.01746- 5+ 0,0000002-25 4~
+0,0000005-25 4+ 0,0000046 - 256 = 0,2620.

TouHoe 3nauenme F (10° 15° ¢ ueTblpbMA JeCATHYHBIMHM 3HAKAMU
pasHo 0,2619,

B tom cayuae, xorma x;— x;_,=const u y;— y;_, = const nallu
dopmyab MOxHO ynpocTuth. [lyct X;— X4y =Hh, y;+— y;- = k. [lo
aHAJOTHHM ¢ OOBIYHHIMH KOHeYHHIMH Pa3HOCTAMH BBeleM [BOHHble KOHed-
HBle PasHOCTH:

f(le y:) f(xi’ yj) =Awf(xi’ yj)’
f(*0 y.H—I) f(xs yi) =4,/ (%o Vi)
Awf(xi+l’ y:) (xz’ y.):A“‘,f(xi, yJ)’
Bl (*or Yypr) — A y (% 3)) =85y f (%0 3)

005 ) = (e ) =80 (e 3) | 4

Ai,f(le, y]) A;,f(x@, y)_A3 f(x y)

Ai,f(xi, yj+1) A;ﬁf(x y) w“yf(x@’ Y. )

82,7 (50 230) = 82 (50 9) = 80 (5 3)
)_.A3sf(x1, y)

A‘)zf(x’b’ yJH) A? ,f(xz, y
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B 3TOM Ciyyae MH MOXeM 3aMeHMTb pasje/eHHble Pa3HOCTH KOHeYHBIMH
no GopMyaaM:

1
f(xgs %35 yo) = 5 B f (%03 Yo [ (%03 Y03 Y1) =
1
= ';—Ayf(xo: yO)’
1
f(xgy X105 X35 Yo) = NhE A?u“f(xo’ Yo)s f(xoi X4 Yoy Y1) =

1 ,2
=%k Dy f (X0, Yo)s [ (%03 Yor Y15 Vo) = zﬁf (X9, Yo)»

2! k2

1 H(18)
f(x: X135 Xp3 X35 Yo) = T Ag:af(xo' Yo f(xes X55 Xob Yos Y1) =

1
=Tk Asm’yf(xm Yo
1
S (x0: X33 903 Y13 ¥2) = gygw Dawef (X0 Yo); S (%03 Y03 Vi s 99 =

1
=B A;"f (%0, Yo)s

Orciona Hama ¢opMyna MoxeT ObTh NpHBeleHA K BHAY

P (x, 3) = f (%0, 30 + 272 Mg f (g, yo) + 2522 By f (%o, y0) +

+ R A f (o 30+ (ii")%—-—y") Naouf (5 30+

+ — o)y — y1) A3 f o v + (x — x)(x — x)(x — X9) A 2 f (X0, Vo) +

21 k2 3! h3
i xO)(;'—mzl)(y — Y0 A3, f (%0 yo) +
S xO)(;;kyao)(y =Y AS . f (o, Vo) -
+ (y—yo)(yg'—kil)(y =Y A2 £ (g0 Vo) - -
WK, ecau 00603HAUMTDL ¢ = x—hx" , U= %’-, TO
P (xo+ ht, yo + ku) = f(xo, yo) + thy f (X0, yo) + 1B, f (X0, yo) -+

t 1 -
LD A% £ (g, 39 -ty £ (e 392D 881 (x4, 30+

e _
+ L VD) 0y £ g, o)+ LG By (oo 30+

. 1 — e —
- ti(’%!_)—Aa y’f(xo Yo)+ w Ast(xo' J’O) + . (19)
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10 — 0600uenue gopuyrs Hewomorna 0an unmepnosuposanus snepeo
¢byHKuUu# AByX TepeMeHHBIX. AHAJOrHYHO MOXHO TOJYYHTb 060011e-
HUA M JIPYrHX HHTEPNOJSUHOHHEIX dopMya.

3. Jlpyrue cnocofpi NOCTPOEHUS] HHTEPTOJALHOHHHX MHOTOYJEHOB
Aas (QYHKUME MHOTHX TepeMeHHHX. Bo3Moxen H Jpyrofi mnoaxoid
K MHTepTOJHPOBAHUI0 QYHKUMH MHOTMX TlepeMeHHBIX NMpPH MOMOIUM MHOTO-
yjgeHoB, Mpbl yxe He OyaeM Ttpe6oBaTh, uyTOOBl CTeneHb HHTEpPIOJS-
IIMOHHOTO MHOrouJeHa Onijla HauMeHbllel, u OyleM paccMaTpHBaTh TaKHe
CHCTEMBl Y3JI0B, AJS KOTOPHX pelleHHe MOCTaBJICHHOH HHTEPNOJALMOH-
HO#t 3ajaun OyleT He eauHCTBeHHHM. Ho cam cnoco6 unrepnoauposanus
6yner BBLAENATH M3 BCero MHOXECTBA BO3MOXHBIX MHTEPTOJALHOHHBIX
MHOTO4Y/JIEHOB OJMH €IUHCTBEHHBIH MHTEPMOJALHOHHBIH MHOrOUJIEH.

[ycTb, HanpuMep, HAM 3a4AHB CJAENYIOlHEe Y3Jbl MHTEPNOJMPOBAHUS:

(x> Yo)» (X1, Yoo +een (X Vo) |
(xO‘ yl)‘ (xl' yl)' A (x’ll’ yl)' (20)

(xo, -ym)» (*y, ym)- e (Xp ym)'

M jaHH 3HaYeHMdA QYHKUHM f(x, y) B 3THX y3Jax. BosMmoxeH cienyw-
i cnoco6 npubAMAeHHOro ONpele/eHUsl 3HaYeHMs QYHKUMM [ B HeKO-
TOpo#t TOuKe (X, y), He coBnalaiolielt ¢ y3aaMu HHTeprnoauposanus. CHa-
yaja MHTEPNOJMPYeM Hally @YHKUMIO KaKk (YHKUMIO OLHOTO MepeMeH-
HOro X TNpH (PUKCUPOBAHHLIX 3HauveHudax y; (=20, 1,..., m). [1pu srom
MBl KaxIbf pa3 WCTOAB3yeM OJHY CTPOKY 3alaHHOH TabJMubl y3J0B.
Takum o6pasoM, Mbl MOxeM HaHTH TpPUOJIHXKEHHBe 3HaYeHus f(x, y;)
(=0, 1,..., m). 3aTeM 1O HallleHHHM 3Ha4YeHUAM f(x, y;) TMyTeM HH-
TepNOJAUPOBAHMS TO y HaxoauM f(x, y). [locMoTpum, kak OyzeT BHITJIA-
JeTb UHTEDMNOJALHONHAs HOpMYyaa TPH TAKOM cnocobe MHTEPTOJHPOBAHMUS.

[pumensds uHTepnOAAUHOHHYIO ¢opMyly HeioToHa aas HepaBHBIX
TpOMeXYTKOB, OyleM HMeTb:

J ) =f(x )+ —y) f(x 35 y0+ ...
O —Y) - =Y ) 6 Yo Vi e Ym)
FO—=—3) . Y= I [ Y03 Y15 -3 Y 3). (21)
CHoBa NMPUMEHMM MHTEPTNOAAUMOHHYIO GopMyay HbpioToHa Aad HepaBHBIX
NPOMEXYTKOB K f(X; ¥o; Vi3 .. .3 Vi) paccMaTpuBas 3Ty pasgefeHHYIO
paSHOCTb KakK (pYHKU.PIIO X, TIOleqPIM:
F Yos Yo s V) =
= (X0} Vo5 Y1i -+ 3 Vi) (X —X0) [ (X3 X103 yo3 Vi3 oo 5 )+ ..
e —X) (x—x) . (X=X ) [ (X X e X Yoi Y- V)
H(x—x) (x —x1). . (X — %) f(Xs X033 Xs X3 Yos Yis -+ o3 V)
(22)
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TloacTaBasis 5TH BHIpaXeHUs] B TPeJBAYILYI0 GOPMYJIy, HaileM:

m m
fee =2 j§<x—xo)<x—xo e (E =X ) =) =) ..
O Y PG X X Yo Y e V) (=X (X —xy)

m
o (X—xy) jfé U=y Y—y) - - .(y—yj_l)f(x; Xor X103 oo o3 Xpi Vor Y13 o o e
)OO = —Y). =) (B Y Y YY) (23)
3aecy npu (=0 u j =10 noayuarcs MHOXHTeNH (X — X_;) U (¥ —y_y).
Mu YCJAOBUMCH CYHTaTh MX pPABHHIMM €IHHHIE. 3aMeTHM jgaJjee, 4tO
n
F(X5 X5 o X y)=j2=50(y—yo) =) (P =y ) X
X %o X15 o3 Xnh Yoi Vi o3 V) F (V=3 (Y — 30 . ..
= I (X Xy Xgi o X3 IO Y e Y W (29)

TakuMm 06pasom,

n m
f(x,. = Z} JZO(X — X x—x) ... (X=X )Y —y)(Yy—y) ...
P Sl
e (YY) G XS X Y YY) R = x) (=)
e —x) fX X Xps o S X (Y=Y (YY) - (V) X
XG5 Y5 Y65 oo i Y — (F— %) (X — %) ... (x— X)) (Y —y9) X
XY= oo =Y, ) F(X X5 o3 X3 V3 Yg3 Vs -+ o5 V). (25)
IlBofiHas CyMMa JaeT HHTEPMNOJIAUHOHHYIO POPMYyY, a OCTa/IbHbIE YJTeHB —
ocTaTOYHBIl ujieH 3TOH QopMyan. OCTaTOUHBIH 4jJeH MOKHO 3aTNHCATh

B apyro#t ¢opwme. JeHCTBUTEJIbHO, paccMaTpuBas f(x; Xgi ...; X, ¥)
KAK pAasfeNeHHYI0 Da3HOCTb MO X; NMpH QUKCUPOBaHHOM y, OydeM MMeTb:

F3 Xo3 X35 003 Xy V) = (,l+1), ,mf(i s

min|x, x;] < § < max[x, x;].
Anasoruyto
om
F 9 Y0 Y1 e s V) = (m+1), pyEswASIRU

min [y, y] <n<max[y, y]l
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Nanee, cuuras x, X, ..., X, OUKCHPOBAaHHHIMH, OyleM HMeTb:
JACHE TR S S A e
1 0m+1
= T 5y JECHE T THRN e W R

CHOBa HCHOJ[bSy;l npeincTtaBiacHue pESJIEJIEHHOH Pa3HOCTH Yepe3 npoun3-
BOAHYIO, NOJYYHM:
FX X oo 3 Xs Y3 Yor Yis -3 V) =

1 1 0m+n+2

B ES VI CES 0"t igymit f G ).

Takum cOpa3oM, OCTATOYHBI udeH MO¥eT ObiTb 3amMuCaH B BMIE

on (X) o™t Om (¥) om+l
R=G1 0t ot /& D piy gpmer /O

on (%) 0y (y) gmtnte

TR D gt gyt /G ) (20)

B cayuae, ecam pasHOCTH X; — X;_; M Y;— ¥;_; NOCTOAHHbI, Mbi MOXCM,
KaKk M B NpelpifyllleM cjay4ae, NOJYyYHTh GOpPMY.Jbi ¢ ABOHHBIMH KOHeY-
HBIMH PAa3HOCTAMH. Mbi 3[eCb HX BBITMCHiBATH He OynpeM.

B 3akmioueHne 3TOro mnaparpada OTMETHM, 4YTO MOXHO MOJYYHTb
dopMyay, kotopas OyleT nMpUroAHa npu MoOOM pacrnosOXeHHH Y3.10B.
Onarb AJsl COKpalleHus 3anuce KCnoab3yeM BeKTOpPHbie 0003HAYEHHA.
Hama ¢opmyna Oyser uMeTb BHA

n - - — — —_ — — —
P(x,y)= E:z (ris ri)) (ro, rg) -« (i1, £ 43— Pty Tiria1) - oo (Tus Tim)
+ — ’l —_— —— —— —_ —_— Jum— — — — — -
Cari)(riar) o (Fai-1T0 =) (Tosse 10 Tir 40 -+ - (Fima Fin)

@7

[lpoBepuM, 4YTO OHA YAOBJETBOPSET HMHTEPIOASUHOHHBIM YCJAOBUAM.
YncauTeab KauIAOro CJAaraeMoro mnpeacTapiaseT co6o# MHOroOWJIeH CTe-
nmeut n— 1 no x u y. CaemosarenbHo, M BCs cyMma GymeT sBAsThCH
MHOTOWIEHOM N[O X M y cTeneHH He Buie n— 1. Ecau Touka (x, vy
COBNajaeT C OLHMM M3 Y3/10B HHTEPNOJMPOBAHMA, HanpuMep ¢ (X;, ¥j),
TO BCe CJjaraeMble CYMMBl, Y KOTOPBIX MHACKC NPH 2 He COBHAajaeT
c i, oOpaTarca B Hy,Jb, TaK KaK B YHCJUTe/]e O0OA3aTebHO BCTPETHTCH

CKanspHOE MPOM3BElcHHE ( Jis ,-j), paBHoe Hymo. Ecan uBAekc npu 2z
paBeH j, TO ApoGb COOTBETCTBYIOLIEr0 cjaaraeMoro ofparurcs B 1 W
P(x, y) Gyner pasHo z;.

W3 camoro BHAa (opMyabi BHAHO, YTO NOCTPOEHHE BO3MOXHO NpH
M060M DACHOJCIKEHHH Y3J0B WHICPNOJHPOBAaHUd. [leHCTBUTE.1bHO, 3HA-
MeHaTeId nceX ApoOe#l OTAMYHBL OT HYJf, eCJH Cpelu y3.10B HeT COB-
nazamoLux.
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MocTpoennslt HaMu MHOrowjaeH o0/afaeT CAefYIOLIMMH 3aMevyaTenb-
HBIMH CBOHCTBaMM. 3HA4YeHWe MHOrOYJEHA LEeJUKOM OnpelensieTcs BejH-
YHHAMM Z B y3/JaX WHTEPIOJHDPOBAHHA, MOJOXEHHEM Y3J0B HA NJIOCKOCTH
H MOJIOKEeHHEM TOYKH, AJd KOTOpO# NpOBOAMTCA HHTEPNOJHPOBaHHUE,
Ha ngockoctH, OHO He M3MeHHTCd NpPH JI060M nNepeMellleHHH ocelt
KoopauHaTt., EcaM Bce Y3/b HHTepNOJHPOBAHHA PACMOJOXEHbl HA OLHOR
npaMo#, To 3uavenus P (x, y) U 3HAYEHHUS MHTEPIOJAUHOHHOTO MHOTO-
unena Jlarpanxa Ha 3TOH npaAMoit coBnajaiorT. VisMeHeHMe HyMepauuu
Y3J0B MHTEpIOJMPOBaHMA He MeHseT P (x, y). MoxHo nokasath, 4TO
P (x, y), ynoBIeTBOPAIOILMUA STHM YCJIOBHAM, OyAeT OILHO3HAYHO OMpe-
JeasaTbcsl Hawe# GopMymaoH.

§ 13. Uurepnoanposanue QyHKUHHA KOMNJIEKCHOTO MepeMeHHOro

CaenaeM HeCKOJBKO 3aMeYaHHH OTHOCHTEJNBHO MHTEPIOJMPOBAHUS
(YHKUMH KOMIJIEKCHOrO MepeMeHHOro ¢ NOMOIbio aarebpanyeckux
MHorodjenoB, OueBuaHO, popMyna Jlarpanxa M Bce ee BUIOM3MEHEHMS,
npucnocoGnennble 144 Pa3JAHYHBIX YACTHBIX CJIYYaeB Pacro0keHus
y3a0B, OyaiyT roAHel H Aa9 QYHKUKH KOMILJIEKCHOTO NepeMeHHOro.
Ho ocrarouHbie 4/eHB, KOTOpBle MBI paHee MOJYYAJAH C HOMOIUBIO
TeopeMbl Pouaasi, B 3TOM cjiydae OyAyT HenpuUroLHBI.

B sToM naparpage Mbl JaAMM HHTErpajibHOe [MpENCTaBJIeHHe MHTep-
MOJSIMOHHOTO MHOTOYJEHa M OCTaTOYHOTO 4YJeHa A (YHKUMH KOM-
NJeKCHOTO fepeMeHHOro.

Mycte C —npocras 3aMkHyTas KpHBas M f(2) — aHaaMTHYecKas
Ha C u Buyrpu C ¢yusxuna. [lycte, gpanee, y3abl HHTeprosMpoBaHus

Zgs 24y --., Z, Takxe JexarT BHyTpH C. PaccMoTpuM uHTErpas
_ 1l fe®—0(
P(z)_QniC‘/.__——m(C)(C f@adc,

ree 0w ()= (& —2z)(z—2)...(z2—2,). TloaunTerpanbnas dyHxuus
anaaurnuna Ha C u BHYTpH C, 33 HCKJIOYEHMEM TOYEK 2y, 2y, ..., 2.
CiaerosaTesbHO, uHTerpan OylneT paBeH CyMMe BHIYETOB OTHOCHUTEJLHO
Kaxao# u3 3TUX Touek. Ho

lim i“)—‘”(—z)f@)(c-zk) = f(zp) ——al®)

t>z 0O C— o (zx) (2 —2p)
Orcona

4

P@)= 2 f(zp (?_(_z_k)mT(z)—_sz =Ly (2),
k=0

T. e. P(2) sBaseTcs HHTepnOJAUMOHHBHIM MHOrousjeHoM Jlarparxa.
Hanee, npeacrasuM P (2) B BHAe DPa3HOCTH

_ 1 S o (2) 1 ®
P@= 27:10./ {—=z dt — 2ni g o) K—2) .
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[epsuft unen B cuay uuTerpagpHof#t Qopmyan Koww pasen f(2).
Creznosare/ibHO,

f@=P@+22 [ L8
c

HTak, OCTAaTOUHHIM Y/JeH HHTePNOJIAMOHHOH GopMy.an Jlarpamka B HallleM
¢/yuae MOXeT ObTb NpelcTaBjeH B BHIe

o 7@
RO="Z [smc=—n%
(o]

§ 14. Mlpumenenne HHTePNOJUPOBAHUSA
LJis COCTaBJIeHHs TaGJHLL

Teopust MHTepNOMMPOBaHUS MMeeT GOJblIMe NPHAOMKEHHS NPH COCTAB-
sennu Tabauu yukuuBi. [Tonyuns 3ananue Ha cocrasjienue Tabauu TeX
HIH MHBX QYHKOMH, MaTeMaTHK JO/DKeH PeIluTh llepel HA4aJOM BHIYHC-
JAeHu#t pan BonpocoB. [omkna ObTh BhOpaHa ¢opMynaa, no KOTOpOH
6yLyT NPOM3BOLMTHCS BHUHCJeHHS. ITa (OPMYJa MONKET HU3MEHSTCH OT
yyactka k y4actky. OOmvHO ¢opMyabl [Aafl BHIYMCJIEHMS 3HAYeHuft
(yHKUMH, MCHOJB3YIOlHe ClOCO0 3afaHusi PyHKUMH, OHIBAIOT TPOMO3A-
KMMHM M [OSTOMY MX HCMOJABb3YIOT A/ NOJYYeHHS HEKOTOPHIX ONOPHBIX
3HayeHuft u szareM nyTtem cy6TabyampoBanus crymawr Tabmuuy. dop-
MyJa, AAI0ILas ONOpHBle 3HAYeHHs PYHKUHH, LOTKHA 0OecneuyHBaTh HYKHY 1O
TOYHOCTh Tabuuil € yueroM nocaesywllero Cy6TaGyaupoBanus. Ecau
NpEeANOJaraeTcss COCTaBuTh TAOMHIB C NMOCTOSHHBIM LIArOM, TO LOJKEH
6biTh onpenesed war tabauubl. Lllar tTabauubl cBs3aH ¢ AByMs ¢axTo-
pamu: o06beMOM TabaMu M MHTePNOJSUMOHHOH QOpMysoH, N0 KOTOpOR
OyayT BHIYMCIATHCS NMPOMEXYTOUHBIEe 3HAUeHHs YKe B roToBOH Tabumie.
Yem Oosabwe OGyder war, TeM OGOJblle UYjJ€HOB MHTEPIOJALHOHHOR
¢OpMyJB NpPHUAETCA HCNOJAb30BATh INPH MOJb30BAHHM 3TOH TabaMiel
Ha npaKkTHKe, 3TO cO3JaeT HeKOTOpble Heyj00CTBA NpPH HCNOJb30OBaHHH
Tabmuupl. C  JIpyroit CTOpOHBI, YeM MeHblle Liar, TeM GoJblle 00beM
Tabaul, YTO TaKke He oveHb yno6HO. MareMaTHK JOJ/KEH KaK-TO CO-
IJ1acoBaTh JeHCTBHE STHX NPOTHUBONOMOKHEIX (PAKTOPOB C YUETOM CPEACTB
BLIYMC/IEHUH, HMEIOLIMXCA B pacnopskeHHM nortpeburensa. Ecan rabanua
Domxkna ObiTh BBefleHa B OHICTPOLEHCTBYOLLYK) MAaIIMHY, TO OCOGEHHO
BaXXHO yMeHbLIMTb ee 00beM. IIpH 3TOM MOXHO OTKAa3aThCA OT HOCTOSH-
CTBa lAra M HCIl0Mb30BaTh, Hanpumep, y3abl YeObileBa HAa OTAeAbHBIX
yyacTkaX, [Aaf KOTOPBIX, KakK Mbl BHIeAM, MNOJyYaeTCd Hauayullas
OlleHKa OCTAaTOYHOrO YjeHa MHTEprnoJsuuOHHO# ¢dopmyabi. Ilpu onpene-
neHuM Wara Tabauubl OyIyT MMeTb 3HaYeHHEe M TakHe (AKTOPH, Kak
Ha/JMYHE BBHIYMCIMTRJbHBIX CPEACTB W BpeMs, OTBeJeHHOe Ha BHIYHCJEHHS.

Mpl He MOXeM 3leCb BXONMTb B JeTajH KaWAOTO H3 IOCTAB/JEeHHLIX
BOIIPOCOB M OCTAHOBMMCH JMIIb Ha BhIOOpe Iiara U cyGTabyupOBaHMM,
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Hame Bcero TtaGauubl QYHKUME COCTAaBASIOTCA TaK, 4TOGH Ohina
AONYCTHMA JMHe#HAA HHTEpnoJAuMa (T. €, HHTEpNoJAlUHA C HMCNOJb30-
BAHMEM NEPBHIX ABYX uneHOB (opMyJbl). B 3TOM Cayuae OCTaTOYHLIHK
YyjeHn O6yleT MMeTb BMI

R, (x) = f"Q(f) Rt (¢ — 1).

3neck & NMPHHALMEKUT MHTEPBAJY MexLy ABYMS COCeNHHMH TaOMHUHBIMH
3HAYEHHSMH apryMeHTa, B KOTOPOM JIEXHT X, a ¢ 3aKJMIOHEHO Mexly
0 u 1. Ilpoussesenne ¢(f— 1) npunumaer HauGo/blllee MO MOLY/IO

1
3HaueHue NpH {= . DTO 3HAYeHHe DPaBHO - CreloBarenbHoO,

| Ry ()] < M2

2

Yrobn owmubka HHTEPIOJHPOBAHMA He npeBHINAJa 1o abcomoTHON
BeJUYMHe a, He0OXoAuMO BHOUpPATH %, YAOB/EeTBOPAIOUMM YCJIOBHIO

8a

h L T 4y

HyXHo noMuMTB, 4TO Hapsaay C aTo#f owmubkoft — omubGko# MmeTOna,
NpU NPAKTHYECKOM BBHIYHC/IEHUM TPOMEXYTOUHBIX 3HaueHuit OyAyT BO3-
HUKaTb elle :HeyCTPaHHMad MOrPellHOCTb H MOrpellHOCTb OKpYTJeHHM.
Kak ™Mbl BHIeaM paHee, HeyCTPaHHUMad TOrpelIHOCTb NpH JHHeHHOH
HHTepnoJAuMH OyleT paBHAa MNOrpewIHOCTH Taly MPOBAaHHBLIX 3HAYEHHH
¢yukuuft. TlorpemwHocth okpyrieHus OyleT 3aBHCETb OT BHYHCIHTENb-
HbIX CpelACTB M OT nporpamMMbl BHuMcaeHufl. [lostomy 3lech MH ee
KacaTbcq He OyneM.

CoBeplleHHO aHAJOrHYHO MOXHO HMCCAeL0BATh KBAAPATHUHYIO HHTEP-
NOJAUHI0 U MHTeproaduuio Gojee BHCOKHX mopaakoB. Ecau, nanpumep,
UCTOMb3YeTCA MHTEpHOJAUMHOHHAA ¢opMyaa OIBeperTa, TO OCTATOUHBIi
4jeH OyleT MMeTb BHI

1V
Ry =15 mt e — 1y ¢ —2),

M B 3TOM ciyyae HanGoibluee 3Hauenwe and |t (2 — 1) (¢ — 2)| na [0,1]
6yler [OCTHrathbcsl MpH tzé. Oro 3sHauemme paBHO . TakuM
o6pasoM,
3
| Ry | < o5 M,

H Aa9 TOoro 4roObl OIKOKA KBAADATHYHOH MHTEPHOJAHMM HE MPEBHI-
Iana @, HYXHO, YTOOBL IIAr £ YIOB/ETBOPSJ YCJOBHIO

4 /7198
r W: o)

W 3nechb, KpoMe 3ToH OIMOKH METOMA, BO3HMKAIOT HeyCTpanuMas OLIHOKa
u ommbka okpyraenus. HeycTpanumas owmubka Oyier TakoBa xe, Kax
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u ana ¢opmyas [aycca, B3saToft n0 TpeTbUX pasHocTefi. Kak BumHO
H3 npuBeleHHO# paHee Tab/MULI, HeyCTPAaHMMAas MOTPEIIHOCTb He MOMKeT
Goabie YeM B 1,4 pasa mpeBBICHTb abCOMOTHBIE HOrpelIHOCTH Tabyau-
POBaHHBIX 3HAYE€HMH.

AHanOrM4HO MOXKHO MCCAELOBATb M APYrue (OopMyJbl.

Paccmorpum Tenepb Bonpoc o cy6mabyauposanuu. Kak npuMengerca
¢dopMyna Iseperra Aas cyOTaGy/MpOBAHMS, MBl yxe 3HaeM, [lpuBegem
3lech eule OfHH cnocob cybraGyanpoBaHus.

[lycts fo, fi» ... — JaHHBle TOC/AENOBaTe/bHBIE 3HAYEHHHA (QYHKUHH,
COOTBeTCTBYIOllMe ILIAary apryMeHnrta, pasHoMy A, u A, A% ... —ux
pasHocTH. [IpeanonoxHuM, 4TO HAM HYXHO CIyCTHTh TabiMuy B k pas,

h
T. e. HOBHH war Oyper —. O603HauuM HOBbIe 3HAYEHM (QYHKUHHU

COOTBETCTBEHHO 4epes foo, for, fozo - - «» fo,~1 fioo fine oo s f k=10 - -
3nech fi= fi» @ fig— nocnenOBaTeNbHbie 3HAYEHHS GYHKUMM MexIy
X; B X;,1. DyleM [as onpelejeHHOCTH CUMTATh, YTO PA3HOCTH MATOrO
nopsAiKa MCXOAHBIX 3HaueHMH QyHKuMHM NOCTOAHHH. Haltlem BBIpaxeHus
IaA Ppa3HOCTe#l 3HAYeHUH GYHKUMM C HOBHIM 1IAaroM uYepes p43HOCTH
C NpexHHM maroM. [ag 3TOro HCNoJab3yeM ONepaTOpHOE MCYMCAEHHE,
NpHMeHeHHOe HAMM paHee [Jjs BHBOLA MHTEDIOJAUHOHHBIX (QOPMY.L.
Mo ¢opmyse HbioTOHa JAaf HHTEPNOJMpOBaHMS Brepel GyaeM HMeTb:

1/1
(= —1
fur=1 (%045 ) =F () + A (50 +—’if,—§—) 8% (xg) +

06D -G )

+ 3l 8f () - @ A7 (o) +-
Ll V(L o\ (L g\ (L
L (k l)<k i?(k 3)<k 4)A5f(x0). ®3)

h
O6osnauuM depe3 A; DPa3HOCTh C LIAroM " Torna

A1f () = A (x9) o 82 () + L= RO =20 pagey 4

1 1—28) (1 —3 3
(1—#&)( 4”?4)( B ps £ () +
1 —3 —
(1—ha 21?1 D0 popry. )

TakuMm o6pasoM, omepaTopsl A M A; CBA3aHH CAELYIOLIMM COOTHOLIe-
HHEM:

1 1—% (1—k) (1 —28)
A=A+ A%+ 3 ks A*+

— k(1 —2k)(1—3k 1— &) (1 —2k) (1 — 3k) (1 — 4 .
+ (1—4)( 4!k4)( )A4+( ) ( ;1(135 ) ( "e)Ab_ 6
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CreloBaTeqbHO, CTEeNeHH HX 6YJIYT CBAI3aHLI TAKHMM COOTHOIUcCHHUEM:

1—k (1—k)(1 —2k) ,.

M:{ A+ g &+ 3 e A%
(1—k)(1 —2k) (1 — 3k (1 —h) (1 —2k) (1 —3k) (1 —4k) , "
+ 4l & dat - 51 k5 A} g

Orcioaa noc/ieloBaTeNbHO NOJAYHAEM:

(6)

R AL Pt
A4_k4 A4_}_2(1—-12)“
SN

[Tocae TOro K4k NoOJvYeH:l PasHOCTH, HETPYAHO, MCHOJL3YS NOCTOAHCTBO
pasHocTell nAaTroro nopsaka, npoussecTd cy6tabyanpoeanue. CHayajaa
3anoqHAeM CTOAOeL NATHIX Pa3HOCTeH, 3aTeM 4YeTBepTHIX M T. A., NOKa
He NpHAeM K 3HAYeHHAM (QyHKUHH. ITH POPMyaH, cea3biBaiolue A U A,
MOXHO TNOJYy4YuTh M 06e3 OnepaTOpPHOro McuMcaeHus. PaccMOTpHM, Kak
TO JejaeTcs HA npuMepe. BospMeM Te ke 3HAYeHHst sin x, KOTOpHIe
MBI MCNOJbL30BAJH patee B § 7, u noayuum tabauuy c warom & 307,
Tabmuua MCXOZHEIX 3HAYeHUH (YHKLMHM M MX Pa3HOCTe# BHIFJSAMT Cle-
AyomuM 06pasomM:

X siit x /1 I& f3
9° 0,156434

51478
12° 0,207912 — 571

50907 — 138
15° 0,258819 — 709

50198 — 138
18° 0,309017 — 847

49351
21° 0,358368

B haweM caysae B —6. [locaenosaresbHo nojaydaem:
sin 9° = sin 9°,

NN (O SOV - S
sin 9° 30 —=sin9 +E‘f1/2‘—7—2f1+ -li)ﬁ—fa/e'

. . 1 1 5
s 10°=sin 9 71, — 5 72 +gr i
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sin10°30'—sing°+lf1 _sz 1f3
- v 81T T8
4
0_ (-] 2
sin 11°=sin 3 /1, —g fi-+gr

Bynem 0603HauaTh Pa3HOCTH C HOBHM IuaroM dYepro#t cepXy. [lepsbie
Pas3HOCTH OyAyT BHIPaXaThCA TaK 4epe3 npelblAyLiHe Pa3HOCTH:

) Y _fF3

‘/z Sf‘/! 72 ﬁ+1296 3’
fsl/ =€fx/, 24 f2+ 1 :;/o
3
= ﬁf‘lz 72 f2+ 1296 fa/!.

Tl —
f ThT 6 '/2 72 fg 1296 "/a

Bropuie pasHocTH OYAYT MMeThb BHL:
2 __ —_ 3
17 36]? 216 f’/s‘
—_ 4 3
fi= 5 i~ o5 fir

a__ 1 m__ 2 g3
37 36 A 216 f"/n‘

Tperbn pasHOCTH GyAyT paBHbi:

= 216f2/’
3 _J_ 3
S 216 “%°

(ToacTaBasd Ci0La YHCJOBbie 3HAYEHUH, TOJYUMM:

— 1 55

1 —_ —

L= 0,051478+ >+ 0,000571 — —22 - 0,000138 = 0,00861346,
P= __% 0,00057 14-—>— 216 . 0,000138 = — 0,00001267,
B=— } - 0,000138 = — 0,00000064.

Jlajee BBHIYMC/IEHMS NpPOBOIAMM TaK ke, Kak B § 6, rlle Mb mpo-
Lomwanu Tabmuuy Mmuoroynena. CHauana sanosnseM cTOaGel TpetbuX
pasHocTe#f, 3aTeM BTOpbiX, MNepPBHIX M, HakKOHell, CToaGeu 3Ha-
yeHuH GYHKUMH. B y3/10BHX TOuKaX 3alMCbiBaeM JaHHBiE HaM 3Ha-
yeHHs. PaCcXOxIeHHs MOTYT TMPOM3OHTH 3a cyeT oOKpyraenu#. Tabiuua
BBITISINT TaK'
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x sin x Sl 2 f3
¥ 0,156434 8613.46
9°30 0,165047 —12,67 064
8600,79 — 064
10° 0,173648 —13,31 ’
8587.48 064
10° 30" 0,182236 —15.95 ’
857353 064
11° 0,190809 —14,59 ’
8558,04 064
11°30 0,199368 —15.23 ’
8543,71 064
12° 0,207912 8527 84 —15,87 ’
12° 30 0,216440 —1651 —0.64
13° 0,224951 610018 —17.15 '
13°30 0,233445 —17,79 —0.64
8476,39 064
14° 0241922 —18,43 '
8457.96 064
14° 30’ 0,250380 —19,07 ’
8438,89 064
15° 0,258819 —1971 ’
8419,18 — 064
15030’ 0,267238 —20,35 ’
8398,83 064
16° 0,275637 —20,99 '
8377,84 —064
16°30" 0,284014 635691 —21,63 ’
17° 0,292371 —922,97 —0.64
8333,04 —064
17° 30 0,300704 —2291 ’
8311,03 064
18° 0,309017 $967 48 —92355 ’
18°30° 0,317304 —2419 —0.64
8263,29 064
19° 0,325568 —2483 '
8238,46 064
19° 30" 0,333806 —95,47 ’
8212,99 064
20° 0,342019 —926,11 ’
8186,88
20° 30/ 0,350206 —26,75
8160,13
21° 0,358368

PacxoxIeHHst ¢ TOYHBIMH 3HAYEHHSIMH He MpeBLIIAIOT JABYX €IHHHLL
mecToro 3HaKka, Ja U TO B KOHLE TabaHLbL.
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§ 16. O6paTHoe HHTepNOJHUPOBAHHE

YacTo Ha NmpakTHKe BO3HHKaeT 3alada 06 OTHICKAHHM MO 3aNAHHOMY
3HayeHHI0 QYHKIHH 3Ha4YeHHS apryMeHTa. JTa 3alaya pellideTcss MeTONdMH
06paTHOr0 HHTEPROJHPOBAHHA.

Ecnu 3agaHHas QyHKLMSA MOHOTOHHAa, TO OOpPaTHOE HHTEPMOJHPOBa-
tiHe Tpoille BCero OCYLLeCTBUTb NyTeM 3aMeHB (QYHKILHUH apryMeHTOM H
o0paTHO H mocjelyloulero HHTeprnoauposanua. Ecam sanannas ¢yHkius
He MOHOTOHH4, TO 3THM INPHEMOM BOCNOJAb30BATbCSA Heab3s. Toraa, He
MeHsIs pOJsAMH (YHKIHIO M aPryMeHT, 3anHChIBaeM Ty HJAH HHYIO HHTep-
NOJALHOHHYI0 (GOPMYyNy;, HCNONb3Ys H3BeCTHble 3HAa4YeHHS apryMeHTa H
cuptas (QYHKLUHMIO H3BECTHOH, peluaeM [OJAYyYEeHHOE YpaBHEHHE OTHOCH-
TeJbHO apryMeHTa.

OleHka OCTaTOYHOrO uJjeHa NpH MCNOJb30BAHHH NEPBOro NpHeMa
6yaeT TakoBa Xe, KaK H MPH MPAMOM HHTEPNONMPOBAHHH, TOJBKO MPO-
H3BOAHbIE OT NPsAMOH# QYHKIHHM 3aMeHATCH NPOU3SBOJHHIMH OT oOpaTHOMH
«pynkunu. Ouenum own6Gky BTOporo MeTtond. Ecam HaM 3anana ¢yHk-
uus f(x) u L, (x) — uHTepnoaaHOHHEI# MHOrOYseH Jlarpanxa, nocTpoeH-
Hu#l 08 9TOH (QYHKLHH DO y31aM Xy, X3, X2, ..., X,, TO

{(n+1)
f(x)-Ln(x)=—f(71¢—1§f—)(x—xo) e (r—x).

T1pefnoIOMUM, YTO HAM HANO HAKTH 3HAYEHHe X, NPH KOTOPOM f(X) =y
(y 3anano). Dynem pewmath ypasnenne L,(x)=y. Ilonyuum Hekoro-
poe 3HadeHne x. IloacTaBafs B npeibliylilee PaBEHCTBO, MOJYYHM:

= = == = = FoD g =,
f@R)—L,x)=f(x)—y=f()— f(x) =mFn O (x).

IMpumenss popmyay JlarpaHxa (kOHeuHeIX npupauieHHft), 6yaem uMeTb:

- n+1) -
G—nf =220,

rie v HaXOAUTCa Mexay x u x. Ecau [a, b] — untepsan, colepxamui x
U xun mn |ff(x){=m;+0, TO U3 MOCJeNHero BblPaXeHUs CJelyeT:
zE

[a, b]
];—}‘<E%lwn&)]-

[Ipun 3TOoM, KOHeYHO, Npeanojaraercs, 4To ypaBHeHue L, (X)=y MH
pewnan TOYHO.

PaccMoTpuM npuMepel Ha OGpaTHOe HMHTEpIIONHPOBAaHHe TeM H Apy-
THM cnocoGou.
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Mpumep. To 3agaHHLIM 3HAYeHHAM GYHKUHHU:

y } —6 —1 5,625 ' 16

HallTH 3HaueHHe X, ANd KoToporo y =20,

EnuHcteeHHO# nHOpManHeit 0 QyHKIHU ABAseTcd AaHHas Tabauua.
Cyas no Ttabauue, ¢yHKuMA MOHOTOHHA. [l03TOMY MpHMeHHM nepBbIX
npueM. Tomyunm:

_  (yED(y— 5625 (y—16) (y4-6) (y — 16) (y — 5,625)
L =15 CTism cm T2 sm—ess T+
(y+6(y+Dy— 5625 Y+6 Y+ y—16)
+3 22 17-10375 +2.5 1655 6,69 (—10375)

Monaras sgecy y =0, OyaeM HMeThb:

x=2,122.

MNpumep. Ilo sapaHHEIM 3HaYeHHIM QYHKILHH:

HafiTH 3HauyeHHe X, TIpU KOTOpOM y Oyaer paBeH —2.
B 3ToM cayyae ¢yHKuus He MOHOTOHHA. [103TOMy npHMeHseM BTO-
po#t mpuem. Haxonum:

Lz(x)=_5(x+1)(X—2) —4 X (x—2) 1 (x40

=) —hey T = E T
MMonaras L, (xX) = —2, noayyuM ypaBHeHHe AJs ONpejelieHHd X:
x2—3=0,

Orciona x =+ V3.

Ecan uucno ysnoB BedMKO, TO NMpPHMEeHeHHe BTOPOro MpHeMa MpH-
BeleT K pPeLIEHHI0 aare6paudyecKOro ypaBHeHHs Bbicokoft ctemenn. Cno-
co6aMH pelleHHss TaKMX ypaBHeHHH MBI 3afiMeMcs moaxe, 3aeChb Xe
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OCTAHOBHUMCs TOJAbKO Ha HTepalUHOHHOM cmocobe. Byaem paccmart-
PHBATH TOJBKO CJyYail paBHOOTCTOALLMX 3HAaUeHUH apryMeHTa, Mcmonbayem
XOTd Oni mHTepnoaauuonnyw dopMmyay HbwoTona and uHTepmoaupoBanus
Bnepen:

0 — iy 4 D
2 2

[Mpu o6GparHOM HHTePMOJHPOBAHHH JleBas 4YaCTb PABEHCTBA H3BECTHA W
TpebyeTcs ompeleaute f. JJs 3TOro paspemiuM 3TO paBeHCTBO OTHO-
CUTeJbHO f, CTOSlero MPH PasHOCTH MepBoro mopsika. IMoayunm:

3

fo—fo  tE—1) 2 tE—1¢—2) =
_ i He-Ne-d o

rt 2 fi rt

1

2 2

t—=

1
2

ITonayueHHoe ypaBHeHHe OTHOCHTeJBHO f OyleM peliaTh METONOM MO-
ClelOBaTeNbHEIX MPHGAMKeHHH. 3a HauaabHOe MPHOJAMKEHHe NMPHMEM

t,= fi—f .
7

2 ~

IMoactasasas £, B NpaByl 4acTb, MOJAYUYHM:
. s

t,— ftjfo_ to(tOQ_l)_fll__ to(to_lg(to_Q) _% .

f_l fl fl
2 2 2

3aTeM TakuM e cnocoBoM W3 f, MoayuuM fp, 4 3aTeM f3; M T. L. B 3ua-
YUTENAbHOM 4YHCJe CJayydeB 3TOT MPOLECC CXOAMTCA H NaeT B npedene
TO4YHOe pelleHWe ypaBHeHuA. IlpakTHueckH MoOC/JeAOBaTesibHble MPHOMIH-
XEHHsT 3aKaHUYMBAIOT, KOTAAa [BA COCeJHHX MPHOMMKEHHS He OTAHYAIOTCH
ApyT OT Apyra ¢ TOB TOYHOCTbIO, KOTOpas HaM HyxHa, Her Heo6-
XONHMMOCTH KaXiAblf pas HCMOAL30BaTh BCe U/JEHH MPaBoO# dYacTtd.
O6biuHo yem Goablle caenaHo npuGamkeHuit, TeM GoJblie HCMOAL3YIOT
4./IeHOB.

(O6paTHoe HHTePMOJHPOBaHUE MOXeT ObiTh MPHUMEHEeHO 18 pelleHHs
ypasHenu#l. [lna 9TOro cocTaBisioT Tabauuy 3HadeHu#t QYHKLMH U Ha-
XONAT, TPH KaKOM 3HavyeHHH X G¢yHkuus obpamaeTcd B HyJab. Pac-
CMOTPHUM MpHMep KaK pas Takoro poja.

Mpumep. Halttu kopenp ypaBHenns x® — 5x -+ 3 =0, 3saknoueH-
Huft mexay O u 1.

CocranaseM T1abamiy 3HadeHu#t ¢yHKuun y = X5 — Bx -3 ¢ wa-
rom 0,1:
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x / f1 f2? 13 f4 1o

0 3,00000

-—49 999
01 2,50001 30

—49 969 150
0,2 2,00032 180 240

—49789 390 120
03 1,50243 570 360

—49219 750 120
0,4 1,01024 1320 480

—47 899 1230 120
0,5 0.53125 2550 600

—45 349 1830 120
0,6 0,07776 4380 720

—40 969 2550 120
0,7 —0,33193 6 930 840

—34 039 3390 120
08 —0,67232 10320 960

—23719 4350 120
0,9 —0,50951 14670

—9049

1,0 ~—1,00000

[Mepemena 3uaka ¢yHkuuum mpu mnepexoge ot 0,6 x 0,7 mokasmiBaer,
4yTo f(X) uMeeT KOpeHb B 3TOM uHTepBaje, ®opmyna HeiotoHa B 9TOM
ciaydyae NpHMeT BHI:

0=0,07776 — ¢ - 0,40969 + £¥--1 0,06930 +-

4+ HE=DE=2) 03390 4+ FE=DE—DE3) 6 09960 +-
+ f(t—l)(t—?;ét—B) =4 0.00120.
Orciona
007776 , t(—1) 0,06930 , ¢(t—1)(t—2) 0,033%
t= 0,40969 + 2 0,40969 -+ 6 0,40969 +

LD E—DE—3) 00060 | r(—1)(¢E—2) €—3) ¢4 000120
24 0,40969 120 0,40069

HaH
t=0,18980205+¢(t — 1)0,08457614

+t(E—1)(¢—2)+0,01379092 ¢ (¢ — 1) ( — 2) (t — 3) - 0,00009763
4t — 1) (¢ — 2) (¢ — 3) (£ — 4) 0,00000244,
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IMocaenoBateibHble MPUGAMKEHHA NAIOT
t,=20,19; ¢ =0,1868; ¢,=0,180752; ¢;=0,18092680;
t,=0,18091906; ¢,=0,18091937; ¢,=0,18091936;
t,=0,18091936.

Bhauenus £g u f, coBnmanaioT. [109TOMy B KadeCTBe X MOXHO B3fiTh
x=10,618091936.

YIIPAXKHEHHSA
1. JlokasaTh, 4TO COBOKYMHOCTb QyHKLHH

1 X xn
R(x)’ R(x)' """ R(x)’
rae R (x) — muorouneH, obpasyer cucreMy YeOblneBa Ha BCIKOM OTpesKe, Ha
KoTOpoM R (X) He HMeeT KOpHeH.
2, Jloxa3atb, 4TO0 QyHKLHH

1 1 1

et xT T antx
obpasyior cucremy Yebbiwesa npu x >0, ecan @ >0(k=0, 1, ...).

3. HaiiTh MHOrowleH HaMMeHbineH cTefeHH, NPHHUMAOUIMA B 3aJaHHBIX
TOYKAX 3afaHHBIE 3HAYEeHHs:

X 1,45 1,36 ' 1,14

y 3,14 4,15 }\ 5,65

Oms, — 14,2x% 4 28,67.x -+ 91,37.

y 2 3 12 147

X 0 1,5 3,4 6,8

y 1,45 3,14 4,65 411

Oma. — 0,0205x8 — 0,02x2 { 2,73x 4 1,45.
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\ X 11 \ 13 ) 14 ’ 18 19 21
! ¥ 1342 ; 2210 ‘ 2758 } 5850 6878 9282

Oms. — 4,1x5 4 337,844 — 11283948 - 182940,4.x2 — 1460817 .x - 4593561,7.
4. Wcnoab3ys cmnocob DfiTKeHa, HaHTH yKa3aHHblE 3HaYeHHs (YHKUMH Nast

CHENYIOWMX TAHHBIX:

X ‘! 14 ! 17 ’ 31 ’ 35
y ' 68,7 ‘ 64,0 ; 44,0 ; 39,1
Oms. 49,46
X ) 93,0 96,2 ’ 100,0 104,2 ’ 108,7
y ’ 11,38 12,80 ‘ 14,70 17,07 I 19,91
Oms. 15,38
X 0 ‘ 2 > 3 ; 6 l 7 ] 9
y ‘ 658 503 ; 704 969 i 729 000 l 804 357 ‘ 830 584 | 884 736

Omes. 778 687.

f@n=>

£(102) = ?

f@ =2

5. Mcnoansys MHTEpnONALMOHHEIA MHOrOYJMEH JlarpaHia, 10Ka3arb, 4TO

2p+1 (—1ym 92 p+1
Qr+1—2mym! 2p41

m=0

= (-)”

—2m)!

[@p+ D"

YxaszaHnue. Paccmorpers f(x) =1 na [—1, 1} n B3aTb B Ka4ecrBe 1O~

ek nexeHns xUPTD—_— 1—|—2 -I-l m=09,1,2 ..., 2p4+ 1)
6. Jloxasats, 4TO
N (m+n—2)!
_ym—i 1 _ym+1 \mTn—
X it = m—Dinl
i=0

Yxkaszanue [lpumenurs ¢opmyny Jlarpamka x QYHKUMH
£ = n—xy(n—1—x)... 2—x) .

n!
Monownte X3 =0, h=1, x=n+m,
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7. Ucnonb3ys WHTEPNONALMOHHBIA MHOrouNeH JlarpaHia, MOMYYHTb CAEAYIO-
ulyio popmyny:
ck

_2 (—1r-k Z (m> n).

8. Hcnonb3ys WHTEPNOMSALMOHHBIA MHOrOY/MEH JlarpaHuta, MONy4uTh CAERYIO
suyio gopmyny:

. — k
min=2(—1)" "F;C',;,C,’i (m>n).

k=0

9. lloxa3aTb, 4YTO

Lon )+ Lin () + .. +Lpn(x) =1,
(xg— XV Lo () + (k3 — ), Lig () + -+ 4 (tp— X)* Ly () =0,
k=1,2 ..., n),
rae
Lin (£) = (xr—x)(x—xg) ... (x—x- 1) (x—Xipq) ..o (X — xy)
" (s — xg) (xg—x1) oo (K5 — xg—0) (X5 — X544) oo (X5—Xp) ~

10. Hoxasatb, uTO

lin () =14 SR

Xg — Xx1) (xp — xa)

+ (X—x)(x—x9 .. (x—xpq_9)
(xo— x9) (kg —x9) -+ . (X9 — Xpp—1) ~

11. TMycts L, (X) — HHTEpNONSLHOHHbIH anre6panyeckHii MHOFOYJEH cre-
TIEHH 71, MOCTPOEHHBLIH AN QYHKUMH f(X) MO y3XaM Xg, Xy, - +e, Xy [JOAYUHTD
HHTEPNONALHOHHYI0 gopmyny Jlarpamia, pasfaras xpobb

Ln (x)
(x—xp) (x —xp) ... (¥ — xp)

Ha MpoCTelluye,

12. Jaubl 3HaueHHs QyHKLMM B m - n toukax. JOka3zaTb, 4TO MOXHO HaiTH
TaKyi0 palMOHaNbHYI0 (YHKLMIO, YHCIHTeNb KOTOpOH HMeeT creneHs m— 1,
a 3HaMeHaTellb 7, KOTOpas COBMajaer C 3aJaHHBIMM 3HaYeHUSIMH B 3aMaHHBIX
TOYKax.

13. BasTbl TpH 3HayeHHs Qyukuuu f(x): f(a), f(b), f(c), BOIM3HN ee MaKCH-
MyMa WI4 MuHuMyMa. [loka3aTh, 4TO 3HaUeHHE X B MaKCHMyMe HIH MHHHMyMe
npubaU3HTENbHO PaBHO

*—a?) f@)+ (2 —a?) f(O) + (a®*— 6%) f ()
2= f @+ (c—af®)+@—b) )} °
14. das mobuix n--1 yncen ¢y, ¢y, ..., Cp BO3MOXHO H NPUTOM eXHHCTBeH-

HBIM 06pa3oM MOCTPOMTb MHOroujleH P (x) cTeneHu, MeHbIUEH WM PaBHOH /i,
YZOBAETBOPSHOUIMA yCIOBHAM

Pxog)=co P (x)=1cy ossy p® (xn) = Cpe

Uucna Xgy Xq, -+, Xn MPOH3BOABHBL JlOKa3aTh 9TO M HaiTH opmyny aas P (x).
15. llycre mHOrouieH

1 (X)=agx"4 ayx?=14 ... 4 ap—1 X+ an
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HMMeeT OTJUYHbIE APYT OT APYra HyMH X3, Xg, ..., Xn. TOrXa

i xf { 0 mpu 0Lk n—2,
T d () _i a7t mpu k=n—1.
v=0

16. Ilpu Tex ke NPernONONEHHAX

7

I ()P -2

BT ) — ) 0 men 0<k<20—2,
- a; npu k=2n—1,

y=1
17. Ecan, KpoMe TOro, x, otamyusl ot 0 u —1, 10
n _
A A(x7)
~ Ty x)

= (—l)n [1 — X1Xe ... xn].

T W w T o
18. 3Has 3HaueHus sinx npu x =0, $' 73 g Hall sim x mpH

T
X =g OuLeHHTb MOrpeIHOCTD.

19, 3mas cos -0uunu ATH C . i
. 3Has xmpu x=0, =, 7., 3 5 Hallta 05 X TNpH x——1—2—.

O1leHHTb NOrpe HOCTb.
20, Hana tabanua:

l

lg x | 2,5314789 2,5440680 l 2,5563025

2,5682017

S

x ’ 340 350 | 360 l 370
|
l

Haiitn 1g 355. OueHHTb MOrpemtHOCTS.
21. Jlana Tabanua:

X | 0,176327 ] 0,267949 0,363970 0,466308

arc1g x ‘ 10° | 15° 20° 25°

Haiith arctg 0,3. OueHHTb MOrpeurHoCTb.
22. Jlana Ttabauaua:

X 33° 407 00~ 33°407 40~ | 33°41” 107 | 33°42/ 00~ | 33°42" 10~

cos x i 0,832277 . 0,832169 l 0,832089 ' 0,831954 0,331927

Haiitu cos 33°40” 10”7 u sin33°40” 107. OueHaTh NOrpeiiHoCTb.
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23, llana TtaGauua:

X 18° 207 00~ 18°207 107 | 18°20” 50”7 | 18°21° 00 | 18°21” 407

cos x

0,315005 '

0,314545 0,314591 } 0,314775 0,314821

Haiitu sin 18° 20’ 30”. OueHuTbh NOrpeuiHoOCTS,
24, lyctb B KauectBe 6asHCHBIX (yHKUMH N7 MHTEPNOJHPOBAHHA BbIOpaHb
A
T M e,
rle @;— HEKOTOpble HeliCTBHUTENbHble UHCNA, ¢f 5= a; Npu =~ j. Halitn ocra-
TOYHBIH UYJeH COOTBETCTBYIOM[EH HHTEpNOJALHOHHON (OpMYJIbL
25, llana Tabauua 3HayeHHl MHOrouleHa TpeTbell cTeneHH:

; f(x) ! —1 | 113 381 { 1754 ‘ 3029 — 16

V3gecTHO, YTO jpomymieHa oxaHa ouinbka. O6HapyxuThb OMIMOKYy H MCIPaBHTb ee,
[To ¢opmyte HbioTOHa AMS HePaBHLIX NPOMeKYTKOB BbIUUCIuTh f (1), f(4), f(7).
BoccTaHOBHTb MCXOXHBIA MHOrOYNEH.

Oms. 14x3 4 x — 1. Owubka npu x = 3; f (3) = 380.

26. Tokasatb, 4TO n-f pasjgeleHHass PasHOCTb MHOrouJeHa n-H CcTeneHu
pPaBHa KO3(Q(QHLHMEHTY NpH X7 He3aBHCUMO OT BHIGOPA Y3JOB X, Xy, +..y Xy

27, Mokasatb, ut0 ecau f(x)=(x—x)(x—x) ... (x—xp), 710
T (%03 X35 vees xp) =0 (p< ).

28. TlokasaTh, UTO eC/M apryMeHTHl YMHOXHWTh Ha ONHY M Ty e MOCTOSH-
HYIO ¢, a 3HaUeHus QYHKUMM OCTABMTb HEH3MEHHBIMH, TO pa3ieleHHble Pa3HOCTH
F(Xp; X3 ...; Xy) YMHOXATCH Ha ¢~

29, lokasatb, 4TO pasmefNeHHble PA3HOCTH He H3MEHATCA, €CIH apryMeHTh
YBeJAHYHTb Ha OHHY H Ty e BENHYHHY, a 3HayeHusd QyHKUHH OCTaBUTb HeHu3-
MEHHbIMH,

30. [okasaTs, 4TO

f o e xm) = [ oo ff‘"—” (1 faxgt oer - bniy) dtydly «.. dty,
rIe HHTErpa; pacipoCTPaHAeTCs Ha BCe MOJOXHUTENbHble 3HAaUeHHs fy, yuOBJe-
TBOPAIOUIHE YCAOBHIO

tdtad oos =1

31, Tlokasats, uTo ecan f(x) = ¢ (x) ¥ (x), 10

%

@G as .o an) = D9 (@0 5+ v; )Y (@ivgi Basi oo ).
im0
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32, O6o6muTs npeablaymyio GOpMyly Ha chliyyall k COMHOxHTeneH, T. e,
NOKa3aTh, 4TO ecau f(X) =g, (%) ¢, (X) ... ¢, (x), TO

f(ag agp...5 an) =

= 2 N CAE IR R TN I P B cpk(aik_1+l; el )

rie CyMMa pacCipocTpaHeHa Ha BCe 3HAYeHUAA Iy, Ig, o.., {k+1, YAOBIETBODAIOIIHE
HepaBeHCTBaM

V<L oo L0

33. KoneuynHas pasHOCTb nepBoro mnoOpsAfKa (yHKUMH f(X) uMeeT BHK
ax3 4 Bx2 -4 yx -+ 3. Haiitu, kakoil Bua umeer f(x).
34. lana tabauua HaTypaJibHBIX CHHycoB ¢ waroM B 1°. Kakopa Han60.b-

HIag NOTPelIHOCTh JHMHeHHOH HHTepmoasuuu? ToT e BOMpPOC, €CAM war pa-
pen 17, 17?

35. Jlana Tta6auua HaTypaiabHbIX JjorapudmoB uucexr ot 1 go 10. Kakopa
Hau60/bMIasd MOrpPEeIHOCTh AMHEHHON HHTepnoJiAlMH, eciu war paseH 0,001?
4

2
36. Tabanua HHTerpaia BepOSTHOCTH —/e’zsdz or x=0 10 x =3 gaHa
k3
0

¢ warom 0,001, KakoBa Hau6oabuias mOrpeliHOCTb AHHEHHOH HHTepHOAALMH?

37. Tabauua e* zama ot O a0 1 ¢ marom 0,01. KakoBa Han6oiburas mno-
TPelHOCTh NHHeHHOH HHTepnoAALHH?

38. Jlana ta6anua:

x f(x) X f(x)

20 0,229314955248 26 0,231422001936
22 0,230016702495 28 0,232125550246
24 0,230719052039 30 0,232829695032

Haiitu £(21) n £(29).

39. Jlana rabauna:

X f(x) x F(x)
0,51 0,5292437 0,55 0,5633233
0,52 0,5378987 0,56 0,5716157
0,53 0,5464641 0,57 0,5798158
0,54 0,5549392

Haiirn £(0,5124) u f(0,5716).
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40. Jlana ta6auua:

X f(x) X f(x)
1500 1760912 591 1503 1769 589 805
1501 1 763 806 922 1504 1772 478 361
1502 1 766 699 326

Cryctutb Tabauuy ao mara 0,1,

41, Jlana Tab6aula 3HaYeHHH MOJHOrO SMIMINTHYECKOTO HHTerpaja mnepBoro
poza K (a):

a K (a) a K (a)
75° 2,76806 80° 3,15339
76° 2,83267 81° 3,25530
77° 2,90256 82° 3,36987
78° 2,97857 83° 3,50042
79° 3,06173 84° 3,65186

Ilonyunts Tabauuy c warom B 30°.
42, llana tabauua nATH3HAYHBIX JIOrapH(MOB uucen:

X ’ 300 l 310 ’ 320 ‘ 330

log x { 2,47712 I 2,49136 { 2,50515 I 2,51851

CocraButp no Helt Tabauuy c waroM 1. CpaBHHTH pe3yJibTaThl C TaGJAHYHBIMH,
43, llana ra6auua:

l x { 0,30 ‘ 0,35 | 0,40 l 0,45 ‘ 0,50 ‘ 0,55 | 0,60

ch x

1,04534i 1,06188 ‘ 1,08107

1,10297] 1,12763i 1,15SIOi 1,18547

Cryctutb Tabauuy B nATh pa3. CpPaBHHTb Pe3yabTaThl ¢ TaGJMYHEIMH.
44. Baartsl 2r -+ 1 pasnHuHblx 3HavueHudt £ O, x #y; & & ...; £ 4. Boiuucatsb
MHTEPHONALHOHHYI0 QOPMYy, HCIOMB3YIOULYIO Y3Jbl

Xo=a, Xop—2a— trh, Xoyy = a + trh.

Hajiti ocraTouHbIli YJNieH 9TOH ¢opmyibl
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45, Tlpu o6o3HayeHHsX MpeiblAylled 3adayd U MPH

poy=tT[(#—8). P, (t)_tﬂ(tz—tk)
Kl
k#z

6yayT HMeTb MeCTO Cieayioline (OpMyabL:

f@+thy+f@a—th) = 2 ) (f @t )+ fla—te) + R,
riae
R=2K"TAP () fla L thy @, a X 1k; ...; a * t,h)
H
fla-+-thy— f(a—th) = 2 “Pii((t% [fa+tehy —f(a—th)] + R,
k=1

rne
R=nr"TPO){fatth a,a+th;...; a* )+
+fla—th a;at ¢t h...: aXth)

46, JlokasaTb, YTO MpH TeX :Ke OGO3HAYEHHAX W NpH OB03HauEHHAX

H® =[[(t2—t,‘i), q4,¢=[[(#—%)
Ko k=1
k£1i

6y1yT HMeThb MecCTO cjedyiolline Qopmyibl

flatthy = 2 t’,’;"‘(?)[<t+tk)f<a+tkh)—<t—tk)f<a—tkh)1+R,
rie
R=h"H(@) f(a-th a = t,h; ...; a + t,h)
H

fla—hty= 2 O €+ ) Fa— k) — (¢ — ) f (2 + ) + R

rie
R=nmwH® fla—th,a X tih;...; a T t.h).
47. B npexuux 0603HAYEHHAX MMEIOT MeCTO clelyloline GopMyisr:
r

fla+thy+ fla—th) =

=1

H
O fat i)+ F@—tm) + R,
rae

R=m"H@)[fat+th;a L tih;...; a L th) -+ fla—thy a X6k ... aX t.h)
H

1@+ th) = fa—th) = %, 7L (f 0+ tuh) — fla— )]+ R
kel
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rne
R=20""*UH () f(at thy a X th;...; a £ t,h).

48, BruiBectdH GopMmyny
n 2k k-1

(@ thy+ f (@ — thy = 2f (a) — E i [] @—m+R

1=0
Tie

FEEDE) g 2
R=2 Ty W™ H(’ —.

49. BoiBecTn GopMyly

f2k 1_ 2k
f(a+th>—f<a—th)=2 — =T tH(ﬂ—ﬁH-R

=1 f=1
rae

(en+1) n R
R=2 iyt 1 T )

50. BoiBect dopmyany

f(a-}- §+th)+f(a+g—th)=

2k —2

2)!11[ ~(*F1+=

1=2

e (]

k=1

1
2

=t@+7@+ h)+22 T

riae

51. BuiBecTH dopmyny

f(a-f—-g-}-th)—f(a—]-———th)

rae

@ni1)
e ad | I

k=1
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52, IlocTpOHTb HMHTEpNOMALMOHHBIA MHOrOWeH IDpPMHTa MO CACIYIULHM
IaHHbIM:

X 0 | 2
y 1 —1 0
!
y 0 0
y// 2

Oms. —-%7,\:5—}—% x4—%zx3+ x4+ 1.

53. TlocTpouT, HHTEPNOJALMOHHLIA MHOrOWIeH JpMHTA 1O CHEAYIOIHM
JaHHbIM:

X —1 0 1
y —1 0 1
y 0 0 0

Oms. —;— X3 (5 — 3x2).

54. IlycT, HHTEPNOASLMOHHBLIA MHOrO4leH JpMHTa HIleTcA MeTOAOM He-
onpeaeleHHbIX KOS(pHLHEHTOB, T. e, pacCMaTPHBAaeTCA MHOroyJeH

Px)y=cytcix+ ... 4 cpx™
¢ HeonpejeNeHHbIMH KO3(QGOHIHEHTaMH H Cp, €, .+, Cp MOABHPAIOTCA TAK, YTOOLI

. §=0,1..., a —1,
P(s)(xk)=y§:), o1 2 : m=a,to+ ... +ap—1L

[okasaTb, 4YTO MOJAYYAIOI(HACA NpPH ITOM OMNpeieluTelb OTIHYEH OT Hyjaa H
Bb{YHCJHTb €ro.
55. [loka3aTb, 4TO

JAXG ooy X5 Koy ool Koy ano) Xpyeons Xp) =
e e p— N s e e’
Nna s np

4 tp—2

.-—.-jdtlfa’tg... f @.f™Y (y) dt,_y,
0 0

Q
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rie

y=A—8)x+E—t) x4 ... FEp—a—tp-1) Xp1+ip-1%p
a
(=) G — )™ L (g — b)) P T

(D —
(mp— N (g —N ... (np,— 1)
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YUCJEHHOE AWSEPEHIUPOBAHHE U UHTErPHPOBAHHUE

B nauHO# raaBe OyayT PACCMOTpeHBl YHCJEHHBIE MeTOIbl pelleHHst
NpocTeHINX, HO OYeHb PACNPOCTPAHEHHBIX 3314y MaTeMaTHYECKOrO aHa-
JaHu3a — AHddepeHUHPOBAHUS H MHTerpUPOBaHHMS (QYHKUHH.

IluddepeHupoBaHie W HHTerpHpoBaHMe SABJASIOTCA YaCTHHIMH CJay-
YassMH (QYHKUMH, oOnpeleleHHBX HAa (YHKUHOHAJIbHEIX NPOCTPAHCTBAX,
0 KOTODHX roBopuiocs Bo Bpenenuu. Ilpu sTOM Kawao# ¢QyHKUHM He-
KOTOPOro (YHKUHOHAJILHOTO MNPOCTPAHCTBA R CTaBHTCA B COOTBETCTBHE
a0 cHOBAa ¢yHKUMS (MPH OTHICKAHHM NPOU3BOJHOH HJIM HeONpeleJeH-
HOrO HHTerpana), Jau00 HekOTOpOe YUCJO (ec]u HIeTCS MPOHM3BOAHAS
B ONpelleJIeHHOH TOUYKE WM ompejleleHHEH HHTerpas). Hanpumep, nonumas
noa R COBOKYMHOCTb BceX GYHKUMH, MMeOIHX Ha oTpeske [a, b] Rre-
NpepLIBHYKD NPOM3BOIHYIO, MOXHO pacCMaTpHBaTh AuddepeHLHpOBaHHE
kak ¢yHkuuio A(f), onpeneneHnyw Ha R, ¢ MOMOLIBIO KOTOPO# 3.e-
MeHTy f(X)ER <craBurca B coorBercTBue OyHkuMs @ (X)EC, rae

(P(x):f,(x)\ T. e. A(f):f’(x) HJIH AEd—x_'

Bo MHOrMX cayyasx 3HaueHus STHX (QyHkuUuH He MoryT OHITb HaH-
JeHBl TOYHO HCNOJL3OBAHHEM METOILOB ﬂH(b(bEpEHU,PIaJ[bHOFO H HHTErpaJb-
HOTO HCuMcienust. Torpa npuGeraioT k NPUOIHKEHHOMY peLIEHHIO 3THX
3a1a%, HCOoJb3y# oOWMH MeTol, OmHcaHHbI# Bo Beenennn. B avon
rnaBe Mbl OyleM pacCMaTpHUBaTh MeTOAB YHMCJAEHHOTO AHpdepeHUHpOBa-
HUS ¥ MHTErpPUpPOBAHMA, OCHOBAHHEIE HA 3aMeHe NPOCTPAHCTBA R APyTHM

npocrpaHcteom R. T. e. OyleM 3amensts 3alayy A(f)=o¢ fE€ R 3ana-
et A(f)=10o, fER. B

B ocHoBy saMeHn R Ha R TOJMOXHM YyiKe pAacCMOTPeHHHH MeToR
npuOIMXeHHS — HHTEePIOJIUP OBAHHUE,

§ 1. 3apaya uucaensoro auddepeHiuporaHun

K uyncnenHomy nnddepeHUHPOBAHHIO NPHXOAUTCS MPHGEraTh B TOM
cayyae, koraa ¢GyHKUHa f(x), A8 KOTOPOH HYXHO Ha#TH MPOU3BOIHYIO,
3a/1aHa TaGAMYHO H/M Xe (PYHKUHOHANbHASA 3aBUCHMOCTb X M f(X) HMeeT
O4eHb CJOXHOE AaHAAMTHIECKOE BhIpAXeHHWe. B mepeoM cayuae MeTonn
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IHGdepeHlHaIbHOTO HCYHCAEHHS NPOCTO HeNpHMEHHMB, a BO BTUPOM
cayuae HX HCNOJb30BaHHE BLI3LIBAET 3HAYHTEJbHbLIE TPYILHOCTH.

B s1ux cayyasx BMecTO ¢yHKUHH f(X) pacCMaTpHBAIOT HHTeDMOJH-
pyouy0 GYHKLHIO ¢(X) H CUHTAIOT NPOHM3BOAHYIO OT f (X) NMPUOIHKEHHO
paBHOH NpPOH3BOAHOH OT ¢ (x). EcTecTBeHHO, YTO MPH STOM MPOH3BO.-
Hag oT f(x) Oylder na#lena ¢ HeKOTOPOH NMOTPEIIHOCTBIO.

DyHKUHIO f(X) MOXHO 3aMHCaTh B TaKOM BHIe:

f(x) =9 (x)+R(x),

rie ¢ (x) — uHTepnoJHpyomas ¢yskuud, a R (x) — ocTaTounb#f uleH
HHTEPNOAAUHOHHOR (opMyasl. JHddepenunpys 310 TONKIZecTBO & pas
(B NpelnoJOoXeHHH, 4TO f(X) H ¢ (X) UMEIOT NMPOH3BOAHEE R-TO NOPsIKA),
NOJY4HM:

199 () = ) () -+ R ().

Tax kax 3a npuGamxennoe 3uavende f*)(x) npumumaercs ¢®) (x), To

NOTPELIHOCTh eCTh R® (x). Ilpu samene f(x) HuTepMOJHpYOWIEH PyHK-
u¥e#t ¢ (x) npeAnonaraercs, uTO OCTATOYHHIH 4Y/JeH MalX, HO H3 TOro

COBCEM He cJjenyeT, ¥TO MaJjo R(k)(x), U060 MpOU3BOAHBIE OT MAaJOH
JyHKULHH MOTYT ObITh BecbMa BeJHkH. M ma caMoM nese, npakTHka moxa-
3hIBAET, YTO NPH TakOM cnocoGe BHIYHCJEHHS NPOUsBOLHLIX [ (x)
NOJy4aeTCcs CPABHHTEJbHO OOJbILIAS MOTPELIHOCTh, OCOOEHHO MPH BLIYHC-
JIEHWH MPOM3BOLHBIX BHICUIHX MOPSIKOB,

Paccmorpum Qopmyanl anddepenunpoBanna B obuieM clydyae, Korja HuTep-
noJHpywiLas GyHKUuA ¢ (X) CTPOMTCA KaK JAMHEeHHas KOMOHHALMsA O6a3uCHBIX
Pyukuai o (X), 91(X), ..., 9, (x), obpasyomux cuacremy YefbimeBa Ha pac-
cMaTpUBaeMOM OTpesKe [a,

Ionb3ysch pesy.nbraramn npegpigyined raaBul (cm. (2) § 4 ra. 2), 3anuiem
$yHKHMIO f(X) B Bule

n €z
F@=9 + 3@ [ K@) Lo 1 6)lds. M

t=0 @y

n

3necy ¢ (x) = 2 F(x4) ©; (x)— HHTEpPNONALHOHHbIN MHOrOYACH, @4 (X) — NuHei-
1=0

Hag KOMOMHalMs GasHCHBIX ¢QyHKLMH 9, (X) (R =0, 1, 2,.,., n), yROBIETBOPSIO

uasi yclOBHAM
Q4 (x5) = dy5,

X¢~— y3Jbl HHTEPHOJHPOBaHHS,
90 (8) 91(8) v Oy (8)

() 91 e 9p(S)

KW ) =W [00() eons @ ()] ovmeneernnneennn AR TR 0!
V) #PD(5) . Y ()
o (%) 91 (%) ...9p(X)

Lo [f Ol =W{o0(8), +ves nh SO W g0 evrs on )] ©)
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Juddepennupyem obe yacth paseHcTsa. Ilodyunm:

F@=¢ @+ 2@ [ K9 Ll F@)ds+

=0 @4

+ X 20 K (%0 %) Lpag [ (D))
1=0
Ho

n

D @i () K (x4 %) Ly [f (0] = Ly If (x)lz @; (%) ) €5 (x9) Gy (x) =
1=0 =0

~ n
= Lpy1[f (0] ) €5 (x) Gi (%) = Lpaq [F ()] K (x, x) = 0.
=0
Takum obpasom,

F@=¢ @ 42@ ) f K (50 9 Lnii [F ()] ds. )

=0 Ty

Mpu YHCIEHHOM AnQ(epeHLUPOBAHIH 32 NPHOMIMIEHHOE 3H4YEHHe NPOM3BOXHOH
Gepyt ¢’ (x). Torma BTOpOH wien cnpasa OyneT NaBaTb OCTATOYHBLIH WineH.
llupdepennupys mocllefHee pageHCTBO eiue pa3, HalmeM:

FEO=¢ @O+ X% @ [ K Lot/ ©)ds +

i=0 g

+ Z: @ (%) K (x5 XL, ()]
i=0
W B sTOM chyuae

N0 ) K@y DLy @=L, F 0] Y, 050 Y, @5 (x) G () =

=0 i=0

3=0
— L @YW G0 = L, F @) K2
1=0 =8
IlosTomy
F7(x)=¢" (X)-I-E‘D x) fK(x,, 8) Ly iy [f(8)] ds. )

[3

OnaTh nepsblii 4leH cnpaBa fgaeT MpuOJMiuEHHOe 3HaYeHHe MPOU3BOIHOH, a BT~
poil — OCTaTOYHbLIA YJieH.

DTH pacCyxIeHHS MONHO MPOBECTH i MPOM3BONHBIX MOOOrO MOpPAIKa,
MEHbLIEro WJAH PaBHOIO 7.

M3 nonyyeHHbIX BBIPAHEHHH OCTATOYHBIX 4JIEHOB BHIHO, 4TO (OPMYJbI
YACJAEHHOro nu¢ddepeHUnpoBaHMs Aal0T TOYHOE 3HadeHHe s MPOU3BOLHBIX,
ecan f(x) ABAseTcs NPOM3BONBHOI JNuHEKHOH KOMOWHallMel 06a3uCHBIX (YHKUMD
Yo (x)y P1 (x)) vevy P (x)-
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B creayioueM naparpade OyayT pacCMOTpeHb KOHKpeTHHE (OpMYJLt
yHcJAeHHOrO NH(GdEepeHIIHPOBaHUS,, B OCHOBE KOTOPHIX JEXHT HHTEPMOAH~
poBaHHe C MOMOWBID ajrefpanyecKHX MHOFOWJIEHOB.

§ 2. dopmyanl uuciaeHHoro anddepeHnHpOBAHUA

1. dopmyiasl YHCACHHOTO AnddepeHIHpOBAHHA IJA HepaBHO-
OTCTOAIMX Y3J0B. DyleM HCXOIMTb U3 HHTEPMNONSUHOHHOH (OpMyJbl
HbIOTOHa A1 HEPABHEIX MPOMENYTKOB:

J(x) = f(x0) + (x—x0) f (% X1) + (X — %) (x — %) [ (%3 X35 Xa) 4. ..
vt (X —X) (X —x1) o (X=X ) [ (X3 X3 v o5 X)) T+ (x—Xp) (x— X)) ...

co (X=X F(X Xg; X5 o v s Xp)- (D
Ias coxpaluenus sanuce#t 0603HauMM X — x; = a;. JHddepenunpys obe
yacty paseHcrsa (1) oauH pa3, GyleM HMeTb:
J () = f (xg3 %) + (@ +ay) f (x5 x5 %) +-

—+ (202 g%y - a10p) f (Xo3 X3 X3 Xg) + ...

B (o TR M . Y. TN . SR S e - 2SN N ) L €7 THIEE A R

+ d"’;’f‘) FO6 X3 X132 v 23 Xy) 0, () HLLG K03 -5 ) i ) (9)

3a npubamkeHHOe 3HaYeHHe NEPBOH NPOH3BOAHOM NpH  YHCIEHHOM
pupdepeHidposanny OyleT npHHEMATHCS

L (0) = f (xo; %)+ (o) f (i x53%0) +
= (o - ooty - ya5) f(Xgs X35 X3 X)L
I G T T . T T A i e R ) 4
X f(xo; X ooy Xp). 6]
OcraToyHm# yieH OyleT BHIT/SLETb TaK:

df (x; X3 <3 Xn) 4)

doy
R=——E(Cﬁ)~f(x;x0;...;xn)+wn(x) ir .

YnpoctuM BTOpo# uneH cmpasa. [1o onpeneseHuo

af (X5 Xo3 +« 5 Xn) __ lim FX'5 Xg5 Xy oo o3 Xp) — FX Xg3 X553 Xn)
dx ' > x'—x
= lim f(x; x5 X3 X5 ...5 X)) =[F(X; X3 Xo3 X1} ..} Xp)e
z' >z

Taxum o6pazom,

doy
R= d}gx) FGxs xg0 x5 0. x) o, () (0 X3 %0 X5 .. 05 %) (O
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WM, eCJIM HCNOJIL3OBATH CBA3b pa3AelieHHbIX pa3HQCTeﬁ C MPOHW3BOIHBLIMH,

don (x) Y ) A,
R=—r"%For T 0, (9 ) @Fo " ©)
B ysaax MHTepnoOJAMPOBAaHMS X, Xy, ..., X, BTOPOR ujeH crnpasa oOpa-

UaeTCcs B Hy/JAb H BBIPAXEHHe OCTATOYHOrO 4jeHa OyleT 0oJjiee MPOCTHIM.
LuddepeHunpys eule pas, MOMYUHM:

F () =2f(x0; X13 X2)+ 2 (o1 -00) f (Xg; Xy5 Xo3 X3) 4+ ...
2 (g0t e OO0y L O g0 o et . L a, ) X

Xf(x/o)xl; ey X n)+d mn(X)f(x Xos X135 o) xn)+

42 d‘i’;’;x) af (X5 Xo X43 -3 x,,)—}—dzf (5 x‘;‘; e Xn) o, (). ()

3a npuGaueHHOe 3HA4YeHHe BTOPOH MPOW3BOAHON NMPH YHC/AEHHOM AHQ-
¢epenunposaiun OyneT NPHHMMATHCA

L;: (X) =2 [f (%03 X13 %)+ (@9 401 +a2) f (g5 X33 Xo; X3)+ ..
B (TR - 2N S Y T e RTINS - 2tc 2 SN T 124
X (X %5 ..o 2. (8)

QOcTaTouHbl}t uieH OyleT MMeTb BHI

d2oy, (X)

R_——d}% flx; xo0 X5 .03 X))+

4+ 2du»,, (x) df (x; x(z).c. o3 Xn) Fo, (%) d2f (x; ;0);62. el Xy) )

Bropolt 4jeH cnpaBa ynpoulaeTcs TaK Xe, KaK 3TO fAefajochb IJjs nep-
BO# NpPOM3BOHONA. YNPOCTHM TpeTuit uned. B cuny ompenenenus mpous-
BOLHOH M CBOHCTB pasiefieHHbIX pa3HOCTe#t OyleM HMeTh:

d? d e e g .
Txﬂf(x; Xos .‘.;xn)=af(x, X3 Xo3 ev s Xp)=

— im F(x's x5 xo3 X135 .445 x,,),—f(x; X5 X0y X150 0oy Xp) _
z' > X=X
— lim F{x"; x5 xo; xl;...;xn),—f(x’; X; Xo; xl;...;xn)_i_
z' > X —x
4 lim F(xX's x5 Xp; Xp5 005 x,,)’——f(x; X5 X035 Xph e o0 X)) _
z' >z X =X
= lm f(x'; x'; %5 Xg3 %15 .. o3 X))+ Hm f(x'5 x5 %5 x5 X35 .05 %)=
@ > z' >z

=2f(x; X; X} Xgp Xg3 - v 5 Xp)e
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Takum 00pa3oM, OCTATOYHBIH UY/JeH B ITOM cCJy4yae NPHMET CJjelyioului
BHIL:
4?0y (X)
R=—E;,‘,—f(x; Xoy X3 oy X))+

d
+2 —“%)«f(x; X5 Ko X3 03 X)) 20, (X) (x5 %, X5 Xo3 Xp3 .- Xy)

(10)
HJIH
_ Lop(x) f0@) doy (£) £ (&) 9 (&)
R=—a"Tny T2 @ wmror 7200 gy - (n
Ecau x mpuHuMaeT OXHO M3 3HaueHu#t X5 Xy, ..., X, TO nocJaeaHiit

yneH cnpaBa OOpPAaTHTCA B HYJb M OCTATOYHbIH uJeH ympocTturcs. AHa-
NOTHYHble PACCYAEHHA MOXHO MpPOBeCTH M aas moboro k< n. B obmeM
clyyae MOMYUUM:

f(k)(x)=k![f(x0; X135 vees xk)+(a0+1l+_._ +ak)f(x0; Xy} eent xk+1)+
- (o F-ogote - oo Aagogy ) X
XF (o %653 Xgpo) = oo O - A g o
e +ak+1ak+2 o an-l)f(xo; X150 xn)] -+
%
+3%;[wn(x)f(x; Koo X3 .. Xl (12)

Ilflﬂ ynpou.I,EHPlﬂ OCTATOYHBLIX 4YJ/JIeHOB HAM nOHaﬂ.O6ﬂTCﬂ Bpra}KeHPlﬂ
dm
oS (6 X X555 %) (m < n).

TlokaxeM, 4TO

dm
o Fx X3 x5 oo x)=mlf(x x5 .05 X Xp0 X3 .. Xp). (13)

S

m+1 pas

Kak 310 creayer u3 npeawsyuwero, npu m=1 1 2 sra QpopMyaa cnpa-
BelauBa. [IpeanonoxuM, 4To oHa chnpaBelJuBa NPH M =7, U JLOKAKEM
€e CNpaBelMUBOCTb NpH m =r -+ 1. B cuay Hamero npenmnoJOxeHHs

dr
T X G x) =TI (G XL X X X Xy)
NI A
r+1 pas
"
d7‘+l d
oS K Xo XL X =Tl f(6 X X Koy X5 el X
o

r+1 pas
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Bocnoab3yeMcs onaTh OnpeleseHHEM MPOH3BOAHOMN

d"”f(x; Xo5 X13 e 00y x,,) .

dxr+l
S x o X! Xos Xgi e e Xn) — S (X5 X5 0005 X5 X3 X3 e el Xn)
N oo, et — et et o’
m r+1 pas r+1 pas
=r! {im ; P
X — X

z >z

Bpra)KEHPle B 4YMCJAHTeJe nocJjenHel ,D.pOﬁPl MOXHO 3amHcaThb B BHIe

r+1
7;1 (fs x5 000 x5 Xy X33 X5 Koo X,) —
k pas r+1—k pas
—fX X X Xk X X Xy X)) =
k—1 pas r+2-k pas
r+1
=(x'~x)2f(x’; x5 x Xy X3 oe3 X3 Koy Xi3 oo} Xp) e
=t k pas r+2—~k pas

TaxknuM o6pasom,

r+1

f(x xO,xlx'--;xn)
dx"t!
r+1
=r! lim Ef(x,...; X'y X0 X5 Xgy Xy ... X)) =

x> 1

k= k pas r+2—Fk pas
=@T+DIf(x; x5 ... %5 X3 X500 05 Xp)s
N e, v e’
r+2 pas

H ¢dopmyaa (13) noxasaHa. B cuay nokasanHo#t ¢oOpMyabl OCTAaTOYHLIR
YjeH MPH YHCJIEHHOM OTHICKAHWM TMPOW3BOLHOR MOpsiAKa & MoxeT ObITb
npeinctaBJ/JeH B BHIE

k X
id L dE e ()
R=Eckmf(x, X03 o003 xn)——dxk—__‘—'—

i=0

2 (k—l)lf(\x’ ceey XS Xos Xy oee e xn)__d_“’"_(x) (l4)

=0 i+1 pas

Hau
k

k’ (] -1
R= 2(k—x)’(n+z+1)sf(++°(‘5)"°(" V0, (15)

rle E,i—HeKOTOpre TOYKH, 3aKJIOUeHHHlE B WHTePBale Mexay Hauboab-

UM W HaUMeHbLIHM H3 YHCEN X, Xg, Xy, ..., Xp.
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Ecan Touka X HAaXOHMTCS BHe OTpe3Ka, COHepXaUlero TOUKH X,
Xy, ., X, TO OCTATOUHH} uneH MoxeT ObTb NpeiacTaBieH Gonee
NpOCTHIM BbIpaxeHueM. i TOro paccMOTPHUM MHOTO4YAeH

Qx) =L, (x)+Co,(x) (C = const).

Ou coBnagaetr ¢ QyHkuuett f(x) B TOUKAX X5 Xy, ..., X, I[lonGepem
nocroaunyio C Tak, ytoGbl B TOYKe X', 1A KOTOPOH MpPOM3BOAMTCA
OLleHKa, HMen0 MeCTO PaBeHCTBO

Q™M (x"y =LY (x') 4+ ColP (x") = f® (x").

D10 BO3MOXHO, TaK KaK BCe KOPHM ypasHeHus o{¥)(x)=0 nexar

B HAaUMeHblLieM OTpe3ke, COAepXaWmleM X, Xy, ..., X,. PaccMoTpuM
BCMOMOraTeNbHYI0 (YHKIIHNIO

¢ (X) = f (x) — Ln (x) — Cwn(x)-

Ara ¢yuxuns obpamaeTcd B Hydb B TOUKAX Xy X, ..., X,. Cnenoa-
TeNbHO, MepBas MNPOU3BONHAS ee OOpallaeTCs HA HaMMeHbLIEM OTpe3Ke,
conepxauieM TOYKH Xy, Xy, ..., Xy, B HyAb NO KpaHHe#t Mepe n pas.
MMpoBols Te e PpACCYyXIEHHS Jnanblie, MOAYYHM, 4YTO MPOU3BOIHAS
nopsika k oOpaTHTCA Ha STOM OTpe3ke B HyAb MNO KpafiHell Mepe
n—-+ 1 — & pas. Ho B cuny Bri6opa C ona o6paTHTCS B Hy/b M B TOuUKe Xx”,
nexauieft BHe dTOro otpeska. Takum o6pasoM, oHa ofpaulaeTcs B Hyab
no kpaueft Mepe B n—-+2 — k& Toukax. CHoBa GyneM moCineioBaTeNbHO
npuMeHsTh TeopeMy Poans. B koHue KOHLOB, NpHAEM K BBIROLY, YTO
npousBOiHas mnopsaika n -+ 1 ofpamaercs B Hyab N0 KpafiHeli Mepe
B onHolt Touke £, Ho

P+ 1) (x) = f+1) (x) — ngwl) ()= fe+Y(x) —C(n4 1)

Orcona
AR G)
C= (n+ 1)
"
(n+1)
1) — 1 @) =T o (). 9

[Moayuunn Gonee MPOCTOE BbipaxeHHe OCTATOYHOFO YjieHa.

PaccmoTpumM npuMep Ha mnpuMeHeHHe (OPMYA UYHCIEHHOrO Audde-
pEHLHPOBAHHS.

Mpumep. [To TaGauue

X 10° 14° ] 16° 20°

sin X 0,173648 0,241922 ' 0,275637 0,342020
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HCNOMb3Yys (OPMYJbl YHCJEeHHOTO JaHddepeHuupoBauns, HalthH cos 15°
u sin 15°,
CocrasaseM Tabanuy pasneleHHbIX PasHOCTeH:

Xy S (x3) Flxi xogy) | F(xs Xipn Xoewa) | F(Xg Xoopi Xign Xi43)
10° | 0,173648
17068,50
14° | 0,241922 — 35,17
16857,50 — 0,84
16° | 0,275637 — 43,62
16595,75
20° | 0,342020

Orcona nonyqae/nh yuHTbiBas, 4YTO B HAlleM CcJyyae o,— 5, a =1,
Qg — — 12

€05 15° == [f (xq; x1) + (@9 F1) f (X03 X33 x2) +
180
- (g0 02 - 2409) f (X3 X135 X xa)] —_— =
=0,0170685 — 0,000211 4 0,00000084] - 57,295779 =0,965912.

180 .
MHuoXxHUTe b - crnpaBa MNoOABHJCA 3a CUYeT TOFO, YTO Yy HAC X B3ATO

B TFpaiyCHOM uaMepeHuH. ToOuYHOe 3HaYeHMe C [IECTHIO BEPHBIMH 3HA-
kaMu cos 15°=0,965926. Wcnoabsys ¢opMyay nas BTOpoH mpous-
BOJLHOM, MOJNYUYHUM:

. ° 180
sin 15° = — 2 [f (x5 %23 %) (@3 --9) f (ki 203 23 29| (1) =
=210,00003517 4 5.0,00000084] 3282,8063 = 0,257027.

TouHoe 3HaueHMe sin 15° ¢ mectbio suakamu pasuo 0,258819. Pac-
XOMIEHHS MOJYUYHINCh JOBOJBHO 3HAYNTEIbHHMH. DTO W eCTeCTBEHHO,
TaK KaK QYHKIUHH MOTYyT ObITb H OveHb OJMM3KH APYT K APYTy, HO UMETH
CUABHO pa3nHYaioliyvecsl MPOM3BOAHBIE,

{IpousBeneM OlleHKY NOrpellHOCTH. B mepBOM ciaydae OCTAaTOUHHH
yleH GyneT MMeTb CJeLYIOUIMH BUL:

4)
R f (El) )+ (EB) o, (X).

ITpu sTom
0y (x) =(x — 10%) (x — 14 (x — 16°) (x — 200)(180)
03 (¥) = [ (x — 14°) (x — 16°) (x — 20°) +
=+ (x — 10% (x — 16°) (x — 20°) 4+ (x — 10°) (x — 14°) (x — 20°) -
4 — 10%) (x — 149 (x — 169 ] (180)
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MMpu x = 15° noayuum:
o3 (15 =25.0,000000092, wg(l5°)=0_

Takum o6pasom,
|R| < 2. 0,000000092 = 0,000000019 .

STa BeaMuMHA 3HAYNTENbHO MeHblle (GAaKTHUYECKH MOJydYeHHOR morpeil-
HOCTH. B namHOM caydyae BBIYMC/AMTENbHAA MOTPELIHOCTb 3HAYMTE.IbHO
nepeKpbiBaeT MOTPELIHOCTb MeTOona.

Bo BTOpOM ciyuae

(4)
R=L260 4 )42 L2 ) oy () 42 L2 B oy (.
[pu s10oM
of (15°) = (180) [— 52] ~ — 0,0003 .52 — — 0,00156.

TakuM oOpasom,

IR| < 000156 + 2-25~0,$gg%0092 ~ 0.000065.

Y1 B 3TOM CJyuae BBIYMCJ/HTEJbHAA MNOrpeliHOCTb O4YeHb BEJHKA.

2. dopmyJsl yncAeHHOrO AH(depeHuHPOBAHHA JA PABHOOTCTOM-
mux y3aoB. Ecanm yanel uuTepnosnpoBaHHs pacrnosioXeHbl Uepe3 pas-
Hble MPOMEXYTKH, TO YAoOHee MCMOJAb30BATb COOTBETCTBYIOUIME HHTEp-
nonsuHoHHse Qopmyabl. Tak, HanpuMep, B3sIB HHTEPHOOJSLHOHHYIO
¢dopmyay HbioTOHa AJA MHTePNOJMPOBAHMS BrEpel

f=7 o+t =fo+tf, + 50 pp DD gy

2 2

t(t—1 — —

FUZDEDC=Y p g,
B pe3y bTaTe MOC/eLOBATE/]bHOIO AU(depeHUMPOBAHHS [OJNYUHM:
, dfdt 2% —1 3t?—6t 2
fo =4%_ [f‘ﬁr - + f +

)
4¢3 — 18¢2 1-22f — 6
+ x fit ]
(18)

(%) :%[f‘f Gt—ﬁf + 12t2—36t+22 f4+ ]

f”l(x):hl?‘[f;"{' 24t—36 f4 ]
2
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B yacTHOCTH, OpH X = x, OyJeM HMeTb:

ff(xo)=%[‘fl_1—%ff+—; fg—}f;Jr...], }
, TR ta9
f/(xo):h—z[fi—fi—}—l—gfg—...J. J|

Ecan ucnosnb3oBath sHauok A 1 pasHoOCTell, TO moc/elHHe GHOPMYbt
OyaAyT HMeTb cJelyiomuft, J/erko 3amoMHHAKOWMUHACA ONepaTOpPHO-CUM-
BOJIMYECKHUR BUI:

(7 2)' 7 oy = 10 (1) )" £ 5. 20)

3nech npennosaraetcsi, YTO (¢opMaibHOe pasaoxeHue In(l +A)=
A2 A3
=A—§—}—3— ..., JlOBeleHHOe 10 MOCTOSIHHBIX pasHocTelt, ¢op-
MaJbHO BO3BOIMTCS B CTelleHb Kak MHOrowieH. [anuM onepaTOpHbH
d
BBIBOL 9TOH opMyisi. Ecau omepatop —— o0Gosuaunts Gykso# D, To

¢dopmyaa Teftnopa
f o+ B =f (o) hf (59 g7 [ (0 + ...
MOXeT ObITb 3amyucaHa TaK:
f(x0+h)=(l 41D +5 D2+ ...)f(xo)

HiIn

(1 4 8) f (xp) = P f (xy).
I +A = e”D.

OTcrona

Bepst norapudmbl 0T ofeux dYacTeH paBeHCTBA, MOMYYHM:

D= ln(148)
HIH
1/ 1 n
DM =5 {In(1 4-8) J™.

[Mosyunan kak pas TO BHIpaXeHHe, KOTOpOe ObIJIO NAHO BbILIE.
[MpoBepuM Halum QOpMYJH Ha INpPHMepe MHOrOuJeHa, [AJs KOTO-
PSTO OHY AO/KHH [1aBATh TOYHHE 3HA4YeHHS MPOU3BOIHBIX.
llpumep. Halith MeTONOM HYHCJISHHOLO AH(¢epeHUHPOBAHHA OPO-
M3BOJHBIE MEPBHIX TpeX MNOPAAKOB 1A MHorouleHa x3—2x—39
B Touke X = [.
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CocraBnsem TaGauuy pasHocTelt:

x / st Vi 13
1 —6
5

2 —1 12

17 6
3 16 18

35 6
4 51 24

59
5 110

To HammM (popmynaM nosyyaeM:
—ar = a=,

o fh=5—6+2=1,
d?f

2
e = (A—7+ 3) f=87—0y, f()=12—6=6,
asf A2 A3\3
hgr;;B:(A_?Jri) f=84, f"(1)=6
Ecayu Hcnosnb3oBaTh Apyrue (QOpPMyJbl MHTEPNOJMPOBAHHSA, TO MOXHO
NOAYYHTb Apyrue GOopMyJabl UMCIeHHOro AuddepeHnuposalns. BosbMew,
HanpuMep, ¢opmyay Crupauura
2
[ =f(s+ht)y=f+tfi+%5 fi+
t(@er—1 r2@er—1
+ 5 n+ 28 o
MMocaenoBaTenbHble NPOU3BOAHBIE OyAyT HMETb BHI
4¢3 —2t

b ) = fit i 22 ey it )
Bf" (2) = fi4-tf3 4 ‘” 2 it @2)
B () = f3 -t
B uacTHOCTH, IpH X = X,
b ) =fi— g A& )
Bf" () =fi— o [t .. @3)

” " o3ta
W (g = f3 — 2EED oy

— ——e
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Ecan Basats Qopmyny Decceas

1
fo =1+ Q——W-+w_”f+}hﬂQ_ﬂf
2

3l 31‘*‘
+ﬁtﬂtﬁﬁ+ 24)
TO NOAYYHTCS:
m—&+7
hf (%) n f+_~——ﬁ+
7
+4t6—6t24—2t+2 f 4
6¢ 12),‘2 12 » (25)
2f” (%) =f‘j_+——3_1 T f=2p
‘ . E
" 12
" (x) = f+ fite
\ 2
H IpH X =X,
b ) =fi—5 fi b b At ]
F) 2 ) £
1" 2 1 1
By = — 5 = o l 6
£} 2 2 I
h3fl//(x0)=fi—%f41+... J
2 )

Msbl yxe moAyuHMAM BhHIpaxeHue omepatopa Auddepenunposauus D
yepes onepatopsl A, A%, A3, ... Hafizem Temepb BbIpaxeHHE 3TOro
onepaTopa uYepe3 NpyrHe pasHOCTHble omepatophl. Tak Kak

1

[+a=1"%"
TO
WD=—(—V=v+T4+T 4% .
Hanee, b D
3=eh_2—e— 2 =2sh ZL—QD—),
hD hD
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OTclona

Heynoc6cTBO 3TOR (POPMYJH COCTOMT B TOM, YTO MPOM3BOLHAA B TOUKE X
+ h
BHIPAXAeTCA 4epe3 3HaYeHus f B Toukax x k—2-. YroOu  nosyuuth
BbipaXeHHe MPOM3BOMHONM uepe3 3HaueHHs (YHKUMM B TOYKax x L kA,
hD
3aMeTHM, 4TO T:v ¢$hopManbHO YINOBIETBOPsieT AH(GdEPEHIHAIBHOMY
YPAaBHEHHIO

(1 +§:—)Z;§+%v= 1.

Tak Kak ¥ — HeYeTHas (QyHKUMA O, TO MOXHO MBITATBCH HCKATh pellle-
Hue 3TOro AHddepeHUNaIbLHOrO ypaBHEHHS B BHxe

v=a18+a383—}—a585—}— ...
[TonctaHoBKkoO# B ypaBHeHHe HalueM:
_ 1 | )P (BN a7
0_8—3—!84— 3" — 7!8—+—...

Haunee,
d (hD)

d [(RDY?)
e

T — =2hD

= 2h Dp..
Orcroaa

h‘Dzzzfa[Z——ZH—mz ...]dz:
’ _2[ a‘__a"ur(?') 3 (3!!’238+...].

Tlo MHAyKLIMH NOKa3LIBAETCH, UTO

32 d[h..k+1D.‘.lf,+1/] Bh2k+1D2k+l 3% 2k
(1+4) - ¢ T =@k HH*D?
2k N2k 2k—1 n2k—1
d[thD ]:2kh D
*

Tarkum 006pasoM, MOXHO MOCJeLOBAaTeNbHO Halith #3D3, htDA,

3. DBespa3nocTHbie dopmyan uucjaenworo auddepexHunpoBauns.
B HekoTOpHIX cJAyuasx BHIrOJIHEEe BHIPAXATb (OPMYJbl UYHCJEHHOrO
AdpQepeHIIMPOBAHNA HE uepe3 PpAa3HOCTH, a4 HeNOCPeACTBEHHO uepes
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3HaueHUs GyHKUMK. [Insg noJdydeHHs Takux (opMyJa ymaoOHO BOCHOJb-
30BaThCA BApHaHTOM (opMyJan Jlarpawxa ang cay4ad paBHHIX mpo-
MEXYTKOB, NPHBEleHHHIM B npelbliyule#t raase:

—1)"¢ t—l t— -1 C,,yl
[0 = ) E( ) ( n)E it
—}—h”“t(t—l)...(t—n)f(x,xo, ceer Xp). 27

JnddepeHuupys OauH pas, MOMyUMM:

by, d [t@E—1) ... ¢t —
hf'(x) = 2(—1)"“ lydt{ =1 n)]_*_

RS g X e ) et — 1) .. ¢ — )
R (X X5 Ko Xys ey X)EE—1) .. (t—n). (28)

B yacTHOCTH, TpH X == X, OyAeM HMeTb:

n

, nienda ,,)Q ajt(Et—1 t —
hf (xk)_z(_ et dt[ ( )t—-l( H)LA +
=0 prtlfln+) © d

aT Ol ZtE—1 ... ¢—nl_,. @9

Ilas BTopolt mpousBoAHOH OyneM HMMeTh:

: Chy, @3 [ t(—1 ¢ —
B ()= Y (— 1yned <2 Et—z[ ) n)]+

n

t—i
1=0
R K X S (EE—1) L ¢ — )]
2R (65 i Ky e X (EE— D) L (f— )]
+2nM 3 (X X X Xgy ey XY EE—1) .. ¢E—n)  (30)

H NIpU X = Xy

n

1" n 1C:tyi a t¢—1 ... ¢—
h2f (xk):;)(_ by Tﬂf[ )t—i( n)]t=k+
i=
(n+1)
+hn+1f +_; gl!) ‘ZZ [£¢— =)+
n+3)
~+ 2nn+ 2f ') 4 teg—1. (t-n)]t_k- @3N

(nF 2 at
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BrinuieM roroswie BbIPAaXE€HUa N/ NMPOHU3BOLHBIX epBoro H BTOpOro
NOpPAdKA NMPH PA3NUYHBIX 3HAYEHHAX N.
n=—2 (Tpu TOUKH):
4 1 h2 11
Vo= g5 |=3¥0+ 4y — 32l + 757 )
’ 1 h? 111 .
Y=gz Y2 — il —5/ 35
’ 1 h? 1
= op [Yo— 41+ 3yl + yf ®-
n==3 (dethlpe TO‘{KPI)
o= g 1—1lyo 4 18y, — 9y, + 295l — 22 f™ );
Y= 12— 3y, 63— 3l + 15 f‘”’ ®
;1 3
Yy= g7 o — 631 433+ 2yl — 7 £ O
;1
Y= o (=254 931 — 18y, + 11y + 2 17V .

n=4 (na9Tb TOHEK):

, 1
Vo= o7 | 25YO+4SY1—3GY2+16}’3—3)’4]+ Ao
’ 1 .
¥, = 37 =30 — 10y, + 18y, — 635 -+ 3] — 55 /" ()
1

37 o — 83,8y — vl + 55 1
y 198 Yo— OV V3 Vs 30 '
1 ht
Yy = 15 [— Yo+ 631 — 183+ 1035 433, +55 /¥ ©);
1 ht
o= 1o 8% — 16y, 436y, — 48y, + 2531 + 5 /* ©.

n==5 (WeCTb TOYEK}:

o= gu | —137354-3003,—300y,4-200y5— 75y, + 12y5]— By e
¥, = g [—123 — 65, + 120y, — 60y5 + 20y, — 3y, + 5 /™ (5
Y= g7 (3% — 309 — 20, + 60y, — 15y, + 25,1 — o 0 @
Y= g (=250 + 15, — 603, + 20954303, — 3y] + o5 £ @)

¥, = o 3% — 203, - 60y, — 120y, + 65y, + 12y, — oo fV );

y

1 b
= 557 120+ 759,—200,4-300y,—3C0y,+ 137y, ]+ & F @),
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n==06 (ceMb TOUEK):
= gz (14739, + 360y, — 450y, -+ y
+ 400y, — 225y, + 72y, — 10y5] += F7 @);
9= gz (=105 — 779, 4 150y, — 100y, -+
450y, — 155 - 2y5] — 1‘;" f‘”“’ (&

, 1 (vu)
Yy = o5 [2—24y:—353; 480y, — 30y, +-8y; — y61+100 /
VII)

7

14

1
y3=m[—yo+9)’1—45y2+45)’4—9)’5+)’s] 140f
, 1
V1= o5 [Yo—8y1+ 30y, —80y; 4
h®  (VID
+359: + 24y — 2yl +55 £ O
’ 1
Vs = gor [—2%6 ~+ 15y, — 50y, +
+ 100y, — 150y, + 77 B, 1051 — 25 1™ @;
)’/ 60h =~ [10y, — 72y, + 225y, — 400y; +
e
1450y, — 360y, + 147y, += f @)

CpaBHuBas pas/nuHble OPMYJb, Mb BHIMM, uYTO-HaHOOJee MPOCThIE
BHIPAXEHHS MNOJYYAIOTCs 1ipU 4YeTHHX 7 B CpelHHX TOoukax. [lpu stom
M KO3(@HUNEHTH NPH NPOU3BOJAHBLIX B OCTATOYHBLIX WIEHAX MOJY4aIOTCH
CaMBIMH ManeHbKHMH. [lo3TOMy Ha mNpakTHKe, MO BO3MOXHOCTH, Cle-
AyeT NPHMEHATb 3TH POPMYJbL.

[IpuBeneM COOTBETCTBYIOUIHE BHPAXEHHA A8 BTOPHIX NMPOM3BOJHBIX.
n=2 (Tpu TOYKH):

W= ,} (3o — 291 4-al — bf” G+ £ &o);
v, = m (9o — 23 32l — 1 1™V )

¥ = 2 o — 29 3ol 17 ) — B .
n=3 (ueTulpe TOYKH):
v 1 2 £(IV) VR
Yo =67 [12y, — 30y, 424y, — 6] + ) Lh U E)— f Gs);
V= ar (630 — 129, +63,] — 151277 &) — 12 £© (ez)
vy = e—;% (631, — 123 + by5] — 527" <e1> — B e

¥y = g |60 -+ 24, — 303, + 1291 + 33 hzf‘“" &) — 15 1 .
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n=4 (rme TOYEK):
= 24;;2 [70y, — 208y, 4 228y, — 112y, + 22y,] —
2131V @)+ B £
¥ = g 1225 — 40y, + 123 + 8y, — 29,1 -+
+ 5t € — B 7 G
¥ = s [— 29 -+ 32— 603 + 32y, — 2y, + g5 /) €;
Vi = @—f; [— 23 + 8y1 + 12y, — 40y, +22y,] —
— 5 €+ g S G
¥} = 572312250 — 112y, 4228y, — 208y, -+ 70y, +
w0 ) — B 1 .

U B sToM cayuae HauGosee BHTFOIHbIe (GOPMYJIB NOJAYYANOTCSA 18
yeTHBIX 7 M L] CPelHHX TOUeK.

4. Meton HeompejeJeHHBX Ko3(QdunueHToB. MOXHO nOAYYHTH
aHAMOTHMYHBIE (QOPMYJAH W IS TPOHSBOJBHOTO PACIOJOMKEHHS Y3JOB,
[1pu sToM, uTOObl He BHLIYHCJNTL I'POMO3JKHe BbIPAXKeHHs MHOFOUYJeHa
Jlarpanxka, ynoOHee HCOJAb30BATh MemOQ HeOnPedeAeHHbLX KO3
@uyuenmos. [1na 3TOr0 3amuCHIBAeM HCKOMyI0 GOpMyay B BHIe

n

Y8 (x) = ¢iy; +R ()

¥ noaGupaeM Kodpduuuent ¢; u3 ycaosus R (f)=0, Korna
f=1 x, x ..., x". [oayuurca cienyowas CUCTeMa AJsg ompefleJe-
HHA KOYPPULUEHTOB ¢;t

bbbt o =0,
Coxo+C1x1+ +C X, =0,

CoXE~ ‘—{—cx“ 1—}— —}—c x" 1—0
cXk e x4 L xk=k),
cxhti o xhrl - 4o, xktl= (k4 Dlx;,

CoXy e Xt 4+ .. —}—c x"_n(n———l) co(n—k4-1) X7k,
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5. BuipawkeHue pasHocTell Yyepes mpousBojHme. VHOrna BO3HHKaeT
HeOOXOLMMOCTb MOJAYYHTh BBIPAXEHHS PAasHOCTe# uepe3 NPOM3BOMHHE.
Jag 3TOTr0 PacCMOTPUM (YHKIHIO

xn+1

n ok
@(x):f(x)_goﬂf(m (0)_)\(7+—1)‘:,

rie A — HeKoTOpass mocTosiHHAsA., QueBHIHO,

PO =¢ 0= ... =¢™ 0)=0.
[Tpu m < n no dopmyne Makiaopena OyleM HMeTb:
xn-— m+1
o ()= Ty ¢ @)

C npyroft CTOpPOHH, W3 ompeledeHus ¢ (X) chaenyer:
gm+D (x) = FOreD () — 1.

Hrak,
§om) (1) = I [ ) — N,
PacCMOTpHM pasielleHHYIO PAa3HOCTb @ (Xg; Xyi - . .; Xp) (PACCMOTPeHHH #
yxe cayualh xo=x; = ... = X,, = 0 uckmouaercs). Toraa
@ (Ko Xp3 v o3 Xm) = F(Xo} Xi5 « oo} X)) —

—Z s )(0) Z xf A g PIas
(%) (n+1)! P O (X7)
B cuay cBoHCTB pasiefieHHHIX pasHoCcTeft

m n+1
a1 [xn+1]

’
= Om (*) m! dx™

n— m+1
— Cn+12

T =

rie & HaxOOMTC MexAy HanOOMbIIMM W HAMMEHbIIMM M3 uucea x; Ecau
BCe X; MOJNOMKHTENbHBl MIM OTPHUATeNbHH, TO § == 0 M MOXHO Tax momo-

6patb A, 4TO 9 (Xg Xi5...; X,)=0. Orciona Haxomum A= f+D (y),
CaenoBarelbHO,
n k) m k
AL OISR
f(Xos Xi3 v vs X)) = [ - }—i—
0o = B | W
f@+y X+l
i 1(,’3’ L @)
+ =0 wm(xl)
Monoxue x,=a, x;= x;_; -+ h, noayuum:
AT+ 1gn 1
m P— — .

h=m
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Moaaras a=0, ¢(x) = f (0 4 x), nonyuum gopmuysry Maprosa:

d mpk Mo 1an+1
A= P () + O T 68
k=m

k
3necy A™0" —rTak HasbiBaeMble pasuocmu #yas. OHM ABAAIOTCA KOHeu-

HeIMu pasHocTaMu x*¥ mpu x=0. [lpuseneM tabauuy sHaueHuH 3THX
pasHocTeti:

£ AO% | A20F A%k | A%k ASoF ASo* A70F | ASQF
i i

2 1 2

3 1 6 6

4 1 14 36 24

5 1 30 150 240 120

6 1 62 540 | 1560 1 800 720

7 1 126 | 1806 | 8400 16800 | 15120} 15040

8 1 254 | 5796 | 40824 | 126000 | 191 520} 141 120 40320

B uHxeHepHOR nNpakTHKe HHOrga npuberaloT k rpaduueckoMy Inub-
¢epenuupoBannio. ITOT cnoco6 BpsAL JAH MOXeT ObITb PeKOMeHNOBaH,

Puc. 24. Unrerpad Kopaznu.

TaK KAK TOYHOCTb MPH 3TOM MOJY4aeTCs He3HauMTedbHas, a 00beM
paloThl He MeHbllle, YeM MO MpHBeJeHHEIM HAMU dopMynaM. Mcnoabsylorcs
TaKxe pasnudHble Moleaupyiouine npubopsl. HanGonee TOUHBIMEM M3 HHX
ABA0TC MHTerpadbl. Ha puc. 24 npusenen uurerpad Kopaau, ucmoin-
sytougutica B CoserckoM Coose.
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§ 3. 3azaua YHCJIEHHOrO WHTETrPHPOBAHHA

Ecau ana ¢yukuun f(x), onpeleneHHON Ha orpeske [a, b], MoxHO
b

HaiTH TPUMUTHBHYIO F (X), TO onpelelieHHbI HHTerpa’ ff(x)dx

a
MOXHO BBIYHCIHTL 10 (HOPMYyJe

b
ff(x) dx = F (b)— F (a). )

Ho, kak npaBuno, HafiTH NPHMUTUBHYIO F (X) uepe3 3/eMeHTapHHE
¢yukuun He ynaetcs. IlostoMy mpuxomutcs mpuGerats K npHGIMKeH-

HOMY BbIYHUCJEHHUIO HHTErpaJa.
b

Xors u3 onpeneseHHs HHTerpana ff(x)dx M CleiyeT, YTO C MO-

a
n
MOLIbID MHTErpPaJbHON CYMMBI Sn=2f(xj-))Axi MOXHO HafiTH MHTerpas
i=1
¢ mo6Goi CTeneHbl0 TOYHOCTH, HO STOT NPHEeM 3aMeHBH MHTerpasna HHTe-
rpajbHO# CYMMOH MNpPaKTHYECKH Mano NMPUTOLEH H3-332 MelJeHHORH CXO-
b

AMMOCTH S, K ff(x)dx.
a

Ilns mocTpoenusi HOPMYJ npUOGIHXKEHHOTO BBIYHC/EHHS HHTErpajioB
HCMIONb3YeM 3aMeHY OYHKUHM f(x) uHTepnoaupyouel GYHKUHeR ¢ (x).
H3anomuM oOLLYI0 uAel0 MOCTPOEHHS TAKHX (POPMyJ, 0600LIHB HECKOALKO
NOCTAHOBKY 3a1aud, BBeisd elle BeCOBYIO (DYHKLHIO.

[lycTs TpeGyeTCs BHYMCAUTb ONpelefeHHHH HHTerpan

b
frefeax. @

3nech p (x)-— HekoTOpas UKCHPOBaHHAA (YHKUHMS, yROBJIETBOpPAIOUIAN
ycaoBuio p(x) >0 Ha [a, §]. Ee HasbiBaloT secosoi ¢yuxuuetl. Ipen-
craBaseM f(x) B Buze

fx) =¢(x) +R(x), ©)

FIe ¢(X) — HHTepNOJALUOHHBH MHOTFOWIeH, a R (X) — OCTATOUHHIH YJeH.
Torna

b b b
[rofwas= [p@ewdr+ [pR@dx. @
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[lepBobiif  uaeH cnpasa OyaeT 1aBaThb YOPMYJY YMCJIEHHOFO HHTe-
FPHPOBAHHUS, 4 BTOPOH — OCTATOUHBLIH uieH 3TOR ¢dopMyrb. WHTepnons-
UMOHHBI MHOTPOW/eH ¢ (X) MOXHO NpPeiACTaBUTb B Bule

(X)=f(x) Po(X) +f(x) Q1 (X)+ ... +[(x)Pp(x). (3

BvneM npexnoJaratb, 4TO WHTerpadbl
b
fp(x) D;(x)dx=¢; (6)
a

Mbl yMeeM BBIYHCAATb TouHO. OHM He 3aBuCAT OT dyHKUMH f (x). [TosToMy
¥X MOXHO BBIYHC/HUTb pa3 W HaBCerga M MCNOJb30BATb NJsI BbIYHCJEHHS
HHTErpanoB

) |
[rmrwax

npu npoH3BOAbHHX f(x). CaMa ¢opMyaa YHUCIEHHOrO WHTETPHPOBAHUS
OyneT MMeTb BHI

b
[rofmds~af ) +eafx)+ .+ eaf (). D

[Ipu uuCneHAOM HHTerPUPOBAHUM (A TAKKE M NPH YHCJIEHHOM HHdde-
PeHIMPOBAHMH) MOXHO HCHOJb3OBATH HMHTEPMHOJALUOHHHE (HOPMYJIbI
C KpaTHHIMM y3naMu. Torma ¢opMy/na 9MCJIEHHOTO WMHTelPHUPOBaHHsS
NpUMeT BUJ

b
[P f @y dxacf (o) +ef ()4 .o+ eaf (o) +

- CF () eBF (2) 4 .. GOF ()

el () - DD () A . A cea I (x,). (8)
CneunanbHbIM BHOGOPOM Y3/M0B X; MHOFAA yAdeTcss IOGHTLCH TOTO, 4TO
YacTh KO3(Puunentos c{)) oGpaturcs B Hyab. Mbl He Gysem moka
BXOIMTb B MOLAPOGHOCTH 3TOFO C/ydYas M OrpaHHYMMCS (OPMYJaMH BHAA

b n
fr@f@ar=Yef ) +RIA. ©)

a i=0

Ocratounbiii unen 9TOH oPMyasl 0GpamaeTca B Hy b, €CIH B KaUeCTBe f(x)
B3ATh Mo6yI0 H3 OYHKLHH ¢o(X), @1 (X), ..., ¢p (x). YuuTBBaA NOCAENHEE 3aME-
UAHHE, Mbl MOXEM BCTPETHTbCA cO CAy4YaeM KOorga OH OGpaTutcs B HYaAb H 1A
UCKOTOPLIX APYTHX OYHKUHH 9Pp4q1(X), Pr+g (X), «o.y P (X), TaKHX, YTO
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W [90. ¥1, +++» $m) 5= 0 H2 [a, b]. Torga, coraacso BrOopo# raaee (cMm. (3) § 5
ra. 2), 3anuuweM f(x) B Buie
m @
F@ =Yg @+ [Kx ) Lpnr [F@Olds r>n). (0
j=0 a

YMHOXHM 06Ge YacTH PaBeHCTBA HA p (x) H NPOHHTErPHPyeM B Mpexetax 0T 4
10 b. Moayuum:

b " b
[rreyax=Y e [p9e; 0 dx+
a Jj=0 a

- )
+fp(x)ifK(x, s)LmH[f(s)]dsJ}dx. an

Ho
b n
[r@emar=Yas ) (=01 ..0m.
a i=0
[Mostomy
m b m n (7; m
Yo [rmesax=Ya [Z oo (xi)] = Yo Y a0 ) =
j=0 a j=0 i=0 i=0 =0
n n Z
=Y af o) — Yo [ Kxi ) Lnis 1 ()] ds.
Urak, =0 oo
b n b f x !
frerwar=Yarea+ fro {l [K 9 L 7 @as fdx —
a i=0 a a
n Zy
— Yo [ K 9) Lna 17O ds. (12)
i=0 g

[lepBhiii yieH cnpapa jacT NpHGIHKEHHOE 3HAYeHHe HMHTErpaja, a ocTajbHble —
OCTAaTOUHBIA ujen. OcTaTOUHBIE YJ€H MOMET Takwe 6bIThb 3aNucaH B BHIE:

b b ]
R[/] =—fp(x)<{lf1<(x, 9 bmia | s dx +

n b
+ 2 [ Ko 9 Lnesl /914 ()
i=0

Honycymma aByx npeacraBirennit OCTATOYHBIX YJNEHOB ZAcT Ham

b
RIf 1= [ G ) Limss 1£ ) ds. (14)
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rae
b n

2G (x) = fp (x) K (x, 8) sign (x —s) ds — 2 ¢, K (x4, s) sign (x; — ). (15)

1=0

Ha sTOM MH 3aKOHUHM H3dOXeHHe OOUIMX MEeTONOB YMCJIEHHOTO HHTe-
FpUpoBaHua M NepelineM K Oojee NoApOGHOMY H3yueHHio (opMya, NoJay-
YaloUMXCA TPH  HCNOJL30OBAHHM MHTEPHONMPOBAHHA  anreOpanueCKUMH
MHOTOUYJIeHAMH.

§ 4. dopmyau Helorona — Koreca

1. BuBog ¢opmya. B stoMm naparpade Mbl paccMOTpPUM (OPMYyJnl
AA7 NpuGAHKEHHOTO BBIYHC/EHHS MHTErpaoB

d
[i@ax, (1)

KOTOpblE TMOJAY4YalOTCS MyTeM 3aMeHBl MOLBIHTErPANLHONO BbpaxeHHs
MHTEPTOJAIMOHHLIM MHOTOWIEHOM JlarpaHxa C y3aaMu, pasGuBalOLIMMH
NPOMEXYTOK MHTeFPHPOBAHHS Ha paBHble YaCTH, DTH (QOPMYAH HOCST
wasBaHue gopmyr Heromona — Komeca.

[TycTb y3/abl MHTEPNOJMPOBAHHS PACHOJONEHBl TaK:

x;=a-+ih i=1, 2,..., n). 2

3necb a aubo coBmagder C ¢, H Toraa OyaeM mNpennoJaratb, 4ro
d=a-+®w+1)h mbéo a-4+h=c, ¥ TOrAa mNpeanoJaraeM, uTo
a-+nh=d. B nepBoM cayyae y3/ab HHTepHNOJMPOBAHHS He COAEPKAT
TOueK ¢ M d, a IPOMEXYTOK MHTerPUPOBAHHS pa3GUBAeTCA STUMU Y3/1aMH
Ha n-41 paBubix wuacrefl. Bo BTOpOM cayyae KOHUB TPOMExyTKa
WHTETPHUPOBAHUA ABMAIOTCA Y3J1dMH HMHTEPNOJUPOBAHUS ¥ IPOMEXYTOK
UHTeTrPUPOBaHHs pa3buBaeTCsd ysAaMu Ha n— | paBHHX uacte#i. $op-
MYJBl  4MCJEHHOFO MHTErPUPOBaHHS, KOTOPHIE MOJAYYaTCs B TNePBOM
caydade, OyneM HasbIBaTb POPMYAAMU OMKPLLMOZ0 MUNG, a BO BTOPOM
ciayuae — popuysamu 3amxuymozo muna. YtoGu He nmpoBOAMTL pace
CYKIeHHs JBAXABI, MOJOKHM

c=a+(1—kh d=a-t+@+E)h 3)

Hns dopMmyn OTKpHTOre TMma k=1, a naa GopMya 3aMKHYTOrO THNa
k£ =0. OGosnaunm F (y) = f(a-+hy). Toraa

n+k

d
[fwaz=n [ F(yay. 4
[ 1-k
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WuTepnonaunonHeii MHorouneH JlarpaHxa, NOCTPOeHHHRt Aaa (PyHK-
unn f(x) 1o ysmaMm x; MNpH TakoH 3aMeHe He3aBHCHMOTO IMepeMeHHOrO
nepeineT B

n
_\NO—DHy—=) ... y—=Ii4+Hy—i—1...(y—n) 5.
LU’)—ZI (—Di—=2 ... 0= ... (=n Fo. ©

Takum o6pasom,

n+k n+k

j?uwm=hf1%w@—m fLuwy+

1—-

n+k
+th—DU—%mU—®H%h2n4®®=
- n+k
_ P =DG=2 0=
hz_Z;F(l) J G e e e
n+k
+ & f OV—Hyy—2...9—n)F»; 1, 2, ...; n)dy=
1=k
oﬁlwm+m+
n+k =t
+hf(w4xw4»~u—mmmhm”4@@.(&
1-k

n
3Snech uepes 12,)k 00603HaueHbl BBIPAXKEHHS

n+k

n) (=DnH" (y—l)(y—Q) (y—n)
%= =T 2R (= D= Dt f — dy. (7)

OHM He 3aBHCAT OT HPOMEXYTKAa HHTErPHpPOBAHH M MOTYT OBITb BblYH=
cjaeHbl pas W HaBcerfa, KpoMe TOro, BHUHCJAeHHS 006Jeryaiorcd 6.Jaro-
JAaps TOMY, 4TO

n) (n)

I =100, k. (8)
T. €. pa3HOOTCTOfILHE OT KOHIOB Ko3(dduumeHTri ¢popmyan HeioToHa —
Koreca paBrh. B camoMm nene,

n+k

m, (=1t G=DE—2...(y—n)
1”'“1'}‘_(n—1+2k)(n—i)!(l—1)! f y—n+i—1) dy.
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3aMeHsla 1o 3HAKOM MHTerpajta y Ha n—2z-+ 1, noayunm:

1-k
m) . (=1t (n—2)(n—z—1)...(—z+1) ,
l’r"“'k_(n—l—{—Qk) (n—nE—1)! fk i—z dz =
n+
n+k
_ —nr-* (—D(z—2)...(z—n) ,_
__(n——1—|—2k)(n—i)!(i—1)!l,[ z—1 dz=1I,

4TO H TpeéOBaJlOCb J0Ka34aThb.

C BospacTaHueM n KO3 (HUHEHTHI I?’”k CTaHOBATCs BCe Oosee H
Gonee rpomosgkumu. Kak 6mao nokasano P. O. Kysbmunbim,

)

C BO3pacTaHWeM m HeOTpaHWYeHHO BospacTaeT. Tak kak, ¢ Apyro#t
CTOPOHHI,

n
2 =1, ©)

=1

1
TO Cpelu /f’(’)”) JNOJKHB HMMeTbCS 3HAUEHHst PasJMYHHIX 311akoB. [Ipu-

BeleM unMcaOBbe sHauenms I Ans pasamumblX 4, k W n. Kawawh
u3 xos(ouuuento /™, gpngercs paumonassHoM ApoGwio. s COKpa-

weHust Tabanu Mbl OyleM OpaThb 3HaMeHaTeJM 3THX ApoGe#t npu Qukcn-
POBaHHOM 7 ONMHAKOBBIMM M STH oOLiMe 3HaMeHaTeJM YKa3blBaTb

B MnochaelHeM CToa6ue. B mNpeAumecTByOWHX cToJa6UaX OyAyT Aanbi
TOJbKO YHCJIHUTEJH.

k=0 (dopMyasl 3aMKHYTOro THUa):

\ 1 9 s 3 ‘ 4 i 5 s 6 3uameHa-
TENH

n I
2 1 2
3 1 4 6
4 1 3 8
5 7 32 12 90
6 19 75 50 288
7 41 216 27 272 840
8 751 3577 1323 2989 17 280
9 989 5888 —928| 10496 | —4540 28 350
10 2 857 15741 1080} 19344 5778 89 600
11 16067 | 106300 | —48525| 272400 {— 260 550} 427 368 | 598 752
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=1 (dopMyarl OTKpBITOro TUMA):

i 3uaMmeHa-
\ 1 } 2 3 4 5 Tenn

2 1 2
3 2 —1 3
4 11 1 24
5 11 — 14 26 20
6 611 — 453 562 1440
7 460 — 954 2196 — 2459 945
8 1787 — 2803 4 967 — 1711 4480
9 4045 — 11690 33 340 — 55070 67822 9072
10 2752447} — 6603 199 |— 15673 880 |— 17 085 616 |8 891 258| 7 257 600

2. Ocrarounbie ujeHn Gopmya. Hccaeayem Tenepb ocraTouHbie
uneHsl gopmya Hbiorowa — Korteca. Kaxk Mbl Buienn, oHu umeloT BHA:

n+k

Rux(H=h [ =D =9 ...0—mF: L 2 ...; mdy. (10)
1-k

[peoGpasyem wuHTerpat, crosmwuft B npasoft uacTH. Bo3abmem cHauana
n=2m—1 ¥ pacCMOTpHUM
2m—1+k

ma= | O—DO—D...0—2m+1X

1-k
XF 1, 2.0 2m—1Ddy. (1D

BeelleM BCMOMOraTe/bHYIO (HYHKLUHIO

= [O—DG—2...0—2m+Day. (12

1-k

Ouesupto, (1 —k)=0. Touno Tak ke u 9(2m — 14+ k)=0. B ca-

MOM nAeJie,
Im—14-k

¢(2m—1—4 k)= f G—DY—9 ... (y—2m-+1)dy.

1-%
[MponsselseM 3aMeHy NepeMeHHHIX M0J 3HAKOM HHTEFPaNa, MOJOMKHE

y=2m—2z.
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Toraa .
1—
e @m— 1 4k)y=— f(2m—z—1)(2m—z—2)...(—z—l—l)dz=
2m—-1+k
2m—-1+k
:(_1)3’"“f —1@E—2)...z2—2m~+ )dz=
1-k
=—o(2m—1-+k).

Otciofa U chaeldyeT yTBepxAeHue, [JokaweMm nHanee, 4TO @ (X) HHrAe He
o6pautaetcst B HyJb Ha uuTepBaje (0, 2m). Ina 3TOro mccienyeMm cHa-
Yaja MOJBIHTErpaJbHYI0 (QYHKUHIO

b= —D—2)...y—2m+1). (13)

Ha orpeske [0, 2m] ona oOpauiaercs B HyJb B Toukax 1, 2, ... 2m—1
¥ TOAbKO B HHX. OHa MeHdeT 3HAaK [IPH NepeXole 4Yepe3 3TH TOUKH,
Hanee,

p2m—y=0Cm —y—1)2m —y—2)...Cm—y—2m—+41)=
=" =—90) (14)

T. e. rpadpuk 3TOH (YHKUMHM UEHTPAJbHO CHMMETPHYEH OTHOCHTENbHO
ToukH y =m, [lokaxeM, 4TO a6COMOTHEE BeJHYNHB HHTErpasoB

1+1

= [ 4Gy dy
i

yOLBAIOT, KOTAd [ BO3DacTaeT OT HyJas ao m — 1. B camom nene,

i+a
lin= [ $(ay.
i+
IlpomnsBenem sameny y=z- 1. Toraa
1+1 i+1
Ii+1=f z(z—l)...(z—?m—l—?)dz:f y_yh‘g;yz{_—ldy.
1 1

Tax kaxk $(y) He MeHsleT 3HaKa Ha oTpeske [i, i+ 1], To

i+1
§ £
’i+1=e‘T+1f YOV By =g le
i

e i< §< i+ 1. Ho

m

le—25"+1,< m—1—m1 L.
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Urak,

ol > 11> > Iyl

‘10|=|12m-1‘v |11|=|12m-2i' s

Orciona u caenyet, 4To ¢(x) == 0 npu x € (1 — k&, 2m — 14 k).
BepHeMca K HCC/eNOBaHWIO oy _y. llpomsBedeM B (11) uHTErpHpO-
Banme o vactam. [Toayuum:

Pt =@ NF (W 1 2 .. 2m— D Pt —
Sm—1+k
d
- f ‘P()’)EF()’: 1;2; ...; 2m—1)dy=
E 2m—-1+k
- f eMFW v 1 25 ... 2m— 1) dy,
1~k

Tak Kak 9 (1 — k) =9 (2m — 1+ k=0, n
%F()’; ;2 ..02m—D)=FQ; y; 12, ...; 2m—1).

B cuay 3HakomocTOAHCTBA ¢ () MOXHO MPHMEHHTb TEOpPEMY O CpPElHEM.

TMoatomy
am—1+k

ma=—F& & L 2. 2m—1 [ emady (15
1-k
MIH ROCJie 3aMeHbl pasjleJleHHOH pa3HOCTH MpOHM3BOAHOR

@m) 2m—-1+k
FEm™ (g
i =— " | ey, 19

1-k

PaccmoTpuM Tenepb cayuait uetHoro n, n—2m. Ilpu sToM

2m+k

pz,,,:f =D —2 ... (y—2mF(y: 1; 2 ...; 2mydy. (17)
1-k

PaszobbeM nocJae AHHR HHTEerpan Ha CYMMy ABYX HHTErpaJosB:
2m+k-1

Pam = f O—1...0—2mF(y; 1; 2 ...; 2m)dy+
1-k

2im+k
+ [ =D G—2mF L 2. 2mdy=S8+S. (18)

2m+k-1
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3ameHuM B S; npousBellenne (y — 2m) F(y; 1;...; 2m) Ha paBHoe eMmy,
B CHJy oOlpele/eHHs pasjeleHHHX PasHOCTel, BbIpaxeHHe

Fu, 55 2, ...;2m—1)—F({; 2, ...; 2m).
{lpu stom
2mtk—-1
Si= [ =D g=2HDF 3 L 2% 2m— 1) dy=pem_s,
1=k
19)
TaK KaK
2m+k-1
F(1; 2 .o 2m)(y—1) ... (v —2m—+ 1) dy =
1-k
=F; 2;...; 2m)e(2m 4k —1)=0.

K S, MOXHO NpHMeHHTb TeopeMy O CpelneM, Tak kak (y—1)...(y—2m)
Ba orpeske [2m—4-k—1, 2m k] He Menser snaka., CieloBaTenbHo,

2m+-k

So=FE 1; 2;...; 2m) f U—D... y—2mdy=
2m+k—-1
@m) 2m+k
__ FEm(E) f _ _
= ~@m) ol V—D... y—2m)dy. (20)

Or1ci08a AJa py, NOJYYaeM ClAelylOliee BbIpaxeHHe:

2m+-k

F(zm)
an="m2 [ G—DO—2 ... 0—2may—
k-t om4-k—~1
FE™ (&)
—”m)—;‘ll/k‘ p(ndy. @D

DT0 BblpaxeHHe MOXHO npeo6Gpa3oBaTb TaK, YTO OHO GYyIeT CodepikaThb
JUIIb OAHY npousBodnyilo F&m (§), 4yTo GoJee BHTOAHO MPH MPOU3BOA-
ctBe oueHok. [lokaxewm, uro

2m+k 2m+k-1

A= f Wb—D...(y—2m)dy n Az,k=—f (M dy

m+ k-1 1~k
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MMel0T OJMHAKOBHE 3HakH. PaccmoTpum nBa caywas: =0 n k=1,
[pu 2 =0 nmeem:
2m

Ao= [G—1DB—2) ... (y—2m)dy.
1

2m—

[MoarHTerpaspHoe BhIpaweHnHe npu y € (2m — 1, 2m) oTpHUATENBHO.
Tlostomy Aj, o< 0. PaccmoTpum

2m-1

Az,o=—f ¢ (3 dy.
1
3nech

Y
= [E—DE—2 ... G—2m+Ddz
1

Mu ywe 3HaeM, uro na umurepBaje (1, 2m-—1) dyHkuua ¢ (V) He Me-
HaeT 3Haka. JlaJee,

V@) =(@E—1)... 2—2m+1)

ta unrepsaje (1, 2) nonoxureabua. Crenoparensho, ¢ (2) > 0, u nostomy
() >0 npu Bcex yE (1, 2m—1). Ho Torna Az o< 0, T. e, umeer
TaKOM Ke 3HaK, 4TO M Aj o.

Iycte Tenepy k=1, Toraa

am +1

Avi= [ =D —2 ... (y—2mdy.

2m

Tak Kak [OABIHTEr PaAbHOE BhIPAXKEHHE [I0JOKHATENbHO NPH ¥ € (2m, 2m--1),
T0 Ai,1>0. Teneps

2m

doi=—[ e dy.
0
PyHKLUHS

Y
(P(y)=f(z—1)(z—2) e (2—2m + 1) dz
0

He MeHsdeT 3Haka Ha wuutepsaste (0, 2m). Ho npu z& (0, 1) noawnte-
rpanpnoe Bhipaxenne oTpHuaTenbhHo. Cienosarenbno, ¢ (1) < 0 s Bcex
YE @O, 2m). Ho torma A, 1 >0 u ondarb HMeeT Tako# Xe B3HAK, 4TO
i Ay 1.
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Bocnosb3opaBmKCh CBOACTBOM TPOM3BOLHON [PHUHMMATL BCe MpOMe-
HKyTOYHBIE 3HAYEHHS H TEM, Y4TO Ay x U As i MMEIOT ONMHAKOBLIE 3HAKH,
MBI MOXEM 3aMucaTh:

F(@m)
om = (A1, .+ Az, k)_(Q—m)(!ﬂ=
2m+k 2m-+k -1
_re f 1 2 f 9
~omt O—D0... v—2mydy — p(Ndy|. 22)
2m+k—-1 1-k

Bripasum Tenepb mnpoussodble OT ¢ynkunH F (y) uepes NpOHM3BOL-
Bble oT Qyukunu f(x). OueBuano,

25 [ @) =hf' (o) !
a2 o an n f(n) (23)
2 @) =RF @, .o g5 f@hy) =K1 (2). |

Clie10BaTeJbHO,

hWInf(zm) © 2m-+k-1
om—1 = TGy _/ v () dy,
1-k
am) 2m+k 2m+k-1
hzm
p2m=—(’;,—ng‘i’[ [ o-v...o—2may— [ w)dy]-
2m+k-1 1-k

249

OKOHuUaTeIbHO MoJyvaeM chaenyioune GOpMyJab YHCAEHHONO HHTETPHPO-
BAHHUA C OCTaTOYHLIMH YJeHAMM: npH #—2m — 1

2m~1
/f (x)dx=(d— ¢) 2 1879 (@ + 1h) —

o am) 2m+k-1
3 +1f2m (E) f . _
©Om)! / PO, h=g—ors (29
1—
H npn n=2m ‘

ff(x) dx=(d — o) 2 IEf @+ iy +

i G—1) ... 9 —2mydy—

2m-+k
£2m+1f(2m) (E) [
am+k—-1
2m+ k-1
d—e¢

- f @(y)dy], h=~——2m_1+2k. (26)

1-k
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[MpueneM 3HaueHus KO3I(QPHUHEHTOB NPH [POHU3BOAHBIX B Bl PaXEHHAX
OCTATOYHBIX YJNEHOB LJS Pa3MHYHbIX 3HAYEHHH 7 U R:

n k=10 k=1

2 —-1—12-123 .Z_ha
3 —7910—115 _i%;zs
4 —-%-}zl‘ %hs
| L
| w0 Tram
|~ wa7s
10 — et B

11 _Tg%hw

Kak BuaHo wus npuBeneHHO# TaGauubl, (GOpPMY/JH C HEYETHHIM YMC-
JOM OpAHHAT HMelT, BoOOLie roBOps, MPEHMYLIECTBO B CMBICJE TOY-
HOCTH,

3. dopmyaa tpanenmii 1 popmyaa Cumncona. PaccmoTpuM Tenepb
noapo6Hee GHoOpMy.bl 3aMKHYTOrO THIA NpH n=2 u 3. BBHAY BaKHOCTH
3THX (GOPMYJ MH HE3aBHCHMO OT MpeALAYLIEero MoJy4YuM KoO3(QULHEHTH
(OpMyABl M OCTaTOYHBlE WieHH. IIpu # =2 HHTEPNONALHOHHH} MHOrO-
uieH OylleT MMeTb NepBylo CTemneHb. TakuM 00pa3oM, ecau [epeHTH Ha
reOMeTpHuYeCKHit A3bIK, MBl 3aMeHfieM KPHBYIO V== f(X) Xoplo#t, coelu-
HAOWWe! KoHeuHble TOYKHM KpuBOH (puc. 25).

Murerpas oT MHTEPMOJAUKOHHOTO MHOrOYMEHAa AaCT ILIOWAAbL Tpale-
uin  ABCD. TlosroMy #® cooTBetcTByiowas ¢opMyda YHCJAEHHOTO
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MHTETPHPOBAHMA [OJyuMJIa Haspanue popmysse mpanegud. Ilnomans
Tpaneunn ABCD, oueBHIHO, paBHa

Takum o6pasom,
d

ff(x)dx_

OCTaTqubm ujeH GyleT HMMeTb BHJ

d—c¢

f@Q+F@I+ R, (). @27)

Re(f)= f(x—c)(x—d)f(x ¢ d)dx =

_f ("l)'/.(x O(x—ddx=— (d—c) f”(,n) (28)

[MorpemtocTs q)opmynbl Tpanenuit OO6bIYHO OBIBaeT OuYeHb BeJHKA,
DTV MOTrpellHOCTh MOXKHO 3HAYMTE/NbHO CHHM3HTh, €CJIH MpPHMeHATh ¢op-
MyJy Tpaneuuit He cpasy Ko
BceMy oTpe3ky [c¢, d], a pas-
OMTb ero cHayaja Ha 4YacCTH
H K KaxAOR 4YacTH B OTAeJb-
HOCTH T[IPUMEHHTbL (QopMyay
tpaneuu#t. Ilpu 3ToM Hamo
CTPEMHTbLCS pa3bWBaTh Ha ua-
CTH TaK, 4To0bl MHTErpasn OT
COOTBETCTBYIOLIEH BMNHCAHHOH
JIOMaHOH OHIJ BO3MOXHO 60-
Jee GMM3KHM K HHTerpany oT
f(x). B wuactHoCTH, ecau
Puc, 25. pasbusaTh oTpesok [c¢. df

Ha m paBHBIX 4YacTe#l MJIHHBI

12

\

d—c¢
h = H 0003HaYHTb uYepe3 Yo, Vi --., Vi [OCHAedOBaTENbHbIE Op-

ILPIHaTbl TO MOJYYHM:

ff(x)dx—21y0+2y1+2y2+ T
B @+ G+ oo 1 Cl

rae x;_1 < & <x Bripaxenne BO BTOpOH KBalpaTHOM CKOOKe PaBHO
mf” €) (¢ < &< d). lloaToMy Hama GopMyna Moxker OuTb 3allHCAHA TaK:

o+2nm+2v+ - oo +2Ym 1+ Yl —

_d—op

ff(x)dx =d2_c
‘ o [ ®. (29
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HasoseM 3Ty GopMyny ob6o6uennol gopmyrold mpanegui. Ecan
NOABIHTerpanbHas (GYHKLUHMA BBHIYMCASETCA HECJOKHO, TO, B3AB JOC[3TOYHO
GoJablIoe m, MBI HECHOKHBHIMU J
BHIYHCJEHHAMH TIONYyYHM J10CTa- y

TOYHO TOYHOE 3HaueHHe HHTe- T vf(z)
rpana.
Bo3bmem Temepr n = 3.

B 3TOM cayyae y3jaMHM HHTep-
nonupoBaHns OyAyT SBAATbCA

c+d

TOUKH ¢, —5— ., d. WVnurepno-

JASUHOHHHIR MHOrguneH Oyner - S r——
MMeTb BTOpPYIO CTeleHb. Bripa- o e -Z"%td Id =z
KasCh FeOMeTPHYECKH, MH Ipo- Duc. 26

BOIHM mapaGonay depe3 KOHed-
HHE H CPEIHIO TOYKH KpHuBO# (puc., 26)., YpasHeHueM 3TOH mapaboJbl
Byner

P,y (x)=

— a0+ c+$;‘_—:"f_;§)_d (9 +
((—F)e—a " () (55-q)

2
(x—c¢) (x-—c_‘2_d>
d—c) (d-—"'gd)

f@.

VluTerpupoBaHue naet

d
[Prwas=25r @+ 4 (55) +1 @)

Takum ob6pasom,

a
[1@ax=25 fo+1/(F) +r@]+R». @0

J1s OThICKAHUA OCTATOYHOTO 4J€eHa MOCTPOUM HHTepHOJ[ﬂL[HOHHblﬂ MHOTO-

c+d
yqeH DPMHUTA, COBNajaloWuit ¢ f(X) B TOUKax c, + H d W uMeoumit

2
c_gd NpPOM3BONHYIO, PaBHYIO f’ (H_Td) drot MHOrouwIeH f15(x)

MOWHO 3anucaTtb B BHIE

Hy () =Py (0) + K (x — o) (x — 3 ¥ (v — a),

B TOYKe
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rue K—-COOTBETCTBY!OIU,&SI nocrosxHasa., Torna

F =Py +Kx—o(s— T —a+ _
+e—o(s = e —a f(x o HE ).

3aMerumM, 4TO
a
'/.(x—c)(x—f—_g—d)(x—d)dx=0.
]

[TosToMy ocraTouHmft u/eH Hamle#t (OPMYJb YHCAEHHOTO HHTelpHpPOBa-
Huf OyneT paBeH
d

Re(D= [ (

cé'd)z(x—d)f(x; e ¢ 2d;”’*2‘dd)dx.

e 2
31ech NpUMeHRMa TeopeMa O CPeIHEM, TaK Kak (x—c)(x— _; ) (x—d)
He MeHdeT 3Haka Ha [c¢, d]. TlosTomy

d
Y @) [ 2 b fIV)
Ry (=1 41(‘)/(x—c)(x—ctd) (x—d)ydx =— (d250)f 90(71)'
[}

Wrak,

d
[r@ar =450+ 4/ (T4 +r @] — (47 L2 @b

Mut noayunin gopmuyasy Cumncona. Popmyia CHMICOHA TaKKe MOMKeET
O6LITb MPHMEHeHa He CPa3y KO BCEMY OTPe3Ky, a K OTHeJbHBIM YaCTaM
ero. TpeOoBanua k BbHIGOPY STHX uvacTe#l TaKOBHl e, KaK H B [pelb-
ayumem cayqae. Ecam, B yacTHocTH, Mb pa3obbeM [¢, d] Ha 2m paBHHIX
OTPE3KOB, TO MOMYYHM:

[
ffuwx=ﬁ;“
[

+4n+2+4+ 20+ ...

1V)
A i yenl — (17 L 32

Oro — o6o6ujennan gopmysa Cumncona., Kosduumedts stoft ¢op-
MYJbl HEMHOTHM CJOXHee KO3(GHUHMEHTOB (OPMYJH Tparelui, HO TOY-
HOCTb CylLieCTBeHHO O6oJblue.

TlpuBeneM npwmep Ha BLIYHMCJIEHHS MO NOJyYyeHHBIM HaMU (opMyaam
YHCJEHHOIO HHTErPUPOBAHUA.
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Mpumep. Bouncants
1

1=f dx 2 =0,78539816

R
0

no o606uieHHO! hopMyae Tpaneuu#, no o6obueHHOR popMyae CuMncoHa
u no ¢opmyae HeioTona — KoTeca, pa3buB OTpe30K HHTer pHpOBaHHS
Ha 10 vacteft.

B nanHOM cayuae

y,=1, y,=10,99009900, y,=10,96158846, y,=0,91743119,
y.=0,86206896, y,=0,8, y,=0,73529411, y,=0,67114093,
yg=0,60975609, y,=0,55248618, y,,=0.5.
Kos¢pduunentsl ¢dopmyan Korteca npu n= 10 pashnl
1) = I{{h; = 0,026834148, 15}13 = I{{), =0,17753594,
1Y = Is()’l})) = —0,08104357, Ig})) = 18(}})) = 0,45494023,
Ié’l})) = 17(}})) =—20,43515512, 1((;’1})) = 0,71376463.
Briuncienna no o6o6ieHnoft popmyse Tpaneuuit naior:
1 .
Iz%[yo—l—le—{—Qyz—{— v+ 2y5+ yi0l = 0,78498149.
Mo o606wenHoit ¢opmyte CHMICOHA MOMYyUHM:
1 .
I=z Yo+ 4y1+2y:+4ys+ .. —+ 4yt ¥10l = 0,78539815.
[To ¢opmyne HeioTona — Koteca 6yldeM HMeTb:
= If}lgyo -+ Iz%))ﬁ + ... —|—11(11,1())y10 =10,78539818.

Briyucaenna no ¢opmyJte HbioTrona — KoTeca u ¢opmyne Cumncona nann
NpPUMEPHO OAMHAKOBYI0 TOYHOCTb, HO DPabOTH MO NOCAelHeR QopMyae
6110 3HAUMTENBHO OO0Jblie,

OueHuM OCTAaTOYHHE uJeHH Kaxiao#t M3 dopMya. PyHkiuus

f =2

ABJseTCA [pPOM3BONHOH OT y=—arc tg x. HafineM npouaBojHble OT 3TOMH
(GYHKUMH 4Yepe3 MpousBonHBe OOpaTHOR ¢yHkuuu. [Tosmyumm:

’ 1
x=1tgy, y=

P costy, y'=—2cosysiny -y = —2cos3 ysiny.
3anuieM 3TH NPOHM3BOJHBIE B HeCKOJNbKO MHOH QopMe:

y’=cosy-sin(y -{-%—), ¥y’ =cos? ysin Q(y —]—%)
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ITo MHAYKUMH MOXHO MOJYYHTH:
- ks
Y@ = (n — )l cos™ ysin n(y +—2—).

Otclona ocTaTouHbI! useH 00061ieHHON dopMyabl Tpaneuu#t Gyuer oue-
HHBAaTLCA ClelylomumM 06pasom:

2 1

[RN < 157500 = go5 = 000166 . ...
Ona popmyast Cumncona 6ymeM HMMeTb:
4! 24

RN < 55g5—5r = 155 jga = 00000133,

Haa ¢opmyas HeioToHa — KoTeca noayuum:

4671 . 10!

Hamu ouenku, €CTECTBEHHO, IaJIM 3aBBHIIUEHHBIE [OIpPEMIHOCTH.

§ 5. dopmyasl YHCAEHHOrO MHTEerpuposanus [aycca

1. Hoctpoenne dopmya. AGcuunccst dopmya laycca. B npepni-
AyweM naparpade Mbl MOJYyYHJH (OPMYJB YHCJAEHHOIO HHTErpPUPOBAHUS
nyTeM 3aMeHbl NOLBIHTErpajipHOR (yHKUMHM anre6panyeCKMM HHTEpMOJd-
UMOHHEIM MHOTOYJIEHOM € PaBHOOTCTOSIIUMMH Y3/JaMH MHTeDNOJHPOBaHHA.
MOXHO oOXHmaTh, 4TO, H3GABMBIUINCH OT MOCJAeNHErO TpeGOBaHHA, MEE
MOXeM MOJyuuTh GopMy/bl, oOnajaiouve TeMH HJIHM HHBIMH NpeHMYylLe~
ctBaMd. B 3ToM naparpade Mpl Oynem mnody4aTs (GOpMyJb, AalolHe
BO3MOXHO GOJIbINYI0 TOUHOCTb. Ilpexme BCero Hano yCJOBHTBCH, YTG MBI
OyneM MOHMMATh MOL TOYHOCTbIO (POPMYJBI YHCJIEHHOrO MHTETPHPOBAHHS.
[Tpu 3aMeHe noabIHTErpadbHOH (YHKUMM aAreOpPaHyECKHM HMHTEPIOJS-
JIMOHHBIM MHOT'OYJ/IEHOM, [OCTPOEHHBIM MO 7 y3JaM HHTepNOJ[aUHH, Mbl
NOJYYHM TaKyl0 (GOpPMYyJy UHC/IEHHOrO HHTelPHPOBAHMA, 1Js KOTOpOH
OCTaTOuHbIA useH oOpautaeTcs B HyJb, €CJH MOLBIHTErpajdbHas (yHKIHs
ABJNSIETCS TMPOM3BOJBHBIM MHOTOYAEHOM CTeneHH He Buie n— 1. Kak
MH BHIeaH, B caydyae ¢opmyn HbioToHa — KoTeca ¢ HeueTHBIM YHCJIOM
OpIHHAT OCTATOYHHLIA WieH OOpaliaeTcs B HYJb, eC/JM MOJABLIHTErpajbHas
GyHKUHNSA ABAAETCA NMPOH3BOJNBLHLIM MHOTOY/JEHOM CTeNeHH n. MoxeT oka-
3aTbCd, YTO MNPH KaKOM-TO [PYroM pAacrHOJOXEHHH Y3J0B 3Ta CTENEHb
emle MoxeT ObThb MOBbieHAa. IIpHM MCMOJBL3OBAHWH OLMHAKOBOTO YHCJ/A
y3/10B OyneM cunTaTh Ty (OPMyJy YHCJEHHOrO HHTerpHpPOBaHHA OoJee
TOYHOR, 1/ KOTOpO#l 3Ta cTeneHb Oyaer GoJabuie. DTO Onpelelelne
TOYHOCTH (POPMYJ YMCJNEHHOTO HHTErPHPOBAHMA HECKOJBLKO YCJOBHO, TaK
KaK MOryT OHTb TaKue CJAy4YaH, 4yTO MeHee TOYHA% B HalleM [OHHMaHWH
¢opmyna gact OoJee TOuHbI pesyaptart. Ho MBI mnojyuaeM Bce e
KaKyi0-TO XapaKTepHCTHKY TOYHOCTH.
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Hamn ¢opMyJibl 4HCJAEHHOrO HMHTErPHPOBAaHHA OyNyT HMETb BMI
b
[P fax=CPfE)+Cf )+ ... +CRf () +R (. (1)

3nech p (x) > 0 — duxcuposanHas Becosas dynximsa, C — nocTosHHbE
K03h}HUKeHTI, He 3apuCAuMe OT ¢yHKuMH f(x), R (f)— ocraTouHuil
YJIeH.

Ecau R (f) obpamaerca B HyJb, KOraa

f)=ayt+ax+ax®4+ ... Fa,xm™, 03]

rae xoaq)qmuue}.nbl @, TMPOH3BOJLHLI, TO
b b b b
aofp(x)dx—{—alfp(x)xdx+a2fp (x)xzdx—{—amfp(x)xmdx:.
a a a a

=c, [agFax,Faxi+ .. A ansT+

+ e [ao+a1x2+azx2+ +amx’z"1+
+ . - e+
~+cn [a0+ax -{—azxn—{- +a x,,] 29
b
[P xkax=u, ®

Q603HaynM

OTH BeMMYMHBl UEJHKOM OMNpelesaTcs BHOOPOM BeCOBOH  (yHKUMM
M OTpe3Ka HHTerpHpoBaHuMs. B CuAy [npOM3BOJBHOCTH @, paBeH-
cTBO (2) OyneT 3KBHBAJEHTHO CJ/IeNyIOLINM:

e P =,
ci"x, +c‘"> + +c£:”x =, @

P A R = g

[Moayunan cuctemy m— 1 ypapHeHui#t Ajs onpenefenns 21 HEUSBECTHBIX

Bennunt ¢ n x,. OTCioNa ClelyeT, 4To MAKCHMaJbHOe 3HAYEHHe AJA 1M
G6yner m=2n — 1. [lpaBma, oCTaeTcs ellle HeACHBIM, paspeluuMa JH
Gymer npm 3ToM CHCTeMa, OyLyT /MM ee pelleHua NeHCTBHTEJbHBIMH
v OyayT Jam Bce X, mpuHagfiexaTs OTpesky [a, b]. Henocpencteennoe
HCC/Ie0BAHME CHCTEMB! CJMIIKOM TPOMO3INKO, M Mbl MOHzeM MmO apy-
TOMy OyTH.
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bByseM OTHICKMBaThb MHOTOYIEH
0, (X)=(Xx—x)(Xx— X3) . .. (X — Xx,), )

Toe x;— uckombe abcuucch, OxasbiBaercd, o, (X) yILOBJETBOPSIET 10-
BOJBHO HECJIOXHOMY HeOOXOIMMOMY H IOCTaTOYHOMY YC/AOBHIO, KOTOpoe
N03BOJAET BO MHOTHX CJy4adX ero fiBHO onpeneauTb. [Toxaxem, urto

b

[r@o,mq@dx=o, ©)

ec/n ¢ (X) — npousBOJbLHBHIR MHOrOuJeH CTeleHH He Buiwe n— 1, Jleit-
CTBHUTEJbHO,

fx) =0, (x)q(x)

ABJASETCS MHOTOuJeHOM CTeneHn He Bume 21— 1, ChaepoBaTtedbHO,
R (f)=0. Takum ob6pasom,

b n

[P, (g@ax= Y, P, (x) g =0,

=1

TaKk Kak o, (x;)=0.
O6parHO, ecim Mbl HaltneM TakO#f MHOrowleH w,(X) CTeneHH A, uYTO
b

[r@o,9gmax=o,

Korna g (X) — npou3BOJIbHBI MHOTOUJEH CTelleHH He Bbiue n— 1,
H KODHH 3TOr0 MHOTOW/IEHa NpPHMeM 3a Y3/4B HHTEPMOJIHPOBAHHA, TO
B [OJMY4eHHOM MpPH 3TOM (OpMYJe UHCJEHHOrO MHTerpupopaHus R (f)
6yner oOpawmaTbCs B HYJAb, KOria f SBJSETCA JPOH3BOJNLHHM MHOGTO-
YIeHOM CTeleHH He Bbllue 2n — 1.

JefcTBuTENLHO, NYCTh f(X) ABAfETCS TakUM MHoroujgcHoM, Torma

fE) =0, (x)q(x)+r(x),

rae g(x) U r(x) — MHOrou/eHH cTerneHu He Buiiue n— 1, OTCiona

b b
Jref@ax=[p) 0,9 dx+

b b
+ [rrwdx= [pyrdx
a a
B CHJY Hawero mnpennoJnoxenus. Ho

b
[p@oyryde=clr (6) +dPr () + ... +cr (5,
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TaK KakK r(X) KaKk MHOrou/ieH CTelleHH He Bbille 7 — |l coBnamaeT co
CBOMM HHTEPNOJAUHUOHHBIM MHOT'OWJIEHOM, MOCTPOEHHHM IO y3JaM X,

X, +.., X,. Kpome Toro,

F(x) =0, (x) g (x) 47 (%) =r (xp).

Takum obpasom,
b n
fp (%) f(x)dx = 2 M (x)
a 1=1

u R(f)=0, uTo u TpeboBaIOCH LOKA3aTh.

B raaee 5 Mbl mokaxeM cnocobbl NOCTPOEHHS CHCTEMBI OPTOT'OHAJb-
HBIX MHOTOUYJEHOB IpH MPOU3BOJBHHX p (X). B 3TO# raase Mbl HafineM
obuwit BuL w, (X) npa p (x)= 1. O603HauuB

@€

f W, (X)dx =¢(X),

a

foawdr=a. .... [en1@dx=0(0 @

6yleM BHYKCAATb HHTErpalt
b

[on@aax,

a

rae ¢(x)— NpoH3BOMbHEI MHOrOYIeH CTeleHW He Bbiie n— 1, myTem
NOCJeN0BATELHOTO [pPHMEHeHNS (OPMYJbl HHTErPHPOBAHHMS MO YaCTAM,
ByneM uMeTb:

b
0=fwn(x)q(x)dx=

e () — @ g @D+ ... (=D, 04" e

[lpn x=a npasas uvaCTb paBHa HyJIO, TaKk KaKk ¢;(@)=0, i=1,
2 ., n. OTclona caenyeT B CHAY MPOM3BOJBHOCTH ¢ (X), 4YTO

PO =g(0)= ... =19, () =0. ®)

Wrak, ¢,(x) obnanaeT KOpHAMH KDAaTHOCTH n NPH X=a H xXx=210
CaenoBatelbHO,

y .

on () =C(x—a)" (x—b)", ©
rie C — kakag-To nocTosHHas, OTciona

0, () =C 7 [(x —a)" (x — b)),
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C nonbupaercs H3 TOTO YCHAOBHA, uTO KO3dduuMeHT npu X" B @, (X)
paBex 1. Jlerko BuIETb, 4TO

__n
et
OxoHnyaTeJbHO MOJYYaEM:
nl 4" n n
0y (¥) = gy g (¥ — &) (x — "), (10

ITocaenoBarefbHOE [IPUMEHEHHE TEOpPEMHI PoJans MMOKA3biBAET, YTO BCE
KOPHH ypaBHEHHd
w, (x)=0

AcHCTBUTENIbHBL, Da3/iHYHBl M 3aKJIOYeHH B uHrepBate (a, b). Takum
06pa3oM, HX [eHCTBHTENBHO MOXHO HCIOJbL30BATH B KauecTBE Y3/0E
HH1epNOJALHH M NOJy4YeHHass MPH 3TOM (popMyJa YHCAEHHOTO HHTErpH-
poBaHHa OymeT YyOOBJAETBOPATL [OCTABJAEHHHIM yCJaoBHAM. B ruaase 5
OyleT MNOKAa3aHO, 4YTO M INPH MNPOMU3BOMLHOM BeCe p (X) MHOFOUJEHH
w, (X) Oynyr uMeTb n NeHCTBUTE/NbHBLIX pasJMYHBLIX KOpHell, npunasae-
Kauwux uHrepBany (a, b).

2. OcraTtounsiit 4neH ¢opmya I'aycca. Mccaenyem renepp ocra-
TOYHBIl W/eH MOJy4YeHHHX (POPMyJ] uHCIeHHOro HHrerpupoBanus. Ilycrs
f (x) — npousBoJibHasA, NOCTATOYHOE KOJHUeCTBO pas mupdepeHUHpyeMas
bynknua., [1OCTpOMM MHTEPNOJNAUMOHHHR MHOroOuwleH IpMHTA, MPHHH-
Maloue#t B TOYKAX Xy, X3, ..., X, (KOpDHAX o,(x)=0) 3naueHus
f(x), f(x9). ..., f(x,) ¥ uMclOUMH B ITHX TOUKAX MPOUSBOLHBIE,
paBubie coortBeTcTBeHHO f'(Xy), f'(Xg), ..., f'(x,). Ecam o60sHauuTh
3TOT MHOTOuMeH vepe3 H(x), T0

F) = H () 4 (6 — 202 (x— %) . ..

e (X = X )P (5 X Xy Ko, Kol w L X X)) (11D

Muorounen H (x) umeer crenedn 2n— 1, CleaoBarenbHo,

b b
fp(x)f(x)dx=fp(x)H(x)dx+
a » a
-l-fp(x) @ (X) f (X5 05 X5 Xo} Xoio . Xy X)dx=

n b
= E PH (x)+ f P () 05 () f (065 X5 X5 X3 g3 o5 X3 %) dX =

1=1

n b
= W dPf )+ [P (Y0 (Df (5 2 %5 % % X %) dx. (12)

i1
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TaknM obOpasom, ocTarounbift ufllen OyneT HMMeTb BHI
b
RN = [ p(Dun(0)f (x: %15 515 %51 s+ i X X)X, (13)
a
Tak xak p(x) w3} (x) ne MeHser smaka na [a, b], TO

b
RNy =F(E %y %15 Xo5 X3 1013 Xpi X)) fp (%) op (x) dx =

Zn)
,,,§,”) / P()uh(9dx. C 1€@. b)),

U B stom caysde npu p(x)==1 MOXHO YNPOCTHTH BHpaXeHHe NJ%
MHTErpana, croswero B mpaBoit uacTH. ByneM uMers:

b b

[on@o,@dx=— [¢ () 0, (9dx=

a

b b
= [@en@dr= ... =" [¢, (90l ()dx=
a a b

= (—1)* n! fcp,, (%) dx.

Jlanee, CHOBA NpHMeHss [MOCJENOBATE/NbHOE MHTETPUPOBAHHE IO 4aCTAM,
MOJYUHM:

b
/.cpn(x)dx=(—2'§)—!./‘(x—a)”(x—b)”dx=

b
__nln x—a)" 1 (x—pn! L
= (Qn)!f g dx=— ...
a

b
n (n)? (x—a)" _ =)'ay (o —ayPn !
=0 Gy f iD= e @)
a
Hrak, npu p(x)=1

iy n (A3 (0 — @)™+t FEMG)
RN = (=Dt onmamn Tty oy —

(6 —a)*™ ! ()t

=1y 0. (4
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3. Koaddpuunenrsl dopmya Iaycca. Hafinem renepnr Bbipaxehus
ans ko3(duuueHToB Npu f(X;), noJAyyeHHbIX (OPMYJ UYHCJIEHHOTO MHTE-
rpupoBakuda. JlJs 3TOTO PACCMOTPHM (YHKUHIO

_ e (x)
q)k."(x)_ x—xp "
Kpagpar sto#t dyHkuHu daBjAdercs MHoroudeHoM crenedun 2n — 2. Cae-
JOBATENbHO,
b n
[r@w ,0dx=Y e (e =cPip (0.
a i=1

Orciona

b b
[r@d.mar [p@4] ,@ax

c(n) f—l a = il . 1 5
k 3, (x8) ol () (1>

OtMeTuM 31eCh e, uTO BCe (™ MOMOKHTENbHBL.
lpu p(x) =1 MoxHO noNyuutsb Gosiee ynoOHble BHpaXeHus s c{P,

Ilag 3TOrO NpUMEHHM K YMCJIMTENIO NPABUAO MHTETPUPOBAHUA O 4ACTAM.
ByneM umerb:

b LA 3 @=b
/ 3 () dx— “’n(x)dx_[__ “’n(x)}
P q)k,n( ) —a (x —xz)? X — X w=a+

b
@ o, d o w2
o [ R@dr_ @ 0

X — X TTa—xy b—xk+

+2f‘” (x) o (x)

X — Xy

TMoncuuraem sHaveHus o2 (@) u 2 (b). Tlo dopmyne JleHGHuua umeen:

o () = s g 18 — ) (6 — BVl =

‘1 n ank n
Qn)' Y Chgr e —am - —F = b)"].
Km0

Orciona

On (@)= (Qn)l nl@— byt = (—1" ((2 7 (b —a)
n

nl ! (n ) 7
w,,(b)-.——mn.(b——a) (2!1)[ o —ay.
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Takum obpasom,

oy (@) o) _ @pe—a*r 11 }_
a— Xy o b-—xk - [(2?1)']‘2 [xk——b Xp—a _
o (n!)4 (b__a)ﬁ’n+1 .
T (xg—a) (g —b) [2m)1]2 7
dyuxnus

o, (x) o, (x)
X — Xr

ABJIeTC MHOToujieHOM cTeneHd 2n — 2. [Mostomy

x —_ xk x - xk
i=1
Wrak,

(n|)4 (b _ a)2n+1

CSZ”“’ (xk) = / ¥ W (X dx= ((Qn)g]:z (xr — a) (X5 —B) + 20(,:”(»;: ().

O1crona

R . [ i — (19
[(2m)! 12 (g — @) (b — ) oy, ? ()

D70 M eCTb MCKOMble BHIpa)eHHs 1 KOI(PPHUHEHTOB cg').

2 +y. Monyunm:

O (X) = (2,;), [ﬁ—( b;aY ]n

[MpousseneM B ¢, (X) 3aMeHy X Ha b—{L—

a---b

T. €. ¢,(X) CHMMETpPHYHA OTHOCHTEJbHO NpAMOH X = —5 - Orciona

ClefyeT, YTO H KOPHH ypaBHEHHA w, (x) =0 OyiyT CHMMETPHYHbI OTHO-
a

CHTEJILHO TOUKH X = ——7—. Ho Toraa, ecinm 3aHyMepoBaTb MX B NO-

psaKe BO3pacTaHHs

X < X< oo X,

TO NOJYYHM:
(% — @) (x5 — b) “’;,2 () = Xy 11— &) K1 —0) “’;,2 (Xn_+1)-

CurenosaTebHO,

c(,:” = C(rﬁkﬂ’ an

T. €, KO3(pHuuHenTh NpH f(xy) U f(X,_;., OyayT coBmaiaTb.
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Tloayuennse 3aech (OPMYJabl YHC/IEHHOTO MHTErpPHPOBaHHs ObLAH
BrepBhie HataeHn [ayccom. [Mostomy Mb OyldeM HasniBaTh HX POpMy-
samu Tayccea.

Briio 6b HeBHTIOAHO KawIAbi# pa3, KaK HAM HYXKHO HCNOJb3OBATDH
¢opMyny YHCJIeHHOTO HHTErpHpOBanHa [aycca, 3aHOBO HAXOIMTb ®, (X),
BHIHHCJATD KODHH YpaBHeHHi ,(x) =0 ¥ NoACYHTHIBaTL KO3(}Pu-
urents ¢, Jlna cayuas p(x)=1 u oTpeska uurerpuposanus [—I, 1]
TakMe BbIYHCJeHHS ObIIM NPOHM3BeldeHbl A Pa3audHbiX n. [IpOH3BOJIB-
HH#  oTpe3ok [a, b] Moxer OHTL npuBeneH Kk orpesky [—I1, 1]
1IpocTO# 3aMeHO# nmepeMeHHOH HMHTer pHpOBaHHUA:

b-t+a b—a
e

X =

TlpuBeneM HekOTOpHle 3HaYeHMs Kosd@uuuentoB c{™ u abcuuce A
$OpPMYJ YHCIEHHOTO HHTEr PHPOBAHHA

22741 (nlye
m = ) fen)
fe=1
n=1
1 (1) 1 4
x1=0: - €1 =1: R1=§f (E);
n=2
— x,= x,=0,577 350 269 189 6258, -;-c‘f’zécgm_%,
1 .
Ry =35 f¥C);
n=—3 .
— x,=x3=0,774 596 669 241 4834, x,—=20,
le_1 o __5 1 @ 4 — 1o g,
.7(;1 _2(]3 _18, —2—(:2 —'g; R3—T57_5'6f (E)t
n=+4%

— x,=x,=0,861 136 311 594 0492,
— X, = x,= 0,339 981 043 584 8646,

;—0(14’=—;—c4 — 0,173 927 422 568 7284,
-;—0(44)—-12— ) 0,326 072 577 431 2716,

_ ® .
R,= 3—4_72—875 76
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n=5
— x,— x,— 0,906 179 845 938 6640
— x,— x,— 0,538 469 310 105 6830, x,=0
%a‘f”:%c?’ —-0.118 463 442 528 0945
-;-c!;’) %&"”:0,239 314 335 249 6832
L o 64
2o = % —0,284 444 444 444 4444
. 1 (10) /py.
Rb_ 1237732 650f (E)'
n—=~56
— x,— x,=0,932 469 514 203 1520
— x,— x,— 0,661 209 386 466 2644
— x,=x,= 0,238 619 186 083 1970
%c§6’=%c§6)=0,085 662 246 189 5852
—;—cx(f) =—;-c§f’ —0.180 380 786 524 0693
—;—0(36’ :—;—0&6) — 0,233 956 967 286 3455
_ i (12) ¢y |
Rs= gmosaasizso /O
n=7

— %, = %, =0,949 107 912 342 7596
— %y =x,=10,741 531 185 599 3944
— xg= x,= 0,405 845 151 377 3970, x,=0

o) = 5 P — 0,064 742 483 084 4348

1
2
s &= L — 0,139 852 695 744 5384
1
2

P
Ry —%cg“’ — 0,190 915 025 252 5595
1 256
Sel = 20 —0,208 979 591 836 7347

- 1 (14)
R =msosotetren /| O

Kak BugHo u3 3TOH TaGaHubl, KO3(PHUMeHTH ¢{M u abCuwucch x;
ouens rpoMosaxu. [lostomy dopmyas [aycca ciaemyer npuMeHsTb B Tex
ciayyasx, koria tpebyerca GoJbuias TOYHOCTb M 3HAYEHHA (QYHKIMH npH
60ABLIOM YHUC/e APTYyMEHTOB HOJYYHTb 3aTPYAHHUTE/NbHO,
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4, dopmysa 4HCJIEHHOTO HHTerpupoBanus IJpmuta. Ecaum Baath

B Ka4ecTBe p (X) (QYHKIHIO
1
— 18
4 ¢9) i (18)

H B KaueCTBe OTpe3ka HHTerpHpoBanua oTpesok [—I1, 1], TOo mno.y-
YHM (QOPMYJIY YHCJIEHHOTO HHTErPHPOBAHHA

+1 n

_f_(i)_._. — ) £ ¢ .
P11 Y e fie) +R (. (19)

i=1

Ecan x; 4BJAAI0TCA KOPHAMH MHOTOYJIEHA w,, (X), OPTOrOHALHOTO C BECOM

1
————— TNpPOH3BOJLHOMY MHOroufeHy ¢{x) cTenenn < n— 1, 10 R(f)

Y1i—x2

o6pamaeTcs B HyJb, Koria f(x) sIBAfSTCT RPOU3BOJILHEIM MHOTOMACHOM
crenend < 2n— 1. Kak Oyler nokazawo B raase. 5, B KavyeCTBe w, (X)
MOXHO B3fTb

0, (X) = 57,1-_1 T,(x)= 2—::-1 cos (n ar¢ cos x), (20}

T. €. MHOrousfeHel YeGriuieBa, 0 KOTOPHX FOBOPHJAOC, B Npeldbiayliei
raase. ChenoBaTesbHO,

2i—DH=n

; = COS
*i 2n

(=12 ....n) @

H
+1 +1

" = f op (x) dx —_ / Tp (x) dx
P e,V I— Y —x) T Vi
(22)

Ilng ¢ MoxHO HaHTH uyHCJOBHE 3HaveHHs. Jlasg 9TOrO mMpoH3BeseM

NOA 3HAaKOM MHTErpaja 3aMeHy NepeMeHHOro, moJoxus x — cos B. lio-
JY4UM:

k]
o — /' cos nf df
* : (cos 68 — cos 6;) T; {cos )
Ho
nsinnb; _ nsinnd;
V1—cos2p;  sinb;

Tp (cos 0;) = ,
a
cos nf
€os 6 — cos 6;

=B,+ Bycosb-+ Bycos26 4 ... +B,_;cos(n—1)6,
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TaK Kak JeBad 4YacTh IOC/e[Hero paBeHCTBA ABJseTCA 4YeTHOH (yHK-
uuett 6 W uMcauTenb ee 06s3aH AEeJHUTLCA Ha SHAMeHaTeJb HALeJo0, HGO
T,(x) npeanrca Ha x — X OTcloaa

k1

/—%dﬂzﬁ&.

cos 8 — cos 6;
UroGer HaliTH B, B npelnoc/efHeM PaBEHCTBe, MOJOXKHM TaM
2 2n 2
B=0, 6,4+, 6,+2=, ... Bi—}—(n—l)—::-

U BOCHOJb3YEMCSl COOTHOLIECHHUSIMH

cosn (0¢+k 277;-)

cos nf __ cos’ nb __nsinnl; |
5 __ . - 7 — T sin 6, -
cos cos i lp_g, cos’ @ 99, sin 8, cos(0i+k27n)——cos 8
cos [nb; -+ 2kx)
= 2=z =0.
cos (Oi + k 7) — cos b;
[Monyunm:
in nf
By~ B, cosb; +Bycos26; + ...+ B, _,cos(n—1)0;= %’1—1.

BO—,L—Blcos(Bi —4—2,l—n)+B2c052(6i —}—Qn—n)—}—
... 4B,  cos(n— 1)(ei +27")=0,

Bont Bicos B+ — V2] - Bucos2 [t —n— 2] .
oot Byycos(a— D8+ — 1)2,1—"] —o.

Cx/aabiBas 9TH paBeHCTBA, OyAeM HMeTh:

__ nsinnf; __sinnf;
nBy = sin 6; o Bo=-gy 0:’
TaK Kak
S ,2m 1 53 21\ . km
ZCOSk(9i+j—,T)=———-—E;-22C05k(ei-{-—j7>sm7=
=0 2811‘1—,7]'__0
n—1
1 . 2j+1 . 2fj—1
= o Z{smk[ﬂi—}—g—Jt )n]—smk[ﬁi—}—————( J — )n]}=
2sin—j=0
n
1 . @n—1yn . 7
_QSmk_n{smk[Bi—}——T———]—mnk[ﬂi—?]}_o
n

(k=1,2....,n—1).
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QT1clona

m—_"™B __ =
et o — (23)

[Monyuuan (GOpMyJy YHC/JIEHHOrO HHTErPHPOBAHHA

+1 n +1 2

T f(x)dx  m fem g Tp(x)dx
J Vice —n 2-gf )+ ~am 1/ Pt T
~1 1= —

2i—1
X; = COS —p=-q. 24)
QcTaToOUHBI# wieH MOXeT OBITH YNPOINEH, €CJH BOCHOJb30BATbLCA pe-
8y/bTaTaMy TJaBH 5:
T

a1t ). (25)

R(f)=
dta QopMy/aa ABJAdETCA YaCTHHM cJayuaeM gopMya [aycca M Hocu1 Ha-
3BaHHE POpMYALL Fpruma.

5. dopmyJbl YHCJIECHHOrO HHTerpuposanus Mapkosa. Ecau noJnb-
30BaThCA KJacCH(Hkauuel, NPHBENEHHOH B mpeabAywlieM naparpade, To
(opMyJbl YHCJAEHHOTO MHTErpHpoBanua [aycca caemyeT oTHecTu K ¢pop-
MyJaM OTKPHITOrO THNA, TaK KaK KOHILI OTPe3Ka HHTErPHPOBaHHA He
npHHaLJeKaT K uucay ysaoB. A, A, MapkoB paccMoTpen (opMyin
YHCJICHHOTO WHTErPHPOBaHMd, A koTophix R (f) obpauiaercss B HyJb,
koraa f(x) ABAfETCSA TPOHM3BOJILHEIM MHOTOWIEHOM CTeneHH < 2n— 2
NpH AONOJHHTEJIbHOM TPeOOBaHHH, uTO JHOO X, =a, b0 X, =0, u
(POPMY.ibl YHC/IEHHOTO HHTErpHPOBaHHsA, AAs kOTOpHX R (f) obpaiuaerca
B HyJab, Korga f(x) sBafeTcd TNPOW3BOJBHBHIM MHOTOYIEHOM Cle-
neud <L 2n—3 nNpPH [OIOJNHHTENLHOM TPeOOBAHHH, YTO X,=a H
X, =0b.

PaccMoTpuM chauana nepshuifl cayuai. Q6osnaunM yepes 6,, (x) muoro-
yjeH CTeNeHH n CO CTAPWIMM KOS(P@PUUHEHTOM 1, KODHH KOTOPOro paBHH
MCKOMEIM y3naM. PaccyxaeHHaMH, Kak M npH BmBoZe ¢opmya [aycca,
MOKaxXeM, YTO HeOOXOLHMBIM H LOCTaTOYHBIM YCJAOBHEM AJIS TOTO, YTOGLI
6, () yLOBI€1BOPSAJ NMOCTABAEHHBIM YCJOBHAM, Oylder

b

fp *)0,(x)gx)dx=0, (26)
a
tae ¢ (x) — NpOH3BOJbHHH MHOrou/eH cTemeHH < n— 2. Orcroaa

b b
[ P80 —0a g dx= [p(x)0,x)q(x)dx—
a a b
— [P®op @) g dx=0.
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Tostomy 6, (x) — 0, (X) MOXKeT JHLIb NOCTOSHHBIM MHOXHTeJMeM OTJH-
4aThcad OT w,_; (x):

By, (x) — 0, (X) = a0, _; (x).

Jlnd moJy4yeHHs TNOCTOSHHOH a, TOJIOXHM B 3TOM pAaBEHCTBE X —a.
[Monyunm:

.1 C))
= ©py (@
WNrak,
B (X) = 0, (x) + 0@y g (X). @n

W B sToM cayuae 0,(X) HMeeT 7 AeHCTBHTebHHIX KOpHeH, OAMH H3

KOTODEIX PaBeH @, a OCTaJbHbIE PAcHoOJOXKeHH Mexiy a M b, Jlokasa-
TEJbCTBO MOJHOCTBIO COBMANAET C TeM, KOTOpOEe NPOBOAMTCA B rjaBe 5
0aa o, (X).

Jlns OTBICKaHHA KO3((PHLHEHTOB D(L"’ (POpMyJIBI YHCJIEHHOTO HHTE-
rpUpOBaHHs BO3bMEM B KauecTBe f(x) QynxuHIO

flx) = “Q
x’L

rie X,—OIMH H3 KopHe# ypaBHenus 0, (x)=0. f(x)— mHorounren
creneHn n— 1. Tlostomy

b n
fp(x)f(x) dx = Z DY f(xx)= D™ 6, (x,)

"
DW= P (%) bn (x) dx
/(x——x )0 (x) (28)
OctaTounbitt yjgeH OyieT MMeTb BHA:
Zn 1) n( )
R(=L5 = ﬁ/() @9)

AHajoruuHO MOMXHO NMOCTPOUTL QOPMYJIy UHCAECHHOTO MHTErPUPOBAHUS

b
" Ve [ » ()
e sras= S s+ o 5 oo
1=1

rie x‘ — KOpHH ypaBHeHHs ¢, (x)=0;

q)n(x)=mn(x)+pn Oy (%), pnz_ﬂ%. 31)
op—1(0)
_ PN Yn(x)
o (TN (32)
=] &y
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4

Hakounen, B nocnesHeM ciayyae ysapl X; OyAyT KOPHAMH YpaBHeHHs

Lo (¥)=0, rme

oy, (X) oy (@) oy, (b)

oy (X) wp_1(a) oy, ()

op—g(X) wy-0(a) 0p_s(b)

Kosdduunenter F™ dopmy bt

0n—1(@) ©y_q(d)
Cn(x‘: n—1 n—1

33
op-9(@) wp— ()|’ @3

b n
[rofax=Y FP () +R() (34)
a i=1

onpenesisaTcs H3 paBEHCTB

Fi — tn (x)”z; (%) dxm (35)
/ (=) (£)

H OCTaTOuHbIH uneH OyaeT MMeTh BHI:

2n—2) 2
_ ® P (x) &, (%)
R(H)= (2n 2)! / (x

Y g dx. (36)

Mpusenem 3uaueHus x;’

H Fg") 4] HEKOTOPHIX 3HaYeHHH n THpH
px)y=1una=—1, b=1.
n:3: xl—_l X2=0, xg—l,
1 4 1
F1_§' Fz—gv F3=—3‘§
n—=4: xy=—1x=—02, x=02 x,=I,
1 5 5 1
Fl_gy F, 5 Fszg" F4:T{;
n=>5: x,=—1 xz_——;i, x3=20 x4——73—, x,=1,
49 64 49
Fl:01 F2 q0 * FS_%’ F4=

B 3ax/i0ueHHe NpHBeAeM BHIYHC/IHTE/bHHHA TIPHMED Ha npHMeHeHHe (op-
mya [aycca u Mapkosa.

Mpumep. Buuncauts no gopmynam MapxoBa u [aycca uurerpan
1

_ dx
= [t
0

B3IB n — D,
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[lpeoGpasyeM HuHTerpan k npoMexytky [—I1, 41]. TMoayuum:
+1
dx
’=‘{f e
B ¢opmyne [aycca:
f(x)=0,24945107,  f(x,) = 0,23735995, f(xy=0.2,
f(x)=0.15706261, f(x;,)=0,13100114.
Briuncienns nawT [~ 0,78539816. Bce 3Haku BepHBi.
B ¢opmyae Mapxosa:
flx)=0,25, f(xy)=0,24276181, f(xy) =0,2,
f(x)=0,14841465, f(x,)=0,125.

Buiuncaenus naiot [~ 0,78539214.

§ 6. PopMyJiBl YHCJIEHHOTO MHTETrpHpOBaHus UYeShimena

1, Tloctpoenne dopmya. B npeavinymies naparpade MH NOJYYHIH
kaK uacTHHH cayua#ht popmyn [aycca QopMy/aH uHCAENHOTO MHTErPHPO-
BaHug OpMuta. OHH XapakTepH3yIOTCA TEM. YTO BCe KO3DHHULHEHTHI
npH f(x;) paBHbl. ITO OKa3HBACTCA CYIECTBeHHBIM, KOraa 3haue-
Hud f(x;) mnoABepXeHH CJaydyalHBLIM OWHOKaM (HanpHMeDp, ROJYYeHH
u3 3xclepuMenTa). Toria Bhipa)eHHe

afx)4cf () + ... Aepf(xy)
(¢,+¢+ ... +c, PHKCHPOBAHO)

OyeT MMeTb HAaMMEHBIIYIO CAyYaHHYI0 OWMOKY NpH ¢;=C(,==... = (,,.

B casu ¢ asrum TI. JI. YeOGHileB NOCTABHA CJAEAYIOWYIO 3alayy:
HatttH abCUHCCH Xy, Xy, ..., X, H kos(Puunent K Tak, yToOnl B Qop-
MyJie YHCJEHHOTO HHTEr pHPOBaHHA

+1 n
[r@f@ax=KY fexa+R() M
-1

i=1

ocTatouHbit wieH R (f) oOpaiuiajcsd B Hyab, Korga f(x) sBasgeTca npo-
H3BOJNLHBIM MHOTOUJIEHOM BO3MOXKHO GoJjbmie#l creneHd. Taxk kak B Ha-
HIeM pacnopsikeHHH Haxoautca # -+ 1 BeauunH K, Xy, X5, ..., X,, TO
CTeNMeHb 3Ta He MeHblue #.

Koagpduunent K naxoautca 6e3 Tpyna. [Monaras f(x)==1, noayunm:

+1

fp(x) dx =Kn.

-1
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Orciona
+1
- /p(x)dx. @
-1
Kak u B npeamayiueM naparpafe, BMecTO TOro uto0bl OTHICKHBATH
caMu alcuucch Xy, Xg, ..., X,, HaflieM MHOrowJeH
0 (X) = (X — X) (X — %) . . . (X — %p). (3)
BosbMeM B kauecTBe f(x) QpyHKuUHIO
= 4
f@ =5, &)

rie z — NpoMsBOJbHOE uucao, |2z > 1. Toraa

+1

[eiadx K2t At 2] PR () ©

Tlocaennee BBIPDAXKEHHE MOXHO 3anHcaTtb B BHIE

+1

p(x)dx oy, (2) 1
f z—x _Km”(\z) +R(z——x>' (6)

[MpounterpupyeM obe yacTH paBeHcTBa Mo 2. [loayumnm:

/p(x)ln[z—x[dx_Kln “’"(Z)+ fR )dz,

Z——JC

3aeck C — MOCTOAHHAS HHTEr pHpOBaHHs. [IOTEHIHPOBAHHEM HAXOAYM:

+1
1

bod fp(;z:)ln|z—a:|dm

® (z)er (z m> =Ce -1 @)

[IpeactaBum riokasaTe/ibHYI0 (PYHKUHIO, CTOAIUYIO MHOXHTEJZeM B JeBOH
YacTH PABEHCTBA. B BHAE psada No yOuBaOWMM cTerieHaMm 2. Vmeem:

1 1 RS

Z-— X = X + + + + n+1 +zn+2+ (8)
z(“‘?)

Pan cnpasa npu |x|< 1 u |z|>a>1 Gyser paBHOMepHO H abco-
JIOTHO CXOAHUTbcA. JlaJee,

1M+ ?+9 )

R(;=5)=R(s+2+ - +;3,‘%)+R(n+2+zn+3+ |
©)
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B cuay Hamero nmpemnosoxedus nepsuifl ujaen cmpasa paseH Hymo. Ho

xn+1 xn+2 x+1 xn+2
R(zn+2 + z”+3 . /p(x) n+2 z”“'3 + "']dx—

n+1

n
xn+2
— K ¢
zn+z T M I
=1

Takum oOpasom, R(z_

1
= ) OyleT NpPeACTABJAATHCHA CXOAAWMMCA DPAAOM
10 yOLIBAIOMUM CTENEHSAM 2, IpHYEM HAMBHICIIEH CTENEHbIO 6yaeT — (1 - 2):

1
R(;25) =z +m+- 10)
[MoatoMy
[ R(2)az= +.. =M@
y z—JC) == [(fl—f—l)zn“_*_('H-?)Z’”2 =7 1
(11)
Wrak,
(e Mo | me | e 12)
¢ =1+ + 7wy T T (
T. €. 3Ta NOKasaTenbHad (YHKIHMA NPEACTABJIIETCA PALOM
az
e Kf ( ) =14+ zn+1 znfs + 13y
[1pousBeneHue
1 1
0, (2) )2 e
MOXeT OLIThL Npe€aCcTaB/JECHO B BUAC pdla
1 1
= | B{—=)a
mn(z)exf () zzmn(z)+g+g+..., (14)

TaK KaK HaWBBICWIAA CTeneHb 2z B w,(2) pasua n. Orclona cheayer,

410 H
+1

'KL f p (@) In (z—x) do (15)

e —1

pasnaraeTcs B TakoH Ke pAL U YJeHH C MOJOXHTEJNbHHIMH CTeHEeHAMH 2
1anyT ©,(2). byaeM HasbBaTb 3TM YieHB NPaBHALHOH YacTBIO pAAa H
00603HauaTh
+1
7} f p@hniz-z| dr
Ee -1 (16)
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TakuM 06pasoM, Mbl NOKa3aJH, 4YTO ®,(2) B (OPMYyJaxX UMCJEHHOTO
uHTerpupoBanus YeOriesa onpeneseTcs M3 PaBeHCTBA

+1
lK f px)ln)z—x |dz
0, (2)=CEe ! (17

3necy C moabupaeTcs Tak, uTo6H KO3(pduUHEHT npu z" B ®, (2) Ohn
pasen 1.
HanuM eme omMH cnoco® noayuyeHus o, (2). B dopmyse

+1 n
[Pf@dx=KY fxd+R M
-1 1=1
BO3bMEM
fx)=a,+a,x+ asx?+ ... +a,x", (18)
rae &g, @y, Gz ..., G, — NPOH3BOJbHLEIE ACHCTBUTENLHHIE uHcaa. [loay-
YUM:
+1 +1 +1

ao:lfp(x)dx—i—al ‘{p(x)xdx—}— —{-an‘!p(x)x”dx:

=akn +a,K{x;+x+ ... +x,] +aKX
X ¥+ x+ o g+ o e KX xf 4 L+ xn,
vak kak R(f) B 3Tom cJiayuae no/sxken o6pawathcs B HyJb. Bpenem

o6o3HaueHUe
+1

= fp(x)x‘dx. (19)
-1

B CUNy TIPOU3BOJIBHOCTH 4; AOMKHBL HMETL MECTO CJEAYIOUIUE paBeH-
CTBA:

po = Kan,

py=Klxy + X2 4 ... +x,],

b =K |xi 4+ 52+ ... 4], @0
po=K x4 x4+ ... 0]
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[lepeoe paBeHCTBO mpaeT:

K=‘Ln—°=% / p(x)dx,
-1

T. €. TO Xe, YTO W pasbite, [leas octaabHbie paseHctBa Ha K M 000-

{ — m;, NONYuHM CHMCTeMy n ypaBHeHHfl LiS ONpeNedeHHUs X;:

fuc
K
Xy F x4 o0 Hx,=m,y,
2 —
At e .

3Hauas

Xy +X2+ oo L xn=m,,

Onate OyAeM pasbiCKMBATL MHOTOWIEH o, (X), KOpDHAIMH KOTOpOrO

ABAAIOTCA Xy, X, ..., Xy, YAOBJACTBOpsIOWKe 3TOH cucteMe. [lycThb
w, () =x"+bx" 14 ... +b,_x+0b,. (22)
Ham uyxuo Haitu by, by, ..., b,. Vmeem:
Q' o (
; N\ oy (X)
o, ()= Y 22 (23)
=1
H

o] () =nx"" 14 (n — 1) bx" 2 (n — D bpx" 34 ... +b,y. (24)
Hanee,
28— 0 ) " (b b ) 2 L

e gy bpaxi . 0T XY, (25)
Orciona u 43 paBeHCTBa (23) mosyuaeM:

oy (X) = nx™=' 4 (nb; + my) x" 2 4 (nby 4 bym; +-my) x4 L ..
+ by bp_omy+ ... +bmy,_ s +my, ). (26)

CpaBHuBass KO3((HUIHEHTH NpH ONMHAKOBHIX CTeNeHAX X B paBeHCTBAX
(24) u (26), HaxoduM:

nb,+m, = (@n— 1)b,,
nb2+b m, +m2—(n_2)b2: (27)

nbn—l + bn 2l + + blmn—2 + m’n—l =bp_,.
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OT1ciola nOC/AeLOBaTeNLHO MOXHO HaTu by, by, ..., b,_,. Iaa moay-
yeHHs Koddduuuenra b, pacCMOTPUM CyMMY

Oy (X)) 0, (X2) 4 ... 0, (Xy).

C onHOH CTOPOHBI, 3Ta CyMMa paBHa HyJo, TaK Kak o, (x;)=0. C apy-
ro#l CTOpOHH, CK/aAbiBas NPeACTaBIeHHs o, (X;) B BHIC MHOTOWIEHA 1O
BO3PACTAIOIMM CTENEHSM X; NPH PA3JIMYHBIX [ MOJYuMM:

My~ 03y~ bymy, s+ ... b, ymy+nb, =0. (28)

Or1ciona onpenenutcs b,,.

WTak, MbH NOKasaJH, 4YTO AJS KAXAOTO 1 MOXKHO HaHTH o, (x) Ta-
KOe, 4TO eCJIH KOpPHH w, (x) =0 npuHath 32 abcuucchl GOpPMyJb uHC-
JeHHOTO HMHTETPUPOBaHUs, TO BCe KOPPUUHUEHTH ¢; 3TOH (HOPMYIH
OyayT pasHb Mexay coOo#l. OueBusHO, ®,(X), NOJMYUYEHHOE BTOPBIM
cnoco6oM, OYAeT COBNAAaTh C o, (X), NOJNYUYEHHBIM MEPBHIM CHOCOGOM.

PaccmMoTpuM Tenepb uyacTHHH cuayua#t dopmyn YeOwimeBa, Koraa
p(x)=1. Ilpu atom

+1
K=l/dx=—2—, (29)
n n
-1
a alcuucch Xy, X3, ..., X, SBJAIOTCA KODHAMH ypDaBHEHHS
+1
21 f In{z-z|dz
Ee -! =0, 30)

Ho mpu 2z >1

+1
/ njz—x[dx=4+Dla+D)—(C—DInz—1)—2=

—_—21nz+(z+1)1n(1 +%)+(1 —z)ln(l —%)——2:
—2lnz (4 1) [%——212—+-3%— L]-a—2x

1,1 1 _ _ 2 2 2
X[?‘*“Q?‘*‘@‘*‘"']_Q—sz 2.3 4.5247 b7 0

Orciona

- n _ n _ n _
mn(z)=CE{z”e S }‘ @31)
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IlanuM n 3nauenus 1, 2, 3, 4, 5, 6, 7, 9, ToayuuM clenywommue ypas-

HEHHUSl AJIA MOJyUEHHUs X

x=0,
1

2__

X 3_0,
1

3__

X Qx_.O,

x7—%x5+

3 27

9__ 2 w14 2L
x 5 X7+ 35 X

80 =

57 4, 217
— 550 * +aoa00 ¥ =0~

149 0,

. 32)

MoxHo 6u0 O6H noAyuuth ®,(X) ¥ AJa APYTMX 3HAYeHHUH n, HO, KakK
nokasaa axageMuk C. H. BepHmiTeiiH, npH 3TOM ypaBHeHHe o, (x)=0
OyneT HMeTb KOMIIEKCHBHE KOPHH H, C/eIOBATE/NbHO, COOTBETCTBYIOULAS
popmyna YeGriesa He MoxeT ObITH McnoJab3oBaHa, AOcuuccht Gopmya
UeGniiea NP Pa3iMUHBIX SHAYEHHMAX n M [ JAIOTCA caenyiome#t Ttab-

Jquuen:
n=2 -—x,=x,=—0,577350;
n=3 —x,=x;,=0,707107,
n=4 —x,=x,=0,794654,
n=5 —x,=x,=0,832498,
n==6 -—x,=x,=0,866247,
— xy=x,=0,266635;
n=7 —x,=x,=0,883862,
— x3=x, =0,323912,
n=9 —x;=x,=0,911589,

— xy=x,=0,528762,

X, =0;
—Xy =Xz = 0, 187592;
— x,=x,= 0,374541,
— x; = x,=0,422519,

— Xy = x¢ = 0,529657;
x,=0;

— Xy =x4=20,601019;

—x, = x,=0,167906,

x3=0;

x,=0.

PaccMeTpuM npHMep Ha BBIYHC/ICHHe HHTerpaia no Qopmyine YeObi-

11eBa.

[Mpumep. Breluncauth no ¢gopmyne YeGriniea unrerpan

1

= [

0
B3sB n—171.

:%:0,78539816
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Kak u B npeamiaymeM naparpade, npeoOpasyeM mpeaBapuUTe bHO
uHTerpan k ortpesky {—1, 1]. TlocaenosarenbHbie 3HAauYeHHSs OpPAMHAT
6yn1yT TaKOBM:

f ()= 0,249159, f(x,)=0,236898, f (x5 = 0,224361,
f (x =0,200000, f (xy)=0,173831,
f(x=0,157732, f (x,)=0,132469.

Boiuncnenus naioT
1=0,785400.

QOwubKa He NMpeBHINAET ABYX €AHHHLl LIECTOTO 3HAKa,

2. OcratouHhi#t ujeH Qopmyn YeOnmeBa. IloxyuHM Temepb OCTaTOYHBHIE
yneHbl (OPMyN UHCAEHHOIro HHTerpupoBanus YebbimeBa. OrpaHuyuMmcs ciayyaeM
p(x)=1. llycTb YHCIO OPAMHAT, HCIOAB30BAHHbLIX B hopMyae Hebnlliesa, paBHO 1.
CooTBeTCTBylOUHiT OCTATOUHBIH uieH OyzeM o603HauaTh Ry, (f). Kax nasecTHo,
Ry, (f)=0, Korma f(x) sBaseTcs INPOHU3BOIbHLIM MHOTOUNEHOM CTeNEHH 7.
Ecmi n— yeTHoe uHCaO, TO Ry, (f) obpauiaerca B Hyab H AAsi NPOM3BOJLHOrO
MHOroYJleHa CTelleHH He Biie n-} 1. B caMoM nexe, ecin

fx)=ap+ax+ apx? 4 ... 4 apx® 4 ap, X"t
Ra () = Rn (@ -+ ayx -+ ... + apx™ + Ry (a4 1x7+),

TlepBuiit yneH cnpaBa, OYeBHIHO, paBeH Hyao, a

TO

+1

n
2 Z: n
— +1
Ry (@n+1x"%) = / A1 XtHldx — n Gpir®i -

-1 i=1

Ho HuHTerpan, CTOAUIMH B NpaBOH YaCTH, paBeH Hyalo, TaK Kak x"+1 apasgercs
HeyeTHOH ¢yHkume#i x. TouHo Tak e o6pautaerca B Hylb H CyMMa B IpaBo#
YaCTH, TaK KaK KOPHH YPaBHEHHs oy (X) =0 CHMMETPHUHBI OTHOCHTENAbHO Ha-
yaja KoopauHat., MTak, Ry (@p41x0%+1) =0 u R, (f) =0. ¥YTBepiienue noka-
3aHO.

ITycts Temepb f(X) — npomspoabHas (yHKuUMs, oOGxajawmoulas Ha OTpe3Ke
—1, -+1] HempepblBHBIMH NIPOH3BOAHBIMH 10 NOpSAKa m -} 1 BKJIOYHTENLHO.
Jecb 7 paBHO 71, €CIH I — HeYeTHOEe YHCAO, H PaBHO 71-- 1, eciH n — yeTHoe.

Ilo dopmyne Teitnopa umeem:

@O =fen+a+nr n+EEE eyt
@
et EED oy L [y 9 c—smas. @)
-1
OTCofa, B CHIY HallHX NPeAbAyLHX PaccyKIeHHH,

@
Ra(f) =Ry [,—,}—, f FoneD) (s) (x — sym ds]

-1
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HJIH
+1 x

Rn(f)=$ /dx /f(m+1) (8) (x —s)™ ds —
-1 -1

a:
n
i n
— % 2 — / (m+1) (8) (x5 — s)™ ds. (34)
i=1 =1

Meumnsia NOPsAXOK HHTErPHPOBAaHHA B NEPBOM YJEHE CIpaBa, IOJXYYHM:

m+1
Rn(5) = [f(m+l) © Lo f|Z 1 T min 2 /f(m+1) (8) (xg—s)™ ds.
=1-1
3
BeegeM 0603HaueHHe (3%
x—9m= { (x—9)" mpr x>, (36)
0 mpu xS

Torza Haln OCTATOMHBIH uieH (35) MOXHO 3anucaTb B BHAE

+1 n

1— m+1 -

Ro(N=— ff(m“) ) [(—m:i-f" —% 2 (x —s)mJ ds. [67p)
_1 i=1

HccaeayeM ¢yHKUHMH

o)t -
%(s)=QTj__)l~_%2 9% (=012 ..., m.
i=1

Ha orpeske {—I, x;] OHM NOJOXHTEAbHB, €CAH £ HEUETHO, H OTPHULATENbHbI,
ecan k yerHo. JedcTBuTeNbHO, Tak Kak & <m, TO

1 — k41 2 _ k1 )
(k_|s-)1 }Nz—S)" (1k-T-)1 HE(J“_S)’E

i=1

k41
=_a k—I—)l — /(x—s)kdx_

_(I—S)k+l (1—s )k+l (_1_S)k+l - 1)k+1 (1—|—S)k+1

k1 k41 k41 TERF1
Ortciona u clexyeT yTeepxaenue. Janee,
n
g6 =—(1— 9+ 2 =9k
HAH =
4
9 (8)

5= % ) k=12 ..., m)
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B uactHOCTH,

i=0

”
¢ () =— [(1—s>—%§](x;—s>°]=1+s.

[TpaBas 4YaCTb HeOTPHLATENbHA NpPH S > —I1 M Tak Kak ¢ (s) >0 npn —1<s<
< Xy, T0 ¢, (8) >0 mpu s >—1. Ho g 1

93 (5)
== ® <0 mpu s>,

¥ TaK Kak ¢ (§) <0 mpu —1<Cs<{xy TO ¢3(s)<<0 mpu s>—1. Orciona
noxy4yaeM, uTo ¢g(s) >0 mpum s>-—1, H, NPOLOMKas TaKme Aaiblle, IPHAEM,
B KOHIle KOHLOB, K 3aKJIOUEHHIO, UYTO ¢, (§) >0 mpu s> —1 (m HeuerHO!).

B cuny nmokasaHHOro, K BbipaxkeHHIO 1is R, (f) NpHMeHuMa TeOpeMa O Cpefl-

HEM H
+1 n
(m+1) 1— m+1 ) R
Ry (f)=f — (E)/ [( S) —;2(“—3)’”] ds. (38)
-1

m--1
i=1
Takum o6pasom,

Ry (f) = My f 24D (), -39)

rie nocrosHHas My, He 3aBHCHT OT BHAA GyHKUMH f(x). Jasa OTbiCKaHHA NO-
cTOsAHHOH M,, mpouie Bcere NMOCTYNMHTb ClHeAyloUHM o6pasoM. B kKauectBe QyHK-
uuH f (x) Bo3bMem x™+1, Torma mpexbiiyllee paBeHCTBO AacT

+1 n

n
2 2 2
! - gy — 5 mil = £ m+1
(m—+ DM, = fxm+ dx nEx‘ P R 2 X3
-1 i=1 i=1
Oncrona )
n
-2 _1 1 m+1
Mn—m[m+ —a X ] “0)
i=1

n
Tlpn STOM HaM NIpHAETCA Pa3bICKHBaTh cymmbl | x7*, rae m -1 paBHo mm
i=1
n--1 wau z 2. 3aech yno6unl dopmyant HbloToHa:
Sn+1 Tt b1Sn = baSp—1+ +or A+ bp—ySa+ bps =0,
. Sniat b1Spiq -t baSnt .00 - bp—1S5+ baSa =0,
rae
X k
Sy = 2 X3
i=1
a by, ba, ..., b, ABAFIOTCA KOSGQHIHEHTAMH ypaBHEHHs o, (x) = 0:
O (X) = X0 f byxP~14 . by x b, =0
[Tpy NOMOUIK STHX (QOPMYN Spiq H Sp4g BBIPAMAIOTCA UYEPE3 Sy, Sp—q, +oo 110-
cleXHHe HaXOZATCS NPH NMOMOLIH PaBeHCTBa:

2 2 e 2
k = —_ — . = — —
/ xk ds P P E X§ =Sk k=024, ..., k< m),
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[IpuBeseM rotoBble BbipaKeHUs] OCTATOYHHIX YIEHOB [Jil TeX 3HAUEHHH n,
a8 KOTOpHX (opMynan YeObliieBa CyIilEeCTBYIOT:

RN =" C% R (f) = 1oz [ G

Ry (f) = 555 [ & Ry (f) = o5 O 0

Rs(h) =W1£2*0f(6)(5)? Rs(f)=—3§g}%0‘o'f(8) @®),
281 74747

R: (N = 59553000/ @ Re (N = 05971 /7 O

[Mpu BbBIBOLE OCTaTOYHOrO uieHa A (opmyn UYeObimiesa Mbl IO
CYILECTBY C/MeLOBAMH TOMY NyTH, KOTOpHfi Obn ykasan B § 3.

§ 7. CxoaumocTh KBaIpaTYpHHIX MPOLECCOB

$opMyIbl YHUCAEHHOTO HHTETPHPOBAHHSA, KOTOPHE MM paccMaTpHBa/H,
MMEJH CJeaYIOWIUi BHA:

b
/ f(xydx= ey f (o) +cof (x2) + o ~cpf (Xp).

MBb nosiyuanu HX NyTeM 3aMeHbl NOABHTErPajlbHOTO BhIPAXEHHs HHTEp-
NOJALMOHHBIM MHoOTOWIeHOM Jlarpanka, MBICIHMBL H APYrHe CHOCOGH
3aMeHbl, B cBA3M ¢ 3THM paccMOTpHM Caeayromui onpoc, yHkuuonany

b
/ f(x)dx ¢}
a
CTAaBUTCA B COOTBETCTBHE MOCJENOBATEJIbHOCTb (YHKUHMOHAJIOB

L, () =i2=1 e f (), )

rae ¢ BHIGHPAIOTCA U3 HEKOTOPO# OEeCKOHEUHOH TPeyroJbHOH MaTpHIbL

1
Y,
@ @
c c
1 2 (3)

3
C§3), C?), C(3 ))
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a x(i")—ns aApyro#l sajaHHo# GeCKOHEUHOH TpeyroJbHOH MaTpHIBL:

1
%, ]
2 2
xg )1 xg)) (4)
3 3 3
xg )1 xé)y xi(’.)y
MpeanoJsaraeTcs, yTo BCe x(l") npuHanjexatr orpesky {a. b]. Tlpu Kakux

YCAOBUAIX, HANONKEHHBIX Ha ¢™ u x™, 11s mo6o#t nenpepusHoft Ha [a, O]

gyukuun f(x) 6yseT uMeTb MeCTO

b
im L,()= [ f(oas? )
n>o g

OTBeT Ha 3TOT BONPOC HaeTCs Cjefyioilel TeopeMolt:
b

Teopema. Jra mozo umobn L,(f)— / f(x)dx npu n-—co

a
0as 40008 Henpepushod Ha [a, b] dynrguu f(x), neobxo0dumo u do-
cmamouno, umolGs. 3MO uMen0 Mecmo O0AR 406020 MHO204ACHA U

n
umobs >, | | < M dan awbozo n.
k=1
JlokaxeM CHayala MOCTATOYHOCTb 3Tux ycaosufl. [Ipu 3ToM Mb OyneM

CCHIMATLCS Ha CIeAyIOWyl0 TeopeMy Befiepmtpacca:

Lars scaxol nenpepuisroli na [a, b Pyurguu f(x) u 041 8CAKO20
e >0 moocno naimu maxod mnozousen P(x), umo [f(x) —Px)[<e
npu niobom x € la, b).

JloKas3aTeqbCTBO 3TOH TeopeMbl Mbl NpPHBedeM B Caeaylouiefl raase.

PaccmMoTpuM pasHocTb

b b
[ reyax—L,n= [ 1 —P1dx +

b
+[[ P(x)dx—Ln(P)]——Ln(f~P) (6)

B cuny teopembt Befiepmitpacca MoxHO HalTH Tako#l MHOrouseH P (x), 4TO

|f(x) —Px)|<e npn x€la, bl %)

TNycts P(x) B npeabayilieM paBeHCTBE M OYAET TaKMM MHOTOYIEHOM.
Toraa a6coaOTHasA BeJHYMHA MNEPBOrO YieHa NMPABOH YaCTH HE MOKET
npephimiath (b —a). B cuay nepporo yc/noBHs n0oKashiBaeMOH TeOpeMH
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sropoe ciaraemoe B (6) npu AOCTaTOYHO GOJMBLLUIOM 7 MOXeT OHITL Cle-
JaHO MeHble & no aGcoMoTHOH BeauuuHe, Jlanee,

Lylf —P1=2 o [f (<) —P (). ®)
TakuM o6pasoM,

|Lalf —P1| < ﬁ 1P —P (D) <oM. @

f

-

Orcioa noJyyaem:

/f(x)dx—L D] <eo—at1+ M, (10}

T. €. JieBasg 4HacTb MoeT ObITb CleJaHa CKOJb YrOAHO MaJoi, yTo H
I0Ka3blBaeT AOCTATOYHOCTb YCJIOBMH,

Heo6x0aMMOCTb mepBOro YyGJAOBMA OYEBHAHA, TaK KAK MHOTOUJEHBI
ABJAIOTCA HeNpPepbIBHBIMH (YHKUMAMH, [103TOMY HYXHO AIOKa3aTb TOJABKO
Heo6XOAMMOCTb BTOPOTO YcJ/OBHs. 'JlOKasaTebcTBO GylneM BeCTH OT Mpo-

n

tusHoro. Iycts ) |c$,")| He OrpaHHueHbl. JiJs KaXJIOTO 7 MOCTPOUM
k=1

byHKuMIO @, (X), O6nanawoulyl0 CAeLYIOUMMH CBOMCTBAMH:

1. 9,(x%) paso —+1, ecin ¢ >0 u paswo —1, ecmu ¢ < 0;

2. ¢, (X) — HenpepblBHas (PYHKUHS;

3. o)< 1.

OveBuaHO,
n
Ly (9n) = kEl[c%"’. (11)

O6o3HauMM A4 COKpAlUeHHs 3amuceft moc/ienHee BhIpaxeHHe uepes M,
BosbMeM HEKOTOPYI0 M3 NOCTPOEHHBIX HAMU GYHKUMH ¢n, (x). Jas
Hee JOKHO HUMEThb MeCTO

lim L, (0,) = n, (X) dx.
n;moo n (Pn) _[@,(x) x (12)

a

Ho | ¢n, (x)| < 1. CnenosarensHo,

/cpn, Wdx|<b—a (13)

M Hafinerca takoe N, yro npu n > N, 6yner
|Ln(on) | < e(d—a) (14)
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(3mecb e — OCHOBaHHME HATypaabHLIX JorapugmoB). Jlanee, nafizerca Ta-
Koe ny > N;, uro My, > 2 - 21 PaccMotpuMm ¢(yHKUHMIO

wnl ( X) o (X)

4 (6) = + (15)
Oua HempepriBHa. CieloBaTelsbHO,
b
. Pn (X) P, (X) P, (%) Pp, ()
,,ILmOOL"[ T+ % ]= /[ TR de-
Ho
: (x) (%)
Py, (X Py X, 1 1
/[ n(f) 4 I ]dx <(r+g)e—a<e—ne—a.
(16)
[TosToMy Hattaerca Takoe N,, uyto npu n > N, Oyger
[‘P"'+ ] <e(b—a. a7

Hatinem Takoe ny 2> N,, uro My, >3- 3!, 1 NpOLOJIKHEM H