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IIpeaviciaoBue

OcHoBo¥ 14 [aHHOTO YUeGHOTO MOCOGUA MOCIYHUIN NeKIHMH, KOTOPbie
YMTANIUChH ABTOPAMH [JIf CTYJEHTOB MaTeMaTUKO-MEeXaHUUECKOro haKkynbTe-
Ta Ypanbckoro rocyapcTBeHHOro yHuBepeutera M. A. M. Tophkoro, o6yua-
IONIMXCA M0 cTeuanbHOCcTAM «MaTeMaTuka, NpUKIagHaA MaTeMaTHRay, «Ma-
TeMAaTHKa, KOMILIOTepHbIe HayKku» U «KoMnbloTepHas Ge30MacHOCThY.

B kuure usnaraeTcA pAl pasmenoB TeOPUH IpadoB U MPUBOIATCH ANCOPUT-
MBI TUCKPETHON ONTUMU3AlNK Ha rpadax u ceTax. MaTepuan, mocBAMEHHbIH
Teopuu TpadoB, CONEPMUT TOCTATOUHO OOMUPHOE BBENEHHE B TEOPHIO MaT-
pounioB. MaTpouabl, B YaCTHOCTH, COCTABIAIOT TEOPETUUECKYIO OCHOBY UIA
W3y UeHUA U aHAIN3a AITOPUTMOB, HCHOIb3YIOUKX GRadHy0» cTpaTeruio. Ilo-
HUMaHKe e TPUPOJbI U o6nacTell IPUMEHMMOCTH H{aHBIX alTOPUTMOB 6e3-
VCIOBHO HEOOXOIUMO KamIoMy CHEIHATNCTY M0 KOMILIOTEPHOH MaTeMaTHE e
U ee HPHJIOMEHUAM.

Teopus rpadoB 3a MocHeHUe NeCATUNETHA Pa3BUIach B BechMa OGIIUP-
HYI0 BeTBbL MaTeMaTUKH, HMEIOIY0 MHOTOUKCIEHHbIE HPUIOMEHHU B CAMBIX
pasHoo0pasHLIX chepax YeloBedeCKoll MeATeNLHOCTH. B HacTodAlmee BpeMA
MpaKkTUUYecky HEeBO3MOMHO B OJHOM y4eGHOM MOCOGUM OTPAa3UTh BCe pasjie-
apl Teopuu rpacdos. Ilog6op Tem, NOAHATHIX B KHUTE, BO MHOTOM ONpefeneH
BRycaMu aBTopoB. Ham XoTemoch mpeAcTaBUTh 0CHOBHOE, YCTOABINEECH AAPO
COBpEMeHHOM TeopuM rpadoB ¥ COMYTCTRYIONEe eMy ceMeficTBO anropUTMOB
IUCKPeTHOM ONTHMU3AINY, Haubolee YACTO UCHOJIb3YEeMBIX HPOTPAMMMCTA-
MH. MBI cTpeMUIMChL TIPUBECTH [laBHble NOCTHMEHNA, He 0CTaHaBIUBAACL
Ha Mejloyax U He yriy0assachk B JeTalbHbIA 0030p pe3yibTaToB 0 06CYH-
naeMbIM TeMaM. MBI CTpeMUINCh TakMe NPUBECTH caMble TaKOTUYHBIE U
WBANIHbIE 0KA3ATENLCTBA U3 U3BECTHLIX HaM. YacTh JOKa3aTenhcTB Ghina
CYIECTBEHHO MepepaboTaHa HAMU M HEKOTOPbIe M3 THX CTald OTHOCUTEh-
HO JaieKd OT CBOMX MpoToTUmoB. Hama menb 6buia cenaTh NOKA3aTelbCTBa
Gollee TPO3PAaYHLIMU U He cofiepskallliMK 3arajiok [IA yuTaTenei.

Mgl coBeTyeM uMTATeIAM MpPW [EPBOM UTEHUM KHWIH NPOMYCTUTh IJa-
By 4, TOCBAMENHYI0 MaTpounaM. UuTarenu ke, MHTEpeCYIONUECA B OCHOB-
HOM aNTOPUTMAMM, MOTYT HPMCTYNHUTh K UTEHWIO TAABRI 7 M MOCHeIYIOMUX
rNiaB cpasy mocie TiaBel 1, Bo3Bpamasach Mo Mepe HeoGXOMMMOCTU K Hpel-
IIECTBYIOLIMM TilaBaM.

B rauecTBe 0cHOBHOI muTepaTypel oTMeTuM KHUTH [3], [3], [22], [27], [44],
[47], [50], [53]. Hna ymobGerBa YMTaTedAM NPUBOAUTCH JOCTATOYHO IIONHBIN
CMUCOK UTEPATYPhl 0 PACCMATPUBAEMOMY TIPEIMETY, COMepKAaIuil KHUTH,
KOTOphIe GBUTH OMYGIMKOBAHBI HA PYCCKOM A3blKe. Mbl ofpalilaeM BHHMaHUe
ypTaTeld Ha QpyngaMeHTaabHble KHUrU [57]—[61], pyccKUX IepeBoloB KOTO-
PbIX, K COMANEHUIO, He UMEETCH.



4 Hpenaucrosie

Hamu ucnonbayerca TepMUHOJOIUA, Haubojee paclpocTpaneHHasds B Ma-
TeMaTH4ecKoll MUTepaType Kak 3a pyOeskoM, Tak U B Poccuu. TeopeMbl u
NpeoKeHUA HyMepyIOTCA B KHUre OBYMA YUC/IaMH: IlepBoe — HOMep Tila-
Bbl, @ BTOPO€ — NOPAJKOBLI HOMep YTBeD:KAeHUSA JaHHOIO THUIA B yKa3aIlmok
riaBe. AHaMIOrMYHO IYMEPYIOTCS U &ITOPUTMBL.

3aMeTHM, UTO NpU hopManu30BaHHOHN 3alUCcH alrOPUTMOB MBI CTapaluch
He HUCI0JB30BATh 0003HaYeHUH Ha RUpUWLIIMLEe. B 3TOM MBI ClleloBalM CIOMUB-
melics poccuiickoll MaTeMaTHUUeCKOH Tpajuluy HanucaHufd GopMyd ¢ IIOMO-
MEBIO JaTUHCKOI'0, IPeYecKoro U APYTUX WHOA3BIUHBIX al(aBUTOB.

KomnbioTepnasn BepcTka KHHUrH BhinodHena B. B. PacunbiM ¢ ucnonbsoBa-
HreM nakera Latex 2.9.

Mz1 BoIpaskaeM Hamy OaarogapnocTh E. I TpeThAkoBo#, KoTopad BELINON-
HIJIa KOMIIBIOTEPHYIO BEPCTRKY YacTU PUCYHKOB.

YpanbcrUil rOCYHUBEpPCHTET, M. O. Acanos
r. Eratepunbypr B. A. Bapaucruit
uiwas, 2001 B. B. Pacun



1. OcHoBHbIe MOHATUA Teopuu rpacdon

1.1. OcHoBHbIe oTipefieleHUA

IlycTh V — HemycToe koHeuHOe MHOecTBO. Uepes V(2 oBosnaunm MHO-
KECTBO BCEX IBYXIJIEMEHTHBIX MOIMHOMKecTB U3 V.

O6biknosennbim epagom G HazwiBaetcq napa mHomects (V, E), roe E —
IIPOM3BONbLHOe HOTMHomecTBo U3 V (2,

dneMeHTHl MHOkecTB V U E Ha3blBalOT COOTBEeTCTBEHHO BepUIMHAMM U
pe6pamu rpada G. MuomecTBa Bepuui u pebep rpada G GymeM 0603HaUYATD
tarme yepes VG u EG.

O6n1kHOBeHHEIE rpadbl YA0OHO TIPEACTaBIATEL B BUAe duaepamm, Ha KOTO-
PBIX BeplIMHaM COOTBETCTBYIOT BblJelleHHble TOUKY, a pefpaM — HeHDPEepPLIB-
Hble KpUBblE, coeguHALIYE 3TH Touku. Ha puc. 1 nso6paskeHsl quarpaMMBbl
TpeX OOBIKHOBEHHLIX I'padoB.

a) b) c)

Puc. 1

Yacto mpuxomuTcd paccMaTpuBarTh o0BeKThI Dosee 0BIlero BHia, 4YeM
oObIKHOBEHHKIE Tpadel (cM. pHC. 2). Tarue o6beRTHI B nanbHelmem OyayT
HaseiBaThbeA gpagiamu. Ha puc. 2a) usobpaneH rpad, B KOTOPOM CYLIECT-
BYIOT Tapbl BEPLIMH, coeJMHeHHble Goilee yeM OIHMM peOpoMm. Paznuunsie
pebpa, coeguHAIOmNe 1Be JaHHble BepIINHLI, HAa3bIBAlIOTCA kpamuuimi. I'pad,
u306paskeHHbI Ha puc. 2b), cofepMuUT pebpa, COeIUHAIOMNVE BEPIINHY camMy
c coboii. Takue pebpa Ha3bIBAIOT NEMAAMU.

Puc. 2



6 1. OcHoBHbIe MOHATHA Teopuu rpados

Bounee Touno, epagiomn nassiBaor tpoiiry (V, E, @), rae V, E — KoHe4HbIe
MuosmecTBa, V # () i ¢ — oToGpamenue us B 8 VAUV, Ecru p(e) = {u, v},
rie u # v, To TOBOPAT, uTO pelpo e coedunsem BepUIMHLI u, v. B aToMm
cirydae GygeM nucaTh e = uv. Ecau ¢(e) = u, To pe6po e Ha3bIBAIOT nem.el
B BepmuHe u. B 3ToM ciyvae GyeM Takme MMCATL € = %t U FOBOPUTH, UTO
e coeIUHAET BEPLIVMHY % caMy ¢ colo.

3anuchIBasg NPOM3BOILHBINA Tpad, Mbl YacTo GyIoeM OMyCcKaThb (o W Tpej-
craBaaTh rpad B Bune G = (V, E).

T'pad, o cyImecTBy, eCTh HAGOP U3 JBYX MHONSECTB IIPOU3BOMILHOIN IPUPO-
Abl — MEMyCTOT0 MHOMEeCTBA BepUINH U MHO#ECTBA pebep, HpHUeM KaM oMy
pefpy COOTBETCTBYIOT [BE KOHIIEBbIE BEPIIUHBI, KOTOpbIe, BOOGIE IOBOpA,
MOTIYT U COBIAZATL (B 3TOM clIy4ae pe6po ABIACTCAH MeTiei).

OTMeTuM, UTO 0fbikHOBEHHbIL 2pagh — 5To rpad 6e3 meTelbh W KPATHBIX
pebep.

T'pad G, uMmeromuii n BepIlvH, YaCTO HA3BIBAIOT N-2pagon; eciu, KpoMe
Toro, G coneput m pedep, To G — (n, m)-epad.

Ecau e = wv — Heworopoe peGpo manHoro rpada, TO BepmMHBL U, ¥
Ha3bIBAIOTCA CMENCHBIMY; TOBOPAT TaKke, UTO 4, ¥ — KOHUEEble BepPIIMHbI
peGpa e. Pe6po e u BepuIMHA ¥ UHUUOEHMHKbL, €CIH ¥ — KOHIEBaA BepIld-
Ha gusa e. Pebpa € U f HA3BIBAIOTCHA CMENCHBLMU, €CIH OHU MMEIOT 06IIyIO
KOHIIEBYIO BEpIIMHY.

Oycre Gy = (V4, E1), G = (V2, E3) — nBa rpada. BuextuBHoe oToGpa-
menue ¢ : Vi — V5 HaswiBaerca usomopgusmom G Ha Gy, eciiut LA MOGBIX
u, v € V} uncio peGep, COeAUHAIOMUX BEPIIUHLL ¢ U v B (71, PABHO YHCIY De-
6ep, coequuaommx ¥(u) n ¥Y(v) B Gy (pasyMeeTcs, IpH ¥ = v YUCIO HeTeIlh
B BepIlKHe ¥ PaBHO YUCIy NeTelb B BepuiMHe t(u)).

OTMeTUM, UTO B cily4ae 0GbIKHOBEHHBIX I'PpadoB U30MOP(PU3M — 3T0 GUEK-
1M, COXPAHAIONASl OTHOIIEHME CMEMHOCTH; UIILIMH CIIOBAMHE, H30MOP (UM 1)
XapaKTepu3yeTCA CBOMCTBOM: NPOM3BOILHbBIC BEPIIMHBL %, ¥ CMEHHBL B Ipa-
de (1 Torga ¥ TONLKO TOTAd, Rorja BepmuHbl ¥(u), 1) (v) cMemHbI B rpade (.

T'padsr Gy 1 Gy usomopdus (G = Gy), ecu cymecTsyeT uzomophusm Gy
Ha Go. [a puc. 3 npuBenensl guarpaMMsl ABy X usomMopdusix rpados. leiict-
BUTeIRHO, 0TOOpaneHue ¢, onpefenentoe npasmioM ¥ (u;) = v;, (1 <14 < 6),
OYEBUIHO, ABNAETCA U30MOPHU3MOM.

OTHomeHue «6bITh U30MOP(QHBIMUY HA MHOMECTBE BcexX Tpad)oB, OUeBUIHO,
ABIfIETCA OTHOLIEHMEM SKBUBaNeHTHOCTH. TaruMm 06pa3oM, MHOMKECTBO BCeX
rpadoB pasbuBaeTcA Ma KIACCHI MOMAPHO HU30MOPGHLIX TpadoB. 3aMeTuM,
YTo AUarpamMma 3afaer rpad ¢ TOYHOCTBIO OO0 M30MopdusmMa.

Cmenensio BepIIUHbI ¥ HA3BIBAETCH YMCIO pebep, MHIMAEHTHRIX DTON Bep-
myHe, IPUYeM Kagad NeTifd YUYUThIBaeTcA ABamAbl. (TemeHb BepUIMHBI v
ofosHauaeTcs depes deg, v uau mpocro depes degv. flcuo, uTo B 0BBIKHO-
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Uy ug ug U1
Vg U2
G1 : Gg :
Vs U3
Ua Uq Ug ()
Puc. 3

BeHHOM rpadie cTelleHb BepLINHbI ¥ paBHA KOIWYECTBY BepIIMH, CMEKHBIX
c v. Oxpymenuen N(v) BepIIMHBI U HA3BIBAETCH MHOMKECTBO BCEX BEPIIHH,
CMEJKHBIX C V.

Ecnu deg v=0, To BepmiMHa v Ha3bIBaeTCHA U30AUPOSGHHOL, a ecau deg v=1,
To — sucayell. Pebpo e, MHIINIEHTHOE BUCAYell BEPIIMHe, TaK##e HA3bIBAIOT
BUCAHUM.

Jdemma 1 (o pykonossatunx). [ycms G — npoussoasiniil epag. Tozda

> degv =2|EG].

vEVGE

HJorasaTenabeTBo. [Ipu HoxcuyeTe cyMMBI CTeHeHell HPOK3BOILHOEe peGpo
€ = uw BHeCeT CBOH BEal, PaBHLIN equHuue, kak B degu, Tak u B degw,
npuYeM IretTid OyaneT YUUTHIBAThCA ABamIbl. O

CnenctBue. Illpoussoavuuill 2pad codepicum uemHoe 4UCAO 8EPULUH He-
4emHoll CmeneHu.

HorazateabeTBo. Ilycts Vy u V; — cooTBeTCTBENHO MHOMKECTBa Bep-
LIMH YeTHOM M HedeTHON creHenu. Torpga

> degv+ Y degv = 2|EG]|.

veEVD veEWL

fcHo, uTo nepBoe ciaraemoe yeTHo. [loaToMy BTOpoe cllaraeMoe Tak:;e 4eT-
Ho. Tar wKar Bo BTopoil cyMMe Bce claraeMble HeUeTHDLI, UX UWCI0 UETHO.
CnenoBaTelbHO, MHOMECTBO V] coepsKUT YeTHOe YMC/I0 BepmiuH. O

Bynem HaswiBaTh rpad odnossemenmHbLM, €CIU OH UMeET eTHHCTBEHHYIO
BepmuHy. ['pad G maspiBaeTcA HylesbiM UV 8NOAHE HECEBAZHbLM, ECITU MHO-
#ecTBO ero pebep EG nycro. HyneBoit n-rpad 6ynem o6osHauaTh yepes O,,.
Inarpamma rpada Oy mpuBefiena Ha puc. 1b). flemo, 4To HyneBo#l rpad
ABAAeTCA 0GBIKHOBEHHEIM I'padioM.
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O6rikHOBeHHEBIN rpad G Has3blBaeTCA No4HbM TPadoM, eciu 106ble ero
IBe pa3innyHble BepIIMHLI cMeiHbl. [lng HonHoro n-rpada npuMensaeTcd obo-
suavenvie K,,. Ha puc. 1a) usobpamen nonustit rpad Ky. OueBHIHO, CTeHEHE

Kammoil BeplinHEl B rpade K, paBHa n — 1. IloaToMy U3 1eMMBI 0 pyKOIO-
n(n —1)
JKATUAX clledyeT, 4To 4ucio pebep B K, paBHO ——=.

I'pad G HasbiBalOT dsydoabHbiM, eclIU MHOKeCTBO V (G MOKHO pa3bUTh Ha
IBa HEeHYCTLIX NOAMHOkecTBa X U Y Tar, uTo moboe peGpo rpada coefungeT
BepuuHy 13 X ¢ BepmuHoii 13 Y. MuomecrBa X 1Y — 3T0 doau ABYJONLHO-
ro rpada G. Ecau no6bie BepmuHel & € X U y € Y cMemHBI U IBYAOIbHBIH
rpad sABaAeTcA OOBIKHOBEHHBIM rpadoM , To G HABLIBAIOT NOAHbLM J8Ydoab-
newn rpadom. Ecam |X| = p, |Y| = ¢, To Takoil monHsbli AByROABHbIA rpad
o6osHavaloT uepes K, ,.

I'pad H naswiBaetcA nodepagom rpada G,eciu VH C VG u EH C EG.
B uucno noarpados rpadpa G 6ygeM BrIodaTh U nycmotl nodepad §. Ecam
VH = V@, 1o Hoarpad H HasbiBaeTcA dcmosubim HoarpadoM. Pedyruyus
rpada G — 5T0 Tako# ero 6croBublit Hoarpad H, uyro H aABigerca o6GLIKHO-
BeHHBIM rpadoM ¢ HauOoJbIIM BO3MOMHLIM YHCIOM pedep.

IIycts U — HogmHoxecTBO U3 VG. 06o3uauuM yepe3 D MHOMECTBO Beex
pedep e = wv € EG rtarux, uro u, v € U. Tpad G(U) = (U, D) uasviBaercs
nodzpagom, nopoxcoennvim mroxcecmeom sepuiun U.

Amnanoruyto onpeneinsfeTcA Hoarpad, HopoMIeHHBIN 3aJaHHBIM MHOMECT-
BoM pebep. llyers D C EG. O6o3nauum yvepe3 U/ MHOMECTBO BCeX BepIIWH,
ABMAIMIXCA ROHIEBbIMH A pebep us D. Torma rpad G(D) = (U, D)
Ha3bIBAIOT nodepadom, nopoxcdennvim MmHoxcecmseom pebep D.

IIycte G — npousBoanHblil Tpad u H — ero moarpad. C xampot Bepuiu-
HOH v M KasKIbIM peOpOM e MOMHO cBA3aThL Hoprpadsl H —v, H —eu H +e.

Hoagrpad H — v HomydaeTcs u3 noxarpada H ypnaneHueM BepIMHBI ¢ U
BCeX MHUMIEHTHLIX 5T0l BepmuHe peGep. OTMeTUM, UT0 eCclIy v He JIEKUT B
noarpadpe H, o H —v = H.

Hoagrpad H — e HomyuaeTcs u3 H ypanenueM pebpa e. 3Hech TaKike
H —e= H, eciu e He aewuT B H.

Mogrpad H + e monyuaerca u3 H no6aBieHueM pebpa e H IBYX ero KOH-
1eBbIX BepmuH. Eciu e nemur B H, 10 H + e = H.

Uepes Sub(G) 6ymem oGo3HayaTh MHOKeCTBO Beex Hoarpados rpada G.
Onpegenum orHomenve < Ha Sub(G), nonaran Hy < Hy ana noarpados Hy
u H, rpada G torma u Tonsxo Toraa, Korna Hy saBaserca noarpadom B Hy,
T.e. worga VH; C VHy u FHy C EH,. OueBuigHo, OTHOIleHHEe < €CTh
yacTHYHBIN HOpAnoK Ha Sub(G). Bynem rosoputs, uro Hy codepacumcs B Hy,
ecau Hy < Hs.

Hycts Hy u Hy — npousBonbHble noarpadsl rpada G.
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Onpenenum o6sedunenue Hy U H, nogrpadoB Hy u H,, nonaras
V(H1UH2)=VH1UVH2 )41 E(H1UH2)=EH1UEH2

OueBugno, Hy; U H, ABingercA Tounoil BepxHeil rpanuueit njaa Hy u Hs B
Sub(G) oTHocHTenBHO <.
Onpenenum nepecevenue Hy N Hy moarpadoB Hy u Hy, monarag

V(H1 N H2) = VH1 N VH2 14! E(Hl N H2) = EH1 N EH2

OueBunno, H; N H; ABnAeTcA To4HOI HumHell rpanuneit nna Hy, u Hy B
Sub(G) orHocuTembHO <.

Herpynno ycranoBuTs, uro Sub((G) aBaserca AUCTPUOY THBHOM peleTROM
OTHOCHUTeILHO < ¢ yKazaHHBIMM omepaiuamu U u N.

Oyers Hy, Hs, ..., H — mnoarpads! rpada (G, v BBIIOIHEHO YCJIOBHE
HNH =0,ecmi # jui, j=12,...,¢& Torma HHUH,U...UH,
Ha3bIBAeTCH  OJU3IBIOHKMHBIM  00%eduHeHuess U obo3nmavaercd  4epe3
H{UH,U...UH,.

1.2. MapuipyThl, CBABHOCTh, I{UKJbI U pa3pe3sl

Mapuwipymon B rpade G HazbIBaeTCA YepeAYIONMAACA OCIEI0BaTeMbHOCTD
BepILIVH U pebep
Vo, €15 V15 « oy Vp—1, €4y Uy
B KOTOpoit ; = v;_1v; (1 < i <¢).
Takoii MapuIpyT KpaTEo Ha3bIBAIOT (vg, U;)-MAPUPYMOM U TOBOPAT, UTO
OH coedunfem vy C vy; B CBOIO Ouepelb BepIIMHEI ¥y, ¥; — DTO KOHUEBHLE
BEPUIMHBI YKa3aHHOTo MapiipyTa. YacTo MapmipyT u3ofpamamnT B BUJe

€1 €2 €
Vo = v ... 25 v,

OTMeTHM, 4YTO CTpPeJKM 3JeCh YKasblBalOT JMUIIL NOPANOK cleJoBaHUA Bep-
MIMH B MapHIpyTe.

Harunotll MapmipyTa Ha3bIBalOT KOJIUYeCTBO colepskalluxcA B HeM pebep.
Cryuaii, Korja ATMHA MapmipyTa paBHa HYIIO0, He UCKIIOYaeTCA; B 3TOM ClIy-
yae MapuIpyT CBOOUTCA K OJJHOi BepIIMHE.

3aMeTHM, UTO B 00LIKHOBEHHOM rpade MaplIpy T NMOMHOCTHIO ONpefe/feT-
cA Mocj1eJoBaTedbHOCTBIO Vg, Uy, ..., Uy CBOMX BepIIUH.

Ecin vy = vy, T0 (vg, v;)-MapIIpyT HA3bIBAETCA 3AMEHYILBLAM.

B npoussoabnoMm MapmpyTe moboe pebpo u sno6afg BeplIvHA, pasyMeeT-
cfl, MOTYT NOBTOPAThbCA. HawrmajnbiBad orpaHUuYeHWA Ha YMCIO0 HOBTOPEHMH
BepUIVH UIU pebep, Mbl IPUXOJUM K CleIYIOMHUM YacTHBIM BHJaM Mapuipy-
TOB.
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Ileny — 370 MaplpyT 6e3 noBropAwomuxcd pedep. llent nasviBaeTcH npo-
cmoll yensvio, ecIy B Hell HeT HOBTOPAIOMINXCA BepIIMH KpoMe, OLITL MOKET,
COBIJAIOMUX KOHIEBLIX BepIIMH. 3aMKHyTaf [IpocTaf Lelb Ha3blBaeTcd
YuKLOM. 3aMeTHM, UTO HURKI IOJIIOCTHIO OIpelelsieTcd MHOMECTBOM CBOUX
pebep, IO3TOMY YacTO [OA LUKJIOM MbI GyJeM HOHUMAThb COOTBETCTBYIONIee
eMy MHoecTBO pebep. IleTna maeT nuwra AAuHLI 1, napa KpaTHLIX pebep 06-
pasyeT UuKJI AAMHBI 2. IUKIbI GIMHEI 3 HA3BIBAIOT OOBIUHO MPEYy2oAbHUKAML.

Jlemma 1. Ecau dan Hexomopuixr sepuiun w, v 8 epagfie cywecmsyem
(u, v)-mapupym, mo cywecmsyem u npocmas (u, v)-uens.

JorasaTeascTBO. PaccMoTpum B rpade (u, v)-MapmpyT HauMeHbIIeH
nauubl. [TokaeM, u4To TOT MapuIpyT ABIAETCA MPOCTO# wemblo. Ecau B
IIeM MMEETCH [OBTOPAIONIAaACA BeplIMHa w, TO, 3aMeNAA YacTh MapIipyTa OT
[ePBOTO BXOMJEHUA BepIIMHLL w [0 €€ BTOPOTO BXOMIEHHA Ha OIHY BepIIH-
HY w, MBI TOXYUMM Goee KopoTkuit (u, v)-MapmpyT. O

'pad G Ha3bIBAETCA CEA3HBLM, €CJIU IJIA JIOGbIX ABYX Da3IMUHBIX Bep-
KN u, ¥ CymecTByeT (U, v)-MapupyT.

OrasniBaercs, MPOM3BOIALHLINA Tpad MOMKHO HOIYUYUTL Kak o06bLenvHeHve
cBA3HBIX rpados. C 3Toil Hensio Ha MHoMecTBe BepminH VG rpada G ompe-
IeNUM OMmHOWeEHUe CBAZHOCMY ~, ToNaras

U~ U < cylecTByeT (u, vU)-MapuIpyT.

Jlerro BUOETh, YTO 3TO OTHOIIeHNEe fABJIIETCA OTHONIeHHeM SKBHMBAaJCHTHOC-

t. O6ozHauum wepes Vi, Vo, ..., V, muaccel sToro ormomenua. Ilycrs
G; = G(V;) — noarpad, nopoxeHHblil MHoecTBOM Bepune V; (1 < ¢ < k).
Ipadwr Gy, G, ..., Gy nasmsiBaioTcA Komnowenmami cesaswocmu rpada G.

flcHo, YTO KaskIad KOMIIOHEHTa CBA3HOCTH ABJAETCA CBA3ILIM HOATpadoM.

OueBuaHo, KaMabIf CBA3HLIN HoaTpad rpada G ABNAeTcA moarpadoM HeKo-

TOpOH ero KOMIOHEHTHI CBA3HOCTU. [lo3TOMY MHOMECTBO KOMIIOHEHT CBA3-

[IOCTU — 3TO MIIOKECTBO BCeX MAKCHMMAaIIbHBIX CBA3IBIX NOArpadoB NAIIHOTO

rpada, 1 11000e peGpo NPUHAJIEHRUT HEKOTOPOl KOMIOHEHTE CBA3HOCTHU.
Takum o0pasom, cipaBejiuBa

Teopema 1.1. Raxcdoill 2pad seanemes Jussionxmubim 06seduneruem
CBOUT KOMNOHEHM CBA3HOCTMU.

B nanbueiimem rpad, nMeronuii 7 BepmuH, m peep u k KOMIOHEHT CBA3-
HOCTH, Gy/eM HasblBaTh (n, m, k)-epagon.

Paspesaowum muoxcecmsom pebep rpada Ha3bIBaeTCA MHOMKECTBO pebep,
yaanende KOTOPOro W3 rpada MpUBOLUT K YBEIUUYENUIO YUCIA KOMIOIENT
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cBA3HOCTU. MUHMMAaNbLHOEe 0 BKIIOUEHHIO Daspesalollee MHOMKeCTBO pebep
rpada HasbiBaeTcA ero paspesom. Mocm rpada — 3To pebpo, cocTaBifAlollee
0JH037eMeHTHbI paspe3. MHBIMY cloBaMU, HPY yIaleHHH MOCTa YUCIO KOM-
HOHEHT CBfI3HOCTU BozpacTaeT. Ha puc. 4 HokazaHbI IpHMepbl pa3pe3oB B
rpadax, npuyeM Ha puc. 4b) HOKazaH MOCT.

a) b)
Puc. 4

Jdemma 2. Ilpu ydasenuu us epagia Mocma wUCAO KOMNOHEHM CBAIHOCMU
yseauduBaemces moiHo Ha eduHuyy.

HdoraszaTteabeTBo. Ilycth u3s rpada yzansercda MocT e = uv. B rpage
(G — e BepIWIUHBI ¥ U ¥ HENb3A COEOUHHUTL MPOCTO [eHbIO, HHAYE COXPAHUT-
¢fl OTHOIIEHVE CBA3HOCTH M, CAeJOBATEIhHO, COXPAHUTCA UYWCIO KOMIOHEHT
cBA3HOCTU. TakuM 06pa3oM, BepIIMHBL ¥ M v leaT B PA3HBIX KOMTIOHEHTAX
¢BA3HOCTU rpada G — e.

IIyeTs « — mpousBoabHad BepmuHa rpada G, oad ROTOpOH CYIeCcTBYeT
npoctas (%, v)-Lenb (B CHIY 1eMMbI 1 5T0 B TOUHOCTY Te BEpLINHBI, KOTOPbIE
IeaT B TOM e KOMHOHEHTe cB3HOCTH rpada G, 4ro u BepwunHa v). Ecan
B 3TOl HpocTo#l Henu He BcTpeudaeTcA peGpo e, TO BepIIMHLI & W v leKaT
B OJHOII KOMHOHEeHTe CBA3HOCTH rpada G — e. Ecmu B Takoll npocToil LeHU
BcTpedaeTcA peGpo e, TO Iellb 06A3aTelbHO UMeeT BUJ

T —> ... — U —> 0.

IlosToMy BepUIMHBI £ U & Jie;kaT B OQHOM KOMIIOHEHTe CBA3HOCTHU Ipada G —e.

UTaxr, npu ypnaienun mocTa e TOYHO OJHa KOMIIOHEHTa CBA3HOCTH I'pa-
¢a G, a UMeHHO, KOMITOHEHTa, COLepsKkalllafd v, paclagaeTcA Ha JBe KOMIIO-
HeHTHI cBfzHocTH rpada G —e. O

Jdemma 3. Illpu ydasrenuu us epada pebep e20 pa3pe3q 4uUCA0 KOMNOHEHM
CBAZHOCMU YBEAUMUBACMCA MOYHO HA eduHuyy.

HoraszareanctBo. lIyeTs us rpada G ynansercs paspes {ey, €z, ..., €.
Mosuo cuutath, uro t > 1. Ilocme ypanenus MHOmecTBa pebep
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{e1, ea, ..., €41} UHCIO KOMIIOHEHT CBABHOCTH COXPAHAETCH M pebpo e; cTa-
HOBUTCA MocToM. [JanbHeiiiee ynanenue pedpa e; B CUIY JeMMBbI 2 TPUBOIUT
K YBeIWYeHHIO YHcIa KOMIOHEHT CBA3HOCTH POBHO Ha eIMHUIy. O

s npoussoarHoro pebpa rpada G ecTh iBe BO3MOMKHOCTHU: JTUGO e CO-
OepMAUTCH B HEKOTOPOM LuKJIe rpada, muGo e He COOEPHMUTCH HU B KaKOM
uurie rpadha. B mepBoM ciyuae pebpo e Ha3bIBAIOT YUKAUYECKUM PEOPOM,
a4 BO BTODOM — QUUKAUYECKUM. BBIACHHM CBA3b MeKIY ALUWKIHYECKUMH
pebpamMu W MOCTaMH.

JlemmMma 4. Pe6po epadia asasemca mocmonm moeda u moavko moada, Kozda
OHO He codepitumca HiL 8 00HOM LUK.LE.

JorazaTteakceTBo. [IycTh ¢ = uv — MocT. Ecau e comepmuTca B HeKo-
TOPOM LHUKIe, TO CyllecTBYeT npocTas (u, v)-Lelb, He cogepsaman e. Cie-
JOBaTelbHO, Iocie yAalneHUd pebpa e u3 rpada OTHOIIEHWE CBA3HOCTU He
U3MEHUTCA, YTO HEBO3MOKIIO.

OGpaTHo, nycTh € = uv He fABIfAeTcA MocToM. llocie ymameHua e u3
rpada G BepmIUHBI u U v 6YIYT JIeKaTh B 0JHOM KOMIIOHEHTe CBASHOCTH Ipa-
da G —e. B cuny memmer 1 B rpage G — e umeercs npocran (U, v)-Ielb.
JobGaBundasa K »Toll enu pe6po e, NoAydnM OUKI rpada G, comepsammii peb-
poe. O

W3 neMMEbl 4 BbITeKaeT, UTO alUKINYeCKHUe peGpa — 3T0 B TOUHOCTU MOC-
THI.

JemmMma 5. ycmv muoscecmeo sepuiun ceasnozo zpad G paséumo na dsa
Henycmolr Henepecekawwurcs nodmnoxcecmsa U u W. Toeda cywecmsyem
makoe pe6po e = uw, umou € U uw € W.

JorazaTenbeTBo. Bosomem gBe Bepmuubl ¢ € U u y € W. B cuny
ceAsHocTH rpada G cymectByeT npoctas (&, y)-Lenk:

€] (=1 et
E=Ug — V) — ... —> V=Y.
Mycts v; — mochepnsAa BepuiuHa uemu, nesaumad B U. Torma v; # y u
;41 € W. CrnemoBaTenbHo, pebpo €;41 = ¥;V;41 ABIAETCA UCKOMBIM. O

Teopema 1.2. [ycms G — obuixnosennndl (n, m, k)-zpag. Tozda ebi-
noaHeno 06oliHoe Hepasencmeo

n_k<m< (n—k)(n—k—i—l)‘

2

HdorazateanctBo. [IpoBepuM cHaualda BepxHIOW oueHKy. OBo03HaYUM
Yepes G 0OLIKHOBEHIBIA rpad, MMEIOIIUA 7 BepliiH, k KOMIIOHeHT CBA3HOCTU
1 Haubolblllee BO3MOAHOe yncio pebep m. IlokaseMm, uTo

~ (n—k)n-k+1)
m=
2
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Jlerko moHATH, YTO KamJaA KOMIOHEHTa CBA3HOCTU rpada (G ABAAETCH
noxnsiM rpagom. Hoatomy

G=Kn, UK, U ... UK,,.

MosHo cUMTaTh, UTO 1y > Ng > ... > Ny

Y6enumces, uto ng = 1. IIpeanonomum, uto ny > 1. IlycTh 4% — HeroTo-
pas BepmuHa rpada K,,. YoanuMm ny — 1 pe6ep, MHIKMIeHTHLIX BepIIUHE U,
a 3ateM A06aBMM n; pedep, COEIMHAIONMX BEPUIMHY % C KamJo¥ BepIIUNoi
rpada K,,, T.e. IepeHeceM BepIIHHY « U3 BTOPO! KOMHOHEHTBI CBA3BHOCTH
B nepBy10. [lockoabRYy n; > ng — 1, moayyuuM rpad, UMerIINUI 1 BEPIIMH,
k KOMIIOHEHT CBABHOCTH 1 GOJbIIE YeM 17 pedep. ITo IPOTUBOPEUNT BLIGOPY
rpaja CNJ CrnepoBatensHo, ny = 1. Torga ng = ... = ng = 1, T.e. Bce pebpa
rpada (N;‘ coflepmaTca B noaHoM rpade K, un; =n —k + 1. Iloatomy

o (m=1n1  (n=k)n—-Fk+1)

2 2

O6paTumMca Temeph K HUMHe# oneHke. JliA ee IPOBEPKU NPUMEHUM WH-
oyruuo no yucay pebep. Ecau m = 0, To n = k, u TpeGyemoe nepapencTBo
oueBunHo. Ilycrs m > 0. Ilpeanonossum, 9To misa Beex rpadoB ¢ YKUCIOM pe-
Gep, MEHBIIUM YeM 172, OLlelIKa uMeeT MecTo. Pacemorpum (n, m, k)-rpad G.
Iycte Gy = G — e, rae e — HeroTopoe pebpo rpada G. Torga Gy ABafercH
(n, m — 1, ky)-rpadom, roe k; < k+ 1 B cuny nemmsr 2. CiaeoBaTenbHo,

m—-1>2n—-k>n—-k-1,
T.e. m>n—k. 0O

CaegcrBue 1. ITyeme G — obwvirnosennvdi (n, m)-epad. Ecau
(n—=2)(n-1)
2

HorazateabcTBo. IlycTh k£ — umclio KOMIOHEHT CBA3HOCTU Tpada G.
Ecau k& > 2, To

m > , mo 2pad G censen.

< (n—k)n—-k+1) < (n—2)(n—1),
- 2 - 2

yTo HeBo3MokHO. CrnepoBaTensHo, k = 1, T.e. rpad G cBAzen. O

CaeacrBue 2. Ecau G — npoussoavnnil (n, m, k)-epad, mom > n—k.

NokasaTeabcTBo. IlycTh 06bIKHOBeHNLIN (N, my, k)-rpap G, ABIfeTCA
penyknueit rpaga G. Torma m > my > n—k. O
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1.3. OpueHTHpOBaHHbIE Irpadbl

[lycts V, D — npousBonbHble MHOMecTBa, npudeM V #£ . O6osmauum
uepes V2 mekapToB KBagpaT MHomecTBa V.

Opuenmuposaunvim 2padom wim, ropode, opepadom G Ha3bIBaeTCH TPOIL-
ka (V, D, ¢), roe ¢ — HeroTopoe oTofpasmeHne MHOMecTBa [ B MHOmecT-
Bo V2. Dnementnl mnomecTs V u D HA3LIBAIOTCA COOTBETCTBEHHO 6epPULL-
Hamu u dyzamu oprpada G. MHomecTBa BepuinH u Ayr oprpada G ypoGno
o6osnavyath uyepes VG n DG coorBercrBenno. Ecam f — nyra, to o(f)
ABIAETCA ymopanodentoil mapo#t (u, v), roe w, v € V. Hyra f swxodum u3
BEPUIUHbL U U 3aX00UM 6 8ePLUIUHY ¥; B CBOIO OYepeNh ¥ U ¥ HAa3BIBAIOTCA KOH-
LieBBIMY BepLIMHAMH AyTH f; B JaibHeiimeM OyaeM mucath f = ud (a unorna
Aaie — f = uv, eCIM HET ONACHOCTY BO3HVKHOBEHUA MYTaHWILL).

IIpu 3anucu npou3BOALHOrO Oprpada OH, Kak MpaBuio, GyLeT IpeAcTaB-
aaTbes B Bune G = (V, D).

Oprpadel HpuHATO H306pakaTh HPU IOMOIMH AMATPAMM, @HATOTHYHBIX
auarpamMmam A rpadoB. PasHuia cOCTOMT MWL B TOM, UTO JIUHUA, U306-
pamaroman Lyry, UMeeT HallpaBileHue.

C wampbiv oprpadom G = (V, D) ectectBento csazats rpad Gy = (V, E),
HasbIBaeMbIil ocHosaHuem MaHHoro oprpada. Jlnd monydeHMA ocHOBaHHA He-
o6xomMo B oprpade G 3aMeHUTE Kamayio nyry f = ul peSpom e = uv. Ha
puc. 5 uzobpaeHsl oprpad U ero oCHOBaHHUE.

Puc. 5

Oprpad G Ha3bIBAETCA CBA3HBLM, €CIU CBA3HBLIM AIBIAETCA €ro o0CHoBaIue.
Opuenmuposansvim Mapuipymom Wim, Kopoue, opuapuipymon B oprpade G
Ha3bIBaeTCA 4epeylouasacd Mocle/l0BaTelbHOCTh BEPUIMH U AYT

Vp, fla U1y o5 V-1, fta Uty

B KOTOPOH f; = 0;_10, (1<i<i).

Taroit opMapuipyT NPMHATO Ha3bIBaTh (Vg, U;)-OpPMapUIPYyTOM; BepIIy-
HBI Vg U Uy Ha3bIBAIOTCA COOTBETCTBEHHO HAYA.LbHOL U KOHeuHOol BepIMHAMIU
TaKoro opMapuipyTa. EciM vy = v;, TO OPMApIIPYT HA3LIBAIOT 3QMKHYITLbLM.
KonuuecTBo AyT, COCTABIAIOIMX OPMAPLIPYT, — 3TO JJIMHA OPMapIIPYTa.
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OpmapuipyT, He cofep;Ralliii IOBTOPAIOMMUXCA OYT, HA3BIBAIOT OPUENbIo.
Ilpocmas opyens — 3To0 opuenb (Ge3 NOBTOPAIOMINUXCA BeplinH (KpoMe, GBITh
MO7KeT, COBIIafAIONINX Ha4YalbHOM ¥ KOHeUNoil BeplinH). 3aMKHYTas IpocTas
OplLieNb HAa3LIBAeTCA OPULKAOM VI KOHMYPOM.

HerpynHo npoBeputh, 4To cyliecTBoBaHue (U, U)-0pMapLIpyTa rapaHTH-
pyeT cyLIecTBOBaHKe NPOCTo (u, v)-OpLemnH.

ToBopaT, uTo BepmmHa v docmuscuma U3 BEPIIMHBL 4, eClIH CYIIeCTBY-
er (u, v)-opMmapupyT. Oprpad G cuavHo cessen WIK opcesaseH, ecld nModan
€ro BepIIMHA NOCTUMMMa U3 Jr0060i npyroil BepmuHbl. (QUueBUHO, CUNBHO
CBA3HLIN oprpad ABiIAeTcA CBA3HLIM; 06paTHOe YTBepmIeHHe, pasyMeeTcs,
He BEepHO.

I'pad G HasbIBaeTCA opueHMUPYeMbLM, €CITH OH ABIAETCSA OCHOBAHUEM He-
KOTOPOI'o CHIILHO CBA3HOIO oprpada.

Teopema 1.3. Ceasuuill 2pafd G opuenmupyem moz20a u moavko mozda,
roeda kaxcooe e20 pelpo He ABAAEMCA MOCTOM.

HorazaTteabctBo. [IycTs rpag G Abasgetcd ocHoBaHueM oprpada H u G
cofieput MocT e. Torma B H umeercsa pyra f = m, TAe %, ¥ — KOHIbI
pedpa e. OueBunauo, B I wer (v, u)-opmapupyToB. CrenoBaTenbHo, rpad G
He ABIAETCH OPUEeHTHPYeMBbIM.

O6paTHo, ycTh rpad GG He HMeeT MOCTOB, T.e. Kaskjoe pebpo rpada G
COEPMUTCH B HEKOTOPOM HuKiIe. IlocROAbRY 110600 OUKI ABIAETCA OpUEH-
THpYeMBIM rpadoM, B rpade G cyllecTBYeT MaKCUMAIbHBINH 0PHEHTHPYEMBIi
noarpad H. Y6enumes, uto H = . JomycTuM, 4TO 5TO PaBeHCTBO He Bhl-
nonHeHo. B cumy cBssHocTy rpada G cylllecTByeT peOpo e, WHIUAEHTHOE
BepuinHe v U3 H u He nemxamee B H. Ilo npennonosenuo pe6po e nemuUT B
HekoTopoM nukiIe C. 0603HauuM yepes () MHOMKeCTBO pe0ep LMRIA, He HPU-
Hafneskamux Hoarpadgy H. Herpynuo nmouars, uto, no6aBuB k H Bce peGpa
U3 MHOKecTBa (), MBI CHOBA IIOIYYUM OPUEHTHUpPYeMbIil MoArpad B IPOTUBO-
peunte ¢ BriGopom H. O

" &
IIycte G — npousBonbHeiél oprpad. [oaycmenensio ucxede deguv Bep-
IIUHBI ¥ HA3bIBAETCA YMCIO BeeX OYT, UMEIOUMX v B KauecTBe Hayama. AHa-

JIOTHUYHO, noaycmenens 30x00q d—>egv — 3T0 YUCJIO BceX AYT, IIA KOTOPLIX
BeplIiHa v ABAAeTcA KoHuoM. Oprpad, comep:galuit n BepmIUH U m AYT
OyneM HasblBaTh (1, m)-opzpagon.

IlomycTemenn ucxona W MOMyCTeNeHW 3aX0la CBA3AHLI CleIYIOMUM Ove-
BUJIHBIM 00pa3oM.

Jdemma 1. Hycms G — npoussoasnsiii (n, m)-opepagd. Tozda

H H
Y} degv= ) degv=nm.
veVE veVE
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D70 yTBepmAeHUE aHATOrn4HO JeMMe 1 u3 pasg. 1.1; ero 4acTo Ha3bBIBAIOT
OPAEMMOT O DYKONOHAMUAL.

1.4. MaTpuibl, accollMHpoBaHHbIe ¢ rpadomM

Oyets G — NpOU3BOIBHBL n-rpad. YNOpPAJOUMM MHOMECTBO BEpIIUH

rpadga

VG = {111, Vay ooy 1)"}.
WuriMu clioBaMu, 3aHyMepyeM BepiiuHbl Tpada uuciamu ot 1 go n. Tpad, y
KOTOPOT0 MHOMECTBO BEPIIKH IMHEHHO YTIOPAJOUEHO WK, JPYTUMH CIOBAMH,
3aHYMepOBaHO HaTypalbHBIMK 4uciaMu 0T 1 [0 n, rie n — YUCIO BEPIIHH
rpata, Ha3LIBAETCA NOMEUEHHbIM TPAadOM.

Onpenemum matpuny cuexcnocmy A = A(G) = (@yj)nxn rpada G, mo-
naraf «;; paBHBIM YMCIy pefep, cOeAMHAIOMMX BEPIIMHBI v; U vj, IPHUEM
NpU ¢ = j KAMAYIO METAI0 YUYUTHIBAEM JIBAKIbL.

Ha puc. 6 HpuBenen HpuMep rpada ¢ HEKOTOPOH HyMepalnueil BeplivH U
yKasaHa COOTBETCTBYIOIIAA MaTPHULA CMEHHOCTH.

1 2
2110
1 01 2
1101
0210
3 4
Puc. 6
OueBMHO, MaTpHUIla CMEKHOCTH — 5TO KBajgpaTHaA CHMMeTpHUecKas
(3

MaTpunia. CymMma »leMeHTOB ¢-i cTpoku paBHa deguv;, T.e. Y, ay; = degu;.
i=1

OrMetuM, 4TO 1A OOBIKHOBEHHBIX rpad)oB MaTpHlla CMeMRHOCTH OHHapHa,
T.€. COCTOMT W3 HYyJlell W eIMHMI], IpMYeM ee IIaBHafd JUaroHalb LEIMKOM
COCTOWUT M3 HyHel.

Insa nanHoro rpada uMeeTca, BooOllle TOBOPA, HECKOJIbKO MaTPHI] CMeH-
HOCTH, OTBeYalOMUX pa3inyHLIM ero ynopajgodeHuaM. OdeBuiHo, ofiHa MaT-
pHIla cMeRHOCTH rpada moaydyaeTcd U3 IPYroil ero MaTpHibl CMEMHOCTH C
MOMOLIBIO HEKOTOPOI NMEPeCTaHOBKY CTPOK M TOYHO TAKOH e HepecTaHOBKU
CTOJNOII0B.

[Iycts ¢ — mpousBoibHag NoicTaHOBKA Ha MHojmectBe {1, 2, ..., n}.
Onpenenum marpunty S(o) = (04;)nxn, HOTarasn

S {1, ecau o(i) = 4,
Y710, ecn o(i) # j.
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Herpynso nposeputs, uto S(o~ ') = S7'(0) u marpuna
S~ (a)AS(a) = S(c71)AS()

HOLy4aeTcs U3 MaTPHLLI A ¢ IOMOIILIO IepecTaHOBKH CTPOK M IIePeCTAHOBKH
CTONGLOB, 0TBEYAIOMMX MOACTAOBKE 0.

Tarum o6pa3oM, 1Be MaTpPHIlLI CMEAHOCTH rpada G mogoGHbI.

B cuiy 3TOro KOppeKkTHO cieylollee onpeaeleHue. Xaparmepucmuiec-
KuMm muozouaenom rpada (G HasLIBaeTCA XapaKTepUCTHUECKHUN MHOTOYIeH
mo6oit 13 ero MaTpul cMesHOocTH. COBOKYIHOCThH BCeX KODHeH XapakTe-
PUCTUYECKOr0 MHOTOUJEHA, C YYeTOM WX KpaTHOCTY, HA3bIBAETCA CREKMPOM
rpaga G.

llanee, roBopa 0 MaTpHlle CMeRHOCTH Ipada G, MbI GyleM HpeaHoIaraTh,
4T0 rpad yIopAfOYeH KaKuM-I160 06pa3oM, XOTH B ABHOM BHJE 3TO YIOPA-
JoucHMe He 6yIeM 3apaHee YRa3bIBaTh.

IpuBeneM Tenepb ONWH MPUMeP YTBEDHIEHUSA, MIIIOCTPUPYIONIErO BaM-
HOCTh MAaTPHL CMENKHOCTH.

Teopema 1.4. llycmv A = (Qij)nxn — Mampuya cmescrocmu 2paga G
6es nemeas u A' = (Vij)nxn, 2de | € N. Tozda ;; paswo wucay (v;, v;)-mapu-
pymos daunnt [.

JoraszaTeibcTBO. YTBeps#aenne oueBugHo npu [ = 1. Ilycts I > 1 u
yteepaaenue Bepao maA [ — 1. Torma A'™' = (&;5)nxn, The &; paBHO YmcLy
(vi, vj)-mapmpyToB paunsbl [ — 1. CiefosaTenso,

n
Vi = D &istsj
s=1

paBHo uncay (v;, ’Uj)—MapHIpyTOB JUTMHBI [, Tak KAk KaM/Iblil TaKoi MapiipyT
cocTouT u3 (v;, v,)-MapupyTa juebt | — 1 u pebpa, BeAyIero u3 HpegHo-
cliefiHel BepIIMHLI v, MaplipyTa B €ro I0CIe/IHIO BepliuHy v;. O

3aMeTHM, 4YTO IOKa3aHHAA TeopeMa BepHa U 1id IpadoB ¢ HETIAMH, €CiIU
cyuTaTh, YTO RamJafd InerTjad umMeeT JBa 06)(0,[13 (STI/IM YHMCJIO MapupyToB,
HPOXOJAIIKX 4Yepes JANHYIO eTI0, YBelIUINBaeTCA B IBa pasa).

Mocroabky Marpuiia cMemmnoctu A rpada (G ABIAeTcH BeleCTBEHHON
cHUMMeTpUYecKoil MaTpHulleii, oHa OpTOToOHAALHO Hogo0Ha HEKROTOpO BemecT-
BEHHOH IuaroHalbHOM MaTpule D:

A=T"'DT.

Toraa, oueuano, A' = T'D'T. Jlannaa gopMyia HO3BO/IAET GLICTPO BhI-
YHCIATE 4HCI0 (v, v;)-MapupyToB NIHHBL [ 1A GonblIMX 3nadenuit [, Tar
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Kag [IpY 3TOM HYHO MM HaiiTh D', o6bIYHBIM 06pasoM BEIYMCIHTL B
matpunnl 7', 7! u gBa pasa nepeMHOKUTE MAaTpPUILL. OTMeTHM, YTO TiaB-
Haf IuaroHanb MaTpulbl D coBmajaeT co cleKTpoM rpaga G.

Iycts Teneps G — HpOM3BOABIEIA OGBIKHOBEHHBINA rpad. Ynopagouum
MHOKECTBO €0 BepIINH

VG ={v,vay ..., Un}.

Onpenenum mampuyy Kupreofa B = B(G) = (B )nxn, Nodaras

deg vy 0 0
0 degvy ... 0
B(G) = : : . : - A(G)7
0 0 ... deguw,

rae A(G) — marpuna cmexuoctu rpada G. Nubivu crnoBamy,

—1, ecmmi#juwv; cMexHa C Uj,
Bij = 0, ecami# ju v; He cMekHa C v},
degv;, ecaui=j.

OTmeTuM, 4TO OGLIKHOBEHHBIN rpad) G MOMET UMETh HECKOILKO pas3ind-
ubIx MaTpull Rupxroda, oTBevyalomuyx pa3inu4HbM yOopAgoueHUsAM rpada G,
M BCE 3TU MAaTPUILBI MOJOGHBI MeKAY OO0,

JemMa 1. Aazefpauyeckue 0onoaHeHun ecex siemenmos mampuysbt Hup-
zreofia pasHvl Mmexcdy cobol.

orasaTeabcTBo. O6o3nauuM cToaGer (1, 1, ..., 1)* IJIWHBI N, COCTO-
AMWA U3 egWUHUI, deped 1. 3mech, Kak oObIYHO, Yepe3 ¢ MbI 0603HaYaeM
OTIepalvio TPaHCIOHUPOBAHUA MaTPHIL.

Naa marpunst Rupxroda B = () nx, BbINOMHACTCH

Zﬁii:o (i=1,2,...,n), r.e. B-1=0,
i=1

n
> 8ii=0 (j=12,...,n), T.e. 1'- B=0.
i=1

Orcrona cnenyer, yro det B=0urank B <n — 1.
Ecau rank B < n — 1, To Bce anrebpandeckye AOMOTHEHHA 3IEMEHTOB
Matpunsl B pasuel 0. IIycts rank B = n — 1 u B — npucoenudennasa K B
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MaTpMLa, cocTaBlenHasa U3 airebpaMyecKux Jonoinenuii Bi; snemenTos [;;,
T.e.

Byy By ... Bn
B _ B.12 B.22 . Bn2
Bln B?n s Bnn

B cuny croficTB Marpuibl B nony4daem
BB = BB = (det B)E = 0.

Tak kax BB = 0, mo6o#t cTonbery X MaTpHULLI B YIIOB/IETBOPAET CUCTEMeE
BX = 0. 9ra cucrema auMHeiHbIX ypaBHeHUH uMeeT padr n — 1 u pederr 1.
Taxr rar B -1 = 0, 3T0it cucteMe ynoBmeTrBopaet cronter 1. CienoBarentHo,
CTOJN6LbI MaTPULbI B HPOHOPLUOHAIBHBI CTOAOLY 1, OTKyAa cienyer

Bi=Bjsy=...=B;, (i=12,...,n).
Auanoruuno nomyyaem
B1]=B2]==Bn] (]:],2,,71)

CrnenoBarenbHo, Bce alleMeHTEI MaTpulbl B ofuHaroBel. O
Iyete G — npousBonbHbId (1, m)-rpad. YIOPAZOUNM MHOKECTBO Bep-
IIUH U MHOMKeCTBO pebGep Tpada

VG=A{v,vs, ..., v} u EG={er, e, ...,en}

Bynem roBoputh, uTo Hai rpad ABIAETCA 08axc0bL NOMELEHHBLM.
Onpenenum Ttemepb GuHapHyi0 mampuuy unyudenmuocmu I = I(G) =
= (4;j)nxm pata G, Honaras
1) ¢;; = 1 <= BepInuHa v; HHUM/IEHTHA PGPy €; U e; He ABIATCA MeTaedl;
2) tij = 0 BO Bcex OCTANBIbIX CIydanx.
Ha puc. 7 npusepmen mpumep rpada U ero MaTpullbl WHIHUIAEHTHOCTH.
3necs BeplIMHAM OTBEUAIOT CTPOKHU, a peGpaM — CTONGLIL.

2
.o & 01100
1 e 01011
i 00111

€3 3

Puc. 7
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3amMeTuM, 4YTO OfHA MaTpHUa HMHIUJeHTHOCTH rpada G noaydvaercd u3
APYTOil ero MaTPHUILI HHIMAEHTHOCTH ¢ OMOMNILIO HEKOTOPOi MepecTaHOBKU
CTPOK M HEKOTOPOi MepecTaHOBKHU CTONGLUOB.

PaccmoTpum Tenepb Hpoussoibblit (n, m)-oprpap G = (V, D). Yunopsa-
TOYMM MHOMECTBO BEPINMII M MHOMECTBO AyT oprpada

V:{’U],’Ug,...,’l}"} n D:{f],fQ,...,fm}.

Onpenenum mampuyy unyudenmuocmu I = I(G) = (tij)axm orpada G,
nonarad

1) t;; = 1, ecau v; — nHavano gyru f; u f; — He neTas;

2) v;; = —1, ecin v; — Kowen nyru f; u f; — He Heris;

3) ¢;; = 0 BO BceX OCTalILHBIX CIydasX.

Ha puc. 8 npuBenen nmpumep oprpada u ero MaTpuibl HHIMJEHTHOCTHU.
3Iech BepIIMHAM 0TBeUYalOT CTPOKH, & JyraM — CTOJOLBI.

2
IR 01 -1 0 0
fa fs 0 -1 0 1 -1
0 0 1 -1 1

f3 3

Puc. 8

Iycts G — HpousBoabHbI rpad. IIpeBpaTuM Kammoe ero pebpo B Ayry,
HpUJaB pedpy OIHO W3 ABYX BO3MOKHBIX HaHpaBieHui. IlomyueHHBIH Op-
rpad Ha TOM e caMOM MHO)KeCTBe BepHIMH OyneM HasblBaTb opueHmatiiell
rpada GG. Ha puc. 8 nmpuenen oprpad, ABIAIOMUICA OOHOM U3 OpHUeHTAIUH
rpada, usobpaenHoro Ha puc. 7.

3apurcupyeM HEKOTOPHIIT 00BIKHOBEHHBLI rpad G U Bo3bMeM HEKOTOPYIO
ero opuentauuio H. Kpome Toro, 3apuncupyem B G 1 H 0JUHAKOBYIO HyMe-
pauMio BepliiH U 0JUHAKOBYIO HyMepalUio COOTBeTCTBYIONUX pebep U AYT.

Jemma 2. [Iycms B = B(G) — mampuya Kupreoga obuirnosennozo epa-
ga G u I = I(H) — coomsemcmayiousas mampuya uHuuleHmnocmy Heko-
mopoti ezo opuenmayuy H. Tozda B = I - I*.

JorazaTeabcTBO. Ecau yMIOKUTE i-10 CTpORy MaTpuubsl I Ha i-i1 cTON-
fen MaTpuUbl I?, To MONyYuM cyMMY KBagpaToB SIeMEHTOB i-Ii CTPOKH MarT-
puusl I, xotopas paBua, oueBuano, deg v;. IlycTh Tenepr ¢-f cTpoka MaTpu-
ubt I ymnomaerca ua j-# cronben marpuust It. Ecan umeerca gyra f, = 0,0}
umu gyra f; = ’Uj’_l?‘i, To noayuuM —1. Ecau Taroit gyru Her, To HOonxyuuM 0.
O
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3aMeTHM, 4YTO COOTHOLIEHWA, yKasaHHble AJA 0ObIKHOBEHHOro rpada B
1eMMe 2, MOKHO HepeHHcaTh B BHJe

deg vy 0 0
0 degvs ... 0
I-rt=| gtz - Y
0 0 ... degu,

dra ¢opmyna cBA3BIBAET MATpULy cMemHOCTH A 0GBIKHOBEHHOro rpada c
MaTpuLeil UHOUAeHTHOCTH I ero opueHTanuM.



2. [depeBbA

2.1. Jleca, nepeBhLA, OCTOBBI

Anurnuueckuil rpad, T.e. rpad Ge3 NUKIOB, Ha3bIBaeTCcA secosm. [lepe-
80 — 3TO CBA3HBIN anuKan4deckuil rpad. OueBUIHO, JleC He CONEPHMUT IeTelab
U KpaTHBIX pelep, T.e. Jec ABIAETCA OOBIKHOBEHHBIM IrpadoM.

Teopema 2.1. Jas (n,m)-epaga G caedyouue yciosus SK6UBAAIEHITIHbL

1) G — Oepeso;

2) G — ceasnbuti epad um =n — 1;

3) G — ayukauvecrud zpad um =n — 1;

4) G — epag, e komopom awbbie Ose seplilinbl COeduHEHL EOUHCMBEHHOL
npocmoti yenvio;

5) G — auukaureckuil zpad, u dobasienue HOB020 pebpa npueodum K no-
ABACHLIO MOYHO 00HO20 NPOCIMO20 LUKAQ.

JokasaTeabcTBo. 1) = 2). UHIyKuHMei Ho m HPOBEPUM, UTO B IEpeBe
BLIHONHeNo paBeHCTBO m = n — 1. Eciu m = 0, To, oueBuano, n = 1. Ilycte
m > 0 U 01d BeceX HepeBbeB ¢ MeHLIIMM uYeM m YHCIOM pebep Tpebyemoe
paBeHCTBO BbimoamneHo. Paccmorpum AepeBo G ¢ m peGpaMu U BbhiGepeM B
HeM IIpOU3BOJILHOe pebpo e. OueBUAHO, e — allUKINYeckoe pebpo, N03TOMY
rpag G — e COCTOUT U3 ABYX KOMIIOHEHT cBA3HOCTH G U (G, ABIAIOIMUX-
cA nepeBbAMH. llpumeHnsasa k mepeBbAM Gy, (G5 NpeNNOJOMEHNE MHIYKIUM,
[IoNy4YaeM, UTO B KamJoM U3 HUX 4ucio peep Ha eJUHULIY MeHLIIE 4HciTa
BepwnH. OTciofia cpa3sy cilefyeT paBeHCTBO m =n — 1.

2) = 3). Hycrb rpad G comeput nuriavueckoe pedpo e. flcHo, uro
G — e sBaAerca casHbIM (n, m — 1)-rpadoM. B cury caencrBusa 2 us teo-
pemsbl 1.2 umeem m — 1 > n — 1, 4To HEBO3MOHO.

3) = 4). Ilposepum cHavana, uro G — cBasusiil rpad. Iockoasry G
alUKIWYeH, er0 KOMIIOHEHTLI CBASHOCTH MABIAIOTCA AepeBbAMH. Tak Kawr
u3 1) caegyer 2), B KaIoil KOMIOHEHTe CBASHOCTHM 4YMCIO peGep Ha eIu-
HUIY MeHbIle yuciaa BepmuH. OTciofna BbITeKkaet, uTo m = n — k, rae k —
YUCI0 KOMIIOHEHT CBA3HOCTH. YUHMTBIBaf, uyTo m = n — 1, noaydaeM k = 1.

Mpennonomum, uto B G AnA ABYX BEepPIIUH %, v CyWECTBYIOT Pa3iuuHbie
npoctsie (u, v)-uenu Py u P,. Mycrs @ — npocran (u, ¢)-lens, ABIAKONE-
ficA OMUHHeHmUM o6mKM HavainoM ueneit Py u Py, OGo3HauuMm uepes y, z
BepUINHLBIL, clelylomue 3a BeplIuHoil & B P; u P» coorBeTcTBeHHo. OueBuUA-
HO, uTo pebpo f = zz He mpuHamnemutT uenu P,. OTciofa cleayer, 4To
noarpad Py U Py — f aBaserca cBA3HbIM rpadom. IlosTtomy f — He MocT,
cilefoBaTenbHo, f IPUHAMICHUT HEKOTOPOMY LUKIY, UYTO HEBO3MOKHO.

4) = 5). U3 ycaoBus ciefyer, uro B rpade G meT LUKIOB, B TOM YKCIe
¥ nerelb (eCid ecTh IeTNS e = ul, TO UMeeTCA JBe IPOCThbie (U, u)-Lenu:
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¥IMU ABIAIOTCA Lellb U3 0AHOH BepUIMHbI M Lelb u — u). JoGaBum K rpady
HoBoe peGpo g = vw, rie v, w € VG. Torga Bo3HUKHET UMK, COCTOAMMI
U3 npocToii (v, w)-uenu u pebpa g. EOUNCTBEHHOCTL TAKOro UMKAA CIefyeT
U3 eIMHCTBEHHOCTH NpOCTOit (v, w)-LemH.

5) = 1). Wz ycuoBus BbITeRaeT, 4To JII00bIE JBe BepiuuHbl rpada G
coelJMHEHBI IIpocTol Lenbio, T.e. G — cBaA3NbI rpad. Henonssya anurauy-
HOCTL rpada G, 3araiouaeM, uTo G — gepepo. O

CnegcrBue 1. Heodnosnemenmuoe depeso umeem no kpaiinell mepe dee
sucaAvue 8epULLHbL

JorazaTeabeTBo. CyMMa cTeneHell Bcex BepIIMH JlepeBa paBHa 2m =
= 2n — 2. OTciona ciegyeT, YTO AE€pPeBO CONEPRUT He MeHee ABYX BepIIUH
crenenu 1. O

Jdemma 1. IIyems G — npoussoawnniii (n, m, k)-epad. G ssasemes ae-
com mozda u moavko moeoa, Koeda m =n — k.

HorazateabcTBo. Eciu G — nec, To B Kakaoil ero KOMIOHEHTe CBA3-
HOCTY YMCIO pebep Ha eAUHMITY MeHbIe yucia BepmnH. OTciona HeMeTeHHO
BBITEKAeT paBeHCTBO m = n — k.

Ecin G — e nec, To, oT6pacbiBas Ile MeHee OfHOro pebpa, IOLYUUM
noarpad rpada G, asaaomuiica (n, my, k)-tecom. Torma m > my =n — k
B cUIy HoKasaHHoTo. [

Mycts G — cpasneiii (n, m)-rpad. Ecau G comepmut XoTd 661 OIUH LUK,
To, ynajiasa us rpapa G HeKoTopoe peGpo 3TOTO LHUKIA, Mbl YMEHbIIUM YUCIO
IUKIOB 110 KpailHell Mepe Ha eJUHUITY, COXpaHUB CBA3HOCTH rpada. flcuo,
YTo MocilefoBaTelbHO pas3pyllag NUKALI JaHHOTO rpada, MOKHO NPUHTU K
6cToBHOMY moarpady, sBisAmeMycs gepeBoM. Taroit moarpad nassiBaercs
demosubim depesos cBfznoro rpada G. Ilockoabky IepeBo ¢ n BepLIMIIaMHU
colepUT n — 1 pebep, A1 MOIYUYEeHHUA OCTOBHOTO AepeBa U3 rpada G HYH-
HO ymanuts m — n + 1 pebep. Ecan G — mpoussoasnsiit (n, m, k)-rpad,
TO 00beJUHEHUE OCTOBHLIX [JepeBLeB e€ro KOMIOHEHT CBA3HOCTHU IPUBOIUT K
Gemosromy secy nau ocmoey rpada G. IlockonbKy nec ¢ 1 BepmUHAMU U &
KOMIIOIIEHTAMMY CBA3HOCTHU COAep#UT 1 — k pebep, MiIA noiydveHud 6cTOBa U3
rpada G HYMHO ymaautb m — n + k pebep.

Ha puc. 9 nokazau rpadp G u oguu u3 ero ocToBoB T'.

A AN 1A

T

Puc. 9
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Yuciio r*(G) = m — n + k Ha3bIBACTCH YUKAOMATNUMECKUM HUCAOM, 8
uncio r{G) = n—k — paneon (n, m, k)-rpada G. Cregyiomee yTBepRieHre
MoKasbIBaeT, 4To ecin r*(G) paBHo 0 uu 1, To r*(G) coBmagaeT ¢ 4UCIOM
nuKioB rpada G.

JlemmMma 2. Ilycms G — npoussoawhbiil epag. Toz0a
1) G ayuxauven, ecau u moavko ecau r*(G) = 0;
2) G codepacum eduncmeennuil yura, ecau v moavko ecau r*(G) = 1.

JlorazaTeabcTBO. Y TBepIcHNe 1) BbITEKAET U3 JeMMBbI 1.

Mposepum yTBepmaenue 2). Ecau pebpo e coflepRUTCA B eINHCTBEHHOM
uurse rpada G, To Hogrpad G — e sBaserca ocroBom. Orciona (m — 1)—
—n+k=0 16 r*G)=1.

O6paTtHo, mycts 1T — HpousBoAbHBEIM ocToB rpada G. Papencrso
r*(G) =1 o3HayaeT, YTO pPa3HOCTL MeHy uucIaMu peGep rpada G u ero
octoBa 1" paBHa 1. Otcioga cinenyet, G = T + e Ina HeKOTOporo pedpa e.
Pe6po e no6aBnfeTcA Kk HEKOTOPOH KOMIIOHEHTe CBA3HOCTH 0cToBa 1, I05TO-
My rpad G =T + e comepsKUT eIMNCTBEeHHLIN nuKiI. O

JemmMma 3. Joboll ayurauveckutl nodepad epaga G codepicumces 8 Hero-
mopom e2o ocmose.

JokaszaTeakeTBo. JlocTaTouHo paccMOTpeTh ciy4ail, Korja G — cBA3-
ubiit n-rpad. [ycre H — anumnuueckmii noarpad rpada G. O6oszHaumm
yepe3 H; mMaKkcuManbHBIN alurandeckuil noarpad, comepmamuit H. flcuo,
uyro H; BKIouYaeT Bce BeplurHbl rpada G. llpoeepum, uto Hy cBazsen. Ilpen-
noioxuM, uto rpadp H; HecBaszeH. O6o3zHaumM uyepes3 U/ MHOMKECTBO BEPIIMH
ONMHOH M3 KOMIIOHEHT cBA3HOCTH rpada H;, a uepes W — MHO;KecTBO Bcex
OCTaJbHEIX BeplivH aToro rpada. B cuny nemmsl 5 us pasn. 1.2 cymecTByer
pebpo e, coepuHALNEee BepmuHbl MHOMecTB U u W. Pebpo e He o6Gpasyetr
nukmna ¢ pebpamu Hoarpada Hy, HoaTOMy moarpad Hi + e alurivueH, 4To
IPOTHUBOpPeUUT BuIGopy Hi.

U3 cBA3HOCTM M anMRIMYHOCTH nojarpada Hy caexyer, uro H; — ocToB-
Hoe fiepeBo. O

JlemmMma 4. IIyecmv S uT — ocmoswt epagia G. Jas awbozo pebpa e uz S
cywecmeyem makroe pebpo f us T, umo nodepag S —e+ f asanemcea ocmoson.

JoraszaTeabcTBo. Kar u Bblllle, JOCTATOYHO PacCMOTPEThL cIydail, Kor-
na G — ceasneiit rpad. Hoarpad S — e UMeeT IBe KOMIIOHEHTHI CBASHOCTH;
o6osHauuM yepes U u W MHomecTBa BepUIMH 9TUX ROMMOHeHT. IlocKoabky
octoB T ABnAeTcA CBA3HBLIM rpadoM, cymecTByeT pebpo f uz T, coemuHAIO-
mlee BEPUIMHEI, O[JHA U3 KOTOPHIX mpuHamnemuT U, a apyraa — W. Jlerko
NOHATL, 4To noarpad S—e+ f anukauuen u cBaseH. CnegoBaTenbHo, S—e+ f
ABAAIETCA OCTOBOM. O
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2.2. Baoku ¥ TOYKHU codeHeHUA

IMycts G = (V, E) — npousBonbHblil rpad. Bepmuna v HasbiBaercs
mouroll counenerus, eciu rpad G — v UMeeT Goablle KOMIOHEHT CBASHOCTH,
yeM rpag G.

CBnasHbliil rpad) HasbIBaeTCHd Hepasdedlmbim, eCId OH HE CONEPMMUT TOUEK
COWIECHEHU .

B cBazHOM rpade O4YeHb II0JE3HO BBLAEIHUTHL MaKCHMalbHble Hepas.eiu-
Mble moarpadpl. JTO MOMHO cAenaTh HOAOGI0 TOMY, Kak B IPOM3BOILHOM
rpae GbLIM BbITeNEHbI MaKCHMAaIbIble CBA3HbIe MOArpadbl (KOMIOHEHTBI
CBAIZHOCTH).

Baorom rpatda G HaspiBaeTcd 11060H ero MakCHMAJBHbIA HepasneluMbIil
noarpad. Ha puc. 10 a) nokasaHbl TOYKM COUTEHEHUA U, U HEKOTOPOrO CBA3-
Horo rpada, a Ha puc. 10b) mpuBesieHbI ero GIORMU.

L5,

Puc. 10

OueBuparno, mo6oit Hepas3aeauMbIil mogrpad rpada cogepRUTCA B HEKOTO-
poM ero Giaoke. IlosTomy moGoe peGpo JeRUT B HEKOTOPOM GIOKe; TO ke
caMoe OTHOCHUTCA W K IPOM3BOILHOMY LUKIY. flcHo, uTo 11060l OIOK CBA3-
HOI'0 HEOJHO3JeMeHTHOro rpada caM HeoJI03/eMeHTeH.

Jdemma 1. Illycmov v — npouseoavran eepuiuna ceasnozo zpaga G. Tozda
caedyroujue Yca08UsA IKBUBAACHIMHBL:

1) v — mouka covrenenus;

2) cywecmeyiom pazuuHble BEPULUHLL U L W, He DABHblE U, MAKUE, 4O U
npuradaexcum aw6oti npocmotd (u, w)-yeny;

3) cywecmsyem pasbuenue muoxecmsa sepuun zpada G — v Ha Osa He-
nycmotx noomuowecmsa U u W makoe, umo das awboizx v € U uw € W
sepuiuHa v npuHadiexcum ao6oil npocmot (u, w)-yenu.

JorasaTenbcTBo. 1) = 3). Tak Kak v — TouYKa cowleHeHHd, rpad
G — v He cBAzeH. B rauecTBe U BOo3bMeM MHOKECTBO BepIIUH OHOI KOMIIO-
HEHTLI cBA3HOCTH rpada G—v, a B KauecTBe W — MHOKeCTBO ero 0cTalbHbIX
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BepmuH. Torga mo6ble Bepmubbl 4 € U u w € W lemaT B pasHBIX KOMHO-
HeHTaX CBA3HOCTH rpada G — v. OTciofa oueBMIHO clelyeT, uTo Nio6as
npoctas (u, w)-Uens rpapa G OPOXOLUT 4epes v.

3) = 2). OueBuaHo.

2) = 1). flcuo, 4To © W W NEMAT B PaA3HLIX KOMIOHEHTaX CBABIOCTH
rpada G — v, NI03TOMY v — TOUKa codleHenud. O

Jlemma 2. Jw6sie dea pasausnblr 6aoka cessnozo zpaga G umeom He Go-
aee odnoll obuell sepulliibl.

JorazaTteabcTBo. llpeanonoxum, yro 6aoku By u By uMeroT Golee ol-
Ho1 o6weil Bepmunsl. OueBnano, noarpad By U B, cazen. B cuny marcu-
ManbHocTU By u By 3ToT noarpag uMeeT Toury couneneHus v. Tax raw By
u By — 6iaokwu, rpadel By — v U Bs — v CBA3HBL. B CUIy NpeANnoiomeHus
(B1 —v) N (By — v) # 0. Torna rpad

(BluBz)—’U:(Bl—’U)U(BQ—’U)

Take cBAleH. CilefloBaTelbHO, v HE ABIAETCA TOYKOM coulleHeHWA rpada
B; U By u MBI IpUILIIM K NPOTUBOpeUNIO. JlemMa nokasaHa. O

Teopema 2.2. 1) ycms By u By — 08¢ pasauinvir GA0KQ C6A3H020 2pa-
da G. Toeda aubo By N By = (), aubo By u By umeiom eduncmeennyio o6uyio
BEPUILHY U, KOMOpaAs Asasemcs moykoll codnenenus zpada G.

2) Hyems v — moura counenenun ceasnozo zpaga G. Tozda v aeasemes
obwell sepuiuHoll no kpalinell mepe Osyr pasiuunwnr 640k0e epada G.

JTorxazaTelbCTBO. 1) B cuny nemmbl 2 mubo By N By = @, aubo By u By
UMEIOT eJMHCTBEHHYIO 06y BepimuHy. IlyeTh v — eAMHCTBeHHAA obmasn
BepiuHa 1A By U B;. B cuny cBA3HOCTH GI0KOB CYIIECTBYIOT BEpPIIMITLI
u € VByuw € VB, cMemtble ¢ v. [IycThb ¢ = uv € EByue; = vw € EB;.

Ecnu cymectByet npocras (u, w)-Lelb, He IPOXOAAMANA Yepe3 v, TO 5Ta
ens ¥ pebpa e;, es o6pasyioT muua C. Hurn C comepMUTCA B HEKOTOPOM
Giaoxe By rpada (G, MMelomeM He MeHee ABYX o0mux BepwnH ¢ Bj (cpemn
HHX 4 ¥ v), & TaK}Ke He MeHee ABYX 0BIMX BeplinH ¢ By (cpeau HUX v M w).
Torga B cuny leMMbI 2 Toay4daeM By = Bs = Bj, uTo MPOTHUBOPEUYKBO.

Tarum oGpasoM, m0bas npoctas (v, w)-Uenb mpoxogutT deped v. Ciemo-
BaTeNbHO, v — TOYKa cousieHeHuA rpapa G.

2) llycth v — Touka couneHeHWA cBA3HOro rpada G. Toraa cymecTBYOT
JBe pasiuyHble BEPUIMHEL % W W, OTIAUYHbBIE OT ¥, U TaKMe, UTO N06ad mpoc-
taf (4, w)-Uenb NPOXONUT 4Yepes v. OUeBHIHO MOMKHO CYHTATBH, YTO ¥ H W
cMemuel ¢ v. IlyeTh e; = uv u es = vw — pebpa rpada G.
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Ecin v u w nemar B onHoM Gioke B rpada G, To B 610ke B umeercs
npoctas (u, w)-Uelb, He MPOXOAAIas Yepes v (TaKk Kak B GI0Ke HeT TOYEK
COU/IEHEHHUA), 8 3TO MPOTUBOPEUUT BoIGOpY u U w. Ilycrts By u By — 0/10KH,
cofepsamue pedpa e; U ey coorBercTBeHHO. flcHo, yt0 By # By u v —
obmas BepmuHa 0J0KOB By u By. O

3aMeTuM, 4TO M0G0 HepasmedMMLIN rpad coBIagaeT €O CBOUM egHIl-
cTBeHHBIM OmokoM. IlosToMmy B manbHefilnem HepasgfenuMsble rpadsl OynyT
Has3wIBaThbCA OJIOKaMU.

Jdemma 3. Hycmv G — 6aoxr, codepycawutl He menee mpex sepuun. To-
20a aw06ble dee eepuiunbl epagia G npunadiexcam HeKomopomy obuemy YuKLy.

HdorasaTtenbeTBo. llyeTh u u v — nBe Bepmunel 6iaoka G. UYepes U
0003HauYUM MHOKeCTBO BceX BepIIMI, KOTOpLIe JeKaT Ha MUKIAX, IPOXOLfA-
MUX Yepes u U UMEIOUUX pIuny, Gonpmylo ueM 1. Tak kak B G HeT TOUEK
COU/leHEeHUA U UMeeTcA He Mellee Tpex Bepmui, B G HeT MocToB. IlosTomy
KaJanA BeplIMHA, cMeskHas ¢ u, qesuT B U, flcno, urouw € U u U] > L.

Paccympas or mpoTuBHoro, Hpegnoiomum, uyro v ¢ U. Bosbmem Kpat-
vajimyio (v, w)-UeHb Takyio, yro w € U. IlycTs ona uMeer Bup

V=V =V — ... — U — v =W,

rae t > 1. BosbmeM HexoTophiit uka C AauHel > 1, mpoxoaAmuil yepes w U
u (cayuait w = u He Uckmovaetcd). IlycTh w; — BepmuHa nukna C, 0TANY-
Hag oT w. Tak Kak w He ABIACTCA TOYKOW COYJIEHEHWA, CyMecTBYeT Ipoc-
taf (v4—1, W1 )-UeNb, He IPOXOSALIAA Yepes w.
Mycts P, — HavanbHafA IOAIENb 3TOH Ienu
OT BEpIIUHLI v;_1 10 MePBOi BepIIUHLI Wy, e~
mamedt B C (puc. 11). 0603HauuM uepes Pp
TY U3 OpocThIX (we, w)-ueneil nuria C, Ko-
Topas collepMuT BepmmHy 1. Torga nemwm P,
P, u pebpo e o6pasyloT OUKRI Aaumbl > 1,
Puc. 11 comepmammii u© U v;_1, T.e. v;_1 € U, 4ro
NpOTUBOpeYnBO. O

Jdemma 4. Hycmv G — 6aok, codepycawudl He menee mpexr sepuun. To-
20a aobas sepuiuna u awboe pebpo epadia G, He Asasoweecs nemael, npu-
Hadaexcam Heromopomy obuiemy yuKLY.

HoxasaTeabecTBO. Bo3zbMeM Mpou3BoONLHYIO BepmuHy w Giloka G U ero
peGpo e = wv, He ABAALImeeca netneil. B cuiy neMMBI 3 MOMIO CUHTATH,
yTo w # v ¥ w # v. Ilo nemme 3 cymecTByeT nuxa C, npoxondiuii depes
w U 4. Tark Kak u He ABIAETCA TOYKOH COWICHEHHA, CYIIECTBYeT HPOCTad
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(v, w)-uenn, He npoxAsmasn depe3 u. Yepes P; 0603HaYMM HAYAIbIYIO MO[-
Henmb 3Tod NemM oT v Mo MepBOM BepMMHBI wi, NpUHamIemailei uuray C
(cayuait w; = w He ucKMoyaeTcsa). OGozHAaUUM dYepes P Ty M3 NPOCTLIX
(wl, u)—nonuenef/‘l numia C, soropas cogep:xut w. Torga uenu Py, P, u pe6-
PO € 0Gpas3yioT UCKOMBIN LUK, cofepmamuil w u e. O

Teopema 2.3. [Iycmv G — ceasnuill epad, codeparcawull He meHee mpex
sepwun. Toeda caedyoujue Ycao8UR SKEUBALEHITIHL:

1) G — 6aon;

2) atobvie dse sepuunst epaga G npunadiescam HeKOmMOpoMmy obulemy Yuk-
AY;

3) & epagie G awban eepuuna u a000e pebpo, He ABAANOULEECS nemael,
npunadaexcam Heromopomy obuemy yuray;

4) 8 epade G awbbie dsa pebpa, He ABARVULLECS NEMALMU, RPUHAOLLHAM
Hexomopomy obuemy UUEALY;

5) dan a00bLr OBYr eepuiun u A106020 pebpa, He ABAAIOULe20CA nemaeld, 8
epage C cywecmsyem npocmas yens, coefUHAIOULAS SMU 8EPULUHbL U NPOTO-
dawan wepes dannoe pebpo;

6) Oan A6HT Mmper pasAuvHbE sepwiuk u, v, w epaga G cywecmsyem
npocmas (u, w)-yens, nPOrodAULAA Lepes v;

7) Oan A06HT Mmper PusALHbE sepuwiuk u, v, w epaga G cywecmsyem
npocmas (u, w)-uens, He NPOLOISWASR Hepes v.

lTorasaTeabcTBO.

1) = 5). B cuiy 1eMmbl 4 MOKHO CUHTaTh, YTO J/A 610Ka G BbIIOJ-
urerca 3). BosbMeM [Be BepmMHEL wq, W Gioka G u ero pe6po e = uv, He
ABIAIOWeecd NeTdell. B cury 3) MoHO cYUMTATh, YTO BepPUIUHBI Wy, Wa, U, ¥
HOTIapHO Pa3MUYHbI U cyliecTBYeT nuka C, mpoxoaauuii yepes we U e. Tar
Kak wy M ABIAETCA TOUKOI COUNeHeNNA, CymecTBYeT mpocTas (wq, u)-1elb,
He TpoxomgAuias dyepes wy. UYepes P; 0603HaYMM HadyalbHYIO IMOOUENb 3TOR
LelH OT w; A0 [epBoii BeplIMHLL ws, demameit B G (puc. 12).

u v

wa

Puc. 12
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[ycte P, — mopuens nukna C, coeIMHAKOMAA BePUIMHEI w3, Wy U COIEp-
mamana peGpo e. HckoMad enb HoayJyaeTcA o0beantenneM nemeil Py u P.

5) = 6). IlycTb u, v, w — TpH pasmudHble Beplunsl rpada G. BosbMem
NIPOM3BONLHOE Pebpo e, MHLIKAEHTHOE v U Il ABfMeecs neTneil. B cuny 5)
CyLiecTBYeT npocTad (u, w)-Lelb, [IPOXOLALIAA Yepes e, W, ClIeJ0BaTelbHO,
cogepsraiian v.

6) = 7). lycts u, v, w — Tpu pasuruHble BepmuHsl rpada G. B cu-
ny 6) cymecrByer npocras (u, v)-Lenb, npoxogdman depes w. Toraa ee
(u, w)-moAUeNE He COTEPIKUT v.

7) = 1). BorTeraer u3 neMMsI 1.

Hrak, met umeeM 1) = ) = 6) = 7) = 1). [laa saBepimenun
LOKA3aTelbCTBA 0CTANOCH 3aMETHTD, YTO UMINIMKALKK §) = 4) = 3) =
= 2) = 7) oueBupueL. O

B cBssy ¢ Grokamu Ha MmoxecTBe pebep EG casmoro rpada G, He AB-
NAIOMMXCA TeTIAMHE, MOJe3H0 PACCMOTPEeTh cllelylollee 0THOMEeHHe:

e~ f<=e=fumue, fcomepmaTca B HEKOTOPOM LIKKIeE.

3aMeTuM, 4TO eclu € = f, To e U f nemaT B OJHOM M TOM 3Kke GIIOKe rpa-
ta G. Obparmno, eciu e 1 f lemaT B IeROTOPOM Gioke rpada (G, TO B CliLy
TeopeMEl 2.3 BhINONHAETCH € & f.

TaxuM 00pa3oM, OTHOLIeHHe R ABIACTCA OTHOLIIEHUEM SKBUBANENTHOCTH,
a KamIbIfl ero KIacc COCTOUT M3 BceX pefep HekoToporo GiloKa, He fBIAIO-
muxcA netaaMu. YTo jKe KacaeTcA meTelb, TO OHU NONAfaoT B Te GIOKY, B
KOTOPEBIX CONEPKATCA WHIUICHTHBIE UM BepIIUHEL.

Iycte G — cBasubli rpadp. PaccMoTpum cemeiicTBO ero GnokoB
By, ..., B; ¥ ceMelicTBO ero To4eK COWIEHEHUSA vy, ..., Uy 1lOCTPOMM HO-
Bbiit rpad be(G) na MHOMeCTBe BepIUHH

{’Ul,...,’l)é;, B]_, -'~7Bt}-

B radecTBe pelep sToro rpada BosbMeM Hapbl Buma {v;, B;}, rae v; € B;,
t=1,...,t, 5=1,..., s. UHpIMU coBaMH, MBIl paccMaTPUBaeM [IBYAO0Ib-
HEIY rpad, BeplIMIaMy KOTOPOro ABIAIOTCA GIOKU M TOUKM COUNENeHMA, a
pebpa MOKa3BIBAIOT, KAK TOYKM COWIEHEeHWA paclpefleleHbl 1o Giaokam. Ha
puc. 13 usobpaskens! rpap G u ero rpad be(G).

Teopema 2.4. Hycmv G — cesasuwil epad. Toeda epagd be(G) asasemes
depesom.

HorazaTenbcTBo. OueBMaIO, CBA3HOCTL rpada G BiIedeT CBASHOCTD Ipa-
da be(G). B cuny ycrpoiicrsa peGep rpada be(G) Bce onu ne ABIAIOTCH
netaamu. Ilyets B rpade be(G) umeerca nusa

Ui1_>Bj1_>Ui2_>sz_>---_>Uip_>ij_>Ui+1:Ui17
3
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By
B3 )
By
B;
be(G)
Pue. 13

rie p > 2, Bce TOYKU COWICHEHUA Vj,, ..., U;, [IONAPHO Pa3iMYHbI U BCe OIOKH
Bj,, ..., B;, nonapHo pasau4ubl. 3aMeTHM, YTo 0JA Joboro ¢ = 1, ..., p

TOYKM COWIIEHEHHA Vj;,, V;,,, fesar B Onoke Bj . Ilostomy B Bj, umeerca
npoctas (vi,, vi,,,)-lenb. O6belMHAA BCe STH LeNH, MbI NOTy4lM ukI C' B
rpade G. BosbmeM Giok B rpada G, cofepsamuii nura C. Biok B umeer ¢

rammbIM G6iokoM Bj, (¢ =1, ..., p) no KpaitHeil Mepe 1Be pasauuHble obmIKe
BEPLMHDI Vj,, Vj, ,, N0OITOMY B CHIly JeMMEl 2 Mbl noayyaeM B = B; nin
aoboro ¢ =1, ..., p, YTO HEBO3MOHKHO.

Hrax, B cBA3HoM rpade be(G) ner nukios, T.e. be(G) — nepeso. O

YuuTsiBaf JoKasaHHYIO TeopeMy, rpad be(G) HasbiBaOT depesos GA0k08
u movex covaeHenus cBAsHoro rpada (. HNHorga, fomyckasd BOILHOCTL peuw,
TOBOPAT, UTO CBA3HBIN rpad ABIAETCA NEPEBOM CBOMX GIOKOB.

B cuny Teopemsl 2.2 miobas TouKa cOWIeHeHUA cBA3HOTO rpada G uMmeet
cTemeHL > 2 B nepeBe be(G), M05TOMY BHCAYHMU BepIIMHAMH fepeBa 610KOB
U ToUeK coulleHeHHUd MOryT GBITh Toabko OnokM. Takue GI0KM Has3LIBAIOTCA
BUCAYUMU.

2.3. Yucio 0CcTOBOB B CBA3HOM OOBIKHOBEHHOM
rpage

Jdemma 1. ITycme H — obbiknosennviil (n, n — 1)-epag, n > 2, I —
Mmampuya uHyudenmuocmu Hexomopotl ezo opuenmayuu, M — npoussoaviviil
MuHOp nopadra n — 1 mampuywst 1. Toz0a

1) ecau H ne ssasemcs Oepesom, mo M = 0;

2) ecau H — depeso, mo M = +1.

JorazaTeiabCcTBO. 3aMeTHM, YTO CMeNa HyMepaluy BEPUIUII U IIyMepa-
quu pedep rpada H NpuBOIUT K [lepecTaHOBKE CTPOK M IepecTaHOBKe CTOMI0-
toB Matpullbl I. PaccMarpuBaeMbiii MMHOD IIPU HTOM MOMKET CMEHHUTh JIUIIb
3HaK.
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IIycTb v — BeplIMHA, COOTBETCTBYIOMAA CTPOKe MaTpHULI I, He BOIIe-
meit B MaTpuily MuHopa M.

1) Ilycts H ue aBasetcsa nepeBoM. Torma rpad [ secBssen. Ilycern
V1, ..., ¥y — MHOKRECTBO BEPIIUH HEKOTOPOH KOMHOHEHTLI cBA3HOCTH H rpa-
¢a H, e comepsamieil v.

1.1. Ecau t = 1, To v; — u30NKMpOBaHHAd BeplIMHA M B MaTpUlle MUHO-
pa M mMeetTcs HyJIeBaf CTpOKa, noatomy M = 0.

1.2. Iycrs ¢ > 1. C nomMompbio nogxoafAnieil nepeHyMepauy Beplivud U
pebep us H maTpuny I npuBeleM K RIETOYHOMY BHIY

I |0
0|1 /)’

rae Iy — MaTpulja MHUKMIEHTHOCTH OPMEeHTalUWUN KOMIOHEeHTHI Hy, a Bepmu-
He ¥ 0TBevaeT CTPoKa, mpoxoasman yepes I,. Ramasiit cTonberr, mpoxoaamui
yepes [y, CONEPMUT TOYHO OJHY eJMHUIY U TOYHO ofHy —1 (ocTambHble sme-
MEeHTHI paBHHI Hy110). CiefoBaTensHO, cyMMa IepBhIX ¢ cTpok paBHa (. Tax
Kak IepBble ¢ CTPOK BXOJAT B MaTpuly MuHopa M, umeem M = 0.

2) Ilycts H ABnfeTcs DepeBOM. 3aHOBO [epeHYyMepyeM BepIIHHLI U ped-
pa rpadga H c nomombio cielyiomeil npouenyprl. B KadecTBe v; BO3bMeM
0IHYy M3 BUCAYMX BeplIMH OepeBa H, oranunyio oT v. Yepe3 e; oGo3Ha-
yuM UHLKOeHTHoe eil BucAvee pebpo. PaccmoTpuM gmepeBo Hy = H — vy.
Ecau ero nmopamok > 2, To yepe3 vy 0603HAYUM ONHY M3 BUCAYNX BEPIIMH,
OTAMYHLIX OT v, a uepe3 e; — MHOUIeHTHOe eil BucAdee peGpo. Ilomomum
H, = Hy—ey. lIpogonmkaeM 5TOT Ipouece 10 TeX 0P, I0Ka He IONYYUM OJHO-
sneMeHTHoe OepeBo H,_;, eIMHCTBEHHOH BepIIUHON KOTOPOro 06A3aTelbHO

Gyper BepmiuHa v. IlomyynM HyMepaluio BepUIMH ¥, ..., U, = U MU HYMe-
panuio pebep e, ..., €,-1. B HOBOIH HyMepaluu Marpuna I mpuBefeTcd K
BUIY
+1 0 ... 0
* +£1 ... 0
. H . . ’
* * ... %1

IpUYeM BepIIMHE U 0TBEYAeT HOCIHEJHAA CTPOKA (31ech Kam/blil JUAroHalb-
HBIH 3i1eMeHT paBeH 1 wiu —1, a yepes * 0603HAUEHBI BIEMEHThI MATPULbI,
3HAUYEHHUA KOTOPBIX MbI He OY/IeM BBINMCHIBATL B ABHOM Bufe). Temeps aAcHo,
YTO MaTpUla MUHOpA MMeeT TpeyroibHbiit Bug u M = +1. O

Ilycts P u @ — coorBeTcTBeHHO (8 X ¢)-Marpuua u (f X $)-marpulia,
rae s < t. Honomum C = PQ.
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Munop nopsaara s MaTpulbl () HAa3LIBAETCH COOMBEMCMBYIOUUM MUHOPOM
MUHOPY IOpANKa § MaTpulbl P, ecld MHOMKeCTBO HOMEPOB CTPOK, COCTaB-
JAIONUX MaTpULY HepBOr0 MUHOpa, PaBHO MHOECTBY HOMEPOB CTOJGLOB,
COCTaBIAIOMNX MaTPUIy BTOPOr0 MUHODA.

Cdopmynupyem Ge3 JoKasaTelbCTBA OOUH pe3yabTaT TeOPUM MaTpUL, KO-
TOpPLIIt HaM BCcEope HOHamoOuTcA. Ero morasaTelbcTBO MOMHO 00HAPYKUTD,
HarnpuMep, B kuure [12] Ha ctp. 20.

®@opmyina Bune—Romu. Onpenenutens Matpunsl C paBeH cyMMe Bee-
BO3MOMKHBIX MOMAPHBIX IPOM3BEJEHUI MUHOPOB MopAAKa § MaTpulbel P Ha
COOTBETCTBYIOLIME MUHOPLI MaTPHLBI Q.

3ameruM, uto opu s = ¢ GopMyna bune—KRomu yTBepsgaet, uTo onpemne-
TUTelL NPOU3BeAeHUA ABYX KBaApaTHLIX MaTpUI HOPALKA § paBeH HPOU3Be-
JEeHUI0 oIpefenuTeNeil TUX MaTpPHIL.

Teopema 2.5 (Kupxrod, 1847). Yucao ocmosos 6 cessHom HeoOHOAe-
MmermHoMm o0bikHosenRHOM 2pafie G pasHo aazefpauteckomy JOnoAHEHUIO A1060-
20 anemenma mampuust Kupreoga B(G).

JorazateabcTBo. llycTh G — NpPOM3BONLHEINA CBASHEIN 0OBIKHOBEHHHEI
(n, m)—rpacp, n > 24 ] — mMaTpulla MHIUIEHTHOCTH KaKko#-1ub0 opreHTaluu
rpada G. 3amerum, uyto m > n — 1 B cuny cBasuoctu rpada G. To nemme 2
u3 pasfena 1.4 BhIHONHAETCA

B:B(G):I-It.
Oycts B’ — nmopgMartpuna matpullel B, momxydeHHas yOalenueM IOCiefHel
CTPOKHU U HoclefHero cTonbua, a J — HogMaTpuiia MaTpuusl I, nonydeHHas
yianeHHeM NociefgHell cTpoku. Toraga umMeeM
B =J.J,

roe J — ato ((n— 1) x m)-marpuna. OueBugno, B,, = det B’ ecTn anrebpa-
uyecroe JOMONHEHHe aIeMeHTa [3,, B MaTpulle Rupxroda B. B cuny dopmy-
abl Bune—Romu B,,, paBHO cyMMe KBaJpaToB BceX MUHODOB HOpsAgka n — 1
matpullel J. Cormacuo nemme 1 Kamipii Takolt muHop M paBen +1, eciu
0CTOBHbII HoArpad rpadpa G, peGpa KOTOPOTO COOTBETCTBYIOT CTOAGIAM, BO-
MEeIMM B MaTpully MuHopa M, ABnAeTcA fepeBoM, u paBeH 0 B ApyroMm
cnyuae. CregoBaTelbHo, B, paBHO 4Hcily 0cToBOB rpada . OcTamoch oT-
MeTUTL, 4TO Ho JeMMe 1 u3 pasgena 1.4 anreGpauteckue TOHOIHEHUA BCeX
3neMeHTOB MaTpuilbl Rupxroda paBHbl Memay coboit. O

CnegcrBue 1. Pane ofwvinnosennozo (n, m, k)-epada G pasen paney ezo
mampuys. Kupreoga, m. e. rank B(G) =n — k.

JoraszateancTBo. [lycts & = 1, T.e. rpad G cBazen. Torma B G ecThb
OCTOBHOE JepeBo U HO TeopeMe By, # 0, 1.e. rank B(G) > n — 1. C npyroit
croponsl, det B(G) = 0 u, ciiegoBareibHo, rank B(G) = n — 1.
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IIycTo Teneps k£ > 1. Torga npu noaxozadmeil HyMepauKly BepUIMH MaTpU-
na B(G) nopobHa KieTOYHO-IHATOHAILHON MAaTpHLE, COCTABICHION U3 MaT-
pur; Kupxroda By, ..., By KoMIOHeHT cBsAsnocTH rpada (. Tar rak mopo6-
Hble MaTPHILLI UMEIOT OAVHAKOBLIM paHT, B CHIY paHee NOKa3aHHOTO IIOJIY4Ja-
eM

k k
rank B(G) = ZrankBi = Z(”t —1)=n—k.
i=1 i=1

CaeactBue 2. Yucao ocmosos & noarom epage K, pasro n™ 2.

JoxazateanbcTBO. YTBep#aeHue oueBuaHo miA n = 1 u n = 2. Iycrth
n > 2. MbI uMeeM

n—-1 -1 ... -1
-1 n-1 ... -1

-1 -1 ... n—-1

Boruncaus onpegenutens (n — 1)-ro nopanka, nonydaem B, =n""2. O

Tak KaK 4MCIO OCTOBOB B IIoHOM rpade K, paBHO 4KCIy NOMeYelHBIX Je-
peBbeB NOPHAKA 7, T.€. YUCIY [epeBbeB Id MHO#ecTBe BepuuH 1, 2, ..., n,
clelcTBHe 2 3KBHMBAJEHTHO cleqylolieMy yTBep#IeNuIo.

Teopema 2.6 (Keau, 1897). Yucao nomeuennvir depesves nopsadea n
pasHo n" 2.

Paccmotpum crefyiomyio 3afauy o6 ocmose MUHUMAALHO20 8ECd.

Mycts G — cpasubii rpad v w: EG — R — orobpamenue us EG B R
OrobpaxeHne w Ha3bIBAIOT Becosoll Pynruued, a w(e) — secon pedpae € EG.
Ilyete T — octoB rpada G. Ionomum

ecET

Yuecno w(T') HasbiBaloT gecosm ocroBa T

3a/laua COCTOMUT B Clle[lyIONleM: MOCTPOUTh AllOPUTM, KOTOPBIN BO B3Be-
wensoM rpage (G, w) NaXoAUT 0CTOB MUHMMAILHOIO Beca.

B pannmeiiiieM MbI yKasieM Takue allOPUTMBI, KOTOpbIe NOCTATOUHO
GBLICTPO HAXOJAT B rpade 0cTOB MUHUMAILHOrO Beca. TeopeMa Kenu me mo-
KasbIBaeT, 4To B rpade MoMeT ObIThL 0UeHh MHOI0 0cTOBOB. Tak B K, uucio
OCTOBOB HKCTIIOHEHIIUAILHO 3aBUCUT OT 7. [103TOMY 6bLIO 6bI HEpalMOHAILHO
pelaTh 3agadyy o6 ocToBe MUNMMALHOTO Beca, OCHOBLIBAACL Ha HepeGope
BCeX OCTOBOB.



3. 06xoabI rpacdos

3.1. diinepoBbl rpadbl

3amrHyTan nenb B rpade G HaszbiBaeTCA 2.1epogoli uenvio, eCiv oHa co-
OepmuT Bce pefpa u Bce Bepminubl rpada. ['pad, comeprmamuit sitnepoBy
Henb, GyAeT Ha3kIBaTheA slaeposvim 2pagiom. HWHRIMU clioBamMu, 3iIepoB
rpa@ — 3TO CBA3HLIA rpad, B KOTOpOM UMeeTcA 3aMEHYTaf Iellb, HPOXO-
OAmaa TOYHO OOUH pa3 depe3 Kamjoe ero pedpo.

CBoe HazBaHue 3MepoBbI rpadbl MOaAYyUUId B YecThb JI. Dilllepa, KOTOPBI
MepBBIM paccMoTpen Takue rpadel B 1736 rogy B cBoeil 3HaMeHUTOi paGoTe
0 KeHUrcOeprckux mMocTax. JToil paGoToit Jiinep, HO CYUIECTBY, MOJOMUI
Haydajlo HOBOMY pasfely MaTeMaTUKU — Teopuu rpados.

3agaua 0 KeHUIcOeprcKUX MocTax cocTofina B caenyiomemM. Ha pexe Ilpe-
renb B RenurcGepre Gello oBa ocTpoBa, COEAMHEHHBIX Meay coboit u ¢ Ge-
peramu ceMbIo MOCTaMH, Kak [IoKaszaHo Ha puc. 14a).

B — B
A b A b
e

G
Puc. 14

CnpamuBaeTc, MOKHO JIM, HaUyMHasA ¢ HEKOTOPOro MecTa CyIId, 060HTH
BCe MOCTHI 10 OIHOMY Da3y ¥ BepHYTbcA Hazan?!

Dfinep mpeANoMmUI PpaccMOTpeTh rpad, usobpasieHHslii Ha puc. 14 5). He-
TPYIHO JoragaThCcf, YTO pellleHMe 3aladyd 0 KeHUrcGeprckUX MocCTaX CBO-
OUTCA K NOHCRY 3iHaepoBoil menu B 3ToM rpade. Opmako, Kawr TORa3biBaeT
clefyomas Teopema, B YKa3aHIIOM I'pade NeT 9HIepOBLIX lemeil.

Teopema 3.1 (ditnep, 1736). Jan HeodnossemenmHuozo ce13H020 2pa-
ga G caedywuue ycios8us 3K6UBAAECHITIHDL:

1) G — atlrepos zpad;

2) rwawncdan eepuwuna epafa G umeem 4emuylo cmeneus;

3) wmnoocecmeo scex pebep epaga G MmoxncHo pasbums Ha YUKAbL.

NoraszateabcTBo. 1) = 2). Ilycts P — sitnepoBa neHb rpada G ¢ Ha-
YalbHOU Bepmunoii vy. JIBrrasce no nexu P, §ynem nojacuuThIBATH CTEHEHU
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BepuvH. [IpoxossneHue Kam ol NIpOMeKy TOYHOH BepIIMHbI B Lleny P BHOCUT
ymcio 2 B ee cTenenb. llepBoe u mocieanee pe6po nenu P paioT BRIag 2 B
CTelleHb BepIIMHLI vg. Tak Kak Henb P cOmep:KUT Kakzgoe pedpo rpada ToUHo
OI¥N pa3, 0TCIONa clelyeT YeTHOCTh cTeleHell Bcex BepmuH rpada G.

2) = 3). I'pad G cesizen u He UMeeT BUCHYMX BEPIUMH, NOCKOIBKY CTe-
HeHb Kagoll ero BepmuHel ueTHa. B cuny ciepctsua 1 us teopemsl 2.1 B G
CONEPIRUTCA HeRoTOpbIf muki. O6o3HauuM yepesz (i MaKCHMAIbLHBIN MOA-
rpad rpada G, ynoBiaerBopsromuil ycnosuio 3). Ilockoinbky u3 ycaoBus 3)
BhITEKaeT yclOBMe 2), cTelleHH Bcex BepmvH rpada G yeTHsl. OGo3HAUMM
yepe3 Go moarpad, monydenusiit u3 G ypmaneHueM BceX pebep rpacda Gi.
IIpepnonomum, uto G2 COOEPMUT HEOMHOMEMEHTHYIO KOMIIOHEHTY CBfI3HOC-
i H. Tockonsry H — cBaA3mblil moarpad), yooBIeTBOPAIOLMN YCIOBUIO 2),
B HEM HET BUCAYMX BEPLINH, U, clefoBaTenlbHo, H — He mepeBo, T.€. B H
comepmutea uura G. Ecau nobaButh Bce peGpa nuriaa C BMecTe ¢ HHIHU-
IEeHTHBIMM UM BeplIMHaMH K moarpady Gy, To noay4uTca noarpad, comepsa-
wuii G4 ¥ YACBIETBOPAIONINIL YCI0BHIO 3), YT0 HeBo3MokHO. CileJoBaTeNbHO,
noprpad Gy ne comep:sut pebep, nosromy G copnazgaet ¢ Gy.

3) = 1). PasofibeM MmossecTBO Beex pebep rpada G Ha HauMeHbIlee
YHCIO 3aMKHY ThIX eneit Py, Py, ..., P, (Takoe pazbuenHe CyIleCTBYeT B CH-
ny ycnoBus 3)) u mowasmeM, 4ro s = 1. Ilycts § > 1. B cuuy cBasHocTH
rpada G HaiimeTca Takoe i > 2, UTO 3aMKHYTbIe nlenu P, U P; uMeloT o61yio
BepmnHy. Ilockoabky P; U P; He uMeloT oOmux pebep, MX MOKIO 00LeaU-
HUTb B OJHY 3aMKHYTYIO Liellb, yMEeHbIIVNB, TeEM CaMbIM oflLlee KOJMNYECTBO
HeHeil s, uro neposmozno. CiefoBatennno, Bce peGpa rpada G npuHaateskat
HEKOTOpO# 3aMKHYTOH Lield, T.e. rpad ABIAeTcA 3i1epoBeIM. [

N3 Teopemsbl 3.1 MO#HO MOMTYYUTE CIeJCTBUE, OTIOCALIeeCA K HPOU3BOIb-
HBIM rpadam.

CaepctBue 1. llycme G — npoussoavnsiil 2pad, codepycawuil 2| sepuiun
Hevemuoli cmenenu, 20e | > 1. Toeda muoxcecmeo scexr pebep epada Mo#HO
pasbume na l yeneil, kaxdas us komopelx coeduHsaem dse 8epULUHbBL HeLemHOll
cmeneuu.

HorazaTteabeTBo. OueBUIHO, YTBep#H/ieHe NOCTATOYHO A0KA3aTh A
ciyuas, korga rpadp G ceszen. Ilyctb

Uiy Uy - ooy U1, Uy

— BCe BepIIMHBI HEUETHOM cTeleHU cBfA3Horo rpada G. Pacemorpum rpad
G, monyueHHbI U3 (G mobaBieHueM | HOBBIX pebep ey, ..., €; TAKUX, YTO
e; = ugi—1u (1 <4 <1). Ipad Gq, 0ueBUIHO, CBA3EH U CTeMEHb Kamoil ero
BepUIMHBI — YeTHoe uucio. llosTomy B (G; cyliecTByeT silnepoBa lenb P.
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Mosxuo cunTaTh, 4To Henb P HaunHaeTcs ¢ pebpa e,. Ynansas us P Bce pebpa
e; (1 <i <), MBI, 04eBHIHO, OLYYUM | HYKHBIX HaM Lemeit. O

enn B rpade G HasbIBaeTcA noaysiineposoll, ecay OHA COTEPHUT Bce ped-
pa u Bce BepiiuHbl rpada. I'pad HaseiBaeTcA noaysilieposvim, eClIi B HEM
CyllecTByeT HomysilepoBa menb. HnbIME cioBamu, nonysitiepoB rpadp —
3TO CBA3HLIA rpad, B KOTOPOM KMeeTcA Lelb (BO3MOMHO, He3aMRHYTasd),
IpoxoJALiaag TOYHO ONUH pa3 yepel KamJoe pedpo.

IIpegno:xenue 3.1. Ceasuwiil epad G asasemcea noayastiieposvis 2pagom
moeda u moavko moeda, kozda G codepycum He 6oaee 0syx sepuLUN HeUemHOU
cmenexu.

9To yTBepsKkIelle, OYeBHIHO, BbITeKaeT U3 TeopeMsl 3.1 U ciencrBuda 1.
Cienyloiee yTRepi#ieHe YToUHfAeT NpeanokeHue 3.1.

CaemctBue 2. [Iycmov cessnuiil epadp G codeprcum Ose sepuiunbt Hevem-
notl cmenenu u u v. Toeda cyuwecmsyem (u, v)-uensv, codeprawan sce pebpa

epaga G.

I'pad HasbIBaeTCA Npou3soAbLHO 8bLYEPLUBIEMbIM U3 BEPULUNbL U, €CIIH NIO-
0as ero Lens C HAYaJIOM B BEpILUKHE v MOMeT ObITH IPOJOJKeNa 0 3ii1epoBoil
nenu rpada G. Pasymeercs, eciu rpad IpouU3BOILHO BhlUEpPUMBAaeM U3 Bep-
MHUHBI ¥, TO OH ABJIAETCA 3iIepoBhIM rpadoM.

Teopema 3.2. Heoonosaemenmunlll atlaepos epadf G sasasemces npous-
BOLLHO BbIHEPUUBAGMbIM U3 BEPUIUHBL U MO020d 1 Moabko moezda, kozda eep-
wuHa v npunadaexcum awbomy yuray epada G.

JorazaTeakeTBo. IIycTh BepmuHa v »itepoBa rpada ¢ NpUHATIEHKUT
no6omMy nukiry. Pacemorpum npousBonbHylo (v, w)-nenb P u HORaMeM, 4To
ee MOMHO IIPOJOKUTE 10 3inepoBoit nenu. O6o3nauuM ueped Gy noarpad
rpada G, nomydeHHslil ynanenueM uz G Bcex pebep menu P. Eciu w = v,
TO BCe BepIIMHEL Moarpada G; UMEIOT YeTHYIO CTeleHDb, eClu e w # v, TO
G CcOIep:tHUT B TOYHOCTH [Be BepIIMHLI HeueTHo#l cTemenu. Ilycts Hy —
KOMIIOHEHTa CBA3HOCTH rpada (G, colepaliag BepiiuHy v. flcHo, 4To Bep-
muHa w npudapieskut H,. CaenopatennHo, H, — moaysitiepoB rpad, u
noromy B Hy cymecTByeT nmonysitneposa (w, v)-uenb (). HerpynHo moHATH,
uyro H( conepsut Bee pedpa rpada (G1. B camom pene, npennonosum, uro (73
COIEep/KUT HeOLHO3/JIeMeHTHYIO KOMIIOHEHTY cBA3HocTU H, oTauunyio oT Hy.
Tornpa H — »iinepoB rpad, u notoMy B H colep:KUTCA UMKI. JTOT LHKI,
OYEBU/IHO, HE IIPOXOIUT Yepe3 BEPIIUHY v, UTO HeBO3Mo#HO. CleJoBaTelbHO,
BCe KOMIIOHEHTEI ¢BA3HOCTH noarpada Gy, ornuunsle ot Hy, 0MHO3IeMEHTHBI.

TaruM o6paszoM, lelb ( conep:RUT Bee peGpa rpada (. OTciona BhITeKa-
€T, uTo 00 beAMHeHU e Lelleit P u () — sHaepoBa lenb B rpade G, ABIAmancAa
npojgoikenyeM neHu P.
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O6paTtHo, nycTh B rpade G cymecTByeT nuKI C, He collepRalinil Bepmu-
Hy v. PaccMorpum moarpad G, monydeHHBIH yaaieHueM H3 G Bcex pebep
nuriaa C. Ilyers H — KoMmIoHeHTa cBA3HOCTU moAarpada (G, colep:amas
BepunHy v. Jlerko nousaTh, yro H — »siinepoB rpad. O6o3nauvmMm uepe3 P
sitmepoBy uenb noarpada H. MoHo cuuTaTh, YTO HA4aloM M ROHIOM Ie-
nu P sapagercd BepmuHa v. [lockonbKy v ne npuHagaesut uyukay C, uenb P
Helb3fl IPOJOGKUTE J0 5inepoBoit nenu rpada G. O

OHnupasce Ha TeopeMy 3.2, Hec/lOHO onucaTh CTpPOeHHe BceX rpados,
[IPOM3BOMBHO BhIYEPUHMBAEMBIX W3 BEPIIUHBI .

s sToro Bo3bMeM IPOM3BOIBHBIN jlec H, T.e. anuriudeckuii rpadg,
He cofepyKauiuil BepmuHy v. HKakoyio BepmuHy HeueTHOH cTenmeHu w3 H
COeMHMM HEKOTOPbIM HEYeTHBIM YHCIOM KpaTIbIX pebep ¢ v, a KaKAYIO
BepIUIVHY YeTHON! CTEIeHW — YeTHhIM 4ucioM (He uckmodasd () KpaTHBIX
pebep ¢ v, IpUYeM KamAyI0 H30JMPOBaHNYI0 BepmuHY U3 H ob6a3aTelbHo
coeauunM ¢ v (cM. puc. 13). Kpome Toro, B BepinHe v MOSHO IPUCOEAUHUTH
HECKOJIBKO ITIeTelb.

Tonyuennsrii rpadp G

1) cBasen;

2) UMeeT TONLKO BEPIIMNbI YeTHOMN cTemeHH (degv YeTHO, TaK Kak B I'pa-
(e H comepMUTCA YeTHOE YKCIO BEPLIUI HEUETION CTEIeH!);

3) ABIAETCA MPOM3BOILHO BBIUEPUMBAEMBIM M3 BEPIIHIEL v, (Kak 3ii1epoB
rpad, y KOTOpOro BepliVHA v IPUHANIEKUT BCEM LUKIAM).

Puc. 15

OueBuHO, BepHO U 06paTHoOe, T. e. 1100031 HEOAHO3JIeMeHTHBIH rpad, npo-
HM3BOJBHO BbIYEPYMBAEMBIH K3 BEPIIMHEI U, MOKHO MOIYUYUTHL C IIOMOIILIO
YKa3aHHOH KOICTPYRIUU.

3ameruM, uto B rpade GG, NPOoU3BOILHO BhIUEPUMBAEMOM U3 BEPIIUHbBI v,
Ha OCHOBaHUM ollpeJeeHNsl MOAKHO clleJyIoIKUM 06pa3oM OCTPOUTH 3iiepo-
BY Ilellhb:

BBIXOJMM M3 BepIINHBI v U KOEeM NPOU3BOILHBIM 06pa3oM [0 MapLIpyTy
B rpade G, cobirofas JUIIL 0JHO OrpaHHYeHMe — K3 RamJoH LOCTUTILY TOH
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BEPHIVHbI BEIXOAUM TOJABKO 110 JIOG0MY U3 paHee He NPoiiienHbIX pebep, Npu-
YyeM IBHKEMCH [0 TeX I0p, I0Ka 3TO BO3MOHO.

Wrar, B rpade, Ipou3BoILHO BhlYepUYNBAEMOM U3 BEPUIMHELI ¥, CYLIECTBY-
eT o4ellb IPOCTOM alIrOPUTM [IOCTPOEHUA 3inepoBoit Henu. B cBA3M ¢ 3TUM
rpadbl POU3BOJBLHO BblYepUMBaeMble U3 JaHHOH BepIINHBI, BecbMa yHA06HBI
Iid IIaHUPOBAaHUA BLICTABOK. J3Aech pefpa COOTBETCTBYIOT HOMeEIEHUAM,
rie BBICTABIAIOTCA BKCIOHATEI, & BEPIIMHBI — MecTaM Ilepexoja U3 OJHUX
HoMemenuil B apyrue. Ha BbicTaBKe, cIIaHMPOBaHNO# TakuM o6pas3om, Ha-
YyaB C BXOfla ¥, MOFKHO aBTOMaTU4eCKH 060iTH BCIO BBICTABRY, eclU IpUep-
JMMBaTbCA HPOCTOIO HpaBWja: BOHTH B HOMelleHMe, OCMOTDETh €ro 1 4epes
JIpyToi1 BBIX0[ NMEPEHTH B ellle HEIPOCMOTPEHHOE MTOMeIeHHe.

3.2. 'aMuUABLTOHOBBI rpadsbl

I'amuavmonosoll yenvio rpada HaspIBaeTCA €ro NpocTas liellb, KOTOpaf
OPOXOOUT Yepe3d KamAylo BepIMHY rpada TouHo oguH pas. llura rpada,
HPOXOAAIWI Yyepe3 KamIyl0 ero BepIlrHY, Ha3blBaeTC 2aMUAbITOHOBbLM UUK-
aom. I'pad HasbIBaeTCHA 2aMUALMOKOBHIM, €CIU OH 061afaeT raMUIbTOHOBBIM
HUKJIOM.

OueBH/IHO, BOMPOC O CYIIECTBOBAHUM TaMMILTOHOBBIX leneil M IUKIOB
JO0CTAaTOYHO M3YUMTh TOJNbKO AJIA Kilacca 06bIKHOBEHHBIX I'padoB.

YKaszaHHble Ha3BaHUA Ilelleifl 1 NMKIOB CBA3aHBI ¢ UMeHeM Yuibama [a-
MWIbTOHA, KOTOpbIf B 1859 rogy mpeaosui clelylOMyl0 UTDY-TOJ0BOIOM-
Ky:

TpebyeTcs, Mepexojd Mo oYepey OT OfHOI BepUIMHBI JoAekasapa K ApYy-
rofi BepuMHe 10 ero pedpy, o6oiiTu Bce 20 BepIIMH HO OJHOMY Dpa3y U Bep-
HYThCA B Ha4aldbHYIO BEPIIUHY.

OTMeTUM, YTO MPUIYMAHO ellle MHOI'0O IPYT'UMX pa3BJleRaTelbHbIX U MMOIe3-
HBIX 3a[a4, CBA3AIHBIX C HOMCKOM raMUIbTONOBLIX NUKIOB. ChopMyrupyem
IBe U3 HUX.

1. HKoMmnanuio u3 HeCKOABKUX 4eloBeK TpelyeTcfl paccajUuTh 3a KPyT-
JBIM CTOJIOM TaKMM 00pa3oM, 4To0bI MO 06€ CTOPOHBI OT KamI0TO CUIENH ero
3HAKOMBIE.

OueBuHO, IJIA pellleHUA TOM 3alauy Hy#HO HAlTH raMUIhTOHOB UK B
rpade 30aKOMCTB KOMIaHUU.

2. (3adava o waxmamuom kore.) MOKHO i, HAYMHASA C IPOU3BOJILHOTO
MoJIA MaxMaTHOM Nocku, 0GOITH KOHeM HocieqoBaTeNbHO Bce 64 mond mo
OJHOMY pa3y U BEPHYThCAl B UCXOMHOE ToJe?

HecMmoTps Ha BHelllHee CX0OACTBO 3a1a4 00 3MIePOBBIX LeNAX U raMHIbTO-
HOBBIX I[MKJax, OKazanock, 4TO MpoGieMbl HaXomaeHUA 3P (PeKTUBHbIX KPU-
TepUeB CYIIeCTBOBAHUA TAKUX IeNel ¥ UUKIOB MMeIOT IPUNIIUANUAIBHO pa3-
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INYHYIO caoHOCTL. Kak 6bLI0 MORa3aHo B NpeiblAylieM pasfeile, IPOCTOMH
U 3 PeKTUBHBIN KpUTEepUil CyllecTBOBAHUA 3HICPOBOH LIeNH YCcTaHaBINBaeT-
cA pocTaTouyHo mpocTo. KoHeuHo, XoTedochk 6bI HANTH MOAOOIBIN KpUTepHil
¥ ) CyLlecTBOBAHMA raMWIbTOHOBa Iukia. OgHako, moMcK 3(hdeKTUBHOIO
KPUTEpHA TAKOI'0 COPTa ABIAETCH OJHOH U3 TPYJHEHIINX HepellelHbIX 3a1a4
Teopuu rpagos.

B nanHOM paspene MbI IpHUBeleM OJHO K3 Hanbojlee WHTEPECHBIX JOCTa-
TOUIIBIX YCJAOBHH CyllecTBOBaNKA raMWIbTOIOBA [IUK/Ia B OGBIKHOBEHHOM 'pa-
(e, moMydeHHOE K HAaCTOAIlEeMY BpeMeHU.

Cravana jaguM HeoOXOIVMEBIE OHpeNeNeHNUA U AOKaMeM OJHY BcIlOMOra-
TEIBHYIO JeMMY.

IIyeth rpad G vMeeT n BepliUH vy, Vs, ..., Up. lloNoiuM d; = degwv;
(i=1,2, ..., n) ubynem cunTaTh, 4YTO BepLUIUHEI rpad)a YIOPALAOUEHLI TAKIM
obpasoM, uto dy < dy < ... < d,. IlocmepoBatenvHocTh dy, dy, ..., d,

Ha3BIBAIOT nochedosamenbrocmuvio cmenenell rpada G.

Byznewm roBoputh, uTo umcioBas nocaefoBaTedbHOCTh dy < dy < ... < d,
MAHOPUPYEIMCs, YHUCIOBOH nocienoBarenbHocTeio df < dy < ... < d), ecan
d; <d} pna moboro i =1,2, ..., n.

Jdemma 1. [lycmb o6viknosennnill epaf G’ noayyer uz o0biKHOBEHHO20 2pa-
da G dobasaenuem odnozo nosozo pebpa e. Tozda nocaedosamenvrocms cme-
neneil zpaga G maxcopupyemcs nocaedosameavnocmpio cmeneneli zpaga G'.

JorasaTeabcTBO. 3aMeTHM cllavala, YTO €CIY B HeyObIBaroIeil mocie-
noBatenbHocTH dy < dy < ... < d, yBeauuuTh umcio d; Ha 1, a 3aTeMm
NOJyYeHHYIO NI0cIefoBaTeIbHOCTh MPHBECTH K HeyObIBaIOIleMy BHAY, Iepe-
CTaBUB uHcIo d; + 1 Ha MoJo}KeHHOe MecTo, TO MoBafg MOcAeNoBaTeNLHOCTL
OyneT MamopUpOBaTh MCXOHYIO HOCIeJOBaTeIbHOCTL (OYeBUAHO, TY e HO-
BYIO IIOC/IeI0BaTEAbLHOCTh MOKHO IOJNYYUTh cpasy, fo6aBuB 1 K HoclelHeMy
YHCILY WCXOLHOM MOCNEA0BATENLHOCTH, PABHOMY d;).

AcHo, uTo mpu moGaBaeHuM K rpady HoBoro peépa e = wuv, rue u # v,
TOYIIO y ABYX BEPLIMH ¥ W v cTelleHW yBeanuarTcd Ha 1. Ocranocs nBa pasa
BOCIOJIb30BaThCA clleNlallHBIM 3aMedaHueM. O

Teopema 3.3 (XBatax, 1972). IIyeme G — obbiknosenusiil zpad,
di <dy <...<d, — e20 nocaedosameavrocmsv cmeneneldl un > 3. Ecau
0as 4106020 k 6epra UMNAUKAYUS

dy <k<n/2—=d,_; >n—k, (%)

mo 2padf G eamuabmonos.

HdoraszaTeabcTBo. CnelaeM cHayvana TP OYEBHUIHBIX 3aMeUaHHUA.
1) Ecaun dy < k, To 4unc/io BepIIMH, CTeNeHb KOTOPBIX He IIPeBOCXOUT k,
Goabme uiu papno k. OueBUAHO, BEPHO U 06paTHOE YTBEPHIEHHE.
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2) Ecan d,,_ > n — k, TO 4MCIO BepUIMH, CTEIeNb KOTOPbIX He MEHb-
we r — k, Goabme unu pasHo k + 1 (ZocTaTouHO 3aMeTHTDL, YTO B MOCIELO-
BaTeILHOCTH dyy_k, dy_kt1,- - ., dy, HMeeTcA k + 1 umcen). KoneuHo, u 3fmech
BepHO 00paTHOe yTBep:KAcHHE.

3) Eciimt yciioBHe (%) BepHO [ HEKOTOPOH N0CHeL0BATENbIIOCTH CTelleNel,
TO OHO BEPHO U 11 Majkopupylolleil eé ocieIoBaTelLHOCTH.

IIycte Temepb, OT HPOTUBHOrO, CyIlecTByeT OOBIKHOBEHHBIN n-rpad,
rfe n > 3, KOTOpPbLH yIOBIETBOPAET YCIOBUIO (*), HO He ABIAETCA TAMMILTO-
HOBBIM rpadoM. Bynem no6aBiaAaTb K HeMY HOBbIe pefpa JIo TexX 0P, II0Ka He
Oy UMM MaKCHMalbHbI{ HeraMHIBTOIOB 0GbIKHOBeHHBIH rpad G. B cuiy 3)
rpad G ynoBIETBOPAET YCIOBHIO (*).

3ametruM, uto rpad K, ramuiabToHoB npu n > 3. Byzem cuuTtaThb, 4TO
rpadp G — 3To MaKCUMAabHBIM HEraMUILTOHOB OCTOBHEIH Noarpad rpada K.

BosbMmeM 7Be Takue MecMesKIble BepIIMHBI v U v rpada G, 4To cymMMa
degu + degv ABnAeTcA HauGoakimell U3 Bo3MOMHbIX. Be3 orpanuuenus obui-
HOCTH GYIeM CUMTaTh, uTo degu < degv. [JobaBuMm K G HoBoe pebpo e = uv.
Torma rpad G + e raMHUILTOLOB.

PaccmoTpum ramunbToHoB URI rpada G + e. B HeM obAsaTensno mpu-
CYTCTBYeT pebpo e = uv. OTOpackiBasA pefpo e U3 HUKIA, OIYYUM TaMUIb-
TOHOBY (Y, v)-Uenb B rpade G:

U = Uy, U2y vy Uy = V.
Monoxum
S = {’L | €; = UrUijy1 € EG}, T = {Z | fi = wu, € EG}

Horamem, uto SNT = (. HdeiicTButenwro, eciu j € SNT, 1o B rpade G
uMeeTcA raMUILTOHOB UK

eq f
ul4’(1,]'_‘_1—}16]'_‘_2—}...—}11,"41&]‘—}1&]‘_1—}...—}161.

WUz onpemexenna S u T caegyer SUT C {1,2,...,n — 1}, noatomy
2degu < degu+degv =S|+ |T|=|SUT| < n, 1.e. degu < n/2.

Tag kak SNT = (), um oaHa BepmuUHa uj, e j € S, He CMEMHA C U = Uy,
Otcioga B cuny BuiGopa u U v uMeeM degu; < degu. IlomomuMm k = degu.
Torga umeercd 1o kpaiueit Mepe |S| = degu = k BeplIuH, cTelneHb KOTOPLIX
He npeBocxogut k. B cuny 1) BeimoaumeTcs

ITo YCIIOBHIO (*) noixy4yaeM
dn—k 2n— k.
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B cuiy 2) umeercs no Kpajieii Mepe k + 1 BepiuuH, CTeneHb KOTODBIX He
MeHblIe 1 — k.

Bepmuna v MomeT OLITL cMesxsHa, caMoe Goabliee, ¢ k u3 stux k + 1
BeplInH, Tak Kak k = degu. CuenoBaTeilbHo, cyllecTBYeT BepIlWIa w, He
cMe;RHafA ¢ u, 3ad koropoil degw > n — k. Toraa nonyuaem degu + degw >
> k+ (n—k)=n> degu+ degv, yTo mpoTUBOPEYUT BEIGOPY u ¥ v. O

CaegcrBue 1. Hycme G — obuknosennnitl epad, di < ds < ... < d, —
ez20 nocaedosamenvrocms cmenenell v n > 3. I'pad G 2amusvmonos, ecau
8bLILOAHEHO O0HO U3 Ycaosuill:

1) diy > n/2 das wodozo k =1, ..., n (Teopema JTupara, 1952),

2) degu—+degv > n dan 406bLr 0BYL PAIAUYHBLL HECMENCHBLY BEPULLH U, U
epaga G (reopema Ope, 1960),

3) di, > k dan wwboeo namypaabrozo wucaa k makxoeo, ymo 1 < k < n/2.

orasaTeabeTBO. JI0CTATOUHO YCTAHOBHUTL, 4T0 1) = 2) = 3) = ().
Ammukanuu 1) = 2) 1 3) = (*) cOBepLIEHHO 0YeBUHbI.

2) = 3). IlycTh, 0T HPOTHBHOIO, Bepmo 2), Ho He BepHo 3). Toraa cy-
mectByeT Takoe ¢, yto 1 < ¢ < n/2 u d; <. BosbmeM npousBoibHbIe YuciIa
ty, t3 Tamue, yro 1 < 4 < ty < ¢. Torma dy,, dy, < d; <t < n/2 Bieuer
di, + di, < n, oTKyna B cuily 2) BEpLUINHBIL Uz, U, CMeHBL. TaruM 06pasoM,

BEepLINHBI Uy, V3, ..., U; HODOMKAAIOT MOJHBIH Hoarpad.

Tar rar d; < ¢, mob6aa BepmuHa v; gaa ¢ = 1, ..., t cMencHa He Goee 4yeM
¢ ofHoM BepmuHOM v; AnA j €t +1, ..., n, upuuem [{t+1, ..., n}|=n—1t.
3ameTnMm, uto n — ¢t > i, nockoabRy ¢ < n/2. I[osTomy cymecTByeT Bep-
IIMHA v; JJIA HeKoToporo j =t41, ..., n, KOTOpasa HecMexHa ¢ BepUIMHaAMH
V1, ..., v¢. [locKONIBKY v; HecMesHa caMa c co0oil, oTclofa clleyeT

dj S n—t—1.

Torpa d; +d; <t+n—1—1 < n 1 BepUMHLI ¥y, V; HECMEKHBI U PAa3ILUYHbI,
4TO MpoTUBoOpeunT 2). O

T'amuavmonosoii opyenvio oprpada Ha3bIBAETCA €r0 NPOCTaA OpPLEHb, KO-
TOopas [POXOJUT uepe3 KamAyi0 BeplmuHy oprpada Touno opud pas. Op-
LUKl oprpada, NpoxXogAmuil Yepes KamAYK ero BepliMHY, Ha3bIBaeTCH 2d-
MuabmorosviM opyursom. Oprpad NasbiBaeTCA NOAY2AMUALIMOHOBBM, €CIU
OH 0o6nasaeT raMUNBLTOHOBOM OPIENbIO, U 2aMUAbIOHO8bIM, €CIH OH 001aaeT
FaMHUILTOHOBBIM OPIUKIOM.

O raMHUILTOHOBBIX oprpadaX B [eJOM U3BeCTHO He oueHb MHoro. [IpuBe-
IeM Ge3 MoKasaTedbcTBa aHalor TeopeMbl Jlupaka.

Teopema 3.4 (Tyiin—Ypu). yemv G — opceasuwvil n-opepad. Ecau
—-— — y
degv > n/2 u degv > n/2 das awboil e2o sepuiunbt v, mo G — 2aMUALIMOHOE
opepad.
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PaccMoTpum Tenepb OIVH BajkHBIN Kjacc oprpadoB M BLIACHUM, Korja
oprpad) 13 3Toro Kiacca SyAeT raMUILTOHOBLIM.

Typrnupom Ha3bIBaeTcA oprpad, ocHOBaHMe KOTOPOr0 €CTh MOMHLIR rpad,
T.e. JO0ble IBe ero pa3iyUyHble BePHIMHLI COeIVHEHBI TOUNO OANOH AyTroi
U HeT IeTeab. Takoe HasBaHUe BBHIOPAHO B CBA3U C TEM, UTO 3TU Ipadbl
yI0GHO 1CcMoAb30BaTh IIA ONUCAHUA Pe3yIbTaToB KOMAaHANbIX COPeBHOBaHNI
B HEKOTOPBIX BUIaX CIOPTA.

Tar Kak TYPHUP MOMKET MMeTb UCTOUHUK (MIH CTOK), T.e. BepIIMHY, B
KOTOPOM JYTH TOILKO BRIXOJAAT (3aXOMAT), TYPHUP MOET GBITh M HeraMiib-
ToHOBEIM. TeM He Mellee, cipaBeJIuBa

Teopema 3.5 (Penen u Kamuon). 1) Jwboil myprup noayeamuivmo-
Ho8.
2) Jioboti opceasHblll MypHUP 2aAMUALMOHOS.

JokazaTeabcTBO. 1) YTBepIeHue oueBHAHO JIA TYPHUpPA, COLepia-
mero MeHee Tpex BepuivH. [IpefnonoskymM o UNAYKIOUU, YTO MOGOH TYpIUD
Ha n BeplIMHAaX MOIYTaMHILTONOB. PaccMOTpPUM NpoM3BOMLHBINA TypHUP G,
UMelImuil n + 1 BepmuH, rie n > 2, U IPOU3BOILHYIO BEPHIMHY ¥ B HEM.
Ilo Hpeanonomennio UHAYKUUY TypHUD G — ¢ MONYTaMUILTOHOB, T.€. B HEM
CyIlecTBYeT TaMUILTONOBA OpLeND

Vi —> Uy — ... —> Up.

Eciu B G uMeeTcsa myra ey = wv, WIu Ayra f, = v,u, TO, OYEBUIIO,
TypHUp G momyramuibToHoB. I[l03TOMY MOMHO CUMTATh, UTO B GG IpUCYT-
CTBYIOT IYT4 f; = 14 U €, = uv,. B yKazaHHO! BbIlle raMUILTOHOBOII
opuienu TypHupa G — u BO3BMeM IepPBYIO BepIIMHY v;, 1A KoTopoil B G — u
uMeeTcA IyTa e; = uv;. B cuiy BriGopa BepmuHel v; B G — u UMeeTcA IyTa
fi—1 = v;_1u. Torma B Typarpe G nonydaeM raMHILTONOBY ODLENb

U = ... 2 Vi1 U=V = ... > Uy

2) ByneM pmorasblBaTh Goslee CHILHOE VTBepKIeHNe: MIOG0H OpCBASMBIN
TypHup G Ha 7 BepUIMHAX COLEPHUT OPUMKIBI JIUHEI 3, 4, ..., n.

OtmeTuM, 4TO 110001 OPCBA3HBIN TYPHUD, OUEBUIHO, COAEPKUT He MeHee
Tpex BeplIVH.

IIycts G — opcpaAznbiit TypHEpP. BosbMmeM B Typnupe G NpoU3BOILHYIO
BeplinHy v. MnomecTBo BepunH TypHUpa G — v pacnafiaeTcd 11a JBa Helepe-
ceralomuxcd nogMHoskecTBa V) 1 Vi, roe B V) cobpaHbl Bce BepIIUHBI 4, JIA
KOTOpBIX B G MMeeTcA OyTa U3 U B v, a B V3 — Bce BEPIIUHBI w, A KOTOPBIX
B G umeerca ayra u3 v B w. Bcmm V; = (§, To v — ucTounus TypHupa G,
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4ro HeBoamoxHo. Cnegosartenbno, Vi # () u, ananoruuno, Vi # (). Torga B
CUIY OPCBA3HOCTY TypHUpa G 06A3aTelbHO CYMECTBYET AyTa g = wu LA
HerkoTophlXx w € Vo u w € Vi. Iostomy B TypHUpe G morydyaeM OpPLUKI
U — U — W — U JIMHBI 3.

[IpennonoskumM TeHepb, UYTO B G MMeeTCHA OPLUKI

V1 2V ... 20 U1

nausel t, rae 3 <t < n. [lorameM, uTo B G CyIEeCTBYET OPUMKI JAUHBI ¢ 4 1.
Tonosxum
UZVG\{Ul, V2, oo vy Ut}.

IIyets B MHOKecTBe U HailineTcsa BeplIMHA v Tawkasd, 4To B G UMEIOTCA OYTH
fi = viu ¥ e; = wv; NNA HeROTOPHIX ¢, j Tarkux, uTo 1 < 4, j < twi # j.
Pacemorpum aBa cayuas.

1. Ecnu i < j, To cymecTByeT s Takoe, uTo ¢ < § < j U B G IPUCYTCTBY-
0T Oyru f, 1 = v,_1u ¥ e, = uv,. Torga B TypHupe G HoxydaeM OpLUUKI
aaunsl ¢ 4 1:

Vi —2 .00 2 V1 2 U Vg —> ... 2V — V1.

2. Ilyets j < ¢. Ecaum B G cymecTByeT ayra f; = vi4, TO MbI OKa-
3bIBaeMCH B YCIOBUAX PacCMOTPEHHOTO clydvas, TIe BMECTO Haphbl ¢, j Hajo
B3ATH Mapy 1, j. CiemoBaTelbHO, MBI MO#eM CUUTaTh, YTO CyLleCcTBYeT Ayra
€1 = uv; W, aHalOTU4HO, cymecTByeT nyra f; = v;u. Torga B Typhupe G
HoxyyaeM OPLMKJI JIKHBLL ¢ 4 1:

V1 —=2 ... 2>V > U— V1.

TaruM 00pa3oM, MBI MOAEM CUUTATh, YTO MHOMecTBo U/ pacnajgaeTcs na
IBa HellepeceKalolMXcA ToAMHoAecTBa V; U Vi TaKKX, uTo

1) B V3 coOpans! Bce Bepmunsl u € U, 11l KOTOPBIX 1yra, HHIHIEHTHAS U
u BepumHe v; (i =1, ..., t), UMeeT BUL e; = uv;,

2) B V; cobpaubl Bee Beplnisl v € U, I ROTOPBIX IyTa, HHUMAEHTHAS U
u BepmuHe v; (i =1, ..., t), MeeT BUI f; = v;u.

Ecu Vi = @, To Typuup G He OyneT opcBA3HBIM, TAaK Kak Torja He
CYWECTBYeT TNPOCThIX OpueHeil ¢ HauaioM B Va W KoHUoM B {v1, ..., v; ).
CnepoBatennno, V; # () u, ananoruuno, Vs # .

Jlerko BUAETL, 4TO B CHJIy OPCBA3HOCTH TypHHMpa (G CyMecTBYIOT BeplIu-
Hbl Wy € Vo U wy € V4, 114 KoTOpLIX B G UMeeTcH nyra

g = waly.
Torma B Typnupe G nojsly4yaeMm OpLMKI IJIUHBI { + 1:

We > W 2 Vg —> ... V¢ = Wa.



4. MaTpouabl

4.1. MMonymMoaynAapHbie pellieTKH, yCI0OBHE
Mopoana— Hegekunaa

HanomuumMm, uTo pewemrotl Ha3biBaeTca anredpa L ¢ AByMA GuHapHLIMH
onepauuAMu A U V TaKUMU, 4TO U4 JIO0BIX a, b, ¢ € L BulnonHsAeTcA

1)ara=a, 1) aVa=a,
2Yanb=bAa, 2YavVb=0bVa,
Yan(bAc)=(aAb)Ac, Yav(dVe)y=(aVb) Ve,
4) aN(aVh)=a, ) aV(aAb)=a.

B pemeTie L MO#HO BBECTH OTHOIIEHHE YaCTHYHOTO MOPAAKA <, Tolaraf
a<bsoaAb=a (a,bel)

OtmeTuM, uto a Ab U a V b ABAAIOTCA COOTBeTCTBEHHO TOUHOM MUsKHeil
U TOYHOI BepxHeil rpaHWIIaMU Al HIeMEHTOB ¢ U b oTHOCUTENbHO <.
Pemerra L nasbiBaeTca #odyaapHotl, ecliu

a>b—aA(bVe)=bV(aAc)

oA mo6eIxX a, b, ¢ € L.
Huasi sneMenToB @ U b pemerkun L Takux, uro a < b, NOJNOKUM

[, b] = {x]a <z < b}

ITO0 IOAMHOMKECTBO 3aMKHYTO OTHOCUTENLHO ollepanuit A U V, T.e. ABIAeTCA
IOApeNeTKOM, U Ha3bIBaeTCH UHMepeaLom pemeTku L.

JdemmMa 1. Jasn awboix saemenmos a u b modyasaprot pewemnu L unmep-
saavt [a A b, a] u [b, aV b] usomopgineL.

JNoxazaTeascTBo. OnpeneanM otobpamenve ¢ us [a Ab, a] B [b, a V ]
u otoGpakenue ¢ us [b, a V b] B [a A b, a], monaras

dlz)=2Vb (z€lanbd,al),

Y(y) =yAa (y€b aVvb).
3aMeTUM, 4YTo

aANb<z<a=b=(aAb)Vb<P(z)<aVd

b<y<aVb=aAb<y(y)<aA{aVd) =a.



4.1. MoxymogyasapHbie penieTkH, yciaoBue sRopaana— Jleqerunna 45

Hlanee, nas moGoro x € [a A b, a] BeimonHsercH
pdplx)=(xVbd)Aa=2zV (aAbd) ==,

T.e. ¢ TOMAECTBEHHO Ha [a A b, @] U, aHANOTUYUHO, @) TOHLNECTBEHHO Ha
[6, a V b]. CregoBarenbHo, ¢ M 1 — ABe B3aUMHO 00paTHbIE GHEKLHH.
Kpome toro, ¢ u i coxpaHflOT oTHomeHue <:
ry < xg = (1) < P(2), 1 <2 = Y(yn) < ¥(y2)

LA M00BIX X1, T2 € [a A b, a] uyy, y2 € [b, aV b].
Orcropa caenyer, 4To ¢ — uzoMopdusM nogpelersu [a A b, a] na nogpe-
weTry [b, a V b]. O
Yepes <- GygmeM obo3nauaTh B pemeTke L omuouwenue nokpeimus, T.e.
Mbl onaraem g <: b, ecnu a < b u UHTEpBan [a, b AByX3leMeHTeH.
Pemerra L Ha3bIBaeTCA noAymoOyispHoll, eciu
aANb<a=b<aVb

g mobbix a, b € L. B cuny aemmbr 1 mobasg MoLynApHasA pelleTka IIOLY-
MOJYJIApHa.

ycTs V — RoneuHoMepHOe BeKTOPHOE NpocTpaHcTBO Hal TeaoM F. To-
raa pemieTka Sub V moanpocTpaHCTB OpocTpaHcTBa V', Kak M3BECTHO, MOLY-
AApHA U, Clel0BaTeAbHO, HOLyMOIYIApHA.

Paccmotpum Teneph pemeTky L, B KOTOpoit Bce Henmd KoHeuHbl. Bynem
rOBOPUTH, 4T0 L ynoBieTBOpseT yciosuio /opdana—/ederunda, ecau s iio-
ObIX ABYX BIeMEHTOB a, b € L takux, 4ro a < b, Bce MakcuMaibHble (a, b)-ne-
o1 B L UMeOT 0JUHAKOBYIO NIMHY, T.€. BCcer[a U3 YCIOBUi

A=) U < ... <U,=b, a=vy< < ... <y, =D

BBITCKaeT m = n.

Teopema 4.1. Jwbas noaymodyiapras pewemra, 8 xkomopoll ece uyenu
roHeuHbl, ydosaemeopsem ycaosuio Hopoana—/ledexunda.

JorasaTenbeTBO. ByleM NoKa3bIBaTh cilelylollee YTBEP:KACHIE:

s mobeix @, b € L Takux, uto a < b, ecnn karaf-mubo MarcHUMalb-
Hafl (@, b)-Lenb UMeeT MIMHY m, To N06aa MakcMMaibHada (a, b)-uenb nMeeT
LIUHY M.

IIpu m = 1 umeem o <-b u yTBep#IeHre oueBUAHO. IlycTh yTBep:ie-
HHe BEPHO 1A JIOG0r0 MHTEepBala, UMEIOMEro MaKCUMAalbHYIO 1eTb JUIMHBI
MeHblelt m, u m > 2. PaccMoTpum IBe MakcuManbHble (@, b)-nenu:

A=U) <UL < . Uy, =by, a=vg <y <. <, =b.

B cuny npeimoiojkeHud UIOYKUUHM Mbl MOMKEM CUMTaTh, 4To 1 > m. Ec-
T w3 = V1, TO, MPUMEHAA NpPEeANONOMeHNe WHYKLUM K MHTepBaly [ug, b,
noryyaeM m—1=mn—1, T.e. m = n. llycts uy # v;. B cuny nmonymonynsap-
HOCTHU BLINOJMHAETCA Uy, v < uy V v1. Ilo mpennonomennio HHAYRIUHK dio6as
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MakcuMaibhag (u1, b)-uenb umeer pumuy m — 1. CiegoBaTenbHo, mobad
MaxcuMaibhad (u; V vy, b)-uerb uMeeT gauny m — 2. OrTcioga clefyeT, uTo
ao6agd MakcUMalIbHad (vl, b)—uenb uMeet gauny m—1. Tormam—1 =n—1,
T.e. ONATL UMeeM m = n. O

Hanee non orHomenuem < Ha pemetrke L GyfeM NOHUMAaTh 0GbeJUHENINE
OTHOIIEHUA TOKPBHITHA <- W OTHOIIEHHA paBeHCTBa =. B panbHeiimeM MbI
6yeM paccMaTpuBaTh pelleTKH, 06Jaaionie HauMeHbIIUM 3JeMeHTOM, KO-
TOpbIil Oy1eM Ha3bIBaTh HyleM U OyneM o0o3HadaTh deped (. Amomonm OyneM
Ha3bIBATh 3JIEMEHT DeIIeTKH, IOKPhIBAIOIIUI ee HaUMeHbIIMI 3neMeHT 0.

JemmMma 2. ycmv L — noaymodyaapnas pewemra ¢ nyrem 0. Toeda dan
aobbir u, v, w € L svinoansemcs
u<v—o>uVwlrvVuw.

B yacmnocmu, 04s aw6o20 a € L u amoma p makozo, umo p £ a, 6bNOAHA-
emcs
a <taVp.

HokasateasctBo. Ecin v < uVw, To uVw = (uVw)Vo=ovVw.
Mycrs v £ uVw. Torma v = vA(uVw), Tar kak v < v, 1 vV (uVw) = vVuw.
OTcrofa B cuily HOIYyMOLYIAPHOCTH moaydaeM vV w < vV w. O

Mycts L — nomymonyiaspHaa pelneTka ¢ HyJdem 0, B KOTOpoit Bce Ienu
koneunsl. Yepes dim a Gynem ofosnavaTs LIMHY MakcuMaibHoii (0, a)-nenu.
JTo ompefeleHde KOpPpeKTHO B cuily Teopembl 4.1. @yuriuio dimx 6ynem
HasbpIBaThL fyHkyuell pasmepHocmu Ha pemeTke L.

Teopema 4.2. lIycmv L — noaymodyanaprasn pewemra ¢ nyiem 0, 8 Ko-
mopotl ece yenu koneunst. Tozda
1) das wobsix a, b€ L
dim(a A b) 4+ dim(a V b) < dima + dim ¥;

2) pewemra L modyssapra & mom U moabko 6 MoM cayiae, ko20a OAf
Al06bix a, b € L
dim(a A b) 4+ dim(a V b) = dima + dimb.

TorasateabceTBo. 1) [Iycts aAb = uy <uy < ... < u,y, = a. O6beannan
BCe 3JIE€MEHTHI 3TOH LenH ¢ b, B CUIY JAeMMBbI 2 MoqyyaeM

b=uyVb<uy  Vb< ... <u,, Vbh=a Vb
OTciopa cienyer

dim o — dim(a A b) = m > dim(a V b) — dim b,

dima + dim b > dim(a A b) + dim(a V b).
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2) Ecau pemerka MogyisipHa, To uHTepBaisl [a A b, a] u [b, a VV b] uso-
Mopdunl Ho demMe 1. ClemoBaTentuo,

dima — dim(a A b) = dim(a V b) — dim b.

06paTHO, IPEANOIOHMUM, YTO IJA MOOLIX a, b € L BLIIOIHACTCH paBeHCT-
BO
dim{a A b) + dim{e V b) = dim a + dim b.

IlycTh, OT NIpOTUBHOTO, pelieTka L HeMonyisapHa. Torna, Kak U3BECTHO, OHA
comepmuT HeHTarod (puc. 16) B KayecTBe MOAPeNIETHIL.

v
a
c
b
u
Puc. 16

A a1eMeHTOB TEeHTAaroHa B CHJIY HAllleTo TPEANOI0/KeHHA NoIyyaeM
dimv 4+ dim % = dim ¢ + dim a,

dim v 4+ dimu = dim ¢ + dim b,

T.e. dim ¢ = dim b, uTo HeBO3MOMHO. O

OTMeTHM, UTO HEPAaBEHCTBO U3 1) HA3LIBAIOT HEPABEHCMEBOM NOAYMOOY-
AAPHOCTU.

IIpumep. Ilyers V' — KoHeuHOMepHOe BeKTOpHOe NPOCTPAHCTBO Haf
TeqoM F. Torga pemerka SubV mommpocTpaHcTB mpocTpaHcTBa V. — 3To
MOJyIfIpHaf peleTka ¢ HyleM, B KOTOpoii Bce Tenu koHeunsl, ¥ dim U coBma-
naet ¢ o6bIuHOl pasMepHOCThIO HogHpocTpatcTBa U. KRoneuno, SubV ymos-
meTBopsAeT yciaopuio fRopnana—[enerunza, a paBeHCTBO U3 yTRepkaeHusd 2)
Teopemsbl 4.2 ecTb 00bI4HAA (HOPMYJIa JUIS PA3MEPHOCTH CYMMEI U Iepecede-
HHUSA NOTHPOCTPAICTE.

4.2. KoHeyHOMepHbIE reoMeTpU4YeCKHE peHleTKH U
MaTpoubl

Heognoanementuyio pemeTky L HasbIBaIOT KoneuHoMmepHoll zeomempuiec-
Kotl pewemroli, ecii oHA
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1) noana, T.e. CylecTBYIOT TOYHAA HUKHAA U TOYHaA BEDXHAA IDaHULBI
J11060ro MHOKECTBA €€ 3ICMEHTOB;

2) He COJIepKUT OeCKOHEUHEIX Lelell;

3) moueuna, T.e. mMOOON eé SHeMEHT IPeICTABMM B Buie 00beJHHEHHA
HEKOTOPOro (BOSMOPHHO GecKOHEYHOr0) MHOKECTBa aTOMOB;

4) nonyMonyinfApHa.

3amernm, uTo B cuy 2) pemerka L MMeeT HAaMMeHbIIHI U HAMGOIBIINI
3N1eMEHTBHI, KOTOPBIE yJO00OHO CUYUTATE COOTBETCTBEHHO TOYHOM BepXHel U TOY-
HOIl HMMHeH rpaHullelil ycTOro MHOMECTBA.

[IppuMepoM KOHEYHOMEPHOI reoMeTPHYeCKOH pEemeTKU MOKeT CIY:KUTH
peleTEa noanpocTpaHcTB Sub V' 1060ro KOHEUHOMEpPHOI'0 BEKTOPHOIO TPO-
crpancTBa V Han tenoMm F.

Pemwerra L uasbiBaeTcq peutemroll ¢ 0onosHeHUAMU, €CIM OHA UMeeT Hau-
MeHbIIUi saeMeHT 0, HauGonbuIuit ameMeHT 1 1 g aoboro v € L cyiecT-
ByeT v € L Takoit, 4To

uAv=0, uVv=1L1

JieMeHT v Ha3LIBAIOT TOorga donoanenuem deMeHTa u.
Pemtetna nasniBaeTca pewemrmﬂ C OMHOCUMeAbHbIMU I?UTI,U.ILHEHLLH,MLL, ec-
nu noboii ee HHTepBall €CTh pellleTKa ¢ OOINOMHEHUAMU.

Teopema 4.3. Jwbas KoHeYHOMEDHAR 2e0MeMPUYECKAR DEULEMKL ABAR-
emcs pewemuoll ¢ OMHOCUMEAbHBIMU OONOAHEHUAMIL.

JorazateanctBo. Ilycts [a, b] — nHTepBan KOHEUHOMEPHOH reoMeTpH-
weckoil pemersu L u u € [a, b]. Cpeau snemenToB v’ € [a, b] Tarux, 4ro
u A = a (OTMETMM, UTO 3TO paBeHCTBO BEPHO NMpU 4’ = a), BO3bLMEM MaK-
cuManbHbi snemMent u'. [loramem, uro u V u' = b, T.e. ' — fomoxanenue
IS .

[IycThb, oT mpoTuBHOTO, 4V < b. BosbMeM aToM ¢ < b pemeTku L Takoii,
uto ¢ £ u V u'. Taroli aToOM CyUIeCTBYeT B CHIY TOUEYHOCTH pemeTHH L.
Torga ¢ £ u u g £ v'. Honomum u”’ = o'V q. OueBunno, a < v’ Vg < b, T.e.
u” € [a, b]. Tak rar ¢ £ ¢/, mo nemme 2 nonyvaem ¢’ <u' Vg =1u".

B cuny makcumansuocTu v’ Beinoanserca ¢ < u Au”. Torga cymectByer
atoM p < u A u” < u, u” pemerru L Taxroit, uto p £ @ = u A w'. flcHo, uTo
p L, unave uz p < v u p < u vHonyvyaeM p < u A v’ = a. Tax wak p < u”,
orciona cienyet ¥ <u' Vp < v’ r.e. v’ =V p. Torna noryuaem

g<u <" Vu=W'Vp)Vu=u'V(pVu)=1uVu,

YTO MPOTHBOPEUUT BLIGOPY g.
Takum obpasom, uV v’ = b u v/ — fgonoanenwe mud u B [a, b]. O
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Teopema 4.4. Jwb6oil unmepsa. KOHEUHOMEDHOU eeomempuieckoll pe-
wemru A8AAEMCA KOHeUHOoMEPHOU 2eomempuyeckoll peutemrol.

JokaszaTenbeTBO. OUeBUHO, HYKHO NIPOBEPUTH JUIIL TOYEYHOCTh WH-

tepBana. Ilyctes B pemerke L Beinonhgerca a < ¢ < b. Torma ¢ = V p;
il
LA HeKOTOpIX aToMoB p; (i € I) pemerku L. OueBupHO, cpe/iu yKasaHHBIX
aTOMOB CYIIecTBYeT TaKkoil aToM p;, 4To p; £ a. BymeM cuuraTh, 4to p; £ a
maj eJCIup, <ammakel \ J. Torga mo aemMe 2 mpenbiaymero
pasjiena SIeMeHTHI p; V ¢ ABIAIOTCA aTOMaMK B MHTepBale [a¢, b] naa j € J n

c=cvVa=(\Vp)Va=\V(iVva)=(VpjVvae)Vva=\(p;Va).
iel iel jes jes

O

IMycts E — Hemycroe MHomecTBo. OtoGpamenne A — (A) MHomect-
Ba P(FE) Bcex mogMHOMKeCTB MHO#ecTBa E B ce0f HAa3bIBaeTCA ONepamopom
sambikanus, eciu naa mobeix A, B C E Boinoansercs

1) AC(4);

2) AC B=(A) C (B);

3) ((4)) = (4).

YeaoBrie 1) HasbIBAeTCA HANPAGAEHHOCbIO, YCIOBUE 2) — MOHOMOHHOC-
muio, a ycnoBUe 3) — udemnomenmuocmpio ollepaTopa 3aMbIKaHMA.

Mopmnossecto A C F HasbiBaeTcA samrrymotm, ecin A = (A).

Jemma 1. Ilepeceuenue 1106020 cemelicmea 3aMEHYMBLL TLOOMHONCECTLE
JAMEHYMO.

HNorasaTenbeTBo. Ilycts A; (i € I) — ceMelicTBO 3aMEHYThIX TIOIMHO-
mecTB. Torga B cHIy MOHOTOHHOCTH (ﬂ A) C (Aj) = A; nna moGoro j € I.

?
Orcrona nomyqaem (N 4;) € NA4;, T.e. N A4; = {N A;) B cuny HanpaBieHHOCTH
oHepaTOpa 3aMblKaHuA. O ! ’

Uepes Sub E 0603Ha4uM MHOMKECTBO BCeX 3aMKHYTHIX TIOAMHOKECTB OIle-
paTopa 3aMbikauuf Ha F. flcHo, uTo B cuny HampaBaeHHOcTH F € Sub E.

CnenctBue 1. Sub E — noanas peuwiemrka omuocumeavno C.

JoraszaTeabcTBO. B Sub E cymecTByeT TouHaa HWKHAA TpaHulia Iig
m060ro ceMelicTBa 3M1eMeHTOB — 3TO0 WX HepecedeHlle, a TaKkme HMeeTcf
HanGonbmui sneMeHT E (yno6HO cuMTaTh, 4TO HAaMGONBIIMI 3IEMEHT €CTh
nepecedeHie IycTOro ceMeiicTBa aneMeHTOB). Kax Xxopolno usBecTHo, B Ta-
KOM cliydae YaCTUYHO YTOPAJOUEHHOE MHOKECTRO ABIAETCH IIOJHOM pelneT-
Koll (T.e. cymecTByeT M TOYHAasA BepXHAA I'paHUIia 14 T0Goro ceMeitcTBa
saeMeHTOB). O
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3amMeTuM, uTo B Sub F onepanuy nepecedeHus A U 06beJHEeHUA V yCTpO-
€HEI clefyomuM o0pa3oM

ANB=ANBuAvVB=(AUB).

IIpumep. Ilycte V' — BewTopHoe npocTpancTBo Haj TeiloMm F. Ue-
pes (A) obosHauuM IHHeHHYIO ob6omouxy MHOkecTBa A C V. OueBusHo,
A — {A) (A C V) — onepaTop 3ambikaHus Ha V, a pemeTra Sub V noanpo-
CTPAHCTB NPOCTPAHCTBA V U ecTh pellleTKa 3aMKHYTBLIX IOIMIIOKECTB.

Mampoudom nnm komGunamoproii npedeeomempueii M (E) HasbiBaeTcH He-
nycroe MHomecTBo F BMmecte ¢ onepatopom 3ambikanus A — (A) (A C F)
TaKoe, 4TO

4) (amcnoMma 3aMeHbI) A MoObIX p, ¢ € Eu A C E us ¢ ¢ (A)
u g € (AU p) BhiTeraer p € (AU g);

5) (akcmoMa cyIecTBOBaHHA KoHeuHoro Gasuca) mas mo6oro A C F cy-
IeCTBYeT TaKoe KoHeuHoe MHomecTBo B C A, uto (B) = (4).

Matpoug M (E) HasbiBaeTcs npocmotit WIN KOMOUKGMOPHOL 2eomempuet,
eciu

6) (0) = 0 u ({p}) = {p} nna moboro p € E.

B nanbueiimem Mbl GyieM OTOMRAECTBIATL MHOMeCTBO {p} ¢ ero szemeH-
TOM p, YTO He BBI30OBET HelopasyMeHHIl, i OyneM mucaTh (p) = p.

3aMKHYThIE TOAMHOKecTBa MaTponaa M (E) GyneM HasbIBaTh €ro 4uCma-
My nodnpocmpancmeanmy. HcHo, uro () — HaMMeHBIIMI MUCT B pelleTKe
aucToB Sub E maTpouna M(E)

Jemma 2. ITycmbs A — aucm mampouda M(E) up € E\ A Tozdu
A G (AUp) e pewemre Sub E aucmos mampouda M(E).

JoraszateanctBo. OueBngno, A C (AU p). Ilycte B — Taroil auct,
uro A C B C (AUp). Bosomem snement ¢ € B\ A. Torna ¢ ¢ A=(A) u
g € (AUp). OTkyza B cHILy akcHOMBI 3aMeHbI nonydaeM p € (AU ¢) C B,
T.e. AUp C B. CremoBatensto, (AU p) C B unostomy B=(AUp). O

CaepctBue 2. Ecaup € E\ (B), mo {(p) — amom pewemnu Sub E.

Teopema 4.5 (Bupkrod u Yutuu). 1) Pewemra aucmos mempouda
ABAACIMCH KOHEYHOMEPHOU 2eomempuieckoll pewemroll.

2) IIycmv L — roneunomepras zeomempuieckan peuiemua u E — muo-
scecmeo eé amomos. Jlaa rawdozo A C E noaoxcum

(Ay={pe E|p < VA}.

Tozda muosxcecmeo E emecme ¢ omobpamenuen A — (A) seasemes npocmoin
mampoudom, peutemra AuUCIo8 Komopozo uzomopgra L.
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NokaszateabeTBo. 1) Paccmorpum pemerky Sub E IuCcTOB HEKOTOPOro
marpouga M(E). B cuny cregcrsua 1 ata pemerka nomsa. Ona ABasercs
TOUeYHOH, TaKk Kak

A=V{{p)|pe A\ ()}

mas moboro A € Sub E ¥ Ho caencTsuio 2 aneMeHTHL {p), rie p € A\ (D),
eCcTh aToMkI pemeTku Sub E.

Moxramem, uro pemerxa Sub E Homymonyaspha. Ilycts A, B — aucTsl
u ANB C-A. Bosbmewm asement p € A\ (ANB) = A\ B. Torma A =
= {(AN B) U p). Orcioga noxydaem

AV B =(AUB) = (BUp)

u B G(BUp) no nemme 2, T.e. B CAV B.
IIpoBepum Teneps, uro Sub E He comepmuUT GECKOHEUIbIX LeHel.
Moramem cHavana, uto Sub E He uMeeT cYeTHBIX BO3PACTAIOIIMX LeIei,
T.e. Sub E yzmoBieTBOpAeT YCIOBUIO 06pbiBa BospacTalomux deneit. Ilycrts,
oT mpotusHoro, Ay C Ay C ... — Bo3pacTawomas uelb IUCTOB. B cumy ax-
CUOMBI CYIIIeCTBOBAHUA KOHEUHOro Ga3uca cyIecTByeT KOHEUHOE MHOMECTBO

o0 o0

B C U A4; Taroe, uto (B) = (U A;). B cnny xoHeunocT B 11l HEROTOPO-
i=1 =1

ro j € N pomonnserca B C A;. Torza

[e o)
A € (U Ai) = (B) € 4;,
i=1
YTO HEBO3MOMKHO.

[lorameM Teneps, uTo Sub F He MMeeT CUETHRIX YGBIBAIONIMX LieNel, T. e.
Sub F ynosieTBopaeT yclIoBUIO 06pbiBa y6hiBaoOuX meneii. IlycTe, oT mpo-
tuBHOrO, A1 D Ay O ... — yObIBatomasn nenb aucToB. Jaa wammgoro ¢ € N
BoIGepeM sieMeHT a; € A; \ Ajpq v nmonomum A = {ay, as, ...}. Tonomum
rarme B; = {ay, ajy1, ...} nna modoro i € N. Iockoabry (Bit1) C Air,
nas mo6oro i € N Bumonusercs a; € (Biy1).

Ipenmonosum, dro a; € (A \ a;) naa ueworoporo + € N. Torma
a; € {(B1\a;) u a; & (Bir1) = (B; \ a:) (3mech, oueBngno, ¢ # 1). Orcio-
Ja cleayeT, uTo cyitecTByeT 7 € 1, ..., 1 — 1 Taroe, uto

a; € (Bj\ ar), a; & (Bj1\ a).
IIpeoBpasyn mepBoe yclloBYe, OTyYaeM
a; € ((Bj+1U a;) \ ar) = ((Bj1 \ ar) U aj).
TeHepb B CI/IJ'Iy AKCUOMBI 3aM€EHBI 3aP{.IIIO‘{aeM, qTo
aj € ((Bj+1 \ ;) Uas) = (Bjz1),

YTO HEBO3MOMHO.
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Mp1 ycTanoBunu, uro a; & (A \ a;) ana mo6oro t € N, no 310 nporusope-
YUT aKCHOME CYIeCTBOBAHUA KoHedYHoTo Gasica.

Takum o6pazoM, Sub F yioBIeTBopAeT YCIOBUIO 00pPbIBA BO3PACTAIOIINX
Hereil U yCIOBUIO 00pbIBa YORIBAIONIMX Lernek.

IIycts P — npousBonbHad nensb u3 Sub E. B cuny ycnoBus o0priBa yObI-
BAIOIIKX Henedl B P uMeeTcsa HanMeHnbumit snement A,. Ecim P\ {4;} # 0,
to B P\ {A;} nMeerca Hanmenbmmit sneMent Ag. Ecum P\ {41, A;} # 0,
to B P\ {4, A;} umeerca nanmensummii snement As. Ilpopommasn stor npo-
necc, MblI 6y/leM CTPOMThL BoapacTaionyio uenb A; C Ay C A3 C .... B cuny
YCIOBHA 00pbIBAa BO3PACTAIONIMX Lened Nponece NoCTPOeNrA Bo3pacTaomed
ey 3aBepIIMTCA HAa HEKOTOPOM INare, T.e. Lenb P KoHeYHa.

Urax, B pemerke Sub F HeT 6eCKOHEUYHBIX [emed ¥ Mbl 3aBepIIIN [0Ka-
3aTebCTBO yTBepikjeHud 1).

2) Jlerxo mposeputhb, uto orobpamenue A — (A) (A C E) apagerca
OTIEPATOPOM 3aMBIKAHUA HA MHOMECTBE aTOMOB F KOHEUHOMEDHON reoMeT-
pudecKoit pemeTsu L.

3aMeTuM TaK#e, YTO NOAMHOMEeCTBO U3 F 3aMKHYTO TOra U TONbLKO TOr-
18, KOTJla OHO COCTOUT M3 BCeX aTOMOB, eKAllUX 0] HEKOTOPBIM SIEMEHTOM
pemeTry L.

[oramem, 4To BhOAmAeTcA akcuoMa sameHbl. Ilyets ¢ ¢ (A4) u
q € (AUp) mna HeroTopbiX p, ¢ € E u A C E. Torga B pemeTke L uMmeeM
g £ VAngqg<(VA)Vp. U3 stux ycrosuil BoiTeraer p £ VA. Torga B cuny
MOJIYMOAYISAPHOCTH U JIeMMbI 2 U3 NpebliyIIero pasjela noyuaem

VA< (VA)Vp u VA<(VA)Vg<(VA)Vp.

CnepoBarennho, (VA)Vg = (VA)Vpunostomy p < (VA)Vg, T.e. p € (AUg).

[poBepUM Temeph aKCHOMY CYNIeCTBOBAHWA KoHeuHoro Gasuca. IlycThb
ACEwuA+#{. Bunreprane [0, VA] Oy/ieM CTPOUTh BO3PACTAOIIYIO L.
Mycts aas weroroporo i € N yme nocrpoena menn

O=uy <uy < ... < Ui

" u;_y < VA. OueBujHo, cymecTByeT aToM p; € A Takroit, uro p; € u;_q.
Honmomum u; = u;—q1 V p;. fcuo, uto u;_y < u; < VA, M MbI HOIydYaeM Lelb

O=up <up < ... <ty < U

Tar Kak B pemerke L HeT GeCKOHEUHLIX Lemel, yKa3aHHLBIA Ipolecc M0CTpo-
€HMA BO3pacTalollel Lely 3aBepIIMTCA Ha HEKOTOPOM INAre M MbI MOJY YMM
emnb

O=uy <y < ... <u, = VA,
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rae n € N. Tonomum B = {p, ..., p,}. Mol umeem BC A u
\/A:U" SUp1 VPr =Up2V D1 VPp=...=pV...Vp, = VB.

CnenoBarenbo, {A) = (B) ¥ MBI HPOBEPUIIH BBIIOIHEHHE aKCHOMbI CYLIECT-
BOBaHHA KoHeuHoro Hasmca.

Urak, MHosecTBO E BMecTe ¢ YKasaHHLIM OMepaTopoM 3aMbIkaHuA o6pa-
3yeT MaTtpoui. I[locKONLKY

@)={pecE|lp<Vd=0}=0

(ry ={e € E|g <p}=np,

HTOT MaTPOU[ ABIAETCA IPOCTHIM.
Paccmotpum oToGpasienue

¢(v) ={p€ E|p<u}

pemeTku L B pemeTry Sub E. OueBugHo, 3T0 0ToGpaskeHHe CIOPLEKTUBHO.
OHO MHBLEKTUBHO, HOCKOILRY B CHIY TOYEYHOCTH pelleTKH L BBIHOMHAeTCA
© = V¢(u) aaa mo6oro u € L. CrenopartenbHo, ¢ — Guernua L ma Sub E.

Ecin uy < ug B L, T0o ¢(u1) C ¢(us), u, obparno, ecan ¢(uq) C ¢(usz), To
Uy = V¢(U1) S V¢(U2) = Us.

Tarum o6pasomM, ¢ — u3oMopduaM pemeTku L na pemerky Sub E. O

3aMeTuM, UTO JOKAa3aHHAA TeOpeMa I'OBOPUT O TOM, UTO CYIIeCTBYET B3a-
KMMHO 0JHO3HAaUHOE COOTBETCTBUE Me Iy KOHEeUHOMEPHLIMHU reoMeTpUUecKU-
MM pelreTKaMy M IPOCTEIMU MaTpPOWTaMHu.

B pemerre Sub E muctoB marpouga M(E) B cuiy ee noIyMomy/ifpHOC-
TH M OTCYTCTBUA GECKOHEUHDIX Iiemeil ompefdeleHa GYHRIMA Pa3MepHOCTH.
JlucTsl pazMepHocTd 1, 2 u 3 GygeM Ha3bIBaTL COOTBETCTBEHHO MOYKAMU,
NPAMBIMU W TLAOCKOCTIAMU.

IIpumep. llycth V — n-MepHOe BEKTOpHOE MPOCTPAHCTBO Hajd TeloM F.
Pemetra Sub V noanpocTpaHcTB npocTpancTba V ABIAeTCA KOHEYHOMEPHOM
reoMeTpuieckoif pelleTkoii, M03ToMy Ho TeopeMe Buprroda—YutHu et otr-
BeuaeT HEKOTOPHIH IPOCTOH MaTpPOM], KOTOPLIH HA3LIBAIOT B8eKMOPHOL npo-
exmusnot; eeomempueti PG(n — 1, F) nad meaom F.

B 3anniouenue 3Toro pasgena o6cyIruM 0e3 JoKa3aTelLCTBA CTPOEHHE MO-
OYINAPHbIX KOHEYHOMEPHBIX TeOMEeTPUYUECKUX PelIeToR.

IIycth U — HeKoTOpoe HellycTOe MHOMECTBO BHJIEMEHTOB, Ha3bIBAEMBIX
moukamu, a L — HeKoTOpoe ceMefcTBO NMOAMHOMeCTB U3 U, Ha3bIBa€MBbIX
npamvimy. MHOmecTBO Touek U U NpAMBIX L Ha3bIBaeTCA NPoexmusHoll 2eo-
Mempuell, ecau
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1) uepes m106ble IBe pasiMYHble TOYKH MPOXOLUT TOYHO OfHA IpAMas;

2) moGas npAMas COIEP/RUT He MeHee TPeX PasiiuyHbIX TOYek;

3) (akcuoma Ilama) ecau Tpu TOUKH a, b, ¢ 00Pa3yIOT TPEYTOIbHUK, T.e.
He Je;KaT Ha OJHOM NpAMOH, U HeKOTopas npsaMas | nepecexaeT JBe CTOPOHLI
TpeyrolLHUKA, 110 He B TOYKAX a, b, ¢, TO oma [lepecekaeT U TPETLIO CTOPOHY
TPeyrolbLHHKA.

Puc. 17

ITodnpocmpancmeos A HPOEKTUBHON TeOMETPMM HA3bIBAGTCA TaKoe eé
MHOMKECTBO TOYeK, KOTOpPOe BMecTe C MI00LIMH IBYMA PasidyHbIMKU TOUKAMHE
13 A COlepHT M NPAMYIO, IPOXOJANMYIO Yepes HUX.

BBejeM NONATHE g-pAIMEPHOCIIL WA 2e0MeMPUieckoll pasmeprocmy s
IIOINPOCTPAHCTB NMPOEKTUBHOM reoMerpuu. Ilo onpefeNeHUI0 TOYKU MMEIOT
g-pasmepHocTh 0, a npaMble — g-pasmepHocTh 1. [ycTh A — mpousBoabHoe
NOATNPOCTPAHCTBO g-pasMepHOCTH k U p — TouKa, He JNexaman B A. 06benu-
HHM Bce NpAMbIe, IPOXONAIKe Yepes p U TouRy us A. [loayuum, Rar HeTpya-
HO yCTaHOBUTb, NOANPOCTPAHCTBO. JTO MOANPOCTPAHCTBO TI0 OIPEeleHHIO
MMeeT g-pasMepHocTh k+1. MOMIO HPOBEPUTD, YTO OHATHE g-Pa3MEPHOCTH
BBEIeHO KOPPEeKTHO.

loBaBUM K HaIIMM TpeM aKCHOMAaM elle OfiHy aKCHOMY:

4) U vMeeT KOHEUHYIO g-DasMepHOCTb.

Ecav U uMeeT g-pasMepHOCTDL i, TO TOBOPAT, YTO IPOCKTHBHAA [eOMET-
pua (U, L) uMeeT g-pasMepHOCTB 1.

Ilepeceuenne MmoBOro ceMelcTBa MOANPOCTPANCTE MPOEKTHBHOM reoMeT-
pUM, OYEBHMIHO, ABIAETCA MOANpPOCTpaHcTBOM. I[losToMy MHomecTBo Sublf
BcexX MOANPOCTPaHCTB NPOeKTUBHON reomerpun (U, L) ABageTca NOHO pe-
IeTKOM 0THOCHTENLHO TeOPeTHKO-MHOMECTBEHHOr0 BRAOUeHHA. IHeTpynHo
I0Ka3aTh ciledylolee yTBEepAIeHHUE.

Teopema 4.6. Subld — modyanpHas KOHEHHOMEPHAS 2e0MeMPULECKAs
pewemya dan ao6otl npoermusnol eeomempuu (U, L).

Teopema 4.7. Jwban npoexmusras 2eoMempus g-pa3meprocmu m > 2
usomopgina eexmopuotl npoexmuenoll zeomempuu PG(m, F') dan nekomopozo
meaa F.
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A NpOeRTUBHLBIX IIOCKOCTEH, T.e. IPOEKTUBHBIX I'eOMeTpUil g-pa3Mep-
HOCTHY 2, clipaBelJuBa clelylomas

Teopema 4.8. Illpoexmusenasn naockocmb u3omopPna eexmopHoll npoek-
musHot zeomempuu PG(2, F) dan nexomopozo meaa F moeda u moasko mo-
20a, roada ona ydosaemsopsem akrcuome [Jesapea:

ecal dea mpeyz0avHUKA Gy, Og, a3 U by, by, bs nepcnexmusnbl omHocumens-
Ho Hexomopol moykyu v (m.e. dan awbozo i = 1, 2, 3 npamas, nporodauasn
yepes a; u b;, nporodum u wepes v), MO MOYKU Nepeceyerls COOMBENCIMEeH-
HbLT CIMOPON MPey2oabHUKa Aexcam Ha nekomopol npamoi I (puc. 18).

Puc. 18

3aMeTHM, YTO ecid JJIA OGBIYHOIM €BKIMAOBOI ILIOCKOCTH, BO-TIEPBBIX,
pPacUIMpHThL MIIOMECTBO To4Yek, 106aBUB ceMelCTBO NecoOCTBEHHBIX TOUEK MO
OJIHOHM /NIl KamJI0T0 NyYKa NapallieldbHbIX NPAMBIX, BO-BTOPBIX, PACIIMPUTh
RaJy0 NMPpAMYIO, 100aBMB HeCOOCTBEHIYIO TOUYKY IIy4Ka Napa/ledablbixX el
HPAMBIX, M, HAKOHEl|, B-TPeTbUX, PACIIMPHTHh MHOMECTBO NPAMBIX, 100aBUB
0JHY NecoOCTBEHHYIO NPAMYIO, COCTOALIYIO U3 BceX MecoOCTBEHHBIX TOUEH,
TO monyuuM desapeosy (T.e. YHOBIETBOPAIOIYIO arcuoMe Jesapra) mpoer-
THBHYIO HIOCKOCTh. Puc. 19 ciysuT winnocTpanneii I8 3TOro HOCTPOEIHA.

Teopema 4.9 (Buprrod). Modyinprie koneuHoMepHbiE 2eomempuiec-
Kue pellemil LUCHepnbleanmes NPAMbIMU NPOUIGeJeHUAMI KOHEYH020 HlUcAd
pewemok euda Subl das npoexmuenwviz 2eomemputi (U, L).

OTMeTHM, UTO B CHIY NpeAbIOVINUX TeopeM (QUTYpUpYIOMNe 3iech HpHA-
Mble MHOMmUTeau Sublf mnpencTaBaAIOT U3 ceGA pemeTKY TONIPOCTPAHCTB
KOHEeYHOMEePHBIX BEKTOPHBIX IPOCTPAHCTB HaA TejlaMHU, 3a UCKIIOUYeHNeM Cly-
4yaeB, KOrfia (Ll, L) — Hele3aproBbl TPOEKTHBHLIE MIIOCKOCTH. K HacToAmeMy
BPeMeHU ellle He 10y YeHO NOJIHOH RiIacCHPUKANVU Helle3aproBbIX [IPOEKTHB-
HBIX ILJIOCKOCTEMN.
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7N

S
b 3
by

Puc. 19

OTMmeTUM Tan»e, 4To ,HI/ICTpI/IGYTI/IBHbIe KOHEYHOMECPHBIE T€OMETpHUYECKHE
pemieTKM MCYEPIBIBAIOTCA KOIICYHBIMU 6yJIeBI:IMI/I anreﬁpaMM.

4.3. OcHOBHbIe IOHATHA TEOPHHU MaTPOHIOB

[IpuMeM cHavama BaskHoe collalleHHUe:

Bciody 8 daavnetiuenm mut 6ydem paccmampuseams moibKo KOHeUHble MAM-
poudsL.

Tarum o6pasom, smampoud M (E) gia nac — 9To Kollednoe HeILyCTOe MIIO-
#ecTBo F BMecTe ¢ oToGpaxennem A — (A) mHomectBa P(E) B cebs, ynos-
NeTBOPAIOIIee aKCHOMaM:

1) (manmpasnenHocts) A C (A) mna mooro A C E;

2) (MoHoTONHOCTE) Hag Mobuix A, B C F

AC B = (4)C (B);

3) (upemnorentnocts) ((A}) = (A) paa moboro A C E;
4) (akcroma 3amensl) pig MoObx p, g E Eu ACE

q¢(A), qge(AUp)=pe(AUqg).

MaTpous HasbIBAETCA NPOCMbLM, €Cili OH YIOBIETBOPAET CIedyIOmeH 10~
TOIHUTENLHOM aKkcHoMe:

5) (By = 0 u (p) = p nna moGoro p € E.

W3 nokasaHHOro paHee BhITEKAET, UTO pemeTka Sub F nucToB (KoHevHOr0)
Marpouna M(E) ABIAeTCA KOHEUHON reOMeTPUUECKOH peleTKol, T.e. OHA

1) Koneuna;
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2) Toueuna (11060 €€ 3NeMeHT eCTb 00beNHEHe KOHEYHOT0 YHCIa aTo-
MOB);

3) moayMoxyaspHa.

[epeiifiem Temeps K pacCMOTPEHHIO OCHOBHBIX NOHATHN TEOPUH MaTpOU-
IOB.

Iycte M = M(E) — npousBoanubiii marpous. Muomectso A C E
HasbIBaeTCA Hesagucumbii, ecin p € (A \ p) mna moboro p € A (B npo-
THUBHOM CIly4ae MHO#ecTBO A HasbiBaetca sasucusmbis). Uepes Ind(M) win
npocto Ind 6ygem 0603HaYaTH MHOKECTBO BCEX HE3aBHCHMBIX HOJMHOMECTB
uz E. Ormerum, uto () € Ind.

Jdemma 1. 1) Jwboe nodunosnecmeo He3q8UCUMO20 MHOMECTIBL HEIABU-
cumo.

2) Mycmv A — nesasucumo up € E\ A. Toeda muoncecneo AU p nesa-
BUCLMO 8 MOM L MOALKO 8 MoM cayiae, kozda p & (A).

NokrasaTeabeTBO. YTBepmenue 1) oueBnuaHO.

2) Heo6xoauMoCTL yclIOBHA clefyeT u3 ompefeneHus. OGpaTHO, MycTh
p & (A). Bosemem g € A. Ecin g € ((A\ ¢) U p), To HAa OCHOBaHMU aRCHOMBI
3aMeHbl U yenoBuA ¢ € (A \ ¢) noayuaem p € ((A\ ¢) U ¢) = (A). Taxum
o6pasom, ¢ ¢ ((4\ @) U p) u, ovesnmuo, p & (AUp) \ p), 1.e. AUp —
He3aBHCHMOe MHOMeCcTBO. [

IIycTh A — npousBoabHOe ToIMHOMecTBO U3 E. JlioGoe MakcuManbHOe
He3aBHCHMoOe MOIMHOMecTBO B, comepskameeca B A, 6ygeM HazbIBaTh 6asoll
muoxcecmsa A. Basel muosecTBa E 6yneMm uaseiBaTh Guzamu mampouda M.
Yepes Bs(M) nim npocto Bs GyneM 0603Ha4aTh COBOKYIHOCTD Beex 6a3 MaT-
pouna M. MuHvMalbLHEIe 3aBUCUMbIE NOoJMHOMECTBA U3 E 6yneM Ha3bIBaATh
yuraamy Matponga M. Uepes Ccl(M) umm npocto Cel 6ynem o6o3HayaTh
MHOECTBO BCeX LMKIOB MaTpouna M.

Jdemma 2. /Jas awbozo nodmunoxmecmea A us E svinoansemcs

1) (B) = (A} dan aboii 6asvt B mnowecmsa A;

2) ecau I — nesasucumoe muowecmeo us A u B — Gasa muoxecmea A,
mo |I| < |B|; 8 wacmnocmu, ece 6asvt muoxcecmed A pasHOMOULHbL;

3) aoboe Hesaeucumoe noOmHOKceC80, codepicauieecs 6 A, moxcem Ovimb
pacwupeno 0o 6asvt muodxcecmea A.

NorasaTteabceTBo. 1) IIycte B — Gasa mHomectBa A. Eciu p € A\ B,
To B U p 3aBucuMo u nostoMy p € (B) B cury nemmnr 1. CiefoBaTeibHo,
A C (B), T.e. {4) C(B) C (A). Orryna BeiTekaeT paBeHcTBO (A) = (B).

2) Ecim I C B, to, oueBuzno, |I| < |B|. Tlycte py € I\ B. Torza
p1 & (I\p1) v MHO#ecTBO BUp, saBucuMo. Ilo teMme 1 umeeM p; € (B). Cre-
moBatentHo, B € (I\pp). Torna cymecTByeT ¢4 € B taroii, uto ¢; € (I \ p1)-
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B cury memmbr 1 muomectBo Iy = (I \ p1) U ¢y HesaBucumo u |I;| = |1,
|Iy N B| > |I N B|. Ipogomkas ZeficTBOBATL aHAIOIMYHBLIM 00pPa30M, MBI
HaiifleM HesaBUCHMoe MHoskecTBo I, C B tanoe, uto |I| = |I;| < |B.

3) OueBuaHo. O

Panzom r(A) monmuomecrBa A u3 E HasbiBaeTcs 001as MOIHOCTDL BCeX
6a3 u3 A. Yucno r = (M) = r(E) nassiBaerca panezom mampouda M (E).

Jlemma 3. Jan awbozo nodmnoxwecmea A us E svinoansemes

1) 0 < r(4) < |4

2) r(A) = |A| & A — nesasucusmoe mHoceCmE0;

3) r(A) = r({4)) = dim((A)), 2de dim — @ynryua pasmeprocmu e pe-
wemke Sub E aucmos smampouda M.

NoraszaTeascTBO. 1) U 2) OYeBHUAHEIL.

3) Myctes B = {by, ..., by} — Gasa mHomecrBa A. Ilo aemme 2 nmeem
(B) = (A). Eciu p € (A)\ B, 10 p € (B) 1 MHomecTBO B U p 3aBHCHMO B
cuay nemmsr 1. CrnemoBarensHo, B — Gasa mus (A) v Mbl monyudaem 7(A) =
— r((4) = k.

B cuny nezaBucumoctu B and awo6oro ¢ =1, ..., £ — 1 BbINoJIHAETCA

b,;+1 ¢ (bl, feay b1>

Torpa, npumeHasa neMMy 2 W3 IpelblIyLIero pasjena, NoLydaeM LENOYKY
HOKPBITUH

<w> « (b1> C'<b1, b2> G... C'<b1, ey bk> = (A>,

T.e. k = dim((A)) B pemerre SubE. O

Mycts A — auet MaTpouna M. Tosopar, uro muomectBo H C A aBng-
eTca nopoxcdaiowim nasn mucta A, ecin (H) = A. Tlopompaiommye MHOMecTBa
aucta E HaswlBalOTCA nopoxcdanwumy muoxecmsami mampouda M.

Jlemma 4. MunumasbHbie nopoafcaamuue MHoxmcecmea aucma A u moavko
onu Asafiomcea 6asamy 0aa A.

NoraszateascTBo. =. Ilycts A = (H) u B — 6asa gaag H. Tar rar
r(H) =r(A), B— 6asa u qua A. Torga (B) = A n, cnefosarensto, H = B
B cMIy MUHMMagbHocTH H.

<. Nyers B — Gasa aaa mucra A. Torna A = (B). Ecimn H C B un
(Hy = A, to r(A) = r(H) < r(B), 4T0 nporusopednso. O

JemMma 5. Jas awboeo A C E up € E evinoansemes

1) pe {(A) © p € A uau cywecmeyem I C A maxoe, wmo I € Ind u
Iup ¢ Ind;

2)p € (A) & p € A uau cywecmsyem C € Cel maroe, wmop € C C AUp;

3Ype(A) & r(AUup) =r(4).
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HorasaTenbeTBo. 1) Ilycts p € (A)\ A u B — 6aza nus A. B cuay nem-
Mol 3 umeeM 7(A) = r({4)), nostomy B — 6aza u gas (A). CiegoBaTensHo,
B Up ¢ Ind u, kpome Toro, B € Ind.

Oopatuo, nycts [ C A, I € Ind u IUp ¢ Ind. MuosectBo [Up 3aBucumo,
nosToMy B cuiy geMMsl 1 nmeem p € (1) C (A).

1) 1 2) — sKBUBaNEHTHbIe YTBepKIEHUA. ITO Jerko 3aMeTUTh, eCiu
BCIIOMHUTE OIpefielleHre IUKIA.

3) Tak rar Bcerga (A U p) D (A), nonyuaeM p € (A) >KBUBANEHTHO
(AU p) = (A), uTo, B cBOIO Ouepens, skBuBaneHTHO (A U p) = r(A) B cuny
aemMsbl 3. O

4.4. PazauuyHble akcHuoMaTH3aIuu MaTpouaoB

Teopema 4.10 (Akcuomsl HesaBucumocTH). 1) IIyems M(E) —
nsampoud u Ind — cemeticmeo eeo nesasucumoviz muoxecms. Tozda

(1) Ind # 0; X C I € Ind saevem X € Ind dus atobozo X;

(1.2) dasn wobviz I, J € Ind makuz, wmo |I| < |J|, cywecmeyem p € J\ 1,
oaa komopoeo 1 U p € Ind;

(1.2') dan aoboz0 A C F ece makcumaibrvle 8 A Hesasucumble nodmno-
HCECMEA PABHOMOULHbL.

2) O6pamuo, nyems cemeticmeo T noOMHOMCECTS KOHEYHO20 HENYCIMO20
muomecmea E ydosaemsopsem ycaosusm (1.1), (1.2) uay, wmo sxsusasenm-
no, yeaosusm (11), (1.2), ede T uepcem poav Ind. Toeda T cosnadaem c
ceMelicmeom He3a6UCUMbLL MHOYcecme 00Ho3HaYNO onpedesentozo mampouda
na E.

NokasaTeabeTBo. 1) CeoiictBo (I.1) Gb110 yite oTMedeHO B neMMe 1 U3
npensigymero paspgena, a coiicto (1.2') — B memme 2. Ipumenuns (1.2)
k ITUJ,rae I, J € Ind u |I| < |J|, nonyunm (1.2).

2) O6patHo, nycts I ymoBnersopser yciosuio (I.1), roe Bmecto Ind du-
rypupyet Z. Jlerko Bupmets, uto Torna (L.2) skeuBanentHo (I.2). Moatomy
0yIeM CUHTaTh, YTO BBINOMHAIOTCA Bece Tpu cBoiictsa (1.1), (1.2) u (1.2°).

0611y1I0 MOMHOCTE MakcUManbHbIX Z-moiMHOAecTB U3 A HazoBeM T-pau-
eom MmuomectBa A u o6osHauum uepes Ir(A). 3agagum orobpameHue
A — (A) (A C E), nonarasa mns npoussoiasHoro p € E: p € (A) torma u
TONLKO Torja, Korga p € A wnu cymectByer I C A Taxoe, uto I € T u
Iup¢gT.

3aMeTHM, UTO B CHILY JIeMMBI 5 TIPe/IbIIYINero pasiena UCKOMBIN onepaTop
3aMbIKaHuA 00A3aH ObITH TAKKMM.

CBolicTBa HANPABAEHHOCTH ¥ MOHOTOHHOCTH ISl 38 JaHHOTO 0ToGparieHuA
OYEeBUIHDI.
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Ilpespge 4eM OOKa3bIBaTh KMIEMIOTEHTHOCTH, [OKaMKeM, YTO MIA JIH060-
ro A C E BoInonnsercA paBeHCTBO

Ir({A)) = Ir(A).
[lycTs, 0T NpoTHBHOTO, cymecTBYIOT Takue I, J € T, uto I C A, J C (4)

[I| =Zr(A) < Zr((A)) = |J|.

Torma B cuiy (1.2) uatinerca p € J \ I, maa woroporo I Up € I. YuureiBan
MaKcumanbHocTh I, nonyuaem p € (A)\ A. Ilo onpepenenuio (A) cymecTByeT
takoe I’ C A, uro

I'ez, I'upg¢l.

Ouenumno, B cuny (I.1) MoxHO cuuTaTh, yTo I’ ABAAETCA MaKCUMAaILHBIM
Z-mnomectBoM u3 A, r.e. |I'| = |[I|. Torpa Zr(A) = |I'| < [TUp|. Ho
yenosuio (1.2) cymectyer ¢ € (I Up) \ I', pas woroporo I’ Ug € Z.

Ecau g € I, To I’ U g C A, 4T0 IpOTUBOPEYUT MakcumaibHocTu I’

Ecau g = p, To I’ Up € Z, 4TO NPOTUBOPEYUT BEIGOPY MHO;kecTBa I'.

Tarum obpasom, Ir(A) = Ir({A)).

llokameM UEMIIOTEHTHOCTL Hallero oToGpaeHud, T.e. TPOBEpUM, UTO
{{(A)) = (A) nna nwoéoro A C E.

MycTh, 0T npoTUBHOTO, cymtecTBYeT p € {(A})\ (4). BospMeM HeKkoTOpOE
Mmagcumantoe Z-mnoxkectBo B u3 A. Tak rak p ¢ (A), mo onpepeirenuio
sambiranua (A) Boimoanserca B Up € I. CaefoBaTensHo,

Ir({(A)) =Ir({({A))) > |BUp| =Ir(A) + 1 = Ir({4)) + 1,

YTO HEBO3MOHHO.
[okasenM Temepb, U4TO BbhINoJdIfAeTcs akcuoMa zamensl. Iycrs A C E,
p.q €EE qg¢ (A) uq € (AUp). Torpa no onpeneieHHI0 3aMbIKAINA
cymecrsyer I € Z, nusa woroporo ] C AUpuIUg ¢ Z. Tar rak g & (A),
MBI HMeeM
pel, (I\pUgel

HMonomum I’ = (I\p)Ugq. Torna’ eZul'Up g I 1.e. p€ (AUg).
Urax, nam omepaTtop 3aMbIRanud 3ajaeT MaTpoudg M Ha E.
Haxomern, A € T BeimonHAeTCA TOTAA ¥ TOIbKO Toraa, korga p & (A\p) nas
n06oro p € A, 4ro, B CBOIO odepenb, sxBUBanentno yciosuio A € Ind(M).
TaruMm o6pasoMm, T = Ind(M). O
Yeaosus (I.1) u (I.2) nassiBaioT axcuomamu He3a8UCUMOCIIL.

Teopema 4.11 (Akcuomsl 6a3). 1) ycms M(E) — mampoud u Bs —
cemelicmeo ezo 6as. Tozda



4.4. PazauyHbie akCcHOMAaTH3aIHH MaTpPOHIOB 61

(B.1) Bs # 0; ecau By, By € Bs u By # By, mo By € By u By € By;

(B.2) ecau By, By € Bs, mo 0as awbozo by € By cywecmsyem by € Bs
maxot, ymo (By \ b)) U by € Bs.

2) O6pammo, nycmv cemelicmeo B nodmuonecms KOHEUHO20 HENYCmo-
20 muomecmea E ydosaemeopsem ycaosusm (B.1) u (B.2), ede B uzpaem
poav Bs. Toz2da B seasemcn cemeifcmeos 643 00HOIHAYHO onpedeneHH020
Mmampouda na E.

NoxasaTeabcTBo. 1) CoitctBo (B.1) oueBnaHO, a cBoiicTBo (B.2) BbITe-
kaeT u3 (1.2) u ycnoBus paBHOMOIIHOCTH Ga3.

2) O6patHo, mycTs cemeiicTBo B ynosiersopser akcuomaM (B.I) u (B.2),
rae BMecTo Bs ¢urypupyer B.

[Toramem cHauana, 4To Bece B-MHOMecTBa papHOMomHbL IIycTh By, BoeB.
Bes orpanuuenun o6mHocTH Gy ieM cuuTaTh, uTo |B1| < |Bs|. MycTh |By| = ¢
u

By = {by, by, ..., by}

Tlo akcuome (B.2) cymectByer ¢; € By Takoit, 4o
{c1, ba, ..., b} € B.
Aunanoruuto, cyIecTByeT cs € By Takoi, uTo
{e1, ca, b3, ..., b} € B.

IIponomskasn 3TOT mpolece, MOIYIUM

{c1,¢2, ..., ¢} €B
LIA HEKOTOPBIX ¢j, C2,...,¢ € By B cuny arcuomsl (B.1) momxyuaem
{c1, €2, ..., et} = By, T.e. |By| <1 = |By|. CuenoBatensHo, |By| = |By|.

HopmuomectBo A uz E GyneMm HaswiBaTh [B-HesasucumbLm, eciIy ONO CO-
IepRUTCA B HeRoTopoM [B-MHOMecTBe. flcHo, uTo B-MmosecTBa — 3T0 Mak-
cuManblble B-HezaBHcHMbIe MHOMecTBa. O6o3HaunM depes Z COBOKYMHOCTD
BceX B-He3aBUCUMBIX MHOMECTR.

3aMeTuM, uTOo ceMeiicTBo 7 yIOBIeTBOpAeT aKcHOMe He3aBUCHUMOC-

u (I.1). Jlns saBepieHVA 10Ka3aTelbCTBA TEOPEMbI JOCTATOYHO HPOBEPHUTH,
uro ceMeiictBo Z ynoBnersopsier akcuoMme (1.2) M BOCMONB30BaThCA Teope-
Mmoit 1.

Oycrs I, J € Tu |I| < |J|. 3adpurcupyem 6asy Bs, conepamyio J. Cpe-
ou 6a3, comepaimux I, BeibepeM Takylo 6a3y By, I KOTopoil lepeceyeHue
Bi N By comepskuT Haubonblilee BO3IMOKIIOE YHCIO 3IeMEHTOB.



62 4. Martpounst

Horamem, uto By \ I C B,. HeficTBUTenbHO, ecay cymecryer by € By \ I
TaKroi, uto by ¢ Bs, To no akcuoMe (B.2) cymectByer by € By, 0ia KOTOporo

B= (B \b)UbeB

v by # by, Tar KaK by € Bs, a by € By. Torma |B N By| > |By N By, uro
HEBO3MOMHO, NocKkoibry I C B.

TaruMm o6paszom, By \I, J C By, npuuem |By\ I|+|J| = |By| — |I|+]|J| >
> |B;| = |Bs|. CuenosarensHo, cymectByer p € (By \ I) N J. Tar rar
IUpC Byupe J\I, sneMeHT p ABIfAETCA UCKOMBIM. O

3amerum, uro ycrnosue (B.2) naswiBator arcuomotl Hlmeiinuya o samene.

IIpumeps!. 1) lyets E = {vy, ..., v} — HEKOTOPOE MHOJKECTBO BEK-
TOPOB BEKTOpHOro mpocTpaHcTBa V Hag TenoM F. PaccMoTpuM MHO3KecTBO
BCeX MaKCUMAaNbHLIX IMHEHHO He3aBUCHMEBIX MOAMHOMeCTB U3 E. OHo ynoB-
nerBopser axcuomaM 6as (B.1) u (B.2), T.e. MBI umeem marponp Ha E c
TaKkuM ceMeficTBOM 6a3. JTOT MaTPOWI HA3LIBAIOT BEKMOPHbLM MAMPOUIOM
nad meaom F.

2) Ilycte G — HpomsBoabHbI HeHyneBoit (n, m)-rpad. locTpoum mam-
poud yukaos Tpada G, KoTopsIi 6yneMm o6o3HauaTh depe3 M(G). B rayectse
OCHOBHOI'0 MHOMecTBa F Bo3bMeM EG, B B RadecTBe (a3 3TOro MaTpouaa —
0CTOBBI (TOYHee, Kaiasd Gasa — 5TO MHOMKECTBO BceX pebep HEROTOPOro
octoBa). AxcuoMma (B.1) oueBunHa, a axcHoma (B.2) BelNOmHAEeTCH B CHILY
1eMMel 4 u3 pasmena 2.1. flcHo, YTO B 3TOM MaTpouIe He3aBUCUMBIMH MHO-
ecTBaMU OyIyT aUMKINYeCKHUe MIOMecTBa pebep, a UMRIAMHI — OOBIUHbBIE
LMKIBI rpada.

Mycts M(E) — npon3BonbHBIA MaTponj Ha MHOMeCTBe F.

Bosbmem A C E. B ravecTBe CHCTEMbl He3aBUCHMMBIX MHOMKeCTB Ha A
paccMOTpHUM He3aBHCHMEbIe MHOKECTBA MCXOJHOI0 MaTpOUJa, CofepsKamiect
B A. flcHo, uto Ha A MBI NONYYWUIH MaTPOUJ, KOTOPbLIM 0003HAYAIOT Ye-
pes M(A) u HazbiBalOT nodmampoudom NCXOOHOTO MaTPOULIA.

IIycTs By — KOHEYHOE MHOKECTBO U () — CIOPLEKTUBIOe 0ToOparenue F
Ha FE. Onpepenum crenyomuM o6pa3oM MaTpoOua M(E’l) Ha MHO;iecTBe Fy.
Mycte r — paur matpoupa M (E). CemeiicTBo anementos {ay, ..., a.} C E;
HasoBeM 6asoit, eciu {¢(ay), ..., #(a,)} — 6aza marponna M (F). OueBuaHo,
aKCcMOMBI 6a3 BEITOMHAIOTCA M MbI omy4an Marpoun M (E,). Ilpu nepexose
oT E ® Ey wamgpifl sneMeHT ¢ u3 E Mbl 3aMeHAeM Ila HEKOTOpoe KOHed-
HOEe MHOKECTBO 3I€MEHTOB (COCTaBIAIOINX MOIHBIA Npoolpa3s sleMeHTa a
oTHOCUTENbHO ¢). Jlaa Toro 4oGEI MONYYUThH NPOU3BOJLHYIO Gasy Marpo-
nga M(E;) Mbl MOMeM MOCTYNUThL ClIefyIOmuM obpasoM: GepeM cHavama
6asy b1, ..., b, maTrpouna M(E), a 3aTeM B MOJHRIX NpooGpasaX sIeMeH-
TOB by, ..., b, 6epeM COOTBETCTBEIHO 0 OANOMY 3JIeMelTy aq, ..., G,. AHa-
JOTHYHO YCTPOEHBI M He3aBHCHMbIe MHo:kecTBa Martpomaa M(E;). Momuo
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MBICIUTD cebe, uyTo MaTpoun M(E;) noryven ua marpouga M(E) c nomo-
MbLIO «pa3MHOKEHHAY DIEMEHTOB, T.e. 3aMeHol Kaxoro siemeHTa u3 F Ha
HeKoTopoe uucio ero wonuit. Iostomy marpoun M(E;) GymeM Ha3bIBaThb
pasdysanuen mampouda M(E).

IIycts V — BerTOpHOE npocTpancTBo nak TeaoM F. BozbMeM neKoTopyio
CHCTEMY BEKTOPOB vy, ..., Uy U3 V (BO3MOIKHO ¢ OBTOPEHHAMHU BEKTOPOB).
IlocTpoum matpoun M, orBeuatomuil 5Toil cucteMe BekTopoB. MaTtpoun M
GyZIeT UMeTh m 3AeMeHTOB. [l IPOCTOTEI MBI MOMEM CUUTATDL, YTO dJIeMell-
TamMu MaTpouaa M ABAAIOTCA BIEMEHTHL ¥y, ..., Uy, T.€. BCE OHH Pa3IUYHbI
KaK 3jeMeHThI MaTpouia M, HO HeROTOpble M3 HHMX MOTYT COBIagaTh Kak
3NeMeHThI BEeRTOPHOTO IpocTpaHcTBa V. B kauecTBe 6a3 BO3bMeM Bce Mak-
cUMajbHble MUHeHHO0 He3aBHCUMbIe MOACUCTEMLI U3 Uy, ..., Up. MBI IOIY-
yunu MaTpous M, KOTopbIil, 0UeBUIHO, ABAAETCA pa3nyBaHUEM HEKOTOPOI'O
BeKTOpHOro MaTpouja Haj TeloM F. B nanbHelinneMm pasiyBanue BeKTOPHOT'O
MaTpousia Haj TeroM F Taxme GymeM Ha3blBATh 8eKMOPHbLM MAMPOUOOM HAD
meaom F'.

Iycts
1] G192 ... Oy
Qo1 Q23 ... Q2
A= . .
Ap1l Apa ... Opym

— HeKoTopas MaTpuila Hag TeaoM F. CTpoku MaTpuibl A ABIAOTCA Hie-
MeHTaMU IpOCTPAaHCTBa BeKTopoB-cTpoK F™. IloaToMy MaTpuile A oTBeuaeT
BEKTOPHLIHM MaTpoua Han TenoM F, cocToAmuit U3 n 91eMeHTOB — CTPOK MaT-
putibl A. ITOT MaTpouI HA3LIBAIOT Mmampoudom cmpok maTpuubl A. Orme-
THM, YTO 3/IeCh CTPOKM C Pa3HbIMU HOMepaMH ABIAIOTCA PA3HBIMH 3JIEMEI-
TaMH MaTPOHMA, XOTA MeKOTOpble U3 HUX MOTYT COBHANAThL KAK JI€MEHThI
mpocTpaHcTBa F™. AHAIOTHYHO OHpeNelfeTCd Mampoud cmoibyoe MaTpH-
el A.

Teopema 4.12 (Panrossie akcuoMmsl). 1) Iycmy M(E) — mampoud
ur — eeo paneosan gynryusa us P(E) e NU{0}. Toeda dan awbux A, B C E
BbLNOAHACITICA

(1) 0 < r(4) < |A]

(r.2) AC B - r(4) <r(B);

(.3) r(ANB)+r(AU B) < r(A) +r(B).

2) O6pamuo, nycms nexomopas gynxyua r us P(E) e NU{0}, 2de E — wo-
Heunoe Henycmoe muodcecmeo, ydosremeopsem ycaosusa (r.1), (r.2) u (r.3).
Toe0a ona Aeanemcsa pane2osoll Pynryuell 00HOHAUHO ONpedeeHHO20 MATLPO-
uda na E.
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HJorazaTenbcTBo. 1) Cpoiicrsa (r.1) u (r.2) oueBunusl. Jokamem (I.3).
flcuo, yto ANB C (A)N(B) u AUB C (A) V (B). Hcroabsys HepaBeHCTBO
ONYMOIYAAPHOCTH, KOTOPOe BLITIOMHAETCA B pellleTke JIUCTOB, MOAyYaeM

rANB)+r(AUB) <r({4)N{(B)) +r({(A) Vv (B)) <
< r((A4)) +r((B)) =r(A) +r(B).

2) O6paTHo, mycTh HeroTopaa ¢pyuxuua r us P(E) B NU {0}, rne E —
KOHEYHOe HeIlyCTOe MHOeCTBO, yoBIeTBopser yciaosuaM (r.1), (r.2) u (r.3).

HonmuomectBo I C FE HasoBeM r-He3GBUCUMbLM, €CTU BBHITOMHACTCA
r(I) = |I|. O6osnaunm yepes I MHOMKECTBO BCeX r-HE3a8BHCHMbIX HOJMHO-
sects us E. B cuay (r.1) somonuseres r(@) =0, .e. § € T.

okaseM, uTo ceMelictBo I yIOBIETBOPAET AaKCHOMAM He3aBUCHMOC-
tn (I.1) u (1.2).

Cuavana nposepuM akcuoMmy (L.I). Ilyets I € T u J C I. IIpeanonoskum,
ot nporusHoro, uro r(J) < |J|. Toraa, ucnonesysn (r.3) u (r.1), norydyaem

1] = r(1) = r(FU I\ < r(J) + I\ T) = r(0) <]+ 11\ J] = 1],

uro HeBosMokHO. CaemoBaTensHo, 7(J) = |J|, T.e. J € I.

[Ipeskpe dem mepeiiTu k mpoBepke akcuoMbl (1.2), mokameM crenyioliee
BCTIOMOTATENLHOE yTBepIKAeHUE.

Oyctk B ¢ A C E, r(B) = |Blu A\ B = {p1,...,p:}. Ecim
r(BUp;) = |B| paa moGoro i =1, ..., ¢, o r(4) = |B].

Hpeanonoxum, uro (B Up U ... U p;) = |B| paa mexoroporo j =
=1, ...,1— 1. Torpa, upumenss (r.2) u (r.3), Horyuaem

|Bl|=r(B)<r(BUp1U...Upjs1) <
<r(BUpU...Up))+r(BUpjn) —r(B) =
=|B|+ |B| - |B| = |B|.

CregoBatensro, r(BUp U...Upj1) = |B|.

Teneph M3 [0KA3aHHOrO, OYEBHANO, BbITeKaeT pasencTBo r(A) =
=r(BUpU...Up) =|B|

Hepeiinem & nposepre akcuombl (1.2). Ilycrs I, J € T u |I| < |J].
Honowum J\ I = {p1, ..., ps}. Ilycts, or mporusuoro, I Up; ¢ T pun
moboro i =1, ..., ¢t Torma pnai =1, ..., 1 uMeeT MecTo

I =r(I)<r{IUp) <|IUp;| =|I| +1,
T.e. (I Up;) = |I|. Orciopa B cuiy [OKa3alMHOI0 HAMM BCIOMOIATelLHOI0
yrBepxaenua nonydaem r(I U .J) = |I|. C apyroit croponsi,
1| < |J|=7r(J) <r(IUJ),

UTO IIPOTHUBOPEYHUBO.
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Hraxr, Mbl ycTaHoBUIU cHpaBedauBocTh ia Z akcuomst (1.2).

CnenmopatenbHo, ceMelicTBo Z ABnAeTcA ceMellcTBOM He3aBUCUMBIX MHO-
secTB HekoToporo Marpouna M(E) Ha MHomecTBe E.

OcTanoch NpoBepUTL, YTO UCXOAHAfA (QYHKONA 7 cOBNAaeT ¢ PAHTOBOMN
¢yHrROMeNd MaTpouja M(E) s 3TOTO HANO HOKAa3aTh, YTO A J0Go# Ga-
361 B upoussonbuoro Muosectsa A C E suimonuserca r(A) = |B|.

Iycte B — 6aza muomectBa A C FE. Ilo onpegenenuio I umeeMm
T(B) = |B| n B — MakcuMmaibHOe r-He3aBUCHMOe NOAMHoMecTBO U3 A. Ec-
au A = B, to paBercrso r(A) = |B| ouerngno. IlosTomMy GyneM cuMTaTh,
uro B C A. llyecre A\ B = {p1, ..., pi}. B cuiy marcumansroctit B pin
moGoro ¢ = 1, ..., t MHOsecTBO B U p; He ABIAeTCA r-He3aBUCHMBIM, T.e.
r(BUp;) < |BUp;|. Torna umeem

|B| =r(B) <r(BUp;) <|BUp;| =|B|+1,

T.e. 7(BUp;) =|B| mua moGoro i =1, ..., {. B cuiy 10KasamHoOro yTBep:-
nenus monyuaem r{A) = |B|.

TeopeMa mokaszana. O

Teopema 4.13 (Axcuomb! nukI0B). 1) yems M(E) — mampoud u
Ccl — cemeticmeo ezo yuraos. Toz0a

(Cl) [b ¢ CCI; ecau Cl, C, € Ccl u Cy 75 CZ, mo Cy g_ Cy u Cy g_ 01;

(C.2) ecau Cy, Cs € Cel, Cy # Cy up € CiNCy, mo cywecmayem C € Cel
maxot, ymo C C (C, U Cy) \ p.

2) O6pammuo, nycme cemeticmeo C NOOMHOMECTE KOHEYHO20 HEMYCITLOZ0
muoxcecmea E ydosaemeopsiem ycavsusm (C.1) u (C.2), 2de smecmo Ccl duey-
pupyem C. Toz2da cemeticmeo C cosnadaem ¢ cemelcmeom yuki08 0JHOIHAUHO
onpedeaennozo mampouda va E.

JNokazaTteancTio. 1) CoiictBo (C.1) 0ueBMIHO BBITEKAET U3 ONpenele-
HUSA (UK.

Ilns moxasatenbctBa (C.2) ZOCTATOYHO NPOBEPHTH, YTO MHOMKeCTBO D =
= (C1 U Cy) \ p saBucuMO (TOria ONO COLEPMUT MUHMMAILHOE 3aBUCHMOE
MHOKeCTBO — LII/IHJI). Tar rax D C C; U Cs, MBI HOTTyYaeM

T'(D) S T(Cl U 02) § ’I”(Cl) + T'(CQ) — T(Cl N CQ) =
= |Cl|—1+|02|—1—|01m02|= |ClUCZ|_2<
<|C1UCy| —1=|D|,
T.e. D — 3aBHCHMO€ MHOMKECTBO.
2) O6paTHo, nycThb ceMeiicTBo C yAOBIETBOPAET YCIOBUIO TeopeMbl. MHo-
MmecTBO 1 g F nasobem C—HeSaBI/ICI/IM])IM7 €CJIM OHO He COHEPMMUT HU OJHOI0
u3 MHomecTB C € C. Yepes I oGo3HaulM ceMeiicTBO BceX C-He3aBHUCHMbIX

MHOeCTB, cofepaamuxca B E. IIposepum, uto ceMeiicTBo C yIOBIETBOPAET
axcuomam Heszasucumocty (I.1) u (1.2).
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Mockonsry ® & C, umeem ) € T u axcuoma (1.1) 04eBUAHO BBIIONNIAETCA.

[poBepum cnpaBegauBocTh akcuoMmsbl (1.2) nas cemeiictBa Z. Ilpenpmo-
MOMUM, YTO CyllecTBYIOT MHomecTBa I, J € T rtakume, uro |I| < |J|, nas
roropeix (I.2) neBepro. Cpexu Bcex Tarkux Hap I, J BoiGepem Ty, y KOTOpOi
mowHocts I U J| musnmanbna. Honomum J\T = {p1, ..., p:}. Eecant =1,
To, oueBugno, I C J u yreepmpaenve (I.2) eoinonusgercsa. Iloatomy mme-
eMt>2.

B cuny unamero Hpegnomomenus I U p; € T pas moboro ¢ = 1, ..., &.
CnenmoBaTennHo, cymectByet C; € C Taroe, uto C; C I U p;, u B cuity C-He-
3aBUCUMOCTH MHoMecTBa I umeeM p; € C; naa moboro ¢ = 1, ..., t. flcHo,
yto MHomecTBa (1, ..., C; ONapHO pa3nuyHbL.

PacemoTpum mmomectBo Cy. [Jlag mero Bepmo p; € Cy € I U p;. B cuny
C-neszaBucumoctn J cymecrsyer ¢ € I'\ J Taroii, uro ¢4 € Cy. PaccmoTpum
Tenepb MHOsecTBO (I\ ¢1) Upy.

Eean (I'\ ¢1) Upy € I, 1o cymecrsyer C’ € C, aan woroporo p; € C' C
C(I\ ¢1)Upr, 4, cregoBarensHo, B cuiy (C.2) cymecrByer Taxoi uura C”e C,
4TOo

C” g (Cl UCI) \pl g 1.
[Mpumiu k mpoTuBopednto ¢ yciaosuem I € .
Oycte (I\ ¢1) Upy € . 3ameTum, 9TO

(I\q)Up) UJ| < [TUJ|.

Mostomy B cuiy BeiGopa napst I, J, ana mapsr (I \ ¢q) U py, J cymecrsyer
3JIeMeHT p;, Ile j > 2, Takoii, 4To

(I\ql)Upl Upj cT.

Bosemem mmomectBo C; € C. s Hero Beimomnsercs p; € C; C I U p;.
Ecnn gn € Cj, 10 C; € (I\ 1) Up; € (I\ q1)Up1 Up;, 9TO HEBOSMOMHO.
Cuegosateinsno, g1 € C;NCy u C; # Cy. Torpa no akcuome (C.2) cymecrByer
C € C, gna rotoporo
CC(CGUC)\a C(Ci\a)U(Ci\a) C
C((1\a) Up) U ((T\ ) U) =
=({I\q)UpUp; €T,

YTO HEBO3MOKHO.

Hrar, cemeiictBo I ynoBieTBopseT akcuoMmam HesaBucumoctd (I.1)
n (1.2). CuaepmoBarennHo, cymecrsyer MaTpoua M (E) Ha mHoxecTBe E, aid
KoToporo cemelicTBo Z ABnfercaA ceMelicTBoM Ind He3aBUCHMBIX MHOMECTE.
U3 ompenenenua C-HesaBUCUMOCTHU JIETKO CileflyeT, 4To ceMelbicTBo  coBma-

maeT ¢ MnoxkecTBoM Ccl nuriaos marpouna M (E).
Teopema nokaszaHa. O
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CaepctBue 1. [Iycme I — npoussosvroe He3Q8UCUMOE MHOMECITIBO MATTL-
pouda M(E) up € E. Toeda I Up codepicum ne Goaee 0dnozo yukag.

HdorazaTteabeTBo. [lyeth B 1 U p conepmutes qBa pa3nuuHbix nuiaa Cy
u Cy. OueBupno, p € C; N Cy B cuny HezaBucuMocTd MHomecTBa /. Torna
no axcuome (C.2) cymecrsyer nuxa C Taroi, 4To

CC(CiuCy)\pcl,
4YT0 HEeBO3MOMHO. O

CuaencrBue 2. Jas aotot Gasvt B mampouda M(E) u awbozo p € E\ B
MHOMcecmso B U p codepicum mouno o0un yukA 1L 9mom yukas nporodum iue-

pes p.

4.5. JIBoiicTBeHHbBIH MaTpounj

Mycte M = M(E) — npoussoabhbiit Matpoun. Jaa X C E uyepes X 6y-
neMm o6o3Ha4aTh, KaKk 06bIYHO, TeOPeTUKO-MHOKECTBEHHOE [OIOJHEHNUe, T. €.
X = E\ X. Jlaa npousBonbHoii 6a3sl B € Bs matpoupa M muomectBo B
6yneM HazbIBaTh ero kobasoil. Yepes Bs* o6o3nauuM MHOMECTBO Beex Kobas
maTpouna M, 1.e. Bs* = {B| B € Bs}.

Teopema 4.14. Muoxecmso Bs* scex ro6as mampouda ydosaemeopsem
akcuoman 6az (B.1) u (B.2).

HoxrazarteabeTBo. [lockonbky gaa mobbix X, Y C Eycaoua X CY u
X DY srsuBanenTHbl, ascuoma (B.1) 0ueBMIHO BEINOIHAETCA.

Mycts Teneps By u B; — nBe wobasel v p € By. Tar wax p ¢ By, B
MHomkecTBe By U p umeetca Touno ogud nuua C. Iocronbry turia C He
nesuT B By, cymectByeT g € C N By. Muosmectso (B Up) \ ¢ He cogepmur
IUKIOB, TAK KaK Mbl Pa3pyIINIU eJUHCTBEHHbIH UUKI, YAaTWUB 3I1eMEHT §.
TloaToMy 3TO MHOMKECTBO HE3aBUCHMO U €r0 MOIIHOCTL PaBHA MOLIHOCTH Ga-
3b1 By. CuepoBateanto, (B Up)\ ¢ — basa. Torga mpas cooTBeTcTBYOWIEH
K00a3bl BLITIOMHAETCSA

(B1Up)\g=(BiUp)Ug=(B1\p) Uy,

rae ¢ € B,. Taxkum o6pasoM, Mbl poBepuay akcioMy LllTefinuua o samere
misa Kobaz. O

B cuny nokasaHHO# TeopeMsl ceMeficTBo KoGa3 Bs* sangaer na E maTpous,
B KOTOPOM HCXOJ(HbIe K00a3kl UTPAIOT POlb Ga3. JTOT MaTPOUJ Ha3blBaeTcA
dsoticmeennbim K MaTpouny M u oGosHavaerca depes M* = M*(E). Kouneu-
Ho, (M*)* = M.
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3aBucHMble U He3aBUCHMBIE MHOMECTBA, UUKILI MaTponjga M* Ha3biBa-
I0TCAl COOTBETCTBEHHO KO30BUCUMbIMU U KOHE3G8UCUMbBLMU MHOMKECTBAMHU, KO-
yuraamu Matpouga M. Paunromas ¢yurnua matpouna M* HasbiBaeTcA KO-
panzosoll gynryueti marpousia M u o6o3HavaercA yepes r*. QueBuaHo,

r(M) +r*(M) = |E.

[IycTh MMeeTcsa HEKOTOPOe yTBepiaeHne 0 MIPOU3BoIbHOM MaTpoufe. Ec-
I¥ B HeM 3aMeHMTDL BCe MCMOIb3yeMble MATPOUAHbIE TTOHATUA Ha COOTBET-
CTBYIOINUE KONOHATHA U HA0GOPOT, TO MbI MOMYYUM yTBepMAeHUe, KOTOpoe
HA3LIBAETCH O060UCMEEHHbLM K UCXOOHOMY yTBepaeHuio. OueBHIHO CHpa-
BellIUB

IMpunuun asoiticTBeHHOCTU. Ecau Hexomopoe ymeepideHue 8epHo Oia
At06020 mampouda, mo dsollcmeenioe K Hemy ymeepiclenue Maryice 6epHo Oia
2106020 mampouda.

Caenylomas JeMMa JIeTKO BBITEKaeT U3 OmpeneldeHuit.

Jlemma 1. Ipoussoavroe noOOMHOMCECTIBO 2AEMEHMO8 MAMPOUDD 308UCU-
MO M020a U MOABKO mo2da, k020a 0HO umeem Henycmoe nepeceienue ¢ kaxool
ro6asoll.

B cuay npuninuna OBOMCTBEHHOCTH BEpHO cleqylomlee JBOHCTBEeHHOE
YTBepsAcHHE.

Jlemma 2. IpoussoabHoe nodmHo}cecmso s4emMenmos mMampouda K03asu-
cumo moz20a u moavko moada, £020a OHO LMeen Henycmoe nepeceverue ¢ Kax-
dotl 6asol.

Jlemma 3. [Jas awbozo nenycmozo Hezasucumozo muoxcecmsa I C F
mampouda M cywecmeyem makoti koyuka C*, wmo |[INC* = 1.

JorasaTeabcTBO. MHOMeCTBO | MOMHO IPOJOMMUTEL 10 HEKOTOPOH Ga-
3pl B. BosbmeM p € I. Torna B U p colepUT TOYHO OVH Kouuwria C*, nis
xoToporo BeiHonHAeTes C*NB = {p} =C*N1I. O

Jlemma 4. /Jas awbozo yursa C u abo2o kouyursa C* cnpasedauso ycao-
sue

[CnC*| #1.

JorasaTeabeTBo. IIpeanonomnm, or nporusnoro, uro C N C* = {p}.
IlocKonbKy B cUILy AeMMbI 2 KOUKI C* — 3T0 MUHMMAalbHOE MOJMHOMKECTBO
u3 E, uMelollee HellycToe IepeceveHMe ¢ Kamoi 6asoii, MuomectBo O —
3T0 MaKCUMallbHOe NoAMHOM#ecTBO U3 F, He copepaiinee 6az. CremoBaTenb-
Ho, C" U p comepsuT Hekoropyio 6asy B. Muosmecrso C \ p HezaBHCHMO
u dexut B C U p. Ilo aKkcHoMe He3aBUCHMOCTH (1.2") cymectByet Gasa B,
TaKag, 4To

C\pCB CC Up



4.5. /IpoficTBeHHbIT MaTPOHT 69

(mocroaIBRY C" U p cogepmur Gasy B, moGoe MarcHMaibHOE He3aBHCHMOE
nogMmosecTBo u3 C U p ABIATCA 6asoit Mmarpoupa). Tar rak C" e co-
IepmUuT 6a3, uMeeM p € By. CuegmoBaTerbno, C' C Bj, UT0 HEBO3MOMKHO.
O

Crenyomee yTBepRAenue HaM IOHAJ06GUTCA B JadbHeHIIEM.

Teopema 4.15. llodmnomecmso X C E aeanemcs yukiom smampouda M
moeda u moavko moeda, koeda X ecmv MUHUMAAbHOE MHOMCECMBO cpedu He-
nycmutx noomuoxnecms us F, ydosaemeopaioujux ceoilcmsy:

[XNC*|#1 dan awboeo royuraa C*.

HouraszatenbeTBo. Ecaiu X fABideTcA NUKIOM MaTpouja, TO B CHIY JeM-
MbI 4 OH YIOBIETBOPAET TpebyeMOMY CBOMCTBY, a B CHIY JeMMbI 3 UMeeT
MecT0 HeoGXogumMafg MUHUMAILHOCTE.

OdpaTHo, HycThb X — MUNUMalbHOe MHOKECTBO CPeAl HeNyCTLIX HOA-
MHoOsecTB U3 I, ynoBieTBopAIomuX yKasaHnoMy cBoitctsy. B cuny nemmsl 3
MHOM#eCTBO X 3aBUCHUMO W, CIeNOBATEIbHO, CONEPMUT HeKoTophiit nuwia C.
Ha ocnoBanuu nemmer 4 u munumansHocty X nmoaydaem X = C. O

Eciu Ha KoHeUHOM HellycTOM MHo#ecTBe I B KauecTBe eJUHCTBeHHOIt
6a3bl B3ATE MHOMeCTBO E, To BO3HUKIIET, 0UeBUIHO, MaTPOUJ, KOTOPLIA Ha-
3bIBAIOT €80000HbM UIN Juckpemubim MaTpounoM Ha E. 3pecs Ind = P(E),
r(A)=|4| (ACE)u Ccl=0.

Matpoun na E, mBoiicTBeHHbI K CBOGOJHOMY MAaTpOUIY, Has3bIBaeTCHA
mpusuaabHbia MaTpougoM. OI MMeeT eIMHCTBeHHOE He3aBHCHMOE MHOMKeC-
TBO Y eIUNCTBEHHYIO 083y — IycTOe MHO#ecTBO, noatoMy r(A) = 0 naa
mo6oro A C E. Ero nquxnamMu ABIAIOTCA OJHO3IEMEHTHbBIE HOJMHOMECTBA
us F.

IIyers G — npousBonbHblil HeHyIeBoi (n, m, k)-rpad. Pacemorpum maT-
poup nurnos M = M(G) rpada G ua mHomectBe E = FG. Bazamu srtoro
MaTpouja OynyT mnomecTBa peGep rpada, cocTaBlIfAlmYe ero ocToBEL Oue-
Buano, paur marpousa r(M) = n — k ects paur rpapa G, a ero Kopasr
(M) = m —r(M) = m —n + k coBnajaer ¢ HURIOMAaTHYECKUM YHCIOM
rpada G.

Ilycts B — nerotopas Gasa matpousa M = M (G). Torga cooTBeTCcTBY-
OIy0 Ko6asy B HasbIBAIOT elle M KOOCTOBOM (3T0 MHOMeCTBO Tex pebep
rpada, KOTophle Hy:KHO 0TGpOCHTL U3 rpada, 4To6bl NOMYYHTL €ro 0CTOB).
B cury neMMbl 2 Ko3aBUCHMBIe MHO)ecTBa Matpouna M(G) — aro Te u
TOJNLKO Te MHOKecTBa pebep rpada, ROTOpble UMEIOT HeHycToe IepeceyeHle
¢ Kampoil Gasoil. CrepnoBaTenbHO, Ko3aBHCHMble MHOmecTBa u3 M(G) —
9TO Te WM TOIBKO Te MHOecTBa pebep, IIpU CTUpPANNM KOTOpbIX B rpade G
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paspylmaioTcH BCe OCTOBBI, T.e. YBeIHYHBAETCA UHUCIO KOMIOHEHT CBA3HOC-
tu. Tarum o0pa3oM, KosaBUCHMBble MHOjecTBa U3 M(G) — 310 B TouHOC-
TH paspesalolilie MHoecTBa pebep Ipada, a Torja KOUUKILI — 3TO paspe-
3bt! ClleqoBaTelbHO, WMKIBL U pas3pessl rpada — 3T0 B3aUMHO JBONACTBEHHBIE
o6berTbl. Marpoun M*(G), nBojicTBeHHblit kK MaTpouny M(G), HasplBaOT
mampoudost paspesos rpada G.

OTmeTuM, uTO 141 do6oro qepera T MaTpousg M(T) cBo6oJeH, a MATPOUL
M*(T) TpuBuaieH.

IIpumep. PaccMoTpuM MaTpoup 1MUKIOB cleqyIomero rpada:

2 e
253 4
€1 €5
€4
1 €3
Puc. 20

Torpa

1) E = {ey, ea, e3, €4, €5} — OCHOBHOE MHOMKECTBO MaTpOUJE;

2) By = {es, €3, ea}, Ba = {ey, €3, es}, By = {e1, €2, e4} — MHOMecTBO
0as;

3) B_l = {617 65}7 B_2 = {627 65}: B_3 = {637 65} — MHOMeCTBO Ko0a3;

4) {eq, ea}, {e1, e3}, {e2, es}, {ea} — MHOKECTBO KOUURIOB, coBHagaio-
ee ¢ MHO#ECTBOM Pa3pesoB paccMaTpUBaeMoro rpada.

4.6. MagnpIilt aIropuTM

Ilyects F — HemycToe KoHeUHOe MHOMKeCTBO M w — dyHENUA u3z F B
MHOKecTBo HeficTBUTenbHbIX umcen IR. Yucno w(e) GyneM HasblBaTh Gecom
aaemenma e € E. Jlna mo6oro venyctoro A C E nonomum w(A) = 3 w(e)

eEA

u OyneMm HaseiBaTh w(A) secom muoscecmeaa A.

Badurcupyem HekoTopoe cemeiicTBo Z C P(E), B KOTOPOM HUMeeTCH XOTHA
6LI 0IHO HellycToe MHoecTBO. Byzem cMoTpeTh Ha 7 Kak Ha YaCcTUYHO yIO-
PANOYEHHOE MHOMECTBO OTHOCUTEILHO TEOPETUKO-MHOMECTBEHHOI'O BRITIO-
yenud. JiA ymo6cTBa 3IEMEHTHI YaCTUYHO YHOPAZOUEHHOT0 MHOKecTBa I
OyneM Ha3bIBaTL 00%6eKmMaMlL.

Bynem panee cuurarh, 4To Z yHOBIeTBODAET aKCHOME HE3aBUCHMOC-
T (L1), T.e. HOAMHOMECTBO 06BEKTA ABIACTCA 0OBHEKTOM.

PaccMmoTpuMm cilefyiomyio 3ajauy:

B yacmuuno ynopsadouennom muoxcecmese o6sexmos I nocmpoums marcu-
MAALHBLL 00K MUHUMAALHO 803MONCHO20 BECA.
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HccnenyeM, NPH KAaKHUX YCIOBHAX HA CEMEHCTBO OOBLEKTOB ClENyMOIMil
alFOPUTM pelllacT MOCTABJENNYIO 3a1ady.

Mapupiit anroputm. 1) B kauecTse ey BoiGepeM B E 3leMeHT HAVMEHE-
1Iero BO3MOMKHOrO Beca Takoil, uro {e;} € Z.

2) IlycTb saeMeHTSHI €y, ..., €;_1 y#e BblOpansl. B KauecTse e; BoiGepem
B I/ 37eMeHT HauMeHbIero Bo3MOAKHOI0 Beca TaKoi, uTo

6,‘¢{€1, ...,65_1} u {61, ...,ez‘}EI.

3) BeimonHsieMm 2) fo Tex 10p, MOKa 3TO BO3MOAHO. [[polecc 06A3aTEMLHO
3aBepIIMTCH, U Gy1eT I0CTPOEH MaKCUMAIBHLIN 00beRT B = {eq, ..., e,} € L.

Teopema 4.16. [Tycmv cemeticmso o6sexmos I ydossemsopsem donoa-
numeavno arcuome nesasucumocmy (1.2), m. e. I seasemesn cemetiemson Ind
8CEX HE3UBUCUMBLY MHONMCECTE HEKOMOP0o20 Hempusuaibioeo mompouda va F.
Toz0a aoboe muosxcecmeo B, nocmpoennoe waduvim aazopummon, 6ydem mar-
CUMAABHBLM 0GBEKMOoM MUHUMIALHO BOIMONCHO20 6ECa.

HoraszarenbcTBo. [lyerh 7 — ceMeficTBO HE3aBUCHUMbBIX MHOMKECTB He-
KOTOpOro neTpuBHaibHoro Marpona M = M(E) u o6bert B = {ey, ..., e,}
MOCTPOEH KaJHBIM alrOPUTMOM, KaKk yKasaHo Boiine. OueBugno, B Apiferca
6azoit maTpouga M.

[MycThb, oT TpoTUBHOr0, B He fBIfeTCA 6430/ MUHUMAILHOTO BO3MOMHO-
ro Beca. Cpegn 6a3 MUHUMAaILHOI0 BO3MOMHOI0 Beca BoibepeM Oazy B, mis
KoTopoit umcio |B N B’| umeer HauGonniiee Bo3MoskHOe 3HavyeHne. Tar kaw
B # B, umeem B ¢ B’. BosbMeM diIeMeHT e; ¢ HAUMEHBIIUM HOMEPOM
Taroil, uro ¢; ¢ B’. Torma {ey, ..., 1} C BN B’. Muomecrso B’ U ¢;
cogeput TouHo ogud pura C. TMocronsry C € B, cymecrsyer e € C' \ B.
HNonoxum B” = (B’ Ue;) \ e. OrGpocuB e, Mbl paspyIIMIN eJUHCTBEHHBI
nuka B B’ Ue;. CaenoBarenbio, B” — HezaBHCHMOe MIO#KECTBO MaTpPOH-
za M u |B"| = |B’|, 1.e. B” — 6asa marpouga M. Kpome Toro, ouesugso,
|B” N B| > |B’N B|. Toatomy w(B”) > w(B’) B cuiy Bhibopa Gasnl B'.
Tax rar w(B") = w(B’) + w(e;) — w(e), vonyuaem w(e;) — w(e) > 0, T.e.
w(e;) > w(e). TocliefHee HepaBeHCTBO NPOTHBOPEYUT TOMY, YTO HA i-M
mare MajHOro airopuT™Ma Obll BHIGPAH DIEMEHT ¢;, a He BIEMEHT €, XOTA
e {ey, ..., €i_1} C B u muomectso {ey, ..., ¢;_1, ¢} C B’ uesapucumo. O

[lycte G — cBA3HBIA HeoHOsIeMeHTHbIN rpad. PaccMoTpum Ha MHO-
mecTBe ero pebep E = E(G) HeKOTOpPYI BecoBYI0 (IWHEIWIO w, KOTOpas
Kam oMy pe6py e cTaBUT B cooTBeTcTBUe Bec pebpa w(e) € R. Cemeit-
cTBo T anquuivueckux HaGOpoB pefep ABNAETCA CEMEHCTBOM HEe3aBUCHUMBIX
MHo#ecTB MaTpoupa uukiIoB M(G) rpada G. Bazamu sToro MaTpouaa sBifA-
IOTCH, HO CYIIECTBY, 0CTOBbI rpada G. B cuiy goKa3aHHON TeopeMbl #a HbIN
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aJTOpUTM B JaHHOM CIy4ae CTPOUT OCTOB MHUHHMMAaILHO BO3MOMKHOTO Beca B
rpade G.

Crnenyiommee npemnosxeHue MOKa3bIBaeT, UTO BBINOIHEHUE aKCHOMEBI He3a-
BucuMoctu (1.2) HeoGxoauMo AidA TOro, YTOOLI IPH JMI0G0I BeCOBOH Py HKIMY
MaJHbIA aIrOpUTM Bcerjga cTpoud Gbl B ceMeiicTBe 06beKTOB I MakcHUMalb-
HBIIl 00BbEKT MUHHUMAaNLHO BO3MOMKIIOTO Beca.

IIpennosxenue 4.1. [Iycmo cemelicmeo obsexmos I ne ydosiemeopaem
axcuome nesasucumocmu (1.2). Toeda cywecmsyem secosasn gynkyun w us B
6 R, dusn romopoti ao6oe npumenenue radnozo arzopumma cmpoum 8 L mak-
CUMAAbHBLIL 00%eKM, He ABAAIOUUILCE MAKCUMAAbHBIM 00BEKMOM MUHLMALLHO
B03MOCHO20 Becd.

JorazaTteabeTBo. IlycTh ceMelicTBO 00beKTOB 7 He yIOOBIETBODAET aK-
cuome HesaBucuMoctu (1.2). Torma cymectByior I, J € I rakue, 4To0
t=I<|J|=t+1,rnet e N, ulUp ¢ T nua modoro p € J\ I.
Mycrs |[INJ|=s, rne s € NUO. Ouebuano, s < t.

B rauecTBe BecoBOll (PyHKIUM PaccCMOTPUM CAeIYIOMYIO QYHRIUIO

-1, ecl,
—t—-0,5
w(e): St_T:’I_v BEJ\I,
0, ec E\(JUuJ).
OueBngHo, 0.5
—t—
1< iTT 0 o,
t—s+1

[Ipu TaKoil BecoBOi GyHKUMM w KalHbIH alrOPUTM CHavana 00A3aTedLHO BhI-
GepeT Bce 31eMeHTBI MHOecTBa I, a 3aTeM (BO3MOKHO) BbIGEPET 3IeMEHTHI
uz E\ (I U J) u nocTpouT HeKoTOpoe MaKcHMalbHOe MHOMeCTBO I; Takoe,
uro I C I n w(lh) = w(l) = —t.

3aMeTuM, Jiajiee, UTO

— -
W)= —s+ (t+1—5). 105 _

=—1-0,5 < —1.
t—s+1
Pacmupum J no HekoToporo MawkcumanwsHoro B I mHoxectBa Ji. Torpa,
oueBunnHo, w(J1) < w(J) < w(lh).
CnenoBateibHO, M000€ IIOCTPOEHHOE ?KaJHBIM AJITOPUTMOM MaKCUMalb-
HOe MHOecTBO I ne ABIAeTCA MaKCUMa/bIIbIM 00BEKTOM MUHUMAIBLHO BO3-
MOMKHOr0 Beca. [

4.7. H3omopdpu3amMbl MaTpPOHIOB

Mycte My = M(E;) u My = M(E;) — nBa Matpouna. BuexTuBHOe
otobpamenve ¢ u3 F; Ha Ey HaspiBaeTCcHA uszomopgusmom marpouga M, Ha



4.7. HzomMopduzMpI MaTpOHIOB 73

matpoug M, eciu paa mo6Goro B C E; MHomecTBO B sABafAerca 6a3oil Mat-
pouga M; Torga u TolbLKO Torga, Korga ero ofpas (;)(B) fABIAeTcA 0as3oil
MaTpouga My. OdeBHAHO, MpU M30MOpH3Me IUKIbL MEPEXOIAT HA IUKILI,
Ko0a3bl — Ha K0Gasbl, He3aBUCUMbIE MHOMECTBAa — Ha HE3aBUCHUMbIE MHO-
KECTBA U T. [.

Onpenenenue mM3oMopdu3aMa 3KBUBaleHTHBIM 00pa3oM MOKHO OaTh, HC-
Hoab3yA 1060e N3 OCHOBHBIX MaTPOMIHBIX NOHATUIN (6a3bl, KOGa3bl, He3aBH-
CHMbIe MHOM€eCTBA, KOHe3aBUCUMbIe MHOECTBA, 3aBUCHMbIE MHOMECTBA, KO-
3aBHCHUMbIe MHOJKECTBA, IMKIBI, KONUKIEI). IIpuBeneM, A1f NpuMepa, ompe-
JeneHre u3oMopdu3Ma Ha A3bIKe KO3aBUCHMBIX MHOMECTB.

BuerTusHoe orobpamenue ¢ u3 F; Ha F, HaspiBaeTcl U30MOpPHU3IMOM
MaTpouga M, Ha maTpoun M, eciu gna moGoro A C B MHomKecTBO A Ko-
3aBMCHMO B M) TOrfa U TOABKO Torja, Korja ero o6pas ¢(A) — rosaBucumoe
MHOecTBO B M.

Mer 6ygem nucats My = My u roBopuTh, yTo Marpounsl My u My uso-
MOPPiHbL, ecU CYINeCTBYeT M3oMophusM MaTpouna M) Ha mMatpoun Ms. 3a-
MeTuM, uTo u3 M} = M, BoiTeraer M = M;.

Jro60it MaTpoua, u3oMopdHEIi BEKTOPHOMY MaTpOUAY Hal TemroMm F', Tak-
ke 6yneM masbIBaTb sekmopHuism Hal TeroM F. OueBuOHO, M0G0 BeKTOPHbIHM
MaTpouj Hajl TeiaoM F' uzoMopdeH MaTpouay CToIOLOB HEKOTOPO MaTPHUIbI
Hap TenoM F'. JeficTBUTENbHO, B COOTBETCTBYIOMIEM KONEUHOMEPHOM BEKTOP-
HOM TNPOCTPAHCTBE HAl0 B3ATH 0a3uc U HepeliTH 0T BEKTOPOB, OTBEYAIONUIUX
AJIEMEHTAM MaTpouJa, K UX KOOPJAUMHATHBIM CTON0IAM.

Marpous HazoBeM epagiuveckim, ecii OH U30MOp(heH MaTpoUay LUKIOB
HEKOTOpPOT0 HeHyleBoro rpada, U — kozpadiuveckum, ecivm oH U3OMOpP(PeH
MaTpOMJY pPaspe3oB HEKOTOPOTO HeHylIeBOro rpada.

Teopema 4.17. Mampoud yuraoe M(G) nenyiesozo epaga G usomopden
mampoudy cmoabyos mampuis: unyudenmuocmu [{G) nad deyrasemenmmubii
noaem Ze.

NorazaTteabcTBo. [na npousBoasioro A C E = E(G) uepes I(A) oGo-
sHauuM nopmarpuny marpuust I = I{G), cocTaBieHHyI0 U3 cTOI6LOB, OTBe-
garomux pe6paMm u3 A. JlocraTouno gokasats, 4to rank I(A) < |A| Torga n
ToALKO Toria, korga noarpad (V, A) comepmur uusa, rae V =VG u A # 0.

Mlycrs C — uukn moarpada (V, A). Paur marpuuer I(A) He uamenuTcs,
eciIy U3MEeHUThL HyMepauuio BepiinH u pebep. [lepenymepyem Bepmuae: ua vV
u peSpa us A TakuMm o6pasoM, YTOOLI BepmUHLI U pefpa mumria C' UMenn
HalMeHBIIIHe BO3MOMHble HoMepa. Torga marpuua I(A) npumer Bun:

Il*
0|x* /’
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roe I) = I(C’). Naa wBagpaTHOH MaTpuubl [; Hag moaeM 75 BbIMONHAETCHA
detl; = 0, Tak Kak B KaskioM cTonA0Ue MaTpuubl [; MMeeTcd TOYHO OBa
3eMeHTa, paBHLBIX 1, a ocTanbHble 3neMeHTLI paBubl (. CiegoBaTelbHO,
panr marpullsl I(A) crporo MeHble umcia ee cToiGHOB, paBHoro A, T.e.
rank I[(A) < |A].

OGpaTHo, HPeNmOA0KUM, YTO HeHyleBoi noarpad (V, A) apiserca auui-
mnyeckuM. BoabMeM 0OHY U3 HeTpHBHANLHBIX KOMIIOHEHT CBA3HOCTHU Hj
aToro moarpada. Mamenum Hymepanuio BepmiuH u peGep rpada G. Onuoii us
BUCAYMX BEPIUIMH ¥ ¥ MHIUIECHTHOMY eif peGpy rpada H; npumuineM HoMmepa,
paBuble 1. llepeiigem & rpadpy Hy; — v;. OnAaTh ogHOI M3 BHCAYMUX BEPLIMH
rpaba H; — v1 U MHIUAEHTHOMY el peGpy IpHUOHIIEM HOMepa, paBHbIe 2,
u T.4. Tar nepenymepyeMm BepIIMHBEI U pefpa KOMNOHEHTH! cBA3HOCTH Hi,
moKa He OCTaHETCA TOYHO OJHA BeplliMHA, KOTOPYIO Mbl 3aHYMEpyeM M03-
ske. 3aTeM aHAJOTHYHBLIM 06pa3oM NMOCTYNHM co clelylolieil HeTpUBUANLHO
roMmmoHeHTo# cBasHoctu Ha rpada (V, A) u 1. 1. B roHue mponecca 3aHyMe-
pyeM BepUIMHBI, KOTOpLIe OCTAIMCL He3aHYyMepOBaHHLIMU Nociie 06paboTiu
BCeX HeTPHBHAIbHBIX KOMIOHEHT cBAsHocTH rpada (V, A). Marpuua I(A)
OpHUMeT BUJ:

00 ...0
0 ... 0
1 0

OueBMIHO, ee paHI paBeH 4WcIy cTOAGIOR, T.e. tank(A) = |4|. O

Teopema 4.18. Mampoud, dsoticmeeHHbl K 8eKMOPHOMY Mampoudy HAO
meaom F, maroce seasemes sexmopuvim Had meaom F.

JorazaTeabeTBo. OueBUIHO, cBOGOHLIH U TPHBHUANLHLIN MAaTPOUILI AB-
JAIOTCA BEKTOPHBIMU HaJl IPOU3BOJNBHBIM TelloM F. OHU usoMopdHbI MaTpo-
WOy CTOJNGLOB COOTBETCTBEHHO eUHUYHON U HYNIEBOH MaTpHI] TIOJXOIAIIEr0
nopsgka Haj TeloM F.

IIycte M — npou3BOABLHBIN MeTPUBUANLILIN U HeCBOOOMHBIN MaTpOMI,
KOTOPBII ABAAETCA BeKTOpHLIM Han TeaoM F, u r = r(M). Torga B cury
3aMeydaHUfl, cAelaHHoro Buille, M n3oMopdeH MaTpouLy cTOAGL0B HeKOTOPOit
(t X m)-ManI/II_H:I P nag teaom F. flcao, uyro rank P =ru 0 < r < m.

PaccMmoTpuM caemyiomyio oJHOPOIHYIO CHCTeMY JHMHEHHBIX ypaBHEHUI
HaJ IPOCTPAHCTBOM BEKTOPOB-cTONGIIOB F™:

PX =0. (1)
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IIycts
X17 X27 RS Xm—r (2)

— 6asuc mpocTpaHcTBa pemrennii cucremsl (1). CocTaBUM M3 3THX CTONGIOB
(m x (m — r))-maTpuLy

Q= (Xla D, C N Xm—r)-

Iowramem, uro MaTpoua M* usomopdeH MaTPOMAY CTPOK MAaTPUILI ()
Hag TeiloMm F.

Otmerum cHavana, 4yro rank = m —r = r(M*). Janee, BcHOMHUM, 4TO
6azamu MaTpouna M™ apasaioTea nomonHenus Ga3 matpouna M. PaccmoTpum
oToOpaskeHue ¢, KOTopoe i-i cTonGell MaTpULbl P HepeBOAUT Ha -0 CTPORY
MaTpulsl (). IlorasmeM, 4To 3TO 0TOOpaH#ieHNe H eCTh HCKOMBIH H30MOPPHU3M.

Ham pocTaTouyHO yCTaNoOBUTh, YTO CHCTEME KAKKUX-ITHUO0 r CTOJIGIOB MaT-
putibl P nuunefiHo He3aBHCHMa TOT/la U TOMbKO TOT/A, KOraa JHMHEHHO He3a-
BHCHMa JIOTIOJMHAONIAA ee cucTeMa m — 7 CTPOK MaTpuilbl (). Jlononudtoman
CHCTeMa CTPOK — 3TO CHCTeMa CTPOK, HOMepa KOTOphIX AOHOJHAIOT HoOMepa
CTONBLOB MCXOJHOM CUCTEMbI CTOIOLOB 10 MHOMecTBa {1, ..., m}.

BosbmeM nmponsBoabHYIO cUcTeMY M3 7 cToabuoB MaTpulsl P. [nd mpoc-
TOThl 0G03HayeHUi GylemM cUMTaTb, UYTO B3ATHI IIepPBble r CTONGLOB. Pac-
CyMJIeHUA B 06IIeM clIlydae IpoBoaATcA aGCoMOTHO aHATOTHYHO, HO TpeSyIoT
rpoMosnrnx obosHavenuit. Hycrs Py — 310 (t X r)-noaMarpuna Matpuis P,
cOCTaBleHHAA U3 B3ATBIX MEPBBIX r cTON6LOB. PaccMOTpUM 0ZHOPOAHYIO CHC-
TeMy JUHEHHbIX YpaBHeHHMI HaJl IPOCTPAHCTBOM BEKTOPOB-CTOAGHOB F:

PY =0. (3)

Ecan cTon6usl MaTpHibl Py THHEHHO 3aBHCHMBI, To chcTeMa (3) MMeer
HenyneBoe pemenre Y. JIo6aBuM i HeMy CHU3Y M —  HyJIei, IOy YdM HeHy-
aesoe pemenne X cucrems! (1). Beipasum X uepes Gasuc (2) HpocTpaHcTBa
pewtenuit cueremsl (1):

X = O[le + a2X2 “+ ...+ am—T'Xm—m (4)

rae cpeny Ko3DGUIMEHTOB ecTh XOTA Obl OAMH HeHyIeBo# siement u3 F.
Beemem B paccMoTpeHMe CTONGIBI

1 X5 oy X (5)

m—r

U3 mpocTpaHcTBa F™™", moiydeHHble COOTBETCTBEHHO M3 CTOI6moB X,
X3, ..., Xin_» oTGpachiBaiyeM MepBLIX r KOMIOHeHT. CocTaBUM M3 3THX
«ypesaHHbIX» cTonbuoB ((m — r) X (m — r))-mMarpuuy:

Ql = (X{a Xéa s X;n—r)'
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Matpuua @ — 9T0 KBagpaTHas MaTpULa OPALKA M — T, KOTOPas ABIAETCH
MoAMAaTpHIell MaTpULbl () 1 pacrofozeHa BHH3Y MaTpuisl Q. U3 paBeHcT-
Ba (4) ciegyer

0=oX]+@X;+...+anXs (6)

T.e. cHCTeMa CTOIGIOB KBafpaTHOM MaTpulbl () MHHeiiHo 3aBucuMa. Torga
JMHEeHHO 3aBUCHMa U cHcTeMa CTPOR 3ToH MaTpHIb, T. €. JUMHEHHO 3aBUCUMA
CUCTeMa U3 m — r IOCIeJHNX CTPOK MaTpHULL ().

O6paTHo, MycTh cUCTeMa KaKUX-TUO0 M — r CTPOK MaTpUubl () IuHeiHO
3aBucrMa. Jasa mpoctoThl o6o3HayeHWi GyneM cudMTaTh, YTO 3Ta CHUCTeEMa
COCTOMT U3 NOCHeIHUX m — r ¢Tpok MaTpuisl ). Torga nuHeitHo 3aBHUcHMA
cuctema (5) «ypesaHHBIX» CTOAOLOB, COCTABIAIOIMX MaTpully (1. CuegoBa-
TeIbHO, HEKOTOpasA HeTpPHUBHAlbHAaA NTuHeiinan KoMOuHanua (6) «ypesaHHBIX»
cToabuoB pasua 0. C momomeio paseHcTBa (4) onpemenuM croatey X. Ilo-
CROIBLKY cHUcTeMa CToA6H0B (2) nuHeliHo HesaBHcuMa, uMeeM X # 0. Croa-
Gen X sBafeTcA pelleHHeM cucTeMbl (1), Tak Kak OH paBeH JTHHENHHON KoM-
GuHanuu Gasuca OTpPoCTpaHCTBa pellleHMi 3Toi cuctemsl. Torpa cronben Y,
IOy YeHHbIH U3 cToabua X oTOpachiBaHUeM IIOCIAeOHEX 171 — I HyJIeBbIX KOM-
IIOHEHT, ABIAETCA HEMYJIeBBIM pellleHHeM cucTeMbl (3). CnegoBaTelbHO, IH-
HeliHO 3aBUCHMMa CHUCTeMa U3 HepBBIX 7 cToa610B MaTpuubl Py, yTo u Tpebo-
BaloCch JoKasaThb. O

4.8. IIpocTpaHcTBO IUKJI0OB 6MHAPHOTO MaTpoua

Matpora Ha3bIBAETCA GUHAPHBLM, €CIA OH FABIAETCH BEKTOPHBIM HAJ II0-
neMm Zso. B cuny pesyninTaToB NpeibIAYINeTo pasjela MaTPOMI IUKJIOB M
MaTpOUJ paspesoB MoHoro HeHyleBoro rpada ABIAIOTCA GUHAPHBIMI MaTpo-
HaMH.

Oycre M(E) — npoussonbublii 6unapusiil MaTpoun. Ipespatum P(E) B
BeKTOPHOe TPOCTPAHCTBO Haj ToneM Zg, nonaras jus mobeix X, Y € P(E)

XeY=(XUY)\(XnY), 1- X=X, 0-X=0.

Ouesuano, P(E) — BeRTOpHOE MPOCTPAHCTBO Haj Zy OTHOCHTENbLHO CUMMeT-
pUYeCKoil pazHocTH & U 3a/laHHOT0 YMHOMEHMA Ha ckanapel us Zy = {0, 1}.

O6osnaunm wepes L(M) monmHuomecTBo u3 P(E), cocTosee U3 Beex MOJ-
MHOMECTB MHOMeCTBA F, NpeIcTABUMBIX B BHUJe 00heIMHEHUA TONapHO He-
mepecekanMIXcA UKIOB MaTpouga M (KoHeuHO, cpefid HHUX OyHeT mycToe
noamuomecTBo (} u moboil unka matponna M). 3adurcupyem HeKoTopylo

6azy B matpouaa M. Torna paa nwo6oro € € B uepes C, 06003HAYUM €I1H-
CTBEHHBIN IUKI, KOTOPBIA coNEP#UTCA B MHO#eCTBe B Ue.
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Teopema 4.19. [Tycme M = M(E) — npoussoibrbiil CUHAPHbLL MAMPO-
ud. Toeda

1) L(M) — nodnpocmpancmeso sexmoprozo npocmparcmea P(E);

2) {C,|e € B} — 6asuc npocmpancmea L(M) nad nosemn Zo;

3) dim L(M) = r*(M).

JorasaTeabeTBo. Ilockonbky M — BeKTOPHBII MaTpPOHI Hal Zw, OH
usoMopher mMarpouny croiabuoB Hekoropoll (I X m)-maTpuusl P Hap 1o
nem Zs. IlycTh ¢ — cooTBeTCTBYIOWMiA M30Mophu3aM Taxoit, uto ¢le;) = p;,
rae E ={ey, ..., ey}, a p; — 970 -t cTonben MaTpuust P.

g moboro X C E nonomum S(X) = ZX ¢(e), roe cymMmupoBanue Be-

ec

JeTCH B IIPOCTPAHCTBE BEKTOpoB-cTonbuoB 7. Koneuno, Mbl cuuTaeM, yTo
S(®) = 0, rme 0 — Hymesoit cronben us Z,. W3 ompeneneHWA BUAHO, UTO
S(XUY) = S(X) + S(Y) mnna mobbix OBYyX HelepeceRaroWMXCHA MOAMHO-
#wectB X, Y C E.

[Toramem cHauana, uro piasg aioboro X C F

X € L(M) & 8(X) =0.

HeiicrBurensro, nyets C = {e;,, ..., ¢;,} — uura marpouna M. Toraa
ero o6pas {p;,, ..., p;,} OTHOCHTEILHO U3oMOpdhHU3Ma ¢ ByseT MUHUMALLHOH
nIuHeitHO 3aBHCUMOM clicTeMolt cTon61uoB MaTpuusl P. CiaenoBaTelbHo, HEKO-
Topad NeTpHUBHalbHaA NUHeliHad KoMOMNauusa 3THX cToNOIoB pabma 0:

a1py, +... .+ api, = 0.

B cuiny MUHMMAaNbHOCTH CHCTEMbI CTOAOLOB BCe CKAIAPLI paBHbI 1, T.e.
S(C) = 0. Ilycrs tenepr X = C1U...UC; — obbeauHenHe NONapIo He-
Hepeceratomuxca nurioB. Torma S(X) = S(Cy) +...+ S(Cy) =0.

O6patuo, nyets X C E, X # 0 u S(X) = 0. Toraa cucteMa cTOIBLOB
Marpuusl P, coorBercTByomas MHO#ecTBY X OTHOCHTENBHO ¢, MTHUHEHHO
saBucuMa. IlosTomy X — 3aBUCHMOe MHOMecTBO Marpouma M u, ciego-
BaTennHo, cymecrsyer uuka Ci; C X. THounomum Xy = X \ C;. Torpa
0= SX) = S(X1) + S(C1) = 8(X1). Ecm Xy # @, 1o cymectByer
unka Cp C Xy, Tonomum X = Xy \ Cy u 1.1, UYepes HeCKOJIbKO WIAroB
MHomecTBo X GymeT pa3buTo B 0G0beilMHeHHe CceMeicTBa MOMapHo HeHepece-
KaOLWMUXCH HUKIOB.

Ilposepum Teneps, uro L(M) — noanpocrpancTBo npocrparctsa P(E).
Ilag sToro fgocraTouyHo MoKasaTh 3aMEHyTOCTh L(M) orHocurennHo @.
Myets X, Y € L(M). Torga S(X) = S(Y) = 0 u MbI DoaydaeM

SXaY)=S{X\(XNY}U¥r\(XnY)}) =
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—SX\(XNY)+SY\(XNY))=
—SX\(XNY)+SXNY)+8XNY)+SY\(XNY)) =
=5(X)+8(Y) =0,

S(
S(

T.e. X®Y € L(M).
TaruM obpasoM, L(M) — nognpoctpanctBo npoctpanctsa P(E).
TokaseM Teneph, uto {C, |e € B} — 6asuc npoctpanctsa L(M). CHa-
Yajia IIPOBepHUM, YTO 3Ta CHCTeMa JuNeiino HesaBucuma. Ilyerh e, ..., e —
IIPOU3BOJIbHAA CHCTeMa pa3lduHBIX 3leMeHToB u3 B. Torma

{e1, ...} CC.,@...0C,,

T.e. Coy ... 0 C,, # 0. UubiMu croBamu, mobas HeTpUBHANLHAA IMHeATan
KoMmbBuHanuA BesTopoB cucTembl {C, | e € B} oTauyHa oT Hyas.

TokaseM Tenepn, uto {C, |e € B} — cucrema 06pasyomux npocTpaH-
crBa L(M). Ilycte X — npousBoabHbIN HemyineBoil amement us L(M),
T.e. X # (. Torma X — 3aBucHMOe MHOMECTBO U, CleI0BATEeNLHO, OHO Ile-
peceraeTcs ¢ Kammoil kobazoitl. [lomomum

XNB={e,--.,e} £0.

Pacemorpum muomectBo Y = X & C,, @ ... 8 C,,. OueBngno, Y € L(M) n
YNB=0. Orciopa cienyer Y =0, 1.e. X =C,, &...DC,,.

Urar, {C.|e € B} - 6asuc npocrpaucrsa L(M) u, ciaemoBatennHo,
dim L(M) = |B| = r*(M). O

lpoctpanctBo L = L(M) HasbIBAaIOT npocmpancmeom yuk.aoe 6UHaPHOTO
matpouna M = M(E), a ero 6asuc {C, | e € B} — gyndamenmaavnoli cucme-
Moll yukaos oTHocUTenbHo Gaspl B. Tak rkak MaTpoun M* Takme GUHapeH,
MBI IoNy4aeM npocmpancmeo royuraos L* = L{(M*) u gyndamenmarvnyio
cucmenmy royuraos {C} | f € B}, npuyem dim L* = r(M).

Teopema 4.20. Ilyems f € B u C,,, ..., C,, — MHONECTB0 BCOL UUK-
208 iyndamenmanvroll cucmemst, codepxcauur f. Tozda

Ci={f e ..., e}

llokazatenbcTBo. llonomum X = {f, e, ..., e;}. Muomectso B U f
COJepAUT TOUHO ONVH KOIHKI C;. OueBupgno, X C BU f. Iloatomy mocta-
TOYHO YCTaHOBUTE, 4T0o X ABIfAETCA KoluKkioM. [lo TeopeMe, nBoiicTBeHMOMI
K TeopeMe 4.16, X sABIfAeTcA KOUMKIOM, ecid X ecTh MUHUMAalbHOE MHO-
JKECTBO Cpelll HeHYCTBIX HOIMHOecTB M3 F, yNOBIeTBOPAIOIIUX CBOUCTBY
|X NC| # 1 gas mo6oro nuraa C.
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ycts C — nura. OH ogHO3HAYHO OPeCcTaBUM 4epe3 GynJaMeHTalbIyIo
CHUCTEeMY LMKIOB B BHJE

C=Cy,5...80C,,

rie Ui, ..., 4, — MONAaPHO pa3iMuHble BJeMeHTH U3 B. PaccMoTpuMm 1Ba
ciyyas.

1. lyets f € C. Torpa f € C,, nnsa HekoTOpOro u;, rae i € {1, ..., s} u
{fiu}CXNC, e |[XNC|>1.

2. Mpennonomum Tenepk, uto f & C.

21. Ecm f nme BxoguT HH B oauH u3 murioB C,, ..., C,,, TO
Uty - us € X 1 XNC =0, 1.e. onars umeem | X NC| # 1.
2.2. IycTb Temepb f BXOOUT B HEKOTOPBIH U3 HURIOB Cyy, ..., Cy,. To-

rga f BXOOWUT B 4UeTIIOe YMCIO yKasalHEIX OUKI0B. CrenoBatensHo, f € C,
u f € C,; InA HeKOTOPLIX PasNMUHbIX u; U uj. Torma {u;, u;} C X NC u
omats [X NC| # 1.

Urax, Mot yeranosuay, uto | X N C| # 1 paa moboro nukna C.

IIpoBepuM, 4TO 3TO yci0BUe MapymaeTcA A COGCTBEHIIBIX HEILYyCTBIX
nogMmnozkecTB MHomecTBa X. [lyets Y C X u Y # ). PaccmoTpuMm gBa
cnyyas.

1. TpemnonosuM, uto f € Y. Torga Y C B 1 nosToMy MHOecTBO Y
KoHezaBucuMo. CoriacHo JeMMe, NBOHCTBeHHOIT TeMMe 3 U3 paznena 6, cy-
mecTByeT Takoi nukn C, uro [Y NC| =1.

2. llycte f € Y. Torpa cymectByet ¢ € {1, ..., t}, png xortoporoe; ¢ Y.
Cnemosarensno, Y NC,, = {f}, r.e. Y NC,,| =1L

Urar, X sBasercs KouumioMm u mostomy C7 = X. O

4.9. IIpocTpaHCcTBO LUKIIOB U NPOCTPaHCTBO
pa3pe30B rpada

IMycts G — mpousBonbHBIA HeHyneBoii rpad. Marpoun uusnos M =
= M(C) u matpoup paspesoB M* = M*(G) rpadba G ABasioTcA GUHAPHBI-
MU MaTpougamu. Pacemorpum mopnpoctpanctBa L = L(M) u L* = L(M*)
HpocTpancTBa P(FE) Han HomeM Zs, rne E = EG. lpocrpauctsa L u L*
Ha3BIBAIOT COOTBETCTBEHHO NPOCMPAHCMIBOM YUKA08 W NPOCMPAHCMEOM DA3-
pesos Tpada G. YacTo ux o6o3HavaloT cooTBeTcTBeHHO Yepes L(G) u L*(G).

3aduKcupyeM HekoTopslii 0cToB B rpada G (Tounee, mon B Mbl HOHUMa-
eM MHOeCTBO pebep octoBa). PeGpa rpada, nemamue B B, GyneM Ha3bIBaTh
gemesmu, a pebpa, nemamye B B, — zopdamu. Basuc {C,|e € B} mpo-
crpanctBa L(G) HaswiBaoT gyndamenmanvrot cucmemoti yursoe rpada G, a
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6azuc {C} | f € B} — dyndamenmaavnoi cucmemoti paspesos rpada G. 3a-
metuM, 4to dim L(G) = r*(G) = m — n+ k — 9To uMKIOMaTUYeCcKOe YHCIO
(n, m, k)-rpada G, a dim L*(G) = r(G) = n — k — ero paunr. OTciofa Ierko
BBIBOJUTCH CHEAYIOLiee YTBepHIeHHe.

Jdemma 1. Jiwboti (n, m, k)-zpagd codepmcum ne 6oaee 2™ "% —1 yuraoe
u ne Goaee 2% — 1 paspesos.

IIpumep. Paccmorpum caeayromuii rpad G u ero octoB B:

er 3 9 er 3
’ €3
e es €5
) N
L
1 ) 5 €6 4 1 5 4
a B
Puc. 21

Mpumensa Teopemy 4.20, HajifeM QyHIaMEHTANLHYIO CUCTEMY Pa3pe3os, 0T-
BEUAIONMHUX 3TOMY OCTOBY:

1) {e1, ea};

2) {635 €2, €4, 66};

3) {er, eq, e5};

4) {es, eq, es}-

W3 pe3ynbTaToB pasfiena, MOCBANEHHOT0 DiAepOBLIM IpadaM, JerKo BhI-
TeraeT clefylollee yTBepiiJeHNe.

Teopema 4.21. I[Iycmv G — npoussoavibill Henyaesoll 2pad. Muoscecm-
6o pedep X C E ssasemcs sexmopom npocmpencmea yukaos L(G) epada G
moeda u moavko moeda, koeda e pefepno nopoxcdennon nodepage G(X) ace
KOMNONEHMbL CBAHOCU ABAAIOMCA dilaeposblmu epagamu.

[peme yeM UBYYUTH YCTPOMCTBO BEKTOPOB MPOCTPAHCTBA PA3PE3OB rpa-
(a G, monyYuM psAj BCIOMOraTelbHBIX Pe3ylbTaTOB, YacTh M3 KOTOPBIX Ipe[-
CTaBIfAET U CAMOCTOATENbHBIN MHTEpEC.

IMycte A, B C V = VG. Yepes (A, B) GyneM 0603HayaTh MHOMECTBO
pebep rpada G, coegunaomux BepmuHbl u3 A ¢ Bepmunamu u3 B. Ilycrts
V = V1 UV; — pas6uenre MHOmecTBa BeplIMH Ipada G Ha [IBa, BO3MOMHO
HYCTBIX, HellepeceKalomuxcA HogmuoxecTBa. Muosectso peSep (Vi, V3) 6y-
JeM HaszblBaTh ceyeHues rpada (. OueBupHO, n060e ceyeHue HUGO MyCTO,
1160 ABIAETCA paspesalolquM MIoMecTBoM pebep rpada G.

Jlemma 2. Jiob6otl paspes epagia asasemces ez0 cedenuen.
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Nokaszareancerso. llycrs npu yaanenuu pebep paspesa S us rpada G
KOMIIOHEeHTa cBA3HOCTH G rpada GG pasbuBaeTcA Ha JBe KOMHOHEHTLI CBA3-
Hoctu G u GY. Tonomum Vi = VG u Vo = V\ V. Ouesuano, S = (4, Va).
O

B npocrpanctse P(E), roe E — mMHomecTBO pedep HeHyneBoro rpada G,
zaQUKCHpYeM KaHOHWUYECKHH 6asuc, COCTOAIMA M3 BCEX ONHO3NEMEHTHLIX
MOMHOECTB MHOecTBa E:

{e1}, ..+, {em}-
IIyety X, Y € P(E). Torza

X=a{a}®...Canfen}, Y=5{a}®d...®0n{en}

A HEKOTOPBIX O, «- ., Qs B1y -+, B € Ly = {0,1}. 3amerum, 4ro
cTOI6LbI KOOPAUHAT BeKTOpoB X M Y B JaHHOM clly4Yae IPeICTaBIAIOT U3 ce-
6f xapakTepUcTHUeCKMe QYVHRINM JIA MoIMHoMecTB X M Y MHomecTBa E.
Onpepenum craanphoe npossedenue B P(E), Honaras

X-Y:al,Bl—i—...—i—am,BmEZZ.

Jlerko TpoOBepUTE, UTO OMpelielleHHOe TaAKUM 06pa3oM CRAIApHOEe TPOU3Be/e-
HHe JIMHeHHO 0 KaxiJoil KOMIIOHEHTe.

Rawr o6b1uHo, Ha30BeM BeRTOphl X U Y 0pmozonaibHbLMU 11 GyJeM mucaTh
X L Y,eciu XY = 0. OueBuzno, X 0pTOroHaILHO Y TOrjga W TOIBLKO
Torna, worna X ¥ Y uMeloT 4eTHOe YMcio o6mux pebep.

IMyets U C P(E). Bynem uucats X L U, ecin Bertop X opToronanen
moGoMy BexTopy 13 Y. Onpegenum opmozonaivioe donoanenue U+ MHOmec-
TBa U, nonaras

Ut={XePE)| X LU}
HeTpyano ycTaHOBUTH, uTo U’ ABIAeTCA HOAHPOCTPAHCTBOM HpPOCTPAHCT-

Ba P(E).
Jdemma 3. Jw6oii yura opmozonaren aobomy cevenuio 2pada.

NokazareanctBo. lIycte G — nuni, a S = (Vy, Vo) — cedenne rpa-
da G, rae VG =V, UV,. 3adukcupyeM ofuH U3 ABYX 06x010B no muray C.
Haunem gBUTAThCA M3 HEKOTOPOIT HavyanbHON BepIIMHLL ¥ B HanpaBlAeHUU 00-
xozxa mo nquray C. Bes orpanudenus o6IIHOCTH MOKHO CUMTAThL, 4YTo v € V7.
Ilocronpry o0Xol uMKIa 3aKaHUKMBaeTCA B BepliMHe v, KaIOMY Ilepexony
o pebpy u3 V4 B V3 06A3aTebHO COOTBETCTBYET CAeAyIOUMi 3a HUM (4epes
HEKOTOpOe YMCiIo Iaros) mepexon mo peGpy us Va B V4. Taxum obpasom,
pebpa us nepecevenua C N S pasbuBaTca Ha mapsl, mostoMy C U S UMeIOT
YeTHOe 4ucio obmux pebep. O

Ha ocnoBanuu nemM 2 u 3 norydaeMm
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CaegctBue 1. Jwbot yuka opmozonasen 206omy paspesy zpaga.

Teopema 4.22. L1 =L* u (L*) = L.

JorazaTteabeTBo. llokamem cuavana, uro L 1 L*. Ilyets X € L u
Y € L*. Torpga nias X u Y cyliecTBYIOT pa3iomeHus

4 t
X=@c, Y=
i=1 ji=1

COOTBETCTBEHHO 4epe3 HUKJLI U pa3pes3bl (pyH,IIaMBHTaJIbHLIX cucteM. OTcio-
Oa B CUIY OPTOTOHAIBbHOCTU IIMKJIOB U Pa3pe30B BEITEKAcT

XY =@Ci-C) =0,

T.e. X 1Y.

U3 porazamroro monydaem L* C Lt u L C (L*)l. N3 oGpaTHBIX BRIIO-
uenuil poramem Brarouenue (L*)1 C I, npyroe BRIOYeHMe MpoBepAETCA
aHanoruyHo.

Oycts X € (L*)t. Tomomum X N B = {ey, ..., e;} (cayuait, korga
XNB =, b1 #e uckaouaem). PaccMoTpum BekTop Y, 3anaHHkl yeloBHeM
Y = X@C,,®...6C,, (3necs Y = X, eciu XNB = ). Ouesngno, YNB = {,
T.e. Y C B. Kpome toro, Y € (L*)*, tar rak C,, ® ... ® C,, € L C (L*)*.
Eciu Y # (), To Y — HemycToe He3aBUCHMOE MHOMECTBO U TO3TOMY B CHIY
nseMMbl 3 W3 pasgmena 6 cymecTByer paspes C* tawoit, uro |Y NC* = 1,
T.e. Y ne oproronanen C*, 4To HeBo3Mo#HO. TakuM ofpasoMm, Y = () u,
cneposarensio, X =C,, &...6C,, € L. O

B cBfisn ¢ HoKasaHHOM TeopeMoil 3aMeTHM, 4TO HpocTpaHcTBO P(E) He
Bcerja NpeACcTaBUMO B Bufle HPAMON cyMMbI nogHpoctpancts L u L*. Ilpu-
MEPOM MOMKET CIYHUTH cleqyiomuii rpad:

€1

Ne
ZAAN

Puc. 22

nech MHOMKECTBO {ej, eg, €3, €4} ABIAECTCA OMIOBPEMEHHO U LURKIOM H
3 ? ? 7

paspe3oM, T.e. LN L* He ABAAeTCA HYIeBLIM HOANPOCTPAaHCTBOM U NMOTOMY
cymMma L @& L* He ABIAETCA NPAMOIT CYMMOIT.
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Jlemma 4. CuMmempultecmaﬂ pasnocmsy ceveHull ABAAEICA CeYeHueM.

JNorasareaserso. Hycty V = ViUV, = V30UV, S; = (W4, Vo) u Sy =
= (V3, Va). Honosmum

A=vinV;, B=VinV, C=V,nNV;, D=V,nNV,.
Torna
S1={(AUB, CUD) = (A, C)U{A, D)U(B, CyU(B, D),
Sy = (AUC, BUD) = (A, BYU(A, DyU(C, B) U(C, D).
Otciona BhiTERaeT
S1® Sy = (A, CYU{A, BYU(B, D)U(C, Dy = (AUD, BUC),
rne V = (AUD)U(BUC), T.e. S1@ S, aBnnerca cevennem. O

Teopema 4.23. llycms G — npouseoavusill Henyresoll epag. Toeda ce-
yenusn epaga G U MOAbKO OHL ABALIOMCA SEKMOPAMU NPOCMPAHCMBA pa3pe-
308 L*(G) epadia G.

HoraszareibeTBo. Ilyeth S — ceuenne rpada G. Ilo gemme 3 ceue-
HUe S opTOTOHANLHO M0GOMY NUKIY U3 QYyHIaMEHTANBHON CHCTEMBI [UKIOB.
Cnenosarensso, S L L. OTKyna BbITeRaeT, uto S € L' = L*,

O6paTho, uycts S € L*. Torpa S HpeacTaBUMO B BUe CUMMETPHYECKOI
pa3HOCTH pa3pe3oB U3 GyHIaMeHTANbHOI CUCTEMBI pa3pe3oB:

S=Cro...eC.

OTCI'O,HH Ha OCHOBaHWUU JieMM 2 | 4 noaxydvaem, 4UTO S aABiadgercAa cedenueM. O

4.10. MoHoTOHHEIe NIOAyMOAyAApHbIe GYyHKIIUH.
NHaynupoBaHHbIIT MaTpoua
Ilycrs E — uenycroe koHeyHoe MHomecTBo. @Dyuruua f uz P(E) B

NU{0} naseiBaerca smonomonnotl noaymodyanprotl Gyrryueil, ecn oHa yI0B-
IeTBOPAET PAHrOBhIM axcuomam (r.2) u (r.3).

Jdemma 1. [ycmov f — monomonnan noaymodyaspran gynruus us P(E)
6 NU {0} maran, wmo f(0) = 0. Toeda marumu e ceoticmeamu obaadaem
dynryus f+ us P(E) e NU {0}, sadannas pasencmeon

F(4) = pin(7(0) + 14\ U])
das awboeo A C E.

JlokasareascTBo. CBojicTBO fT(()) = 0 BhIMOIHAETCA 0YeBHIHLIM 06pa-
30M.
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[IpoBepum MonoToHHOCTEL (pynkuuu f+. IIycrs Ay C Ay C E. Torga min
npousBoabHoro U C Ay BEIBOIUM

U N A + 1A\ (U N AD] = FU N A + |4\ U] < FU) +]4:\ U],

OTRYyZa oueBUHO BelTeRaeT fT(A4;) < f+(A42).

Janee, KCIONL3yA NPOCThIE TeOPETHUKO-MIIO}KECTBEHIble DacCys;kAeHHf
(eM. puc. 23), HeTpymHO NpoBepHTH, uTo MiA mobbix A3 € A C E m
B; C B C E nMeeT MeCTO paBeHCTBO

A\ A+ B\ Bif = [(AUB)\ (A UB)| + [(AN B)\ (41 B
OTciofa B CUIy MOTYMOLYIAPHOCTH (QYHKIMK f IONyYaeM
(f(A) + AN A) + (f(B1) + |B\ B1|) >

> (f(A1UB1) +[(AUB)\ (41 U By)|)+
+(f(AL N By) + (AN B) \ (41 N By)]).

Tenepnb, UCIONL3YA MOMYYEHIIOE IEPABEHCTBO, BHIBOIUM

A+ f7(B) =

= min
A1CA, B1CB

(f(A1) + [A\ Ai| + f(B1) + B\ B1|) >

>, ain (f(AUB)+|(AUB)\ (41U Bi)l+

+f(AiN B+ [(ANBY\ (A N By)|) >

z X(_:Aurlla’l,iggAnB(f(X) +](AUB)\ X[+

+f(Y)+|[(ANB)\Y|) = fH(AUB) + fH(AN B).
E
A -B

A1 Bl

=

Puc. 23
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CaegerBue 1. IIyemv f — maras sice Pynryun, war 6 aemme 1. To-
eda ft(A) = |A| 8 mom u moavko 6 mom cayuae, koeda |U| < f(U) dan
aibozo U C A.

HorasaTtenancrso. dycrs f(U) < |U| paa nexoroporo U C A. Toraa
FU) + A\ U] < U]+ A\ U| = |4] n £#(4) < |].

OdparHo, ecan |U| < f(U) nna vexoroporo U C A, 1o f(U) + |A\U| > |A].
Kpome Toro, mpu U = () umeem f(@) + |A\ @] = |A|. Caeposarensho,
fH(A) = |A], ecan |U| £ f(U) mas moboro U C A, O

Teopema 4.24 (3amonac). Mycme E — Henycmoe KoHewHOe MHOMEC-
meo u f — monomonnan noaymodyaspran gynruua us P(E) e NU{0} maras,
ymo f(0) = 0. 3adadum cemeiicmeo T C P(E), noagean A € T dan npous-
goavrioeo A C E 8 mom u moavko 6 mom cayiae, ko2da |U| < f(U) dan
awbozo U C A. Toeda cemeiicmeo T sasanemcss cemelicmeom ecex He3qasu-
cumvir muodcecms Heromopozo mampouda My(E) na muonecmse E, npusem
panzosasn Pynryus mampoude My (E) cosnadaem c gynkyuet f*, m.e.

r(4) = min(£(U) + |4\ U]
oas awbozo A C E.

TlorasaTteancTBo. Paccmorpum gononnenue Z cemeiictea Z B P(E), T.e.
ceMeiicTBO BeeX nogMHoxecTB A C E| nna rotopeix cymecteyer U C A Ta-
roe, uro f(U) < |U|. Yepes C o6o3HauuM ceMelCTBO BCeX MUHMMAIbHBIX
uenoB cemeiicTBa Z. flcHo, uTo € COCTOMT M3 BCeX MMHHMANLHLIX HOM-
muomecTB A C FE, mus koropeix Bbimoanserca HepasemcTBo f(A) < |A].
Ouesunno, ) € C B cuny ycaosua f(f)) = 0.

Mpoeepum, uro cemeiicrBo  ympoBieTBopAeT arcuomaM [uRIoB (C.1)
u (C.2). Akcuoma (C.1) BepHa B CHIIy MUHMMAIBLHOCTH 4lIeHOB ceMeiicTBa C.
Myets Cy, Cy € C, Cy # Ca u saement p € E nemut B nepecedennu Cy N Ca.
Torma numeem

|Ci| =1 =|Ci\p| < F(Cr\p) < F(C1) <|Cl,

T.e. f(C1) = |C1|—1 u, ananoruuno, f{Cy) = |Cy|—1. Ucnoabsys oueBunuoe
uepaBencTBo f(Cy N Cy) > |C) N Cs|, monyuaem

F(C1UC)\p) < f(CLUG,) < f(Ci) + f(C2) — f(C1NGy) <

<|Ci| =1+ [Col =1 = |CLN Ca| = |C1UCs| — 2 < [(CLUC2) \ 1,

T.e. (C1UC2)\p € I. Otciona cnenyer, uto B MHomecTBe (C1 U Cs) \ p conep-
MUTCA HeKoTopoe MoaMHoMecTBo C, mpunafne:xaiiee ceMmeitctBy C. Tarum
obpasom, fua cemeiicrBa C BepHa arcuoMma (C.2).
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Cemeiictgo C B cuiy TeopeMsl 4.13 siBiseTCA CeMeACTBOM LUKIOB HEKO-
TOpPOro MaTpouia Mf(E) Ha MHOo#ecTBe E. O4eBHAHO, IJA 3TOro MaTpoMaa
cemeiicTBo Z sABasierca ceMeiicTBOM Ind He3aBMCHMBIX MHOMECTB.

B cuay caepcrsus 1 pus mo6oro HezaBucumoro Hopmuomectsa A C E
matpousa M;(E) semonnserca ft(A) = |A|. Eciu me A — zaBucumoe
noaMHokecTBo M3 E, To f(U) < |U| naa Hekotoporo U C A u mosTOMY H3
ompenenenrs dyHruuy fT BeiTenaer, uto fT(A4) < |A|. Taxum obpasom, 1as
mo6oro A C E nmeem 0 < fT(A4) < |4, 1.e. ¢pyuruua f ynoBrersopser
paHroBoii akcuome (r.1).

Urar, dyukuua f1 ygoBleTBopseT BCeM TPeM DAHIOBBIM aKCHOMAM H,
Clle0BaTENLHO, ABIACTCH PaHroBOM (QYHKUMEH TOUHO OJHOTO MAaTpOWfA HA
muoxecTse E. B cuiy caencrsus 1 u onpefenenus cemejicrsa Z sToT mart-
poup cosnagaer ¢ Marpousom M(E), T.e. ft — panrobas QyHRUUA MaT-
pouna M;(E). Ocratoch IpUMeHHTL TeMMy 1. O

[oe3H0 3aMETUTD, UTO eCIIH Y IPOM3BOILHON MOHOTOHHOH TIOLYMOTYILAP-
ot pynrumn us P(E) 8 NU {0} snauenue ot mycToro MuomecTBa 3aMeHUTD
Ha 0, To noAnpaBieHHas GyHKUUA CHOBA Oy 1eT MOHOTOHHOMN 0Ly MOLYIAPIOA
QyHKOMeER ¥ K Hell MOKIIO HPMMEHATD HOKA3aHHYIO TeOpeMy.

OTmeTHM, YTO TeopeMa DIMOHACA [AeT ONUI U3 HAUGOIee MOME3MBIX Me-
TOJOB KOHCTPYUPOBAHUA HOBBIX MAaTPOUZOB, B YeM MbI CMOKEM yOeIUTLCH B
CIeNYIOIIKX ABYX pasfelnax.

4.11. TpaHcBepcailbHble MaTpPOW/bI

Oycrs G = (V, R) — nBynoanHblil rpad, ToASMH KOTOPOro ABIAIOTCA
HeHycTble MHomecTBa X u Y, T.e. V = XUY u moboe pebpo e € R
COefMHAET HEKOTOPYIO BepUHY U3 X ¢ HeKoTopoit BepuuHoit 13 Y. B namb-
HelimeM Taroi rpap G Mbl 6yneMm sanuceiBaTh B Buge G = (X, R, Y) uin,
4To 9KBUBaneHTHO, B Bute G = (Y, R, X). Jdus ynoGeTBa Mbl GyneM HHCAThb
KpaTko zy € R, eciu B R uMeeTcA pe6po BUIa e = Y.

Mg spousBoastoro A C X nmonomum

R(A)= U{yeY|ay e R}.

acA

Jdemma 1. @yuryus f(A) = |R(A)| us P(X) e NU {0} asanemca mono-
monnoil noaymodyaaprot Gynryued u f(B) = 0.

NorazaTeancTBo. Yenosue f({)) = 0 BLimonHASTCA 0YeBUAHBIM 06pasoM,
u GpyHruusa f MoHoToHHA, Tak Kak 1A mobeix A C B C X BepHO BRIIOYEHHE

R(4) C R(B).
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Mpegnonosum, nanee, uto A, B € X. Torga B chly COOTHOIIENMI

R(AUB)=R(A)UR(B) u R(AN B) C R(A) N R(B) nonyuaem
R(AUB)| +|R(ANB)| < |R(A)UR(B)|+ | R(A)NR(B)| = |R(4)| +|R(B)],

T.e. dynruua f nomymogynapHa. O

B cuny Teopembl dnMoOHIca U3 Mpelplaymero pasgera GpyHrkuua f, yra-
3aHHafg B leMMe, HHAyUupyeT Marpoun M;(X) Ha mHomecTBe X. Bynem
obosHauarh aToT Matpoug udepes T(X, R,Y). B marpoune T(X, R, Y) ne-
3aBUCUMbIe MHOMeCTBa A XapakTepUsyIOTCA yCIOBHUEM:

|U| < |R(U)| naa moboro U C A,
a pauropaf QyIKIUA 3a7aeTCA PaBeHCTBOM:

r(A) = min(|R(U)] +[A\ U]).

Jio6oit MaTpoua, usomopdubit marpouny Buga T(X, R, Y), Gyzem Ha-
3bIBATh MPAHCBEPCAALHBIM MAMPOUOOM.
Anamoruumno npejsipymemy, i ao6oro B C Y nonomum

R(B)= |J{z € X |zb€e R}.

beB

®yuruun g(B) = |R(B)| us P(Y) 8 NU{0} nnayuupyer marpoun M,(Y) =
=T(Y, R, X).

Iapocovemanuem P B nBynonsHoM rpade G = (X, R, V) HaswBaor Ta-
Koe MHOMecTBO pebep M3 R, uro nioGble OBa pasiduHbix pebpa uz P He-
CMEJHBI, T.e. IIe UMeIOT obmuX KoHueBblx BepuuH. Yepes malchx(P) u
matchy (P) 6ynem 0603Ha¥YaTh MHOMKECTBO BCEX KOHIEBBIX BepIIVH pebep
napocouetanud P, neskamux cooTBercTBenHo B X u Y. DBynem roBopurs,
yto MmmoxecTBo A C X ABiAeTcAa wacmuumoll mpauceepcaabio B X, eciu
A = matchx(P) nna verotoporo napocoveranus P rpaga G = (X, R, Y).
Bynem Taxme roBoputhb, 4To MHomecTBo A C X wmodscem napocovemamues ©
muomectBoM B C Y, ectu A = matchx(P) u B = matchy (P) naa sero-
Toporo napocoderanua P rpaga G = (X, R, V) (roneuno, sgece A u B —
yacTHYHBIE TPaHCBepcan cooTBeTcTBeHHo B X u V).

3aMmetuM, uTo MHOMecTBo A C X ABIAeTCA YacTUYHOMN TpamncBepcanbio
B X Torfia ¥ TOJbKO TOr[Aa, KOIJa CyNMecTBYeT MHBeKTUBHOE 0ToGpameHue ¢
uz A BY raroe, uro ag(a) € R nua moboro a € A.

3aMeTVUM Tak#e, 4TO B UHCJIO [IAPOCOUETAHUM Mbl BKIIOUAEM MYCTOE IMa-
pocoyeTanue, a B UNCIO YaCTUYHBIX TpaHcBepcaledl — MyCTYIO YaCTUUYILYIO
TpaHCcBepcab.
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Teopema 4.25 (Xoan, 1935). ycms G = (X, R, Y) — npousgoibhbiil
dsydoavuntll epad. Toeda muosncecmeo A C X asanemca vacmuunoll mpauc-
sepcaavio 8 X 8 moM 1 MoAbKO 8 MoM cayvae, Kozda

|U| < |R(U)| dan awboeo U C A.

Janee B 3TOM pasgfeie MBI JokameM Golee obllee yTBepsijeHue, U3 Ko-
Toporo GymeT BLITeRaTL TeopeMa Xollla, a MOKa NpUBeleM pAL cleIcTBUit
TeopeMbl XoJla.

CaegcrBue 1 (domonac u @anrepcon). Tyems G = (X, R, Y) —
npoussoavrbiil Osydoavrutli epad. Toz0a

1) cemeticmeo vacmuunsir mpanceepcaret 6 X cosnadaem c cemeilcmeom
Heaagucumbir muoxncecme mampouds T(X, R, Y);

2) cemeticmso wacmuunoir mpanceepcaaeti 8 Y cosnadaem ¢ cemeticmeom
Hesasucumbir mHoxwecme mampouda T(Y, R, X);

3) mampoudw T(X, R, Y) uT(Y, R, X) umerom odunarosnviil pane, komo-
pulil paseH MOWHOCMU HAUO0AbULIE20 NO YucAYy pebep napocovemanus epadic G.

ATo yTBepsKIenHe, B YAaCTHOCTH, FOBOPHT O TOM, YTO BC€ MaKCHMalb-
Hble 4YacTUYHBIe TpaHcBepcaiu B X W B Y paBHOMOmHbL OnHaro, Kak
HeTpynHO yOemuTbed, MakcUMAalbHble HapocoyeTaldd OBYIOALHOro rpada
G = (X, R,Y) moryT 6bITh He paBHOMOMmMHBI! DTO 03HAYAET, YTO CeMeii-
CTBO Beex IapocodeTanuii rpada G, Booblule FOBOpA, MOMKET He YIOBIETBO-
PATb akcuoMe HesaBUcHMocTH (1.2), XOTA U yIOBIEeTBOpPAET aKCHOMe He3a-
sucuMoctH (1.1). fleno, yTo MakcHMalbHbIe YacTHYHbIE TpaHcBepcald B X
(cooTBeTCcTBEHHO B Y) ¥ TONLKO OHM MpeACTaBUMbL B Bule matchy (P) (co-
OTBETCTBEHHO B BHie matchy(P)) #if HEKOTOPOro HaubOIbIIEro 0 YKCILY
pebep napocoueranusa P rpada G.

CaegcrBue 2. [Jan dsydoavioeo epaga G = (X, R, Y) cywecmeyem wac-
muynas mpancsepcaas 8 X mownocmu t, 20e 0 < ¢ < |Y|, moeda u moavko
moada, kozda

Ul+t— Y| <|R(U)|
oan awboeo U C Y.

JorazaTeakcTBo. OueBMIHO, YacTUYHaA TpaHcBepcalb B X MolIHOC-
i t, roe 0 < ¢ < |Y|, cymecTByeT TOrza M TOALKO TOTfAA, KOTAA paHr T
matpousa T'(X, R, Y) Goablie Wiy papen ¢, T.e. Korjia

min([RU)| + YA U]) 2 ¢.
Mocnennee HepaBeHCTBO 3KBUBANEHTHO YCIOBUIO:
R)|+ Y \U| > ¢
mad moboro U C Y. O
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Tpanceepcaavio B X gBygmoasHoro rpadpa G = (X, R, Y) Ha3bIBAIOT TaryIo
yacTuuHyio Tpaucsepcaib A B X, uro |4| = |V, T.e. Taxyl yacTHUHYIO
TpaHcBepcalb B X, KOTOpasg MOMKET apoCOUYeTaThCA CO BCeM MHOMKECTBOM Y.

CaegctrBue 3. Jus Osydoavnoeo epade G = (X, R,Y) cywecmasyem
mpaucsepcaas 8 X mozda u moavko mozda, roeda |U| < |R(U)| dan awbo-
20UCY.

Ilyets G = (X, R, Y) — npousBoabHelil gBypoabHsiii rpap u A C X.
MuomectBo D C X UY HasbIBAETCA BEPULLHHbLM NOKPLUTILEM MHOMHecmed A,
eciy moboe pebpo, coeNMHAOMEe BepIIHHY U3 A ¢ BepIIMHON U3 Y, UMeeT
He MeHee OJII0i1 KOHIIeBO! BepIIMHLI B MHOMecTBe D,

CaegcrBue 4. IIyems G = (X, R, Y) — npoussoasnbiil deydoasbiil epagd
u r — panzosas Pynryus mpanceepcasvrozo mampoude T(X, R, Y). Tozda
das aiobozo A C X evinoansemcs

1) r(A) = |A| - UgXJ(U), 20e §(U) = |U| — |R(U)| — deperxm mnorcec-
mea U; N

2) r(A) = min |D|, 2de munumym Gepemcs no 6ces SEPULUHHbBLM TLOKDbL-
muam D muoscecmea A.

okasaTeabeTBO. 1) BBITE€KAeT U3 ClIeAYIONero 0UeBHAHOIO paBeHCTRa,
cHpaBemuBoro mgiaa gioboro U C A:

(RO + [ANU]) + (1U] - [RU)[) = |A].

2) Oyctb A C X u D = X; UY;, — HeroTOpoe MHHHMA/IbLHOE BepIIMH-
Hoe HOKpbiTHe MmuHOMecTBa A, rme X7 € A u Yy C Y. Torga, oueBUaHO,
R(A\ X1) C Y7 u, cregoBatensto, R(A\ X1) = ¥} B culy MUHMMaIbHOC-
i D. Mostomy D = X;UR(A\X;) = R(UYU(A\U), rae U = A\ X;. Takum
06a30M, Bce MMHUMANbHbIE BepPUIMHHBIE MOKPBITUA MHOMKecTBa A cogep:rat-
cA cpeaM BepIMHHBIX HOKpbITHH Buga R(U) U (A \ U). Otciona BeiTeKaeT
yTBepmienune 2). O

Bepuunnein noxpeimuen dsydoavnozo epaga G = (X, R, Y) naspiBaerca
TaKoe ero MHOMECTBO BepliuH D, uTo Kampgoe pedpo rpada G MHUHTEHTHO
xors 6bl opgHo# BepmuHe u3 D. HWHbIMH ci0BamMu, BepLIMHHOE HOKPBITHE
rpaga G = (X, R, Y) — »To BepMHHOE HOKPBITHE MHOMKecTBa X (a Tamme
MHO}ecTBa Y).

Cuenyroue IBa yTBepMIeHUA BbITeKalOT U3 cienctBus 4 mpu A = X u
YTBep#IeHuA 3) ciregcTBuAa 1.

CaencrBue 5 (Ope). B dsydoavron epage G = (X, R, Y) mownocms
HauboabULe20 NO wUcAy pebep napocovemarus pasra | X|—4§, ede § — seaununa
Hauboavulezo u3 degexmos nodmmuoxcecms Mmuodxcecmea X.
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CaegcrBue 6 (Kenur). B dsydoavnom epage G = (X, R, V) mownocme
HauboabULE20 1O YUCAY pelep NAPOCOLemaU PASHI MOUHOCTIY HAUMEHbULE20
N0 YUCAY BEPULUH 8EPULUIHOZ0 NOKDbLMUA.

BasHoe 3HaueHMe A OpUIOMKeHUI Teopuu rpadoB MMeeT HHTepIpeTa-
IMA CHCTeM MHOMECTB Kak JBYMOMbHLIX Tpados.

PaccmorpuM nocnenoBarenssocts 8 = (S, ..., S;) IPOM3BOABNLIX MOJ-
MHOeCTB HellyCTOr0 KOHeUHOTO MHOecTBa X, IpHUeM MBI JOMYCKaeM, UTo
[IEKOTOpble U3 KOMIIOHeNT S; CHCTEeMBI MIoM#ecTB S MOryT NOBTOPATECA. 1lo-
aomum Y = {1,...,1}. Onpepgemum nBynonbnsiit rpadp G = (X, R, Y),
3amaBag MHOeCTBO peGep R ciemyromum obpazom:

{z,y} e R xelsl,

mas mobeix & € X uy € Y. Tpanceepcans B X rpapa G = (X, R, Y)
B IaHHOM clIy4ae o0bIUHO Ha3bIBAIOT CLCMeMOl pasiuinbiy npedcmasumenetl
cucTeMbl MHOMecTB S. YacTuuHble ke TpaHcBepcamtd B X — 9TO CUCTEMEI
PasiIuYIbIX NpeJCTaBUTelel MOACHCTEM CUCTEMBL MHOMeCTB S. HnbiMu cio-
Bamu, nogMHomectBo T = {xy, ..., z;} C X, cocronmee U3 | 316MEHTOB,
GymeT cUCTeMOIt pa3iIMYHLIX MpeacTaBUTedeil HeKOTOPO MOACUCTEMBI U3 S,
eciu
1 € Syyy ---y T4 €85,

[l HEKOTOPLIX HOHAPHO Pa3iM4HBIX MHIEKCOB ¥y, ...,y € Y = {1, ..., l}.
Ecnu se ¢ = [, To MBI TIoJIlyyaeM CUCTEMY pasiMUHBIX MpeACcTaBUTeNeH CHC-
TeMbl MHOMecTB S.

B wauecTBe mpuMepa pacCMOTPUM CleMYIOMYIO 3aAa4yy O CBaibGax:

nycTh X — HEeKOTOpoe MHOMKECTBO NMeBYINeK, Y — HEeKOTOPOe MHOMKECTBO
wouomeit u G = (X, R, Y) — nBygoabHblil rpad 3HAKOMCTB [IeByILEK ¢ IOHO-
mamu. Ilpy KaKkuX ycIOBHAX BceX IOIOIIEN MOKIO MENUThL TAKUM 00pasoM,
yTOGbI KaMAbIf U3 HUX GbUT Gbl MeHAT HA 3HAKOMON eMy JeByIuKe?

Oycrs ¥V = {y1, ..., yi}. Hua wamporo ¢ = 1, ..., 1 uepes S(y;) obo-
3HAUUM MHOMECTBO BCeX HeBYINeK, 3HAKOMBLIX C IoHome# y;. Mbl moayun-
au cuctemy S = (S(1), ..., S(y)) nogmuomecTs MHomectBa X. Ilyers
{1, ..., 2;} — HewoTopas cHUCTeMa DA3IMYHLIX NPEICTABUTENEN CHCTEMBI
MHOECTB S WM, IPYyTYMH CI0BaMHM, TpaHcBepcadb B X AByJoILHOTO rpada
G = (X, R, Y) Taras, uro 1 € S(y1), ..., &1 € S(y). Temepsb rammoro
IOHOIIY ¢; TpH ¢ = 1, ..., | MOMHO FKeHWUTL Ha 3HAKOMOW IeBYIIKe T;, T.e.

3aaua o cBagbLbax paspemuMa. (06paTHo, eciu 3ajaya o cBagLOax paspemii-
Ma, TO CHCTeMa MHOeCTB S MMeeT CUCTeMY Da3lMuYHbIX NpeicTaBuTenei,
T.e. gBynoabueii rpad G = (X, R, Y) umeer Tpancsepcamt B X.

Kputepuil cymecTBOBaHUA CHUCTEMBl DAa3dAMYHBIX TpeCTaBUTeNell A
cucTeMbl MHOKeCTB S = (Sy, ..., S;) ferko noay4uTs, nepedopMyIlpoBaB
cielcTBUe 3:
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Cucmema pasiuynslr npedcmasumedell cucmemb, muoxcecme S cyuiecm-
syem moeda u moavko moeda, koeda dan awbozo t = 1, ..., 1 o6vedunenue
L106bLx t KoOMNOHeHM cucmembl S codepicum He meHee t daeMeHMO8.

N HellycTOro KOHeYHOro MHOMecTBa X, B KOTOPOM omIpefeleHa QyHK-
uusn Beca anementoB w(z) € R (z € X), momuo paccmorpeTs 3anady noucka
MaKCcUMalbLHOM cHCcTeMbl pa3lTUyHBIX [IpelcTaBUTenell MUHUMAILHO BO3MOK-
HOT'0 Beca [IJIf NofAcucTeM cucTeMbl 8. B cuny cnepctbusa 1 5Ty 3amauy pelna-
eT aJublit anroput™. OfHAKO HETPYAINO MONATL, UTO B JAIIHOM Clydae Mmam-
HBI} anropuTM fIBIfIeTCA BRCMIOHEHIMAMbHBIM anroputMoMm! B mambueiimem
MBI NOKRaMeM, YTO UMEIOTCA U IOIUNOMUANLHBIe allOPUTMBI Il pellenys
3TOM 3ajayul.

[lepefinem Tenepb K pacCMOTPEHHIO Ba#HOIO A OanbHelimero oGobime-
HUf TpaHCBepcalbHBIX MaTPOUIOB.

Myers G = (X, R, Y) — npou3BoaLHbIHA IBYIONLHbIA Ipad U Ha MHOKeC-
TBe Y 3anaH HerkoTopeiit MaTpous M (Y') ¢ panrosoii pyHruuedi r. Onpegenim
dynsouio f uz P(X) B N U {0}, nonaras

F(4) = r(R(4))

nas moboro A C X. TouHo Tak e, Kak B J0KasaTenbCTBe deMMbI 1, ¢ uc-
[OMb30BAHUEM CBOMCTB PaHT0BOM QYHKINM MOKHO YCTAHOBUTEL, UTO QYHK-
nua f MOHOTOHHA, OLYMOLYIAPHA U YA0BIeTBopsAeT yeaosuio f(f) = 0. Cue-
IOBaTelbIIo, IO TeopeMe DIMoHAca Gynkuua f uHIynupyet matponn M(X)
Ha MHoxecTBe X. ByneM oGosHauath ator mMarpous uepes T(X, R, M(Y)).
B pannoM Mmatpoupe HesaBucHMble MHOecTBa A C X xapakTepusyloTcd
YCIOBHEM:
U] < r(R(U)) mnas moboro U C 4,

a panrosaf (I]yHHI_U/IH 3ajaeTcHa paBeHCTBOM:
r(A) = min(r(R(4)) + A\ V)

(oT™MeTHM, 4TO PaHIOBYIO (PYHKLHMIO MbI CHOBA 0003HAYAEM 4epes r, HO 3TO
He NIPUBEET K HeIOpasyMeHHAM).

MogmnomectBo A C X Gyzem NasblBaTh HEIABUCUMOU HACTUYHOL IMPAHC-
gepcaabio B X, eClU OHO MOMET MapocoueTaThC C HE3aBMCHMBIM MHOMKECT-
BoM B marpouna M(Y).

Teopema 4.26 (Papo). fIyemv G = (X, R, Y) — npouseoavuuiil dsy-
doavnudi epad u M(Y) — mampoud na muomecmee Y. Toeda muoncecmeo
A C X sasasemcs Hesasucumoil wacmuunol mparnceepcaivio 8 X & mom u
MOAbKO 8 IMOM cayiae, Ko20a

|U| <r(R(U)) dan aoboeo U C A.
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JorazaTteabecTBo. UMmivkanua = oueBugHa. [elicTBUTelabHO, B AaH-
HOM ciy4yae A MO#eT MapocouyeTaTbefi ¢ HEKOTOPLIM HE3aBHCHMBIM MHO-
sectBoM B marpompa M(Y). PaccMoTpHM NpOH3BOIBIOE MOAMHOMECT-
Bo U C A. OHo MoeT napoco4eTaTbCA ¢ HEKOTOPLIM HE3aBMCHMBIM I10IMHO-
mectBoM D C B marpouga M(Y) u, caegoBarensto, [U| = |D|,D C R(U)
w |U| < r(R(D).

O6partso, nycrs |U| < r(R(U)) naa xoboro U C A.

lpennonoxum cnavana, 4yro |[R(p)] = 1 mia moGoii BepwuHbl p € A.
Torna aas moGbIX pasavuHbIX p, ¢ € A snementhl us R(p) m R(q) pas-
nnunbl, Tak Kak r(R(p) U R(q)) = r(R({p, ¢})) > 2. Orcioga cregyet
|R(A)| = |A|. Hocronbry o ycnosuio Teopemnl |A| < r(R(A)) < |R(A4)|,
nonyvaeM r(R(A)) = |R(A)|, 1.e. muomectBo R(A) HezaBUCHMO B MaTpo-
une M(Y). Tenepsb ficHo, uTo A — He3aBUCHMMAaA YacTHYHAA TPaHCBepcalb
B X, KoTOpas MOKET IApOCOYeTaThesA ¢ He3aBUCUMBIM MHoskecTBoM R(A)
marpouga M (Y).

[peanonoumM, pnanee, uTo MMeeTC BepmmHa p € A, IIA KOTOpoi
|R(p)| > 2. BoabmeM pBe pasinnuHble BepUIMHbL g1 U g2 U3 R(p). Uepes R
0603MaunM MHOKECTBO pebep, Moldyuentoe us R oT6pachiBaiueM Beex pebep,
COCMUHAIONINX P ¢ g1. AHamoruumo, o6o3HauynM uepes Ry MHOMECTBO pebep,
nonydennoe u3 R oT6pacbiBanneM Beex peGep, COeNMHAIOMUX P C ¢a.

[TorakeM, 4TO X0THA Gbl OIMH M3 ABYIOABIbIX rpadoB Gy = (X, Ry, Y) n
Gs = (X, Ry, Y) yIOBIETBOPAET YCIOBUIO TeopeMbl. IlycThb, OT IPOTUBHOIO,
cyuwectByior Muomectsa Uy, Uy C A\ p, has KoTopsix

r(Ri(pUUL)) < |Ui|+1 u r(Ry(pUUy)) < |Us| +1.

HMockonsry Ri(pUUL) = (R(p)\q1)UR(U1) v Ry(pUUs) = (R(p)\q2) UR(Us),
MMEIOT MeCTO COOTHOLIEHHS

Rl(pU Ul) U RQ(pU UQ) = R(pU U1 U U2),
RI(P U Ul) n RQ(PU U2) 2 R(Ul) n R(UQ) 2 R(Ul n U2)

Hcnoabays noxyMoayasapHocTh panrosoit ¢pyurunm r matpouna M(Y), yra-
3aHHbIE COOTHOIIEHUA I YCIOBHE TEOPEMbI, BBIBOJIUM

|Ur| + |Uz| > r(Ri(pU Uyp)) + r(Ra(p U U2)) >
2 T’(Rl(pU Ul) U Rg(pU UQ)) + T(Rl(p U Ul) N RQ(])U U2)) 2
>r(R(pUULUT,)) +r(R(ULNTR)) >
>14+|U UL+ |UiNUs| =14 Uy + |Us,

YTO IIPpOTHUBOPEYUNBO.
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TaxuMm 06pasom, xora Gbl OAMH U3 AByN0AbHBIX TpadoB G = (X, Ry, Y)
u Gy = (X, Ry, V) yuosrerBopaeT ycloBuio TeopeMbl. Ilponomsas mpume-
HATH yKa3aHHYIO [polledypy oTGpachbiBaHUA pebep K ABYIONLHLIM IpadaM,
YIOBIETBOPAIOMNM YCIOBHIO T€OPEMBI, Mbl B KOHIIe KOHLIOB HPUAEM K IBY-
moasHoMy rpady G’ = (X, R, Y), oia KoToporo BbINOJHAETCH YCIOBUE Te-
opeMsl, paBercTBo |R'(p)| = 1 maa motGoro p € A u R C R. [na rtaroro
By goasHOro rpada G’, mar Mbl yCTaHOBWIK paHee, MHO;eCTBO A fABigercH
He3aBUCHMOI uyacTuuHON TpaHcBepcanbio B X. Ilockonsry R’ C R, mHuo-
secTBO A GymeT He3aBHUCHMOI YaCTHYHON TpaHCBEepCanbio U A MCXOAHOIO
IBygZoanHoro rpadpa G. O

3aMeTuM, uTO TeopeMa Xolla AIBAIETCA YacTHBIM ClydaeM TeopeMbl Pa-
Io, ecnn B kavecTBe Marpoupa M(Y') B3ATL cBoGoaubIil MaTpony Ha V.

CrneactBue 1. IMyems G = (X, R, Y) — npoussoabubiil deydoavruiil epagd
u M(Y) — mampoud na muoxecmee Y. Tozda cemeficmeo HEIABUCUMBLE HAC-
muunbir mpanceepeaaell 6 X cosnadaem ¢ cemelicmeom HE3ABUCUMBLE MHO-
acecme mampoude T(X, R, M(Y)).

Cnenylomee yTBepsIeHNe NokasblBaeTcd aHAMTOTHYHO ClIeICTBUIO 2 Teo-
peMbl Xounna.

Caenctue 2. llyems G = (X, R, Y) — npoussoavnwitl deydoabubiil epag
u M(Y) — mampoud na muomecmeseY ¢ paneosoti gynruyuetl r. B X cywecm-
8Yem He3uBLCUMAR YACMUKAL mpanceepcass mownoemu t, 20e 0 <1 <Y,
moada 1 moavko moeda, Koeda

U+t - Y] < r(R(U))
das aobozo U C Y.

4.12. JIuabloHKTHOe o6 beJUHEeHUEe U cCyMMa
MaTpPoOUI0B

B nansoM pasjielie MBI JIoKasseM MaTPOUIHRIMU METOIAMH PAJ I0CTATOU-
HO TIyGOKMX pesylhTaTOB TeopHM IpadoB, KOTOpbie BeChMa TPYAHO IIOIY-
YUTh OOGBIYHBIMHU TEOPeTUKO-TpadoBLIMU MeTogamu. Ilpeme Becero, onpese-
MM fIBe BCIOMOTaTelbHbIe MATPOUAHbIE KOHCTPYKLMH U U3YUYHMM UX CBOMC-
TBa.

BBeneM monAaTHe JU3LIOHKTHOIO o6bequneHus MarpouaoB. Iycte M; =
= My(Ey), ..., M, = M,;(E;) — npousBoibHEIN HaGop MaTPOMIOB Ha HOMap-
HO HellepeceKalONMXCA HellyCThIX KOHeuHbIX MHomecTBax Ep, ..., E;. Ue-

¢
pe3 B o6o3HauuM ceMeficTBO BCeX KOHEUHBIX MOAMHOMeCTB B C ,Ul E; Ta-
i=

1
KUX, 4To B = ,Ul B;, roe B; — 6a3a Matpouga M; naa ramporo i =1, ..., ¢.
=
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Ouesnano, cemeiictBo BB ynopnersopsiet akcomam 6as (B.1) u (B.2). Caeno-
¢

BaTelbHO, CYIECTBYET eOUHCTBEHHBIM MaTpPOUI Ha MHOMECTBE _Ul E;, naa
=

KoToporo B ABAAeTcA ceMellcTBOM Bcex Ga3. ITOT MAaTPOWA HA3BIBAIOT
OU3BIOHKMHbLM 008edunenuem mampoudos My, ..., M, u o6o3HayaloT vepes
t

M U... UM, unu 4epes '91 M;. Martpouns! My, ..., M, Ha3bIBAOT Komno-
HeHmami yKa3aHHOTO MIBIOHKTHOTO 06HeMHCHHA.

OueBuIHO, MATPOUI LIUKIOB JI0GOr0 HeHyJeBoro rpada ecTb AU3LIOHKT-
Hoe 06Le uHeHe MaTPOMAOB THKIOB ero HeTPUBHANLHLIX KOMIIOHEHT CBA3-
noctu. [losToMY M0 aHaloTuH ¢ TpadaMyi MAaTPOUI HAKIBAIOT CEAFHbIM, ECIH
ero HeJbafd NPeJCTaBUTh B BUE JUIBIOHKTHOr0 00LeHHEHUA ero HOIMATPo-
HLIOB.

W3 onmpenenenys NM3BLIOHKTHOrO 06LeIUHEHHA JeTK0 BbITEKAeT

i
Ipennomenue 4.2. Hycmy A = '01 A;, 20e A C E; 0an wadoeo i =
1=

=1,...,t. Toeda
i

1) A — nesasucumoe mnoxcecmso mampouda .Ul M; 6 mom u moavko 6
i=
mom cayuae, Kozda Kancdoe A; — mnesasucumoe muoxcecmeo mampouda M;;
t
2) r(A) = Y ri(4), ede v, r1, ..., r, — paneoswie Pynryuu mampoudos
i=1
U M;, My, ..., M, coomsemcmsenHo;
=1

i
3) cemedcmeo yuraos mampouda 'U1 M; pasno obsedunenuio cemeticmes
=

yuraoe mampoudos M, ..., M;.
Mycts Teneps My = My (E), ..., M; = M;(E) — npousBoabHbiil HaGop
MaTpOMJOB Ha HEOyCTOM KOHe4YHoM MHoMecTBe E u 7, ..., 7y — MX paH-
i

roBele GYHKUUU COOTBeTcTBeHNo. OueBUOHO, GYHKIUA f = > r; ABIAeTCA
i=1

MOHOTOHHO!N HodyMomynaproit dyurmueir us P(E) 8 N U {0]T u f(h) =
Marpoun M;(F), unayuupopannsiii dynsuuneis f Ha mHomecTBe F, HasbIBa-
0T chnMou Mmampoudos My, ..., M; u o6o3HavaOT yepes My + ...+ Mt WUiIu

yepes E M;. Tlo Teopeme DoMoHIca paHTOBas GYHKIUA r MaTpouaa E M;
i=1
y,uOBIIeTBOpHET COOTHOILIEHUIO

r(4) mln(i}n + |A\U|)

UCA

oasa moboro A C E.

Teopema 4.27. Ilycme

1) My = My(E), ..., My = My(E) — mampoudsl Ha Henycmom KOHeuHoM
muowecmee E wry, ..., vy — ux paneosvie GYHKUUL COOMBEMCIBERKO;
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2) M = M{(Ey), ..., M] = M](E;) — mampoudbi Ha NonapHo Henepece-
KAIOWUTCA HENYemblr KOHeuHwr mromecmsear By, ..., Ey url, ..., r; — ux
pareosble GYHKUUL COOMBEMCMBEHHO;

3) ¢ — usomopdusm mampoude M; na mampoud M| Oan rawmdoeo i =

=1,...,t
¢
3adadum dsydoavuutli epad G = (E, R, ‘91 EL) , noAazan

R={{p, ¢i(p)}IPEE,i=1,...,t}

Tozda
¢ ¢
Y M =T7(E, R, U M).
i=1 =1
HorazaTenbcTBo. 0G03HauMM uepes r' paHTOBYIO (GYHRIMIO MaTpPOU-
¢ ¢
na 'L'Jl M. Marpoun T(E, R, ‘L'Jl MZ’), COIJIaCHO OINpeJe/leHUI0 U3 INpeablay-
1= =
ero pasuena, MHIyUUpyeTca Ha F MOHOTOHHOHN momyMonyaapHoit GyHKIHel
J(A4) = v'(R(A)) (A C E). flcuo, uro man moboro usoMopduama ¢; u g
aoboro A C E umeer mecto ri(¢;(A)) = r;(A). Hcnoasays stor darr,
BLIBOJIUM

£4) = P (R(A) = (5 (4)) = S rion(d)) = i)

i=1 i=1

t

T.e. QyHKIME f U ) r; coBnagaioT. OTciofa clefyeT 3aRIIOUEHIE TeOPEMbL.
i=1

O

¢
Teopema 4.28 (Ham—Bunbame). IIycme Y, M; — cymaua mampoudos
i=1

My =M(E), ..., My =M(E) ury, ..., — ux panzoevie Pyrruul coom-
semcmeenno. Toeda das awbo20 A C E caedywuiue ycaosus 3K6UEAAEHITIHbL

¢
1) A — nesasucumoe muoscecmeo mampouda Y, M

=

t
2) A= U A, ede rawmdoe A; — nesasucumoe mHoMecmE0 mampouda M;;

7=

+
3) A= ‘Ul A;, ede ramodoe A; — Hesasucumoe mHoxcecmeo mampouda M;.
iz

JNorasaTenbcTBO. UMminkanug 3) = 2) oueBHIHa.
¢

2) = 1). Honoskum f = 3 r;. BosbMeM IpoH3BOILHOE MOIMHOKECTBO
i=1

t ¢
UCA= {J A Torma U = |J U; paa uwerotoprix U; C A; (i =1, ..., ¢t).
=1 i=1
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CrenoBaTennHO,

i i

e é'“" =S (V) < Y () = FU),

i=1 i=1
T.e. |U| < f(U) pas mo6oro U C A. IoxyuenHoe u o3HauaeT, uyro A —

t
He3aBMCHMOe MHOMeCTBO MaTpouja My = Y M.
i=1

1) = 3). BosbMmeM usoMopdusle ko My = M{(Ey), ..., M; = M](E})
MaTpougoB Mi, ..., M;, cOOTBETCTBEHHO, Ha MONApHO HelepeceKaloIMXCH
HETYCThIX KOHEYHBIX MHoOmecTBax Ky, ..., By Jas wamporo ¢ = 1, ..., ¢

sapurcupyeM usoMopbuam ¢; matpouna M; = M;(E) na matpoun M =
= M|(E;). Tlo Teopeme 4.27

t t
— ‘ ! .
;:1: Mi(E) = T(E, R, U M{(E,)),

i
rie G = (E, R, LL=J1 Ei) — ABYIOJEHBIN Tpad, yrazaHHbIH B TeopeMe 4.27.

t
IIycte A — HezaBUCHMO€ MHOMECTBO MaTpouga . MZ(E) Torpa B cu-
i=1

Iy TpeAbIAYINero paBeHCTBa MATPOMIOB MHOMECTBO A ABIAETCA He3aBUCH-
Mol yacTUYHON TpaHcBepcalbio B E. CiemoBaTeilbH0, CyLIeCTBYeT TaKoe

t
MHLEKTUBHOe oTobpamenue ¥ us A B ‘01 E;, uro {a, ¢(a)} € R naa mwobo-
i

+
ro a € A n ¥(A) — HesaBucuMoe MHomecTBo Marpoupa U M!(FE;). flcno,
=1

¢

uro {A) = 7L=Jl Al rne Al = E;mp(A) pnsa moboro s =1, ..., ¢. B cuay npen-

noeHuA 4.2 Kampoe MHOMecTBO A] He3aBUCHMMO B Marpoune ML'(EZ) s

Kamgoro i = 1, ..., t BosbMeM MHo)ecTBO A; C E rakoe, uro ¢(4;) = Al
t

OueBuOHO, BBULY HHBEKTUBHOCTH 0ToGpa)keHUA 1 MHoOMecTBO A = '01 A;
i=

ecTh o0beJMHEHHMe TIONApHO HeNepeceKamuxcA MHomecTB A;. Ilockoabry
{a, ¥(a)} € R mna moboro a € A, no onpenenenuio peGep u3 R paBeHCTBO

¥(A;) = Al Bieder pasenctBo ¢;(A;) = Al nas mwoboro i =1, ..., ¢ Tax
Kak ¢ — nszomopdusM Marpouna M, Ha maTpoun M/, orciona caemyert, uTo
A; — HezaBHCHMoOe MHOMKECTBO MaTpouga M; gng mo6oro i =1, ..., t.

Teopema gorasana. O

OTMeTUM, UYTO B CUJIY 3TOil TeopeMbl He3aBHCHMEBIE MHOMECTBA CYMMbI
MaTpPOUIOB YCTPOEHbI aHAJOTUYHO TOMY, KaK YCTPOEHbI He3aBUCHUMbIE MHO-
#ecTBa MU3BIOHKTHOTO 06benuHeHUA MaTpoumoB. lloaToMy cyMMmy MaTpo-
WJOB WIOT/la Has3bIBAIOT o0seduHeHuem mampoudog. 3aMeTHM, OJHAKO, UTO
YHKasaHHafd aHAJOTHSA He UMeeT MecTa JJid 6a3, IMKIOB M PAHTOBBIX (YHKIMH.
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CaeactrBue 1. Iycme M = M(E) — npoussoabnbiii mampoud Ha Henyc-
mos Koneurom muoxecmee B, r — ezo panzosas dynryus vt € N. Tozda
mampoud M umeem t nonapHo nenepeceraioOWUxci 643 68 MOM U MOALKO 8
mom cayuae, kozda

B\ A| > t- (r(E) - r(4)
oast atobozo A C E.

JokaszaTeiabeTBo. O6o3HauuM uepes ¢ - M cyMMy { 3K3eMILIAPOB MaT-
pouna M. IDTtor MaTpoup MHAyUupyercAa dyHRuueil f = ¢ - r Ha MHOMKecC-
tBe E. Ilyett v/ — ero panrosaa ¢yuruusa. Ilo teopeme IIsm-Buinamca
r(t- M) < t-r(M). Mosromy MaTpoun M mMeeT f MOMAPHO HelepeceKkaio-
muxcs 6a3 Torda M TOIbKO Torga, korpa r'(t- M) =t -r(M), T.e. Koraa

glc_l%(t r(A)+ |[E\A|) =t -r(E).
HocnenHee PaBeHCTBO 3KBUBAJEHTHO YCJOBUIO:
t-r(A)+|E\ Al >t -r(E)

ans moboro A C E. Orcioa BbITeKaeT 3aiRIIOueHHe clejcTeud. O
Yucaom ynarosru pack(M) matponna M = M(FE) HasbBaioT HauGoublee
4HCIIO TONApHO HeHepeceKaromuxcA 6a3 B M.

Caepcteue 2. [yems M = M(E) — npoussoavnuitl mampoud. Tozda
. [E\ A : [E\ 4
M) = =
pack(M) AQE,IE%H)LT(E)L(E) - r(A)J E;éggsqle[r(E) — r(A)J’
20e Sub E — pewemwxa aucmos mampouda M.
(3mech uepes || oGosmavaeTcs nanGonblnee Ieloe YNUCIO, MEHbIIEE VI
paBHoOe 4Kcia x.)
HdokazaTelabcTBO. 3aMeTUM cHavana, uto qag aoboro A C E takoro,
uro r(A) < r(E), Belnonsserca
[ENA . 1BEAA
—_ ?
r(E) —r((4) ~ r(B) —r(4)
tax Kak r(A) = r({(A)). Tenepb ocTanoch BOCHOIB30BATHCA CIENCTBHEM 1.
O

CrneacrBue 3. Iycme M = M(E) — npoussoasnbiil mampoud na Henyc-
mos Kkoneurnom muoxecmee B, r — ezo panzosas dynryus vt € N. Tozia
nmHomecmeo I npedcmasumo 6 sude o6sedunenus t 6a3 mampouda M 8 mom
U MOoAbKO 8 MOM cayrae, koz20a

|4l < t-7(A)
oas aobozo A C E.
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JorazaTeabeTBO. OnATh paccMoTpuM Matpouq ¢ - M, paBHBIH cymMe
sK3eMIIApoB MaTpoupa M. Uepes 7’ 0603HAaUMM €T0 PaHTOBYIO0 (YTNKIIHIO.
MuoskecTBO E mpefcTaBuUMO B Buie o0benuHenus ¢ 6a3 MaTpouga M Torga
¥ ToabKO Toraa, korxa r'(¢ - M) = |E|, 1.e. Koraa

min(t - r(4) + B\ ]) = |E].
HOCHEHHEG paBelcTBO 3KBHUBAACIITHO yCJIO0BHIO
Bl < t-r(4)+|E\ Al

ana mo6oro A C E. Otciofa BeITekaeT 3aRIIOUeHHe clefcTBUA. U

Yucaom noxpeimus cov(M) matpouna M = M(E) 6yneMm HasbIBaTL Hau-
MeHbllee uKcio 6a3, 06beHeNne KOTopsIX paBHo £. flcno, uTo 2To nonATHe
UMeeT cMbIC] paccMaTpUBaTh JIUIIL JIA MaTpPoujoB Oe3 nemedb, T.e. Bie-
MEHTOB, COCTABJIAIOMMX ONHO3IeMeNTHbIe IHKIbL.

CaepctBue 4. lycme M = M(E) — mampoud 6es nemeas u SubE —
e2o pewemmxa aucmos. Toeda

cov(M) = m;nng[r(A)

A = [ A ]
prAesuwwE! r(A) 1
(3mecn uepes [x] ofo3HavaeTcA HaMMeHblee Lel0e YKMCIO, HoabIIee WIN
paBHOe uKcla .)
JorazaTeabcTBO. 3aMeTUM cHavala, 4To jiad moboro Hemycroro A C E
BBLITIOJTHAETCA
A _ 14y
r(4) = r((4))’
tak Kak r(A) = r((4)). Ocrarock Bocnonb3oBaTked caeAcTBueM 3. O
Mycts G = (V, E) — npousBoibHbIN HeHyneBolt rpap u A — memye-
Toe noxmHo#ecTBo peGep u3 E. Yepes G(A), xar nmpemine, Mbl Oyaem
o6o3HauaTh noarpad rpada G, NOpoMAEHHBLIH MHOMECTBOM pebep A, a de-
pea r(G(4)), n(G(4)), m(G(A)) u k(G(A)) Gynem oGozHAYATEL COOTBET-
CTBEHHO DAHT, YUCIO BEPUIMH, YUCIO pefep U YUCIO KOMIOHEHT CBA3HOC-

tn rpada G(A). Koneuno, BeimonHswTcs paBeHcTBa m{G(A)) = |A| n
r(G(4)) = n(G(4)) — k(G (A4))-

Teopema 4.29. llyeme G = (V, E) — npoussoavHuill Henyaesoll
(n, m, k)-2pag ut € N. I'pa G umeem t peGepro nenepeceraiowuzca ocmo-
808 mozda u moavko moeda, woeda m > t-(n — k) u 0an aw6oz0 Henycmoeo
smuoxcecmea peep A C E svinoansemces

m>t-(n—k)+|A| —t- (n(G(A)) — k(G(A))).



4.12. /luabioHKETHOE 00BheJUHEHHE H CYMMa MaTpOHIOB 99

HoraszaTteabeTBo. [IpuMenum cieacTBue 1 K MaTpoupy IHKIOB M(G)
rpada G. BasaMu sToro MaTpoufga fABAAIOTCA MHOs;kecTBa pebep, ofpasyio-
mue octosbl rpada G. Ilpu A = () HepaBeHCTBo U3 ciefcTBUA 1 HpuUMeT
Bug |[E| > ¢-(n—k), T.e. m > t-(n—k). Jlua HeHycToro e MHOMecTBa
pebep A C E 3To HepaBeHCTBO 3alHCHIBAETCH B BHE

m—|A[2t-(n—k—r(G(4))),
Hockoabky r(A) = r(G(A)). OTciona BbITekaeT 3arMoOueHHe TeopeMbl. O

Teopema 4.30. Tycms G = (V, E) — npoussoavnuill nenysesot zpagd
ut e N. Tozdu 2paf G npedcmasun & sude o6sedunenus t ocmoeos 8 mom u
MoAbKO 8 MOM cayiae, Kozda

|A] <1- (n(G(4)) - k(G (4)))
0an awbozo nenycmozo muoxcecmsa pebep A C E.

HokaszaTeabeTBo. I[pUMeHUM TeHeph cleJCTBHEe 3 K MaTPoOMLY LUK-
noB M(G) rpada G. Ilpu A = () HepaBeHCTBO U3 CIEICTBHA 3 TPUBHAILHO
BhIMoNHAETCA. [lIA HeTycToro ;e MHOskecTBa pedep A C F 5To HepaBeHCTBO

3alMCeIBaeTCa B BUIEC
[A] < t-7(G(4))-

OTciona BbITeRaeT 3akiIiodeHUe TeopeMbl. O
Cnepyiomee yTBepsKIEeHHE MOMKHO BBIBECTH OYEBHIHBIM 00pa3oM KaK M3
TeopeMbl 4.29, Tark U u3 Teopemsnl 4.30.

CaeactBue 5. IIyeme G = (V, E) — npoussosvhbill HeHnyresoll
(n, m, k)-epag ut € N. Tozda epad G ssanemcs o6vedunenuem t pebepro ne-
nepecerauUCc 0CMOBOE & MOM U MOALKO 8 MoM cayuae, kozde m = t-(n—k)
u das aw06ozo Henycmozo muoxecmea pebep A C F gvinoansemcs

[A] <L+ (n(G(A)) = K(G(A4))).

Ilyets G = (V, E) — cBasublit rpad Ge3 mereas. Yucaom dpesosuduoc-
mu arb(G) rpada G HaspiBaeTcA HaWMeHbLIIEE YHCIO OCTOBHLIX [EPEBLEB,
o0beMHEHNE KOTOPBIX paBHO (7. OYeBHIHO, YKCIO IPEBOBUAHOCTU rpada G
COBNaJaeT ¢ HAMMEHBIINM YUCJIOM €ro IojepeBkeB, 00beJUHEHHE KOTOPBIX
paBHO (7, Tak Kax Kajkjoe IOJJIePeBO CBASHOIO rpada ColepmuTca B HEKOTO-
POM €ro 0CTOBHOM JlepeBe. fICHO Tak:ke, YTO UMCJIO APEBOBHUIHOCTH CBA3HOIO
rpada G coBIafaeT ¢ HauMeHLIIUM YHCIOM pebepHO HellepeceRaIOMUXCA le-
COB, B 00bequHeNNe KOTOphIX pacHagaerca rpad G.
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TeopeMma 4.31 (Hsm-Buabame). dyems G = (V, E) — cessnbiil
HeoOHOooaeMmenmHbll 2padi Ges nemeav. Jaf kaxwd020 HAMYPAAbHOZO HUC-
aa t < |V| o6osnavum uepes m(t, G) naubGoaviee 803MOHCHOE HUCAO pebep 6
ceasnom nodepage epaga G, codeprcaiwienm t eepuun. Toz0a

m(t, G)" .

arb(G) = max [ —

2<e<|V]

JorazaTtenbeTBo. [lpuMenum ciegcTBue 4 K MaTpoOUAY LUUKIOB M(G)
rpada G.

[lorasem cHayama, 4YTo, NPUMEHAA ciaelcTBUe 4, MBI MOMKeM OTpaHHU-
YUTBCA PACCMOTPEHHMEM TOJbKO TeX HEeMyCThIX MHomecTB pebep A C FE,
naa kotopeix G(A) sBaserca cBAsHBIM rpadoM. [eficTBHTenbHO, MyCTh
rpad G(A) €CTh JM3BIOHKTHOE O00belMHEHHE CBOMX KOMIIOHEHT CBA3HOCTH

G1 = (I/l,Al), ey Gk = (Ifk, Ak) nn = |I/1|, R |I/k|, m, =
= A4, ..., mg = |As|- Hocronbry A # 0, xamuoit Bepmune us G(A) nnnn-
JOEeHTHO XOTA ObI oflHO peGpo M, ClIel0BaTeILHO, Ny, ..., Ny > 2. lomomum
d; = n’i'fl mai=1,....kud= max d;. Torpa, WUCHOIBL3YHA pPaBEeHCTBA

r(G(A) =r(Gy) +...+7(Gx) =m — 1+ ...+ ng — 1, BeBOAIM

T(A)_nl—l—l—...—l—nk—l_ n—14+...4+n,—1 -
<d(n1—1)++d(nk—1)= | — max |Az| )
n1—1+...+nk—1 1SiSk’I’(AZ')

W3 fokasaHHOro u cleICTBHA 4 BLITEKAET 3aKMIOYeHHe TeopeMbl. O

IIpumep. Paccmorpum moansiii rpagp K, mpu n > 2. OueBupgHo,
m(t, K,) = t(t — 1)/2 nana moboro HaTypambHoro yuciaa ¢ < n. B cuny teo-
pemsl Ham-Buabamca arb(K,) = [n/2]. Takum o6pasom, noansiit rpad K,
npeJcTaBUM B BUAe o0befuHeHNs [n/2]| fepeBbeB U He NIpeCTaBUM B BHJE
06henuNenuA MEeHbIIEro Yucia iepeBbeB. MHBIMY clioBaMu, HonHEI rpad K,
MOJKHO IPeJCTaBUTL B BUe 00benunenus [n/2] peGepHo HenmepeceRalOMUXCA
JecoB ¥ Helb3fl MPeACTaBUTh B BUje 06beIMHeHNsl MeHbIIero yucia pe6epHo
HenepeceRaIOIMXCA JECOB.

3ameTum, uTo rpad, n306panseHHEIN Ha puc. 24, ABIATCA 06heIMHEHNEeM
ABYX flepeBbeB (M mame lemeit). OnHako OH He MONeT OBITH NMpeJCTaBleH B
BUne 00LeIMHEHNA ABYX pefeplo MelepecekalonuXca AepeBLEB.

Bosuuraer Bompoc: MomHO IM ToXHLIM rpad K, NpelcTaBUThL B BUAE
obbenunenus [n/2]| peGepHo HeHepeCERAIOUMXCH JepPEBhLEB?

OTBeT Ha 3TOT BOMPOC MONOMUTENLHBIH! TeHcTBUTENLHO, PACCMOTPUM
nonueli rpad K, npu n > 2. Ecau uucio n HedeTHo, To [n/2] = (n+1)/2 =
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Puc. 24
= (n —1)/2 + 1, nostomy, or6pocuB u3 K,, ofiHy U3 BepLIUH BMECTe CO BCe-
MU HHIAOEHTHLIMK eii peGpaMu, MBI CBOAMM HAlly 3agady K IOAHOMY I'pa-
¢y K,_1 ¢ yeTHbIM uMcioM BepmuH. IlycTb Temepb 4uciao n 4deTno. Boc-
noas3yemca ciefcTeuem 5. B pamnom ciyuae m = n(n—1)/2 u k = 1.
B rauectse ¢ Bozbmem umcio n/2. Yearosue m =t - (n — k) u3 crenctsus 5
BBLIIIOJINIACTCA TPUBHAALHO. I[poBepuM, UTO MA JI0OGOr0 HEMyCcTOro MHOMeC-
TBa pebep A rpada K, BepHO HepaBeHCTBO
|A] < t- (n(G(4)) — k(G(A))).
Iycts rpad G(A) ecTh AM3BIOHKTHOE 00beMHEHHE CBOMX KOMIIOHEHT CBA3-
woctu G; = (Vi, BEy), ..., Gy, = (Vo, E)) uny = Vi, ..., ns = |V,
my = |Ei|, ..., m, = |E,|, tie s = k(G(4)) u ny + ... + n, = n(G(4)).
Toraga nmeem
[Al=mi+...+my; <ny(ng —1)/24+ ...+ n4(n, —1)/2 <
<n(n—1)/24+...+nln,—1)/2=(n/2)(n1+ ...+ n,—5) =
=t (n(G(4)) — k(G(4))).
Hrar, B cuiy cieacTsua 5 moaublii rpad K, mpu 4eTHOM 71 MpeNcTaBUM B
B¢ 00beanHeHuA t = n/2 pe6GepHo HelepeceKalOLIXCA OCTOBIBIX 1epPEBLEB.
Ha puc. 25 norasano pas6uenue rpada K; Ha 4 nepeBa, 0THO U3 KOTOPBIX
€CThL OCTOBHOE jJepeBo rpada Ky, cocTabliednoe us Bcex pedep, MHIUAECH THBIX
BeplIMHe v, a TP APYTHX — OCTOBHbIE flepeBbA (M Name 1emu) rpada Kg =
= K7 —v. v

Puc. 25
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5.1. Ykananku rpadoB, niaHapHble Tpadbl

[IycTs uMeeTcA HekOTOPOE NPOCTPaHCcTBO £ (eBRIIIOBA MIOCKOCTh, TPEX-
MepHO€e eBKIMA0BO IIPOCTPAHCTBO, cdepa B TPeXMEpPHOM €BKIMUIOBOM IIpO-
CTpaHCTBe, TOP U T.IL), B KOTOPOM ONpPeJielleHo IOHATHE #OPOLHO80L KpUBOL,
T.€. HeIPepBIBHON KpHBOIl 6e3 Touyek caMmonepecedueHHA. AlopaaHOBLI KpH-
Bble Ha IINIOCKOCTU 001afaloT clefyIOmMMUM BaHBIM CBOMCTBOM:

Ecin L — 3aMrHyTas oplaHoBa KpUBaf Ha INIOCKOCTH M «, v — [Be
pa3nuuHble TOUKW Ha Heil, To mobaf jkopjaHOBa KpHUBaf, COeAMHAIONMAA U
U v, 1u60 LEIUKOM JIeMUT BHyTpY o0nacTH, orpaHU4YeHHOH KpuBod L, 3a
WCKIIOYeHNeM TOYeK u M v, MuDo — BHe 3Toil 001acTH, 3a HCKIIOYeHHeM
TOYER ¥ U v, 1M00 TlepecekaeT L B HEKOTOPOI TOYKe, OTIAUYHON OT © U v.

3aMEIyTas ;koplaHoBa KpuBaf L pa3zduBaeT MHOKeCTBO Ile TIpUHAMIeska-
MHKX eff ToUeK IJIOCKOCTH Ha JBe 061acTi — BHYTPEHHIOIO M BHEUIHIOO, IPH-
yeM q00afd ROpAaHOBa KPUBafd, COEIUHAIONIAA TOYKY BHYTpPeHHell o6nacTu ¢
TOYKOIl BHeMHeH o01acTH, 06A3aTelLHO HepecekaeT KPHBYIo L, T.e. UMeeT ¢
Helt 06myio Toury. O6cyHeHre cBOMCTB KOPAaHOBBIX KPUBLIX MOKHO HaM-
TU B y4ueOHUKaX 110 YHUBEPCUTETCKOMY Kypcy MaTeMaTU4ecKoro aHalu3a.

ToBopaT, uto rpath o6aadaem yraadrol B IPOCTPAHCTBe L, eClOM OH M30-
MopdeH rpady, BepIIMHAMU KOTOPOro ABIAIOTCA HEKOTOpbIe TOYKU IIpPO-
cTpaHCTBa, a pefpaMu — KOPHAHOBBI KpHBble M3 L, COeNUHAIONIE COOT-
BETCTBYIOLINE BEPUIMHBI, HDHYEM

1) wpuBas, ABAAOWAACA peGpoM, He NPOXOAUT 4epe3 APYyTrHe BepLIHHbI
rpada, KpoMe BepIIHH, KOTOpPble OHA COCIUHAET;

2) IBe KpUBSIe, ABIAIOIIECH PeOpaMil, lepeceKaloTCs UL B BepIINHAX,
MHIHEHTHLIX OJHOBDEMEHHO 000HMM 3THUM pebpaM.

B Taxom crydyae KpaTKo MOBOPAT, YTO KPUBBIE, TIPEJCTABIAONINE pefpa, «He
HMMeIOT NUINHUX HepeceueHui». CooTBeTcTByomuil rpag, cocTaBleHHbIH W3
TOYEK IPOCTPAHCTBA ¥ JKOPJAHOBBIX KPUBBIX, HA3LIBAIOT YK.La0KOl UCXOTHOTO

rpaga.
Teopema 5.1. Jwboii epag obaadaem ykiadrol 8 mpermeprom e8KaLIo-
80M NPOCMPAHCITIEE.

HJoraszaTeabeTBo. llocTpoum ykiagry Ana 3aganuoro rpaga. Bosnmem
B [IPOCTpPaHCTBe HEKOTOPYIO NpAMYIO [ U pacCMOTPUM IIYUOK ILIOCKOCTeH,
mpoxonAuux uepes [. Bepiunam rpada mocTaBUM B cOOTBETCTBUE B3aUMHO
OIHO3HAYHBIM 00pa3oM HeKOTopkle TOUkM npaMoii [. [asa kammoro pedpa rpa-
¢a BBLOETUM OTAEILHYIO MIIOCKOCTD, MPOXoAfIyio yepes [. M3oGpa3um peGpo
rpaga B ero IIOCKOCTH IONAYOKPYKHOCTLIO, coelllHAIOmMell IBe COOTBETCTRY-
lomue KoHIaMm peGpa ToURH HpAMo [, eciu pebpo He ABIAETCA HeTneil, U —
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ORPYRHOCTLIO, IIPOXOJALIEl Yepe3 TOURY, COOTBETCTBYIOIIYIO BepIIMHE v, eC-
nu peGpo fABIAeTcA NeTdell B BepmuHe v. QueBHANO, MLl IONYYUM YRIAAKY
HcxonHoro rpaga. O

Kawr Mbl yBuANM Janee, He BCARUIL rpad obnagaeT yRIagKkoil Ha eBRIUZO-
Boll mrockocTH. I'pad Ha3bIBaeTCA NAGHAPHBIM, eClIH OH oflajaeT yKIagKoi
Ha mIockocTU. BceBo3aMoiHble YRIAOKM [aHAPHLIX I'padoB Ha INOCKOCTH
6yneM Ha3LIBATEL NAOCKUMU 2padiami.

Teopema 5.2. I'paff G naanapen mozda u moavko mozda, Ko20a oH 00-
aadaem yraadroll nHa cdepe.

HorazaTeabcTBo. PaccMoTpum yrIagry rpada G na chepe. Bospmem
Ha cepe Toury N, He Jekallylo HU Ha ONHOM U3 pefep YRIAAKU U Ie fB-
nslomyioca BepmuHoii. HazoBem Toury NN ceBepHLIM modiocoM. B 1oimom
nomoce (KOTOPBIA ONpefielAeTCA eCTeCTBEHHBIM 00pasoM) IpoBefieM Kaca-
TelbIyIO INOCKOCTE K chepe. CHpoerTHpyeM M3 TOUKU [N Ha NIOCKOCTH
BCe TOURU cdepbl, IPOBOAA BCEBO3MOMHEIe Myud U3 N uepe3 ToukU cdepsl
IO IIOCKOCTU. fICHO, YTO NpPOeRUMA YRKIAAKU Ha cdepe gacT HAM YRKIAAKY
HCXo/IHOro rpada Ha MIOCKOCTH.

O6parHo, paccMoTpuM yRaaary rpada G Ha nmockoctu. Bossmewm cdepy,
KoTopas KacaeTcA JaHHoil miockocTu. HazoBeM TouKy KacaHUA I0KHBIM I0-
mocoMm. CeBepHbIl momioc o6o3HauuM uepe3 /N. CmpoeKTHpyeM Temeph Bce
TOYKH TIOCKOCTHU Ha cdepy, IPOBOJA BCEBO3MOMKHEIE JIyUH 0T TOUEK INIOCKOC-
TH Yepe3 TOURH cdeprl 1o Touku N. flcHo, 4To mpu aToM yKnagka rpada G
¢ TIOCKOCTH GyeT NmepeHeceHa Ha HEKOTOPYIO YRIaARy rpada G Ha cdepe.
O

Mnockumit rpap G pas3buBaeT NMIOCKOCTh Ha HECKONbKO o0jacTell, Ha3bl-
BaeMBbIX ero zpaHamu. Bolee To4umo, paccMOTPUM MHOMKECTBO TOYER, Ju3%-
ionkmubir K (G, T.e. He fIBIAIONIMXCA BEPIIMHAMM U He JeiRalldX Ha pe-
Gpax HIockoro rpada G. OHpemeluM OTHOLIEHUE p HA MHOMECTBe TOUEK,
IU3BIOHKTHRIX K G, Tmojarag upv B TOM M TOILKO B TOM CJlyuae, KOTAa u
MOKHO COeIMHUTL C ¥ }KOpPAAHOBOI KpHUBOH, LeIUKOM cocTofllell U3 Todek,
IU3BIOHKTHRIX K G. flcHO, UTO OTHOIIEHHE p ABIAETCA OTHOMIEHHEM HKBU-
BaleHTHOCTH, Y KOTOPOr0o UMeeTCAl KOHEUHOe UHCI0 KIaccoB. JTH Kiacchl U
Ha3bIBAIOT IPaHAMMU [mockoro rpada . OTMeTyM, YTO OfHA U3 rpaHeil He-
orpanuyena. Ee nasniBaloT snewnetl! epanvio, a ocTalbHble I'Dall HA3LIBAIOT
BHYMPEHHUMU 2PAHAMU.

Ha puc. 26 usobpasen numockuil rpad, umeromuit 6 rpaHeii, KoTopsle
o6ozHaueHbI OyrBamu oT A; 1o Ag, npudem Ag — 5T0 BHEIIHAA I'PaHb.

Hanee mnocruit (n, m, k)-rpad, umeowuit f rpaueil, 6yJeM Ha3bIBaTh
(n, m, k, f)-epagon.
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4 h A

Puc. 26

OTMeTHM, YTO NOHATHE TpaHy AIA VKIagok rpada Ha chepe BBOOUTCA
&HAIOrMYHBIM 06pasoM.

Jlemma 1. [an awbozo evidesennozo pebpa nianaprozo zpaga naiidemesn
maxas ykaadra smoezo zpadia Ha naockocmil, umo ewidenenHoe pefpo Oydem
AEHAMb HA 2DAHULE BHEUHel 2DAHLL.

JoraszaTeabcTBo. CHavala Bo3bMeM VREIaARY rpada Ha chepe. IToTom
B KaueCTBe CEBEPHOr0 MOJI0Ca BbifepeM NU3BIOHKTHYIO TOUKY N B IpaHu,
Ha TpaHulle KOTOPOH JeMUT BhlgeneHHoe peGpo. 3aTeM clpoekTupyeM usz N
YRIaAKy Ha cepe Ha YRIagKy Ha INIOCKOCTH, KacaTellbHOU K cepe B 10M-
HoM momioce. IlomyueHHada yKIajka Ha HIOCKOCTH oGiagaeT HYMHBIM Mam
cBolicTBoM. O

Jlemma 2. Ecau x naarnapromy 2pady dobasums HOBYIO NEMAW LAL HOBOE
Kpammoe pefpo, mo NOLYLUMCA NAGHAPHLLY 2padf.

JoraszaTenbcTBO. Henonbsya memmy 1, Bo3bMeM Takyio yRIagRy rpa-
(ha Ha MIOCKOCTH, YTO BhblJeleHHAas BeplIMHA WU BblledeHHOe pebpo e uT
Ha rpaHulle BHelllHell rpaHu. 3aTeM, HOIL3YACL CBOHCTBaMM OPIAHOBLIX
KPHMBBIX, IPOBOJVIM BO BHelllHeil rpaHu TpebyeMoe pebpo. O

5.2, ®opmyna Jiinepa gaAa miaocKkux rpados
Teopema 5.3. Iycme G — naocrutd (n, m, k, f)-epag. Toeda
m—-n+k=f—1

HorasateanctBo. Eciu m =0, To n =k u f = 1, mosToMy IoKkasbiBae-
Mad ¢popMyiia cpaBeIBa.

[IycTh dhopMmyna BepHa A MOG0T0 TIOCKOro rpada, cofiepaniero MeHee
m pebep, u m > 0. Pacemorpum nnockuit (n, m, k, f)-rpadp G. Ipenmo-
n0UM, uTo B rpade G umeerca pebpo e, He ABIAMOMeecd MocToM. Torpa
OHO CONEP/KUTCA B HEKOTOPOM IMKIE M MO3TOMY 00A3aTeNbHO JIeKUT HA r'pa-
HUlle OBYX rpaneil. OueBMAHO, eciu ynamruTh w3 rpada pebpo e, To 3TH
JBe TpaHM COJBIOTCA B OAHY TpaHb. CienoBaTendbHo, rpad G — e — 3TO
aaockuit (n, m — 1, k, f — 1)-rpap. Torga o MpeJHONOMEHUIO MHAYKINK
f-2=m-1)—n+k e f-1=m-n+k.
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Ipegnonosum Teneps, 4To Bee pebpa rpada G apaswoTes Moctamu. Tor-
na G AageTcA necoM U B G uMeeTcA BucAdee pebpo e. OueBUIHO, OpH yIa-
nTeHMU pebpa e uMcio rpaHeii rpada He uaMeHserca. CiemoBarelbHo, rpad
G — e — aro mnockuit (n, m — 1, k+1, f)-rpad. Torga mo npesnonorenuio
uanykiun f —1=(m—-1)—-n+(k+1)=m—n+k. O

3aMeTuM, 4TO B J0Ka3aHHON TeopeMe YTBEPKIOAETCA, YTO NMRIOMATHYEC-
KO€ YMCIIO ILIOCKOro rpada paBHO YHCIY ero BHYTPEHHUX rpaHeil. B Taroii
(OpPMYIHPOBEE 3TY TeopeMy MOMHO IOKa3aTh ClIedyIomumM 06pa3oM, UCIIoMb-
3yA OPOCTPAHCTBO MUKIOB rpada G.

Jlerko moHATH, YTO KamOoil BHYTpeHNeH rpamd miockoro rpada G or-
BevyaeT BeKTop mpocTpaHcTBa nuknoB L(G), cocrosmuii us pebep, oTaens-
IOMMX ATY BHYTPEHHIOIO T'palb OT OPYTUX rpaHeif. Takoli BeKTop Ha3bIBa-
0T YUKAUYECKUM BEKMOpoM, omsedawuum danHot epanu. OYeBHIHO, CHM-
MeTPHYECKAA PA3HOCTL M0Goro Habopa TaKMX BEKTOPOB He MYCTa, TAK Kak
OHA COBNAJIAET C TPaHMIell 06IacTy, pABHON 00heJUHEHHIO COOTBETCTBY IOIUX
rpameii, T.e. Habop BCeX BEKTOPOB, OTBEYAIOMIMX BHYTPEHHHM TpalAM, fB-
IAeTCA JUIEHHO me3aBucUMbIM. Kpome Toro, mas moboro uukna C rpada G
o6nacTh, Aexmamad BHYTpH nukaa C, ABIAeTcA 06beIUHEHHEM HEKOTOPOTo
MHO$eCTBa BHYTpPEHNUX Tpaneit, moaToMy Huka C ABAAETCA CUMMeTpUYeC-
KO pasnocThbI0 BERTOPOB, OTBEYAIOIIUX BIYTPEHHUM [PAHAM U3 3TOr0 MHO-
mecTBa. CreloBaTeNbHO, COBOKYIHOCTE BceX f — 1 BEKTOPOB, OTBeYAIOMUX
BHYTpeHHUM rpanaMm rpada G, ectb Gasuc npocrpacTBa L(G). Ilockonbry
dim L(G) =r*(G) =m —n+k, nonryuaeM f —1=m —n + k.

CaegcrBue 1 (ditaep, 1752). yecms n, m u [ — coomeemcmeenno
YUCA0 8ePULUH, pelep U 2panell HeKOMOopo2o BbNYKA020 MHO02PAHHUKA 8 Mpex-
meprom eskaudosom npocmparcmee. To2da

n—m+ f=2.

JdoxrazaTeabeTBo. COpoeRTHPYyeM MHOIOIDaHHUR na chepy, BHYTPH KO-
TOPO#1 OH eUT, IPOBOJA BCEBO3MOMKHBIe TYYH U3 TOUKH, JeHallell BHYTPH
muororpanuuka. Ha cdepe Bosuuruer (n, m, 1, f)-rpad. Ilpumenss k nemy
TeopeMy, NOTy4YHM TpelyeMoe paBeHCTBO. [

CaenctBue 2. IIyemvy G —  ceasuwtll  naaHapubili  06bikHOBEHHbLL
(n, m)-zpad un > 3. Tozda m < 3n — 6.

HorazaTeabcTBo. MomxHO cunuTath, uto G — nmnockuii rpad. Ilockonbry
G ABnfeTcd 00LIKHOBeHHLIM I'padioM, Kaiiaf ero rpaHb Tpanu4uUT Iie MeHee
yeM ¢ Tpemda pebpamu. IlyeTh, nBUragch BHOAb I'DAHUILBI ¢-ff IpaHH, MBI
npoitnem [; pebep, rne i =1, ..., f u f — uucno rpaneit rpada G. OueBuaHO,
Lh+...+1l;=2m. Tak gar I; > 3 maai =1, ..., f, mel noayuaem 3f < 2m.
TlockonbKy B culy TeopeMbl f = m —n+ 2, 0TCIofla BbITeRaeT 3m —3n+6 =
=3f<2m, T.e. m<3n—6.0



106 5. llnanapHocTh

Cnepcrue 3. I'paf Kj 3 Henaanapen.

HorasatenscrBo. IlycTts rpap Ky 3 mnanaped. DBynem cuuraTh ero
miockuM rpadom. Ilockonnky Ky 3 ABifAerca OByNoNbHLIM rpadoM, Bee ero
3aMKHYTbIe MapuIpyThl MMeIOT YeTHYI0 Aauny. Jlaiee, paccysuman KaK B 10-
Ka3aTenlbCTBe CleACTBHUA 2, MoixydvaeM [; > 3, oTKyg#a BbiTeKaetT [; > 4 nna
i=1,..., fudf <2m,T.e. 2f <m. Bcuny teopemer f =9—6+1+1 =25,
noatoMy 10 = 2f < m = 9. Ilpumau K npoTuBopeduio. O

PaccmoTpuM ciienyiomyo NONyIAPHYIO 3a1auy-TOJ0BOIOMRY.

Ha oxnoit cTopoHe yaunbl HMeIOTCA TPU JoMa, a Ha IPOTHUBOINOIOMHON —
Tpu Komoxua. Tpu cocena, sKUBYUIUX B 9THUX JOMAaX, MOCCOPHIUCH U PEITHIU
IPOTONTATL TPONMHKH 0T KaAOro JoMa K KamAOMY KOIOALY TaKUM 00-
pasoM, 4To0bl TPONHHKK He Mepecekamucb (cM. puc. 27). MoryT au oHn
clelaTh 3To?

Puc. 27

CiencTBue 3 TOBOPUT HaM, UTO CAENATh 3TO HEBO3MOKHO!
CaenctBue 4. I'pag K5 nenaanapen.

JorasaTeabeTBo. I'pad K5 umeet 5 BepmuH u 10 pebGep. Ecau on nna-
HapeH, To Mo cileAcTBUIO 2 modaydaeM 10 < 3:5 — 6 = 9, 4TO HEBO3MOMKHO.
O

CaepcrBue 5. B awbom nigHaprom o0vikHO8eHHOM 2pade umeemcs eep-
WukKa, cmenenb KOmopol MeHblle UAL DABHA 5.

JorazaTeabeTBo. Be3 orpamuuenusa oGIIHOCTH MOMIO CUHUTATh, YTO
rpad G CBA3EH W YUCJIO ero BepllMH 1 Ooibile iy paBHo 7. IIyeTb m —
uycio ero pebep. Ecau degv > 6 1aa m0060i1 BepIIUHEI v, TO B CHUILY JeMMBI
0 PYKONOMAaTHUAX U Clle[[CTBUA 2 BBINOJIHAETCH

6n < Y degv =2m < 2(3n — 6) = 6n — 12,
v

YTO POTHBOPEYMBO. O
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5.3. Kpurepuii mmaHapHocTU rpada

Bynem roBoputs, uro rpad G’ nonyuen u3 rpada G 8xLiowenuem 8epUILHbL
cmenenu 2, eciv B rpadge G ouHo u3 peGep e = uv (PaBeHCTBO u = v He
HCKIIOYaeTCA) 3aMeNeHo0 Ha JBa HOBLIX pebpa e = uw W e; = Wv, e w —
HOBafg BepLIMHA CTelleHW 2, a OCTalbHble BEepUIMHLI U pelpa ocTaluch Ge3
usMenenud. Ha puc. 28 noxaszan npumep nonyuenwa rpada ¢ HOMOMWEBIO
IIPOLEAYPhI BRIIOYEHUA BepIIVHELI CTeNeHN 2.

Puc. 28

Mpouenypa, o6paTHas Kk NPOUeAypPe BRIOUEHUA BEPIIHUHBI CTENEHU 2, Ha-
3BIBAETCH UCKANYEHUEM BEPULUHbL CMeEneHl 2.

Bymem rosoputh, uro rpad G eomeomopgien rpady Ga, eciu Gy MOMHO
HOXYYUTE U3 (G5 ¢ MOMOLIBIO KOHEUHOT0 YKciIa TPUMeHeHUH Ipolleqyp BRIIO-
YeHUA M UCKIIOUENHsA BepIIUH CTelMeHH 2.

flco, 4ToO oTHOmeEHME «OLITH MOMEOMOP(HBLIMUY ABIAETCH OTHOLIEHHUEM
SKBUBaleHTHOCTH Aad rpadpos. QueBuano, eciu rpad niaHapeH, To mo0oi
rpad, roMmeoMopdHbIii ero nmoarpady, Takme maaHaped. Ha puc. 29 u3o6-
pamen epad Hlemepcena G v ero noarpad H. Tar war rpap H romeomop-
den Kj 3, rpad MleTepcena Hennanapen (cM. clieficTBYe 3 HPEIbIIYLIEro pags-

e

G H
Puc. 29

Teopema 5.4 (lonrparun, Kyparosckuit). I'pad naanapen mozda u
moavko moeda, roeda oH He codepxcum nodzpadios, eomeomopdrvir Ky, u He
codepxcum nodzpagos, eomeomopProir K 3.

JoraszaTeiabcTBO. HeoGX0QUMOCTE YCIOBUA TeOPEeMbI BbITEKAeT U3 CIIe[-
cTBU#l 3 M 4 HpexblAyLIero pasiena.
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BypeM nora3pBaThb HOCTATOYHOCTL YCJIOBUA TeopeMmbl. Ilpexmonomum,
0T IPOTHUBHOIO, YTO CyllecTBYyeT HellllaHapHLI rpad), KOTOpLIN Ile comep-
AUT nogrpadoB, roMeoMopdHbix K5 nin Ks 3. llyctb G — Taroit rpad c
HauMeHBIIKM BO3MOKHBIM YHCIOM pefep, He CONepMAIINil U30IMPOBAHHBIX
BepminH. JanpHelimye paccysIeHus pa3o0beM HAa HECKOILKO 3TaIloB.

1) 3ameTuM cmavana, uto rpad G cBA3eH.

JeficTBUTEABHO, ecan rpad (G He CBA3EH, TO €T0 KOMIIOHEHTEI CBA3ZHOCTH
[LIAHAPHBL U, CleJ0BaTelbHO, caMm rpad (G miaHapes.

2) MoxasseM, uto rpad G fABIfeTCA 0GBIKHOBEHHBIM I'padoM.

B camom pgene, mycts B rpade (G uMmeercs IeTIH WIM KpaTHoe pelpo e.
Torga rpad G — e nnanaped. HoGaBaaa k rpady G — e pebpo e, B cuily
TeMMBI 2 U3 [epBOTo pasneia MBI MOIYYUM, YTo rpad G mnaHapeH.

3) Moxamem Temepb, uto rpad G sBiIAeTcs 6i10KoM, T.e. B G HeT TOYEK
counenenua. OTmeTuM, uyTo Torza B rpade G meT U MOCTOB, Tak Kak B
a06oM GaoKe, comepainieM He MeHee TpPeX BepIIMH, Bce pelpa ABIAIOTCA
OUKINYeCKUMU.

IIycTs, oT npotuBHoro, B rpade G nMeeTcA To4uka codileHeHud v. Ye-
pe3 (1 o6osnauuM moarpad rpada G, TOPOKIEHHLIM BepIIUIAME OANMONH W3
KOMIIOHENT CBA3HOCTH rpada G — v ¥ BepIIMHOH v, a Yepe3 G — moarpad
rpada (G, IOpoKOEHHbIH BepIINIIaMU OCTAILHBIX KOMHOHEHT CBA3HOCTU I'pa-
dba G — v u BepuuHOH v (cM. puc. 30).

Puc. 30

Bosbmem yraagry rpada G Ha IIOCKOCTU TaKYH0, YTO BEPIIMHA ¥ JIEHMUT
Ha IpaHulle BlellHed rpaHd. 3aTeM BO BHellHeil rpaHu rpada (1 Bo3bMeM
yraagry rpada Gz Takylo, 9TO BepIIMHA v JeHUT HA TpaHulle BHeIHeH rpa-
HU; OTMeTHM, YTO BepIIMHA v OyAeT INpefcTaBleHa Ha TJIOCKOCTH B ABYX
axsemmaapax (eMm. puc. 31).

Puc. 31

CoelMHUM [IBa BK3eMINIAPA BEPIIMHBI ¥ TYYKOM #OPIAHOBRIX JUHUI, He
JOoTycKaa TWIIHUX TepeceueHu ¢ yraagkamu rpadoB G U G, coCTOAMMNM
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M3 TAKOr0 KOIMUecTBa JMHWIN, KAKOBA CTeleHb BepPUIMHLI v B rpade Gs. Ha-
mee 0TGPOCHM BXOHIEHHE BEPIIMHLI v B rpad Gy, 3aMeHAA UHIMIEHTHLIE eif
pefpa Ha AOPTAHOBLI JUHHH, TMOTYUYeHHLIe U3 IMHUM YKa3aHHOTO Mydxa U
pebep (cM. puc. 32).

Puc. 32

TarumMm o6pazoM, Mbl MOTYUWIM YRIagKky rpapa G Ha WIOCKOCTH, YTO
HEBO3MOKHO.

Hrak, Mbl fokasand 3).

IIycTb e = ab — npowusBoasHoe pedpo rpada G. 3adurcupyem ero. B cu-
1y MuHMManbHocTH Tpada G rpadh G’ = G — e nnanapen. OTMeTuM, YTO
rpad G’ & ToMy e U CBA3eH, TaKk KAk B UCXOHOM rpade G HET MOCTOB.

4) Jorasmem, uTo B rpade G’ cylecTBYeT LUK, COfePKALINI BEPUIMHLI G
u b.

[Iycts @ u b aemar B ogHoM Gxore B rpaga G'. Ecau |[VB| > 3, To no
TeopeMe 0 cBoiicTBax 6J0Ka cyllecTBYeT LUKI rpada G’, cofepskanuit a u b.
Ecau |[VB| = 2, To B B umeerca pebpo ¢ = ab, Ho Torza B G uMelorca
KpaTHEIe pebpa e U €/, YT0 NPOTUBOpeYnT 2).

OcTanoch paccMOTpeThL ciayuait, Korjia a U b memaT B pa3HbIX 0I0Kax rpa-
tha G’. TloramemM, 4TO 3TOT CiAyuail HEBO3MOMEH.

Urar, nycts a u b aemar B pasubix Giokax rpada G'. Torma B G’ cy-
IeCTBYeT TOYKa COYIEHeHUA v, IpUHAIesKalmas mo6oi npoctoii (a, b)-uenu
rpada G'. Uepes G} obosHauum moxrpad rpada G’, HOposmIeHHLIH Beplmy-
HOM v M BepUIMHAMHU KOMIIOHEHTHI CBAZHOCTH I'pada G’ — v, comepmkauieil a,
a uepes GGy — moarpad rpada G, TOpoMIeHHBIN BEPIIMHOM U U BepUIMHAMH
OCTaJILHBIX KOMIIOHEHT cBA3HOCTH rpada G’ — v (B 5TOM MHOMECTBE IeKHUT
Bepuuta b). Ilycts G} = G)+eq, re e; = av — HoBoe pebpo, u Gy = Gh+e,,
rae ey = vb — HoBoe pebpo (cMm. puc. 33).

Puc. 33

3aMeTumM, uto B rpade G} pebep menbme ueMm B rpade . JleficTBuTeNbHO,
BMecTO pebpa e B G ecTh pe6po e; u 4acTh pebep u3 rpada G ocranach B
rpae GY. Anamornuso, B rpade G4 peGep MeHbIe yeM B rpade G.
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[loramemM, nanee, uro B rpade G§ u, aHajioruyHo, B rpade Gj Her moi-
rpagos, romeomopdubix Ky umn Kj 3.

HeitcTBuTeNbHO, eciu B G UMeeTcA Takoi HoArpad, To B 3TOM moArpade
IpUCYTCTBYeT BHOBb NpHCOeIMHEHIIOe peGpo, HO 3TO pebpo e; MOKHO 3aMe-
HUTH Ha LENb

a-b—...— v,

B3B HeKoTopylo npocryio (b, v)-uens P; B rpade Gj. CiexoBarenbno, Mol
Honmyuuay Hoarpad B G, roMeoMopdHbIit Ky man Kj 3, 4To HeBO3MOKHO.

Teneps B cuiy MUHMMailbHOcTH rpada G rpadsr G u Gf miaHapHbL
BosbMeM yrnagry rpada G Ha IIOCKOCTH TaKylo, UTO Pe6po e = av IeRUT
Ha rpaHule BHelnHel rpann. Bo BHemneit rpanu rpada G BozbMeM yKiagry
rpada G4 Tarkylo, 4To pedpo ex = vb MesMUT Ia rpaHulle BHelINel rpaHu (CM.
puc. 34).

TN
(¢4 v
4 e; e G’
2 b
—
Puc. 34

OTmeTUM, UYTO ONATL BeplIMHA v IpefcTaBilella Ha ILIOCKOCTU B ABYX
sr3emMmapax. OueBuaHo, nobaBiaeHue pefpa ¢ = ab He MeHAET IIAHAPHOCTU
rpada GY U GY. Crieum 06a BXOMIEHMA BEPUIMHBI U TOUHO TAK e, KAK 3T0
MBI CIellaly B IoKasaTelbcTBe yTBepmaenus 3) (eMm. puc. 35).

Puc. 35

CoTpeM 3aTeM paHee noGaBieHHBIe peGpa e; U es. B pesyabTaTe MbI
HONYyYnM YRIagKRy rpada G Ha MIOCKOCTH, YTO HEBO3MOMKHO.

Hraxk, Mbl fokasaiu yTBepgenue 4).

Cpenu Bcex ykaaaok rpada (' Ha MI0CKOCTH U cpelu Beex uukiaoB C, co-
Oepsramux ¢ U b, 3aduKcUpyeM Tary0 YRIAAKY U Tarol IMUKI, YTO BHYTpPH
o0nacTu, orpaHYeHHOM TUKIOM C, TeKUT MakcUMalbHOE BO3MOMHOE UHCIO
rpaHeii rpada G'. 3adurcupyeM ofiuH U3 06x010B 1o nukIy C (Ha pUCYHEaX
OymeM paccMaTpuBaTh 006Xo[ Io 4YacoBoil crpenke mo uukiay C). Ias Bep-
wuH ¢ U v nurna C 4yepes Clu, v| Gynem 0603HauaTh IpocTyio (u, v)-Lelb,
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unyuyo no uukay C oT uw 4o v B HanpaBileHuM obxona uueia. KoxeuHo,
Clu, v] # Clv, u]. Tonosum C'(u, v) = Clu, v] \ {u, v}, 1.e. C(u, v) moxy-
ueHo u3 Clu, v] oT6pacbiBaHHEM BepLIHH U K v.

Brewnun zpagom (otHocurensno puxaa C) OyneM HasbiBaTh noarpad
rpada G’, nopomnenHslil BceMu BepmvHamy rpada G, nemaliuMyu cHapy-
#u oT uuria C. KOMHOHEHTBI CBA3BHOCTH BHelIHero rpada GymeM Ha3blBATE
gHeWwHUMY Komnonenmanmu. B cuiy ceasHocty rpada G’ pus noGoii BHelHe
KOMIIOIEHTHI JOIKIIBI CyeCTBOBATE pedpa B G, COSINHSAIOMINE ee ¢ BepIIU-
Hamu nuria C. Buewnumu wacmany GyfeM HaswiBaTh (cM. puc. 36)

a) BHeWINME KOMIOHEHTBHI BMECTE CO BCEMH pefpaMy, COeIUHAIMMMH
KOMIIOHEHTY ¢ BeplivHamy unkina C, ¥ MHIMAEHTHRIMA UM BepIINHAMUY;

6) pe6pa rpada G, nemamue cHapyu oT uukia C' ¥ coeqUHAIOLAE [BE
BepiuHel U3 C, BMecTe ¢ MHLOUAEHTHRIMU TAKOMY Pe6py BepIIMHAMM.

Puc. 36

AHamOrMYHO ONpeNelNAOTCA SHYMpeHHUl 2padi, BHYMPEHHUE KOMNOHEHITbL
u suympennue wacmu (oTHocuTedbHo unkna C).

ByneM roBopuTh, YTO BHEIIHAA (BHYTPEHHAA) YacThb scmpeyaem yuka C
B CBOUX TOYKax IpuEKpemienua Kk quriy C.

5) IlorasmeM, uTo M106as BIEWHAA YacTh BeTpedaeT HHUKI C TOYHO B ABYX
TOUKax, ofiHa 13 KoTopbix aemut B C(a, b), a xpyrags — B C(b, a).

Ecnu Brnemusad vacTb BeTpedaeT UurA C TOYIIO B OJHOI TOYKe v, TO ¥
ABIAECTCA TOUKO} couneHenus rpada G, 4To HeBO3MOKHO (cM. puc. 37).

Puc. 37

TaruMm o6pa3oM, BHEIIHAA YacTh BcTpedaeT NUKA C He MeHee UeM B IBYX
Toukax. Ecau Bremnss yacth Berpevaer udiia C' B aByx Toukax us Cla, b
(cnyuait C[b, a] paccMaTpuBaeTCsi aHaIOTHYHO), TO B (G MMeeTcH LUK, CO-
Iepmamuil BHYyTpHU ceba Gomblue rpaHeii, yeM IuKI C, U IPOXOIAMIKHA Yepes
a n b, uTo HeBoaMomHO (cM. puc. 38).
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a
—a
C
v~
b
Puc. 38

Onupascy Ha clenaHIble 3aMeYaHUdA, Telleph JerK0 3aBeplIUTL J0Ka3a-
TelLCTBO YTBepIeHU 5).

Beuny yTBepsaeHns 5) GydeM roBOPUTL, YTO M106afA BHEIUHAA YacTh AB-
asetca (a, b)-pasdeasiouell wacmpio, MOCKOILKY oHa BcTpedaer u C(a, b),
u C(b, a). AHamOTMYHO MOJKHO BBecTH HOHATHe (a, b)-pasiensiomeli BHYT-
peHHell yacTu. 3aMeTHM, YTO BHYTPEHHAA YacTh MOMET BCTpevyaTh muwi C,
BooOI1e roBopsA, Gollee yeM B IBYX TOYKaX, HO He MeHee YeM B IBYX TOUKaXx.

6) JlokameM, UTO CyIeCTBYeT XoTA Gbl ofiHa (a, b)-pasjensiomas BHyT-
DPEHHAA YacThb.

IIyeTh, oT IpOTHBHOTO, TAaKUX BHYTPeHHUX dacTeil HeT. Torna, BbIXoaf
W3 a BHYTpHU 06iacTy, orpanudenHoit C, u apurasck BOau3u oT C Mo HAIpaB-
neHuio ofxoga C' ¥ BOIM3M OT BCTPEYAIOMMXCH BHYTPEHHHX dacTell, MOMKHO
yI0MUTD pe6po e = ab BHyTpH nukaa C (cM. puc. 39), T.e. G — mnaHapHbIi

rpag, 4To HeBO3MOKHO.
( ‘\
i

L)
‘1 4

Puc. 39

HUrar, Mbl yCTAHOBIIH YTBepKaeHue 6).

7) Tloramem, 4To CylWlecTByeT BHEWIHAH yacTb, Berpeuaiomas Cla, b) B
touke ¢ 1 C(b, a) — B Touke d, LA KOTOPOH HANNETCA BHYTDEHHHH 4acThb,
ABIAIOLIAACA 0HOBpeMeHHO (a, b)-paspensiowmeii u (¢, d)-paspensioumeii.
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Ha puc. 40 norasas npumep cUTyaluu, yRa3aHIIOH B 3TOM yTBepHIEHUMU.

Puc. 40

IlycThb, 0T NIPOTUBHOTO, yBepikAeHYe 7) HeBepHo. Ymopsagouum (a, b)-pas-
IelfIOMYe BIyTpeHHMe YacTH B TMOPAJKe UX MPUKpeIUleHUA K HurIy C 1npu
OBUMEHUH MO TUKIY 0T ¢ A0 b 1 0603HAUMM WX COOTBETCTBEHHO uepe3 Inq,
Ing, .... llycTsb u; u uy — nepBas u nocaenuns Bepumusl u3 C(a, b), B Ko-
TopeIX Iny BcTpewaer nuria C, a v U v9 — IepBad U NOCIeJHAA BePLIMHLI
us C(b, a), B Koropbix In; Berpedaer uukia C (Bo3MoMHO, BOOGLIE FOBOPA,
U1 = ug WIH v; = vz). IockoabRy 7) HeBepHO, A MOGOH BHeIIHeN YacTy
06e ee BepIIKHBI, B KOTOPBIX OHa BcTpevaer C, neskat muGo Ha Clvg, u1 ], 1ubo
ua Clug, v1]. Torma cHapy#u oT uukia C' MOHHO MPOBECTH HOPIAHOBY KpU-
Bylo P, He Hepeceras peGep rpada G, coeInHAIOMYIO vg ¢ uy (cM. puc. 41).

Puc. 41

[Mockonbky Ha yuactrax C(uy, uz) u C(vy, v2) HET TOYEK NPHUKpeILIEHKA
BHEIIHUX yacTel, HCIOMb3YA #OPAaHOBY KPUBYIO P, BHYTpeHHIO 9acTh In
MOKHO TepefpocHTh (BbIBEPHYTLY Hapysy oT uukiaa C) BO BHELIHIOK 06-
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gacTe oT nuriaa C, T.e. YIOMUTE ee CHapymu oT unuwiaa C U chelaTh ee
BHeIIHeH YacThIo.

AHaoru4Ho Bee ocTanbHble (a, b)-paspelfoliie BHY TPEHHHE YaCTH MOH-
HO nepe0poCcUTE BO BHeHIOO 061acTh oT uukia C. Ilocie aToro TouHo Tar
e, KaK B JI0KA3aTelbCTBE YTBEDHIAEHHUA 6), peOpo € = ab MOMKIIO YIOMHTH
BHyTpY nukia C, Tar Kak He ocTaHeTcA (a, b)-pasgeNAIOINX BHYTPEHHHX
yacTeil. CrefoBaTeabHO, MBI IOAYYUM yRIAZRY rpada G, 4To HEBO3MOKHO.

Wrax, Mbl fOKa3aln yTBepHKaenue 7).

OGosnauyuMm uvepe3 In BHYTPEHHIOI YacTh, KOTOPAfA fIBIAETCA OJHOBpe-
MeHHo (a, b)-paspensmomeii u (¢, d)-pasgenstomeii, roe ¢ 1 d — TOUKHM IpH-
KpemaeHusa K UMKIY C HEKOTOpoil BHemHed vacTu J, IpUYeM ¢ IEHHUT
ua C(a, b), a d — na C(b, a) (cMm. puc. 42).

b
Puc. 42

OrMeruM, 4TO BO BHemHeil wacTi J ecThb npocrad (d, ¢)-uens P. 0Go-
3HAUUM 4Yepe3 u1 ¥ Uo BEPIIMHLI, B KOTOPLIX In BCTpedaeT COOTBETCTBEHHO
Cla, b) u C(b, a), a uepes vy M vy — BEPUIMHBI, B KOTOPBIX I7n BeTpeuaeT
coorBercrBenno C(e, d) u C(d, ¢) (cm. puc. 43).

a
u,

I

Puc. 43

HanbHeiimve paccyaeHusa pa3oObeM Ha [1Ba CIy4Yas.

1. Ilycrs Hapa BepluMH vy U vy ABIfAercH (a, b)-pasnensiomeii.

Torpga, B 4aCTHOCTH, Vs # a ¥ v1 # b. Jlerko HOHATH, 4TO B 3TOM CIy-
yae rpad G comepmuT Hoarpad, romeomopdubiii K3 3 (orMmeruM, uTO B In
cymecTByer npocras (vy, vg)-lens) (cM. puc. 44).

2. IlycTe napa BeplIMH vy U Uy He ABafAeTcH (a, b)-pasfensomeii.
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Torza vy, vy nemar Ha Cla, b] uiu vq, v9 aemat Ha C[b, a]. Bea orpanu-
YyeHHA OGIIHOCTH GyIeM CUMTaTh, UTO vy U vy demar Ha Cla, b].

Puc. 44

Puc. 45

2.1.1. Tycrs uy nemut Ha C(d, a).
Toraa B rpade G uMeercs noarpad, romeomopdHsiit Kj 3 (cM. puc. 46).

2.1.2. lyctb up = d.

Torga Bo BHelHeil yacTu In MMeeTcA BeplIMHA w ¥ TPHM MpPOCTbIE LelH
OT W COOTBETCTBEHHO JI0 d, ¥] U ¥3, KOTOPbIe B KauecTBe 061l TOUKM UMeloT
TONLKO TOUKY w. B aToM ciaydae B rpade G nmeerca noarpad, romMeomopd-
ublit K3 3 (eMm. puc. 47).
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Puc. 47

2.1.3. IlycTh uy aemut Ha C(b, d).
Torga B rpade G ecthb nogrpad, romeoMopdHsiit K3 3 (cM. puc. 48).

WTar, Mbl paccMoTpenu cayuait 2.1. IlosToMy MbI MoOieM cUMTaATh, YTO
X0TA GBI OfiHA W3 BEepUIMH v; U vy He deuT Ha C(a, b). Bes orpaHuuenus
ofmHoCTH GyZeM CYMTaThb, YTO 3TO BepIIMHA vy, T.e. v; = b (IOCKOIBRY g
aemut Ha Cla, b]).

2.2. Myets vy # a.

2.2.1. Mycth vy neswut Ha C(d, a).

Torga B rpade G ecthb nogrpad, roMeoMopdHslit K3 3 (cM. puc. 49).




5.3. RpuTtepwuit nananapHocTH rpapa 117

2.2.2. llyctb ug = d.
Torga B rpade G uMeetcs noarpad, romeomopdHsiit Ky 3 (eM. puc. 50).

7
Puc. 50

2.2.3. IlycTs up Aexut nHa C(b, d).
Torga B rpade G uMeercs noarpad, romeomopdusiii Kj 3 (cMm. pue. 51).

b=uy
Puc. 51

Urar, Mbl paccMoTpenu cayuaii 2.2. [loaToMy ocTaloch, HaKoHell, pac-
CMOTpeTh MocieHNil cnyqaf/‘l
2.3. Mlycrs vy = a (eMm. puc. 52).

Puc. 52

PaccMoTpuM Temneph Tapy BepUIVMH 4] M 1y. BYIeM CUATATh, UTO U] = €
U u; = d, NOCKOILKY BCe APYTHe CIyuau PAacloNoFseHUA BEPUIMH ¥y U U
paccMaTpUBAIOTCA COBEPIIEHHO aHATOTUYHO TOMY, KaK ObLTH PaccMOTPEHbI
BCE CJIy4yay PaclooHeHNA BEPMIKUH vy U vg. 1lycTh P 1 Py — COOTBETCTBEHHO
Kparuaiimme npoctsie (g, b)-uens u (¢, d)-wens Bo BHyTpeHHei yactu In (cMm.
puc. 53).
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b=uy
Puc. 53

Uy

c=u,

OueBupgno, 1enu P; u P uMeioT o6IyI0 TOUKY.
2.3.1. Illycto uenu Py u P, uMeloT 6oilee oOHoi o0meil TOURH.
Torga B rpade G ectsb nogrpad, romeoMopdusiit K3 3 (cM. puc. 54).

Puc. 54

2.3.2. Ilycts tenu P; u P UMeOT TOYHO OJIHY OOLIYIO TOURY .
Torga B rpade G ecthb noarpad, romeomopdusiit Ky (cM. puc. 53).

ZON

d c

b
Puc. 55

Mu1 3aBepmunu paccMoTpeHue mocaeaHero caydaa 2.3. Taxum o6pasoMm,
AoKa3aHo, 4To B rpade G umeercs moarpad, romeomopdusiii Kj 3 umn K,
4TO0 HPOTUBOPEYUT HAIIEMY HEPBOMY IpPeHOI0MKEHUIO.

Wrak, Teopema noraszana. O

OnpegmenuM Hpouenypy cTATuUBaHUA pebpa B rpage. Ilycth e = uv —
pebpo rpada G, He aBngwmeeca netaeii. [locienoBaTenbHO BBIMOIHUM cle-
NYIOUe AEUCTBUA: OTOMAECTBUM BepUIMHBI ¥ U v, OTGPOCMM BCE HETIH,
OTOMIECTBUM Bce KpaTHble pebpa. IloayueHHbidt rpad oGosnauum depes G'.
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Byngem roeoputh, uto rpad G’ moayden us rpada G cmsazusanuem pefpa e.
Ha puc. 56 norasan nmpumep npumeleHusd Npollefypbl CTATUBaHUA pebpa.

u e v u=v

) - <

b c
G Puc. 56 G’

T'oopar, uto rpad G cmazueaem K zpady G', ecin G’ MOMKHO HOIYyUUTh
u3 G ¢ HOMOIIBIO KOHEYIOro YUciIa NPUMeHeHUI HPOIleIyphl CTATUBANUA Pe-
Gep.

Ipumep. I'pad Herepcena crarusaeM & Ky (cM. puc. 57).

%0 - B

Puc. 57

3ameruM, uto rpad IlerepceHa me comepuT moarpadoB, romMeomopd-
HbIX K5, HO cofiepskUT moarpad, roMeoMopdHblil K 3.

B szarmioueHue »TOro pasfiena HpuBefeM 0e3 MoKazaTelhCTBa HECKOILKO
MHTEPECHBIX YTBep:AeHUH 0 IaHapIbIX rpadax.

Ciaenyiomyio TeopeMy MOJKHO BhIBecTH U3 TeopeMbl IloHTpaArmma—
Kyparoscroro.

Teopema 5.5 (Baruep, Xapapu u Tatt). I'pad naanaper moeda u
moavko mozda, kozda ox He codepxecum nodepagos, cmazusaemuir k¥ K33, u
He codepwcum nodzpagos, cmazueaemuvlr 1 K.

Teopema 5.6 (Baruep). O6vknosennsvil naanapuvti zpad o6aadaem
yKAa0Koll HA NaoCKOCml, 8 KOmopol 04 u3obpasxcenus peGep UCTLOAbIYIOMCH
AUWD OMPEsKU NPAMBIT AUNHUL.

Teopema 5.7 (Beiikep). Caedyouiue yeaosus sKeUBLACHMHbBL Oaf 410
6otl Koneunoil pewemuu L:

1) pewemna L naanapua, m.e. nianapna ee dudazpamma;

2) 8 pewiemre L ee nopadox seasemcs nepecevenuem 08yr AUHEUHHLE NO-
paodkos, onpedeaeHHbLE KA MHONcecmee L;

3) pewemra L usomopgro eaoucuma e npasoe npoussedenue dsyx koney-
Hblx yenel.
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B cBasu ¢ nociegHel TeOpeMOfI OTMETHM, 4YTO Rennu u PuBan Hamiau onu-
CaHHue IINIaHapHBIX KOHCYHLIX PCIICTOR Ha A3BIKE 3alIPCIICHHLBIX IIOOPCEHICTOK.
Hmu 6o IMIOCTPOEHO CUHETHOE (66CHOHB‘-IH09) ceMelCTBO BCeBO3MOMKHBIX MU-
HYMAaJAbHBIX HCHJIaHAPHBIX KOHEYHLIX PEIIeTOR.

5.4. /IBoiicTBeHHbIe rpadcsbl

['pad G, HasbIBaeTCA dsolicmeentvim &k Tpady G, eciv MaTPOUI LIUKIOB
M(G;) rpada Gy usoMmopper MaTpougy paspesoB M*(Gy) rpada Ga. Ilo-
CROIbEKY M30MOP(U3M MaTpPOUJIOB ABJIAETCA M30MOP(OU3IMOM U IBOCTBEHHBIX
K HUM MaTpPOUJI0B, OTHOIIEHHE «BLITh NBOHMCTBEHHBIMMY MIA TpadoB cCHMMeT-
PHUUHO.

3aMeTHM, uTO AiA JBOACTBeHHLIX rpa@oB (G U (G, OUEBHUIHO, BLIMOIHA-
ered r(Gh) = r*(Ga) n r*(G1) = r(Ga).

Jlemma 1. Hycms Gy u Go — Henyaesvie zpagvt u ¢ — Gueryua us EG
Ha EGy. Ecau ¢ (mounee, omobpayxcenue, undyuuposannoe ¢ na P(EG))
omobpaxcaern 8eKNMOpb. HEKOMOopo2o basuca npocmpaxcmea yuraos gpaga Gq
HQ BeKIMOPbL HEeKOMopoeo 6asuca npocmparcmesa paspesos 2paga Go, mo epagdt
Gy u Gy — s3aumno dsolicmeennbie 2pagvl.

HorazaTtenbcTBo. OueBuHO, MoGaA GHEKIMA coXpaHAeT omepanuu U,
N, \ #, clefoBaTenLHO, COXPAHAET OMEPALMo CUMMeTPUYECKOH PasHOCTH .

[ockonbKy 6a3Kc MepexoAMT Ha 6asuc, IPOCTPAHCTBO UUKIOB rpada G
HepexoAuT HoJ LefCTBHEeM ¢ Ha HpOCTPaHCTBO pa3pe3oB rpada (. Tak Kak
orHomenre C Tak#e coxpaHAeTcs BHeKIMeil B 0be CTOPOHbI, MUHMMAILHBIE
HeHylleBble 3JeMEHThI IIPOCTPaHCTBA HMUMKAOB rpada G, T.e. NMKILI Ipa-
¢a Gy, HEepeXOJAT NoJ JeHCTBHEM ¢ Ha MMHHMAJbHBLIE HEIyCTEIE 31eMeHThI
nmpocTpaHcTBa paspesoB rpada G, T.e. Ha paspesnl rpada Gy. Komeuno,
BEepHO M ofpaTHOe yTBep#IeHHe, T.e. ¢ — u3oMopduam marpouna M{G)
ua Marpous M*(Gg). O

IMpumep.
€1 €9

€4 €y

Gy
Puc. 58
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Paccmorpum 6asuc mpocTpancTBa LuKIOB rpada Gy, KOTOPBI COCTOUT
K3 BEKTOPOB, OTBEYaIONIMX €ro BHYTPeHHUM I'DaHAM:

C = {61, €2, 63}, Ch = {63, €4, €5, 66}, Cs = {66: €7, €s}~

Onpepenum 6uernuio ¢ us EGy na EG, nonaras ¢(e;) = e, pmai=1, ..., 8.
Ouesunno, r*(G1) =m—n+k=8—-6+1=3ur(Gs)=n—-k=4-1=3.
Hanee samerumM, uro ¢(C), $(C2) u ¢(C3) — nnHeNHO Ne3aBUCHMAR CUCTEMA
paspe3soB rpada G, ¥, cleJoBaTenbHo, OHA ABIAETCA 5a3MCOM MPOCTPANCTBA
paspesoB rpada Gq, Tak kak r(Gs) = 3. TaruMm obpasoM, ¢ nepeBOAUT Ba-
auc Cy, Cs, C; npoctpancTBa nukIoB rpada G Ha 6asuc ¢(C1), #(Ca), #(Cs)
npocTpaHcTBa paspesoB rpada Ga, 1.e. G u G — B3aUMHO JBONCTBEINHbIE
rpadsl o nemme 1.

[Mycts G — npou3BoAbHbLA rpad M € = ab — HeKoTopoe ero pe6po. Bygem
TOBOPUTE, uTO rpad G’ momyuen us rpada G samwviranuen pepa e, eciu G’
noryuer U3 (G ¢ NOMOWBIO CleJYIONMX AeiicTBUil: oT6GpackiBaHMA pebpa e U
0TO4IeCTBICHUA BEPUIMH @ ¥ b, T.e. 3aMeHy MX Ha OAHY HOBYIO BepUINHY
(3aMeTHM, 4YTO IPU 3TOM COXPaHAIOTCA Bce peGpa, OTIHYHLIE OT €, TOILKO
KOHIBI pebep, paBHbIE ¢ MM b, 3aMeHAIOTCA Ha HOBYIO BEPLIMIY ).

a e b a=2"0

Puc. 59

Jdemma 2. llycmo Gy u Gy — e3aumno Osolicmeenuble epagvl, ¢ — uso-

mopPusm mampouda yukaoe M(G1) na mampoud paspesoe M*(Ga), e € EGq,

1 = G—e u Gy — epad, noayvennwitl us Gy samwiraruen pedpa ¢(e). Tozda
G} u Gy — esaumno dsolicmeennbie epadbl.

HorazaTenbecTBo. [lokameM, 4To orpaHW4YeHHe U30MOP(U3MA ¢ Ha MHO-
mecTBO G’ ABIfeTca nsoMophraMoM MaTporaa unknos M (G) Ha MaTpons
paspesoB M*(G}).

lyets ¢ — umka rpada G). IocKOMLRY 3TOT WUKI He COJEPHRUT peb-
pa e, OH fiBAfeTCA LMKIOM ¥ B rpade Gy. Torna ero obpas ¢(G) apaserca
paspe3oM B rpade G, ne comepsmamum ¢(e). Herpynxo monars, uro ¢(C)
fyner paspesoM u B rpade Gb.
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O6patho, nycts ¢(A) — paspes B rpade G5 nasa nexoroporo A C EGY.
MocronsRy e ¢ A, aToT paspes ABAAeTCA paspe3oM U B rpade G5. Torna ero
npooGpas A sABifAeTcd HUKIOM B rpade (G, He cofepmamuM e. CleloBaTelb-
Ho, A — umka rpada Gj. O

IIpumep. Pacecmorpum rpader G u G U3 npeaplayIiero npuMepa. yaa-
auM pebpa ey U eg u3 rpada Gy u 3aMKHeM peGpa ef U ef B rpade Gs.
Honyuum cnegyomue rpader

€1 €2
€4 es e e
8 4

€7 €3

Gy Gy
Puc. 60

I'pader G} u G B3auMHO IBOMCTBEHHEI, IOCKOALKY ¢) 0ToOpaskaeT elUH-
CTBeHHBIH LKA rpada (G} na efguncTBeHHbI! padpes rpada G.

CaegcrBue 1. Ecau nenyaesoll epad umeem deoticmeennsill epagh, mo 410-
6ol e20 Henyaesoll nodzpad makie umeem OsoticmeeHHbll epag.

HorazaTeabcTBo. JocTaTouHo OTMETUTDL, YTO OGO HeHYIeBOU mom-
rpad H rpatda G MomxHO moayuuth u3 G, ynansaa Bce pebpa, He IpHHANTe-
smamue H, v ynanas IvmHue U30JMPOBaHHBIE BepIUHbL. [

CaegctBue 2. Ecau epad umeem dsoticmeennnill zpad, mo aioboil omeo-
MOpPHbLl emy 2pad marxe umeem deoticmeernviil zpad.

HJorazaTeanctBo. llyets Gy 1 Go — B3aMMHO OBOMCTBenHbIe rpadbl U
¢ — usoMopdusm Matpouaa uukioB M(G1) Ha maTpous paspesos M*(Gy).

[pennonosum cHavana, 4yto rpad G} monyden us rpada G MCKIIOYEHHUEM
BepUINHLI v cTelleHU 2 U e; = va, ez = vb — [IBa pa3IWYHLIX pebpa, UHIU-
JOeHTHBIX BepmuHe v B rpade Gy. BymeMm cuumtaTh, UTO IPU UCKIIOUEHUU
BepIIUHEI v pebpa e; U es rpada Gy 3aMeHAIOTeA Ha pelpo e; = ab rpada G1.
OueBupHo, rpad G} MOMKHO HoayduTh U3 rpada G; U APYruM crocoboMm —
3aMbIkas pebpo e;. IloaToMy B cuiry nemmbl 2 rpad G| UMeeT OBOHCTBEHIbIN
rpad.

[pennonoskum Tenepb, uto rpad G] moaydeH u3 rpada G BRIIOYEHHEM
BepumnHEL v cTeneHd 2. IlycTh npu atoMm pebpo e = ab rpada (G; 3ameHseTca
Ha IBa HOBBIX pefpa e; = va U e3 = vb rpada G}. Uepes G o6ozHauum
rpad, monyuennsiii u3 rpadpa Gy sameHoii pe6pa ¢ = wuw, rae ¢ = ¢(e),
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Ha [Ba HOBBIX KpaTHbLIX pebpa €] = ww u €) = uw. O4eBUIHO, BCEe LUKIILI
rpada G momydaioTcs M3 UMKIOB rpada G 3aMeHON KaskIOTo BXOKIEeHUA
B LMKI pedpa e Ha OBa pebpa e; U e;. AHalIOrMUYHO, Bce paspesnl Tpada G
HOLy4YaloTcsd U3 paspe3oB rpada (Go 3aMeHON Kam[Joro BXOIEHUS B paspes
pebpa €' Ha nBa pebpa €) u ej. OTcioga nerko BoiBectH, uyto Gi u Gj) —
B3alMHO ABoHcTBeHHbIe rpadbl. O

IIycTe (¢ — mpousBoIbHbBIN HeHyaeBoil rpad u v € V = VG. Bexmopom
uHyudeHLUY, OTBEYAIOMMM Bepiuuie v, GyneM HasbiBaTh cedenue (v, V \ v)
rpada GG u Gyznem o6o3Hauath ero yepes Sec(v).

Jdemma 3. lycmo VG = ViUV, ede Vi = {v,...,»} u Vs =
= {vs41, ..., U} Oas newomopozo t € N, 2de n — uucao sepwun 6 neny-
aesom epage G. Tozda

(V1, Vo) = Sec(v1) @ ... ® Sec(vy) = Sec(viy1) D ... & Sec(vy,).

HorasaTtenwcTtBo. Kammoe peGpo rpada (7, mnpUHAIIe;Kallee ceue-
auio (Vi,V3), BerperuTea Toumo B ofHOM u3 MHomecTB Sec(v;) pan

i=1,...,t. Ramnoe me pebpo rpada (7, He TpUHAJIeNKallee paccMaTpH-
BaeMOMY CEeUYeHHIO, IM60 Booblle He BCTpeTUTCA B MHoskecTBax Sec(v;) nas
i =1,..., 1, mu60 BCTPeTUTCA TOUINO B ABYX M3 HHUX, 0TBEHAlOMUX KOHIAM

pebpa. W3 crasaHHOro ciefyeT nepBoe U3 J0Ka3bIBaeMBIX paBeHCTB. Bropoe
paBeHCTBO JJOKa3bIBaeTCA aHaJIOrMYHO. O

CaenpctBue 3. IIycme G — Henyaesoi n-epaf. Tozda awbvie n — 1 eex-
mopos UHUUJeHY UL, OMBEYAIOUUT €20 BePULLHAM, ABALIOMC cucmemoll o6pa-
syowux npocmparemsa paspesos zpaga G.

JdorasaTeakbcTBo. Kak 6bLI0 MOKa3aHO paHee, BEeKTOpPaMU IIPOCTPANCcTBa
paspe30B HeHyleBoro rpada ABIAIOTCA ceueHus rpada U Toabko oHU. OcTa-
JI0Ch OTMETUTH, YTO OTCYTCTBYIOLNINI BEKTOD UHUMIEHIUY He BXOOUT TOYHO
B OIHO 13 yKa3aHHLIX B lleMMe 3 pasiomeHuit. O

Jdemma 4. Jwboil naanapubiil Hewyaesoll zpad umeem OsoticmseHHbiil
2pag.

HoxrasatenncTBo. IIycTe G — miockuit HenyneBolt rpad M gy, ..., &5 —
Bce ero rpanu. PaccMoTpHUM HeKOTOpoe MHOMKECTBO, cocToflee U3 f BEpIINH
{v1, ..., vf}. Onpenenum Ha HeM rpad G'. llng wammoro pebpa e rpada G,
meskalllero Ha IpaHUIe rpaHeil g U gj, 3amaguM pebpo ¢ = v;v; rpada G’
(xoHeuHO, cryyail { = j OTBedaeT CHTyaluH, KorAa pe6po e JeRUT BHYTpPH
rpaiu g;, u Torjga € = v;v; ABIAETCA NeTiei).

llokamem, uto G u G’ — B3auMMHO JBoiicTBeHHBle Trpadnl. Ilycrh
Xy, ..., Xy — Gasuc npocTpaHCTBa UMKIOB rpada G, COCTOANMIT U3 Bek-
TOPOB MPOCTPAaHCTBa LUKIOB, 0TBEYAIOMKX IpanuiaM BHYTDEHHHUX rpaHeil
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Puc. 61

rpapa G. Pacemorpum Guesuuio ¢ us EG uwa EG’, koropag dakTudecku
6buta onpeenena npy 3aganuu pebep rpada G’ v NI KOTOpPO# BBLINOIHAETCA
¢(e) = € mana moboro e € EG. OueBugno, nas moboro 4 = 1, ..., f — 1
MHOMmecTBO ¢(X;) ABIAETCHA BEKTOPOM HHUMIEHLMH rpada G', 0TBedanmmmM
ero Bepummte v;. Cucrema BextopoB ¢(X1), ..., ¢(X;_1) npocrpancTsa pas-
pesoB rpada G’ nuMHeiiHO Me3aBUCHMA, TaK Kak OMEKINA [ePeBOJUT JTUHEHII0
HE3aBUCHMYIO CHCTEMY BEKTODOB B JIMHEIHO HE3aBUCHMYIO CUCTEMY BERTO-
poB (HOCKONBKY OMERIMA COXpaHAET CMMMETPHUECKYIO pasHocTh). Temeph
B cHIy clefcTBHA 3 cucTeMa ¢(Xq), ..., #(X;_1) ABafeTca GazucoM Ipo-
cTpaHCTBa pa3pesoB rpada G’. OTciofla Ha OCHOBAHMY JieMMbI 1 3aKmovaeM,
uyro G u G’ — B3aUMHO ABOCTBeHHbIe Tpadbl. O

JemmMa 5. I'pag K 5 He umeem dsoticmeennoeo epagda.

HorasaTenscTBo. OueBuiHo, B rpade Kj 3 BBIIONHAIOTCA clledylomue
cBoiicTBa:

1) rpad He MMeeT pa3pesoB, COCTOAIMMX U3 OJHOTO WIM U3 ABYX peep,

2) m1060it MUKI UMeeT TAuHY 4 unu 6,

3) umcio peGep m = 9.

[Iycts, or mporusHoro, rpad Kj ;3 uMeer npoiicTBeHHslit rpad G. By-
IeM CUHMTaTb, YTO B rpade G HeT H30IMPOBAHHBLIX BepIIMH (oTGpachbiBaHHe
HM30MUPOBAHHBIX BepIIMH B rpadax, o4eBUIHO, He HapyIIaeT NBOMCTBEHHOC-
TH). B cuny ynomanyTeix cBoitcTB rpada Kj 3 B rpade G BBIHOIHAIOTCA
ciefyrolue cBoHACTBa:

1') mer meresb M HET UMKIOB JIMHEHI 2, T.e. G — OGBIKHOBEHHBIN rpad,

2') HeT HeHyJIeBLIX cedeHUH (M, B YaCTHOCTH, BEKTOPOB MIIIUAEHIMH), CO-
nepssaiux MeHblue 4 pe6ep, T.e. degv > 4 pas mo6oit BepmuHbl v rpada G,

3') umcno pebep m = 9.

U3 1) u 2') caexyer, uto n > 5, rae n — uucio Bepuud rpada G. B cury
JeMMBI 0 PYKOIOMAaTUAX moayvyaeM 18 =2m =Y degv > n-4 > 5-4 =20,
YTO IPOTHBOpEYUBO. O Y

Jlemma 6. I'pagd Ky ne umeem deoticmeennoeo zpada.
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HoxaszateabeTBo. OueBugHo, B rpade Ky BBIHOIHAIOTCA CleLyIOmue
cBOMHCTBA:

1) HeT IUKIOB AAKHBI 1 uau 2,

2) moGoit paspes cocTout u3 4 win 6 pedep,

3) umcio pebep m = 10.

IIycTh, oT mpoTuBHOTO, rpad Ky uMeeT aBolicTBeHHLIH rpad G. Bymem
CUUTaTh, YTO B rpade (G HeT U30IUPOBAHHBIX BEPIIUH.

B cuity 2) B rpade G HeT umkinoB niusst 1 niav 2, T. e. G — 00bIKHOBEHHbII
rpad.

W3 2) BoiTeRaeT Tak:Ke, UTO Bee LUKIBI rpada (G MMeIOT YeTHble IJIMHBL 4
umu 6. Torma G ABnAeTCA ABYOOMLHBIM TpadoM. [leficTBUTENLHO, pa3o0heM
MHoecTBO V BepuiuH rpada G Ha aBe HemycThle foau V) u V; cliegyiomum
obpa3oMm. Bepem Tpou3BoJLHYIO BepuimHy v rpada (G B KauecTBe Hayailb-
Holl U NoMelaeM ee B Vj. 3aTeM, Bce BepLIMHLI, cCMeiKHble ¢ v, HOMelllaeM
B V,. Ilocne aTOoro Bce BepUIMHEBI, CMEHSHBIE C TONBKO YTO Pa3MelleHHBIMH
BeplIMHaMH, moMemaeM B Vi u T. 4. BepeM, nanee, NpoU3BOJLHYIO BepHIM-
Hy rpada G u3 Ipyroil ero KOMHOHEHTbLI CBA3HOCTYU M HOBTOPAEeM, HaUMHAf
¢ Hee, BbINe ONMUCAHHBIN Ipollecc ¥ T.n. Tark Kak B rpade G HET HMKIOB
HedeTHOI AMUHLI, Kajkjad BepliuHa rpada (G GygeT moMelleHa TOYHO B OJHO
us MHOMecTB Vi u Vo, T.e. V = V{ UV;, n B rpade G HeT pebep, 06a KoHLA
KOTOPBIX OZHOBpeMeHHO lexar B Vi unu B Va. (3aMeTHM, 4TO MBI, GaKkTH-
YeCKH, NPHUBeIU IoKa3aTelbcTBO TeopeMbl Kénura, mogpo6HocTH 0 KOTOpoit
CM. B IIEDBOM pasjiese ClelyIomeil Iiasbl).

Ecnn nna uucna n BepmuH rpada (G BbIIOAHAETCA HepaBeHCTBoO n < 6,
TO, KaK HeTPYyAHO yOenuThcA, nepebUpan MONHbIE ABYAOIbHBIE TPadbl ¢ YM-
CJIOM BepUIMH MeHbllle WA paBHbIM 6, anA 4ucia m pebep rpada G mo-
rygaeM m < 9, uro nporusopeuut 3). Tawum obpasom, n > 7. Ilo-
cronbky (G — oObIKnOBeHHBI rpad, nz 1) momydaem degv > 3 mas ao-
Goit BepmuHbl v rpada (. IllpuMeHasa meMMY 0 PYKONOMATUAX, NOTyUaeM
20=2m => degv >n-3 > 7-3 =21, yro npoTuBOpeuuBo. O

v

Teopema 5.8. Henyaesoli zpad umeem Osoiicmeennbill epad moz2da u
moAbko mo2da, k0204 OH NAAHAPEH.

HdorasaTeabeTBo. [lycTh rpad G umeeT nBoiicTBeHHbIl rpad. IIpenmo-
JT0MKUM, OT IIPOTUBHOrO, 4To rpad G HemnaHapubiii. Torza B cuny Teope-
™Mbl IloaTparuna-Kypatosckoro B rpade G uMeeTca moarpad, roMeoMopd-
Heiit K5 wm Ky 3. OTcioma Ha ocHoBaHMHM cilefCTBUt 1 ¥ 2 U3 JeMMEI 2
Hoiy4yaeM, 4yTo rpadp K; wmaum rpad K3 uMeer JBoiicTBeHIblH rpad, 4dro
MPOTUBOPEYUT JMeMMe 5 WK TeMMe 6.

O6paTHoe yTBepKaelre BepHO 10 JemMe 4. O



6. Pacrpacku

6.1. XpomMmaTuyeckue uumcia

IMycrs G = (V, E) — npousBoasHslit rpad u {cy, ..., ¢;} — HEKOTOpoe
MHOKECTBO, 37MeMeHTEl KRoToporo OymeM HasblBaTh KpackaMu. Pacwkpackoil
WM, TouHee, {-packpackoll rpada (G HasbiBaeTc oToGpamenue ¢ uz V B
{c1, ..., &} Takoe, uTo AaA MOGBIX ABYX PasIMYHBIX CMEMHLIX BEPIIMH U
u v rpada G BoimoaHsAeTcA ¢(u) # ¢(v). OTMeTHM, UTO 3Hech He HpeXHOMTA-
raercs, 4To ¢ orobpazaer V Ha BcE MHOMKECTBO Kpacok {c¢i, ..., ¢}. Bynem
rOBOPHTL, UTO UBeT ¢(v) npunucax BepmwnHe v € V WM BepllVHE v uMe-
em ysem ¢(v). Mbl BUmuM, uTo {-packpacka rpada G IPUIUCHIBAET Kamuoi
€ro BepIlliHe OJWH K3 ! 3aJlaHHBIX [[BETOB TaKUM 006pa3oM, UTo JioGble IBe
pasIuuHble CMEMKHbIE BEPIIUHEI UMEIOT pa3HbI{ 1BeT.

3aMeTHM, 4T0, pacCMaTpUBad packpackH, MOHO Ge3 orpaHUdeHUsA OOLI-
HOCTH cYUTaThL Tpad G 0OLIKHOBEHHEBIM.

'pad HaswiBaetca {-packpaiusaemovim, eciv oH oG1agaeT {-pacKpackoil.
'pad nasviBaeTcs t-xpomamuyeckus, eciv oH t-pacKpaliyBaeMblil, HO He fB-
nfetcq (£ — 1)-packpalinBaeMbIM; YKCIO ¢ B TAKOM ClIy4ae HasblBalOT XpoMa-
muveckun wucaon rpapa G u o6osuavaior uepes x(G).

3aMeTUM, UTO

1) 1-xpomaruueckue rpadsl — 9TO HyldeBble rpadbl U TOILKO OHU;

2) 2-xpoMaTuveckHe rpadbl — 5To HeHyTeBble ABYJONLHEIE Tpadbl U TOML-
KO OHU;

3) x(K,) =n u x(G) > n, ecv rpad G cofepmuUT B RadecTBe Moarpada
rpad K, nnA HaTypaabHOTO 4YKCIa n.

Teopema 6.1 (Kénur). Henyaesoil obbiknosennbiii epaf G asanemcs
2-xpomamuneckum mozda U MOALKO mo20a, K0204 OH He co0epium UUK.L08
HevemHoll OAUHbL

HorazaTeabeTBo. [IycTh G — 2-xpoMaTudeckuit rpad. 3apurcupyeM
HEKOTOPYIO ero 2-packpacky. Tak Kak KOHIEBI Kamaoro peGpa UMelOT pa3HbIil
UBeT, HpU obxofe doGoro nukia C YepelylOTCA BepIIMHBI Pa3HOTro IIBETA.
CnemoBaTenbHo, UK G UMeeT 4eTHYIO IIUHY.

O6patHo, 6e3 orpaHHUYeHHA OGITHOCTH Gy/IeM CUUTAaTh, YTO (7 — HEOJHO-
31eMeHTHBIH CBA3HLIN rpad, He UMEIOIIMi IMKIOB HeUYeTHOM OANHbI. 3aduK-
cUpyeM HeKOoTopylo BepmuHy v rpada (G. Pazo6beM TeHepb MHOMKECTBO Bep-
muH VG Ha fBa HemepeceKaiomuxca nogMuomecta Vo u V. CoGepem B V)
Bce BepmMHbl @ € VG, Ll KOTOPBIX AaMHa 10608 Kparuaiimei (v, u)-nenu
yeTHa, a B V; — HeueTHa. QueBupaHo, v € V), a Bce BepHmIMHBLI, CMeMKHbIE
¢ v, nemar B V4. Tenepb nocratouHo npoBepuTs, G(Vy) u G(V1) — Hyuxessle
HoArpadpsbl.
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IIycTh, OT NPOTHBHOTO, CyIeCTBYeT pebpo € = uw, NJIA KOTOPOTo U U w
meskaT ogHoBpeMento B Vy uau B Vi. Torga v # u u v # w. PaccMoTpum
KpaTyaiimyio (v, u)-uenb P u Kpatyaiimyio (v, w)-uens Q. Iycts ¢ — no-
clle/IHAA BeplIMNa LeHH P, npunamesaman lenu (). B cuny BoiGopa neneit P
U ( JIMHBI MX HaualbHBIX (v, a)-HoxueHeli coragaoT. Iostomy (a, ©)-non-
vens P uenu P u (a, w)-moguens (; uenu () MMeIOT DIHHBEI OANHAKOBOI
yerHocTH. [obasnaa k menaMm Py u () pebpo e, mody4aeM LUK HeueTHOH
IJMIEL, YTO HEBO3MOMKIO. [

CaegcrBue 1. Jiwboe neoduosremernmmoe depeso asanemca 2-xpomamu-
yeckum epagdom.

Jdemma 1. Ecau nauboavwan us cmeneneil eepuiun epada G pasna p, mo
smom epa asanemca (p + 1)-packpawusaemim.

JdoraszaTeabeTBo. IlpoBefeM HIAYRIMIO [0 YuclIy BepliuH rpada G.
Ilycte G — meopAnosneMeHTHBI n-rpap U v — HeKOTOpad ero BepLIMIA.
Torga no npepnonosennio Mugyrnun rpadg G — v asasetcs (p + 1)-packpa-
umBaeMbiM. OueBnjHo, (p+ 1)-packpacky rpada G — v MOMHO JIONOIHATE [0
{p + 1)-packpacku rpada G, IpunucaB BeplikHe v MOGOH LBET, He HCIOIb-
30BaHHBIH JUIH PaCKPacKU CMeMHbBIX ¢ Hell BepiiuH. O

Jdemma 2. Ecau waxedvill 6aor ceasnozo epagia t-packpaiusaem OAf He-
romopozo t € N, mo u cam 2pad t-packpawueaen.

HdoraszaTeabeTBo. [IpoBegeM uHAYRIMIO [0 YyHcLy 6a0okoB rpada. Mosk-
HO CUMTATh, uTo rpad G uUMeeT Godee ogHoro Giowa. Ilycts B — ogun
u3 BucAYMX 61okoB rpapa u (G; — moarpad rpada G, paBHLIT o0beguHe-
HUIO ocTalbHBIX G10KoB. UYepes v 0003HAUMM eqMHCTBEHHYIO OOLIYIO Bep-
muny rpadoB B u G;. Ilo npeanonoskenuio uHnayskuuu rpad G ABigercd
t-packpammBaeMbiM. OueBHUIHO, UMEIOTCA JIBe Takue {-packpacku rpados B
u (i1, 4TO BeplIMHe v IPUNHCHIBACTCA UMH OJUHAKOBLIH IBeT. Telepb ACHO,
YTO HTHU JBe PACKpPacKkH JalOT MCKOMYIO packpacky rpadpa G. O

[Toramem, uro nemmy 1 MosHO ycuauTb. CnpaBeluiMBa clefyomas

Teopema 6.2 (Bpyke, 1941). Ilycmv G — ceasubtll 00bikHOBEHHbLL
epad, ne asasowulica noanvim epagom, p — Hauboavulan us cmenenell eeo
gepuun u p > 3. Tozda x(G) < p.

JokaszaTeabcTBO. B criy eMMbl 2 TeopeMy MOCTAaTOYHO JJOKAa3aThk AJIA
ciyuvas, Koraa rpad G ABifgeTcA GIOKOM.

1) Tloramem cHauana, 4T0 B rpade G CyllecTByeT Takasd HpOCTafd He-
3aMKHyTafd Uelb ¢ — W — v, YTO BepIIMHBI ¥ W v HECMeKHBI M rpad
(G—u)—v=G —u—v caseH.
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O6o3HaunM uepe3 L MHOMECTBO BCEX NOMUHUDYIOMUX BepliuH rpada G,
T.€. BEepIIMH, CMeKHBIX C KamJol ero BeplIMHOI.

Mpennonosxum, uro L # (). OueBMAHO, BEPIIMHHO-NIOPOAIEHHDINA M0~
rpad G(L) aBaserca moansimM Hogrpagom. Tak Kak G He ABIAETCH HOMHBIM
rpapoM, B VG \ L umeloTcs iBe pasiyHble HeCMeMHble BEPLIMHbL U U .
Mockonery L # 0, rpadp G — v — v cBasen. OcTanoch B KayecTBe w B3ATD
100y10 BepmuHy us L.

[Iycts Tenepe L = (). B cuny ycnoBus TeopeMel B rpade G cymecTByeT
BeplIMHa ¢ Takaf, uTo dega > 3. flcHo, uTo rpad G — G CBA3EH, MOCKOILKY
rpad G sABiIfileTCA GIOKOM.

PaccmorpuM ciyyait, worpa rpap G — @ — 6aos. Tax wax L = (), B
rpade G — a HaiineTca BepmuHa b, HecMemHaa ¢ a. BosbMeM KpaTuaiinryio
(a, b)-uens B rpade G:

a—>w—v—>...—>b

(BO3MO3®HO 3Ta LieNb 3aKaHYMBAETCH BepIIMHOM v U Torga v = b). OueBuiHo,
BeplllHa v HecMejkHa ¢ BepiuHoit @ U rpadp G — ¢ — v cBaAzen. OcTanock B
3TOM cliyuae MOJOKUTL U = 4.

PaccmoTpum Teneph ciiyuait, korma c¢BA3HLIH rpad G — a He ABAsAETCA 6J10-
koM. Torga rpad G — @ ecTh HeoAmosneMeNTHoe NepeBo GJI0KOB. BosbMmeMm
JBa pa3IUYHEIX €ro Gnoka By u Bs, ABIAIOMUXCA BUCAYMME BePUIMHAMH B
JepeBe GI0KOB U TOUEK couleHenud rpada G — a, T.e. BUCAYUMU GroKaMU.
B 6moxe By cymecTByeT BepliWHa %, He fIBAAlOmAaACA TOUKOIl couleHemusd
rpada G — a, KoTopas cMeskHa ¢ ¢ (MHa4Ye TOYKA couneHenus rpada G — a,
nemamnang B Gmoxe Bj, Gbula Gbl Touwoii coumeHeHud rpada G, UTO HeBO3-
MOKHO). AHaIOrM4HO, B 610Ke By cylecTByeT BeplIMHA v, Nle ABIAIOMWAACH
TOUKo#l coulleHeHuA rpada G — a, KoTopad CMeMHa C a.

Jlerro BugeTs, uto rpad G — u — v cBfizeH. llelicTBUTENbLHO, yaaleHUE U3
rpada G —a BepmIUH v U v He HapylllaeT CBA3BHOCTH BUcAYUX 610KOB By u By,
nostoMmy rpap G — a — u — v ceazed. Tar kak dega > 3, oTciofa cleLyer
CBABHOCTE rpada G — u — v.

Ilaa saBepineHus foKasaTelLCTBa YTBep:IeHUA 1) 0cTaloch MONOMUTE
w = a.

2) HocTpoum TeHeps p-packpacky rpada G.

BosbMeM BepIIMHBI 4, W, v, ykasaHHble B 1). Ilockonbry rpadp G —u — v
CBA3€H, ero BepIIMHLI MOKHO 3aHYMepoBaThb TaKUM 00pa3oM

W =4ay, G2y --., An-2,

4TO KajkJafd U3 BeplIUH ao, ..., @,_9 OyIeT CMeKHa 10 KpailHell Mepe oqHONI
BEPIIVHE C MEHbIIUM HOMEDPOM.
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B camoMm pene, B KauecTBe a,_y OepeM M00yI0 BepmuHy rpapa G —u —v,
He ABIAIOMYIOCA er0 TOUKOM COUIeHeHUA H OTIMYHYIO 0T w (TaKkaA BeplinHA
00A3aTeNbHO HMeeTCH B OTHOM M3 BHcA4uMX OaokoB). Ilocie oTOpachiBaHks
BepUIMHBI Q,_9 U3 I'paha G — u — v IOMYUUTCA CBASMLIN rpad M mporecc
nepenyMepanyy BePIIMH MOKHO [IPOJOJKUTD.

OrpacyM BepHIMHBEI w W v B NEepBbIH LBeT ¢;. 3aTeM HocleJoBaTelLHO

O6yeM NpUNUCLIBATL BEPUIUHAM Gy _39, Up—3, - - -, G2, @1 = W OIUH U3 IIBETOB
C1y €2, « -+, Cp 1O CeJyIOLIEMY NIPABUIY.

IOycte n — 2 > s > 1 U BepmUHBL U, VU, Gyp_3, ..., Qyy1] YHE OKpa-
mieHsl (3lech NpH § = 71 — 2 MMeeTCA TOYHO [Be OKPAlleHHBIX BepIlu-

HbBI ¥ U v). Taxk Kak ay cMeskHa X0TA GbI ¢ OHON BepHIMHOLN, UMelomIeit
MeHbLIIUIT HOMep, CTelleHb BEPUIMHLI G, B BEPIIMHHO-HOPOKIEHHOM MOATpa-
de G({u, v, Gy, ..., G441, G5}) MeHbIIE p. BepmuHy a, OKpacMM B TOT H3
LBETOB Cy, ..., Cp, KOTOPLIA He GBI ellle MCHOML30BAH [JA OKPACKH BepIIMH,
CMEKHBIX C Q.

AnamorvyHo mocTynuM u ¢ BepmuHod a3 = w. [locronery degw < p
Y BEpIIWHBI ¥ U ¥, CMEMHbIE C w, OKpalleHbl B OJUIl U TOT e LBET Cp,
HPM pacKpacke BepIIMH, CMEKHBIX € G = w, OBLIM HCHOIL30BAaHBI He BCe
uMeoIuecd Kpacku. OKpacuM BepIIMHY ¢; B ellle HEUCIONL30BAaHHLIN I[BET
Y HNONYYUM p-packpacky rpadpa G. O

3aMeTHM, uTo TeopeMa BpyKca faeT OUeHKY CBepXy [JA XpoMaTuyec-
roro yucna rpadga. OpgHako 3Ta OLEHKA MOKET GBITH CKOJbL YTOJHO HaleKa
0T XpoMaTuveckoro yuciaa. JeiicTBUTeNLIO, M0G0 HETPUBHAILIIOE AEPEBO
ABJIAETCA 2-XpPOMaTHUYECKUM Ipa@oM U MOMKHO HOCTPOUTL A€pPeBO, UMeIoIee
CKOJIb YTOMHO GOJbLINNE CTEMEHH BEpILIH.

Jdemma 3. Iyemv sepuwiunvt epagia G packpawenst KpaCKaAmMu Cy, .. ., Cq.
Obosnavum uepes Gi; nodzpad epagia G, nopoxcdennbill 6cemll 6ePULLHAMU Le-
ma ¢; U ecemu sepuluHamy yeema c;, 2de i # j ul <4, j <t. Hycme ng —
Hexomopas Komnonenma cefssnocmu epaga Gi;. Ilomensem mecmami Kpacku
¢i u c; 6 packpacke sepwun us nodepaga Gi; u ocrmasum 6e3 usmenenusn yee-
ma ocmaavHblr sepiiun epaga G. Toeda noaywumea nosasn packpacka epaga G
KEPACKAMU C1, - . ., Ct.

JdorazaTenbeTBo. [lycTh Bepmmubl v 1 v rpada G UMeIOT OIMHAKOBBIH
BT ¢ HPH HOBOM paclpefeleHHy Kpacok. Ecnu ¢ # ¢;, ¢, TO BepIIMHLI 4 U v,
04YeBUIHO, HecMeKHBI. [loaToMy 6Ge3 orpaHuyeHUs 0GIIHOCTH GyIeM CUMTATh,
YTO ¢ = ¢;. PaccMOTpUM YeThIpe clIydad.

1. Mlycts u, v € VGY;. Torna BepmuHbl u ¥ v UMEIOT OJIMHAKOBIH IBET
B HUCXOIHOIH pacKpacKke W MO3TOMY HECMERHBI.

2. llyets u € VGQJ-, av ¢ Vng. Torpa BepIMHBI # ¥ v HECMEKHBI, TaK
KaK OHM JieaT B Pa3sHbIX KOMIIOHEHTaX cBAsHocTU rpada Gj.
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! i -
3. Ilyerb u € VG, av € VGY;. DToT cayyail aHaloruuer npeaplaymemy
cIyya.

4. MyeTb u, v & VG;-J-. Torpa BepmUHLI # U v UMeIOT OJUHAKOBLIN LIBET ¢;
B UCXOAHOU packpacke rpada G ¥ 03TOMY OHM HeCMeHsHbl. O

Teopema 6.3 (XuByn, 1890). Jwboti nicrnapuwil zpad 5-packpausu-
saemM.

HJorazaTteakceTBo. Ilycth G — mnanapuslit n-rpad. IlpoBemeM WHOYK-
IUIO N0 unciy BepmivH rpada. Ecau n < 5, To yTBepmIeHUe OYeBHIHO.
ByneMm Tenepb cumTarh, 4To (G — HIOCKUI OOLIKHOBEHHLIH rpad, n > 6 u
YTBepHIeHNe BEPHO /A MOGOro II0CKoro rpada, coaepMHaiiero MeHblie yemM
7 BepIIUH.

CornacHo ciefctBuio 5 u3 pasgena 4.2 rpap G uUMeeT BepIUHY v, CTe-
HeHL KOTOPOY MeHbIIe UM paBHa 5. McHoab3yA mpelJHONOMeHKe WHIYRIUN
packpacuMm rpadp G — v B IATL UBeToB. Ecnu degv < 5, TO BeplIMHY v MOK-
HO pacKpacuTh B 1060 IBeT, He HCIOJAb30BAHIILIA MPY pacKpacKe BepIIWH,
CMEKRHEIX C v.

IIyers Tenepb degv = 5. Bynem cuuraTh, YTO BEPUIMHEL v1, Vg, V3, Vs, Us,
CMEMHEIe ¢ ¥, 3daHYMepPOBaHbl TAKUM 00Pa3oM, UTO MHIIMIEHTHLIE UM peGpa
BBIXOJAT COOTBETCTBEHHO U3 BEPIIMHBI ¥ MOCHENOBaTEILHO APYT 3a APYTOM
N0 HamnpaBleHUIO 4acoBodl crpenku (cM. puc. 62). Ecmm kakue-muo nse
BepIINHbBI, cMe;KkHble ¢ ¥, UMelOT OJUHAKOBLIM LBET, TO BEPHIMHY ¥ MOMKHO
pacKpacuTh B LIBeT, He UCIOJIL30BAHHLIN HPH packpacke CMesKHLIX ¢ Hell Bep-
muH. [losTomMy 6e3 orpaHuYUeHuA 0GMHOCTY GyoeM cUUTaTh, YTO A 110G0ro
t =1, 2,3, 4, 5 BepmnHa v; oKpallleHa B IIBeT ¢;. B cOOTBeTCTBUU C 1eMMOit 3
paccMoTpuM moarpad Gz B rpade G.

1. TycTb BepmIMHBL v1 U V3 He JeMAT B OJHON KOMIIOHEHTE CBA3HOCTH
rpada Gy3. Torga vy € VG5 u vy € VGY;, roe Gi3 u G5 — nBe pasandnsie
KOMHOHEHTEI CBA3HOCTY rpada (r13. Iloab3yAch meMMoil 1, HoMeHfieM MecTa-
MM IIBeTa ¢; M ¢3 B packpacke BepmuH noprpada Gi,. B HoBoil packpacke
rpada G — v BeplIMHEL v1 U v3 GYAYT UMETh OJUHAKOBGIN IBET ¢3. OcBoGo-
IOUBIINANCA UBET ¢) OPUOUILEM BepIIUWHE U M NMOAY4YuM 5-packpacky rpada G.

2. IlycTb BeplIMHBI v ¥ V3 JNeMaT B OZHOH KOMIONEeHTe cBA3HOCTU Gy
rpada G13. Torna B rpade G3 uMeerca npocras (vq, v3)-Lellb ¥; — ... —> U3
U 0aToMY B rpade G nMeerca nuka C:

v—U ... > V3 —> U

BuyTpu o6nactu, orpanndennoil nukiaoM C, MemuT au60 BepllMHA vg, MU60
BeplIMHA v4. Be3 orpaHMYeHMA OGIMIHOCTH GydeM CUUTATL, YTO 3TO BepIIU-
Ha vy (cM. puc. 62).
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Torpa HeTpyZHO BUIETb, YTO BEPUIUHEI Vs U V4 JleaT B PA3HBIX KOMIIO-
HeHTaX cBA3HOCTH rpada Gy, T.€. MBI IPHILTH K CIyYalo, aHaIOTHYHOMY
clydaio 1), CJle BepllilHa v UrpaeT pollb BePLIUHELI vy, a BeplIKHa vg4 — poib
BepUIMHLI v3. O

U1

Vs

V4 U3

Puc. 62

EcTecTBeHHO BO3HMKAET BONPOC: MOMKHO JHM YCHUINTH JIOKa3aHHYIO Teo-
peMy, 3aMeHUB 4uciao 5 Ha uucio 47 OTBeTUTL Ha 3TOT BOHPOC B TedeHUeE
npubiausuTeabHo 100 neT TMeITaAMCh MHOTHE U3BECTHblE MaTeMaTHURU. ['M-
noTe3y O TOM, 4YTO /1000 MiIaHapHBIN rpad MO#HO pacKpacuTh YeTHIPbMA
KpackaMy, copMmyiupoBanl B 1879 rogy anrauiickuit maTeMaTur Kenu, a
I0Ka3aTelLCTBO 3Tol runoTesbl GblIo MoiaydveHo B 1976 roay XeifixeHoMm U
Annenem. Taxum o6pasom, clipaBeJUIMBa cllelyIOIasa TeopeMa.

Teopema 6.4 (Xeitked u Annens). Jwool nianaprbidl epad 4-packpa-
wusaen.

OTMeTI/IM7 4TO JI0Ka3aTellbCTBO 3TOM TeopeMbl BeCbMa CI0MKHO, IpUYEeM
YacTh [OKaszaTe]JbCTBa TPYAHO BOCIPOM3BOAMMA, TaK KaK BbL1a IIpoBelicHa
aBpTopaMM C IIOMOIIbIO KOMIBIOTEpA. KOHE}‘{HO, TaKkoe JOKa3aTeJIbCTBO He
YA0B/IeTBOPAET MHOI'MX MaTeMaTHROB.

6.2. XpomaTuuecKUe MHOTOWIEHBI

Mycts G — ofbikHoBeHHH rpad. Yepes P(G, x) o6o3HauuM rposmamu-
yeckyw Pyrryuo, KOTOpasa ANf JN060T0 HEOTPUIATEILHOTO IeN0ro yucia &
IpUHUMAET 3HAYeHWe, PaBHOe YMCIy Z-packpacok rpada G (npu 3agaHHoM
MHOMECTBE U3 & KPACOK).

Mpumep. 1) P(O,, ) = z", Tak Kak KamAyIO U3 7 BePIIMH HYIeBOTO
rpada O, MOMHO He3aBUCHMO OKpPacuTh B M0G0 U3 = 3aJaHHBIX IIBETOB.

2) P(K,, r) = z(z—1)...(x —n+1), Tak Kak NePBYIO BepIIHUHY [OJIHOT'O
rpada K, MOMHO OKpacHUTb B M0G0 M3 & L[BETOB, BTOPYI0 — B Ji060i u3
octaBumMxcAa £ — 1 BeTOB U T. A.
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B panbueiimem muorounen z(x — 1)...(z — n + 1) aaa ynoberBa Gynem
06o3HadaTh yepes 2" U HASKIBATL HaKMOPUALLHOU CTEneHbio IepeMeHHOH .
B stux obosnauenusax umeem P(K,, r) = (™.

Iycts % ¥ v — [Be pasiUyHBIE HECMeRHbIE BEPLIMHBI 0OBIKHOBEHHOI'O
rpada GG. Uepes (1 o6o3HauuM rpad, nonydeHuslii u3 G 1o6apieHneM HOBOIO
pebpa e = wuv, a 4epe3s (3 — rpad, noaydeHHbIH U3 (G OTOMAECTBICHUEM
BEPUIIKH %, ¥ U 0TORJECTRICHIEM BO3HUKAOMUX IPU TOM KPaTHBIX pebep.

Jdemma 1. P(G, z) = P(Gy, ) + P(Gs, ).

JorazaTeaberBo. Yucio z-packpacok rpada (G paBHO cymMMe 4ucia
z-packpacok rpada (G, y KOTOPBIX BEPHIMHBI % U U UMEIOT pasHblil UBeT, U
yucila x-packpacok rpada G, y KOTOpLIX BePUIMHEI % U ¥ UMEIOT 0INHAKOBLIH}
nBeT. Yucio pacKpacoKk HEPBOro THUIIA PAaBHO YHUCIY z-pacKpacok rpada Gy,
a yuMciIo packpacok BTOPOro THUIA — YUCAY Z-packpacok rpada Gp. O

IIpuMep. Beruncasan dyuruuio P(G, ) ¢ nomMornsio temMsl 1, MbI 6ynem
OIIyCKaTb CUMBOJLI P, x 1 n306pamaTh TOJLKO BO3HUKAIOMNE DU BhIUUCIIE-
HUAX rpadsbl:

SO

awh
RARAVAS
[ G A

+ 4 +

w

<
A-

=2® + 42® 1 320 = 25 — 62 + 142° — 1522 4 6.

S
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Mel BUAUM, 4TO C [IOMOWLIO JeMMBbI 1 A J11060ro 0GBLIKHOBEHHOIO N-
rpada G ¢yuruuio P(G, £) MOKHO IPeJCTABUTL B BHAe CYMMBI XpOMaTH-
YeCKUX (PYHKUMI MOJHLIX TpadoB, T. e. B BHJe MHOIOY/IeHA C LeAbIMH HeOTPH-
HaTeNbHLIMU K03 pullienTaMy 0T PakTOPHUANBLHBIX CTeHeHell epeMerHoi &:

P(G, .’)3) = P(Kn, iE) + alP(Kn_l) + G;zP(Kn_Q) +...=

=z 4+ a2V + gz Y 4+ .

OueBuAHO, 3TOT MHOrOWIEH UMeeT CTelMeHb 1 M ero cTapuiuil Kos3pPuiuueHT
paBen 1. IIpomecc Haxomk[IeHHA C TMOMOIIBIO JeMMbI 1 COOTBETCTBYIOIIErO
ceMelicTBa HOMIBIX rpadoB GyeM Ha3bIBAThH Ipomamuueckoll pedyrkyuel IIA
rpada G.

U3 monyuennoro pasnowenusa nag P(G, ) BUAHO, YTO XpoMaTHYeCKas
¢yHKIIMA 00BIKHOBEHHOTO rpada ABndeTcA MHorouwleHoM. Ee HaspIBalOT xpo-
Mamuieckum muozodienom rpada G.

Jlemmy 1 mone3Ho nepedopMyIUpPOBATE ellle U B cileyonieM yI0GHOM 1if
HpHMeHeHU# BuUpe.

Jdemma 2. P(Gy, z) = P(G, z) — P(Gs, z).

IIpumep.

-]

N+ -
NRSIDE

s

[ ] [ ] [} L ] [ ]
= - —3{ - +3] - *|=
. . . ° L o ° . L e
L ] [ ] [ ] [ ]
= - 4 +6 — 3 =
[ ] . Y Y Y

=zt — 42% + 622 — 3z.
MBI BUAMM, YTO ¢ TIOMOIIBIO IeMMBI 2 MOKHO BEIYMCIHTL XPOMaTHIECK U
MIOTOUIeH 0GLIKHOBEHIOro rpada cpasy Mo CTeHEHAM MepeMelHoll .
Crenyomas TeopeMa COBEPIICIIHO 0YeBHINa.
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Teopema 6.5. IIycms Gy, ..., G — MHOK}CECBO 8CET KOMILOHERITL CBA3-
nocmu epaga G. Tozda

P(G, z) = P(Gy, x)-...- P(Gy, x)-

Teopema 6.6. [Iycmbv obviisnosenustll epad G pasen obsedumnenuio dsyr
csour nodepagos G u Ga, m.e. G = G1UG,, npuves H = G1NGy asanemcesn
noansm t-zpagom 0aa meromopozo Hamypaivhozo wucaa t. Tozda

1
P(G, Jf) = m 'P(Gl, .T) 'P(GQ, .T)
JoraszaTtenbeTBo. Tak kak H — nonnsiii rpad, npu nio6oii ero packpac-
Ke Bce BepUIMHLI GyAYyT MMeTL pasHblil IBeT. B culy cuMMeTpuM nio0ble IBe
pasnnuHble z-packpacky rpaga H MoryT 6LITb OJUHAKOBLIM UYHCJIOM CIIOCO-
60B HPONOIKEHBI 0 Z-packpacok rpada Gy. CremoaTtembHo, uncno P(H, x)
meaut yuciao P(Gy, ) u 4acTHoe
P(Gl, Qf)

P(H, )
paBHO YMCIY NPOMOIEHUIT IPOM3BOIbHOM Z-packpacku rpada H 1o z-pac-
Kpacok rpada (7. AHalOruYHO, YacTHOe
PGy, x)
P(H, )
PaBHO YHCIY [IPOJOJKEHHI HPOM3BOILHON z-packpacku rpada H mo z-pac-
Kpacku rpada Gs.
Teneps ¢ yuerom pasercrsa P(H, z) = (¥ noxyuaem

0} . P(Gl, Jf) P(GQ, .17) 1

PG, z)==x O e P(Gy, z) - P(Gs, x).
O
M pumep.
= 1 L] - =
@
=" (a:4 — 42° + 622 — 3x) c2® = 25 — 62* + 142° — 152 + 6.
x

CnenctBue 1. IIycmv By, ..., B, — mHoxecmso scexr 640K08 HeOOHO-
MeMEeHMH020 C8A3H020 00bikHOBeHHo020 2pada G. Toz0a

PG, z) = -P(By, x)-...- P(By, z).

ms—l
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JorasaTenbeTBo. [IpuMensem Teopemy Hpu £ = 1 nocienoBaTelbHO A
s —1 Touek couneHeHuUs B KadecTBe M, OTIIeNAA 110 oUepe U BUCAYNE GIOKH.
O

CnencrBue 2. Xpomamuueckuli muozowien ao6ozo depesa T, umewouiezo
n sepwun, pasen z(zx — 1)" L.

JorasateabeTBo. llpu n = 1 yrBepmaenue oueBuaHO. ByneM cunrarts,
yto n > 1. JlepeBo T umeeT n — 1 IBYX3I€MEHTHBIX OJI0KOB, HOBTOMY

1 _ 1 _
P(T, :l?) = ) . P(K2, Il?)" e W(.’B(Z))n L=
- s N - 1) = x(x - 1)"h
rn—2

O

IIycth n > 3. O6bIkHOBeHHBIN rpad GyneM Ha3bIBaTL 6eCXOPOHbBLM T -YLK-
A0M, eCll Bce ero peGpa o0pasyOT OIMH LUK JUIMHBI 7 1 B HEM HET KU30JU-
POBAHHBIX BEPIIVH.

CunegcTBue 3. Xpomamuyieckull MHO204AeH 6ecTOpOHO20 T -LUKAQ DABEH
(z -1)"+ (-1)"(z - 1).

NorasateanctBo. 0603HaunM depes P, () XpoMaTUYeCKU MHOIO4iIeH
GecxopaHoro n-nukia. B cury meMMsbl 2 nMeeM

LA L0

Puc. 63

Cneposatennho, Py(z) = z(x — 1)"~' — P,_;(z), oTky/ma BbITeraeT
Py(@) = (z=1)" = (2 = )" = Poa(a).
Tomuoman Ha (—1)", monyuaem
(—1)"(Pa(@) = (z = 1)") = (-1)" " (Par(2) — (= 1)*7).
BuIumcassA 9Ty BeIMYMHY TPU N = 3, HOIyYaeM
(-1)*(Py(2) — (z = 1)) = = (@ — (- 1)*) =
=—(zz-)(z-2)-(z-1)*) =z - 1.
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TaruMm o6pasoM, (—1)*(P,(z) — (z — 1)) = & — 1, oTKyna nonrydaem
Pu(z) =(z - 1)" + (-1)"(z - 1).

O
Bynem roBopuTh, 4To 0GLIKHOBeHHBIHA rpad G ABIAETCA npoussedenues
G1 ® Gy OBYX CBOMX BepUIMHHO-IOPOMAeHHBIX moarpadoB Gy u (g, ecan
VG =VGLUVGy, GiN Gy = B u gna mobuix oByx BepmuH u € VG u
v € VG rpad G coilepRUT TOYHO 0fHO peGpo BUAa € = uv.
M pumep.
_ I ®

Puc. 64

Oycrs g(x) u h(x) — nBa MHOrounena ¢ yeasivMu Kosdounnenramu. Ye-
pea g(xz)®h(z) 0603HAUNM MHOTOUIEH, KOTOPBIA [0IyYaeTCA CAEAYIOMKM 06-
pasoM. CHavaia HpencrapiasgeM Muorowiensl g(«) u h(z) B Bie MHOr04IEHOB
0T (pakTOpHUAIbHEIX CTeleHel NepeMeHHoM £. 3aTeM NepeMHOMaeM 10y YeH-
Hble MHOTOW/IEHBI, OeHCTBYA ¢ (paKTOPUAILHBIMUA CTEleHAMU MepeMeHHOH z,
KaK ¢ OGBIUYHBIMU cTermeHAMHU. Hanpumep, (13(3) + 21:(2)) ® (13(2) + x(l)) =
2® 1220 4 24 L 220) = £06) 1 324 1 220),

Teopema 6.7. Ecau G = G Q Ga, mo
P(G, ) = P(Gy, z) ® P(Gs, x).

JorazaTeabeTBo. [IprMenasa XxpoMaTHUeCKYIO peIyRILUIO OTIeNLHO K
ny-rpady G; u ornensHo K ng-rpady G, MbI HOLy4YaeM

P(Gl, .13) = P(Knl7 J,‘) + aIP(Knl—h $) + aQP(Km_Q) +.. .y
P(Gz, $) = P(an, JI) + bIP(an—ly JI) + bzP(an_Q) 4+ ...

IIA HEKOTOPBIX LEMbIX YUCEN a1, dg, - . .; b1, ba, .. ..

Ecau Mbl IpUMeHMM XpOMaTHUeCRYIO peayRuuio K rpady G = Gy ® G,
To noarpadel G; u G SynyT mpeofpasoBaHbl Kak yKasaHo Beime. Ha imio-
GoM Tame XpoMaTUUecKoil pelyKIUM KaMJad BepllHa rpada, molyUeHHOr o
u3 Gy, 6yneT coeguneHa peGpoM ¢ KamiJoil BeplInHo# rpada, moyyeHHOro
u3 (3. CnemoBaTenbHO, B KOHIE KOHIIOB Mbl IPeICTAaBUM XpoOMAaTHUUeCKUHN
MHoroujieH rpapa G Kak cyMMy XPOMaTHUYeCKHUX MHOTOUWIEHOB IOMaPHBLIX
pOW3BefeHnH NONHEIX rpadoB u3 pepyKkuuu rpada G u nonHeix rpadoB U3
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penykuuu rpada Gs. Ilpoussenenne noaxoro rpada K, Ha nouxusii rpadp K;
ABAAeTcA NOAHBIM rpatoM K,;. B Tepmunax ke dawTopualLHBIX cTelle-
Heit umeem z® ® 2 = (. Orcioma TeHeph BLITekaeT JoKa3bIBaeMoe
yTBepHiienue. O

IIpumep.

=222 = (2@ + M) @ (2@ + 2W) =

=2 +220) 4 2D = 24 — 423 4 622 — 32.

W3 npembigymero ACHO, YTO 04€Hb HOIE3HO YMETh NepeXOIUTh 0T (haKkTo-
PUaNLHLIX CTeHelel [epeMeHHOH T K ee 0OLIUHBIM CTeNeHAM ¥ Hao6OpOT.

B pasnomenun

n
™ = 3 s(n, i)t
i=0
umcna s(n, i), rie n € NU {0} u 0 < i < n, naseiBaor wucaamu Cmupaunea
nepeozo poda. OTMETHMM, YTO WX MO#SHO IONYUYATH, OPUMEHAA JeMMy 2 K
XpOMaTH4YeCKOMY MHOTOUNeHy ToaHoro rpada K, (TolbKo, K coMkaneHuo,
Ta npouenypa TpeSyeT GoIbIIMX BPEMEHILIX 3aTpar).

Ucnonwsya cootnomenne ™ = z~V(z — (n — 1)) = zz®Y — (n -
1)~V nerpynno ycraHOBUTE clefyomue cBoiicTBa yucen CTUPIUATA TIep-
BOTO pojia:

1) s(n,é)=s(n—1,i—1)— (n—1)s(n—1,¢) nna 0 < i < n;

2) s(n,n) =1 naan > 0;

3) s(n, 0) =0 gaa n > 0.

B pasznomenun

a" =Y S(n, i)z®
=0

uucna S(n, i), rne n € NU {0} u 0 < i < n, naspiBaor wucaamu Cmup-
AuHza emopozo poda. ONATE OTMETHM, YTO MX MOMKHO HONYUHTh, IpMMeHAS
memMMy 1 & XpoMaTHueckoMy MHOro4leHy HymeBoro rpada O, (T.e. mpu-
MeHAfl XPOMATHYeCKYIO0 pefyKuuio K rpapy O,). Momuo gokasats (M 3T0
6yneT cHelaHo B CleAYIOUWEM pasiele), 4yTo ynciao CTUPIMHTE BTOPOro poia
S(n, 4) paBHO YMCILY pasOHeHUH 1-3M1eMEeHTHOr0 MHOJKeCTBa Ha ¢ (HEeHYCTBIX)
KIaCcCoB.

Yucna CTUpIKHTA BTOPOTo poja 061ajaloT cliefyOoWUMH CBoiicTBaMu:

1) S(n,i)=S(n—1,i—1)+iS(n—1,%) nna 0 < i < n;

2) S(n,n) =1 gag n > 0;

3) S(n, 0) =0 gaa n > 0.
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CaoiicTBa 2) U 3) OUeBMAHEL, a A/ I0Ka3aTelbcTBa 1) JOCTATOYHO 3aMe-
THTb, 4TO Bee pasbueHus MHOMecTBa {1, ..., n} Ha i KIaccoB GBIBAIOT ABYX
THUHOB:

a) pasGHeHHH, KOTOpble MMEIOT OfHO3/IeMeHTHBI Kkiace {n} (Takux pas-
ouenuit umeerca S(n — 1, i — 1) wryK);

b) Bce ocranbhble paséuenus (ux umeerca ¢S(n — 1,¢) wWryk), Ho0-
CKONbLKY OJfl MX TONyYeHHA Hao K IPOU3BOILHOMY pasfMeHHIO MHOMKEecTBa
{1,...,n — 1} Ha i KmaccoB IOOYepeNHO B Kamjbli KiIacc T0OABIATH Jle-
MEHT n).

6.3. RoadduureHTh XpoMaTUUeCKHUX MHOTOWIEHOB

Iycte G — mpouM3BONLHBINA 0OBIKHOBeHHbIH (n, m)-rpad. B mpeasiny-
meM pasfene GbLIO YyCTAHOBIEHO, YTO XpoMmarudeckuii MHorounedn P(G, x)
UMeeT CTelleHb N U ero cTapmuil koadgduuueHt paBer 1. B sToM paspgeme Mbl
NIPOAOIIKUM M3ydeHHe Ko3¢h(PULHeHTOB XpOMaTHyeCKOro MIIOrouleHa.

Teopema 6.8. Roodiuyuenmovt xpomamuieckozo MHO20UAEHA COCTNABAR-
10m 3HaKOnepeMERHYI0 NOCAe008AMEeAbHOCTLD.

JorasaTeaberBo. [IpoBeleM WHOYKIUIO II0 YWCIY BepmMH rpada.
YTBepsiieHe OUeBUAHO IIA odH03IeMeHTHOro rpada. IlycTh oHo BepHo mns
no6oro rpada, cogepsramero n Bepmun. PacemoTpum rpadsi, cogepsraliiie
n+1 BepmuH. llar unnyrum 6ygem HoKasbIBaTh UHAYRITHEE 110 Yykcay pefep
rpada. Eciu (n + 1)-rpad He umeer pebep, T.e. ABIAGTCA HYNEBBIM, TO €0
XpoMaTH4eckuit MHorounen ! ynosneTsopaeT gokasbiBaeMoMy CBOHCTBY.
[ycte yTBepskaeHNe TeOpeMbl BepHO LA Mi060oro o6bIkHOBeHmoro (n+1, m)-
rpada. PaccMoTpuM o6bIkHOBeHHbIN (n+1, m+1)-rpad G, 1 HeKOTOpOE €ro
pebpo e. Honomum G = G —e, a yepes (3 0603HaAUNM T'pad), MOTYUEHIBIN U3
G, 0TOMIeCTBICHUEM KOHIIOB pebpa e 1 00pasyIomuxca HPU 3TOM KPaTHBIX
peGep. Torga no nemMMe 2 U3 NpeAbIAYILIEr0 pasjella BbIIOIHAETCA

P{Gy, z) = P(G, z) — P(Gy, z).
B cuny npepHonoennii HIoYKUMK BepHbL DABEHCTBA
P(G, z) = 2" — qz™ 4 apz™ ! —azz" i 4.,

P(Gq, z) = 2" — byt b2 — L.

JJ51 HEKOTOPBIX HeOTPUIATENbHBIX HelbIX Yhcel 4y, g, - - ., b1, by, ... U3 aTHX
JABYX DABEHCTE BLIBOIHM
1 -1
PGy, z) = 2" — (a1 + Da"™ + (ag + b))z — ..., (%)

OTRYJa BbITeKaeT JORa3biBaeMoOe€ yTBEpiKIeHue. O
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W3 gorasaTenbcTBa BUAHO, 9TO A06aBieHUe K rpady oJHOT0 HOBOro peGpa
no6GaBaseT 1 & aGcomoTHOH BeluuuHe BTOpOro Koad¢uieHTa XpoMaTHdec-
Koro MHorouineta. IlosToMy BepHo

CaegcrBue 1. A6coaiomnan eseauvuna smopoeo koadduyuenma xpoma-
MUHECKO20 MHO20NAEHA DABHA HlUCAY pelep zpada.

3aMeTHM, UTO [JIfA CBA3HOIO 0ObIKHOBEHHOTO n-rpada G u M000ro HEOT-
pUIIATENbHOr 0 LeJ0ro Yucia x BBINOJIHAECTCA HEPABEHCTBO

P(G, z) < z(z —1)"..

B camom pene, BozbMeM B KadecTBe 1' HeKoTopbiit ocToB rpada G. Torga
mrobasn packpacka rpada G 6yaer packpackoii u rpada T' (koHeuHo, oGpaTHOe
BepHO He Beerga). CiegoBaTelbHO,

P(G,z) < P(T,z)=z(z—1)""L

Teopema 6.9. O6uirHosennbtll n-2pad seasemcs depesom mozda u moab-
ko moeda, koeda P(G, x) = z(x — 1)" L.

HdoxraszaTeabeTBo. [leo6xoguMocTh ycioBuA Gblia YCTaHOBIEHA B IIpe-
memymeM pasaene. Ilpennonomum Terepsb, uto P(G, z) = z{x — 1) L.

3aMeTuM, 4TO CBOGOAHLIH WieH NI060I0 XPOMaTUYECKOr0 MHOTOWIeHa pa-
BeH (), Tak Kak uucio O-packpacor paBHo 0. IloaTomy eciu rpad G HecBfizeH,
TO XpOMaTHU4YeCKUIl MHOTOWIEH RaI0i ero KOMIIOHEHTHI CBA3SHOCTU [eIUT-
CA Ha T W, clefoBaTelbHo, x2 penut P(G, x), 9To MPOTHBOPEYMT HalleMy
npeHOMOMeHHIO. Bropoil Koa¢@uument muorounena P(G, ) no aGcomot-
HOH BeqMuMHe paBeH yucly peGep rpada U paBeH B HallleM ciyuae 1 — 1.

Takum oGpasoM, rpad G fBIfAETCA NePEBOM, NOCKOMLKY (G — CBA3HBLI
(n, n— 1)-rpag. O

Teopema 6.10. Jaa ceasnozo obvikHosenHozo n-zpaga G abcorwmuas
seaununa rosdduyuenma npu x', 20e 1 < 1 < n, 8 rpomMamuveckom MHO-
1

zovaene P(G, x) 6oabuwie uau paena uucaa covemanuil (?:1)

HdoxrasaTeabeTBo. BosbmeM B RauecTBe T' meKoTopbIil ocToB rpada G.
Torma

i (=1)" 1 =
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PaBencTBo (%) norassiBaeT, 4To K06aBieHre HOBOro peGpa K rpadly He yMeHb-
maeT aGCOMIOTHBIX BeIMUYUH ero Koaddunuentos. [lockoabky rpad G MomHO
NONY4MUTh U3 IepeBa 1" fobaBieHKHeM HOBBIX pebep, ocTaloChk BOCIONb30BaTh-
cA HajinenHeiM BuzoM muorowiexna P(T, x). O

W3 porazanHoit TeopeMbl npu i = 1 BLITERaeT, UTO A CBA3HOTO OObIK-
HoBeHmoro rpada G abcolioTHaA BedwuMna KosddUIMeHTa IPpH & B XpoMa-
TudeckoM Muorounese P(G, x) Goablne wiu paBHa "51) = 1. Ilocrouabry
cBoOOHBIH 4JleH XpoMaTHYecKoro MHorouieHa paseH 0, oTciofa Ha OCHOBa-
HUM TeopeMkl 6.5 momyyaeM

CunegctBue 1. HaumeHnvliee wucio i, 04 KOMOPO20 OMAUYEH OM HYAS
koofifuyuenm npu x* 8 xpomamuyeckom muozousene P(G, t), pasno wucay
romnoHenm ceasnocmu epaga G.

WubiMu cioBaMu, anf m060r0 06bIKHOBEHHOTO (n, m, k)—rpaQ)a G upat-
HOCTb MHOKMTEIA & B XpoMaTuveckoM MmHorounene P(G, x) pasna k.

Ilepeitnem TeHepb K BLIBOLY GHOpMYyil, [I0NE3HLIX A UCCIeJOBAHUA KO-
(hUIMEHTOB XpoMaTUYeCKoro MHOrounena. HauneMm c npepcraBieHus xpoma-
TUYECKOI0 MHOTOUW/IeHa 4epes (dakTopUalbHble CTCICHUA .

IIyete G — o6eikHOBeHHBIH n-Tpad. Hemyctoe momgmuomectBo U C VG
Ha3LIBAIOT Hesasucumbim, eciiu U mopompaeT HyleBoil moarpad, T.e. B rpa-
de G uer pebep, coeannaomux Bepmuuel u3 U. Yepes pt(G, i) 6ynem obo-
3HaUaThL YMCIO pa30ueHHi MHOKecTBa BepmuH rpada G Ha i He3aBUCUMDIX
MOJMHOKECTB.

Teopema 6.11 (3bikoB, 1952). Jas Ipomamuieckozo MHO204IEHA A1D-
6020 obbiknosenno2o epafa G cnpasedausa dopmyaa

n

P(G, z) =Y pt(G, i)z,
=1

HNoxazaTeancTBo. [logcuntaeM umciao z-packpacok rpada G, B KoToO-
PBIX MCIIOAb3yeTCA TOYHO § Kpacok, rie 1 < ¢ < x. UTofbl MOLYYNTDL TakyIo
packpacky cHauana ogHuM M3 pt(G, §) crocoGoB BbIGHpaeM pasdHeHHe MHO-
#ecTBa BepmuH rpada G Ha | He3aBHCUMbIX MHOMKECTB, 3aTeM GepeM OJHH
M3 KIACCOB ¥l PACKPAIIMBAEM €ro BepLIMHBI B ONMHAROBBIA LBET OLHUM U3
T cmocoBoB, MOTOM GepeM CleLyIOMuii KIace W 0OKpaINBaeM ero BepPIIMHbL B
OQMHAKOBBIH UBET M0G0l 13 £ — 1 ocTaBmuXCcA Kpacok U T. . CiefoBaTelbHo,
YHCI0 UHTEPEeCYIOWKX nac packpacok rpada G paBHO

(G, i) x-(x—1)-...- (@ —i+1)=pt(G, i) z®.

3aMeTuM, NpU ¢ > & YHCIO L-PACKPACOK, B KOTOPLIX MCIOAL3YeTCA TOUHO %
Kpacok, pasHo 0 1 npu stom z%) Tarmke pasno 0. O
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OrMeTuM, 4TO A HyJeBoro rpada HoJIy4eHHOe B TeODeMe PaBEHCTBO
npefcTaBisfeT U3 ce6A GopMyldy pas3ioxeHUA oOBIYHOI cTelneHHM x” depe3
¢darTopuaNblLle cTeleHU ¢ uMcaaMu CTHUpIMIra BTOPOro poja B KauecTBe
K030 (QULIMUEHTOB.

3aMeTHM TaksKe, UYTO B MOIYUEeHHOM PaBeHCTBe HaUMeHbIlee YUCIO ¢, A
KOTOPOT0 OTIMYeH OT HyJlfA koddduuuent npu z), paBen XpomaTudeckoMy
yncny rpada G.

N3yuum Tenepb K03 PUIMEHTH XpOMaTUYeCKOr0o MHOTOYJIeHa B ero pas-
TOMEHUH Yepe3 0ObIUHbLIE CTENEeHU .

Teopema 6.12 (Yurtnu, 1932). IIycmv G — oGbtknosennuitl (n, m)-
epag. Toeda koadduyuenm npu x*, 20e 1 < i < n, 8 TPOMAMULECKOM MHO20-
waene P(G, x) pasen

ﬁ_"%(—l)"N(i, )

ede N(i, j) — uucao ocmosnuz nodepagos epaga G, umMeOWUT T KOMNOHEHM
ceasnocmu u j pebep, m.e.

n m
P(G,z) = Y (3 (-1FN(, ).
i=1 j=0

JokaszaTenbeTBo. llpumenum misa nogcdera KoapPUUMEHTOB OAMH M3
MIUPOKO MPUMEHAEMBIX NMPUHUMIOB KOMOHMHATOPDHOIO aHamu3a — NPUHIWI
BRIIIOYEHUA-UCKIIOUEHUA.

3adurcupyeM HeKoTopkIit Hab6op K M3 & Kpacor, rie £ — HEKOTOpoe Ha-
TypanksHoe uucio. OTobpasmenue ¢ 13 VG B K, He ABNAIONMEecA packpackoit
rpada (3, GyleMm HAasLIBaTh ero Hecoficmeennol packpackol (maA HecoGer-
BEHIION pacKpacku 00f3aTelbHO CyllecTByeT pebpo rpada, KOHLBI KOTOPOro
pacKpalleHbl B OIHHAKOBLIM 1BeT). KoHeuHo, ymeno co6CcTBeHHBIX M HecoG-
CTBEHNBIX Z-packpacok n-rpada G paBHo z”.

BoszbMeM HeKOTOpY1O cOGCTBENHYIO WK HecOGCTBEHHYIO packpacky rpa-
¢a G. Ynanum u3 rpada Kammoe peGpo, KOHIBI KOTOPOro pacKpalieHbl B
pasublii uset. Ionyuum ocToBHbIM nogrpad H, Kampmoe peGpo koToporo (ec-
M TAKOBOE MMeeTCA) coelMHAET BEPUIMHEI OAMHAKOBOTO NBeTa. WCXONHYIO
coOCTBEHHYI0 WM HecOGCTBEeHHYIO pacKkpacKy OyneM HasblBaTb CmMpo20 He-
cobcmeennoll packpackotl ocToBHoro noarpada H. Kamzpoit roMnoHeHTe cBA3-
HocTU rpada H cooTBeTCTBYeT TOUNO OAMUI LBeT (3TO LBET ee BEPIIHI), MO3-
TOMY eclI¥ OCTOBHBIH noarpad H MMeeT ¢ KOMIOHEHT CBA3HOCTH, TO UMeETCA
z! pasIHMUHBIX CTPOT0 HecOBCTBEHHBIX pPAacKpACOK, OTBEYAIOIHNX OCTOBHOMY
noarpady H.

3aMeTHM, 4To Kamjad co0cTBeHHas MM HecoGCTBeHHAad packpacka rpa-
¢a G ABngeTcA CTPOro HecoOGCTBEHHON PACKPACKOM HEKOTOPOr0 ero OCTOBHOI'O
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noarpada. [Ipu sTom cobcTBeHHBIM packpackaM rpada G oTBedaeT IyJeBoit
OCTOBHBIH noarpadg.

O6osnauum yepes N(%, j) 4HcIO OCTOBHBIX MoarpadoB rpada G, umeio-
IMKX § KOMIIOHEHT CBASHOCTH U j pebep. MHbIME ciioBamu, 910 vucio (n, j, i)-
nogrpados rpada G.

W3 obmero unciaa " co6cTBEHHBIX U HecOOCTBEHHBIX PACKPACOK BLIUTEM
cHayajla UMCJI0 CTPOro HecoG6CTBEHHBIX pacKpacoK TeX OCTOBHBIX noarpados,
Y KOTOPBIX MMeeTcAl TOYHO 0JHO pebpo. Eciy MbI BblUTEM CyMMY

Yy N(i, 1)a,

TO MBI BBIUTEM YKa3aHHOE YMCJO0, HO BEIUTEM e€llle H HEKOTOPY10 N30LITOYHYIO
BeqUUYUHY. JleficTBUTENRHO, yCTh € = % U1 U €3 = Ug¥y — JIBa Pa3lUYHbIX
pebpa rpada G. Torga B 4MCIO CTPOr0 HeCOGCTBEHHBIX PACKPacOK OCTOBHO-
ro noarpada, coiepallero TOUHO o410 pedpo e, NoNagyT U Te, ¥ KOTOPbIX
BEePLIVHB] Uy U ¥ MMEIOT OJVHAKOBBLIA L[BET, a 3TO — CTPOro HecoOCTBeH-
Hble pacKpacKy OCTOBIIOro noarpada, cojepsaliero TO4YHO ABa pebpa e; U es.
Boxee Toro, ux umcao GyneT BLIUTEHO ABaMRILI — OOMH pa3 Jiad e; U OLUH
pas ;A e;. AHANIOTUYHO, YKCI0 CTPOr'0 HECOOCTBEHHBIX PACKPACOK OCTOBHBIX
noarpados, coep;kaliux To4Ho 3, 4 U Goaee pebep, GyAeT BHIUTEHO COOTBET-
CTBYIOIlee 4YMCIO pa3.
UTo6b1 BoccTanoBUTEL Gananc, Mbl J0GaBUM CyMMY

Y N(i, 2)a

[Ipu 3TOM MBI KOMIEHCUDYEM ABYKPaTHOe BhIYMTAHHUE YHCIA CTPOro HecoOcT-
BEHIBIX pacKpacoK, 0TBeYalOIUX OCTOBHBIM Ioarpadam c AByMHA pebpamy,
HO CHOBAa BO3HUKHET HeoGXOAMMOCTL KOMIIeHCAIlUM W3JIMINHe No6aBlIeHHBIX
YHCeN CTPOro HecOOCTBEHIIbIX PacKpacok IJIA OCTOBIBIX HoarpadoB ¢ TpeMs,
yeThIpbMA U Gollee pebpaMu.

CiemoBaTenbHO, YKCI0 cCOGCTBEHHBIX pacKpacok rpada GG paBHO

*ZMMW+ZMMW*ZMNW

Tar xak N(n, 0) = 1, oTcioga BbITeKaeT

iZ YN (i, j)z Zf) 1Y N(i, j))a'.

j=0i=1 i=1 §=0
O

OTMeTI/IM7 YTO MHOTHe M3 paHee IOJYYeHIIEIX HaMH pe3yJbTaToB O XPo-
MaTH4YeCKHNX MHOIOYJIENIaX MOMHO JIEI'KO BBIBECTH U3 [IOKa3allHOM TeopeMBI.
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Ilag nogcuera KosdULMEHTOB XpoMaTHdeckoro miorodresa P(G, ©) B
COOTBETCTBHUU C JI0OKa3aHHOH TeopeMol Heo6xonuMo nepebpaTh 2™ 0CTOBHBIX
noxarpadgos rpada G. OmHaKo, KaK YCTaHOBMI YUTHHU, MOKHO CYIIeCTBEHHO
YMeNbIHUThL YUCIO NepebrpaeMblx noarpados.

3apurcupyeM HeKOTOpYyIO HyMepauuio pebep oObIkHOBenHoro rpadpa G
HaTypalbHBIMH 4YHcIaMH oT 1 g0 m, T.e. YCTaHOBHMM B3aMMHO OJHO3Ha4yHOE
COOTBETCTBHE Memay MHomecTBaMy EG u {1, ..., m}. Paspyuennvim yur-
aom GyfeM HasblBaTh JIO0YIO NPOCTYIO Lelb, NOAYYEHHYI) M3 HEKOTOPOIo
nuraa rpada G ymaneHveM pebpa ¢ HauGOABLITUM HOMEPOM.

CnpaBennyBa ciefylomas TeopeMa, KOTOPYI MbI IPUBOAUM 0e3 NoKasa-
TelbCTBA.

Teopema 6.13 (Yurnu, 1932). Pasiosxcenie 045 TPOMAMULECKO20 MHO-
eousena P(G, x), yrasannce e npeduidyuiell meopese, COTPAHUMCA, ecAl
N(i, j) cuumamsp pasrowm uucay (n, j, i)-nodepagos n-zpaga G, e codep-
HQUUT PA3PYULEHHBLT UUKAOS.
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Hauunas ¢ aToi riaBbl MbI EPEXOAUM K CUCTEMATUYECKOMY 00CYHK IeHUIO
METOJ0OB pelleHUA ONTUMU3ALMOHHBIX 3a7lauy TUCKPETHOM MaTeMaTHKU.

[IpuBeneM HECKONBKO HPMMEDPOB JAMCKPETHBIX ONTUMU3ALMOHHLIX 3aay.

[IycTh vMeeTcA HeCKOJBLKO T'OPOJOB M M3BECTHBI MONAapHbLIe pacCTOANMA
MexIy ropoiamMu. J[Ba ropoga cUMTaIOTCA COCeIHUMM, €CIM €CTh J0pora,
coeTUHAIONIAA 5TU ropoja U Ie HpoxopsAinad depe3 npyroil ropom. Tpeby-
eTCAl HAMTHU KpaTuyaiuii MyTh Mem/Ay HeKoTOpoil mapoi roponos (sadaua o
kpamuaiiies nymu).

Eme ogun npuMep: ecTb 7 CTAHKOB U m JeTajeil, KamaAyl0 JeTalb MOM-
Ho o6pafaTbiBaTh Ha M000M CTaHKe, HO BpeMsA 006paloTKK meTall Ha OfloM
CTaHKe MOeT OTIUYaThbCA OT BpeMeHU ee 00pabOTKM HA [pPYTOM CTaHKe.
[IpegnonossuM, 4To [NJIA KamIoi mapbl cTaHOK — JeTalb 3TH BpeMeHa 3aja-
Hbl. TpebyeTcA Tak opraHM30BaTh NMPOU3BOACTBO AeTaneil, T.e. pa3sMecTUTh
JeTald 110 CTAHKaM TakKUM o0pa3oM, 4To0bl cyMMapHoe BpeMda paboTkl Gbl10
HauMeHbIIVM (3a0a1¢a ONMuUMaLbHOZ0 Hll:iHa‘LeHltﬂ).

Hawronen, onHOoi#1 U3 caMbIX HOHYJIAPHBIX JUCKPETHBIX ONTUMU3ALUOHHBIX
3a/lay ABAAEeTCA cllefyloWad 3aqava.

[IyTemecTBeMHUK X0UeT 00bEXATL 72 TOPOAOB, MOOLIBAB B KaIOM POBIIO
[0 OJHOMY pasy, U BepHYTBLCA B HCXOAHBIN ropon, 3aTPAaTHUB [IPU 3TOM MU-
HUMAalIbHOYIO CYMMY HAa TMO0e3JKYy. J3aTpaThl Ha TMOe3Ky CKAIaAbIBAIOTCA U3
3aTpaT Ha Hepee3lbl MeAy MapaMH rOpoAoB, IpHYeM 3TU 3aTpaThl 3apaHee
MBBeCTHBI (3adaua KoMMUBORICEPE).

Bce npuBenenHble BhIlle 3ajjauv UMeIOT pAJ o6MUX CBOHCTB, XapaKkTep-
HBIX JJA JUCKPeTHbIX OHTUMU3ALKWOHHBIX 3a4ay.

Bo-mepBbix, B Kammaoil 3agaye MMeeTCAl JMHMIIL KOHEYHOE YUCJIO BapuaH-
TOB (HyTeﬁ Me1y ropojamMu, crnocoGoB paclpefieleHUA HNeTajlell [0 cTaH-
KaM, MaplIpyTa Iepe/IBIKEeHNA IyTelleCTBeHHUKA), U3 KOTOPbIX TpeGyerca
OCYINECTBUTEL BbIGOp. Bo-BTophIX, KamIoMy BapHaHTY COINOCTABIEHA IEKO-
TOopad 4YuCIoBafd XapaKkTepUCTURA (,[[JII/IHa NyTU, CyMMapHoe BpeMd paboThl,
CTOUMOCTb noesn}m)‘ B-tpernux, Tpefyerca BLIGpaTh BapuaHT, YHUCI0Baf
XapaKkTepUuCTHKa KOTOPOro AOCTUraeT 3KcTpeMyMa.

HauGonee oueBuAHbIH cnocof pellenua MOMOGHLIX 3aJady — 3TO HOJHBIHN
nepeGop Bcex BapuanToB. OpHaKo aToT crnocof HauMeHee yAaueH, MOCKOIb-
KY BCe MHTepecHble ¢ MPaKTUYECCKOM TOUKHU 3peHUA CUTYAUUH BO3HUKAIOT
VMeHHO TOr[a, KOI'Ja YMUCIO BO3MOMHBIX BapUAHTOB 4YpPe3BbIUalHO BelWKO.
[lonnsiit nepebop Bcex BapuaHTOB NoTpeboBan Gbl cTONL DONLINIOI0 BpeMeHH,
4To cTal Obl MpaKTUUYeCKU Hepealu3yeM Jazke Ha caMbIX OblCTpoIelCTBYIO-
mux IBM.
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K cuacThio, [udg MHOTMX BajKHBIX 38[a4 AHCKPETHONH ONTHMHBALUH CY-
MECTBYIOT METOIbI PelleHNs, HaMHOT0 GoJlee SKOHOMUYHBIE, YeM MONHBIH Ie-
pebop. MMeHno Takye 3aa4yy ¥ aNrOpUTMEI UX pellenua G6yIYT paccMOTpPeHbI
B 3TOii ¥ NOCIeIYIOLUKX [IaBax.

7.1. AAropuTMBbI U UX CIOKHOCTh

IIo ycTofBmelicA TepMUHOMOI U Pa3INyualoT MACCOBLLE U UHOUBUOYAALHBLE
3agayd. Bce BhINIenprBefeHHble IPUMEDPHI JalOT 06pasubl UMEHHO Macco-
BLIX 3aja4y. UnguBuayanbHad 3ajfiayda IolydaeTcd M3 MaccoBoil pU NOMOIIN
¢urcanuu HaGopa yciaoBuil. Hanpumep, u3 MaccoBoil 3ajauil KOMMUBOAKepa
MOJMyUUTCA UHOUBUYalbHaA 3a/laya, ecld 3ahUKCHPOBaTh UHCIO TOPOJOB U
OTIpefeIMThL 3aTpaThl Ha Nepee3/bl MekIy BceMHU IlapaMU OPOMOB.

Kaxpas maccoBas 3afava (B JalbHejillleM MPOCTO 3aava) XapaKkTepHay-
eTcH pasmepom. Pazmep 3agauu CIIyUT MepOil KOJIMUECTBA BXOAHBIX NaHHBIX
U NpeAcTaBIfAeTCA OOHUM XA HECKOJIbKHMU LIeJOUHCIEHHBIMY TapaMeTpaMHu.
Hanpumep, paaMepHOCTEIO 3aJa4il KOMMHUBOS¥EPA €CTECTBEHHO CUUTATh M-
CJI0 . TOPOJIOB, KOTOpPhIe co6HpaeTcs TNOCETUTh TyTellecTBEHHUR.

Mo anropuT™MoM MoHMMaeTcd 06GIIMT, AT 32 MAaroM BhITOJHUMBIN cO0co0
NOMYYEeHUA pellleHUA NaHHOW 3a/laud. 3aMeTHM, YTO CYLIECTBYeT HECKOJIb-
k0 (popmanusanuil IOHATUA anropuTMa (MamuHel ThIOpUHTa, peKRypCHUBHBIE
dyHKIMH, HopMalbHbIe arropuTMel MapKoBa), ofHaKO X paccMOTpeHUe fia-
JTeK0o BBIXOJUT 3a paMKK JaHHOH KHUrd. [lnd oIlpeleleHHOCTH MOKHO CUM-
TaTh, YTO &lITOPUTM ABIAETCA NporpaMMoli Ha HEKOTOPOM f3bIKe BEICOKOIO
YPOBHA.

s oleHKU KayecTBa alACOPUTMOB MOKHO IPUMeHATDL pa3lnyHble KpUTe-
puu. OnHOI 13 BamHEHNIHX XapaKTEPUCTHR anropuTMa ABIAETCA 8peMEHHAR
caoxcHocms 6 ryduem caydae. IlycTh pa3Mep MaccoBoOil 3aauu onpefelaeTca
OJHUM LeJIOYHCIEeHHBIM NapaMeTpoM n. PaccMoTpum Bce MHIMBHAYalILHbIE
3afa4y pasmepa n U 0603HaUMM depe3 (n) MaKCHMalbHOe YHCIO AeHCTBHIA,
KOTOpoe HeoBX0JUMO mid pellleHUA JM000H Takoil MHAMBUIYalIbLHOH 3amadi.
Qyurnua £(n) — 3TO M ecTb BpeMeHHas CIOMHOCTEL AITOPUTMa B XyHIIEM
ciydae (MM IIPOCTO CIOMHOCTh alIrOPUTMa).

Monm peficTBHEM, MPOMBBOAMMBIM aAropUuTMOM, 6y/leM ITOHUMATh BBITOJ-
HeHUe IPOCTOH «olepanuu», oOLIUIO AHMAPATHO pealu30BaHIOd Ha 11060#
IBM, a umenHo, m060i1 apudMeTHYeCKOl oMepalyy, ONMepalui CpaBHEHUH,
mepechlTKY U T.T. flcHO, UTO IpM TaKoM OMpeeleHUN NefICTBUA CIOMHOCTD
alropuT™Ma 3aBUCUT OT KOHKPETHOT'0 BHJa MamMMHHEIX KomaHa. [losaTomy Hac
Bcerja GyjeT UHTepecoBaTh JUIIbL aCUMITOTHYeCKAA CIO#HOCTh allOpUTMa,
T.e. MOPANOK POCTa CIOMHOCTH IIPH YCIOBHM, UTO Pa3Mep 3aJaydl HeOTPaHU-
YeHHO BO3pacTaeT.
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IIpu cpaBHeHHH CKOPOCTH pocTa ABYX HeOTpHULATeAbHbIX (yHEnuil f(n)
1 g(n) ymoBHO MCIONL30BATH clefyolye ofosnadeHusa. Bynem roBopurs,
uto f(n) = O(g(n)), ecan cymecTBYIOT TaKHe MONOKUTENbHLIE KOHCTAHTHI
cu N, uro f(n) < ¢-g(n) nua Bcex n > N. B aT0il e cuUTyanuu MOMHO
HCIoIb30BaTh U o6o3Hadenue g(n) = Q(f(n)).

Hanpumep, cnpaBennusbl cootHomenus log,n = O(n), n = Q(logyn),
n=0(2").

Ha mpaxTuke airopuT™M pelleHHA HEKOTODPOM 3aJaud CYMTAeTCH JOCTa-
TOYHO XOPONIMM, eC/H CIOKHOCTh 3TOro anroputMa ecth O(n¥) npu neroro-
pom k > 0. B TakoM ciiyuyae TOBOpAT, 4TO 3aaua MOKET OBIThH DelleHa 3a 1no-
AUHOMUAALHOE 8PEMA, NIIH, KOPOYe, UTO 3a/1aUa NOAUHOMULIbHO PAIpeliuima,
a caM alTOPUTM HA3BIBAIOT NOAUHOMUAAbHbLM. ECTH CI0OMHOCTL anropuT™a
pasHa O(n), To Takoll alrOpPUTM HashiBaeTcA auHelnviu. Hamportus, ecin
aNropuTM HMeeT ciloiHocTh {(a™) npu mexoTopoM a > 1, TO €ro HAa3LIBAIOT
SKCTLOHEHILLAAbHBLM.

OTMeTHM, YTO Kak 3aja4ya 0 KpaTyaifiieM TyTH, Tak W 3ajfaya ONTH-
MAallBHOr0 Ha3HAUYEHWA ABIAIOTCA NOJMHOMMANBLHO paspemuMbiMu. B To ke
BpeMsA A 3aJaYd KOMMHBOSKEPA HEU3BECTEH MOTHHOMUANLIBIA aar0pUTM;
BOpPOYEM, HeT M [0KA3aTelbCTBA TOTO, YTO TAKoil airOPUTM He CYUIeCTBYeT
(cm. [16]).

BaskHocTh MOHATHA CIOMHOCTH AITOPUTMA XOPOIIO WITIOCTPUPYIOT Clie-
OyIONKe TaGnunbl, 3aUMCTBOBAHHLIE U3 KHUTH [5].

[epBas TaGnuua MOCTpOeHa B NPEIIONOMKEHNH, YTO OJUH AT paGoThl all-
ropuTMa TpebyeT 1id cBoero BuimoaHenua 1 MumauceryHny. Kak cienyer us
tabmuupl 1, 1pu yBeavdeHuH BpeMeHu ¢ 1 cexyHpsl go 1 uaca, T.e. B 3,6-103
pas, pasMep 3aJauM, pelaeMoil alropUTMOM CIOMHOCTH 27, YBelIMUHUBACTCA
ToabEo B 21/9 pasa, a A aIrOpUTMAa CIOMHOCTH 1 — POBHO B 3, 6+ 10% paa.

CiomHOCTD MakcuManbnelil pazMep 3afauu
anropuTMa 3a 1 cex | 3almMun 3a 1 ygac
n 1000 6-10* 3,6-10°
nlog,n 140 4893 2-10°
n’ 31 244 1897
n? 10 39 153
2" 9 15 21
Tabauna 1

Mosker mokasaTbcA, YTO POCT CKOPOCTH BBIYMCIEHUl, BHI3BAHHBIH [TOAB-
JeHreM HOBbIX JIBM, ymeHBmUT 3HauyeHMe 3(PQeKTUBHBIX, T.€. HMMEOMMNX
«HeGONLIIYIO» CIOMHOCTL anropuTMoB. OpfHako, Kak 5To BUANO U3 Tabau-
Oel 1, B IefCTBUTENLHOCTH IPOMCXOOUT B TOYIOCTH NIPOTHBOMONOMHOe. C



7.2. 3amucek aaropuTMOB 147

poctoM ObicTpozeiicTBudg IBM cTaHOBUTCA BO3MOMHBIM pellleHHe 3a7ay Bce
6osbmero pasmMepa, 1 MMEHHO OT CJI0#HOCTH allOpUTMa 3aBHCHT, HACKOJILKO
yBeauueHue ckopocTd IBM BiaKAeT Ha yBeluuyeHMe pazMepa 3ajayil.
Paccvorpum Tenepr Tabauny 2. IlycTh nis pemeHus HeKOTOPO# 3anadu
UMeeTCH aroputm ciosuoctd n®. Torga mecATHRpaTHOe yBeaMdeHHe cKo-
pocTu GbicTpofeiicTBUA IBM Mo3BoIUT yBelUUUTL pa3Mep 3ajauu, pellae-
Moii 3a 1 MumyTy, B 2,15 pasa. Ilepexon K aIropuTMy €O CIOMHOCTBIO N2,
HO3BOIMUT pewnTh B 6 pas Goaburero pasmepa (cm. Tabmuny 1). Ecmn B xa-
yecTBe eJWHUILLI BpeMeHU B3AThH OOWH Yac, TO cpaBHeHHe OyJeT elle Golee

BHeYaTIAICIIUM.

MaxcuManbHBIN pa3Mep 3aau,

CnomxuocThb paspelmuMoil 3a eJUHUITY BpeMeHH
anmroputma | Ha cospe- Ha 3BM Ha 9BM
MEHHBIX ¢ 10-wpatHoit | ¢ 1000-wpaTHOIt
I9BM CROPOCTBIO CKOPOCTHIO
n K 10K 1000K
nlogy n L Houru 10L ourn 1000L
HpH Oonbiuux L | mpu Goapmux L
n? M 3,16 M 31,6 M
n3 N 2,15N 10N
" P P+3,3 P+9,97
Ta6auna 2

OTMeTuM, yTO AMA alIlOPUTMAa CI0MHOCTH 2" JecATHKpaTHOe yBellue-
Hue cxopocTu IBM pobaBiseT k pasMepy paspellNMoil 3afaydl TOIBKO TPH
eIMHMILI, TOrJa Kak JUIA aITOPUTMa CIOMIOCTH n? IpOMCXoAUT yBeludeHHe
B TPM pasa, a [JIA aJropuTMa CIOKHOCTH N — B JeCATh pas.

7.2. 3amnuchb ajiropuTMoB

[IpepnonaraeTcd, 4To 4YWTaTedb 3HAKOM C KaKUM-HUOYOL A3LIKOM IIPO-
rpaMMUPOBaHMA BhICOKOI0 ypoBHA. JliA 3amucu aaropuTMoB GyleT MCIONb-
30BaTheA yHpolnenuslil [lackant, ApaAwomuiica HedhopMaabHoii Bepcueil A3bI-
Ka Ilackajis.

B ympomennom Ilackane Takve HOHATHA KaK KOHCTAHTA, IepeMeHHaf,
onepaTop, GYHKIMA U HPOLEAYpa UMEIOT 00bIYHOe 3HaYeHHe. 3aMeTHUM, UTO
HpU OHUCAHUM alrOpUTMOB TUIl JaHHBIX ABHO 0OBLABIATLCA He OyIeT, Mo-
CKOJIBKRY OH BCerja 6y,ueT IIOHATEH HN3 KOHTEKCTA. YHPOLHGHthﬁ IMacrannb
HO3BOJfAeT HPUMEHATL TpagWUUOHHble KOHCTPYKIMHU MaTeMaTHKH{; B yacT-
HOCTY, pa3zpellaeTcAd HCIOIL30BaTh Mi00ble MaTeMaTHUuyeckue HpPeANNCaHUf,
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ecilv OHM TOHATHLI U [IePEBOJ MX B 0IepaTopsbl A3bika [lackans (Miu Apyroro
A3bIKA BBICOKOrO YPOBHA) He BBI3LIBAET 3aTPyIHEHUI.

Oneparope! ynpomenHoro Ilackana sanuceiBaloTcA MO MpaBUIaM, NPUHA-
ThIM B fi3bike [lackann. B dacTHOCTHM, COCTABHOM OmEpaTOp 3aKiII0UAETCH B
onepatopHble cko6Kku begin u end. JoroBopumcs, 4To onepaTOphbl, 3alu-
caHHBIE B OIMOH cTpoKe, 06pa3yIOT COCTABHOU ollepaTop; B TaKoH CUTYAaLMU
ollepaTOpHbIe CKOGKM 6yoyT MHOIJA OMYCKATHCA.

Jna oGecnevenus Goablied HATIASHOCTH HPH OMUCAHUHU AITOPUTMOB, B
yrpomnieHHbI# [lackant BBOAATCA HEKOTOPbIE MONOMHUTENLHbBIC ONEPaTOPhI:

oneparop nukia for z € X do P (paa Kamaoro sneMeHTa & U3 MHOMEC-
TBa X BHIIOJIHUTL omepatop P);

yenosubii oneparop if exists z, B(z) then P else @ (ecau cymectsyer
3JIeMEHT &, y[OBIETBOPAIONMIL ycnoBuio B(x), To BhmoaHUTL omepaTtop P,
viHaye BBIIONHUTEH omepaTop ();

oneparop & <> y (06MeH 3HAYEHUAMM MEKLY T U Y).

[Ipu omucaHuy aNrOpUTMOB NPUXOOUTCA WUCIONBL30BATL TaKMe CTPYRTY-
pbl JaHIBIX, Kak coucku, creku u odepeput. Comcor L = (L, ..., l,) ABis-
eTcA KOHEeYHOI MOoCieJoBaTelbHOCTLIO OIHOTUIHLIX 3l1eMeHTOB. B oTauuue
0T MaccHBa YHCJI0 3NeMeHTOB B CINCKe 3apaHee He (UKCHUpyeTcA. 3aMe-
THM TaKiKe, YTO CIIMCOK MOKET He COJEep/HKAaTh M OJHOTO 3JIEMENTa, T.€e. OH
MOKeT GBITH DYCTHIM. B aToM ciydae GyIeT HCHONL30BATLCA 0003HAUeHHe
L =ml.

Cnucor S = (81, ..., 8,) Ha3bIBAETCH CIMEKOM, €CIM B HEM BbLIEIEH 3lle-
MEHT, HasbIBaeMblil gepuiunotl (GyeM CUMTaTb, YTO B HEIYCTOM CTEKe Bep-
IIUHOH ABIAETCA [OCHeJHUI BIEMEHT, a B IYCTOM CTeKe BepUIMHA He Ompe-
HelleHa) 1 3aflaHbl ClleLyIOLIKe ABe MPOLedypbl U BDYHKIMA:

S <« & — BTOIKHYTb & B CTeK, T.e. [OIYYUThL CIHICOK BHIA
(sla cevy Sy IE);

2 < S — BLITOIKHYTb BEpIIMHY HEMyCTOr0 CTeKa B [EePEMEHHYIO .
B pesyibTaTe BbINOIHEHHMA 3TOH MpoUeJypbl CIUCOK S HPUHUMAET 3HAYeNHe
(S1, «+vs Sne1)s 8 & = Sp;

top(S) — sHaueHyeM 3Toll HYHRLUUU ABIAETCA BepIIMHA CTEKA.

Crucor @ = (¢, ..., ¢,) HashBaeTCa ouepedvio, €CIH B HeM BbljeNeHbI
Hayano (31eMenT g¢) U KOHell (31eMeHT ¢,) U OlpelelleHbl JBE IPOLELYPLL:

() < r — BTOIKHYTb I B KOHeIl OuYepefld, T.e. MONYYUTH CIHCOK
(QIa cevy Qny ‘T)7

T < () — UCKIIOYUTL U3 HemycToil odyepely Hayalo U NepedaTh ero B
nepeMeHHy0 x. Ilocie BhIMONHEHHA 5To mpouexypsl § = (s2, ..., Sp) H
r = §1.

[Ipu 3anucu aaropuTMa cTPOKHU 06BIYHO GYIYT HYMEPOBATLCA ¢ TEM, UTO-
GbI MOKHO ObLIO YKA3aTh HA OIpeJlelleHHBIH ONepaTop M IPYyIIy OIepaTOpoB.
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JoroBopumMcsa 06 0603HaueHUAX AJIA YacTO HCcHonb3yeMbIx ¢pynruuii. [lo-
CKOJBLKY B JalbHeilleM GyIyT UCIOIb30BATHLCA TOALKO J0rapudMsl M0 0CHO-
BaHUIO 2, BMecTo log, x 6ymeM nucath npocto log . Jasa npousBoiabHoro geii-
CTBUTENLHOTO YKcIa & depes || (yeaasn wacms uan Ono x) GyleM 0503HAYATE
HauboIbllee Lejoe YUCI0, He HPEeBOCXoaAllee %, a4 yepe3 (x| (nomoaok x) —
HauMeHblllee Iejoe 4Yuciao, foabllee WM paBHOE .

7.3. KopHeBble U GMHapHbIe JIepeBbA

HepeBo T = (V, E), B RoTOopoM 3adMKCHpOBaHa HEKOTOpas BepIIMHA T,
Ha3LIBAETCA KopHeebln Jepesom ¢ koprem r. Takoe KopHeBoe mepeBo GyneT
obosnauarbesa uepes (T, r).

Ha muomecTBe BepmuH V' KOPHEROrO fepeBa MOMHO ONPEJeIUTh Clely-
I0lllee OTHOMIENHE: v < v TOrJd M TOMLKO TOT[a, KOTAa v NeHUT Ha MPOCTol
(r, u)-uenn.

OueBuUHO, OTHOIEHHEe < HA MHOMECTBE BEPIIUH KOPHEBOrO JepeBa ABIfA-
eTCA OTHOIIeHWEM YaCTHYHOr0 HopAgKa. TaxuM o6paszoM, KOpHEBOe JepeBo C
KOpHEM P fIBIAETCA OJHOBPEMEHHO YACTHUHO YIIOPAJOUEHHBIM MHOMKECTBOM,
B KOTOPOM T IBIAETCA HAUGOABIIMM BIEMEHTOM. JTO YACTUYHO YHOPANLOYEH-
HOe MHOKECTBO yNo6Ho 0603HaunTh uepes (T, <).

KopHeBble epeBbA HPUHATO U306pamaTh B BUE JUATPAMM COOTBETCTBY-
IOIMX YACTHUYHO YHOPAJOUYEHHLIX MHOMecTB (cM. puc. 65).

r

Puc. 65

MunuManbHble 31eMeHTLI YaCTHYHO YIopAmedeHHOro MHoecTBa (1, <)
4acTo HasblBalOTCA aucmbsAmy ropHesoro gepesa (T, r). Ecan v < v, 10 ro-
BODAT, YTO u — NOMOMOK v, a v — npedox u. (deBUANO, UTO €CIU U, W —
IIpeJKH BEPLIMHLI %, TO OHU CPABHHUMEI B YACTUYHO YIOPALOUEHHOM MHOMEC-
tBe (T, <). MlosToMy cpelu NMpelKoB BepIIMHLI U CYIECTBYeT HaUMEHBIIHIA
IIpelioK &; TOBOPAT, UTO X — Omey BepIIUIbI %, 4 & — CbiH BepIUHEI . na
IIPOM3BOJALHOM BepLIMHLI ¥ Yepe3d U 0603HAYMM IIOIJEPEBO C KOPHEM v; 3TO
KOpHEeBOe [epeBO COCTOUT U3 camoil BepLIMILI ¥ U BceX ee IoToMKoB. Ha
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puc. 65 BepmyHa ¢ ABIAETCA JKUCTOM, BeplIMHA W — NPeJOK BEpLUIVH ¢ U v,
IpryeM 1A BepHIUILI ¥ OHA ABIAETCA OTLOM, BEPIIUNLL ¥ ¥ 2 HeCPABHUMBL.
Inuna npoctoit (r, v)-lemu [a3blBAETCH YposHeM BEPLUIHHBI v. Bubico-
ma h(T) wopnesoro nepesa (T, r) — 3T0 HauGONbLINKI M3 YPOBHEH ero Bep-
IHH.
YeTaHOBUM CBAI3b MeiIY BLICOTOM KOPIEeBOro AepeBa U YUCJIOM ero JHCTh-
eB.

Jemma 1. Hycmo (T, 1) — kopresoe depeso evicomnt b, 8 komopom ra-
sedas sepuiuna umeem we 6oaee vem k coinoseil. Tozda wucao aucmoves smozo
depesa ne npesocxodum k".

JTorkazaTeabcTBO. YTBep:KieHne, 0U4eBMIHO, Bblmoademo npu h = 1.
Myers h > 1. Jua wamporo ceHa s; (1 < ¢ < p < k) KOpHA r paccMoT-
pumM kopueBoe gepeo T; = #;. flcuo, uto h(T;) < h. IosToMy K KamgoMy
nepeBy T;, 1 < i < p, npuMeHMMo TipeanonoxeHde uaayknuu. CrenoBaTens-
HO, YHCIO MMCThEeB B gepeBe T' e mpeBocxomuT p - k1 < k. kM1 < kP,
O

B npuioseHUAX 4acTO UCIOMLIYIOTCA TaK [asblBaeMble OuHapHbie (dsoud-
Hble) HepeBbf. BUHApIOe JepPeBO — HTO KOPHEBOE IepeBo, ofiajalomee cle-
IVIOMUME JONOJIHUTENLHBIMU CBORCTBAMU:

1) Kamaas BeplMHA MMeeT He 0ojee JBYX ChIHOBei;

2) paa moGof BepIIMHbI v KamIblil ChIH MMeeT NOTIOMHWTENLHBIN MpH-
3HaK — oH sBagercs aubo sesvim (left(v)), mbo npasvin (right(v)).

Y1o6HO cuWTaTh, YTO CyllecTByeT HycToe OWHapHoe NepeBo, T.e. OW-
HapHOe JepeBo C MyCThIM MHOecTBOM BepmuH. C y4yeToM 3Toro corJanie-
HUA /18 K& I0H BepLUIHHBI ¥ ONpejeleHo eBoe noajepeso Left(v) u npasoe
nopgepeso Right(v). Ecnu nopmepeso Left(v) (coorBercrBento Right(v))
HENyCTO, TO ero KOpPHeM MABJAeTCA JEBbIH (COOTBETCTBEHHO MNpaBblil) ChIH
BepUIMHLI v. 3amuch r = nil CIyMUT 118 06o3HaueHuA MyCTOro GHHAPHO-
ro gepesa. Il03ToMy OTCYTCTBHE Y BepHIMHBLI v Jaliioro GUIAapHOro mepe-
Ba 1eBOro {COOTBETCTBEHHO MPABOTO) ChIHA MOMKHO BBIPA3SUTEH TPH TMOMOIIN
paBencrsa left(v) = nil (coorBercrBenno right(v) = nil). Ilpu paGote ¢
GMHAPHBIMH JepeBbAME GyeT HcnonbsoBaThedA npouenypa Create(r), no6as-
AfilOIIaA BepIIMHY B MycToe GUHApIOe fepeBo (peanusaiu STOM IPOIesyphl
B KOHKPETHOM A3bIKe NPOrPAMMHPOBAIINA 3aBUCHT, PasyMeeTcA, 0T crocoba
npejcTaBleHNA GUHAPHOTO JepeBa M BO3MOKIIOCTe! ASBIKA).

MockonbKy Kasaoe GUHAPHOE epeBo W60 ABIACTCA MYCTHIM, MO0 COCTO-
UT U3 KOPHA M IBYX ero ToJiepeBbeB — JIeBOro U MpaBoro, KIacc BUHapHBIX
JepeBbeB [0MycKaeT peKypCHBHOe onMcaHMe. PeKypcuBHAs Npupona 6uHap-
HLIX JIepPeBLEB T03BONAET MHOTHE alrOPUTMBI 06paboTKY GUHAPIILIX TePeBLEB
OTHCLIBATDL MPU MOMOIIU PeKyPCHH.
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OcTaHOBMMCH Ha alrOpUTMax 00XOfla OMHAPHEIX AepeBLEB. PaccMoTpuM
clegyromue Tpu cnocoba obxoma:

1) oBxop cBepxy BHU3 (06X04 B IPAMOM MOPANKE);

2) o6xof cieBa HanpaBo (00X0N BO BHYTPeHHeM LOpAAKe);

3) 06xox cHu3Y BBepx (06X0f B 06paTOM HOpAAKE).

dtu Tpu cnocoba obxona (B yKasaHHOM Bbllle HOPANKE) PEaTU3YIOTCA
TpeMsa npouenypamu: PreOrder(v), InOrder(v) n PostOrder(v). B stux
NpoUeaypax B Kauoil BepuiMHe v GMHAPHOTO JepeBa BLINOJINAETCA ONepa-
Top P(v).

Procedure PreOrder(v);
begin
if v # nil then
P(v); PreOrder(left(v)); PreOrder(right(v));
end;
Procedure InOrder(v);
begin
if v # nil then
InOrder(left(v)); P(v); InOrder(right(v));
end;
Procedure PostOrder(v);
begin
if v # nil then
PostOrder(left(v)); PostOrder(right(v)); P(v);
end;

Ha puc. 66 wamngan u3 3TUX Tpex Mpollefyp NpUMeHAeTCA K GMHApHOMY
IepeBy, BepIIMHLI KOTOPOro moMedeHbl ynuciamu. Crpaga OT nepeBa MoKasaH
TOT MOPAMIOK, B KOTOPOM COOTBETCTBYIOMAS Mpollefypa o6XoAUT OUIapHOe
mepeso (1 — 00xox B IPAMOM HOpHAKe, 2 — 06X0L BO BHyTPEHIIEM [OPAAKE,
3 — o0xo B 00paTHOM HOpH}IRe).

10
1) 10,6,5.8,7,14,12,15;

6 14 2) 5,6,7,8,10,12,14,15;

3) 5,7,8,6,12,15,14,10.

Puc. 66
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Oycrts (T, r) — GuHAPHOE 1epeBO, BePIIMHEI KOTOPOTO MOMeYeHbI 3JI1eMeH-
TaMU HEKOTOPOTO MHHEHHO yHopAnodentoro Muoskectsa L. UnpiMu cioBamu,
onpeneneno orofpasieHe A U3 MHOMeCTBa BepmuH V GUHAPHOro #epeBa B
MHomecTBO L. Takoe 6unapHoe AepeBO HA3LIBAETCHA Jepesom NOUCKA, ecad
A M1000H BepIKHBI ¢ € V BbINOIHEHbI YCIOBHA

1) A(u) < A(v) pas npoussoianHoi Bepmunbl u 13 Le ft(v);

2) A(u) > A(v) mans npouaBoabHOM BepmuHbl u U3 Right(v).

JemMa 2. 06xo0 depesa noucka 80 BHYmMpeHHeM TOPAOKE coOpmupyem
MEMKLY 8epPUUH 8 NOPAJKe B03PACIMAHUA.

Unrarenb Ge3 TpyHa NPOBEPUT 3TO yTBeEP;KACHHE, IPUMEHUB HHLYKIMIO
10 BBICOTE IepeBa [OKCKA.

CBoiicTBO HepeBa IOKCKA, OTMEYENIOe B IeMMe 2, IeKHUT B OCHOBE Clely-
I0IIEro crocofa COPTUPOBKHU MOcHenoBaTenbHocTel. Jlif naHHOM mociefoBa-
TEILHOCTH (&1, . .., L) HIEMEHTOB U3 MHOKeCTBa L cHavala cTPOMM HepeBo
OKCKa TaK, YTO METKAMH BEPLUINH ABIAIOTCA 3IE€MEHTbI N0CIEf0BaTeNbI0C-
TH, @ 3aTeM OOXOJMM 3TO [JePeBO BO BHYTPeHHeM INopsaike. [lepeBo MOKCKa
u306paskeHo Ha puc. 66. 3pech ke MOKA3aHO, YTO B pe3yabTaTe 00X01a 3TO-
ro gepeBa BO BHYTPEHIEM NOPALKEe METKU BepLINI COPTUPYIOTCA B NOPALKE
BO3pACTaHHS.

[lna nocTpoeHus JepeBa MOMCKA U3 JaHHOM MOCHeJ0BATEIbHOCTH MPUMe-
HAETCS clefyIOMasn peKypCcUBHasA TpoLuenypa.

Procedure Add(r, x);
begin
if r=nil then
Create(r); A(r) ==z
else if z < A(r) then Add(left(r), x)
else Add(right(r), )
end;

Ira npouenypa K yiKe CyMeCTBYIOEMY IepeBY NOUCKA ¢ KODHEM r §00aB-
JqfeT OYepeLHON BIeMEeHT & TaK, YTO CBOMCTBO GBITH OepeBOM IOMCKA COXpa-
HAercAa. 3ameruM, 4ro npouenypa Add(r, ¥) namucaHa B MpeaNoONOKeHKH,
YTO BCE DNEMEHTHl UCXOAION [0CIeN0BaTEIbHOCTH [ONapHO pasiu4Hbl. He-
TPY/HO NOHATH, YTO TAKOM CIOCO0 COPTUPOBKU NOCHE0BATENLHOCTEH HMeeT
caoxuocTs O(n?).

OGWupHBIM MaTepyal, OTHOCAIINICA K 3aTPOHYTHIM B 3TOM pasiele Bo-
npocaM, YnTaTelb HaiigeT B Kuurax [11], [27], [44].

7.4. CopTHUpoBKa MaccHBOB

IMycts @ = [ay, ..., Gy — MAaCCHB, COCTABIENHBIA U3 31€MEHTOB HEKO-
TOPOro JAuNelHo ynopagovyeHnoro Mnoxecrsa L. CopTrpoBKa MaccHBa a co-
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CTOUT B HaXOMIEHHM TaKoH HepeCTaHOBKU ¢ MHomecTBa {1, ..., n}, 4ro
Gy(1) € Goa) < ... < Go(n)- IIpennonaraerca, 4yTo BCIO MHPOpHALUIO O OaH-
HOM MaccHBe MBI MOKeM IMOAYUHUTL AWML IPUMeHfif Ollepalliio cCpaBHeHUA K
sJleMeHTaM MaccHBa.

OueHUM CHU3Y CIOMHOCTH IIPOM3BOILHOrO aIropUTMa COPTUPOBKU MAacCH-
Ba M3 1 BlIeMeHToB. A 3TOro MoCTpoMM TaK Has3bIBaeMoe depeso pelleHull.
Ha puc. 67 uzoGpasmseHo OepeBo pelleHWil AIA MaccUBa [ai, Gz, G3|, COCTO-
fIIIET0 U3 TpeX 3JeMeHTOB. JleMeNThl AepeBa U300pakarTCcA OBajaMH U
npAMoyroibHUKaMu. OBambl 3aKI0YAIOT MpoBepAeMble YCIOBUSA, B TIPAMO-
YToJdbHUKAX 3aHUCBIBAIOTCA OTCOPTHPOBAHHBIE MAaCCUBELL.

T < X9

Ty < I3 T3 < Ty

T < Tg < Ty @1<$§ @2<$9 Tog <1 < T3

|:c1<a:3<:c2| |a:3<a:1<:c2| |a:2<:c3<a:1| |a:3<a:2<a:1|

Puc. 67

OueBuamno, uTo gepeBo pelleHUi MaccuBa W3 7. 3IeMeHTOB fABIAeTcA GU-
HapHBIM AEPEBOM, IPHUYEM KOIMYECTBO MHCThHEB B 3TOM IepeBe PaBHO nl.

ycrs h — BBICOTA NepeBa pelleHUil, IOCTPOCHHOTO A MaccHUBa U3 1
anementoB. Us nemmel 1 pasa. 7.3 ciemyer, uto n! < 2", orkyna h > log(n!).
Hockonbry n! > (n/2)™?, npu n > 4 umeem

nlog(n/2) S nlogn

1 !
og(n!) > 5 1

CHEJIOBaTeHbIIO, CIIpaBejinBa

JemmMma 1. Bricoma Oepesa peuteHull Maccuea u3 n 2AeMeRMO8 00AbULE,
ven (nlogn)/4.

[IpennonomM Tenepb, YTo K MaCCUBY @ = [ay, - . ., Gp| IPUMEIeH HEKOTO-
PBIiT aITOPUTM COPTUPOBKU. B nepeBe pemmeHuil i MaccuBa U3 7 3IeMEHTOB
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PaccMOTPHUM MPOCTYIO Helb P, coe IMHAOIY IO KOPeHb [IepeBa PeleH i ¢ Tuc-
TOM, TIPEACTAaBAAIOIIMM 0TCOPTHPOBAHHLIM Maccus a. HHTYUTUBHO MOHATHO,
YTO KOMMYECTBO CPaBHEHWii, MCMOIL30BAHLIX @ITOPUTMOM A COPTHPOBKU
MaccHBa a, e MeHblne NIMHLbI Henu P. OTcroga MO#iHO CIelaTh BhIBOI:

IIpouseoabrulll a.azopumm cOpmMUPOBKU MACCUBA US T dAeMeRMos (npu no-
Mmowu cpasuenuli) umeem caovcocms Q(nlogn).

MepeiieM K MOCTPOEHMIO IPOCTOTO M 3()(ERTHUBHOTO airOPHUTMAa COPTH-
POBKM MacCHBOB, CIO#HOCTL Koroporo pasHa O(nlogn). 3ror aaropurm
ObL1 TIpesaomer B 1964 roxmy HesaBucuMmo JI. YuibamcoM (0f HasBaHHeM
HeapSort) u ®uoiinom (non naspanvem TreeSort). B HeKOTOpBIX KHHrax
(cMm., Hanpumep, [11], [44]) ero HasBIBAIOT a4z0pUM.MOM NUPCMUOLALHOL COP-
muposku. Tarkoe HasBauue 6olee yno6Ho, U MbI GyIEM UCMOIL30BATL UMEMHO
ero.

Oycts a = [ay, . .., a,] — DpousBonLHBIA MaccuB. CBAMEM ¢ MAaCCHBOM @
6unapHoe mepeBo T),, CUMTafA, YTO B KOPHE HAXOAUTCA 3IEMEHT @) M JUIA Ka-
ARJOr0 BIEMeNTa a; MOIOMUM ag; = left(a;) (ecnu 2i < n) u ag41 = right(a;)
(ecam 27 + 1 < n). U3 aroro onpegeneHds, B 4aCTHOCTH, BHITEKAET, YTO @;
JHCT TorJa U TOALKO Torja, korga 2:¢ > n. Ha puc. 68 usoGpaskeno dunapHoe
nepeBo Ty.

Puc. 68

Jemma 2. Buicoma Gunapnozo depesa T, pasna |logn].

JokaszaTenbeTBo. Ilycts h — Bricota nepesa T,,. U3 onpepenenus T,
clenyeT, uTo Ipu KamioM k < h azeMent a,x uMeeT ypoBeHb k. Otcio-
Ja BLITEKAET, UTO 3MEMEHT agn ABIAeTcA aucToMm B T,,. IlosTomy 2/ =
=2-2" > n. Caenopatensuo, 2% < n < 2" ormyna h <logn < h+1, T.e.
h=|logn|. O
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Bunapuoe nepeso T, 6yfeM Ha3LIBaThL nupamudoll UM COpmupyouum oe-
pesos, eci ipu 1 < ¢ < n/2 sneMeHT a; Golblle WIM paBell KarcIOro M3
CBOUX CLIHOBeEH.

3aliMeMcA cHavala TOi 4acTbIO alrOpUTMa HUpaMHAalbHOI COPTUPOBKY,
KoTopas moGoe GuHapHoe gepeBo T, npeoGpa3yeT B IUpaMuiy.

B ocnoBe anropuT™Ma nupamMuIalbHON COPTUPOBRH JIeUT cllefylomasn pe-
KRypcuBHas npouenypa Sift(i, j). B sroit npouesype ucnonbsoBana QyHRINA
MaxS(i), Boluncafoman HoMep HauBoIbIIero U3 CbIHOBeH BIeMeHTa a;.

1. procedure Sift(i, j);
2. Dbegin

3 if ¢ <|j/2] then
4. begin

5. k= MazS(3);
6 if a[é] < a[k] then

7 begin

8 ali] ¢ ak]; Sift(k, §);
9. end

10. end
11. end;

CrameM, uTo fepeBo 1, ABIAETCA xacmuynol nupamudol ¢ uxdercom l,
€CII¥ TIPY ¢ > | Bce MoAepeBhA ¢ KOPHAMHU g; ABIAIOTCA nupaMugamu. fcmo,
yTo n06oe gepeBo T, ABIAETCHA YACTUYHON MUpaMuoil ¢ ungercoM I, ecinu [
YIOBIETBOPAET HepaBeHCTBY [ > |n/2].

Jdemma 3. Ecau depeso T, ssasemcsa wacmuunoll nupamudoil unlex-
ca l+1, mo 8 pesyavmame evinoanenus npouedyps. Sift(l, n) ono cmano-
sumcs wacmuyHol nupamudoll underca l.

YuraTenn 6e3 Tpyga yGeOUTCA B CIPaBeIMBOCTH JeMMLI 3, MPUMEHUB
BO3BPATHYIO MHIYKIUIO [0 UHACKCY .

Tenepb HETYOHO MOMATL, YTO MOCAENOBATENLHOE TPUMEHEHNE TPOLENY PbI
Sift(i, n), Hauunan ¢ { = |n/2| u sakanuuBan i = 1, npeoGpasyeT m060€e
nepeso T, B upamMuny.

3aMeTHM, 4YTO B HUpPaMHE 3JI€MeHT, HaXOAAIIUICA B KOpHe, ABIAETCA
HauboJILIIUM. BocmolL30BaBIIMCL HYTUM CBOMCTBOM MMPAMHULI, MPOIECC COp-
THUPOBKM MAacCHBa MOIIO TPEICTaBUTL CleqyomuM ofpasoM. IloMeHAB Mec-
TaMU 3JeMEHTBI a4 U @, MBI IIOIYyYHM, YTO HAauGONbLUIMIA 3JeMEHT MacCHBa
MOCTaB/lIeH Ha IoclefHee MecTo. PaccMoTpum GumapHoe gepeso Tj,_p, co-
OTBETCTBYIOIIEE MACCUBY dj, - .., Gp—1 (TE€M CAMBIM MOCIeJHUH HIEMEHT HC-
KIoueH U3 pacemorpenus). OueBunHo, nepeBo T,y fABIAETCH YACTUYHON
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nupaMuiof ¢ unjgekcom 2. B cuiny nemMsbl 3 0oJHOKpaTHOe [IPUMeEHeHHe IIpo-
uenypst Sift(1, n—1) npeobpasyer T,,_; B nupamugy. Janee HyHO cienaTh
epeCcTaHOBKY 5IEMEHTOB Gy M Gy,_1 W NPUMEHUTD nmpoueaypy Sift(1l, n — 2)
K JepeBy T,_». Ilpomommkas 3TOT mpomecc o Tex IOp, MOKAa He OCTAHETCS
OIHO3JIeMeHTHOe AepeBo 17, MBI IpUIeM K OTCOPTHPOBAaHHOMY MAacCHBY.
3anumeM GpopMalbHYIO BepCUIO allOpUTMa IHpaMUAaILIoR COPTHPOBKH.

Aaroputrm 7.1.
begin
for i := |n/2| downto 1 do
Sift(ia n)?
for ¢ := n downto 2 do
begin a[1] < aft]; Sift(l, i —1); end

AN e

end.

flcuo, uto uMKA B cTpokax 2, 3 npeobpasyeT mepeBo T, B nmupamupyy, a
IUKJI B cTpokax 4, 5 copTUpyeT MacCHB.

B wKavecTBe mnpuMepa NpPUMEHUM 3TOT aiNrOpuTM K MacCUBY a =
=(2,3,6,1,4,8]. Cnavaia paccMoTpUM paboTy IepBoro uukia (crpoku 2, 3).
Bce nepecTanoBKY 31eMeHTOB MaccuBa 6ygeM oToGpamaTh B gepeBe Tg.

/<2>Szft36) Sift(2,6) ) zft16

Puc. 69

Hocnennee U3 noayYeHHBIX IePeBbeB HpeLcTaBasfeT Maccus [8,4,6,1, 3, 2],
W, 0YeBUJIHO, ABAAeTCA nupamunoiil. Ilpocienym tenepn paGoTy BTOpOro muk-
1a (cTpoku 4, 3).

Ha puc. 69 norasaHBI MepecTaHOBKHM, KOTODhIE HPOAETBIBAET ITOPUTM
IpH KasJoM BLINOMHEeHUM BToporo Hukaa. Jlnf yno6cTBa uuTaTeld BepIIU-
Hbl, METKM KOTOPBIX Yy#e paclolOMeHbl HA CBOMX MecTaxX, HOKa3aHbl He3a-
KpalleHHbIMHY.

OLeHMM CIOMHOCTL aNrOpUTMa NUPaMUJalbHON COPTUPOBKU.

Teopema 7.1. Aazopumsm nupamudaibHoll COPMUPOBKU UMEEM CAOXHC-
noemy O(nlogn).

HorasatenbcTBo. Ilyeth a = [ay, ..., a,] — Oaunsii Maccus, h —
BbICOTA COOTBETCTBYIOLero OuHapHOro nepesa T,. OGosnauum uepes t(h)
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ay; <> ag a) < asg ayp < ay
8 Sifi(1,5) 6 Sifi(1,4) 4 Sifi(1,3)
: 6 /<>

—_
wo
[

ai <> asg a1 & Qg

3 Sift(1 2) 2 Sif(1,1)

Puc. 70

N
=2

(QyHRIUIO, 3HaAYEHHEM KOTODPOH ABJIAETCH YMCIIO0 ONepaluil, Heo6X0UMBIX JUIA
COPTMPOBKM MacCHBa, KOTOpoMy oTBeuaerT nepeBo T,. flcho, uro t(h) =
= t1(h) + ta(h), rae t1(h) u t3(h) — KonudecTBa omepauuil, HeOGXOAMMBIX
1A BLITIOMHEHUA TEePBOro M BTOPOro IMKIOB U3 anroputMa 7.1.

Ouennm cuavana dyurnuio £y (h). Hanomuum, uro nponenypa Sift(:, n)
HaxofIuT HOMep M HAUOOJNLINEro U3 ChIHOBedl BEPIIMHBI a;, ¥ B TOM Cly4ae,
KOTga a; < (y,, IEPECTaBIACT MEMEHTEI @; U Gy, @ 32TEM BLI3LIBAET MpoIlle-
nypy Sift(m, n). flcno, uTo KonuyecTBo NefcTBU (CpaBHEHMII M lepecTaHO-
BOK) ¢, BBIIOJIHENbIX Mesny BorzoBamu Sift(i, n) u Sift(m, n), He 3aBHCHUT
0T HOMepa i. Y6eaumcs, 4to t;(h) y/IOBIeTBOPAeT HepaBeHCTBAM

t1(1) <e, t1(h) < 2t;(h— 1)+ ch, ecau h > 2.
B camom penme, mpeoGpasoBaHHe B MUpaMUALL ABYX MOIAepeBLEB C KOPHA-
MU ap 1 ag TpeGyer He Gonee 2¢(h — 1) meiicruii, a npouenypa Sift(1, n)
BRINIOJAHACT He Gojee ch neficTBUIA.
Mycrs f(h) = c(2"' — h — 2). Tokamem, uto #;(h) < f(h) npu mo-
6om h > 1. Ecu h =1, To

Ilycts h > 1. Torga
ti(h) < 2ty(h — 1)+ ch < 2¢(2" — h — 1) + ch = (2" — h — 2) = f(h).
Taxum obpaszom,
t1(h) < (2" — h —2) < 2" < 2en.

Ilepexons  ouenke t3(h), ciegyer IMIIb OTMETUTh, YTO BTOPOM LHMKI B
anropurMe 7.1 Beinoansaercs n—1 pas, a mpotlenypa Sift(1,i—1) (2 <4 < n)
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TpebyeT He Gonee ch peiictBuii. Orclona
ta(h) < enh < cnlogn.
CrenoBarensHo, t3(h) = O(nlogn). OronvaTenbHo nMeeM

t(h) = t1(h) + ta(h) = O(n) + O(nlogn) = O(nlogn).



8. Ilouck B rpade

Muorue aaropuTMbl Ha rpadax ocHOBaHLI Ha cHcTeMaTH4UeCKOM Iepe6o-
pe Bcex BeplIMH rpada, NIpU KOTOPOM KaJafd BepIIMHA MPOCMaTpPHUBAaeTCH
B TOYHOCTU OAMH pa3. B a3Toli raaBe MBI paccMOTpPUM JBa CTAHAAPTHBEIX U
IIMPOKO MCHOIL3YEMbIX MeToa TaKoro Iepefopa: HOMCK B IIYOMHY U HO-
uck B mupuny. (O6a MeToja U3y4aloTcA NPHMEHUTENILHO K 0GLIKHOBENHbLIM
rpadam, NOCKOILRY IIa NPOU3BOILHLIE I'Ppadbl OHU MOI'YT OLITL pacHpoCTpa-
HeHbI 04eBUIHLIM 06pa3oM. B pasng. 8.3 mouck B ray0uHY NpuMeHdeTcA L
OTBICKAHUA KOMIIOHEHT CUILHOI CBA3HOCTU B oprpade.

8.1. Ilouck B riay6uny

Wpes aToro MeToga cocTouT B cilenyiomeM. Ilonck B 06LIKHOBEHHOM Tpa-
{e G HauHHAeTCA ¢ MEROTOPON HaYaMbHON BepIIMHEI v (C HTO0 MOMEHTa v
cunraerca npocsompennoil). IlycTh 4 — nocneAHAA NPOCMOTPEHHAA BepIlu-
Ha (9Toi BepLIMHON MoeT GHITH U v). Torza Bo3MOMKHbI IBa CIydas.

1) Cpean BepuInH, CMEMHBIX C %, CyIIECTBYET ellle HEIPOCMOTPEHHAA Bep-
muHa w. Torna w o6bABIAETCA MTPOCMOTPEHHOM, U MOMCK MPOIONKAETCA U3
BepliuHbl w. BygeM roBopuM, 4To BepmuHa % ABIACTCH OMY0M BEPIIMHBI W
(u = father|w]). Pe6po uw B 9TOM cilydae OyneT Ha3bIBaTLCA JPEGECHBIM.

2) Bce BepmmHbI, cMemHble ¢ ¥, OpocMorpenbl. Torfa ¢ o6bABIfeTCA
ucnoav308aHKoll BepmuHoi. 0603HaUMM uepe3 & TY BEPIIWHY, U3 KOTODOIl
MBI HOHAlIX B u, T.e. & = father[u]; HOMCK B riyGuHy HpoJonmaeTcA W3
BEpIIVHLI &.

Uto mpousoiifieT, Korja Bce TPOCMOTPEHHbIe BePIIHHEBI GYAYT UCMOIh30-
BaHbl? Ecnu B rpade G He ocTamoch HeMPOCMOTDPEHHBIX BEpPIIUH, TO TOKCK
3aKaHuMBaeTcA. Eciu e ocTalach HEMPOCMOTPEHHAA BepIIWHA ¥, TO MOMCK
MPOMIOAaeTCA U3 9TOM BepPIIMHLL.

Iloucr B ray6uHy mpocMaTpUBaeT BepIIWHBI Tpada (G B ompelenenHOM
nopaznke. ag Toro uTobbl 3adUKCUPOBATL 3TOT HOPANOK, GYAET UCIONL30-
BaThefl MaceuB numfv]. TIpy aToM ecTecTBeHHO cyuTaTh, YyTo numlv] = 1,
ecIy v HavalbHafA BepunHa, ¥ num|w| = num|u] + 1, ecan w npocmarpuBa-
eTcA cpasy Tocle TOro, KaK MpOoCcMOTPeHA BepIIvHA U.

IlycTh B o6bikHOBeHHOM I'pade G MpoBefieH Mouck B TIyOuny. O6o3Hauum
gepe3 T MHOMECTBO Bcex IpeBecHbIX pebep. Bce ocranbnbie pepa rpada
6yaeM HasblBaThb ofpamuuimu pebGpamMu. MHoskecTBO Bcex oGpaTHBIX pebGep
O6yneM ob6o3nauaTh 4depes B.

PesynbraT npumeHeHua moucKa B TIyOMHY K CBA3HOMY rpady G
(puc. 71a) mowasan Ha puc. 71b. 37hech CIUIOWIHbIE THHUH M306pakaioT
IpeBecHble pebpa, a MyHKTUPHbIe TUHUY — oOpaTHLIe peGpa. 3aMeTUM, 4TO
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HyMepalWA BeplIMH COOTBETCTBYeT IOPAIKY, B KOTOPBIM OHU IIpOCMAaTpHBa-
I0TCA NMOKCKOM B Iy0uHy. MoskHO 06paTUTL BHUMaHKE Ha TO, YTO MHOKeC-
TBO BceX IpeBecHLIX pefep ¢ BblIeleHHON HayalbHOM BeplIUHOMH v; o6pasyer
KOpHeBOe [lepeBo ¢ KOPHeM v1. JTO KOPHeBOe JepeBo YacTo Ha3bIBAIOT 24Yy0iuH-
HblM LePEBOM, WIU, Kopoue, d-fepeBoM rpada G. CienyeT TakKe OTMETUTD,
uTo KaMgoe obpaTHoe pebpo coelUHAET B d-IepeBe NpefKa U HOTOMKA.

U1 V2 Us U4

Vg Us
vy

Vg Vg

a) b)

Pue. 71

IIycte G — HecBasuslil rpad, Gy, ..., G — MHOMKECTBO BCEX €ro KOM-
noHeHT cBA3HOCTH. Ofo3HauMM ueped T; MHOMECTBO IpeBecHBIX pebep, BbI-
JelleHHBIX TOMCKOM B INIYOMHY B KOMIOHeHTe (;, a uepe3 v; — KODHEBYIO
BepunHy u3 G;, T.e. IePBYIO IPOCMOTDPEHHYIO BepliuHy moarpada G;. Ta-
KUM 06pa3oM, MHOMECTBO BCeX NPeBecHBIX pefep HecBfizHoro rpada obpa-
3yeT OCTOBHBIN Jec. OUKCHpPYH B KamIOM MOALEePEBe ITOrO Jeca KOPHEBYIO
BEPIIMHY, Mbl IONYYUM 24y0unubll sec uiau, Kopoue, d-nec rpada G.

[IpencraBum Tenephb GopMalbHOE ONMCAHUE YRA3aHHOTO alropuT™Ma. B an-
ropuTMe HCIONh3YIOTCA OMHUCAHHbIE paHee MaccuBbl num 1 father. B mpo-
necce paGoThI AIrOPUTMA MACCUB NUN UCIONL3YETCA JIA PACIO3HABAHUA He-
NPOCMOTPEHHBIX BEpIIMH, 8 MMEHHO, PaBeHCTBO numlv] = 0 o3Hayaet, 4To
BepIIMHA v ellle He IPOCMOTpEHA.

Buauale u3m01UM BepcHIO alropuTMa MOMCKA B INIYGHHY, OCHOBAHHYIO
Ha peKypcuBHOM Hpouepype DF S(v) (nasBaHue mpouesypsl ABIAeTCA abope-
BuaTypoii ot anra. depth first search), ocymecTBasione NOMCK B TIYOUHY
U3 BEPLIKHBL V.

Aaropurm 8.1.

procedure DFS(v);
begin
numlv] =14 i:=i + 1;

for v € list[v] do
if num[u] =0 then
begin
T := T U {uv}; father[u] := v; DFS(u)

NSOt =
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8. end

9. else if num[u] < num[v] and u # father[v] then
10. B := BU {uv}

11. end;

12. begin

13. i:=1,T:=0; B:=0;
14. forveV do numv]:=0;
15. forveV do

16. if num[v] = 0 then

17. begin

18. father[v] := 0; DFS(v)
19. end

20. end.

AnroputMm 8.1 mpUMeHMM K MpPOU3BOJLHOMY 00BIKHOBeHHOMY rpady G.
Ecin G — cpazuniit rpad, To HMKI B cTpokax 15 — 19 mocTraTouHOo 3aMe-
HUTb BBI30BOM Tpouenypsl DF S(vy) OpuMeHHTeNIbHO K [adaibHOH Bepiiu-
He vy. 3aMeTUM, YTO B TepMHHaX anropuTMa 8.1 BepmuHa v IPOCMOTpeHa
¢ ma4yamoM paboTbl nmpouexaypsl DFS(v); B TOT MOMeHT, Korza mpolesypa
DFS(v) sakonunia paboTy, BeplinHa v ABIAETCHA HCHOIb30BAHOM.

Teopema 8.1. ITycmy G — ceasunill (n, m)-zpad. Tozda

1) nouck e eaybuny npocmampueaem Kaxdyio 6ePUURY 8 MOYHOCY 0OUH
pas;

2) nouck 6 aay6uny mpedyem O(n + m) onepayut;

3) nodepad (V, T') epagda G sasanemes depesom.

JourasaTeabeTBo. 1) IlpoBepka B cTpoke b rapaHTUpyeT, YT0 KaMzaas
BepIIMHA NPOCMATPUBAETCA Ne Golice OJHOrO pasza. YOeIUMCH, YTO MOWUCK
B NIyGUHY HpocMaTpuBaeT Ramaylo Bepmuny. Ilyets X — MHomecTBO
OPOCMOTPEHHBIX BEPHIMH B TOT MOMENT, KOIa alIlOpPUTM 3aKOHYUI padoTy,
Y =V \ X. Ecn Y HemycTo, TO B ciuly cBAsHocTH rpada G cyimecTBy-
eT Taroe pebpo zy, uro z € X, y € Y. Ipouexypa DFS(x) nomnoctbio
npopa6oTana, HO3TOMY CMeHiHAd C 4 BepIIUHA 3 H0J#HA GbITh MPOCMOTpPEHA.
Hoayuunu npoTuBopeyne.

2) Yucao noBropenuii nukia B mpouegype (Hadalo UMRIAA B CTpoke 4)
¢ YyU4eTOM PeKYPCHBHBEIX ofpamienuii paBlmo cyMMe cTelleHell BceX BepIIHH
rpada, T.e. OHO PaBHO 2m; CleJOBATENbHO, YUCIO OHepanuil IpONopIUOHAlb-
HO m. Yucno moBTopeHnii nMKIa B cTpoke 14, 0ueBMIHO, IPOHOPIMOHAIBIIO 7.
Otciofa BeITEKAET, YTO NOKCK B riIyGuHy TpeGyer O(n + m) omepaluit.

3) flcuo, uto ycaoBue num|u] = 0 (cTpoka 5) BeiHOAHUTCA 1 — 1 pas. OT-
ciofa caenyer, uto |T'| = n—1. Kpome Toro, ua 1) BeiTeKaeT, 4TO MIO#KECTBO
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pebep T ne comepskur nuriaoB. Tarum obpasom, rpad (V, T) auuriauded u
uynciio pebep B 3TOM rpade Ha efWHUIY MeHblle uncia BepmuH. CiegoBa-
TenbHo, rpad (V, T') — nepeso.

IIycts G — cBaA3HEI rpad, v — HeKoTopas ero Bepmuna. IlpegHonomum,
uto B rpade G IpoBejeH NOMCE B riyGuHY M3 BepmuHbl vy. HJepeso (V, T)
¢ BblJelleHHOH BepLIMHOM vy ABAAeTcA KOpHeBLIM JepeBoM. Kar oTMedanoch
BbIllle, 3TO KOPHEBOe [epeBO YacTO HA3BIBAIOT d-AepeBOM MM TIYOHHHBIM
gepeBoM rpada G. i nro6oit BepmuHbI w 7 vy BepiuHa father|u] ABnsercs
oTHIOM u B d-7epeRe.

PaccmoTrpum HeperypcuBHyio Bepcuio npouenypst DFS(v). Perypcus
YCTpaHfeTCA NMPU [IOMOIMHU cTeka S, BleMeHTaMU KOTOPOro ABIMIOTCA Bep-
muHLI rpada. Bepmiuha v ABIAETCA HPOCMOTPEHHOM, eciu num(v] # 0. Bep-
IIMHA ¥ CTAHOBUTCA WCIOML30BaHHOM ¢ MoMeHTa, Korja v = top(S) (v Haxo-
IWTCA B BeplivHe CTeKa) M BCE BEPUIMHLL, CMEKHBIE C U, ViKe MPOCMOTPEHDI
(B »TOM ciy4ae v ymanifieTci U3 CTeKa). BbluMcileHMs, CBA3AHHBIE C MHO-
skecTBOM o0paTHLIX pefep B, 3iech oHyIleHbl; YMTaTelb, pa3obpaBliuiicd ¢
peRypcHBHOI Bepcueil npouenypsl DF S(v), 6e3 Tpyla BOCCTAHOBUT KX.

1. procedure DFS(v);

2. begin

3 numlv] :=1¢; =4+ 1;

4 S:=nil; S < v;

5. while S # nil do

6. begin

7 v := top(9);

8 if exists u, u € list[v] and num[u] =0
9. then

10. begin

11. numlu]l ;=% i: =1+ 1; T :=T U {uv};
12. father[u] :=v; S < u;

13. end

14. else v <= S

15. end

16. end;

OTMmeTuM cilefyiolee BajskHOe CBOMCTBO NOMCKA B INTYOGUHY: ecal Ty —
obpammuoe pebpo, Mo eepuLUNbL T, Y cpasHuMbl 8 d-depese, m. e. 00HA U3 IMUX
sepuLun Asafiemca npedrom dpyeotl.

B camom gene, mycthb &y — ofpaTHoe pebpo rpada G, upuueM num|z] <
< numly]. [pennonosum, 4T0 BepWIMHLI T U y HECPaBHUMBbI B d-epeBe. U3
onmncanua airoputMa 8.1 cilefyeT, 4TO B IIPOMeKYTOK BpeMeHH Memiay Ha-
vanoMm paborsl npouenypsl DFS(x) u ee 3aBepmenvieM, 5yLyT IPOCMOTPEILI
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TOABKO IOTOMEM 3TOi Bepmunbl. Ilockoabry y € list[z] 1 B MoMeHT 3a-
BeplleHuA npoueaypsl DFS(z) Bepuvua y elne He IpoCMOTpeHa, IOIy4YaeM
IIpOTHBOpeYUe ¢ oNKcaHueM anroputMa 8.1.

8.2. AaropuTm oTbhickaHUA GJIOKOB U
TO4YeK COUYJeHeHUA

lycts G = (V, E) — oGbIRHOBEHHBIN cBA3HBIN rpad. B pasp. 2.2 6buio
onpefieneHo nouaTHe Gioxa rpada G u momyden pAng yTBepIeHuii o Gio-
Kax. B yacTHocTH, B 3TOM pasjiele ollpe/leleHO OTHOLIEHHEe R Ha MHOKeCTBe
pebep E rpada G:

ex f< e= fumme, firemaT Ha HEKOTOPOM IMKIE.

3TO OTHOLIeHWe ABIAETCA SKBUBANTEHTHOCTLIO, [IPUYEM KaAbIH €ro Kiacc
COBNJaeT ¢ MHOMECTBOM peGep HEKOTOporo HJ0Ka.

MIpennonomum, uto B rpade G U3 HEKOTOPOI BEPIIMHBI ¥y IPOBeAeH Io-
uck B rny6uHy. Ilonck B ray6uny crpout d-nepeso (V, T') u maccuB num,
COCTOANIUI M3 HOMEPOB, KOTOPHRIe NIpUcBanBaTcA BepmuHaM. [lonyuum cHa-
yana B TepMUHax d-IepeBa IpU3HAK TOro, YTO JaHHHAf BeplllHa ABIAETCH
TOYKOH covlenenus.

Jemma 1. llyems t, v, w — sepuiunst zpage G, npuvem t — omey, a
w — npedok sepuiunsl v. Eeau e epage G cywecmsyem pebpo e = vw, mo
ex f=ut.

JoxkasaTeabeTBo. Moxuo cuuraTh, yro w # t. Orcioma cienyer, yTo
w > t, T.e. cymecTByetT npocras (w, t)-uens. HobGaBasa k sToi Henu peGpa
e =vw u f = vi, noryyuM nura. O

AHanoru4iio npoBepsieTcA

JTemma 2. [lycmov v, w — eepwunst zpaga G, npuiem w — NOMOMOK
sepwunst v. Ecau e epagie G cywecmeyem pebpo ¢ = vw, mo e = f = vs 0aa
HEKOMOpPO20 CoiHA § 8EPULLHBL V.

[lycth ¥ — mpouaBonbas BepuinHa. 0603HaYNM Yepes 9 moaaepeso d-ne-
peBa ¢ KopHeM v. Jlif MpOM3BONLHOTO HemycToro MuojectBa X C § de-
pes VB(X, v) 6yaem 0603mayaTh MHOMKECTBO BCEX TAKMX BEPIIHH w, YTO
w > v U QA HeKoTopoil BepliuHbl € X cyliecTByeT ofpaTHoe pebpo Lw.
Ecan X onHoanementHo, T.e. X = {x}, To BMecTo V B({2}, v) Gynem nucatsb
VB(z, v).

JMemma 3. Hycmo t, v, s — sepwunnt zpapa G, npuvem t — omey, a
s — cbii sepuiunbl v. Pebpa e = vt u f = vs aemam na obwem yurae mozoa
u moabro moezda, woeda VB(3, v) £ 0.
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JorazaTeabeTBo. llpeanonomum, uro peépa e = vt U f = vs lemaT Ha
obem murite C, UMeomeM BULI U, - .., Up, 1. MOMKHO CUUTATD, YTO ¥ = v,
uy = 8, u, = t. HailigeTca HauMeHbIee YKcHO ¢ > 2 Takoe, 4To u, £ s. flcHo,
uro ¢ < p W pebpo u,_1u, fABIAETCA 06paTHLIM, CleJ0BaTelbHO, BePIIMHLI
Ug—1 U U, cpaBHUMHI B d-mepeBe. Ilockombry u,_; < s, UMeeM u, > v.
YuutsiBas, yTo C' — LMKI U %) = v, HOLy4aeM HepaBeHCTBO u, > t. Tarum
o6pasom, u, € VB(§, v), noatomy VB(§, v) # .

O6patno, nycts w € VB(8, v). Torza w > L u cyllecTByeT o6paTHOE
pebpo xw, npudyeM x < s. flcHO, UTO & — TIOTOMOK BepIIMHbLI W B d-fiepeBe.
Hostomy cymectByer npoctas (w, «)-uens P, upudeMm P cogeput pebpa vl
u vs. Jlo6aBuaa g uenu P pebpo xw, nonyuum TpeGyemblil nuria. O

Jlemma 4. Bepuwiuna v ssasemca moukoll cowteHenus mozdad U MoAbKo
mozda, kozda evinoansemcs 00Ho U3 deyx caedyowur ycaoeul:

1) v — ropenv d-depesa, umewwuil He menee dsyxr cviHosell;

2) v He aganemcs KOpHeM U OAf HEKOMOPO20 ChiHG S 6EPULLHbL U MHONCEC-
meo VB($, v) nycmo.

HDoraszateabcTBo. HycTh v — Touka couneHenus rpaga . Torma v —
ofmias BepIIKMHA pa3iuyHbIx 6a0KoB. ClefoBaTelLHO, CyLlecTBYIOT BepIIy-
HBI &, Y, 00e CMeKHBIE C U U TaKHe, UTO vx % vy.

IIpeanonoskum, uto v — KopeHsb d-nepeBa. Torga z, y, OUeBUAHO, ABIAIOT-
cfl IOTOMKaM¥ v. B cuiy 1eMMBI 2 CyIIeCTBYIOT CLIHOBBLA §1, Sg BEPIIMHBI U
TaKKe, U4TO VS§1 R &, vs9 = vy. IlocKoNbRY vz % vy, UMeeM vS; £ vUsa.
Orcrofa, B YaCTHOCTH, CIEAYET, YTO §; 7 S.

IIycTh v He ABIAETCA KOpHEM d-JepeBa, U t — oTell BeplIKMHLI v. HeTpyaHo
NOMATL, YT0 1ubo vt % v, 6o vt % vy. Bes orpannyenus o6LIIOCTH MOMHO
cuurarh, uro vf % ve. lpumenenne geMmbl 1 MOKa3bIBAET, YTO & MOTOMOK
BepIIMHLL v. B cumy meMMbl 2 cyulecTByeT Takoil ChIH § BEPUIMHBI ¢, UTO
vr = vs. flcHo, uTo vt % vs, U U3 TeMMbI 3 clieIyeT HYCTOTA MHOMKECTBA
VB(s, v).

[IpoBepum oGpaTHoe yTBepaseHue. IIpeanonomum cHayala, YTO BBIMOJ-
HeHO ycioBue 1), T.e. BeplIMHA v — KOpeHb, MMEIOIUIl ABYX CHIHOBEH §;
U s9. YOemumes, uTo peGpa vs; U vSy NMpUHamJIeRaT pasHbIM Gmoram. [o-
OyCTUM, paccymad oT IPOTWUBHOTO, YTO pebpa vs; M vSy NemMaT B OANOM
6noke. Torma cymectByer nuka C, cogepsamuii stu pebpa. Ecau C' umeer
BUJ U, ..., Up, U1, TO MOFKHO CUHTATh, UTO Uy = U, Up = &1, U, = §3. llo-
CROJIBKY §9 He AIBIAETCA NMOTOMKOM s, HallleTcA HauMeHbIee YKUCIO g > 2
TaKoe, UTO U, He ABIACTCA MOTOMEOM §1. flcHo, uTo ¢ < p M pebpo u, 11,
ABnfgeTcA obpaTHpIM. CnefloBaTelbHo, u, — Mpefok BepUIMHLI §1, @ HOTOMY
u, = v. BepmuHa v cogepmutca B C Gollee 0ZHOrO pasa, YTO IPOTHBOPEUHT
OIlpeJie/IeHHIO [TUKIA.
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Ilycth Beimoaneno yciaopue 2). 0603na4uM 4epes ¢ oTna Bepmuubl v. [lo-
ckoabky V B(3, v) mycTo, U3 n1eMMsI 3 moaydaeM, 4To pebpa vs, vt 1eMar B
pasubix 61okax. I[loHATHO, YTO v — 0OWIas BeplUIMHA 3TUX OI0KOB, CleJ0Ba-
TEABHO, U — TOYKA cowleHeHuA. O

Iycrs X — npousBoabHoe MuomecTBo BepmuH rpada (. OGozHauum
uepes num(X) muomectBo {num|v]|v € X}.

Ha muomectse V Bepmun rpada G paccMOTpyUM CIedyomyo QyHRIHIO

L{v] = minnum({v} UV B(, v)).

Oyuruua L o6ragaeT JBYMA BaiHLIMH CBOWCTBAMU:

1) ¢ ee moMoWbBIO JNETKO PACIO3HABATL TOYKM COWICHEHHA (CM. Teope-
My 8.2);

2) snavenus »Toi QYHKLUMH BeCbMa [IPOCTO U €CTECTBEHII0 BHIYMCIAIOTCH
IIpY [OMOIIY [OMCKA B MIyGuHy (cM. 1eMMy 6).

Jdemma 5. [ycmv sepwuna v He ssasemcs kopHem d-depeea, s — Heko-
mopeuil cvin gepuunst v. Muoxecmeo V B(8, v) nycmo 6 mos u moabko mom
cayiae, kozda L[s] > num|v].

HorasaTeabcTBO. B Hamux paccy#IeHUAX BamIylo poab OyyT UrpaTh
muoxkectBa V B(8, s) u VB(§, v). HerpynHo MOHATH, YTO BHIIOJHEHB! BRIIO-

VB(3, v) CVB(S, s), VB(s, s)\VB(3, v) C {v}.

Mpenmonoxum, uro VB(S, v) = . Torma VB(3, s) C {v}. Otcrona
ciaeflyeT, 4To
{s}UVB(, ) C {s, v}

Brruncins MHHMUMYM HOMEDOB BEPIIWH, BXOOAANINX B JIEBYIO U IIpaBYlO YaCTU
3TOro BRIAOYEHUA, IIOIYIUM

L[s] > min(num/[s], num|v]) = num[v].

OGpaTHo, eciiu MuokecTBo V B(§, v) Hemycro, To cymectByeT weV B(5,v).
fAcuo, uro num|w] < num|v]. Hocroasry VB(8, v) C VB(S, s), umeem

{s}UVB(8, v) C{s}UVB(3, s).
Orcioza crnenyer, uro
num|v] > num|w] > minnum({s} UV B(3, v)) > Ls].

CnepoBarensHo, L[s] < num[v]. O
W3 nemm 4 1 5 BbITeKaeT cllefylolee yTBEpH IeNHe.
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Teopema 8.2. [Iycmbv sepwuna v He seanemcs kopHem d-depesa. Bep-
wura v — mouka couaenenus ezpaga G moede u moavko mozda, koeda
L[s] 2 num[v] 045 Heromopozo cvina s SMOU 8EPULLHDL.

JdemmMa 6. [Iycmv v — npoussoavras sepwuna epaga G. Toz0a
L[v] = min (num[v], L[s1], ..., L[sp], num(VB(v, v))),
2de 81, ..., 8, — BCE CbIHOBbLA BEPULUHBL V.
HokazaTenberBo. lockonbry ¥ = § U... U §, U {v}, nmeem
VB(6, v) = VB(51, v) U...UVB(3,, v) UVB(v, v).

Kpome toro, {v} UV B(4;, v) = {v}UVB(5;, s;) npu 1 < i < p. Crenopa-
TelLHO,

{v} UVB(, v) = {v}UVB(31, s1)U...UVB(4, s,) UVB(v, v).

O6o3naunM depes W MHOAECTBO, cTOALICE B [IPABOY YacTH STOro paBeHCTBA.
Tax wak v € W u num[v] < num[s;] (1 <4 < p), BbIIOAHEHO PABEHCTBO

min num(W) = minnum(W U {sq, ..., 5,}).
Tenepb HETPY/IHO BUAETH, UTO
L[v] = min (num(v], L[s1], ..., L[sy], num(VB(v, v))). O

rHf:l,HI/IM (l)OpMaJII:HOG OINMCaHue alropuTMa HaXomIOeHUA 6I0KOB M TOYEK
COYJIeHCHUA.

Anropurm 8.2,

procedure BiComp(v);
begin
num[v] :=14; Lv] :=4; i:= i+ 1;

for u € list[v] do
if num[u] = 0 then
begin
SE < vu; father[u] := v; BiComp(u)
L[v] := min(L{v], L{u]);
if L[u] > num[v] then
0. {nony4uTE HOBBIH GI0K; NI 3TOMO U3
creka SE Hamo BLITONKHYTL Bce pebpa
BILIOTH 10 pebpa vu}

5 © RN kwy =
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11. end
12. else if num[u] < num[v] and u # father[v] then
13. begin
14. SE < vu; L[v] := min(L[v], num|u]);
15. end
16. end;
17. begin
J:=

18. =1; SE := nil; father|y
19. for veV do num[ ]:=
20.  BiComp(vqg)

21. end.

Yo
0;

llpouenypa BiComp(v) ABAfeTcA ABAAETCA MOAMGUEALMEN TPOIeNYpPhI
DFS(v) uz amropurma 8.1. B MoMeHT 3aBepuieHus paGOTHI HPOLELYPLI
BiComp(v) suauenve L[v] yme BoruncaeHo. Borumcnenue L{v] nponssogures
1o popMyie 13 neMMbl 6. B camoM mene, B cTpoke 3 BLINONHAETCA NPUCBANBA-
uue Lv] := num[v]. Janee B crpoke 8§ y4YUTHIBAIOTCH 3HaYeHUA QyHKUMK L
AMS KajKEOro M3 chlHOBell BepmuHbl v. HakoHel, B cTpoke 14 nmaxogutca
MUHMMANTLHOE U3 OBYX YHcel: Teryllero sHaueHus L[v] u numl[u], roe v —
odYepenHOil aMeMeHT U3 MHoecTBa V B(v, v).

Heo0xo0a1Moe U JOCTATOYHOE YCIOBHE [IIf BEPIIMHEI OLITH TOUROM COUlTe-
HeHus, copMyIMpoBalHoe B TeopeMe 8.2, mpoBepsercd B cTpoke 9. Pa-
3yMeeTCHl, 3TO yCI0BHe Helb3f NPHMEHATh K KOpHeBOil BepunHe vg. YToGbl
Y3HATE, ABIAETCAH K Uy TOYKOH COUNeHeHH A, HYKHO HOACYUTATE KOJIHUECTBO
ChIHOBeIT 3TOI BepLIMHBI B d-mepeBe.

Ilns HaxomIeHHA MHoMecTBa peGep ovepelHOro GIOKA anropuT™ 8.2 Hc-
nonb3yeT crek SE, sneMeHTaMK KOTOPOTro ABIAIOTCA peGpa rpada G.

Teopema 8.3. Aaneopumm 8.2 npasuabno naxrodum Gaoku epada G.

HoraszateabcTBo. HycTh rpad G comepsut g 610koB. IIpoBeqeM MHOYK-
nuio o yucny q. Eciu ¢ = 1, To rpag G HepazgeauMm. W3 nemmnl 4 cnefyer,
uyTo B d-lepeBe KOpHeBaA BeplIMHA vy MMeeT eIMHCTBEHHOTO Chia w. He-
TPY/IHO IOHATH, YTO B MOMEHT 3aBepinernd npoueaypst BiComp(w) ctex SE
Gynmer comep:ath Bce pebpa rpada G. Iockomsry Lfvg] = numfu] = 1 u
rpad He MUMeeT TOYEK COUNEHeHMA, YCIAOBHE B CTPOKe 9 BLIMOJHMTCA TOMbL-
KO Mpy v = w. B pesyabTaTe Bce peGpa rpada G GYAYT BLITOAKHYTHI U3
ctexa SE, ¥ MBI IIONYyYNM eTHHCTBEHHBIN GI0K.

Mycts ¢ > 1. OBo3HauuM uepes uy, ¥; Ty [apy BepHIMH, U KOTOPOI
HEepaBeHCTBO B CTpoKe 9 BBIMOAHUTCA B MEPBbIN pas. flcHo, uTo v; — Touka
couneHenus rpada G. K sromy Momenty npouenypa BiComp(u,) sapepmu-
1ack M TOYEK COWIeHeHus He o6Hapysuna. [[o3ToMy mociie mpoBepEHU yCIoBHA
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B L[u1] > numv;] ua creka SE 6ynyT ynaaeHsl pebpa HeKoToporo 6iaoka B.
Temnepb MOMKHO CYMTAThL, YTO &ITOPUTM obpabaThiBaeT rpad G, cocTaBien-
HbIft U3 Becex GiokoB rpada G, orauunbix ot B. K rpady G npumenumo
HpeOHOIOHieHAe UHIYKIMK, HO9TOMY OJIOKM, OTIMYHBIE OT B, Tamme OyayT
Haiilensl IpaBuibHo. O

8.3. AaropuT™M OThICKaHHUA KOMIIOHEHT CHJBLHOI
cBA3HOCTU B oprpade

Oycrs G = (V, E) — ceasuelii oprpad. Auropurm 8.1 us pasp. 8 mer-
KO NMPUCTIOCOGUTE MIA OpraHM3aluu Ioucka B ray6uHy B oprpade (. llna

3TOr0 HYKHO JIUIIE CIUCOR list(v) 3amMeHHTH cnuckoM list(v), cocTOAMMM U3
KOHIIOB BCeX YT, BBIXOJAIIMX M3 BEpPIIMHLI v. Bce HOHATUA, CBA3AHHLBIE C
IIOUCKOM B TIYyBUHY B OBBLIKHOBEHHOM rpade, 0UeBMIHBIM 06pa3oM HpUMe-
HMMBI U JUIA oprpadoB. B dacTHocTH, B pesyibTaTe HoMCKa B riayCuHY B
oprpade G crpontcs d-nec ([IyBHHHBI Jec), COCTOANNA U3 OPHEHTUPOBAH-
HBIX KOPHEBBIX JepeBheB. TeM caMiIM, Ha MHOKeCTBe BepmiuH oprpada G
BBOJIMTCA OTHOUIEHWE YACTUYHOTO MOpANKa: ¥ < ¥, eClM U, ¥ HPUHAJIemaT
OJIHO# KOMIIOHEHTe CBA3ZHOCTH d-leca W u ABIAETCA HOTOMEKOM v. OTMeTum
TaKMe, UTO MOMCK B IIyGUHY pasfuBaeT MHOMECTBO Beex NYT oprpada Ha
4eThIpe Kiacca:

1) DpeBecHble AYTH, HAYLIHE OT OTLA K CBIY;

2) o6paTHbIe KyTH, HAYLHE IOTOMKA K IPEJRY;

3) npAMble IyTH, NAYLIHE OT NpelKa K NOTOMKY, [0 He ABIAIOIINECH Ipe-
BECHBIMU NyTaMu;

4) monepeyHsle OYTH, COCANHAIONME BEPIIMHBI, HU OJHA H3 KOTOPBIX He
ABIACTCA IIOTOMKOM JIPYTOML.

Ha puc. 72 nokaszau oprpad 1 ero riyOUHHEI Jec.

Vo Uy Vg U1 : Vs M~ N
.—» i
\> (%) ! | o - [ /‘
Uﬁ / , - - 7
VU3

/. t (% (4 /_ (%
V4 .: L - -
U1 Vs Uy vy i//
a) b)

Puc. 72

Ciemyiomue nBa YTBEP/HICHUA OUEBH L.

JemmMa 1. Ecau vu — nonepeunas dyea epaga G, mo numlu] < num[v].



8.3. AnrropuT™m OTHICKaHUA KOMIIOHEHT CHUJIBHOI CBA3HOCTH B oprpade 169

JdemmMa 2. [lycms u, v, w — makue sepwunst opzpada G, wmo num|u] <
< numfv] < num|w] u w seanemen nomomuom v. Toeda eepuiuna v — no-
MOMOK, BePULUNDL U.

[IpuMeHUM TOKCK B TIyGUHY [IA TMOCTPOENHA AArOPUTMA, CHOCOGHOr0
pacno3HaBaTh CHIBHYIO CBA3HOCTHL oprpada GG. Ha camom pmene Gymer mo-
CTPOEH alrOpUTM, KOTOPBINM cMoskeT B oprpade GG BbIIENATL KOMNOHEHNLbL
CUABHOT COAIHOCMU, ABIAIOMMECA MAKCUMAIbHLIMU CUJILHO CBA3HBIMHU I0[-
rpadamu oprpada G. 3aMeTUM, 4T0 KOMIIONEHTbI CHILHOM CBA3HOCTYU ABIfA-
IOTCH KJIACCAMM OTHOLIGHHMA B3AUMHON JOCTUMUMOCTH HA MHOMKECTBE BEPIINUH
oprpada G.

Oycrs G; = (V;, E;) (1 <4 < k) — KOMIOHEHTBHI CHILHOW CBA3HOCTH OP-
rpada GG. 0603Ha9HM Uepes 7; TAKYIO BeplIMHY KoMiomeHTsl G; (1 < i < k),
uro num[r;] = minnum(V;). Iycrs r — npeobpasoBaHKe MHOMeCTBa Bep-
mmn oprpada G, ompenenennoe mpasuiaom: r(w) = r; AAA M0GOH Bepiiy-
Hel w € G;. fcHO, YTO BepIIUHBI ¥ U w JeHAaT B OJHON KOMTOHEHTE CHUIILHOMN
CBABHOCTH TOTfia ¥ TOJBKO TOrja, Korpa r(u) = r{w).

Jdemma 3. Ecau w # r(w), mo w < r(w).

NorasaTeancTro. [lockonbky 7(w) ¥ w B3aUMHO JOCTUANMEI, CYLIECT-
ByeT KpaTdaiimas (r{w), w)-opuens P maunsl ¢ > 1. [IpoBemeM MHAYRIHIO
1o gq.

Ilycts ¢ = 1. Torpa cymectByer myra r(w)w. fcHo, uro sTa nyra
ApeBecHas MW NpAMafg, N03TOMY W — INOTOMOK T{w).

Jlonycrum, uto ¢ > 1. OGo3naumM 4yepes x MpeAnocieHIO BePUIMHY Op-
uenu P. Jlerko npoBepsieTcs, YTo BEPIWIMHBL T U 7(w) B3aHMHO TOCTHKMMEI,
n03TOMYy & Y 7(w) JNeRaT B OANOM ROMIONENTe CHALHOM cBasHocTH. Cie-
IOBaTelbHO, K BeplilHe ¥ TPUMEHMMO Npe[loloAeHe UHAYRIMU. Takum
06pasoM, BepiuiMHa £ — 10TOMoR 7{w). Eciu zw — npeBecHas win HpAMasn
myra, To w < x ¥ noroMy w < r(w). IlycTh 2w ABIAeTCA 00paTHOW WK
nonepeunoit gyroi. [lpumenad semMMy 1, moaydaeMm, uto num|w] < num|z].
Tar rar num|[r{w)] < num|w] 1 £ — noromor r(w), Bepmuusl r(w), W, T
YIOBIETBOPAIOT yCJAOBUAM JNeMMbl 2, T.e. w < r{w). O

Jemma 4. IMycmv u — Npous6oALHAA 6ePUILHA, YOOBACIMBOPAIOLAL Hepa-
gencmeam r(w) > u > w. Tozda r(u) = r(w).

orasaTtenbeTBo. lockomsry r(w) > u > w, cymectsyet (r(w), w)-op-
nens P, npoxoasmas depes BepmuHy u. Kpome Toro, r(w) gocTummma us w.
CnenoBarensno, 7(w) ¥ u B3aUMHO ROCTHRUMSBL, T.e. 7(u) = r(w). O

[ycth v — npousBoabHad BepunHa oprpada G. Kar u B pasg. 8.2, ue-
pe3 ¥ o6o3HaYMM HoOmepeBo d-neca ¢ KopHeM v. Ecau X C #, To MHOKeCTBO
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BCeX TAKHX BeplMH w, 4To r(w) > v U [JIA HeKoTOpoil BepwmHbl & € X
cymecTByeT ofpaTHasA WM NonepedHas ayra xw, 6ygem o6Go3HadaTb, Kak U
panble, yepes VB(X, v).

JlemMb! 3 ¥ 4 NoKa3bIBAIOT, YTO BEPIIMHbLI Kam[OHd KOMIIOHEHTHI CHIb-
Ho#t cBasHocTH Gy, 1 < i < k, 06pa3yloT B riyOMHHOM Jece IOAJEPEBO C
KOpHeM 7.

JdemmMa 5. Iycme v u w — marue sepuunst epaga G, wme weV B(8,v).
Tozda r(w) = r(v).

HloraszarenbcTpo. Ilockonsky w € VB(#, v), BblloNHEHO NepaBeHCTBO
r(w) > v ¥ cymecTByeT obpaTHafd WIM MONepedHas Ayra rw, rge ¢ < v.
fleno, uro cymectByer (r(w), )-opuens P, conepiaman Bepmuny v. Kpome
toro, Haigerca (w, r(w))-opuens (). U3 opueneit P, () u xyru zw jerko
MOMYYUThH 3aMKHYTHIA 0pMapIupyT, CofiepRamuii Bepmuasl v U w. [HosTomy
r(w) = r(v). O

Teopema 8.4. [Iycmv v — npoussoavran sepwuna opepagda G. Pasen-
cmeo v = 1(v) eunoaneno moeda u moawvko moezda, koeda VB(v, v) C .

NoraszateanctBo. [IycTh v — Taras Bepmuna, uro v = r(v). BosbMem
npoussoibHyto BepuuHy w € VB(8, v). B cuny nemmbl 5 umeem r(w) =
=r(v) = v. OTCIOa ¢ yYeToM lIeMMBI 3 MoIydaeM, 4To w € 5.

Hpeanonoxum, uro v # r(v). Us nemmsr 3 cnemyer, uto v < r(v).
C zpyroii cTopousl, cymectByer (v, r(v))-opuens P. B opuenu P maiinem
MepBYIO AYTY Tw TAKYIO, YTO w He NpUHagaexuT ¢. QueBMano, zw — 06-
paThag WM IoINepedHas Ayra. lipomMe TOro, Jerko MpOBepAETCH, YTO W U U
JeaT B OJIHON KOMHOHEHTe CHIIbHOM cBAZHOCTH oprpada (. CregosaTenbHo,
r(w) = r(v) > v. TaruMm obpasoM, w € VB(?, v), 0OTKy#a BBITEKaET, YTO
VB(s,v) ¢ 6. O

Ha muomxectBe V Bepmus rpaga G paccMOTPUM CIELYIOLYIO QYHKIMIO
L[v] = minnum({v} UV B(8, v)).

Teopema 8.5. Iycmbs v — npouseoavras eepuwuna opepaga G. Pasen-
cmeo v = r(v) eunoanens moeda u moavko moeda, koeda Llv] = num|v].

NoraszateasctBo. IIycts v = r(v). Torma VB(6, v) C ¢. Ilostomy
min num(VB(8, v)) > num[v]. Orciopa L[v] = num(v].

Hpennonomkum, uro v # r(v). YuursiBag Teopemy 8.4, morydaeM, 4to
cymecteyer w € VB(#,v) \ ©. Haitnercs tawraa Bepmyna & € 9, 4uTo
zw — obpaTHadA WK TMolepeyHasa ayra. ClexoBaTenbHo, numw] < num|z).
Oposepum, yto num|w] < numv]. Paccysmpas oT NPOTHBHOIO, IOMYCTHM,
uro num[v] < num|w]. IHockoabry w # v, UMeeM cTporoe HepaBeHCTBO
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num|v] < num|w]. K BepmuHaM v, w, £ MOKHO IPYMEHUTH IeMMY 2, HO3-
TOMYy w € ¥, 4To HeBo3Mo;kHo. M3 NoKasaHHOro HepaBeHCTBa clefyeT, UTO
L[v] € num|w] < num(v]. O

Teopema 8.5 1mo3BonfAeT paclo3HABaTh B Ka#/0il KOMIIOHENTE CUILHOMH
CBABHOCTH BepLIMHBI ¥, yIOBIeTBopaomue yciosuio v = r(v). CpaBHuBas
TeopeMy 8.5 ¢ TeopeMoil 8.2, MBI BUOMM, UTO POJL TaKUX BEpPHIUH OAA Op-
rpad0B aHAIOIUYHA PO TOYEK COYlleHeHUA Al OGbIKHOBEHHBIX IrpadoB.

Jdemma 6. [Iycms v — npoussoavnasn eepuuna opepaga G. Tozda Llv] =
= min (numv], L{s1], ..., Lsy), num(VB(v, v))), ede sy, ..., s, — 6ce cvi-
HOBbS 8EPULLHbL V.

dTa J1eMMa NpoBepAeTCcA aHANOrM4Ho jlemMe 6 u3 pasg. 8.2.

IlepeiinemM K ommcaHWIO aIropuTMa, NMO3BOJAAIONIEr0 CTPOUTL KOMIIOHEH-
THI cuIbHOHN cBAsHocTH oprpada G. Ilyers K oprpady HIpuUMeHeH HOMCK B
rny6uty. B xoMnoHentax cuibHO# cBAsHocTH Gy, 1 < ¢ < k, panee GbL1M
BbIAeJIeNEl KOpIeBble BepmUHEI r;. ( 3Toro momeHTra §yneM CUWUTATh, 4TO
KOMIIOHEHTHI CHIIBHOHM CBA3HOCTH 38HYMEPOBAHBI CIENYIOMUM 00pa3oM: eciin
1 <4 < j <k, To BeplIKHA r; UCIOIL30BaHA [IOMCKOM B TNIyOMHY paHbIIe,
4yeM BepmuHa 7;. Takad Hymepalif KOMIIOHEHT CHIbHOH CBA3HOCTH ofiana-
€T ClIeYIOUUM Ba#HbIM CBOHCTBOM.

Jemma 7. Komnonenma cuavhoti ceasnocmu G;, 1 < ¢ < k, cosnadaem
€ MHOMECMBOM 8CeX dAeMeHIMOo8 U3 noddepesa ¥;, He NPUHAOACHAULUL KOMILO-
nenmanm Gy, ..., Gi_1.

W3 neMMBbI 7 Jerxo MaBleKaeTcA CIeIVIOMMI crmocol MaxomIeHUS KOM-
HOHCHT CHIbHOU cBfisHocTH. OmpepcauM cre S U GyacM HOMCLIATE B HCTO
BepUIMHEI oprpada G B TOM IOpAKe, B KAKOM HX NMPOCMaTPUBAeT MOMCK B
ray6uny. Ecau cpasy mocie Toro, Kak BepuIMHA r; HCIOAb30BaHa, BLITONIHYTh
U3 cTera S Bce BEePIIVHLI JO 7; BRIOYUTEIbHO, MBI IONYYUM KOMIOHEHTY G;.

Tenepb Mbl MoMeM HpHUBecTH (OpMalbHOE ONMCAHWE ANCOPUTMA LA
OTBICKAHWA KOMIOHEHT CUIbHOH cBfizHOCTU oprpada G.

AaropurmMm 8.3.

1. procedure StrongComp(v);
2. begin

3 numlv] :=4; Lv] :=4;i:=i+1; S < v;
4 for w € iﬁ[v] do

5. if num[w] = 0 then

6 begin

7 StrongComp(w); L[v] := min(L[v], L|w]);
8 end
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9. else if num[w] < num|v] and w € S then

10. L[v] := min(L[v], num[w]);

11.  if L[v] = num|v] then

12. while num[top(S)] > numv] do

13. begin

14. x < S; mo6aBUTL & K o4yepemHOMH
KOMIIOHEHTE CHUILHOM CBABHOCTH;

15. end

16. end;

17. begin

18. i:=1; §:=nil;

19. forv eV do numlv]:=0;

20. forveV do

21. if num(v] = 0 then StrongComp(v)
22. end.

Mpouenypa StrongComp(v) fBiaseTcA MoIudUUHPOBAaHHOM Bepcueil pe-
KypcuBHO# npouexypst DFS(v) (em. pasz. 8.1). Ilaa naHHON BeplUMHLI v
sHadeHne GYHKOUM L[v] BLIUKCIAETCA UMKIOM B cTpokax 4—10 B cooTBeT-
cTBUU ¢ popMyoii, momydeHHoi B temMe 6. B cTpore 11 masA BepmnHEL v Ipo-
BepAeTcd YCIOBUe U3 TeopeMEI 8.5, o3Havalolllee, UTO v — KopHeBafd BeplInHa
ouepeHoll KOMIOHEHTHI cUALHOM cBA3HOCTU. [InA HaXOMKIeHUA KOMIIOHEHT
CHUILHOM CBA3HOCTU KCHOJBL30BaH YIIOMAHYTBHIN Bhllle CTeR S, 3leMeHTaMu
KOTOpOro HBIAIOTCH BepiimHsl oprpada G (crpokm 12-15). Kpome Toro,
3TOT CTEK Y4YacTBYeT B QOpMHPOBAHUU YCIOBHA, IPOBEPAEMOro B CTpoke 9.
BoinoaHenne 9TOro0 yciIoBud o3Hadaer, 4to w € VB(?, v).

Me1 uznokuau HedopMalbHble coofpaskeHHA IO NMOBOLY IIPaBHIALHOCTH
paboTsl anropurma 8.3. IlepefieM K cTPOrUM paccymIeHUAM.

Teopema 8.6. Auzopumm 8.3 npasuibHo CmMpoum KOMNOHEHMbL CUALHOLL
ceasnocmu opepaga G.

HdorazaTenbcTBO. 3aHyMepyeM KOMIOHEHTBI CHILHOM cBAsHOcTU G,
1 < i < k, B IOpAAKe HCIOIL30BAHKMA KOPHEBLIX BEpIIHH T; IOMCKOM B TIy-
6uny. B cuny feMMEBI 7 MHOKECTBO BepIlMH V] KoMIoHeHTHI ('] COBIANAET ¢
MHOKeCTBOM 77, COCTOANIMM U3 BEPIIMHEI 7] U BCeX ee HOTOMKOB. B mpomecce
paboTsl npouenypsl StrongComp(ri) IPOUCXOIAT o0pallleHUA K IpOLeLype
StrongComp(u) f1s K I0T0 U3 NIOTOMKOB BepIIHHBI 71. IIpoBepHM, 4T HH
B OJIHOM U3 3THX Ipouenyp paBeHcTBO L[u] = num[u] He BbimonHeHo (3gech u
Halee pedb UOeT O 3HaYeHMAX (GYHKUMM L, BBIYHUCIEHHBIX alIropuT™MoM 8.3).
[lonarad mpoTHBHOE, MOAHO BLIOPAThL CpelH BepIIMH, A KOTOPLIX paBeHCT-
BO BHINOTHEHO, MHHMMAIbHYIO BePIIMHY % (HATOMHHM, uTo d-Tec ABIAETCA
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YaCTUYHO YHOPALOUEHHbIM MHOMeCTBOM). flcHo, uto x # r(x) = r. U3
Teopembl 8.4 BoiTeraeT, uto VB(E, ) € 4. Moatomy cymecTByeT obpaTHas
WY Tonepeynad ayra yz, rae y € &. C ucnoib3oBaHUeM J1eMMbL 3 TeTpyIHo
HPOBEPUTh, 4TO0 num|z] < num|z]. BoiGop BeplIMHLI & rapaHTHUPYeET, 4TO Bee
BepUIMHLI, HPOCMOTpPEHHbIE IOUCKOM B ry6uny, coneparca B cteke S. Cie-
HOBaTelIbHO, NPH BBLIHOAHeHUM mpouenypsl StrongComp(z) ycioBre B cTpo-
ke 9 (cuuran, 4rTo w = z) BeoaHUTCA. [losTOMy Terymee sHadenue L[z]
He npeBocxofuT num|z] < numlz]. Orcioga ciegyer, 4uro sHaveHue L|z],
NO/ICUMTAHHOE TPOLIEAYPOit, Oy/IeT MeHbIle YeM num|z]. TO NPOTHBOPEUNT
BBIGODY .

IlokamemM, dUTO B mpolecce BbIMOJHeHHA mpoueaypsl StrongComp(ry)
yenosue Llri] = num[ry] 6yzer Bomoaneno. HamomuuM, uTo MHOMmecT-
BO f, COBIIalaeT C MHOMECTBOM BepUIMH KommoHeHThl (. OTcioma criemy-
er, uto VB(@, u) C VB(#, r1) ana mo6oro moToMKa u BeplIMHBL 7. H3
Teopemsl 8.4 BoiTeraer, uto VB(#y, r{) C 7. IIpy BBIIOIHEHUN HpOLELYPbI
StrongComp(u) Bce mpocMoTpeHIbIe BepIIMHBI HaxonATcA B cTeke S. Ioaro-
My 3Hauenus Llu], yTounsemsle B crpokax 7 u 10, Bcerpa GyAyT He MeHbLLe,
ueM num(ri]. C yderoMm npucBavBanuii B cTpore 3, umeeM L{ri| = num|r].

[l1a zapepineHyA JoKa3aTelLCTBAa MPUMEHUM MHAYKIMIO O YHCTY ¢ KOM-
MOHEHT CHUILHON cBA3HOCTH oprpada G.

Mycts ¢ = 1. Torga G = Gy, T.e. Bee Bepmmubl oprpada G, oTAUYHEIe
OT BepIUIUILI 71, ABIAIOTCA €€ MOTOMKAMU. YcioBHe B cTpoke 11 Bhimoanutes
TONLKO OOMH pa3 HpHM v = 7. [loaTomy u3 cTeka S GyAyT BEITONKHYTHI BCe
BepuMHLl oprpada G.

[Mpennonomxum, uro ¢ > 1. IlycTs anroput™ 8.3 HauuHaeT paboTy ¢ Bep-
IMMHBI vy. B mpouecce paGoThl alropuT™Ma HoCle 3aBepIIeHKUA PaboThl MpoIe-
nypel DFS(ry) u3s ctexka S GYLYT BBHITONKHYTHI BCe BePIIMHBI KOMIIONEHTHI
cunbHoi cBAzHocTH (. O6o3Haumm depes G’ moarpad), MoMy4YeHHbIH M3 Op-
rpaja G ynanenwem KommoHeHThl G1. OueBuaHo, & oprpady G’ mpumenwu-
MO TpefiHONOAeHre nHAy kI, CilefoBaTelbHo, BCe KOMIIOHEHTDI, OTANYHbIC
ot (G4, 6ynyT HailieHbl paBWiIbHO. [

8.4. Ilouick B WIMpUHY

Paccmorpum eme ofuH crocol cucTeMaTHYecKoro o6xofid BceX BepIIUH
00bIKHOBeHHOTO rpada (7, HasbIBaeMbId nouckom e wupuwy. Jna omucanus
HOMCKA B IIMPUHY BBEIEM B PACCMOTDPEHHE oYepelb (2, s3leMeHTaMu KOTopoit
ABNAIOTCA BepiuHb! rpada G. [lonck HauMHAETCA ¢ HEKOTOPOH BEPIIUHBI V.
ATa BeplIMHA IIOMeIaeTC B ouepefb () M ¢ 9TOr0 MOMEHTA CUUTAETCA npo-
cMmompennoll. 3aTeM Bce BEPUIMHBI, CMeMHbIE C ¥ BRIIOYAIOTCA B ovepesb
Y MOJy4yaloT CTATYC HPOCMOTDEHHLIX, a BEepUIIMHA ¢ U3 o4epeld yHajlfdeTcs.
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Boiee 06mo, nycTh B Havyale o4yepely HaxXOAWTCH BepmuHa u. O603HAaYMM
4epe3 Uy, - .., U, BEPIIMHBI, CMe#HBIe ¢ u U elle HempocMoTperHble. Torga
BepUIMHBI Uy, ..., U, IOMeMaloTcA B odepedb () U ¢ 3TOro MOMeHTa CYMTa-
I0TCA IPOCMOTPEHHBIMM, d BepIIMHA % YAAIHETCA M3 OYepeid U [OMydaeT
CTaTyC ucnoavsosannot. B aToil cuTyauuu BepmivHa u HA3bIBAETCHA OMUOM
ana wampoit us Bepumd u; (v = father[y;], 1 < i < p). Kampoe us pe-
Gep uu;, 1 < i < p, 6GyneM Ha3bIBaThL OpesecHbis pebpoM. B ToT MoMeHT,
Korja ovepelb () OKaeTCA MYCTOH, IOWCK B MMPUHY OGOHLET KOMIIOHEH-
Ty cBasHocTd rpaga G. Eciu ocraiuch HeNPOCMOTPEHHBIE BepLIMHBL (3TO
BO3MOIKHO JHIIEL B cilydae, Korja rpad G HecBfsell), IOKCK B IIMPUHY Ipo-
J0IAeTCA U3 HEKOTOPOH HElPOCMOTPEHHON BepIINHbL.

Ilouck B mupuHY MpocMaTpUBAeT BePIIMHEI B ONpPefeleHHOM HODAJIKE.
Kar u paublie, 3T0T NOpAoE GUKCHpyeTca B MaccuBe num. Eciau u — oren
BEPIIHH Uy, - . ., Uy, TO num[u;] = numlu]+i,1 < i < p (114 oHpeJeIeHHOCTH
MBI [I0J1aTaeM, YTO cHavala B ouepe/ibh [IOMeIaeTCc Uy, 3aTeM ug U T.1.). Jlan
HaYalbHON BepIIMHLI ¥ €CTECTBEHHO HON0KUTL numlv] = 1.

Mouck B WMpPUHY DeanuayeT omMcaHHas HUme npouesypa BFS (nassa-
HYe Npouelypsl ABIAeTcH abOpeBMaTypoil oT aura. breadth first search).
dTa HpolleAypa UCIOAb3yeT OHUCAHHBIE paHee MaccuBbl num U father. Kpo-
M€ TOr0, OHa BBIYKCIAET MHOMECTBO BCex ApeBecHbIX pebep T'. Maccus num
YAOGHO MCHOIB30BAaTh A Paclo3HABaHUA HENMPOCMOTPEHHBIX BEPUIMH: pa-
BeHCTBO nurnu] = 0 o3HayaeT, YTO BepluKHa u elle He OPOCMOTpeHa.

AnaroputmMm 8.4.

1. procedure BFS(v);

2. begin

3. Q:=nil; Q € v; numfv] ;=4 i:=3i+ 1;
4. while @ # nil do

5. begin

6. u <= Q)

7. for w € listfu] do

8. if num[w] = 0 then

9. begin

10. Q < w; father|w] := u;

11. num[w]:=4i:=i+ 1 T:=TU {uw};
12. end

13. end

14. end

15. begin

16.  ¢:=1;T:= 0

17. forv eV do numlv]:=0;
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18. forv €V do

19. if num[v] = 0 then
20. begin father[v] := 0; BFS(v) end
21. end.

[onesno cpapHUTE npouenypy BF'S ¢ HepekypcHBHO# Bepcueil mponeny-
pst DF'S (cM. cTp. 162) u y6enuThes, YTO HO-CyLiecTBY, NepBas Ipolefypa
HOLY4aeTCs U3 BTOPO 3aMEHOIi CTeKa Ha ouepefb.

3aMeTUM Tak:ke, 4TO, NPUMEHSA HTOT AATOPUTM K CBA3HOMY rpady G,
MOKHO IMEI B cTpokax 18 —20 3aMeHUTL 0OHOKPATHBIM O6palleHneM K Ipo-
nenype BF'S.

Teopema 8.7. Mycms G — ceasunt (n, m)-zpad. Tozda

1) nouck e wupuny npocmampusaem rkaicdyio SepULURY 8 MOYHOCMU 00UH
pas;

2) nouck 6 wupuny mpebdyem O{n + m) onepayui;

3) nodepad (V, T') epaga G seasemcn Oepesom.

JTa Teopema [0KAa3bIBAETCA AaHANOTMUHO Teopeme 8.1.

B cBasuoM rpade G NOWMCK B MIMPHUHY U3 BepIIMHBI ¥ CTPOHUT KOPHEBOE
nepeBo ¢ MHOMecTBoM pebep T’ v KopHeM v. ITO KOpHEBOE JePeBO HA3BIBAET-
ca depesom noucka 6 wupumy Wiu, Kopoue, b-depesom. Anamorvuho, eciu G
NPOU3BOJILHBIN OGRIKHOBEHHBIN Tpad, TO MOUCKE B LIMPUHY CTPOUT b-IepeBo B
RaMs ol KOMIOHEHTe ¢BA3HOCTU rpada G; o6beIUHAA 3T [TePeBbA, MbI 10
Iy4YuM OCTOBHBIM fec rpada (G, HazbIBaeMbIli B [albHellIeM b-ecoM HTOro
rpaja.

Ha puc. 73 norasanri cBssHelil rpad G u ero b-Iepeso.

(41 U3 Vg Vg

V4 Us
)

(%4 Vg

Puc. 73

Ilycth B rpade G MpoBedeH MOMCK B IMMPUHY. 3aHyMepyeM BepUIMHBI
rpada B COOTBETCBMM C TMOPANKOM, B KOTOPOM MOMCK B IIUPUHY OGXOAUT
BepIIMHBL. A WMeHHO, 0603HauMM BepuIMHBI rpada uvepes w;, 1 < ¢ < n,
cumTas, 4To numlw;| = i.

B nemmax 1-5 uayydaioTcA HEKOTOpbIe CBOMCTBA MOWCKA B MUPUHY, OT-
JMyYaomue ero OT MOUCKA B IIyOUHy.
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JlemMa 1. Bepuiuna wy f64S€MCA OMUOM SBePUUHbL Wy M02da U IMOAbKO
moeda, koeda k = min{i|w; € list(w;)}.

JoraszaTtenbcTBo. IlycTh w, — oTeln BepmMHBI w;. ITO 3HAYUT, UYTO
HENocpeACTBEHHO Ilepel yAaleHUeM wjy U3 ouepenu (), Bepmiuna w; He Obl-
Ja npocMoTpeHa. Eciu w, cMmemua ¢ w; B rpade G u p < [, To w, Gbl1a
yhaneHa u3 odepenu () paHbiue, yeM wi. [l03TOMY OTIIOM w; OKasamtach ObI
BepLIMHA Wy, YTO HEBO3MOMHO.

ObpatHo, nycTh kK — HaMMeHbIIWI M3 HOMEDOB BepIIMH w;, CMEMHBIX
¢ w; B rpade G. HcHo, npu p < k BepmiHa w, He CMEe/KHA C BEPUINHON w; U
HOTOMY He Mo#eT GbITh ee oTnioM. OTciona ciegyeT, 4To wy — oTel w;. O

W3 nevmbl 1 cremyet, uTo pebpo, He fABIAIONIeecsd ApeBeCHLIM, HUKOTIA
He COeIMHAET IIPeJika ¢ MOTOMKOM B b-nepeBe; 110 3Toi MpUUYKHE Takue pebpa
rpada (G 6yIeM HasbIBaTh NONEPEYHbIMU PeOpam.

JdemmMa 2. IIycmo seputunst wy, w; ABARIOMCA OMUAMU BEPULUH Wy, W,
coomsememeenno. Ecau p < g, mo k <.

JoraszaTeabcTBo. [Ipegnonomum, uto | < k. M3 aToro HepaBeHCTBa
ciieyeT, UTO BeplivHA w; GyAeT HMCMOb30BaHa paHblie, ueM wy. lloaToMy
BEPIINHA W,, ABJIAIOIAACA CHIHOM W, IONAJEeT B 0Uepelb PaHbIIlle, YeM ChIH W,
BepHmIMHEBI wy. OTCiofa ¢ < p, UTO HEBO3MOMsHO. O

Hanomuum, uto B KopHeBoM AepeBe uepe3 fi(u) Mbl 0003HaYMIN YPOBEHb
BEPUIMHBI %, PABHBIA PACCTOAHMIO 3TON BEpIIMHEI OT KOPHA.

Jdemma 3. Ecaul < p < g <n, mo h{w,) < h(w,).

JlokasaTenbeTBO. TpefyeMoe HepaBEHCTBO OYEBHIHO, €CIH W, — KO-
peHb b-mepeBa. IlycTb w, He ABAAeTcA KopHeM. OGO3HAUMM dUepe3 s HaM-
6OMLINMIL M3 HOMEPOB p U ¢ U IMPUMEHUM MHAYKIMIO 1o s. PaccMoTpumM Bep-
IHHBI Wy, W}, ABIAIOIMECH 0TLAME BePIIKH W, W, COOTBETCTBeHHO. B cuiry
aeMMEI 2 umeeM k < [. flcno, uTo Kk BeplIMHaM wy, w; NPUMEHMMO MPeo-
nomenve naayruun. Cregosarensto, h(wi) < h(w;). OTciona

h(wy) = h{wg) +1 < h{w)) + 1 = h(wy).
Ilocronbry Gaza MHAYKIHMU (HpI/I s = 2), OYEeBUJHO, BBINOJIHAETCH, JeMMa
nokaszaHa. O

Jdemma 4. Ecau sepuiunst w, u w, cmedxcHs 8 2page G u p < ¢, mo
h(wq) - h(wll) <L

HorazatenncTBo. [IycTh w; — oren Bepmunbl w,. Torga ua aemmsr 1
caenyeT, uto [ < p. B cuny neMmsbl 3 uMeeM

h(wi) < hw,) < h(w,).
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Mocronsry h{w,) — h{w;) = 1, nonyqaem
h(wg) — h(w,) < h(w,) — h(w;) = 1.

O

Jdemma 5. Paccrnosnue 6 epagie G om eepuwunst wy (m. e. om kopus b-de-
pee6a) do npoussoabroil eepuunbl u pasHo h(u).

HokaszaTenbcTBo. JIoCTAaTOYHO MPOBEPHTL, YTO [UIA HPOM3BOJLHOMN
(w1, u)-menn
Wy = Yoy U1y «vvy Us—1, Us = U

BLIIOJITEHO HepaBeHCTBO s > h(u). PaccMoTpuM INocieI0BaTelbHOCTD
0=h(v), h(v), ..., h(v,_1), h(v,) = h{u), (1)

COCTaBJIEHHYIO U3 YPOBHell BepLIMH JaHnoil nenu. B cuiay memmel 4 cocen-
HHe 5IeMeHThI nociefoBaTensHocTH (1) pasnnyaioresa He Gonbine deM Ha 1.
Orcioza BbITeKaeT, YTO HOCHeJoBaTeIbHOCTh (1) MMeeT HAMMENLIUYIO AJIK-
HY, eclld OHa ABIAETCA Bo3pacraiomeil. B 3ToM ciyuae nocnefoBaTelbHOCTD

momkua uMetb Bux 0, 1, ..., h{u). CiaemoBarenbHo, maf NPOU3BOILHOMN Io-
caeposaTensHocTd (1) BhIOAHEHO HepaBeHcTBO s > h(u). O
Ilycts vy — KopeHb b-jepesa. Jlemma (5) mokaseiBaeT, 4TO IpocTas

(vo, u)-1iens B b-mepese ABAfAeTCA KpaTyaiimeit (v, u)-nensio B rpade G. Ot-
clofa cilefyeT, YTo MOUCK B MUPUHY MOKET ObITh MPUMeHEH [if pelienus
cllepyiolleit 3anaun: 6 cessnom zpage G natmu kpamuatiuyo yens, coeduns-
ULy JAHHYI0 BEPUWURY V) C NPOUIBOALHOT 6EPLULUHOL U.

llus peurenus 3ol 3anaun Heo6xoaumMo B Tpade G U3 BEPIIMHLI ¥y TPO-
BECTH MOMCK B MIMPUHY, a 3aTeM, UCONb3yA Maccub father, TOCTPOUTDL Tpe-
fyeMyl0 KpaTuaimylo Lelb.

8.5. AaropuTMm oThbICKaHHA HJIEPOBOi 1eNH
B 3iinepoBOM rpade

C sitmepoBelMU rpadaMu Mbl DO3HaKOMMIMCE B pazl. 3.1. Hamomuum,
YTO 3aMKHYTaf lielh B Tpade G Ha3bIBaeTcA 5HNEPOBOI, eCiM OHA CONePKUT
Bce pefpa U Bce BepmuHbl rpada. M3 TeopeMsl 3.1 ciefyeT, 4To CBA3HLII
HeoJHO03JeMeHTHLI rpad 5iiepoB Torga M TOJMLKO TOrAa, KOTJa Kajaad ero
BepIIMHa UMeeT YeTHYIO CTelleHb.

JTOoT pasfes MOCBAIIEH [IOCTPOCHUIO W aHATIM3y aArOpHUTMa, MO3BOJAIOI0-
ero B CBA3HOM OGBIKHOBEeHHOM rpade G ¢ UeTHBIMU CTeNeHAMM BepIIUH
HOCTPOUTE BHIepoBy Lellb. B anropuTMe HCIOAb3yOTeA OBa cTera SWork u
S Res; anemMeHTaMu 060UX CTEKOB ABIAIOTCA BepuuHbl rpada . Kpome Toro,
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BBelleH MaccuB listWW, alleMeHTBI KOTOPOro — CIOUCKH BepmuH. MbI cuuTa-
€M, 4TO JUIfl KayKIoi BepIIMHBI v HadaldbHoe 3HadeHue listW[v] coBHamaeT co
CIIMCKOM BCeX BepIIMH, CMeKHBIX C BePUIMHOM v, T.e. ¢ list(v).

Aaroputm 8.5.

Bxopn: cBasHblit rpad G = (V, E) Ge3 BeplunH HeueTHOH CTeHeHH, HavalbHaA
BepLIKHA V.

Brixon: »siinepoBa uenb, OpeAcTaBIeHNAs IOCAEHOBATEILHOCTIO BEPIIUH B
crere SRes.

1. begin

2 SWork := nil, SRes := nil;
3 SWork < vy;

4. for v eV do listW[v] := list[v];
5. while SWork # nil do
6 begin

7 v := top(SWork);

8 if listW (v) # 0 then
9

. begin
10. w :=neppad Bepuia listWv];
11. SWork < u;
12. listW (v) := listW (v) \ {u};
13. listW (u) := listW (u) \ {v};
14. end
15. else
16. begin v < SWork; SRes < v; end
17. end
18. end.

[Ipunnun paGoThl 3TOr0 aIropuTMa COCTOUT B CleJylomeM. AJTOpUTM
HaunHaeT PaboTy ¢ HeKOTOPOI BepUIMHLI vy IpoIBUTaTLCA HO pebpaM rpada,
npuyeM Kamkjoe HpoiineHHoe peGpo u3 rpada ynansercs (ctporu 10-13).
flcHo, uTO MoOCHEmOBaTEeNLHOE BBINOMIHEHUE HTO IPYNNbI OIEPaTOPOB TO3BO-
AfleT BBIOEIUTL B rpade HeKOTOPYIO 3aMKHYTYIO Lielb. 3aTeM HauuHAeTCH
BBITIOJITIEHUE TPYIIIBI ONIePaToOPOB U3 cTPOKY 16. TH onepaTophl BhITAIKNUBA-
I0T ouyepenHyio BepmuHy u3 creka SWork B cter SRes 1o Tex HOp, NOKA He
BBIHOJHUTCA OZHO U3 YCIOBUHR

1) crer SWork nycr (a1roput™ 3akaHuMBaeT paboTy);

2) pas Bepmunbl v = top(SWork) cymecTByeT HenpolifeHnoe pe6po vu.
B sTOM cayyae axroput™m npogmomkaeT paboTy M3 BEPIIMHBL U.

Ha puc. 74 usoGpameH »itnepoB rpad u silJepoBa Lelb, NOCTpOeHHAs
anroput™MoM 8.5 (IpeanonaraeTcl, YT0 BCe CIHUCKU BePIIVH YIOPALOYEHDI 110
BO3PacTaHHIO HOMepOB).
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U1 Uy vr
Vg Ug
vg Vs g

V1, V2, U3, Us, U2, V4, Vg, U5, Vs, Vg, U7, Ug, Vg, V7, Vg, U1

Puc. 74

Teopema 8.8. Axeopumm 8.5 npasuavno cmpoum aiiaeposy yens 8 atine-
posos zpagde G.

HdorazaTeabcTBO. 3aMeTHM cHayala, YTo U3 cTeka SRes BepUIMHEI HU-
Koria He BolITalruBaooTcd. OTCIOfa ciefyeT, 9YTO HAYMHAA ¢ HEKOTOPOro Mo-
MeHTa paGoThl anropuT™Ma cTek SRes mepecTaHeT M3MeHAThCA. JTO HPO-
M30iIeT MOCie BBINOJHEHUd omepaTopoB B crpore 16. Ilpeamomomum, uro
crer SWork B stor MomenT Hemyct. Ecim v = fop(SWork), onepatopsl
B crpokax 10—13 maunyTt mobaBaATh BepmuHbl K cteky SWork (sTo osua-
yaeT, 4To B rpade (G U3 BepIIMHBI ¥ MOMKHO MOCTPOUTh UMb, COCTOANYIO
U3 ellle HempoiigeHHbIX pebep). flcHo, YTO mocTpoenue Tawkoi LEHH JOIHHO
NPEeKPAaTUThCA. JTO 03HAYAET, UTO MbI IPUJEM B BEPIIMHY %, JJIA KOTODBIH
Bce VHLUAEHTHLIE eif peGpa yame npodpentt (listW (u) = @). Iocae storo
HAYHYT BBINOJIHATHLCA ONEPAaToOpbl U3 CTPOKHU 16, U, clenoBaTeNbHO, K CTERY
SRes nobaBuTca XoTA GBI 0JJHA BEPIIMHA, YTO HEBO3MOMHO. TakuM o6pasoMm,
ctek SWork pano unu nosgHo o6fA3aTelblo cTaHeT IYCTHIM, YTO NPUBeJeT
K 3aBepIIeHUI0 pPaboThl aIropuTMa.

Mycts P — uenk, cofep:amasnca B cTeke S Res nociie 0KoHUaHUA paGoThl
anropuT™Ma. Jlerko HOHATEH, UTO BepIIMHA w HoMellaeTcA B cTek SRes, ecau
Bce pebpa, MHIMAeHTHEIE ¢ w, y#ke Npoiigensl. OTciona clelyet, UTO AJIA IIO-
Goil Bepwuubl neny P Bee pepa, MHIUACNTIILIE YTON BepIIUIE, COLEPHATCH
B uenu P. Iockonbky G — cBA3HBIN rpad, Uenb P comep:kuT Bee pebpa
rpada (. Tenepb nerko noHATh, uTo P — 3iineposa nenn. O

B sammoueHye oleHMM CIOKHOCTL arroputrMa 8.5. Ilasa aToro zaMeTuM,
YTO MpU KamAod uTepanuy nuria 1o K crery SWork nobasiasercs Bepmiy-
Ha (9To o3Ha4aeT HPOXO}AeHMe 0UepelHOro pedpa), MGo Bepmuma MepeHo-
cuted us creka SWork B SRes (IpyruMu clioBaMu K CTpofIeiica 3il1epoBoit
nernu nobasasgerca pe6po). OTciofa clIefyer, YTO YHCIO MOBTOPEHWI LMKIA
pasno O(m). Eciau nmozaboruThea 0 TOM, 4TOObI BpeMs, HeoGxomuMoe [id
yianenus BeplIMHbI U3 cHUCcKa listW[v], GblI0 orpanmuyeno KOHCTAHTOH, TO
CII0HOCTL anroputMa 8.5 Gymer pasua O(m).
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Mycte G = (V, E) — cBasHblil 06b1kHOBeHHbIH rpad. Hamomuum (cm.
pasm. 2.1), 4To ero O0CTOBOM Ha3bIBAETCH OCTOBHBIN moarpad, ABIAMIOMUiCAH
mepeBoM. OctoB (n, m)-rpada Nerko HafiTH MOHCKOM B [MIYGHHY HIHM IOHC-
koM B mmupuHy. IockonbRy ofa NOMCKa MMeIOT cilomHocTs O(m + n) u B
cBA3HOM rpade m > n — 1, ocToB cBA3HOro (n, m)-rpada MOMHO HalUTH 3a
Bpema O(m).

I'pad G = (V, E) Ha3bIBaeTCH 636€WEHHBLM, €CIH 3ajaHa (YHKUMA ¢ :
E — R 310 o3nauaer, uro KammgoMmy pe6py e Takoro rpada HOCTaBJIEHO
B COOTBETCTBHE UHCIO0 c(e), HAasbIBAEMOE 8eCOM WM CIMOUMOCTIbI0 pebpa e.
WupiMu ciioBamMu, B3BelleHHbIH rpad — ato tpoiika (V) E, ¢). s npous-
BOJLHOTO HeHyneBoro noarpada H ero Becom c{ H) 6yneT HasblBaThCA CyMMa
BecoB Bcex pebep noarpada H.

OctoB T' B3BemeHHOTO rpada (G Ha30BeM MUHUMAAbHBLM OCMOBOM, €CIU
mas moGoro octoBa T” BbiHoMHeHO HepaBeHcTBO ¢(T) < (T").

STOT pasnen TMOCBAMIEH PEUIeHUIO Cllefyiomelt 3aJayuil: B TaHHOM CBA3HOM
rpade HalTV MUHUMAILHBIN 0CTOB (3a004a 0 MUHUMAALHOM OCOBE).

IIycte G — cBaA3HbL rpad. AuMKIMYecKuil ocToBHBIN nonrpad F us G
GymeM HasbIBaTh ocmosHsiM aecom Tpada G. B ToMm caydae, KOria 0OCTOBHBIH
nec rpada G cBfizeH, OH fIBIAeTCA ocTOBOM rpada G. Pebpo e = wuv Ha-
3bLIBAETCA BHEWHUM K OCTOBHOMY Jecy F, eciy ero KOHUBI leaT B pPa3HbIX
KOMIIOHeNTax cBfA3HOCTH Jleca F. Ecan H — HeKoTopaA KOMIOHEHTA CBA3-
HOCTH ocTOBHOTrO neca F, To uepes Ext(H) GyneT 0603HAYATLCH MHOMKECTBO
BCeX BHeNIHHX pefep, KamJoe U3 KOTOPLIX MHIUJEHTHO HEKOTOPOI BepllKuHe
us H. flcuo, uto Ext(H) aBnsercs cedenueM rpada G.

Mpeanonoskum, uto F' — 0cTOBHbIH Jlec CBA3HOTO B3BellleHHoOTo rpada G.
Bynem roeoputh, uto F npodoaxcaem 00 MUHUMAALHOZ0 OCMOBA, €CIH CY-
MEeCTBYeT TaKoil MUHUMaAbHLIN ocToB T', uto F' < T

Jlemma 1. Hycms ocmosuwili aec F npodoaxcaem 00 MUHUMAABHOZO OC-
mosa u H — oona us romnonenm ceasnocmu aeca F. FEcau e — pebpo
MUHUMaAbHO20 6eca u3 Ext(H), mo ocmosnwil aec F + e npodoascaem 0o
MUHUMAABHO20 OCTMOBA.

HJoraszaTeabeTBo. llyeth ' — Taroil MUHUMAaLHbI ocTOB rpada G, 4To
F <Twue¢g ET. U3 Teopemsl 2.1 cienyet, uto moarpad 7' + e conepsmur
enuHcTBenHbId 1kl C. B pasa. 4.9 6ouio nokaszaHo, uTo n060e ceueHue U
m060i UMK HMeIOT yeTHoe uncio o6mux peGep. Ilockonabry peGpo e aBis-
eTcd obmuM id cevenna Ext(H) v nurna C, Halinercs eme oano peGpo f,
obmee naa Ext(H) u C. B cuny Beibopa pebpa e umeem c(f) > c(e). fcHo,
yrto T/ =T + e — f aBaserca octopoM rpadha G u F + e C 1. Kpome Toro,

e(T") = e(T) + ele) — e(f) < ¢(T).
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YuurbiBag, uto T — MUHUMAILHLIA 0cTOB, noxy4aeM c¢(T”) = ¢(T). Takum
obpasoM, T — MHMHHUMAaILHLINM 0CTOB, colepamuii jec F + e, T.e. F +e
MpoJIoJKaeM [0 MUHUMAIbLHOTO ocToBa. O

Jlevma 1 HOZBONAET CKOHCTPYMPOBAThL [BA AITOPUTMA NMOCTPOGHMA MH-
HHMAaIbHOTO 0CTOBA Bo B3BelleHHOM (n,m)-rpade G. Mlycts Fy — 0CTOBHbI
mec, ABIAIOMUICA HyneBbIM rpagomM. fcHo, uTo dec Fy MOAHO MPOJOIKHTEL
1o ocroa. 0fa aNropuTMa CTPOAT IOCIEA0BATENLHOCTE

F(]a Fl7"'7Fn—1a (2)

COCTOANIYIO U3 OCTOBHLIX llecoB, mpuueM F; = F;_; + e;, roe e; — pe0po,
BHEIIHEe K OCTOBHOMY Jecy F;_ 1, 1 < i < n — 1. HUHorpa ykasaHHYO m0-
CIe0BaTEILHOCTh HA3bIBAIOT pacmyuwium aecom. IllocaenopateasHocts (2)
CTPOUTCH TaKUM 00pa3oM, uTobbl miud Kamporo ¢, 1 < i < n — 1, 0CTOBHBIH
fec F; MOKHO ObLIO HPOJOKUTL 00 MUHUMAIbIOro ocToBa. flcHo, yTo Torga
F,,_1 ABnAeTCcA MUHHMAaIbHBIM OCTOBOM.

Ilpu nepexone or F;_y k F; (1.e. npu BeiGope peGpa e;) BO3MOKHBI JBe
CTpaTeruu.

Cmpameeus 1. B radecTBe e; BbI6UpaeM pe0po MUHUMAILHOTO Beca cpefu
BceX pebGep, BHEITHUX K OCTOBHOMY necy F;_j.

IIycts H — ogna u3 ABYX KOMHOHEHT CBA3HOCTHU Jdeca F;_;, colepsramasn
KOHIIEBYIO BepliMHy peOpa e;. Ecam F;_; npoponmaeM [0 MUHUMAaIbHOI'O
0CTOBa, TO B curIy JdeMMEI 1 nec F; = F;_; + e; o6nagaer TeM e CBOUCTBOM.

Cmpameeus 2. 3Hech IpelnonaraeTcf, YTo KaykAbIH ocTOBHLIR nec Fj
(1 < %) u3 nociemoBaTeabHOCTH (2) UMeeT JUIL OOHY HEOLHOIEMEHTHYIO
KOMIIOHEHTY cBAI3HOCTH H;. YnoOHo cuuTaTb, uTo H{ COCTOMT U3 HEKOTOPOi
3apatee BbIGpaHHolt Bepuiunbl rpadga G. TakuM oGpasoM, 10 CYIIeCTBY, pedb
HIeT 0 MOCTPOCHHH MOCAeI0BaTEILHOCTH

H(]: Hla LR Hn—h (3)

cocToAmell w3 nogdepeBheB rpapa G, mpuuem H; = H;_1 + e;, rhe
¢; € Ext(H;_;). Unorga ykasaHHy10 [OCIeL0BAaTENbHOCTL HA3BIBAIOT PACMy-
uum Oepeso.

MocnepoBarenstocts (3) cTpouTes cleAyomumM 06pasoM.

B rauectBe Hj GepeM mpouspoibHyl0 BepmuHy rpadpa G. Ilyets mpu
HeroTopoM ¢, rie 0 < ¢ < n —1, nepeBo H; y:ke nocTpoeHo. B nauecTBe €;11
BeIGUpaeM pe6po MHUHMMAILHOrO Beca 3 MHOmecTBa Fxt(H;) u noxaraem
Hiyw=H;+ e

Crpaterusa 1 peanusyerca aaroputmMoM BopyBru-—HKpacrkamra. Jtor an-
TOPUTM BHepBble Obla uaiomeH B pabore O.Bopysru B 1926 rogy. OgpHa-
KO paunas paGora Gblma mpakTudecky 3a0biTa. IloABinenwue, a 3aTeM W miu-
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POKO€ paclmpocTpaneHne KOMIBLIOTEPOB CTUMYJIUPOBAIO MHTEPEC MaTeMaTH-
KOB K TIOCTPOEHHIO allOpPMTMOB pelleHya JUCKPETHLIX 3afad. B pesyanTare
B 1956 romy »ToT anropuTM™ Obll HepeoTRpPLIT KpackamoM.

OTmeTum, uTo anroputm BopyBru — Kpackana sBaseTca 4acTHBIM IpUMe-
POM KaIHOT0 aNlfOPUTMA, ONMCAHHOrO B pasi. 4.6 (cM. 3aMedaHue, CHeaaHIIOe
nocle JoKka3aTelbCcTBa TeOpeMEI 4.16).

OnHolt U3 OCHOBHBIX onepauuii B anroputme Bopysru — Kpackana apaser-
A onepanyA CIMAHKMA JepeBbeB. i 3 ()eRTUBHOM opranuaanuy 3Toro npo-
mecca GyfileM KCIONB30BaTh TPU OJIHOMEPHBIX MaccuBa — name, next, size,
Kam bl 1iuHbl n. [lycTs F — NpoM3BONBHLIN YieH ocaefoBaTeabnocTy (2).
Maccus name obaafaeT clrelylOmUM cBOMCTBOM: namelu] = namelw] Toraa
Y TOILKO TOTA, KOT/Ia BEPIMHEI ¢ U w JeKaT B OMHOM KOMIIONENTE CBA3NOCTH
neca F. C momombio MaccuBa nert 3a1aeTCA KoAbIEBOH CIMCOK HA MHOALEC-
TBe BepIIMH KaskA0H KOMIOHEHTHI cBAsHocTH Jdeca F. Eciu v = namelw],
TO $ize[v] paBHO YMCIy BePUIMH B KOMIIOHEHTE CBABHOCTH OCTOBHOTrO leca F,
comepalleil BepUIMHY w.

Onvuem npouenypy Merge(v, w, p, ¢), NIpelHa3HAYeHHYIO 1af CIHANUSA
aByx nepesbeB Hy = (Wi, Ey) u Hy = (Va, E3) no pebpy vw, BHeLIHEMY K
ocropHomy necy F. Ipennonaraercs, uro v € Vi, w € Vi, p = name[v],
g = name[w].

1. procedure Merge(v, w, p, q);
2. begin

3. namelw| := p; u 1= next[w];
4. while namelu] # p do

5. begin

6. namelu] = p; u = next[ul;
7. end;

8. size[p] := size[p] + size[q];
9. x := next[v]; y := nextjw];
10.  next[v] := y; next[w] = a;
11. end;

OTMeTHM HeKOTOpble 0COBEHHOCTH paboThl 5Tol nmporeaypsl. O6begnHe-
HHUE COCTOMT, [0 CYLIECTBY, B CMeHe 3HAUeHMI name[w] 0as Beex w € Vi
(mrn 4-7). Orciona ciefyeT HeCMMMETPMYHOCTE HPOLEAYPHI, 8 UMEHHO,
CIOKHOCTH BblnmonHenus npouepyp Merge(v, w, p, q) u Merge(w, v, g, p)
pasust O(|V1]) 1 O(|V4|) cooTBeTcTBenHO. (Tporu 8—10 HY/KHBI LIA coXpa-
HEeHHA CTPYKTYpP FAHNBIX. B HUX mpoMexomuT GopMUpoBaHMe OIHOTO KOIb-
[[eBOTO CIWCKAa AJA »1eMeHTOB o0beaquHenusa V3 U V. Jlaa aToro gocraTtouno
VICHPABUTD 3HAYeHUA IBYX J1eMeNToB next[v] u next[w] v yeTaHOBUTE size[p]
PEBHBIM YHCIY 31eMentToB B MHOmecTBe Vi U Vi,
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Teneps MOMHO pgaTh ¢opMalbHoe ONHMcaHue aaropuTMa BopyBRH—
Rpacrana. Ilpeamomaraerca, uto ouepent () comepsut peGpa rpada. Pa-
IO¥ MPOCTOTHI TpefmojaraeTca, 4To odepedb () OpraHU30BaHA NPU TIOMOIIU
MaccuBa JAMHBI M. B amropurme ucnoabsyercs mpouenypa Sort(Q); sra
[IpoLlefypa COPTUPYET odepelb () 1o Bo3pacTaHHIO BecoB pebep. Ilpomeny-
pa Sort(Q)) peanusyer NMpaMHUAAILHYIO COPTUPOBRY, II0ITOMY €€ CIOJKHOCTh
pasra O(mlogm) = O(mlogn), nockoasry m < n?.
Auaroputm 9.1 (Bopysra, Kpackau).

Bxon: ceasHblii B3Bemenusii rpad G = (V, E, ¢).
Brixon: munumanshslil octoB T rpada G.

1. begin

2 Sort(Q);

3 for veV do

4 begin

5. namelv] := v; next[v] := v; size[v] := 1;
6 end;

7 T :=0;

8. while || £n -1 do

9. begin

10. vw < @ p := name[v]; ¢ := namelw);
11. if p # g then

12. begin

13. if size[p] > size|q] then

14. Merge(w, v, q, p)

15. else Merge(v, w, p, q);

16. T:=TU {vw}

17. end

18. end

19. end.

[IporomMeHnTUpYeM paboTty aiaroput™ma 9.1. Iluki B crpokax 3—6 dopmu-
pyeT ocToBHbIH Nec Fy. B cTpoke 11 npoBepAeTcA NpHUHALTEKHOCTL BEPLUIMH
U w pa3iuyHbIM JepeBbAM. (iMAHMe nepeBLeB IPOKUCXOOUT B cTpokax 13 —15.

Jlna naHHON BeplIMHBI v 0603HAYMM dYepes r(v) YHUCIO M3MEHEHHI 3Hade-
HUA name(v] npu pabore anroputma 9.1.

Jdemma 2. Jas awboti sepwunst v censnozo essewennozo G = (V, E, c)
suinoaneno nepasercmeso r(v) < log|V|.

HNoxrasaTeabcTBo. TpefyeMoe HepaBeHCTBO oueBMAHO, ecanm |V| = 1.
Iyers |V| > 1. 3amerum, 4To IOpM Iepexoie OT OCTOBHOrO Jeca Fy,_» K
MUHUMansHoOMYy octoBy F,_; nponenypa Merge cpabaTbiBaeT POBHO OfKH
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pa3. Jlec F,_5 coctout u3 AByx gnepeBbeB. Ilyctes Vi, V5 — mMHOmecTBa
BepIIuH >TUX gepeBbes. Torma ViUV, =V, Vi NV, = 0. Ipeanonossum, uTo
|Vi] > |Va|. Torma |Vi| < |V] —1, |Va| < |V]|/2. HeTpyaHo noHATE, YTO IpH
CIMAHUYE MHOKeCTB V] u V sHavenue namelv] coxpanurcs, ecmn v € Vi, u
U3MeHUTCH, eca v € Vy. IIpuMeHAA HPeINONOMeHe UIITYKINUH, HOTY YUM

r(v) <log|Vi| <log|V|, ecin v € Vi,

r(v) <log|Va|+ 1 <log|V|, eciu v € Va.

Jlemma goxkasana. O

Teopema 9.1. Butuucaumeavias caoxenocms aaszopumma Bopysru — Kpac-
kaaa dan cessnoeo esseuennozo (n, m)-zpaga pasra O(mlogn).

Horaszatennctso. [fura B cTporax 8 — 18 mpopaboraer B XyieM cliydyae

m pas. OUeHUM 4yuciIo onepanuii, HeOGXOLUMBIX Al OIHOKPATHOTO BBIMOIHE-

HUA Tella HUKIA. 3aMeTUM, 4TO MPUCBauBaHKe B CTpoke 16 BLIONHAETCA POB-

no n—1 pas. flcHo, UTo CTOALEO e pas GydeT BhINoMHeHa mpouedypa Merge.

W3 nemmbl 2 ciefiyeT, UTO KOMUYECTBO OMePalVii, BHUIOIHEHHBIX IPU BCEX BhbI-

30Bax npouenypsl Merge, He IPEBOCXOUT ZVT(U) < (n —1)logn. Orciona
ue

Cl10KHOCTh uKaa 8—18 pasua O(m + nlogn) = O(mlogm) = O(mlogn),
IOCKOJILKY B CBA3HOM rpade BbllodHeHbl HepapencTsa n — 1 < m < nl.

Ocranoch 3aMeTHTh, YTO Ipoltenypa Sort Tarske Tpedyer O(m log m) ome-
panuii. O

Ha puc. 75a) msobpamen cBsaubli rpad G. Yucna, crommue pragom
¢ peGpamu, o3HavyaioT Beca pebep. Ilpemmomaraercs, uro mpouenypa Sort
yrnopsagouuBaeT pebpa clefyIOLMMM 00pa3oM: v1vVa, Us4, UsVs, V13, VU4, U1U4,
U3V, Va¥g, UsVs. MHUNMManbHBIA OCTOB HOKasaH Ha puc. 75 b).

va 3 Vs 4 U ) U4 Vg
21 4721 5 2
3 v3 4 U5 vy U3 Us
a) b)
Puc. 75

B npuBenennoit e tabiuie yrazaH HOPALOK, B KOTOPOM CTDOMICS OC-
TOB JaHHOrO rpada.
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name T
V1, Vg, V3, Vg, Us, Vg | 0
V1, V1, U3, U4, U5, Vg | V102
U1, Y1, U3, U3, U5, Ug | V1V2, Ugly
U1, V1, U, U3, Us, U5 | V1V, U3y, UsVg
U1, V1, U1, U1, U5, Us | V1V2, Ugly, U5Vs, V1U3
U1, U1, V1, U1, U1, U1 | U102, U3l4, UsVs, U1U3, U35

(SISO e R S

[Tepeiinem & paccMoTpenuio anroputMa Apuura —[Ipuma — lefireTpsl, oc-
HOBAHHOTO HAa TMPUMeHEHUM cTpaTervu 2. BmepBble oH MOABWICA B paboTe
flpuura, omyGaurosannoit B 1930 rony, saTeM Obln mepeoTHphIT IIpumom
B 1957 rony u nesaBucumo [leitkcrpoii B 1959 rony. 3amerum, urto [leiikcrpa
TMpelIoMAUI oUenb 3PGEeRTUBHYIO pealn3aliio 3TOr0 alropuTMa, CBA3AHEYIO
C paccTaHOBROH clelMalbHBIX METOK.

Ilasg pebpa e = vw Bec ¢(e) Gyner mHorga o6osHavaTbed depes ¢(v, w).
HamoMHuM, uYTO B 06CYyKIa6MOM alTOPUTMe CTPOUTCA MOCHeJoBaTelb-
HOCTD (3), cocToAIman U3 JepeBbeBs, B KOTopoil fepeBo H; Homyuaerca us H;_y
nornomenueM Gauskaiimeit k nepeBy H;_1 BepmmuHbl. [l opranusanuu s¢-
GEKTUBHOro BLIGODA TAKOW BEPIIMHLI UCHOAL3YIOTCA ABA MaccHBa: near|v]
u d[v]. Hycts H — npousBonbHoe gepeBo u3 nociefgosateasnocru (3), U —
MHO#ecTBO ero BepwuH. [lo onpemenenuio d[v] paBHO PacCTOAHHUIO OT Bep-
MIMHBI ¥ 10 MHOkecTBa U, UHBIMU CI0BaMH

d[v] = min{e(v, u) |u € U}.

Mycte d[v] = (v, w), w € U. Torna near[v] = w. HWHbIME cloBaMH,
near[v] — 6aMmaman K v BepluIvHa U3 MHoMecTBa U.

Ilycts W = V \ U. Bynem cuurats, uyto ecin vw ¢ E, 10 ¢(v, w) = .
Yepes Min(W) o6o3naunm (pyHRUUIO, 3HAUCHHEM KOTOPOii ABAAETCA BEpPILIH-
na v € W, umelomiagd MUHHMalIbHOe 3HaueHHe MeTKH d.

Anroputm 9.2 (Apuuxk, Hpum, Jeiikcrpa).

Bxox: ceasubiii B3Bemennstit rpad G = (V, E, ¢), 3a1aHublii MaTpULeil BecoB
All...n,1...n].

Beixon: munumanbubiit octoB T rpaga G.

1. begin

2 w := NPOU3BOJILHAA BepIIUHA U3 V;
3 W=V \{w}; T:=10;

4. forveV do

5 begin

6 near[v] := w; dv] := Alv, w]

7 end;
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8. while |T| #n -1 do

9. begin

10. v:= Min(W); u := near[v];

11. T:=TU{vu}l; W:=W\ {v};
12. for uc W do

13. if d[u] > Alu, v] then

14. begin

15. near|u] 1= v; dfu] = Alu, v];
16. end

17. end

18. end.

Teopema 9.2. Anzopumm Aprura — lIpuma — Jetikcmput npumenumesbHo
K ceasnomy essewennomy (n, m)-epady umeem caoxcrocms O(n?).

JorazaTeabcTBO. Ramapiii npoxo/ 1uKiaa B cTpokax 8 —17 yMeHbluaer
Ha eqMHUILY YuclIo BepmikH Bo MHosecTBe W. Ilocie k npoxogos nukia 8 -17
MHoskecTBO W GyzeT cofepskaTh n—k BepmnH. CiefoBaTelbHO, YUCIO ONlepa-
1M, HeO6XOMMBIX 1Al BbIGopa Bepiumubl Min(W), nponopuuonaisto n — k
(crpora 10). B crporax 12— 16 ocymecTRiIAETCA NepecueT MeTok anf n—k—1
BEDIIVMH, T.€. YUCIO oNepaluii B MKIe 12 —16 nmponopuuoHanbHo 1 — k — 1.
OKoHuaTelbHO, YUCIIO ollepalMil B anropuTMe 9.2 nponopuuoHalbHO CyMMe

S:(n—l)—l—(n—?)—l—...—l—?—l—l:@,

MMelolleil, oueBUIHO, HOPAKOK N2, UTO U JOoKAasLiBaeT TeopeMy. I
[Ipounarocrpupyem pabory anropurma 9.2 Ha rpade, u3o6pameHHOM pa-
Hee Ha puc. 75. 3Iech B KauecTBe BepIIVHbI w BbIGpaHa BepLIMHA V.

|T| U=V\W near d

V2, U3, U4, Us, Vg | VU2, U3, U4, Us, Vg
0 |n V1, U1, U1, U1, V1 2, 3, 4, 00, 00
1 | v, e V1, Vg, U1, U1 3,3, 00, 0
2 v, 03,15 Ug, U3, U3 2,4,5
3 U1, V2, U3, U4 VU3, U4 47 4
4 | v1, vg, U3, Uy, U5 U5 2
5 U1, V2, U3, U4, Us, Vg

B pesynbraTe paboThl airopuTMa moly4YHTCH OCTOB

T = {v1v, V103, V34, V3V5, VsVs }
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(pefpa ocToBa mepevHCIeHbl B TOM IIOPAIKe, B KAKOM OMU OBLIN HaiifeHsl).
ITOT 0cTOB U300pameH Ha puc. 75b, T.e. OH cOBHALAeT C OCTOBOM, IOCTPO-
eHHbIM anroputMoM Bopysru —Kpacrkana. 3amerum, uro dpyuruus Min(W)
[pU HAIMYMK HECKOJAbKUX [IPETeHJEHTOB BhIGMpaia TOT, Y KOTOPOro HOMep
Menbie. Hampumep, B Tperheil cTpoKe Tabiauiubl BepLIMHE U3 OTHANO IIpPef-
HNOYTeHHe Mepel BepUIMHON vy. ANaloruuHasd CUTyalus B NpenociefHeil
CTpPOKE.

B HayuHO# nuTepaType UMeeTCA MHOTO paboT, MOCBAIIEHHBIX PA3IdYHBIM
BapMaHTaM MOCTAHOBKM 3a/]auM 0 MUHHUMAalbHOM ocTOoBe. Hampumep, coBcem
HeJaBIO pa3paboTaH alrOpUTM II0CTPOENHA MHHUMAILION0 OCTOBA B €BRIIK-
noBOM rpade, umetomuii caomuocts O(nlogn). 3neck NoJ eBRINIOBBIM Tpa-
(oM moHMMaeTCA MOMHBIN I'pad, BepUIMHAMHU KOTOPOro ABIAIOTCA TOUKHU 7-
MEepHOI'0 eBRIU/I0BA TPOCTPAHCTBA, 4 Bec Kamaoro pebpa paBeH paccTOAHMIO
MeIy ero KoHIaMHU. 3ajada 0 MUHUMAaIbLHOM OCTOBe IJA €BRIHIOBLIX Ipa-
¢oB Ha mrockocTH (ciydaii n=2) HaXOUT HENMOCPEJACTBEHHOE NPUMEHEeHHe
IpU MPOEKTUPOBAHUM PaJU03IeKTPOHHBIX U3IEIHUil.

JeranbHoe o6cyaeHre 3afadil 0 MUIHMAIbHOM OCTOBE COAEPMRUTCH B
ruurax [27], [57] u [59].



10. IIyTu B ceTAX

10.1. IlocTaHOoBKA 3agauu

Bspewrenusiit oprpad G = (V, E, ¢) naseiBaerca cembio. CeTb MomeT
ObITh TIPEJCTaBIeHAa MAaTPULEHl BECOB AYT WM CIUCKAMM CMEMKHOCTHU jist[v]

A .
niu list[v]. B aToil raaBe, clegys Tpaauumy, Ham yA0GHO OpMaplIpyT Hasbl-
BaThb NYymem.
Mycts P — HeroTopsIit (v, w)-MyTh:

el €3 €k
V=V —> U —> ... — U = W.

Monoxsum
e(P) =cler) + clea) + ... + c(ex).

Yucno ¢(P) nasoBeM daunot mytu P. HanMenbmyio us niu (v, w)-myTeit
Ha30BeM PACCIMOAHUEM OT v 10 w, a TOT (v, w)-IyTh, JIMHAa KOTOPOro paBHA
paccTOfHUIO OT v Ho w, GyieM HasbiBaThb kpamyatiwusm (v, w)-myTeM. flcHo,
YTO pacCTOAHME OT ¥ [0 W MOKET OTIMYAThLCA OT PACCTOAHMA OT W 10 V.

3adava o kpamyatwen nymu (3KIT) mencdy Purcuposannsimy sepuiuna-
Mu HOPMYIUDPYeTCA cleNyIOMNUM 06pa3oM: B 3amaHHoi ceTd G ¢ OIBYMA BhI-
IeNeHHBIMY BepUIMHAMU $ U ¢ HAMTH KpaTyaiimuit (s, ¢)-HyTb.

OtMmetum cpasdy, yro 3KII momHO paccMaTpuBaTh M B HEOPUEHTHPOBaH-
HBIX B3BEINEHHBIX rpadax, 3aMeHUMB Kaijgoe pe6po vw rpada ABYMA AyTa-
MU YW, Wy U CUATadA, YTO Beca oberx Lyr paBHbLI Becy pebpa vw. [Janee, ec-
IM B MTPOM3BONLHOM rpade MOI0MUTh Bec Kamaoro peGpa paBHBIM eUHUIIE,
TO MOLYYUM JaHHOE paHee olpe/eleHre MIUHBI IYTH KaKk YKcia BXOAANUX B
Hero pebep. C 5Toif TOUKRM 3peHUA paccMOTpeHHaA paHee (cM. pasm. 8.4) sza-
Jada HOCTPOEHMA KpaTdaiilllero mo 4ucily pebep MyTH eCcTh YacTHBIH ciaydait
chopMynTUpOBaHHON TOMBLKO YTO 3adadvi.

10.2. 06muii cayuaii. AaroputMm ®opaa— Beanmana

Betony B manbHelieM 6yaeM MpeAnonaraTh, 4TO eclii BePIIMHbI ¥ U W He
aBaAOTCA cMemubiME B cetd G = (V, E, ¢), To ¢(v, w) = 0o0. lua ynobersa
U3M0EeHNA U Bo usbeskanne BLIPOKIEHHLIX ClIyyaeB MPH OleHKe CIOKHOCTH
anrOpUTMOB OyleM CUMTaTh, YTO 7 < m. ITO UCKIIOUAET CUTYaUUH, MPU
KOTOPBIX GONBLITMHCTBO BEpIIVH U30MUpOBaHkl. KpoMe Toro, 6ymem paccMmaT-
pUBaTh TONLKO TAKUE CETH, B KOTOPhIX HET KOHTYPOB OTPUIATENbHOM JIMHEL.
[MoHATHO, YTO €CNU CeTh COePHUT KOHTYP OTPUIATENbHON IIVHBI, TO pac-
CTOAHME MeMTY HEKOTOPLIMHM HapaMU BepIIMH CTAHOBUTCA HeOlpeNeleHHbIM,
MOCKONBLKY, 06X0/IA 3TOT KOHTYP IOCTaTOYHOE YMC/IO0 pasd, MOMKHO MOCTPOUTD
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OyTh MeMIy 3THMHU BepIiMHAMM C JJIMHON, MeHbHIed M060ro, Hamepen 3a-
OaHHOTO, BEIeCTBEHHOTO UMCIa.

Meton pemenua 3RII B HeKOTOPOM cMbICie aHATOTHYeH MeToAY HOCTpoe-
HUA KpaTdaiiiero mo yuciay pebep myTu. Buavane pasMeuaeMm Bce BepIIMHBI
HaHION ceTH (IPAMON XOI airopuTMa), BRIYMCIAA PACCTOAHUA 0T § JO BCexX
BepIIMH. 3aTeM, HCIOAb3YA CIelHalbHble METKH, 0GpaTHLIM XOZOM CTPOMM
TpeGyeMblilt nyTh. MHTEpeCHO O0TMETUTh, YTO [Jfl BBIUUCIEHUA PACCTOAHUA
OT $ JI0 3aJaHHOI BEPIIKHBI £, Mbl BBIHY K I€HEI BHIYUCIAThL PACCTOAHUA OT § [0
BCEX BepIIUH ceTH. B HacToflee BpeMA He M3BECTEH HU OJWH alIrOpUTM Ha-
XOMICHUA PACCTOANUA MeRIy (PUECUPOBAHHLIMU BEPIIMHAMM, KOTOPBIN GbLI
Ol cymecTBeHHO Gonee 3¢ HeRTUBHBIM, YeM M3BECTHBIE aNTOPUTMBl BbIUMC-
JEeHUA paccTOAHUN 0T ofHOM U3 QUKCUPOBAHHLIX BEPIIMH 10 BCEX OCTATLHBIX.

Haumem c mepBoro sTamna — BBIYMCIEHUA PacCTOAHUI OT § /10 Bcex Bep-
muH. MeTon, KOTOpbIi MbI GyJeM 37eCh UCTIOAb30BATh, YACTO HA3LIBAIOT OM-
HaMUYeCKUM TPOrpaMMUPOBAHMEM, a aITOPUTM BhIUMCIEHUA pacCTOAHUN —
anroputMoM @opna—Bennmana. IosBuaca stor aaroputM B paGote Popna
1956 roma u B paGore Bennmana 1958 roga.

OcHoBnaa ugea aaroputMa @opaa —BelnMaia 3akmioyaeTca B MOATATHOM
BBIUMCIeHNH KpaTyaimux paccTofnuil. 0GosHauuM depes dy(v) maMHy KpaT-
vaifero cpeau Beex (s, v)-IyTeil, coepsramux He Gonee yeM k nyr. Jlerko
BHJETD, UTO CIpaBeIIUBLI CIeAYIONIHe HepaBeHCTBa

dl(’l)) Z dz(v) Z Ve Z dn_l(’l)).

[lockombKy IO NPEANoJOMeHUI0 B rpade HET KOHTYPOB OTpULATENbLHOI
[UIMHBL, KpaTYalmuii (s, v)-MyTh He MoKeT colepkaTh Golee yeM i — 1 myT.
Tostomy BeauuwHa dy,_;(v) JaeT HCKOMOe PACCTOAHHE OT § 10 .

llnst BeruMcienua d,,_;(v) 10CTaTOUHO NOCIENOBATENLHO BRIUMCIATE dy(v)
miaBeex k=1,...,n—1.

3uauenus di(v) BLIYMCIAIOTCH IPOCTO:

d1(v) = ¢(s, v) nas Beex v € V.
[lycts snavenus dy,_q(v) Berunciaensl ans Beex v € V. Jlerko Bugethb, uro
di+1(v) = min{dg(v), dp(w) + e(w, v) |w € V}.

OpranusoBaTh BCe 3TU BLIYHCIEHHA MOMHO ¢ IOMOIILIO BCEro WML Ofl-
HOro OJHOMEPHOro MaccuBa D) niawHbI 71.
HMoxosus D[v] = ¢(s, v) mis Becex BepmuH v € V, GyneM UMeTh paBeHCTBa

D[v] = di(v).
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[IpocMaTpuBas Nocie 3TOro BCe BEPIIMHLI v, IPOU3BENeM IepecyeT 3Ha-
uenuit D[v] no gopmyie

D[v] = min{D[v], D|w] + e(w, v) |w € V}. (1)

ocae 3aBepiieHusA NepBoro mepecyeTa 3HadeHuil D{v] nud Beex v, Gynem
uMeTh HepaBeHcTBa D[v] < da(v). Ilouemy me paBencrsa? IlycTb mepe-
CYeT HauMIaICH ¢ Bepwuibl vy. flcHo, uto Torma Dvy| = da(vy). Ipen-
[OJIOKUM, 4TO cllefyiolleil BeplIMHONH, 1A KOTopoil Obll clenaH lepecyer,
Obl1a BeplnHa ve. Torma Divy] < D[vy] + e(vy, va), uTo BhiTekaeT u3 dop-
Myisl iepecuera (1). OTcrona ciefyer, 4To BO3MOMHA CUTYaINHA, B KOTOPOH
D|vz] = Dlv1]+¢(v1, v2), H, KpoMe Toro, 3sHauenue D|v;] Morio GbITh noLyde-
HO I TyTH, cOCToAmeM U3 ABYX ayr. CienoBaTenbho, sHadenue D[vy] momer
ObITH IIOJLYYeHO 110 HEKOTOPOMY IyTH M3 Tpex AyT, T.e. D{uy] < da(vs).

[oBTopuB n — 2 pasa mpouecc nepecdera Dfv], 6yneM UMeTh paBeHCTBa
Dlv] = d,_1(v), T.e. D[v] naer paccroanue oT s 10 v. Ilpemae yem moapo6-
Hee obocHOBaThL paBercTBa D[v] = d,_1(v), naguM GopMaibHoe onEcaHye all-
roputma @oppa— Bennmana. IlocTpoenua camux KpaTyaiimux myTeil yoo6HO
BECTH ¢ IIOMOLIEBIO 0QHOMepHOr0 MaccuBa Previous niuust n, rae Previous|v]
NaeT UMA BepIIMHEL, MpeanocieHell B KpaTyaiiiueM (s, v)-TyTH.
Aaroputm 10.1 (®opa, Beanman).
Bxon: ceth G = (V, E, ¢), sanannas MaTpuiell BecoB A mopsaaka n; Bepiiu-
HbI § U §.
Beixon: paccrosnua D{v] oT s no Bcex BepmuH v € V), crer S, copepamuii
KpaTyaiimuii (8, ¢)-0yTh, LIK cOOGIIeHe, YTO HCKOMOTO IyTH B CETH He Cy-
IecTByeT.

1. procedure Distance

2. begin

3. D|[s] := 0; Previous|s] := 0;

4. for ve V\{s} do

5. begin D[v] := A[s, v]; Previous[v] := s end;
6. for k:=1ton—2do

7. for v e V\ {s} do

8. forweV do

9. if D[w] 4+ AJw, v] < D[v] then
10. begin

11. Dlv] := D[w] + Afw, v];
12. Previous[v] := w

13. end

—
-

end;
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15. begin
16.  Distance;
17.  if D[t] < oo then

18. begin

19. S=nil; S<tv:=t

20. while Previous[v] # 0 do

21. begin v := Previous[v]; S < v end
22. end

23.  else writeln («Not exists»);

24. end.

HamoMuuM, 4To Mo ompefeleNuio MaTPUILI BECOB CNpaBelMBLI paBell-
crea Afv, w] = ¢(v, w) mua Bcex vw € E W 0 HameMy COrIalleHHIO
Alv, w] = 0o, ecu B ceTH HeT OyTU vw.

Bepuemca k o6ocHoBanuio paBeHcTBa D[v] = d,,_;(v). 3amerum, uro npu
IepBOM BXofe B LMK/, HAUMHAIOMNICA B CTPoKe 6, clipaBelIMBbLI paBeHCTBA
D[v] = dy(v) nnsa Beex v € V.

[IpenmonosuM, YTo IpH BXOAe B k-I0 WTepallMio [MEAa 6 cHpaBelIUBLI
nepaseHcTBa D[v] < di(v) mas Beex v € V. JlokakeM, 4TO 110 3aBEpIIEHHIO
9TOM MTepauuu And M0G0l Bepuiuubl v € V CHpaBeIMBbI COOTHOLIEHUA

Dv] < dyq1(v).

,HeﬁCTBPITEJleO, TI0C/Ie BBINIOJHEHHUA OHUKIa B CTPORKe 6 ona HpOHBBOJ’IbHOﬁ
BEPIIMHLI v BBITIOJHEHBI HEPABCHCTBA

Dlv] < D[w] + A[w, v] nas Beex w € V.

To npexmonosmenuio uMeeM HepaBeHcTBO D[w] < dp(w). VYuursisas, dto
Alw, v] = ¢(w, v), noxy4aem uepasencrsa D[v] < di(w) + ¢(w, v) pua Beex
BEpIIMH w.

B uacTHOCTH, 3TO HEPABEHCTBO BLIHOJHEHO W IUIA TON BEPUIMHBLI W, KO-
TOpas ABIAETCH HpeHOCAelHeH B KpaTdaillieM (s, U)-IyTH, COCTOAIIEM K3
k+1 nyru. Orcioza cpasy ciaegyer TpeGyemoe HepaBeHcTBO D[v] < dpyq(v).

TaxuM ofpasoM, 1o 3aBepmenuio (n — 2)-if UTepauuu LUKIA B CTPOKE 6
crpaBefnuBel HepaBeHcTBa D[v] < d,_1(v) mas Bcex BepmuH v. Beime yige
0TMEYaIoCh, YTO MOCKOAbKY CeTh HE COJIePUT KOHTYPOB OTpHMIlaTeNLbHOM
manHbl, T dy,_3(v) naeT muuHy Kpardaiimero (s, v)-mytu. CillefoBaTelbHo,
D[v] = d,—1(v). Tem cambiM 060CHOBaHMe STOI0 PABEHCTBA, @ BMECTe C HAM
u o6ocHOBaHKe KoppesTHOCTH aaroputma @oppa— Bennvana, saBepmeno.

Teopema 10.1. Auzopumm Popda — Bearmana umeem caoncrocms O(nd).
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JorazaTeabeTBo. IIoHATHO, UTO CIIOMHOCTDL AlrOPHUTMA ONpelelddeTcH
clloiHOCTBIO Hpoledypsl Distance, Tak Kak 0cHOBHaf IporpaMma TpeGyer
yycia ollepalliil mpomoplHoHalbHOro n. flcHo, 4To KolMYecTBO oONepanuii
B [HK/Ie 4 IponopuuoHanbio n. IlocKOAbKY LUKI B CTPOKe 6 BBLINOIHAETCA
n — 2 pa3a, B cTpoke 7 — n — 1 pas, a B cTpoKke 8§ — n pa3, ¥ YMUCIIO BBINOJ-
HeHUil onepaTopa NpUCBaUBaHNA IPH KamaoM BXole B IUKI 8 orpaHHUYeNHO
KOHCTAHTO#, TO C/IO#KHOCTD BBINOJHEHUA [[UKIAa, HAYMHAIOeroca B cTpoke 6,
ectb O((n—2)-(n—1)-n) =0(n?). O

3aMeTHM, UTO BhIUMCIeHUA B Ipolleaype Distance MOHO 3aBepIIUTh IPH
TaKOM BBIXOfIe M3 LUK/A N0 k, IIpU KOTOPOM He INPOUCXOAUT M3MeHEeHHA HH
ofHoro 3HaveHus D{v]. DTo MomeT npousoiiTu U npu k < n—2, oHARO Tarkad
MoIu(dUKaLUA alropuTMa e M3MeHAeT cyllecTBeHHBIM 0Gpa3oM ero Cloii-
HOCTH, [IOCKOJILRY B Xy/llleM cllydae IPUAeTCA OCYLIeCTBUThL n — 2 UTepanuil
IUKIa 1o k.

Mnntoctpupyetr pabory anropurMa @oppa-—Bennmana puc. 76. Beca gyr
JaHbl B cko6Kax. I[ukabl B cTpokax 7 ¥ 8 BBINOJIHAMNCH B NMOPAAKe Bo3pac-
TaHUA HOMEpOB BepIINH.

3 (-1) 5
S k D£1] 01[2] 02[3] D[] [ D]
s=1« (=3) (6 ) (4) o — . - 1
(1) (_ 2 0 —1 2 -1 1
2 (10) 4 370 | =1 2 | =1 1

Puc. 76

Peromennyem umTaTento npoBecTH BbIYHCIEHWA 1A DTOI ceTH B Tpen-
IOJIOMKENINY, YTO BeplIMHbI BcTpevaroTcs B Hopafgke 1, 3, 2, 5, 4. (B arom
ciyvae paccTOAHHA GyMyT BBIUMCIEHBI 38 OJMH IPOXOJ, T.€. CTPOKH Tabiu-
Ibl, COOTBETCTBYIOWME BCeM 3HAYeHUAM Kk, GyIyT OJUIAKOBBIMIL. )

—
B cayuae, Korga ceThb 3aaHa cIHCKaMU cMeskHOCTel [ist[v], mus pemenus
3RII B anropurme @opaa — BeliMana 10CTATOUHO UK B CTPOKe 8 IPOLeTVPhI
Distance 3anucaTh clIefyOMUM 00pa3oM.

8. for we lTs%[v] do
9. if D[w] + Alw, v] < D[v] then
10. begin D[v] := D[w] + c[v, w]; Previous[v] := w end

B rarom cayuae anroput™ @opna— BennMana 6yieT MMeTh BRIUMCIATENh-
Hy1o ciaomuocts O(mn).
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10.3. Cayuaii HeoTpHLaTeJlbHbIX BeCcOB. AJropuT™m
HdeitkcTpsl

OmnuchiBaeMbIii B 3TOM pazfiefie alrOpUTM MO3BOIAET BhIUMCIATH B CETH C
HeOTpULaTelbHBIMUA BecaMH pacCTOAHWA OT (PUKCHPOBAHHON BEpIIUHBI § [0
BCeX OCTalbHLIX BepIIMH U HaXOOUTL KpaTualimie nyTy 6oldee 3 PpeRTUBHO,
yeM anroput™ @oppga — BennMana. 3ToT anropuTsm 6uut nmpeanosiken B 1959 ro-
oy HleiikcTpoii. B ocHoBe anropuT™Ma JefKCTpbI A€KUT NPUHIIMIT :KaJHOCTHY,
3aKJII0YaloMUicA B MOCAeI0BaTEALIIOM BhIUMCIEHNH pacCTOAHUN cHadaga A0
6ausmaitmeil ® s BeplluHe, 3aTeM 70 clelnytonlell 6aumkaiimeii 1 T. A.

llng yno6erBa usnomenns o6osnaunM vepes d(v) paccTofHue OT S 10 v,
T.e. JIVHY KpaTdaitirero (s, v)-yTH B ceTd G.

IlepBas Gaumaiiniad K BeplivHe § BePLIMHA ¥ BLIYUCIAACTCA IIPOCTO: 3TO
caMa BepIMHA s, HAXOAAIIasACA Ha HyJIeBOM PacCTOAHUM OT s, T.e. d(s) = 0.
Ilycty Gauskaiimue k BepIIMH K BEpUIMHE § ONpedelelbl U IIA BCEX HUX
BBIYMCIEHBI paccrosuuf d(v), T.e. onpefeneHo MHosectBo S = {v; = s,
Vg, ..., Uy}, IPHYEM BBHIMOANAIOTCA HePABEHCTBA:

1) 0=d(v) < d(ve) < ... £ d(n);

2) d(vy) < d(v), nna Becex v € Fyrne F =V \ S.

3mech cllelyeT MMETh BBUIY, UTO MOCIeHee HEPaBEHCTBO UMeeT «[IOTeH-
LUAaNbHLIHY XapakTep, a UMEeHHO, MBI CIMTaeM H3BeCTHLIMU 3HAUeHHA PACCTO-
AHWI MWL A BEPHIVH vy, ..., Uy, 4 JIA BCEX OCTANLHBIX BEPIIMH PaccTo-
AHUA ellle He BBIYHCIEHDb], HO IIA HUX M3BECTHO, YTO NepaBeHCTBa 2) OyayT
BBITIONHATHCA.

Haiimem cremyiomyio 6mmkaiimyio K s Bepmuny cetu G. Ina kammgo-
ro w € F nonomum

D(w) = min{d(v) + ¢(v, w)| v € S}.

)

MoskHO OTMETHTH, uTo Torma D(w) ompelendeT MIMHY MHIUMAalLHOTO
(s, w)-myTH cpeny Bcex (8, w)-HyTell, Bce BEpPIIMHLI B KOTOPOM, KpoMe w,
mpuHaggexar S.

BribepeM Temepb Takyio BepmMHY w* € F', 4TO BBINOJIHEHO YCJIOBUE:

D(w*) = min{D(w) | w € F}.

OrasblBaeTcA, YTO BeplIWHA w* ABIAETCA caMOM GIM3KON K § cpemu BCex
BepLIMH, He BXOIAMUX B S (ona ABIAETCA Cllefylolei (k + 1)—171 Bavmanmen
K 5§ BepIIHHOIT), 1, Golee TOTO, PACCTOAHNE OT BEPIIHHEI § 10 BEPIIMHBI w* B
TouHocTH paBHo D(w*), T.e. cnpaBemauso pasenctso d(w*) = D(w*).

O6ocuyem BHauage paBeHcTBO d(w*) = D(w*). Ilycrs P: s = wy,
Wy, ..., W, = w* — IPoUsBOIbHBIA (s, w*)-nyTs B cet G. JocraToyHo
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mokasatb HepaBeHcTBO D(w*) < ¢(P). Cpemu Bcex Bepmun nyTu P BbiGe-
peM BepIIHMHY w; ¢ HAHMEHbIIMM HOMEPOM CPeJH TeX, KOTopble He BXOIAT B
MHoMecTBo S. Tak kak HauanbHas BepmivHa nyTu P Bxoaut B S, a KoHeu-
Hafg — He BXOJUT B S, To Takoi noMep j naitperca. Urar, w;_; € S, w; € F.
Torga us onpeneinenus D[w], rae w € F, W onpejeneHus CTOUMOCTH HYTH
BBITEKAIOT HEpAaBEHCTBA

D(w;) < d(wj—1) + e{wj—1, w;) < c(wo, wi) + ... + c(wj-y, w;) = ¢(Q),

rie yepes ¢} oGosHauet (s, w;)-noamyTe mytu P. U3 ycroBus HeoTpHIaTeinh-
HOCTU BecOB AYT BhITeRaeT, uTo c¢(()) < ¢(P). Kpome Toro, B cuny BoiGopa
BeplIuHbl w MMeeM, 4o D(w*) < D(w;). C y4eTOM 3THX HEpaBeHCTB MOIY-
waeM, uto D(w*) < ¢(P). CnegoBatensro, d(w*) = D(w*).

Ocranoch ybeaurbed, 4To BepmuHa w* apiaserca (k+1)-it Gimraiinreit k s
BepIInHON. [nd sTOro gocTaTouHo NOKasaTh HepaeHcTBO d(w*) < d(w) nad
Bcex w € F. 3apurcupyem (s, w*)-nyts Py u (s, w)-uytb P,, Jis KOTOPBIX
e(Py) = d(w*) u ¢(Py) = d(w). B cuiy mokasalHOTo TONLKO YTO paBencTBa
D(w*) = d(w*) mono cuurarhb, uro B HyTH Pj Bce Bepmumbl, Kpome w*,
nemar B S. Torma cnpaseanuso HepaBencTBo D(w*) < D(w), u, nosropas
BbILIEHPHBe/IeHHbIE PACCyKIeHusA, HPpUXoguM K HepasencrBy D(w) < c(P).
Orcrona ¢(P;) = d(w*) = D(w*) < ¢(P,) = d(w), uTo n TpeGoBanock noKa-
3aTh.

Hrax, BoiGupan BeplnHy w € F' ¢ MUHMMAIbHBIM 3HaveHreM D{v] u no-
GaBafAf Kk S, MBI paclMpAeM MHOMKECTBO BEPIUMI, 10 KOTOPLIX BLIUHUCIEHO
paccTosHMe, Ha ofuH 3ieMeHT. (leoBaTelbHO, MOBTOPAA N — 1 pas mpo-
ece pacliMpeHus MHOMKECTBA S, Mbl BRIUYMCIUM PAcCTOAHUA [0 BCeX BepIIvH
cet G.

[Ipu popmanbHoit sanrck anroputma Jlefikerpet (anroput™ 10.2) xon BbI-
YHCIeHNA PACCTOAHMI OT § JI0 OCTANLHBIX BEpIIMH v GyeM oTpaaTh B Mac-
cuse D. Ilo oxkonuaHuu paboTsl anroputMma pasencrBa D[v] = d(v) Gymyr
BBIMONHATLCA 11A Beex v € V. DBes ¢opmanbHoro ommcaHus HCHIOAb3YyeT-
ca ¢yusuua Min(F), xoropas Bo3BpallaeT BepUIMHY w € F Takyo, 4To
crpaBefniBo paBeHcTBo D{w] = min{D[v]|v € F'}, unade rosops, oHa naxo-
OUT TOT CaMblil BIEMeHT, KOTOpPhIH clefyeT N06aBUTh K S ¥ yaamiuTh us F.
MbI orpaHMYMMCA TONLKO BLIYMCIEHHEM DACCTOAHMN U MeTok Previous, ¢
HOMOLILIO KOTOPBIX KpaTdaiiliie IyTH CTPOATCA Takske, KAk B alrOpUTMe
®opna - Benamana.

Anropurm 10.2 (Jeiircrpa).

(* Haxom/JeHHe PACCTOAHUI OT (MKCHPOBAHHOM BEPIIMHEI 0 BCEX OCTalb-
HBIX B CeTH ¢ HEOTPUIATENLHBIMH BECAMH *)
Bxon: cetb G = (V, E, ¢), 3agannas Marpuuell BecoB A Nnopsigka n; Bbife-
JeHHafA BepIIWHA §.
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Beixon: paccrosuus D[v] or s go Bcex Bepmue v € V, Previous[v] — npes-
Noc/efiHAA BepIivHa B KpaTyaiiiieM (s, v)-IyTH.

1. begin

2 D[s] := 0; Previous[s] :=0; I':=V \ {s};

3 for ve F do

4 begin D[v] := A[s, v]; Previous[v] := s; end;
5. for k:=1ton—1do
6

7

8

9

begin
w:= Min(F); F:=F\ {w};
for v€ F do
if D[w] + A[w, v] < D[v] then

10. begin
11. Dlv] := D[w] + Afw, v];
12. Previous[v] := w;
13. end
14. end
15. end.

s norazaTenbcTBa KoppekTnocTy aiaropurma 10.2 3amerum, 4TO IpU
BXolle B ouepeIHyI0 k-10 UTepaluio HUKIa 5—13 yske onpenenentl k 6amskaii-
IIAX K § BePIIMH ¥ BbIYHCIEHbI PACCTOAHHA OT § A0 Kampoit us Hux. Ilpm
5TOM IepBoHAayalbHble 3HAUYeHHA paccTOAHUI BhIUMCIeHBI B cTpoke 4. Kawr
[I0Ka3aHo BbIlle, BBLINOMHEHWe CTPOKH 7 HpaBuibHo ompeneiser (k 4+ 1)-io
Gaumaiimyio K s BepluHy. Yganenue w u3 F Baeder, uto D[w| Gonbme me-
HATLCA He 6yAeT, a HO NOKA3aHHOMY paHee IepecUMTBLIBATL €ro HeT MYMIbI,
TaK Kar BbimonHgeTcA paBeHcTBO Dlw] = d(w). Ocranock 3aMeTUTDb, YTO
HpPOBepKa B CTpoKe 9 B Kam 0 UTepaluy NUKIa 5 — 13 m03BONAET NIPaBUILHO
MePeCYNTHIBATE 3HaYeHUA D[v] U oTClemMBaTL TPEANOCHEHION BepPIIVHY
B KkpaTuaiimeM nyTu. CrnenoBaTenbHo, aaropuTM 10.2 HpaBUALHO BLIUUCIA-
eT pacCTOAHMA M KpaTyaiilide OyTH OT (GMKCHPOBaHHOM BepUIMHBI [0 BCEX
OCTaJILHBIX BepIIHH CEeTH.

Pabota anropurma [eiikcTpsl nokasaHa Ha puc. 77.

Teopema 10.2. Aseopumm [etikcmpol umeem cAOHCHOCTb O(n2).

JNokazaTeabcTro. llycTh HafimeHbl paccrofnuda go k Gnvmaiimmx K s
Bepund. Oupepenenve pacctofnua go (k + 1)-# BepmuHbl TpedyeT B CTpo-
Ke 7 4Kcila oNepaldil HPONOPLHOHAIBHOTO N — k, Tak Kak HMEHHO CTOIBKO
BepIINH HaxoauTcs B MHOkecTBe F. IIpoBepra ycioBHA B cTpoKe 9 U, eciy
Hy:HO, nepecueT D[v] u Previous[v] B cTporax 11, 12 TpeGyeT umcia oHe-
panumii IponopLHoHaIbHOro 1 — k. OKoHUaTelbHO, oflee YKUCIO ONepaluil B
anroput™e JefikeTpsl HponopunoHaabHo n+ (n—1)+...+1=n(n —1)/2,
t.e. pasuo O(n?). O
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6
(12)
®
2 )
k| S=V\F D[1] | D[2] | D[3] | D[4] | D[5] | D[6]
{1 =s} 0 3 10 1 00 00
1{L, 4 3 | 10 o~ | 3
2 {1, 4, 2} 7 8 | 3
3 ({1, 4,2, 6] 6 8
111, 4,2,6, 3} 8
5({1,4,2,6,3,5}
Puc. 77

MosHo gath U APYTyio, rpaduueckyio WHTEPOPeTaluiD PaGoThl aIrOpUT-
Ma JlefikcTphl, TOCTpoUB depeso kpamuatiwux nymet K. ITo nepeBo ABNAET-
cA oprpadoM Ha TOM e MHOMeCTBe BepIuH, yTo U G. lyra vw BRIJaetcd
B K, ecin w — 6mskatiman (k+1)-1 BepimHa 1 v = Previous|w]. flcxo, uto
K — 3T0 KOpHeBOe [epeBO C KOPHEM §, [I03TOMY [ BCAKOH BepiuHbl v € V
B K cymecTByeT eIMHCTBEHHLI (S, ¥)-IyTh. ITOT NyTh ABIAETCH KpaTdyaii-
wuM (s, v)-uytem B cetu G. Jlna cety, usobpaseHHoil panee Ha puc. 76, xon
HOCTPOEHHS AepeBa KpaTyaillnx myTeil MokasaH HUKe Ha pHC. 78.

10.4. Cayuaii 6ecCKOHTYPHOI ceTH

B sTOoM ciiyudae, Tak #e Kag U B cliyyae ceTell ¢ HEOTpULIATeNbHbIMH Beca-
MM AYT, U3BecTeH Ooiee 5(pdeKTUBHBIN alropuTM BBIYUCIEHHMA PacCTOAHMUIA
OT (OMKCHUPOBAIIHON BepIIMHBI 10 BCEX OCTAIbHbIX, 4YeM ajiroput™m Dopaa-—
Bennmana. B ocHoBe 5TOro aIropuTMa JeskaT clefylolile IBe JeMMBbL.

JemmMa 1. B kaxcdom Geckonmypuom opzpade umeemcs roms Ob. 00HQ
BEPWLUHA, TOAYCINENEHb UCT000 KOMOPOL PABHA HYAK.

NorasateabceTBo. llycts G = (V, E) — GecroHTypHbIT oprpad u wy —
TPOU3BOJILHAA €ro BepliMHa. EciM ee MONyCTeNeHh MCXOfla He paBHA HYIIIO,
TO BbifepeM MPOU3BOILUYIO BEpUIMHY we TAKylo, UTO wiwy € E, 3aTeM ws
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k=1 k=2 k=3
4 4 4 6
® ® [ SEE—
1 1 1
[ ] [ ]
2 2
4 6 4 6
* *
1 L] 1 )
3 3
® * ——— 0
2 2 5
Puc. 78

Tawr, uTO wewy € F, W T.A. 100 TeX mop, moka MoA0oGHLIN BHIOOD BepPUIMHBI
Bo3MoskeH. Uepe3 KoHeUHOe YKCIO IIAroB MBI JofeM [0 HeKOTOpoIl Bepmu-
HBI W, U3 KOTOPOI He BRIXOOUT HU OfHA Ayra, u60 B GeCKOHTYpPHOM oprpade
BEpIIMHLI B CTPOALIEMCcH HYTH Wi, Ws, Ws, ... He MOTYT MoBTOpATLcA. Cie-
IOBaTeIbHO, MOCTENHAA TMOCTPOEHHAA B MyTH BEPIIMHA W HUMEET HYIEBYIO
noaycTeneHb Hcxona. O

JIemma 2. Bepuiunvt 6eckOHMYypHO20 OPUEHMUPOBAHHO20 2paia MONCHO
nepenymeposams mak, 4mo Kaxcoea Oyea udem u3 8epuLUHbL ¢ MEHbULUM HO-
MEPOM 8 BEPULURY C OOAbULUM HOMEDOM.

(Oprpads! ¢ Tar NPOHYMePOBAHHBIMY BepIIHHAMU MHOTLA HA3BIBAIOT MO-
noAseUYEeCKU OMCOPMUPOBAHHbLMIL, 8 ANTOPUTM, OCYLIECTBIAIOIIUN TaKyIO HY-
MEpAIUIO BEPIINH — Q420PUMMOM MONOL0ZUNECKOL COPIMUPOBKL BePULLH.)

HoraszaTeabcTBo. llpuBefeM alropuT™, ocyllecTBIAIOMUN TOHOIOTU-
YecKylo copTUpoBRY. HedopMmanbuo 3TOT aqropuT™ MosKHO chopMyIMpPoBaThL
CNefyOmuM 06pa3oMm:

1) o6BABUTL HAMGOALIIMM HEKCIOAbL30BAHHBIM HOMEDOM YKCIO, PaBHOE
KONUYECTBY BepIIUH B oprpade;

2) BBIGpATbL NMPOM3BOALHYIO BepIIMHY v, TOTycTeHeHb HCX0Oa KOTOpoi
paBHa HyIIO, M NPUCBOWUTL BeplIMHe v HAWGONLMUN K3 ellle He HCMOIb30-
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BaHHBIX HOMepoB. Homep, KOTODBI# Oy UNT BepIIMHA ¥, CYATATh UCIOJIb30-
BaHHBIM;

3) ydaauTb U3 oprpada BepIIHY v BMeCTe CO BCEMH BXONALIUMHU B Hee
Jyramu;

4) noBTOPATHL Wark 2 ¥ 3 o Tex Nop, OKA BCe BEPLIKIILI I 0Ly YaT CBOM
HOMep.

KopperTHOCTL PaGoTHI IPHUBEIEHHOTO aITOPUTMA TOIOMOTMUeCKOH cop-
THUPOBKY BBITEKAET W3 JeMMBI 1, TaK Kak IPU Kam/JOM yAaleHUH BepIIUIIbI
HOBBIIT Tpad ocTaeTcA GeCROHTYPHBIM, U, ClleOBAaTEILHO, B HEM TaKkKe Cy-
IleCTBYeT BeplIMHA C IIYJIeBOil NoIycTeneHblo uexona. O

[Ipu dopmManLHOM ONMCAHHU ITOTO AIrOpUTMa NepeMeHHaa number naeT
3HaueHe caMoro 0oAbLLIOr0 U3 ellle He MCIOAL30BAHHBLIX HOMepoB. I[lepemen-
nafi DegOut[v] yraseiBaeT Ha Tekyllee 3HaueHHe MONYCTENEHH MCXO4a Bep-
muHEl v. B wacTnocTy, yganeHne BeplIunbl ¥ BMeCTe CO BCeMH BLIXOIALTMMH
M3 Hee AyraMy IPUBOAWUT K yMeHblleHuto sHaveHun DegQOut[w] Ha equauuy

A BceX w € lz—s:z,[v] Ouepenb () CAyMUT AIA HAKOIIEHUS TERYIIEro MHO-
JKecTBa BepIIKMH, UMEIOIUX IIyNeBYIO [omycTeneHb ucxona. Maccus Index
IpeJHa3HayeH IJIA XpaHeHUA IOBLIX HOMepoB BepmivH. B sTom pasgere nam
O6ymeT ygoOHee CUMTAThL, UTO BCe CeTH W oprpadhbl 3aJaHbl CMUCKAMH CMerK-

i =
Hocrelt list[v], rie w € list[v], ec1y ¥ ToNBKO eclM MMeeTcs Iyra U3 W B v.
AaroputMm 10.3.
Bxon: GecronrypHsiit oprpad G = (V, E'), 3aJalHbIi COUCKAMH CMEeMHOCTel
—
list[v].
Beixom: maccuB Index nnuHbl n Takoi, uro mia mob6oii nyru vw € E cnpa-
BeLnMBO HepaBeHcTBO Index[v] < Index|w].

1. begin

2 for v € V do DegOutv] := 0;
3 forveV do

4. for w ¢ lz—s;[v] do DegQOut|w] := DegOut[w] + 1;
5. Q := nil; number := n;
6 forveV do

7 if DegOut[v] = 0 then Q < v3;
8 while Q # nil do

9

. begin
10. v < @; Index[v] := number;
11. number := number — 1;
—
12. for w € listlv] do

13. begin
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14. DegOut|w] := DegOut|w] — 1;
15. if DegOut|w] = 0 then Q < v;
16. end

17. end

18. end.

B anroputme 10.3 B nukie B cTpokax 3 U 4 BLIYUcAAeTCA NONyCTelleHb
Hcxola Kam ool BepyHLL. 3aTeM Bce BepIIMHEI C Hy/IeBOH N0XyCTeHeHbIO HC-
Xoja MOMeMaloTcA B ouepeldnb () (111/11411 6—7). B cTporax 10 u 11 oyepenHoit
BepIUIMHe MpHCBavBaeTcHd HauGOAbIINUI U3 HEUCIIOIh30BAHHBIX HOMEPOB, MHa-
Yye roBopf, peajnsyeTcA mar 2 HeopMalabHOTro onucaHua arropurma. lura
B cTpoKax 12— 15 oBecneunBaeT yJaneHye ociaeHeld IPOHYMeDPOBAIHOH Bep-
UMbl BMecTe ¢ TyraMu el MHUWIeHTHBLIMU, U Bce BepIIKHLI, MOMyCTeleHb
Hcxola KOTOPLIX B HOBOM oprpade paBHa MyJIO, Cpa3dy e IOMeIIAIOTCA B
odepens () (war 3 nedopMalbIOro omucanus).

Jlerko BUAeTh, UTO Kakaasa BeplIMHa [oMellaeTcA B ouepenb ¢} aubo To-
r'la, KorJa ee IoMycTellellb KMcXoJa B 3aJaHIoM oprpade paBHa Hyqlo, 1160
TOTIa, Korja Bce BepHIMHLI, ClelyIOllye 3a Heil, HOIydYaT CBOH IOBble HO-
Mepa. [losTomy aaroputm 10.3 npaBHUILIO OCYIIeCTBAAeT TONOJIOTHUECKYIO
COPTUPOBKY BEepPIIHH.

Teopema 10.3. Aazopumm 10.3 umeem caosicrocms O(m).

HdoraszaTeabcTBo. HanoMuuM, 4To Ha NpOTAMKEHUHU 3Tol IM1aBbI MBI yCII0-
BWJIMCh CUMTaTh, 4To n < m. Uurael B cTpokax 2 U 6—7 aHAIU3MPYIOT
Ra)KIyl0 BepIIMHY DOBHO II0 ONHOMY pa3sy, & B cTpokax 3—4 u 12-15 —
KQKAYI0 OyTy Takme POBHO NIo ogHoMy pa3dy. CnefoBaTenbIio, CIOKHOCTH
anropur™ma 10.3 ects O(n) + O(m) = O(m). O

B tex ciyuanx, xorga GecKOHTYPHEIH oprpad 3aiaH COMCKaMU CMeHHOC-

Teit i@, TONONOrUYecKasa COPTIPOBKA BePLIMH oprpada TakHse Mo#eT ObITh
ocylllecTBIeHa 3a Bpemsa O(m).

IIpu onncanny anropuT™Ma BbIMHCICHHA PACCTOAHUI B GeCKOHTYPIOH CeTH
0yneM CYMTaTh, YTO BCe BEPLIMIBI 3a[aMI0il CeTH TONMONOrHYECKH OTCOPTHU-
poBanbl. Paccroanna GyfeM BBIUMCIATL OT BePUIMHEI ¥ = §.

IIyeTt vy — mpomsBoibHAas BepIIHia 3afaHIol 6ecKkoHTypIoit ceTu. Tor-
na 060l (s, vy)-NyTh NPOXOAUT Yepes BEPIIMHEI ¢ MEHBIIMMHU 4eM k HOMe-
pamu. M3 5Toro saMeuaHus clefyeT, 4TO A BHIYMCICHUA PAacCTOAHHUM OT §
[0 BCeX OCTalbHBLIX BePIIMH CeTH LOCTATOUHO IOCHEJOBATEILHO BBIYHCIATE
PaccTOAHUA OT § JI0 Vg, 3T€M OT § 10 U3 U Tar faiee. IlycThb, Kar U B Ipefbl-
OyIUX pasfenax, d(v) oGo3HaYaeT paccTOAHME OT § 10 v. Torga d(vl) =0,
u eciu d(v,) 414 Beex © < k BBIUMCHENO, TO

d(vx) = min{d(v.) + ¢(v,, vx) |7 =1, 2, ..., k}. (2)
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KopperTHocTs (popmyast (2) jnerko poBepAETCA [PH HOMOLY MHIYKLMH.
HmenHo 1o 310l GopMyile BLIUHCIACT PACCTOAHHUSA OT BEPIIUNLL § = vy Ipej-
JaraeMblil HEKe alTrOPHTM, B KoTopoM HepeMeHHble D[v] u Previous[v] ume-
0T TOT e CMbIci, 4To U B arropurmax ®oppa-—Bemimvana u lefikeTpor.

AaroputMm 10.4.
(* Borunciienne paccTOAHMI OT BepIIMHEBI U7 B GECKOHTYPHON CeTH *)
Bxox: Gecrourypuas cerb G = (V, E, ¢) ¢ TONOIOrHYeCKH OTCOPTHPOBAHHbI-

—
MM BepIIMHAMH, 3aflaiHad cnuckamu list[v].
Boixox: paccrosuus D[v] oT vy mo Beex v € V, Previous[v] — Hpegnocien-
HAfA BeplIVHA B KpaTuaimeM (vy, v)-MyTH.

1. begin
2. D[v1] := 0; Previous|v1] := 0;
3. for k:=2 to n do D[] := oo
4. for k:=2 ton do
_)
5. for w € list[vy] do
6. if Dw] + ¢(w, v;,) < D[v;] then
7. begin
8. D[v;] :== D[w] + c(w, vg,);
9. Previous[vy] := w;
10. end
11. end.

Teopema 10.4. Aszopumm 10.4 umeem caoxcrnocms O(m).

JorasaTeabcTBo. [luki B cTpoke 3 TpeGyeT n onepauuit mpucBalBaHUA.
[urn B crporkax 4—10 npMBoOMT K TOMY, UTO Kamkjad oyra ceTd aHaNIU3U-
pyeTcsA POBHO OJIMH pas, M Kam[Ibplii aHaIU3 AYTU IPUBOJUT K BBINOTHEHUIO
yyucia ollepanuil, orpaHlueHHOro KoHcTaHTol B cTporax 6—9. CiaepoBaTenb-
HO, clloHOCTE anroputMa 10.4 ectb O(n) + O(m) = O(m). O

Pa6ora anroputma 10.4 norasana Ha puc. 79.

B cayuae 3amanus GeCKOHTYPHOIl CeTH CIUCKaMH m paccToAHuA OT vy
10 BCeX OCTAIbHBIX BEpIIMH TaKzke MOTYT ObITh BeIUMciIeHbI 3a BpeMa O(m).
Taroit arroput™m nonydaercd nerxkoit Monuguranueit anropurma 10.4. Ilpe-
JocTaBlfieM 4YUTAaTelAM BO3MOMKHOCTL CaMOCTOATENBHO MOJHPABUTEH alro-
put™M 10.4 naa mocTU:ReHUA yKa3aHHOHN Ienlu.

B sammioueHue OTMeTHM, YTO BCe TpPH OCHOBHBIX amaroputma (Qoppa-—
Benamana, Jefiketpsl 1 anroput™ 10.4) BhIYHCIEHUA PACCTOAHMI OT HUKCH-
pOBaHHO} BepUINHEI JeTKO MOTYT 6bITh MOAU(DHUITMPOBAHBI A BhIUUCIEHUA
paccToAHHA OT (PUKCHUPOBAHHOM BepIIMHLI B CeTAX CO B3BelleHHLIMH BepIIU-
HaMHU.
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k D[Ul] D [1)2] D[Ug] D[U4] D[U5] D[UG]
0 o0 o0 00 o0 o0
2 4 o0 00 00 00
3 11 o0 o0 o0
4 3 00 00
5 8 00
6 -3

Puc. 79

10.5. 3amaya o MakcUMaJdbHOM IIyTH U ceTeBble rpa-
buru

3ajmaya 0 MaKCUMAalbHOM INyTH (POpMYIUpyeTcH cilefyIomMuUM 00pa3oM: B
3amanuoii cetu G = (V, E, c) C BhIIECJIEHHON BEPIIVHON § A KaMi 0l BepIiiu-
Hbl v € V HaliTu (s, ¥)-IyThb, UMEIOINH MaKCUMAIBHYIO NIHHY CPENH BCeX
BO3BMOMHBIX (S, v)-nyTeil B cetu G.

OTMeTHuM, YTO UMeeT CMBICH pemaTh 3Ty 3ajady MWL B CETAX, Ile COlep-
HAMUX KOHTYPOB MOJNOMUTENLHOH nauHbl. PaccMoTpeB Torga ceTh, oTianva-
IOUYIOCA OT UCXOAHOM TOALKO M3MeHeHWeM 3HAKOB BECOB AYT, MONYUYUM CETh,
B KOTOpOIl HeT KOHTYPOB OTpUllaTedbHOM AnuHbl. IlpumeHaa K HoBo# ceTu
anroputm @opna-BeinMana, MOKHO HOCTPOWTL KpaTdyaiimue (s, v)-myTH,
KOTOpLIe ByAyT NyTAMH MaKkcUMalbHOH AMMHBI B UCXOJHOH ceTH.

Brnpouem, 3ajauy o MakcHMalbHOM IIYTU B 06IIeM cliydae MOMHO pemaTh
¥ HemocpeNcTBeHHO, 3aMeHAA B anroputMe Qopna — Bennmvana 3nHak HepaBeH-
CcTBa B CTpOKe Y Ha NMPOTHBONOJOKHBIN.

Pazymeetcs, pemas TakuM o0pa3oM 3aauyy 0 MaKCHUMalkHOM IIYTH, Bec
HeCylWeCTBYIOIKUX AYT cleAyeT NOJOUTh PABHEIM —O0.

BaskubIlt yacTHBIN caydvail ceTU ¢ HeOTpUUATeILHLIMU BecaMM OyT, He
UMeonell KOHTYPOB [TOJMOUTEIbHON AMUIBLI, — 3TO CeThb ¢ HEOTpULATENb-
HBIMH BecaMu AYT, B KOTOpPOii BooGIe HeT KOHTYPOB. B 5ToM uacTHOM ciyyae
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3aza4ya 0 MaKCHMa/bHOM NYTH MO:keT ObITh pelleHa airoputMmom 10.4, B Ko-
TOpPOM 00 3aMeHfieTcA Ha —0O, & 3HaK HepaBeHCTBa B cTpoke 6 MeHAeTcA
Ha npotuBonono;kuLIf. Hecnojkioe foKrazaTelbcTBO ROPPEKTHOCTU UCIPaB-
JeHHOr'0 TaKuM oOpasoM aiaropurMa 10.4 Mbl npefocTaBifeM YUTATEIO.

OtmeTuM, uTo noJoGHAA 3aMeHa 3HaKa HepaBeHCTBa B alroputme JleiireT-
pBI Ile [T03BOMAET [I0NYYUTh aIrOPUTM DelleHHA 3afa4l 0 MaKCHMalbHOM IIy-
Tu. Jlif npuMepa 10CTaTOYHO PacCMOTPeTh CETh, U300paneHHy o Ha puc. 80.
3neck Takag Moguduranua aaroputMma JefKcTpbl, HeNPaBUILHO ONPEJEIUT
IyTh MaKCHUMa/lbHOM UIMHBL OT BEPIIMHBL § 10 BEPIIMHBI 2.

® 2

Puc. 80

Uraxr, anroputm Poppa —Bennmana u anroputM 10.4 1erko MoryT GbITh
MOZM(ULKPOBAHbBI LIS BHIUMCICHUA JINH MaKcHMalbHBIX (s, v)-myTeid. Ca-
MU e [YTH C MOMOIIBIO MeToR Previous[v] cTpoATCA TaR e, KaK U B alro-
putMe ®opna— Bennmana.

3ajzaya 0 MaKCHUMaJbIIOM NYTWU B GeCKONTYDIOH ceTH uUMeeT GoabLIoe
npakTUieckoe 3HaueHue. OHa fABNAeTCA BamHeHIIUM 3BEHOM B MeToJax ce-
TEBOT'0 [IaHMPOBaHUA PaboT 10 OCYIIeCTBIEHUIO TTPOEKTOB.

MHorue KpynHble NPOeKTbl, TakWe KaK CTPOUTENLCTBO J0Ma, WU3TOTOB-
JeHHe CTaHKa, pa3paboTKa aBTOMAaTU3UPOBAHIION cHCTeMbl Oy XIalTepcKoro
ydeTa U T.[l., MOMHO pa3fuTh Ha GONbINOe KOJUYECTBO PA3MHNYHbIX Olepanuit
(pabot). HemoTopele U3 9TUX olepauuit MOI'YT BLIIOIHATLCA 0JHOBPEMEHHO,
Ipyrie — TOJbKO IOCIefoBaTedbHO: OJHA olepalysa Mocle OKOHYAaHUA Jpy-
roii. Hanpumep, npu cTpouTelbcTBE A0OMa MOHHO COBMECTHTbH BO BpeMeHU
BHYTpeHHHe OT[elo4YHble paboThl U paboThl 0 BAar0ycTPOMCTBY TeppUTO-
pHM, OJJHAKO BO3BOJUTE CTEHBI MOMKHO TOJNBKO IlOCHE TOro, Kak OyneT roToB
(hyHgaMent.

3ajgauu MIanupoBaHUA pPaboT IO OCYIIeCTBIEHUIO 3aJaHIIOr0 IPOeKTa Co-
CTOAT B OIpejlefleHHY BpeMeHH BO3MOMHOI'0 OKOHYAHHA KaK BCEro IpoeKTa
B I[eJIOM, TaK U OTJeNbHBIX paboT, o6pa3ymuxX IpOeKT; B ONpeleleHUN pe-
3ePBOB BPeMEHHU [JIfl BBIIOJHEHUS OTAENbHBIX paboT; B ONpefeleHNH KPUTHU-
yecKUX paboT, T.e. TaKUX paboT, 3ajlepKKa B BBINOJIHEHHH KOTOPBLIX BEAET
K 3aJlepKKe BBIIIOJIHEHUA Bcero NIpoeKTa B IIelloM; B YIIPaBleHUH pecypcaMi,
ec/i TAKOBble UMEIOTCA, U T. II.
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3nech Mbl pa3fepeM 0CHOBHbIE MOMEHTEI OJHO'0 U3 METOOB CETEBOr0 ILIa-
HUPOBaHUA, Ha3LIBaeMoro smemodosm kpumuieckoeo nymu. MeTon 6b11 paspa-
6oTaH B KoHUe NATHIeCATLIX rojoB HononoM u Pemuurronom Pangom maf
yIpaBieHus paGoToil XUMUYeCKUX 3aBog0B (upMel «IroHon ge Hemypy (CIIIA).

IIycTb neroToponiit npoekT W cocTouT u3 paboT vy, ..., ¥,; LIA Kamaoi
paboThl vy, U3BECTHO (MK MOKET GBITH HOCTATOYHO TOYHO OLEHEHO) BPEMA ee
BeINOIHEHUA tm(vy ). KpoMe Toro, AuA KamI0i paboTel vy, U3BECTEH, BO3MOK-
HO HYCTO#, ciucok Pred(v;) pabor, HemocpecTBEeHHO HPeIIECTBYIOINX Bbl-
HOMHEeHUIo paGoThl vy. MHave roBopf, paboTa vy MOMKET HAYaTh BRIMOIHATHCA
TOJNLKO II0C/Ie 3aBepIlelusl BceX padoT, BXOAALIUX B 3TOT CIIHCOK.

lnsg yno6eTea B cnucok paGot npoekTa W no6aBuM ABe GUKTUBHBIE pa-
6oTHI s U t, re paboTa s 0003HayaeT Mayano Bcero Hpoekta W, a pabora t —
3aBepmeHue pabor no mpoexty W. IIpu stom GymeMm cuuTaTk, 4To pabo-
Ta § MpelIIecTBYeT BceM TeM paGoTaM v € W, mus koTopsix cnucok Pred(v)
IIyCT, MHaye roBOpf, JUIA BeeX Tarux pabot v nonomuM Pred(v) = {s}. Moao-
wuM panee Pred(s) = 0, Pred(t) = {v € W | v He BXOZUT HU B OLUH CIHCOR
Pred(w)}, 1.e. cunraem, uTo padoTe ¢ NPeAMECTBYIOT Bee Te PaGOThI, KOTO-
pBle MOT'YT BBINOJHATLCA caMbIMU NocleTHUMH. Bpemda BbInonHeHusa paGot
$ U t eCTeCTBEHHO TONOMUTL PaBHLIMU Hymio: tm(s) = tm(f) = 0.

Bech Hpoekt W Teneps yno6io npeacrasuth B Buge cetu G = (V, E, ¢),
rae cets G = (V, E, ¢) onpelensm no npasuiam:

1) V =W, T.e. MI0OKeCTBOM BepIIKMH 0GLABMM MHOJKECTBO padoT;

2) E = {vw|v € Pred(w)}, T.e. oTHOWIEHVe HPeJIIECTBOBAHUA 3alaeT
IyTH B CeTH;

3) c(v, w) = tm(w).

Tar mocTpoeHHYIO ceThb (G 4acTO HAa3bIBAIOT CeTeBBLIM I'PadMKOM BBIIOJ-
HeHUf padoT o npoerTy W. Jlerko BHIeThb, UTO COMCKU CMeRHOCTell 5Toi

ceTu li—s%[v] COBHAAAIOT C 3aJaHHLIMU AJA poeKTa CIUCKaMU MpeflecTBYIO-
mux pabor Pred(v).

[TouaTHo, 4TO ceTeBoil rpadur MOGOT0 NpPOEKTa He MOMKET COAEPHKATH
KOHTYPOB.

OTtcyTcTBHE KOHTYPOB B ceTu (G 103BOJIAET IPOHYMEpPOBaTh paboThl Mpo-
exta W Takum o6pazoM, 4TOOBI MIf Kamaoi nyru ¢j cerd G BBIHOJIHAIOCH
yenoBue ¢ < j. Hoatomy B manmbHeifimem GyneM cUMTATh, YTO BEPIIWHBI B
ceTd (G TONONOTMYECKH OTCOPTUPOBAHbL.

Ha puc. 81 npuBenmeH nmpumMep IPOEKTa CTPOUTEILCTBA IOMA M COOTBET-
CTBYIOWUH ceTeBoOM rpadur.

KoneuHoit 1nenbio MOCTPOEHUA CETEeBON MOMASIN ABIAETCA MONyUeHUE WH-
¢dopMaluy 0 BO3MOMHBIX CPOKAaX BLINOJHEHUSl KaAK OTHENLHLIX paGoT, Tar U
0 BO3MOMKHOM CPOKe BBIMOIHEHUA BCEr0 IIPOEKRTA B IE/IOM.
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n | HaumeHoBaHMe paGoThI IIpenmectByIOIIME Bpemsa
paboTbl BLINONNEHNA
1 | 3aknagka ¢ynnamMenTa Her 4
2 | BosBegenue ropofKu 3gaHus 1 8
3 | MonTam 31eKTPONPOBOAKU 2 2
4 | CanTexMoHTam 2 3
5 | HacTua rpsimm 2 4
6 | OTnemounslie paboThI 3,4 5
7 | BnaroycTpoiicTBo TeppuTOopHU 5 2
3 () 6
[ S
s (4 1 (8 2/ (3
. . 4 e ¢
BN 5 7/(0)
- .
(2)
Puc. 81

OGosuauum uepes efin(v) (coorBercTBenHo ebeg(v)) nauloaee pannuil
BOSMONCHbIL CPOK BbINOAHEHUA pasomb. v (COOTBETCTBEHHO Haufosee paH-
HUL 803MOXCHbIL CPOK Hauaae padomsl v). YHOOHO cuMTaTh, 4To efin(s) =
= ebeg(s) = 0. IlocKOIbKY Ha4aThb BEINONHATL PAGOTY ¥ MOMKHO TOILKO NOC-
e TOro, KaK Oy4yT BBIIONHEHB! Bce pafoThl, NPeNMeCTBYIOWKe JaHHOH pa-
60Te v, TO MOMYYKM ciefylolye GopMy sl s pacueTa 3HaueHHit ebeg(v) 1
efin(v):

ebeg(v) = max(efin(w) | w € Pred(v)),
efin(v) = ebeg(v) + tm(v).

Jlerko BuIeTb, 4TO 3HadeHue efin(v) paBHO MIMHE MaKCHMMAJlbHOIO
(s, v)-nytr B cetdt G. IlosToMy AaA BeIMMCIeHHA 3HadeHUit efin(v) MOXKHO
MCIONb30BaTh AIrOPUTM BBIYMCIEHHA [UIMH MUHUMAIbHBIX MyTell B GeCKOH-
TYPHOH CeTH, B KOTOPOM BCe 3HAKH HEPAaBEHCTB 3aMeHEHbI Ha [POTHBOMO-
noxusle. Ilpy sToM sHadenue efin(t) naeT Hanbonee PaHHMH BO3MOMHBII
CPOK 3aBepllleHHA BCero NpoekTa B HeloM. Paiu NMOJIHOTHI NpHBeleM 37eCh
(GOpMaNbHYIO 3alUCh AIrOpPUTMA, HEMOCPEJCTBEHHO BBIYMCIAIONEr0 Xapak-
TEpUCTURU ebeg U efin.

AaroputMm 10.5.
( pacueT Hambo/Mee paHHHX BO3MOKHBIX CPOKOB Havala W BBIIOJHEHWA Da-
60T *)
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Bxox: ceteBoii rpadgur G pabor V, 3aganubiit cuuckamu Pred(v), v € V.
Brixon: Haumbosmee paHHHe BO3MOMHBIE CPOKM Hadajda M BBINONHEHHA paGoT
ebeglv], efinlv],v € V.

1. begin

2. for k:=0ton+1do ebeglk] :=efin[k] :=0;
3. for k:=1ton+1do

4. begin

5. for i € Pred(k) do

6. ebeglk] :== max(efin[i], ebeglk]);

7. efinlk] := ebeglk] + tm[k];

8. end

9. end.

B sToM anropuTMe BepmMHBI ceTeBOro rpadpura s U ¢ 06o3HAYEHBI COOT-
BeTcTBeHHO depe3 0 u n + 1.

3uauenus efin(v) u ebeg(v) nas cereBoro rpaduka, N300pameHHOro pa-
Hee Ha puc. 81, mpuBeneHsl Ha puc. 82. M3 HaiimeHHBIX 3HaueHUEl cienyer,
YTO 5TOT HPOEKT He MOskeT GLITL 3aBepllleH paHblle YeM uepe3 20 eZMHHUI]
BpeMeHH.

IIycTs 7' — nnanoBbIil cpOK BhINOAHeHUA NpoerTa W. fcHo, uTo T' mosk-
HO YIOBIETBOPATL HepaBeHCTBY efin(n+ 1) < T.

Yepes I fin(v) (coorBercTBeHHO lbeg(v)) 0603HauNM Hauboaee nosonull do-
nycmumbtil cpor BuinoAHeHUs (Haiaaa) paboThl v, T.e. TaKOM CPOK, KOTOPBIA
He yBenuuuBaeT cpok 1’ peanusaiuu Bcero mpoekTa. Hampumep, niasa pao-
TBl 3 cereBoro rpaduka us puc. 81 umeeM ebeg(3) = 12, efin(3) = 14, Ho
ACHO, YTO HauaTb paboTy 3 MOMHO Ha eIUHULY BpPeMeHH HO3jke, NOCKOIb-
Ry 9TO He HOBIMfleT Ha CPOK BBIHOJHEHUA BCETO IPOEKTa, a BOT 3aJepiKa B
peanusanuu 5Toi e paboThl HA 2 eMUHUIBI TPHUBeET K YBEJIMUYeHUIO CpoKa
BLITIOJIIIEHNA BCero HpoeKTa Ha 1 elHHUITY BpeMeHH.

HenocpencrBenHo u3 ompefeeHnit moslyyaeM CpPaBeJIMBOCTL PABEHCTB
lbeg(n + 1) = lfin(n + 1) = T. TlockoabKy IpoM3BOJbHAA paboTa v LOIN-
Ha GbITh 3aBepllleHa 10 Hauala BceX Haubolee TIO3JHUX AOMYCTHMBIX CPOKOB
Tex paboT w, KOTOPLIM NpelNiecTBYeT pafoTa v, TO Holy4yaeM clefylomliie
dbopmMyibL:

Ifin(v) = min{lbeg(w) | v € Pred(w)},

lbeg(v) = lfin(v) — tm(v).

Berunciauts 3unavenvs [fin(v) u lbeg(v) MomHO, 1BUrasAch M0 BeplIHHAM
cetd G ot n+ 1 ® 0. Bce getanu BbluMCIeHUA Ha3BAaHHLIX XapaKkTEPHCTUR
npuBeeHbl B anropurMe 10.6.
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AaroputMm 10.6.

(* Pacuer Hanboiee NO3OHUX CPOKOB Hadalda ¥ OKOHYaHUA pador *)

Bxox: ceresoii rpadur G pabor V, sagaunsii cuuckamu Predv], v € V,
IIAHOBLIH CPOK OKOHYaHUA npoerra — T

Beixon: HauGolnee no3aHMe JONYCTHMBIE CPOKY BBIIOJNHEHWA M Havala paboT
Ifin[v] u lbeglv].

1. begin

2. forveV do Ilfin[v]:=T;

3. for k:=n+1 downto 1 do

4. begin

5. lbeglk] := Ifin[k] — tm(k);

6. for i € Pred(v) do

7. Ifin[i] := min(l fin[i], lbeglk]);
8. end

9. end.

HailigeHnsie 3mauvenus BO3MOMIIBIX M JOILyCTUMBIX CPOKOB BBIINOJIHEIINH
paboT MO3BOMAIOT ONMpeleNUTh pe3epBbl BpeMeHU A BBIMOJHEHWA TOH WiIu
WHOIt paGoThl. B ceTeBOM miaHMpPOBaNUM paccMaTPUBAIOT HECKOILKO PA3IUY-
HBIX U [0-CBOEMY BajKHBIX BUIOB pesepBa pabor. Ml 30ech OrpaHU4YMMCH
UL 70AHbLM pesepeos (MHOTHA ero HA3BIBAIOT CYMMAPHBIM) BPEMEHH Bbl-
noanenus padot. OH ompefendeTca Ho dopMyie

reserve(v) = lbeg(v) — ebeg(v).

3Hauenve reserve(v) paBHO MakcHMalbHOJ 3ajiepHike B BHIMOIHEHUH pa-
GoTbl v, e BIuALOmMeH Ha miaHoBblt cpor T'. IlonaTHO, YTO cHpaBenIUBO U
TaK0e PaBEHCTBO
reserve(v) = lfin(v) — efin(v).

Patotrl, uMeloliie HynieBoil pe3epB BpeMeHU, Ha3bIBAIOTCH KpUmuiecku-
#u. Uepes KakIylo TaKkylo paGoTy IPOXOAUT HeKOTOpbIl MaKcHMalbHBII
(s, t)-nyTb B cetn G. IoaToMy Taroit MeTOf, HAXOMIEHUA KPUTHUYECKUX Da-
60T U Ha3bIBAIOT MeTONOM KpUTHUeckoro myTH. Kputuueckue paboThl Xa-
parTepU3YIOTCA TeM, UTo 1io6ad 3ajeps;kka B UX BbINOANEHNY aBTOMaTUUYecKI
BelleT K yBelIMYeHHUIO BpeMeHH BbIIOJHEeHUA BCero npoexTa. YncieHHble 3Ha-
YeHMA BBEIEHHBIX XapPaKkTePUCTUK ceTeBbIX rpad)MKOB A IpoeKTa U3 puc. 81
Janbl Ha puc. 82. Pacuetn! Boimonuens! npu ' = 20. Kputuueckumu pabo-
TaMM 3TOr0 MPOeKTa ABIAIOTCH paboTsl ¢ Homepamu 0, 1, 2, 4, 6, 8, KoTopble
U 06pasyioT B ceTU G KPUTUYECKUIN MyTh.

HccnemoBanue ceTeBbix rpaduKoB Ha 3TOM Mbl 3aBepmuM. OTMeTum
TONBKO, YTO IOMHUMO PacCMOTDPEHHBIX HAMM XapaKTePHUCTHK, YacTo paccMaT-
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Pa6orrol | ebeg | efin | Ibeg | lfin | reserve
0 0 0 0 0 0

0 4 0 4

4 12 4 12
12 | 14 | 13 | 15
12 | 15 | 12 | 15
12 | 16 | 14 | 18
15 | 20 | 15 | 20
16 | 18 | 18 | 20
20 | 20 | 20 | 20

QO | | U x| 2| DD =
jend i ) R i ) Rl B e e

Puc. 82

PUBAIOT Y GOJbIIOE YMCIO APYTHX, CBA3AHHLIX, HAaHPUMep, ¢ HeOHpeleleH-
HOCTBHIO BO BPEMEHHM BBLITIOMHEHNA padoT, ¢ yIpaBlAeHWEM pecypcaMe W T. .
JocTaTouHo 0GIKPHEIH 1 COAEPMATENLHBIA MaTepral HO 5TOMY HOBOLY MOM-
HO HaWTH B KuHre [51].

10.6. 3apmauya o maxmin-nyTu

Mycts G = (V, E, ¢) — cetb. Jus npoussoassoro (s, v)-mytn P: s = vg,
V1, - ..y Vg = U TOIOKUM

m(P) = min{c(viy, v;) |1 =1,2, ..., k}.

Yucno m(P) HasoBeM secom myTu P.

3adava o marmin-nymu GOpMYIHUpyeTCA ClIeAYIOIMUM 00pa3soM: cpend
Beex (s, v)-myTeit B ceTy G MalTH HYyTh MaKCHMAalbHOIO Beca.

Wuorpa sty 3agauy HasbIBalOT 3agaueil 06 ys3rux Mectax. Jlafa uamoct-
pauuu pasbepeM clenyOUUi HPUMEP.

PaccmoTpum HOpoKHYIO ceTh, BKIIOYAIOMVIO MOCTBI. Bynem cuMTath,
YTO NpeBbINIeHHEe I'PY30T0ABEMHOCTH HEKOTOPOr0 MoCTa IPH MepeBo3Ke Ipy-
3a HDUBOJAMT K pa3pylleHHI0 JaHHOro MocTa. JonycTHUM, 4TO MbI XOTHM OHpe-
JelIUTh MaKkcMMalbHBINA Bec I'py3a, KOTOPEII MOeT 6bITE TpPaHCTIOPTUPOBAaH
B paccMaTpUBaeMoOi TOpPO#HOM CeTH U3 MYNKTAa § B MYHKT v €3 NpeBhIIIeNHA
rpy30N0AbeMHOCTY HAaXOOAIUXCA Ha HYTH OBUKEHUA TPaHCIOpPTa MOCTOB.

Ilas pemenun sToit samaun HocTpouM cetb G = (V, E, ¢), MHOMKeCTBOM
BEepPIIUH KOTOpO# 06bABUM NMYHKTHI § U v, a TaKKe Bce NMepeRkpecTKH J0DOIK-
HOIl ceTu. Bylnem roBoputhb, uTO fopora x, COeAMHAIIIAA MEPEKPECTRH W
U u, HellocpeJCTBEHHO MX COefMHfIeT, e€CcIM T He IPOXOAUT depe3 [pyrie
neperpecTku. A DOPOrHM & MONOMKHM c(x) paBHBIM MHHMMAILHOM U3 rpy-
30MOJLEMHOCTE MOCTOB, HAXOLAMMXCA HA JOPOre I; €clld JOpora & MOCTOB
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HE COJEPHUT, TO cuuTaeM, 4To c(x) = co. ByleM cuuTaTh, UTO ABE BEPIIMHEI
w u u cetd G coenubennl ayramu (w, ¢) u (u, w), €CIU €CTb XOThb OJHA
Hopora x, HeMOCPeCTBEHHO COeIMHAIOMAA ePEKPECTKH W U U.

Monoxum

¢(u, w) = ¢(w, u) = max{c(z) | ¢ HemocpeICTBEHIIO COCNUHACT W M U}.

AHanoruuHo onpejeiHioTed AYTH, UIIUAEHTHbIE MyHKTaM § U v. Bynem
CUNTATH, YTO U3 § JYT'M TOILKO UCXOIAT (T.e. MCKIIOYAM AyTu Buaa (w, s),
rie w € V), a B v Iyr¥ TOAbKO BXOIAT.

Ha puc. 83 a) gan nprumep foposHoii ceTH, COeHHAIOMEN MYTKTEI § U U:
uuppaMu 0603HAUEHDLI [IEPEKPECTEM, GYKBAMU — MOCTBI, d YKMClIa B CKOB-
Kax 03HAYAIOT I'PY30I0ABLEMHOCTh COOTBETCTRYIOmero Mocra. CoOTBETCTBY-
10l0as ceTeBas Mofelb [PHBeleHa Ha puc. 83b), rie Kamioe HEOPHEHTUPO-
BaHHOe peBpo BUAA 4, j COOTBETCTBYeT ABYM ayram (i, j) u (j, ). O6pamaem
BHMMallMe 4uTaTens Ha Bec AyTH (3, v), KoTopbiii paBen 80, nbo mynxThl 3
M ¥ COEJMHAIOT Be NOPOrM T W ¥y, aam xoropeix c(x) = 80, u ¢(y) = 60.
Moatomy ¢(3, v) = 80.

1 b(50) 3

s v
a(100) 2 d(80)
1 50 3
by +oo 90 80
+00
s v
100 2 80
Puc. 83

Ilas pemenus 3agayun o maxmin-my Ty B npoussoasnoii cetn G = (V, E, ¢)
¢ Heo6A3aTeNbHO HEOTPULATEIBHBIMU BECAMH MBI IUIIL HEMHOTO MOLUdU-
IUpYyeM M3T0KReHHLIH paHee ainroputMm Jlefikerper. IlpunHuun «uagHocTH»
B BBIYMCIENMH MAaXmin-pacCTOAHMI BBIMNIAIUT 30eCh CIeIYIOWHM 00pasoM:
BBIUMCIAEM MOCIeA0BAaTeNbHO KaRIBI pa3 maxmin-paccToAHHMe 10 Haubo-
nee Naneroil BEPUIMHLI OT § CPEIM BCEX TeX BEpIIMH, 0 KOTOPBIX maxmin-
paccTofiHue elle He BhIUMCIEHO.

Bonee TouHo Hamu paccy:kaeHud 3/1ech TakoBbl. OGosHaunM depes dm(v)
MaKCHMaIbHBIM Bec Cpefy BeeX (s, v)-HyTel, T.e. maxmin-paccToAHHE OT §
o v.
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Hoxomum S = {s} u dm(s) = +oo.

BymeM Tenephb m0GaBIATL Kk MHOMECTBY S 10 OOHOH BepIIWHE TaK, 4YTO
MHOMECTBO S COCTOUT HAa KaytJOM Ilare W3 TeX BepIUHH v, OIS KOTOPbIX
dm(v) BerumcieHo, U maf Beex v € Suw € F,rae F =V \ S, cnpaBenansel
HepaseHcTBa dm(v) > dm(w). Aua wamporo w € F nonomum

D(w) = max{min{dm(v), c(v,w)}|v € S}.

IlonAaTHO, 4To B 3Toi1 opMyile MOABAAETCA MaKCUMYM BMecTO MUNUMYyMa B
aHanornyHoit dopmyae (1) us pasn. 10.2, uGo Hac UHTepecyeT IyTh MaKCH-
MalLHOTO Beca.

OuepenHan BepuIMHaA w*, KOTOPYIO clenyeT Jo6aBUTL K S, BrIGMpaeTcA B
COOTBETCTBHHU C YCJI0BHEM

D(w*) = max{D(w)|w € F}.

OGocrnoBanue KOPPEKTHOCTH Takoit Moauduramuu ainroputMa [lefikcTphI
IIPOBOJMTCA aHANOTMYHO [JOKAa3aTelLCTBY KOPPEKTHOCTH CAMOTO alropyuTma
HIettizcTprl. @opMalbHO MOMKHO CKa3aTh, YTO BCA MOIUDUKAIIUA 3aKiI0YaeTCA
B TOM, UTO BCe 3MAKHU CYMMBI 3aMeHAIOTCA Ha MUHHMYMEI, 8 BCé MUHUMYMBbI
B anroputMme JIefiKcTphl — Ha MakcUMyMbl. IloaToMy MbI He OyeM HpPUBO-
IUTDb 3/1eCh WCTPaBIeHHBIM yKRa3aHHBIM crmocoGoM arroputm 10.2.

2 (50) 4

S D[1] | D[2] | D[3] | D[4] | D[5]
1 4oo | 00 | 100 | —00 | —00
1,2 +oo | 50 | —oo
1,2,3 90 70
1,2,3,4 80
1,2,3,4,5

Puc. 84

Ha pucynre 84 ramaoe HeopHeHTHPOBaHHOe peGPoO vw IIPeNCTaBIAET CO-
ol 1Be OpHEHTHpOBaHHble OYTH (v, w) ¥ (w, v). YuTaTeld He MoIHel CMy-
maTh TOT QakT, 4To Beca yT (1,2) u (2,3) paBHbl +00. ITO 0GCTOATENLECTBO
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03HAYaeT, YT0, Bo-NepBbIx, nyru (1,2) u (2, 3) uMeioTcA B CeTH U, BO-BTODbIX,
OHU MMeIOT OeckoHeuHo Gonbiofi Bec. Beckoneuto 6oabuioii Bec HEKOTOPBIX
OyT MOAeNupyeT CUTYallHIo, BCTpedalollylocAd B 3ajlaye 0 caMOM Hale:KHOM
IyTH IePeBO3KY I'py3a o AOPOKHOH ceTH. EcTecTBenno cunTaTh, 4TO JOPO-
ra, 110 KOTOPO#l MoeT ObITh TPAINCNOPTUPOBaH Ipy3 Moboro Beca, COOTBET-
CTBYeT AyTe 6eckoHe4HO Godbiloro Beca. IIpu paccMoTpeHHH maxmin-3afayuu
Beca HeCyIIeCTBYIOLIUX JyT eCTECTBEHHO CUUTaTh paBHBIMM —oo. Camu my-
TH JIeTKO CTPOATCH C NOMOMBbIO MeTOK Previous. OTMeTHM TOIBKO, 4YTO
Tarkafd Moguduranya arropuTMa JefikcTpbl He TapaHTHUPYeT MOCTPOECHUA MH-
HMMaJbIIOro 10 YUCIy AYT HauIydllero B CMbICIE Maxmin-paccTOAHKA MY TH.
Hanpuwmep, B cetu us puc 84 no BepmuHbl 5 Gyzner HaiineH nyTh 1-2-3-4-5,
B TO BpeMA Kak myTb 1-3-4-5 uMeeT TOT ke Bec. OTMeTUM, UTO 3ajaya o
minmax-myTH MoeT ObITE chOpMYITHUpOBaHa M pellleHa aHAIOTMYHO 3ajaye
0 maxmin-nyTH.

10.7. 3anaya o KpaTyaiimHuX NMYTAX MeEKOAY BCEMH
napaMy BepUINH

B npenpigymux pasgenax 3Toil riaBbl paccMaTpUBalluChL 3aJayd HaXoi-
JeHNf ONTUMANbHBIX B TOM WK MHOM CMBICHIe Iy Teil 0T HEKOTOPOiT pUKCHpO-
BaHHOH BepHIMHELI 0 BCeX OCTANbLHLIX BepIIHMH CeTH. 3[ech MLl pacCMOTPUM
3azavy MOCTPOeHUA KpaTuallmux nyTeil Me;say BceMu napaMmu BepuruH. lloz
IIMHOM TyTH, Kak ¥ B pazaenax 10.1-10.4, MbI HOHUMaeM CYMMY BeCOB VT,
00pasyIomux 3TOT MyThb. fICHO, YTO 3TY 3afauy MOKHO pellaTh, UCIONL3YS
n pas (moodepeHO A KajKIOH BEPIUMHLI) ONHH U3 ONUCAHHBIX paHee all-
TOPUTMOB HaXOKJIeHHA pacCTOAHMH OoT (MKcHpoBaHHOH Bepmunbl. Tarum
06pa3oM, Mbl HOMy4YaeM anropuTMbl cromuoctd O(n') (mpu ucmombsopanuu
arroput™a ®opna—Bennvana) u O(n®) mia ceTeil ¢ HeoTpUUATENLHBIMU Be-
camu (aaroput™ JefiKcTpel) UiIM fif GeCKOHTYPHBIX ceTeil (axroputm 10.4).
Opuaro, mas obuiero cryvas ceTeil ¢ MpOU3BOJIBILIMY BecaMK UMeIOTCA 6o-
lee 3¢ eRTHBHbIE aIrOPUTMBI, YeM MeTOJ, OCHOBAaHHLIM Ha MHOIOKPATHOM
npuMeHeHnu aiaroputMma @oppa—Beamvana. OpuH M3 TaKUX alrOpHTMOB,
HpeanoskeHHbIH B 1962 rogy @moiioM, MBI 3iech B pasbepeM.

Nycte cets G = (V, E, ¢) sagana marpuueii BecoB A, rme A[i, j] =
= ¢(v;, v5), u Ali, §j] = oo, ecim gyru (v;, v;) B cett meT. OGo3HAYUM Ue-
pes di (4, j) nauHy KpaTuaiiiero nyTH U3 v; B vj, Bce IPOMEKYTOUHbIE BEp-
IIMHBI KOTOPOI0 COAEPMATCA B MHOMKECTBE U1, ..., Ug, T.€. COHEPKATCA B
nepBeix k BepmuHax. [omomum

do(i, j) = Ali, j]-

]
Mycte dy (4, j) BeIuMCIeHO TpHM Beex 4, j = 1,..., n u Hekotopom k > 0.
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I[OP{H}‘HEM PaBEHCTBO

HeficTBUTeNBHO, paccMOTPUM KpaTuaiimuii (v;, v;)-nyTe P ¢ mpoMemy-
TOYHBIMY BEPITMHAMMU M3 MHOMECTBA Uy, . .., Uk, Upil. BO3MOMHEI JBE CUTY-
auuu: AM60 BepIINHA Uy BXOOUT B 3TOT MyTh, TU60 HeT.

Eciu BepuMHua vy, 1 He BXOOUT B HyTh P, To, KaK JeTKo BU/IETh, CTIpaBe[l-
IUBO paBeHCTBO dii1(3, j) = di (4, 7).

Eciu e BepmWHA v, BXOAMT B NyTh P, To, pas6uBas 3TOT MyTh Ha
MYTH OT ¥; OO Ugyq W OT Vpyy JO U;, MONYYAEM JBa HOBBLIX MyTH, BCE MPO-
MeMYTOUYHbIE BepUIMHBI KOTOPBIX BXOJAT BO MHOMECTBO Vg, ..., Ug. Ilo-
CKOILKY BCAKUN MoANyTh KpaTyalliero MyTH caM fBIAETCA KpaTdaimum
MyTeM Meily COOTBeTCTBYIOIIMMH BEPITMHAMM, TO CHPaBeJUBO PABEHCTBO
de1(4, 5) = dr(3, K+ 1) + dp(k + 1, 5)), 4To 3aBepinaeT 060CHOBAHUE PABEH-
crea (3).

PaBencTro (3) m03BONAET TErKo HAXOOUTL PACCTOAHKA MEHKIY BCEMH Ia-
paMu BepUIMH: HYMHO TOCTeJOBaTelbHO BLIUYMCIMTL [UIA BCEX Map BepUIMH
suavenus do(é, §), di(é, j), -- ., du(é, j) ¥ ydecTh, UTO paccTOAHHUE OT v; IO U;
paeHo d,,(i, j).

Jlas maxommeHua KpaTyaMKMX HyTell GymeM KCMOIbL30BaTL aHajor He-
OHOKPaTHO NpPYMeHABIIErocA paHee MaccuBa Previous, a WMeHHO, 3a-
BeleM JByMepHBIH MaccuB Pred pasvepa [1...m,1...n], cuuras, uTo
Pred[i, j] paBeH HOMepY BepLIHHbI, ABIAIOLIENCA MPeAHOCHe HEeH B KpaTyaii-
weM (v;, v;)-IyTH (IOHATHO, 4TO HOCJIe[Hell BepIIMHON B TaKOM HYTH HBIA-
eTcs BepmuHa v;). Eeau k = Pred([i, j], To, mocMoTpes sHauenue Pred|[i, k],
HOILYYHM CIeIyIOMYyI0o BepmuHY B (vj, v;)-IyTH. TakuMm oBpasoM, IBHraach
10 3leMeHTaM MaccuBa Pred, erko MocTPoMThL MyTh AIA N06G0H napsl Bep-
T H.

JleTany Mamo#eHbI B MPUBOJMMOM HUME aqrOpUTMe, Ile NpelHoJaraeT-
cf, uto Afi, §] = 0 u A[i, j] = oo, ecint gyra (v;, v;) B CeTU OTCYTCTBYET.
Eme pas noBTopMM, YTo HeOTpHIATedLHOCThL BECOB AYT He MpeAnoJaraeTce.
OnHaxo, cCYMTAETCA, YTO B CETH HeT KOHTYDPOB OTPHUIATENLHON IJIHMHEL.

AnroputMm 10.7 (®noiin).

(* Boluncienre paccTofAHMI MeMIy BceMM Napamu BepunH ¥)

Bxon: cets G = (V, E, ¢), 3afaHHasn MaTpuueil BecoB A mopanxa n.

Brixom: paccroanua D[i, j] ana Becex Hap v;, v; € V, marpuuna Pred, B
rotopoit Pred[i, j| paBHo HoMepy HpejnociefHell BepIIMHBI B KpaTvaiimeM
(vi, vj)-myTH.

1. begin

2. for i:=1ton do
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3 for j:=1ton do

4 begin

5. DI[i, j] := Ali, j]; Pred|i, j] := 4;
6. end;

7 for k:=1 to n do

8 for i:=1to n do

9. for j:=1ton do

10. if D[i, j] > Dli, k] + D[k, j] then
11. begin

12. DI[i, j] = D[i, k] + D[k, jl;
13. Pred[i, j] := Pred[k, j]
14. end

15. end.

TlousaTHO, UuTO cAoMmHOCTEL anroputMa Quoiina onpenenaeTca CIOHHOCTHIO
[UKIa B CTPOKaX 7 —14, KOTOPLIH COCTOMT M3 TPeX BIOHIEHHLIX IIMKJIOB, BEI-
TMOMHAEMBIX N pa3 Kampabplit. OTclona ciepyer

Teopema 10.5. Aazopumm Qaoiida umeem caoxcHocmp O(n3).

31ech UHTepecHO 0OTMETHUTD, YTO TOYHO TAKYIO e CIOMHOCTL HUMeeT ail-
roput™ Poppa—Bennvana BbIUUCIeHUA PacCTOAHUM 0T PHKCHPOBaHHOM Bep-
IMMHBI JO BCeX OCTAJbHLIX BepIIUMH ceTH. B HacTofAmee Bpemsa He KU3BeCTEH
HU OfUH airOpUTM BEIUMCICHUA PacCTOAHUA MeKIYy GMKCUpOBAHHON Hapoil
BEpIINH, KOTOPBI ObLI GbI CYIecTBeHHO 3(deKRTUBHee (T.e. UMell Gl MeHb-
YO BLIYMCIUTEIBHYIO CIOMKHOCTD), YeM alr0PUTM BLIYMCIEHUA PACCTOAHMIMA
MeMAY BCeMU NapaMu BepIIWH.

dopmanbHOe olKcaHHe NpPOlelypbl NOCTPOEHUA caMUX KpaT4dalmux my-
Teit, UCTIOAB3YIONIee MaTpully Pred, He cocTaBifieT HUKAKUX TPyaHOCTed, U
MBI NpeJoCcTaBlfAeM ero YNTaTelAM B KayecTBe HeCIOKHOTO YHpaKHECHUA IMA
€caMOCTOATEILHON paboThl.



11. 3agaya o MakcHMMaJbHOM I[IOTOKe

11.1. OcHOBHbIe MOHATUA U pe3ylbTaThbl

B aro0il rnaBe Mbl OyneM paceMarpuBath cetd G = (V, E, ¢), uMmeromue
e/IMHCTBEHHYIO BepUIMHY § ¢ HYJeBOM CTEMeHbI0 3aX0la M eJUHCTBEeHHYIO
BepuIMHY | C HYJIeBOW CTeHeHbIO McXona. BepmwmHy s GymeM HasbIBaTh LcC-
mouHuKkoMm, a BepiuHy t — cmoxom cetu G. Bynem mnpenmonaraTh Takmxe,
uro Beca ¢{e) Beex Oyr HeorpunarteapHel. Yueno ¢(e) GymeM HasbBaTL npo-
nyckHoll cnocobHocmbio IyTH €.

[laa yno6cTBa BBefleM cienyiomue o6oanadenud. 1A NpoM3BoIbLHOM Bep-
LIANBI ¥ Yepe3 v+ (COOTBETCTBEHHO v—) GyieM 0003HAYaTh MHOMECTBO BEp-
IMI, K KOTOPLIM (M3 KOTOPBIX) MIYT OYTY M3 BepIIMHLL (B BepIIMHY) v.

HMomowom f B cetu G naswiBaeTca dynuuua f: E — R, yaosrersopsaio-
Waa YCIOBUAM:

1) 0 < f(e) < ¢(e) mus Beex e € Ej

2) f(v=) = f(v+) naa Beex v € V, v # s, v £ &, tme f(v—) =
= Z (UJ7 U)J f(U+) = Z f(va UJ)

wev+

weY—
Yucno f(v, w) MOMKHO HHTEPOPETUPOBATH, HAHPUMED, KaK KOJMYECTBO

MUAKOCTH, MocTynamomelt 3 v B w mo ayre (v, w). C 3Tofl TOYKM 3penns
sHavyenue f(v—) MOKeT ObITb MHTEPNPETHPOBAHO KAK [IOTOK, BTEKAIOMN B
BepluIuHy v, a f(v+) — BbITeKaomuii ua v.

YenoBue 1) HasbIBaeTCH YCIOBHEM OIDaHMYEHMA 10 HPOIYCKHON CHOCOG-
HOCTH, a YCIOBHe 2) — YCIOBHEM COXPaHEHMA MOTOKA B BEPILMHAX; MHBIMU
clioBaMH, MMOTOK, BTeKalomuil B BepIIMHY v, OTIWYHYIO OT § U f, paBeH BbITe-
KalolleMy U3 Hee MOTOKY.

Hoxomum ||f|| = f(s+). Yucno ||f|| nasviBaerca seauuunoil nomoxa f.
IloTor f Ha3bIBaeTCA MAKCUMAALHBLM, €CITU A NI060T0 MOTOKa f* cmpaBen-
auBo HepaseHcTBo || f*|| < ||f]]-

3adava 0 MAKCUMAADHOM NOMOKe: B 3aJaHHON ceTH HAMTH TMOTOK MaKCH-
MalbHOUM BelIUYUHEL.

Taxas zagaya BO3HMKAET, HAIIpUMep, Korja TpeGyeTcA HAlTH MakCcUMAalb-
HO BO3MOKHEIN 00beM MEKOTOPOH }UIKOCTH WM I'a3a, KOTOPbIA MO#eT ObITh
NnepeKayaH Mo ceTy TPyOGONpPOBOAOB OT MCTOYHUKA OO0 MyHKTa NOTpeliaeHus.
Ipy sToM ycioBue 1) B ompejeneHur NOTOKA MOAEIUPYET TOT BaKT, YTO 10
Kaykaol TpyGe MoskeT MpOoTeRaTh OrpaHUYeHHOe KOJUYeCTBO KUIKOCTH, 06y-
CIOBICHHOE, HANPYMep, INaMeTpoM TpyObl, a ycaoBue 2) — To, 4TO [OTeph
B IIPOMe/Ky TOUHLIX BeplIMHax He npoucxoauT. IlonATue HoTOKa B ceTH Mo-
}KeT MOJeIUPOBaTh TaK#e MOTOKHM TPaHCHOpTa B ceTH aBTOCTPAa, MEPEBO3KY
TOBApOB HO KeJle3HLIM JoporaM U T. H.
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2 05(1) 5

5(1) 5(2)

[ @
oy 3 o) 4 050D

Puc. 85

Ha puc. 85 man mpumep cetut G u notoka f B Heil. 3uHaueHve f(e) Ha Oy-
re € yKa3aHo BO3Je COOTBETCTBYIOLIel IyTrY, B CKoGKaxX yKa3aHa IIPOIYCKHAA
CNocoGHOCTD 3Tol ke ayru. OueBHAHO, BeTHUYMWHA 3TOr0 IOTOKa paBHa 1.

3ajnavya 0 MAKCUMalbHOM IIOTOKe KMeeT OJHY 0COGeHHOCTh, OTINYAIOIYIO
ee OT BCeX PaCCMOTPEHHLIX paHee 3ajlay JUCKPeTHOH ONTUMHU3aUMU. A UMeH-
HO, BO BCeX IPEANIeCTBYIOIUX 3aJadaX UCKOMBIH 00BLEKT CyLIecTBOBAI 0Ye-
BUIHLIM 00pa30M U B IpUHLUIe Mol GbIThL HalfileH moaHbLIM NepeGopoM. Ha-
IpUMep, MOKHO ObLI0 Obl epefpaTh Bce My THU MeRIy 3aJaHHLIME BeplIMHA-
MH ¥ BBIOpaTh Cpey HUX KpaTyafilniit uiu nepeGpaTh Bce OCTOBBI U BRIOPATh
MHUHHManbHbIM. B 3aave o MakcMManbHOM IOTOKe MOJHBIN IepeGop MPUH-
IUINAILHO HeBO3MOMEH U CyllecTBOBaHME MaKCUMalbHOI'0 IOTOKa, Booble
rOBOpA, He 04eBHAHO. TeM He MeHee, cIIpaBellIuBa ClieAylollas

Teopema 11.1. B raxdod cemu cyuiecmeyem MAkCUMAAbHBLL NOMOK.

HNoxazaTteabcTBo. llycts G = (V, E, ¢) — ceTb, 8 U £ — COOTBETCTBEH-
HO MCTOYHHMR U CTOR ceTw G. 3aHyMepyeM TPOU3BOILHBIM 06pa3oM MHO-

mecTBo nyr E cetu (. Torma ramabiit noTok f B ceTH (G — 3T0 HPOCTO
YIOpANOYEHHbIN HAabop U3 m yucel, T.e. TOYKa mM-MEpPHOro eBKINI0BA IIPO-
crpancrsa R™, rge m — uucao ayr B ceTd. MHuade rosops, ecim X —

MHOKECTBO BCeX MOTOKOB B ceTH (7, TO UMeeTCA ecTeCTBeHHOe NHLEKRTHUBHOE
oToGpasenue ¢ MHomecTBa X B R™,
Mycrs Y = ¢(X). B cuny ycnosua 1) onpefieeHis NoToka MHOKECTBO Y/

m
OTpaHMYeHO, TaK KaK COLEPMHUTCH B m-MepHoM napainenenunene [] [0, c(e;)]-
i=1

JlokameM 3aMKHYTOCTh MHO#ecTBa Y. PaceMoTpuM TpefedbHYIO TOY-
Ky ¥y = (Y1, -.-, Ym) MHOMeCTBA Y W TOKaMeM, YTO CYIIECTBYET MO-
tok f B cetu G Tawoit, uto f(e;) = y; mag moboro i = 1,...,m.
JlocTaTouHo TPOBEPUTL, YTO MIA OTOOpaMeHWsd, 3aJaHHOr0 paBeHCTBAMMU
f(e;) = y; BomonunAtoTea o6a yeaosua 1) u 2) us onpegenenus motoka. Ilycrs
fr — nocnemoBaTeldbHOCTH MOTOKOB B ceTw (G Takafd, uTo A KamkAoro
i=1, ..., m nociefoBaTelbHOCTh fi{e;) cxomured K y;. llocKoIbRy Hepa-
BeHcTBa 0 < fi(e;) < c(e;) BhIMOMHAIOTCA TIpH 0GoM k, To, Nepexois K Hpe-
meny, noxydaem HepaBencrsa 0 < y; < c(e;). Wrak, ycnosue 1) BeIIOIHAETCH.
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IlycTs Tenmepns v nmpousBoibHasa BepmuHa ceTu. O6o3Hauum vepesd I— u I+
MHOECTBA WHIEKCOB OYT, BXOAAMMX (COOTBETCTBEHHO BBIXOJALINX) B Bep-
muHy © (M3 BepmmHbl v). Torga s moGoro k cropaBeliHBO paBeHCTBO

Y file) = Y faled).

ief— i€l+

Hepexonﬂ B 5TOM paBeHCTBe€ R IIpedely, MoJdy4YrM

> fle) = fle)

iel- iel+
TeMm caMbIM 38MEHYTOCTh MHOKECTBa Y, & BMecTe C Hell M KOMIAKTHOCTh
3TOr0 MHOKECTBA IOKa3aHbl.

Bemecrpennasa dynsuus ||ly|| = X v (y € Y), rie S — muosecTBo uH-
IEeKCOB YT, BRIXONALKX U3 I/ICTO‘-IIII/I"ﬁiEég& fAIBIAETCSA, KAk HETPYLHO 3aMeTHTh,
nuHeliHOM dyHKIHe. OTclofa BeITeKaeT ee HelPepbIBHOCTL. Clled0BaTeNbHO,
no TeopeMe BeffepmTpacca faHHas QyHRIMA WMeeT MakcUMyM. IloCKOIbRY
5Ta (PyHKIMA JaeT BeMMYUHY II0TOKA, TOYKA, B KOTOPOH OHa MMeeT MaKCH-
MYM, AIBISIETCA MaKCHMAbHBIM NMOTOKOM B cetu G. O

Paspesom MeIy 3afaHHBIMY BepIIHMIaMK v U W B OPHENTHPOBAIHOM T'pa-
(e 0GbIYHO HA3BIBAIOT MMHKUMANbHOE MHOMECTBO IYT, YAaleHHe KOTOPBIX U3
oprpatda NPUBOIHT K paspylieHHIO BeeX (v, w)-yTeil. ITOMY MOHATHIO MOH-
HO IIPH/IaTh [BOHCTBEHHYIO (OPMYINPOBKY B TEPMHHAX MHOKECTB BepIIMH.
B sroii riaBe, Ham ynoGHee ONepHPOBATH HMEHHO ¢ TaKO# TPAKTOBKOM IOHSA-
THA paspesa.

Bonee TouHo, (s, t)-paspesom (B manbHeiimem npocro paspesom) (V;, Vi)
B cerd G HasbIBaeTCAl Mapa MHOMeCTB Vj, V;, YHOBIETBOPAIOMMX YCIOBUAM:

(a) seV, teV;

(b) V,UV, =V;

() V,NV,=0.

Ins paspesa (V,, Vi) uepes E(V, — V;) ofo3nauuM MHOMKeCTBO BCeX
OYyT e, HAYana KOTOPBIX Jexar B V;, a konusl — B V;. AHanoru4xo,

E(V,=V,)={e=vwe FE|lveV, weV,}

Hanpumep, ans cern us puc. 85 u paspesa (V;, V;), B koropom V, = {s, 4}, a
Vi ={2,3, 5, t} umeem E(V, — Vi) = {(s, 2), (s, 3), (4, 1)}, E(V; = V,) =
=1{(2, 4), (3, 4)}. Ilycts

fVi=V)= > flo);

e€E(Vs—=Vz)

FVi=Va)= > fle)

e€E(Vi—Vs)
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Jdemma 1. Jas aw6ozo nomora f u awoGozo paspesa (Vy, V;) cnpasedaueo

pasencmso
Il = f(Vs = V) = f(Vi = VA).

HokasaTeabeTBo. lns nponssonbHoit Beplumnsl v € Vy, rae v # s, cupa-
BelnuBO paBeHcTBO f(v+) — f(v=) = 0 u f(s+) = ||f||.- Hpocymmuposas
9TY paBeHCTBA HO BceM BepHIMHaM v € V;, HOLYYUM

17l =22 flot) = 32 flv—). 4)
vEV, VEV,

llycte e = vw € FE, n obe BepmuHbl v M w npuHamiaemart V,. Torga 3Ha-
uenve f(v, w) purypupyer B cymme f(v+) Kak 4acTb NOTOKA, BHIXOLALIETO
3 v, u B f(w—) Kak vacTh BXoAfAIIero B w notoka. CleloBaTelbHO, B IpaBoii
vacTH paBeHctBa (4) Bee caaraemble Buma f(v, w), rae v, w € V,, B3auMHo

yHuuToskaloTca. OcTaBliyecs claraeMble JaloT TpeGyeMoe paBeHcTBo. O
Oycts V= {t} n V, =V \ {t}. Torpa f(V,;—» V) =f(t—-)u f(V;=V,) =0.

CJ'Ie,HOBaTeIIbHO, PaBeHCTBO U3 JIEMMBI 1 zanuieTca ClIeIyniunum 06paSOM

£l = £ (=)

[locneHee paBEeHCTBO BhIpaskaeT MHTYWTHBHO NMOHATHBIN (AaKT: TOTOK, BXO-
JANWE B CTOK, B TOUHOCTU PaBeH BHIXOMAIIEMY W3 UCTOUHMKA MOTORY, TaKk
KaK TMOTeph B MPOMEMAYTOYHBIX BEpIIMHAX HE MPOMCXO/IUT.

Jlaa paspesa (V;, V;) nonomum

e(Vis Vi) = D {c(e) e € E(V, = V) }.

Yucao ¢(V;, V;) HasbiBaeTca nponycknotl cnocoGrocmeio paspesa. 13 yciosus
OrpaHHYeHVA 10 NPONYCKHOH CIOCODHOCTHU ciledyeT, 4To

0< f(Vs = V) < Vi, Vo).

OTCIOHa U U3 TeMMBbI 1 IoJryyaemM

CaepcrBue. Jas aio6ozo nomokra | u awtozo paspesa (V,, Vi) cnpasedau-
80 Hepasencmeo || f|| < c(V;, V3).

Paspes (V,, V,) HasblBaeTCA MUHUMQAbHbLM, €CIM LIA ITOBOr0 paspe-
sa (V, V}*) cupasenauso oV, V;) < (V¥ V).

JJemMa 2. Ecau 0das Hexomopoze nomora f* u Hekomopozo paspe-
sa (VF,V}) ennoansemen pasencmso ||f*|| = c(VF, V;*), mo nomox f* max-
cumaaen, a paspes (V}, V}*) munumnaren.

JokraszateancrBo. [lycTrs [ — mMakcuManbHbIil H0TOK, a (V, Vi) — Mu-
HUMAaILIbIH paszpe3. Toryma cnpaBelavBa clefylolasn [enoYyKka HepaBeHCTB

1751 < NI < eV, Vi) < eV, VYY)
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[TockonbRry KpaiiHue 4WieHbl B 3TOH LeNOYKe HEPABEHCTB COBHAJAIOT, OHA
npeBpallaeTca B LEI0YKY pPaBeHCTB, YTO M 3aBepllaeT I0Ka3aTelbCTBO JeM-
MbL. O

Henvio u3 v B w B cetu GG Ha3bplBaeTcA UYepeAyIOLIAficA HOCHeL0BATENb-
HOCTb IONIAPHO Pa3iWUYHBIX BEPIUHUH U IYT Uy = U, €, Vp, ..., €k—1, UV = W,
B KOTOpPOH Iyra e, AIU0O0 BLIXOOWUT U3 v, U BXOOUT B v,y;, 1160, HA060OPOT,
BBIXOAMT W3 ¥,41 U BXOIUT B ¥,.. B mepBoM ciydae, Korga gyra e, UMeeT
BHUJ V,Upt1, OHA N1A3bIBAETCH NPAMOL OYyTOH Lleny, a BO BTOPOM — 00pamHoil.
OrMeTyM, 4YTO 0 3TOr0 MOMEHTAa NMOHATHE IIeMM paccMaTPHUBAIOCE TOJNLKO
Il HEOPUEHTUPOBAHHbIX rpadoB. 31eCh MBI BBOAUM 3TO HONATHUE NJIf OpU-
eHTUpOBaHHLIX rpadoB. MozkHO crazarTh, YTo Lemb B oprpade — 3TO TO e
caMoe, 4YTO [IpocTad lLiellb B HEOPUEHTHPOBAHIIOM rpade, eciy HTHOPHPOBATh
OpUEHTALIO IYT.

Iycts P — uens u3 v B w. A gammoit 1yru e uenu P nonoum

c(e) — f(e), ecnm e — npamasn gyra,
f(e), ecin e — ofpaTHaA 1yra.

h(e) =

Ilycrs h(P) = min{h(e) |e € P}.

Ilens P u3 s B ¢ HaswiBaerca f-donoansiowets, eciu h(P) > 0. Hanpumep,
(s, t)-uenb, BRIIOYAOWAA BEePIIUHLL 8, 3, 4, 2, 5, ¢, ABIAeTCA f-IoNONHAIOWEH,
nana motoka f B cetw G, usobpamentoro Ha puc. 83. Ipuuem h(P) = 0,5,
nyra (2,4) apaserca o6paTHOil XyToii 9TOM Lely, a oCTalbHble OYTM — Hpf-
MBIMHM IYTaMH.

Cnenyiomee yTBepskIeHHe ABIAETCA KIIOUEBBIM I MOCTPOEHUA alro-
pUTMa pelleHuA 3alaud 0 MaKCUMAaThHOM MOTOKE B CETHU.

JdemmMma 3. Illycmv f — nomor e cemu G u P — f-Oonoansowan
(s, t)-uenv. Toeda e cemu G cywecmsyem nomok f* marot, wmo ||f*|| =

= [I£ll + h(P).

JorazaTteabeTBo. OQupenenum B cetu G dyurumuio f*: £ — R mo dpop-
Myle

f(e) + h(P), ecaue € P, e — npaman gyra,
f*(e)=14 fle) — h(P), ecaue € P, e — obpaTHad £yra,
f(e), ecin e & P.

llokameM, uyTo QyHEUMA f* HeoTpUUATelhHa U yOOBIETBOPAET YCIOBU-
am 1) u 2) onpenenenus noroxa. Iycts e — npsaMas gyra uenn P. Hemoas-
3ys onpenenenun f* u h(P), nomyunm

0< f(e) < f*(e) = f(e) + h(P) < f(e) + h(e) = fle) + (c(e) — f(e)) = c(e).
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f*(e) € c(e). Hycts e —

Urar, nag npameix oyr penu P umeem 0 <
) < ¢(e) oueBugno. JoraseM, u4To

obparHas nyra uenu P. HepaBenctso f*(e
f*(e) > 0. JeitcTBrTeNbHO,

f(e) = f(e) — h(P) = f(e) — h(e) = f(e) — f(e) = 0.

Uraxr, pyurnua f* ymoBreTBopseT ycioBuio 1).

HouaTHO, YTO yCioBue 2) onpeleleHHA HOTOKA ClefyeT IPOBEPUTE JHUIIb
JUIA BepUIVH v, BxoaAmux B Henb P. Ilycrs e — xyra B nenun P, no Koro-
poil IpUIIN B BEPIIMHY v, €a — [0 KOTOpO# ymuu u3 v. Kampmaa u3 3THUX
OyT MoeT ObITH Kak NMpAMoH, Tak U oGpaTHo#l B nemu P. CiegoBaTe’nbHO,
BO3MOMIIbL YeThIPE Pa3/MYHbIX CIydYad.

Paccmorpum ciyuait, korna obe nyru e; U e; npaMble. Torga copaBejyin-
Bbl PaBEHCTBa

frflo=)=Fo=)+h(P), [ (o+) = f(o+)+ h(P),

TaK KaKk Ha 0GeUX JyTaX e; U €y [OTOK yBeIMUUBACTCA Ha OJIHO U TO He UUC-
a0 h(P). Mockonbry i motoka f cnpaBeyiuBo paseHcTBo f(v—) = f(v+),
nony4aeM, 4ro f*(v—) = f*(v+).

B cayuae worma gyra e; — TpAMas, a oyra es — obpaTtHag B lemnu P,
molyyaeM, uTo 06e 5TW AYI'¥ BXOAAT B BepwuHy v. Clie0oBaTenhHO, BbI-
nonHseTcA paBeHcTBO f*(v—) = f(v—), ubo Ha Oyre e; NOTOK YBEIMUUTCA
Ha h(P), a na nyre e3 ymenbumrcs Ha h(P). IlosToMy BeluurHa BXOSALETO
B v MOTOKA He U3MEHUTCA, KAK He MENMAETCA M BeIWYKMHA BLIXOAAIMIETO U3 ¥
[OTOKA.

OcraBmnecs ciyvau (e M e — ofpatible JyTH U e; — o6paTias, a eg —
npaMas fiyra) pacCMaTpPUBAIOTCH aHaI0TH4HO.

Urax, f* asaserca motokoM B ceTu (. [lanee, HockoldbRy wenb P nadu-
HAETCH B BepLIMHE $ U Ayra €y IJA BEPIIMHbI § UMeeT BUJ SU U MOMET ObITh
TOILKO TPAMOIL ayroit B uenu P, umeeM f*(es) = f(es) + h(P). Ha ocrans-
HBIX Jyrax, HCXOJAAIINX M3 §, IOTOK He MeHAcd, orciofa ||f*|| = f*(s+) =
= f(s+) + h(P) = [|f| + h(P). O

Ha puc. 86 morasan moTor f*, moiyueHHEBIH 1a motoka f B cetu G,
U300paskeHHON HA pHC. 85, YBeJHYeHMEM BONbL f-IOMOMHAIONIEN [enu
s—3—4—2—5—t. Bennuuna noroxa f* pasHa 1,5.

06beMHAECT HOMYYEHbIE BLHIIME PE3YILTATHI

Teopema 11.2 (®opa, ®ankepcon. 1956). Jas nomoxa f 6 cemu G
caedyoulie YCA08USL FKBUBALEHITIHbL:

a) nomox f marcumaien;

b) e cywecmeyem f-donoanswuietd yenu u3 s 6 t;

¢) cyuwecmeyem paspes (Vs, Vi), dan womopoeo || f|| = ¢(V5, Vi).
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Puc. 86

NokasaTeabeTBo. UMmmkanuu a) = b) u ¢) = a) yme IOKa3aHbI
(nemMbI 3 1 2 cooTBeTcTBeHHO). JorameM, 4To b) = c).

Ompeneaum V, Kak MHOMKeCTBO BCeX BeplIHH v € V, IIA Kammoh us Ko-
TOPBIX CYIIECTBYeT (8, v)-uienb P Tanas, yto h{P) > 0. Jlo6aBuMm B V, Bep-
muHy s u nomomum V; = V \ V,. [loramem, 4To [Ifl HOLYUYeHIOro paspesa
BhimoaHAeTCH paBeHcTBO ||f]| = e(V,, V;). lyct e = vw u e € E(V, = V).
Toraa f(e) = c¢(e), Tar Kak B IPOTUBHOM ciyuae ycioBue f(e) < c(e) osna-
yajo Obl, 4TO HekoTopas (s, v)-Uenb P, BoIGpanHas ¢ ycaoueM h(P) > 0,
MOJKeT OBITH [JOIOMHEeHa Lyrofl e U BepuuHoi w 1o (s, w)-uenu @, 1isa KoTo-
poii ~(Q) = min (h{P), c(e) — f(e)) > 0. 3nech hle) = c(e) — f(e), Tak rax
e — HpaAMan gyra B genu (. Iockoasky w € V;, To molydaeM IpOTUBOpE-
yue ¢ mocTpoeHneM MHomecTBa V,. CllefloBaTenhHO, BRITIOMHACTCA PABEHCTBO
f(Vs — ‘/t) = C(‘/sa ‘/t)

Ananoruuno, nas Beex myr e € E(V; — V,) umeem f(e) = 0. Cuego-
patemsro, f(V; — V,) = 0. Ilockoapky (nemma 1) mas mo6oro paspesa
cnpasenauBo pasenctso || f|| = f(V, = V) — f(V; = V4), naa moctpoenHoro
paspesa nonydvaem pagenctso || f|| = ¢(V;, V3). O

U3 teopemsl 11.2 1 1eMMEI 2 BBITEKAET

CiaencTBue. Beauuuna MAKCUMAABHOZO TOMOKE 6 TNPOU3BOABHOL cemu
PasHA NPONYCKHOL CNOCOGHOCMU MUHUMAIABHOZ0 PA3pesq.

11.2. Aaroputm Popaa— Pankepcoua

JTOT alTOPUTM HOCTPOEHMA MAKCHMAILHOTO NOTOKA OCHOBAH Ha Hiee,
nofckasbiBaeMoit eMMoit 3. HedopMalbHO OH MOMET OBITh M3IOHEH Clely-
0MUM 06pasom:

1) nonomuts f(e) = 0 mas Beex ayr e € E;

2) naA TeRyIero MoToka f UCKaThb f-HOMOJHAIOIYIO (8, t)-1eHb;

3) ecin Takan uenb P NOCTpoeHa, TO AaA BeeX NMPAMBIX AYT e unenu P
nonoxuth f(e) := f(e) + h(P), a nas Beex obpatsix — f(e) := f(e) — h(P)
(B pesyabTaTe MOTOR f YBeIMYHTCA) U BePHYThCA Ha IIar 2;

4) nnave CTOIL. (Tlotox f — MaxcuMaineH B cuay Teopembl Popaa-—
danrepcona. )
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Onmako 31ech BO3HUKAeT CylMeCTBEHHBIH Bonpoc. 3akoHYUTCA aM pabora
ATOr0 &IrOPUTMA 3a KoHedHoe yucio maros? OkaspiBaeTcs, OTBET OTPHIA-
tenen. CooTBETCTBYIONMI HpUMep Takoii cetu npusenu ®opn u Ganrepcomn.
B 3T0ii ceTu MOMHO TaK «310yMBIILIEHHO» HOJOUPAThL f-IONONHAIONIME LenH,
4TO HPOLECC HUKOTJA He KOHUMTCH; Gollee TOro, BEIMUMHA KaMkIoro MOTOKa
B TedyeHMe BCEr0 BpeMeHU OyneT MeHbIe OHONH YeTBepTH BeIUYMHLI MAKCH-
MaibHOTO0 MOTOKA.

Kpome Toro, HpY IpOM3BOJILHOM BbI-
fope f-IOMONHAIOMENH e KOMMYecTBO
M M uTepanuil yBeIW4YeHUA IOTOKA MOMKeT
He ABNATLCA (DyHKIMel OT pasMepHoC-
TH 3a0a4, T.€. OT i ¥ m. B 3TOM Mo#K-
HO y6eUThCA Ha CleyIonleM IPOCToM
npumepe (puc. 86). 3pmech Bee ny-
M ru, kpome ayru (1, 2), umeror mpo-

M MYCKHYIO CIOCOBHOCTE, paBHyIo M, rie
1 M — pocraTo4no Goabmwoe wenoe YUc-

Puc. 87 a0, u ¢(1, 2) = 1.
HleiictBurensHo, nycth fo(e) = 0 mua Bcex nyr e. BriGepem uemb P:

s—1—2—1¢ Torga h(P) =1 u noTok f;, HOIY4eHHBIH yBelrdyeHneM fj
BIOJb 1enu P, BHINIAMUT CllefYIomUM 06pa3oM

f1(57 1) = f1(17 2) = f1(2a t) = 17 f1(57 2) = f1(17 t) =0.

Ha caenyromem mare BeiGepeM nenb P: s — 2 — 1 — ¢, B Heit gyra (1,2)
ABnferca o6patHoil. CHoBa A(P) = 1, u maA HOBOrO HOTOKA fp MOIydYaem
f2(1,2) = 0 u f(e) = 1 mus Bcex npoumx ayr e. Jlanee Ha RakmoM He-
YeTHOM INare BeIGHUpaeM Iemb § — 1 — 2 — £, a HA KamJAOM YeTHOM ILare —
menb § —2 — 1 —¢. B pesyabrare TeRyuuii N0TOK YBeIMUUBACTCA KaHIbINA
pas poBHO Ha eguHuIly. MakcHManbHbIM TIOTOK B 3TOl ceTH paBeH 2M, cie-
JoBaTenbHO, moHamo6uTcA 2M uTepauuil yBeludeHUA MOTOKA, T.e. UYHCIO
uTepainuii, a BMeCTe C HUM U CIOAKHOCTD alTOPUTMA, He ABIAeTCA QyHKIMel
pasMepa 3a1ayuu.

[puBeneHHBIN NpUMep IOKA3BIBAET, YTO HEOBGXOAMMO BLIGUPATh f-/OTION-
HAIONIME [eNd crequanbHeiM o6pasoM. OKasbiBaeTCA, 4TO eCIU IPOU3BO-
IUTH YBelUdyeHHe N0TOKA BAOIb KPATUYadlINX 10 YUCIY AYT f-IOMOMHSIOMUX
(s, t)-memei, To He TONLKO MOKHO FapaHTHPOBATL MOCTPOEHHE MAaKCHMallb-
HOO [0TOKA, HO M OLEHUTh CBEPXY YUCIO UTepaluii.

PacnpocTpannm nonsarue f-pgonosmumAromeit (s, {)-1enu ¥ Ha IPOU3BOINb-
Hble (v, w)-uenu. Byzem roBoputh, uTo HekoTopad (v, w)-lenb P ABIAeTcA
f-nenacwiennot, ecmu h(P) > 0, rae h(P) = min{h(e)|e € P} u Benuuu-
ua h(e) nua kamoi nyru e € P BoluMcaneTcs Kak mpesje, a MMeHHo, h(e) =
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= c(e) — f(e) nna mpambix oyr u h{e) = f(e) naa obparneix. [yru, nis
KOTOPBIX BBINONNAIOTCA paBetcrBa h(P) = h(e), 6ymeM HasbiBaTh yskumu
Mmecmamy uenu P.

[Tpenmonoxum, uro airoput™m QPoppa—PaiKkepcoHa CTPOMT MOCHENOBa-
TeIBIOCTh HOTOKOB [y, fi, ..., fx, ... O6osnauum uepes di(v, w) pauuy
(T.e. KonmuuecTBO mYT) KpaTuaiimteii fj-Hemacwimenuo# (v, w)-uemu. Ecmm
TaKoi LenHu He cyllecTBYeT, To noxaraeM dy (v, w) = .

Jdemma 1. [Jan ecex sepuun v u das scex k € N U {0} evinoanaomen
Hepasercmaea

di(s, v) < dy11(s, v), di(v, t) < dp1a(v, 1)

JokazaTeabcTBO. [lokamkeM NepBoe HepaBeHCTBO, BTOPOE JI0KA3hIBAET-
cA aHanoruuso. PasymeeTcs, MMeeT CMbICI paccMaTPHBATH TOIBKO CILydYail,
KOTJia CYIIeCTBYeT fj,1-HeHachleHHas (s, v)-tenb. Ilyeth P: s = vy, e,
U1y « .y €py Up = U — KpaTyaMlllag U3 TaKUX Lele.

Jlorasmem TpeSyeMoe HepaBeNcTBO HHIYKUMel o nauHe r nenu P. IlycTh
r =1, r.e. dipi(s, v) = 1. Torga B KpaTyaiimeii (s, v)-Lenu ecTb TOALKO
0/IHa Oyra e = $v, KOTOpafl ABIAETCA NpAMON Ayroil uenu P. OueBnHo,

0 < frle) < fry1(e) < cle)

U, cllefI0BaTelLHo, Uelb P aBafeTcd n fi-HeHackimenHoit. OTciona dy(s, v) =
=1= dk+1(5, U).

[IycTh HepaBeHCTBO YCTAHOBIEHO A BCeX BEPIIUH w, AMA KOTOPHIX JIH-
Ha KpaTyaiimei fi,q-HeoacbIeHHo (§, w)-1enu He IPEeBOCXOIUT ¢, U MYCTh
r = ¢+ 1 — npauna Kpartyaiimei fj-HeHacbIeHHOI (s, v)-nemn P.

3aMeTuM, 4YTO ecliM [iA BCeX AYT B Ienud P BLIMONHAETCA PAaBENCTBO
fit1(e) = fr(e), To nenb P sABAfAeTcA Takike U fi-HeHacbllleHIoN M MOTO-
My di(s, v) < dis1(s, v). ycts Teneps e; — ayra nenu P ¢ HauGoabIuM
HOMepoM, 1A KoTopoil frii1{e;) # fi(e;), T.e. ma aToi Oyre MPOM3OLILIO
M3MEHEHKe [OTOKA.

[lo mpennonoKenuio MHAYKIUY CIpaBeIMBO HEPABEHCTBO

di(s, vic1) < diya(s, vim1) (5)

HloraseM, uTo mofuent () nenu P oT v;_y 10 v, = v ABIAETCA U f5-HeHaChI-
mennoil. IlyeTs nyra e; aBaserca npamoii B uenn P. Torpa fry1(e;) < c(e;).
Ecau gyra e; ucnonb3oBaHa MpH Hepexofe OT MOTOKA fi K HOTORY fpyi1 Kak
npaMaf, 10 fr(e;) < frra(e;) < c(e). Otcioma caenyet, uTo Ayra e; MOMeT
6bITb McNMoNb3oBaHa Kak npAMad B (). IlockodbKy Ha ocTalbHBIX AyTax Ie-
nu () NOTOK ne Mensiacd, To () ABIsAeTcA U fp-HeHachlmeHHoii. Ecau gyra e;
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UCIIOJIbL30BaHA IIPU Iepexofie OT IO0TOKa f K MOTORY fjy1 Kak obpaTHas, To
fr(e;) > 0 u, crenoBaTenbHo, B () oHA TaksKe MOKET OLIThL MCIOIb30BAHA KAK
o0paTHasl, T.e. U B 5TOM ciy4ae () ABIAETCA TakMKe U fi-HeHACHIIEHHOH.
Orciona ¢ yderoM nepaseHcTBa (5) moaydaeMm TpeSyeMblil pesyIbTar.
Ciyuaii, Koria gyra e; ABafeTcA oOpaTHOil B menu P, paccMaTpuBaercs
aHajoruyso. O

JlemMa 2. Ecau ace usmenenus nomoka e aseopumsme Popda — Paarepco-
Ha npoussodamces 8doab kpamuaiiwur no wucay oye f-donoanawwuz (s, t)-ue-
nedl, npuvem k < l u Oyea e ucnoavsyemcsa rax npamas (COOMEEMCMBEHHO
obpamnasn) 6 yenu, mensouiell nomok fi Ha fii1, u Kok obpamuas (npamnas)
8 uenu, menawueil nomox f; na fi.1, mo

di(s, 1) +2 < di(s, ).
JoraszaTteabcTBo. IllycTs nyra e umeer Buj e = vw. Torna
di(s, w) = di(s, v) + 1,

HOCKOIbRY € UCIIOAh3yeTcd Kak NpAMas AyTra npu yBenuueHuu fi. AcHo, uto
BepIIMHA W clefyeT 3a v B KpaTuaiimeil fi-nonoausgiomei (s, t)-uemm. Janee

di(s, t) = di(s, w) + 1+ di(v, 1),

Tak Kak e MCMONb3YyeTcA Kak o6paTHaA Ayra NpU YBEAWYEHUU f;; TOHATHO,
4TO BeplIMHA v ClefyeT 3a w B KpaTdailmeil f-pomoansmoomeii (s, {)-memu.
B cuny memmsbr 1 umeem

di(s, w) > di(s, w), di{v, t) > di(v, t).
[IpocTrie BLIYKMCIEHYA HOKASLIBAIOT, UTO
di(s, t) = di(s, w) + di(v, t) + 1 > di(s, w) + di(v, ) + 1>

> di(s, v) +dip(v, t) +2 =di(s, 1)+ 2.

Teopema 11.3 (3amonnc u Rapm, 1972). Ecau na maxdod umepa-
yuu aazopumma Dopda — Daakepcona evibupamy Kpamyaiiwiyio no uuciy oyz
[ -Oonoanawowyio (s, t)-uens, mo nocmpoenue MAKCUMAIBHO20 NOMOKG MPEOY-
em ne 6oaee wem m{n + 2)/2 umepayui.

JokrasaTenbecTBO. 3aMeTHM, UTO Kaikjasd f-JoNoNHAMAA (s, t)-1eNb
COTepMHUT XO0TA Obl OJHY AYTY, ABIAIOINYIOCA ee Y3KUM MecToM. OueHuwm,
CROJILKO pa3 Kam[afd Oyra MOMeT OKa3aThCA y3KHM MeCTOM.
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IlycTb € = vw — Npou3BOALHAH KyTa ceTU U fi,, fip,. .. (k1 < k2 <...)—
nociefoBaTelIbHOCTL MOTOKOB TaKas, YTO OyTa e HCIolb3yeTcA Kak NpAMasn
IyTa NpY YBeIMUYeNuu fy U ABIAETCA Y3KUM MeCcTOM B 5TOT MoMeHT. flcHo,

4TO TOTJa CYLIeCTBYeT MOCAeOBaTeNIbHOCTh MHIEKCOB [, [y, ... Tarasi, 4To
ki <l <ky<ly... npyra e ucnonssyercsa Kak o6paTHAA NPU yBelUYeHUH
HoToKa fi,.

ITo nemmMe 2 nmeem
dki(s, t) +2 S dli(s, t), dl,- (S, t) + 2 S dki+1(57 t)

Orcioga dy, (s, t)+4(i—1) < di, (s, t) naa Becex i. Kpome Toro, dy, (s, t) < n—1
udg,(s,t) > 1. Tostomy 1 +4(: — 1) <n—1, T.e. i < (n+2)/4.

TakuM 06pa3oM, IPOU3BOJbLHAA AYra € MOMeT GhITh Y3KMM MECTOM B
npAMOM Hampasienuu ne 6omee yeM (n + 2)/4 pas. AHalnorudHo, ona MOMeT
ObITh Y3KHUM MeCTOM B 0OpaTHOM HalpaBieHHH He Goiee 4eM (n + 2)/4 paas.
TosToMy Kamas ayra ceTH MOMeT ABIATHLCA Y3KHM MecToM He Golee deM
(n + 2)/2 pas. CuenoBaTeibllo, 00liee YMCIO YBeIHYeNHH [OTOKA, paBHOe
yicly WTepauuii, He npeBocxoguT min + 2)/2. O

Mepeiinem & QopManbHoMy onucanuio aaroputma @oppa—®@ankepcona,
B KOTOPOM HIIYTCA KpaTdailliie 1o duciay Ayr f-momonusiomue (s, {)-nemu.
Meton, HeoGX0TMMBIE A HOCTPOCHHUA UMEHHO KpaTyaiimeit f-nonoauatomeit
(s, t)-nenu, HaMu yike paspaboTaH: 3TO NMOWCK B MIMpHMHY. Pasymeerc, B
CTaHJapTHYIO CXeMy MOKMCKa B IMPUHY HEOOXOIMMO BHECTH U3MEHENNA, 00y~
C/IOBIeHHLIe clelUPUKON faHmol 3agauu.

Hocronbry wWieTcA HewoTopad (s, £)-1eNb, TO [epeBO HOMCKA MNOIHHO
MMeTh B KayecTBe KOPHEBOH BeplIMHBI MCTOYHWK 5. FCTeCcTBEHHO CUMTATh,
4TO [epeBO HOMCKA CONEPHUT TONLKO Te BepmuHbBI ceTu (5, 4yepes KOTo-
pble MOeT NPOXOJUTh Ta WIM MHAA f-JONOJHAIOMARA Ienb. Takue Bep-
wunsl GyneM cuuTaTh NoMedeHHbIMH. OcTanoch COpMYyIMpOBaTh IPaBH-
na nomeuuBanuA. Beemem maccuB h[v]. Bymem cuurarnb, uto hlv] = oo,
eciy BeplIMHA v He MOMeveHa. Kak TONbKO BepliMHA v CTAHOBUTCA MOME-
4eHHOi, To h[v] < oco. Bomee Toro, sTo GymeT 03HAYATDL, YTO CYLIECTBYET
f-uenaceimennas (s, v)-uenb P, pua koropoit 0 < h(P) = h[v]. Bepmuna, ua
KOTOPO# IIoMeueHa BeplnHa v, GyaeT ofo3HavaThCcA 4Yepes Previous[v].

Ilpy KaKMX YCIOBMAX W3 y#e TIOMEYeHHON BeplIMHBI W MOHSHO MOMe-
TUTL BepiivHy v? 3To 3aBUCHT 0T TuUma AYTH, COeIMHAIOWEHR w U v (B
CeTH MOTYT OJHOBPEMEHHO IpHUCYTCTBOBATh Kak Iyra wv, TAR U Ayra vw).
Mycts ayra wv € F. [oMeTUTL v U3 w MOMKHO, €CIH BLITOMHAETCA YCIOBHE
e(w, v) — f(w, v) > 0. B TakoM ciy4ae mepexoj 0T w K ¥ COBepIIaeTCA 0
MPAMOI IyTe U MeTKa BepIIMHLI v ONPeNelaeTca Ho GopMyle

hlv] = min(hlw], c(w, v) — f(w, v)).
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Ecau B cetu umeercsa gyra Buga vw, T.e. o0paTHas Ayra, TO IOMEYH-
BaHue BoaMokHO, ecin f(v, w) > 0. B sTOM ciydyae MeTKa BeplIMHBI ¥
OTIpeNenAeTCA PaBeHCTBOM

hv] = min(h[w], f(v, w)).

Eciu B ceTu mmeioTca ofe JyTM vw, Wy M BO3MOMKHO IOMeYMBaHWE C
UCIONL30BAaHNEM KaK TOH, Tak M APYTOH JyTH, TO MCIOIb3yeM MOOYI0 U3
aux. [as Toro, 4rofel paznMyaTh, ¢ NOMOMLI0 KAaKOH MMEHHO JYTH, Hpf-
Mot miM ofpaTHOl, MoMeueHa BepliuHa v, BBelmeM MaccuB choice[v], cuu-
tas choice[v] = 1, ecau BeplunMHa v MoMedyeHa ¢ MOMOIILIO MPAMON NyTH, U
choice[v] = —1, ecin v noMedvena ¢ IOMOLIBIO 06PATHOM IyTHU.

Ecnu B mpollecce ToucKa HOCTUTHYT CTOR , TO MOHCK 3aKaHYHUBAETCA U
1o MeTKaM Previous Ierko crpoutcd f-pononHsomasn (s, ¢)-enb. Ecau me
TOVCEK 3aKOHYHICH, & CTOK ¢ He JOCTHUTHYT, TO f-fonoaHfoomed (s, ¢)-uern
He cyIecTByeT.

[pu GpopMarLHOM OMMCAHUM alrOpUTMa GydeM MpednolaraTh, 4TO CETh
G = (V, E, ¢) 3agana marpuneii IpoIycKHbIX cnocobHocTedt, rae Afv, w] =
=c(v,w) u Alv, w] = 0, eciu gyra vw B ceTH G OTCYTCTBYeT, & MOTOR
J — marpuueit Flv, w], rge Flv, w] = f(v, w). IlpocMoTpeTs Bee Bepliuimsl,
CMeKHbIE ¢ BEpIIMHON w MOMKHO TaKk: MPOCMOTD CTPOKH C HOMEPOM w B
MaTpulle A o3HauaeT MPOCMOTP BCex AyT, UCXOJAIIMX M3 w, a IPOCMOTP
cToabI1a C HOMEepOM W — BCeX IyT, BXOJAAMUX B .

Onumem BHavaie mpolleAypy IOMeYUBaHUA BEPIIUH B ceTu . JTa npole-
nypa AIBIAETCA MOAM(QUIMPOBAHHON Bepcueil Mpoleayphl TOUCKA B ITMPUHY.
B Heii yepes ( o6o3HavyeHa oyepelib, B KOTOPYIO 3aHOCATCA TTOMeYeHHEIe Bep-
IHHBI.

1. procedure Labeling(f);

2.  begin

3 for veV do do hv] := oo;

4 Q := nil; Q < s; Previous|s] := nil;

5. while (h[t] = c0) and (@ # nil) do

6 begin

7 w<Q

8 forveV do

9. if (hlv] := co0) and (Aw, v] — Flw, v] > 0)
10. then begin

11. h[v] := min(h[w], Alw, v] — Flw, v]);

12. Previous[v] := w; Q < v; choice[v] :=1;
13. end;

14. for ve V\ {s} do

15. if (h[v] := o0) and (Flw, v] > 0)
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16. then begin

17. h[v] ;= min(hw], Flw, v]); Q < v;
18. father[v] := w; choice[v] := —1;
19. end;

20. end

21. end;

B sToit mpouenype B ocHoBHOM nuKie 5—20 ocymecTBIfAeTcA MOHCK B
MUPUHY [0 ONWCAHHLIM Bhillle mpaBuiIaM. B nurne 813 ocymecTBagerca
[IOMeYMBaHUE M0 NPAMBIM JAyraMm, B Lukie 14—19 — mo o6patueiM. [lo-
HATHO, YTO CIOMKHOCTL npouenypsl Labeling(f) onpenenseTcs clomxHOCTBIO
noMcKa B mupuHy, T.e. pasHa O(n?). IlycThb Mo 3aBepmIeHMIO TOH Tpole-
xypst hlt] < co. B cooTBeTcTBUM ¢ mpaBUIaMH IOMEYUBAHKA 3TO 03HAYAET,
yTOo cymecTByeT f-nonoaudAiomasn (s, t)-uens P, nna wotopoit h(P) = hlt],
¥, CIeJIOBATENbHO, TEKYIN I0TOK MOMET ObITh yBeludYeH Ha Beauuuny h[t].
CaMy f-IOMOMHAIOIIYIO HeMb JerKO MOCTPOMTD ¢ MOMOMIBIO MeTOR Previous.
OnHoBpeMeHHO € HOCTPOEHMEM IElU MOMHO YBEIHUHTL TeRYWHI NOTOR f.
lletanu npuBeneHsl B arroputMe 11.1. OGpaljaeM BHMMaHMe YUTaTeld Ila
TO, YTO [IPU Kay<JoM HOBOM BbI30Be Ipoueayphl Labeling Bce cTapble MeTRH,
paccTaBileHnbie IPU NpebILyTIeM BBI30Be 3TOH ke HPOLeLypbl, HCUe3aioT.

Anropurm 11.1 (®opa, @ankepcoH).

Bxox: cetv G = (V, E, ¢), 3agannasg MaTpuieil IpomycKHBIX CIOCOGHOCTEl
A[l...n,1...n], KCTOYHUE S, CTOK i.

Beixon: MaKcuManbHBIN MOTOK f, 3amaHHbId MaTpuued F mopamka n, mis

roTopoit Flu, w] = f(v, w), | f|| — Bennunna MaxcMMaibHOTO MOTOKA.
1. begin

2 forveV do

3 forweV do

4. Flv,w] := 0;

5 Ifl=0;

6 repeat

7 Labeling(f);

8 if hlt] < co then

9. begin

10, £l o= N1+ Bl v o=
11. while v # s do

12. begin

13. w = Previous|v];
14. if choice[v] =1

15. then Flw, v] := Flw, v] + h[t]
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16. else Flv, w] := Flv, w] — h[t];
17. vi=w

18. end

19. end

20.  unmtil At] = oo;

21. end.

Teopema 11.4. Aazopumm 11.1 umeem caomcrocms O(nd).

JorasaTenbcTBO. [eficTBUTEIBLHO, OCHOBHON LIMKI B cTpokax 6—20 mo
Teopeme 11.3 npopaboraer ne Goaee m(n + 2)/2 = n’(n + 2)/2 = O(n?)
pas. Rampprit npoxon nukaa 6—20 comepsuT BbI3oB Opouenypsl Labeling,
CIIO}KHOCThL KOTOPOHN Takaf ke, Kak M NOMCKA B IIMPUHY B rpade, 3a1aHHOM
MaTpHlell cMeKIIocTei, T.e. O(n2). Orciona noayvaem, uto aaroputm 11.1
uMeeT caomHocTh O(n’). O

3ametuMm, uro ecan cetb G = (V, B, ¢) 3ajaHa COMCKaMU CMe-

noctedt list[v] u li—m>§[v], TO, BHOCA OYeBHAHbIE M3MEHEHHA B IPOLeIypy
Labeling(f), nerko nomyuwrs aaroputm caomuoctu O(m?n), uro mHorna
nyume, uem O(n®).

Ona wnoctpauuu paGorsl anropurma 11.1 BHOBb paccMOTPUM CETh, U3-
o6paskeHHyI0 paHee Ha puc. 85. BygeMm cuuTaTh, YTO BePIIMHBI IPOCMATpPHU-
BAIOTCH B MOPAJKE BO3PACTAHUA HOMEDOB.

Mocne mepeoro BbI3oBa mpouenyps! Labeling(f) 6ynmet Haiinena f-pgomon-
HAOmAA ek § — 2 — 4 — ¢, n6o BepmuHa 2 6buIa MOMeueHA paHbIle, YeM
BepliMHa 3, a HOTOMY BepmuHa 4 GymeT HoMmeueHa u3 BepmuHbl 2. fcuo,
uro h[t] = 1. CuenoBareabHo, HoBblil moTok f Gymer Takum: f(s, 2) =
=f(2,4)=f(4,t) =1wm f(e) = 0 naa Bcex npounx ayr e cetun G.

Bropoe o6pamenue k npouenype Labeling(f) onpefenur f-nononHaomyo
menb s —3—4—2—5—1¢, hlt] = 1. [aa sToit nenu pyra (2, 4) ABasgerca
o6parHoii. Hosblit noTok cranoBures takum: f(2, 4) = 0u f(e) = 1 na Beex
ocrambHeIX gyrax. IloHATHO, uTo crexyrommit Be3os npouexypst Labeling(f)
He naxonut f-gonoanawmei (s, t)-nenu. IloTok, nonyveHHbI na Bropoii ure-
pauuy, ABIAETCH MAKCHMAlbHbIM.

B sariouenye 0TMeTUM 0YEBUIHOE, HO BaMIoe CBOHCTBO anropurma ®op-
na—®danrepcona.

Teopema 11.5. Ecau nponycknwie cnocobHocmu scex dyz ABAAOIMCA ye-
ABLMU HUCAAMU, MO KAK MAKCUMAALHOLL NOMOK, MAK U 8Ce NPOMENYMOYHbLE
nomoru & arzopumame DPopda — Parrepcona, ABARIOMCA UAOLUCIEHHBLMU.

3aMeTUM TakMe, UTO B HACTOAINIEe BPeMA U3BECTHBI AlOPUTMbI MOCTPO-
€HMA MaKCHMAaIbHOIO 0TOKA, NMEIOLIHe MeNbIIYIO BHIUYNCIUTENLIYIO CIOMH-
HOCTb, YeM anroputm @opaa—DPankepcona. OpguH U3 HUX — anaroputm Main-
xorpsl, Kymapa u Maxemsapu cnomuoctu O(n?®) mogpo6uo pasobpan B [34].
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12.1. OcHoOBHLIe MOHATHUA

Hapocovemanuen B rpade Ha3bpIBaeTCA NMPOU3BOILHOE MHOMKECTBO €ro pe-
Oep Taroe, 4TO KamJafd BepllMHa rpada MHIMIEHTHA He 0ojee YEM OJHOMY
pebpy M3 3TOro MHO}iecTBa. PaccMaTpyBafA pa3ivyvHbIe 33/laud O Mmapocoye-
TaHUAX, Mbl OrPaHUYMMCA clly4yaeM JBYIOAbHBIX rpadoB. [lns pemenus ada-
JOTUYHBIX 3aJlay B HPOM3BOJLHBIX Ipadax MCIOAb3YIOTCA Te ke UAeH, 4YTo U
B cilydae IBYJOJbHBIX, TOJBKO CyIeCTBEHHO YCJIOAHAETCA MX pealn3aluf.

Hanomunwm, uro rpad G = (V, E) HasbiBaeTc 08ydoabHblM, €CITH MHOKEC-
TBO €0 BeplINH V MO#HO pa3buTh Ha HeHepeceKarolHecA MHOKecTBa X U Y
TaKkue, YTO Kamjuoe pebpo ¢ € F umeer BUuge = xy,rnex € X uy € Y. JIpy-
HonbHbI rpad Gynem obosnavarn aubo (X, E, Y), ecau rpag ne aBaserca
B3BemeHHbIM, 1160 (X, F, ¢, V), ecin pebpam e € I npunucansl Beca c(e).
Beiony B panbHeftimem, roBopa o AByJOJNLHOM Ipade, MbI IpeanoiaraeM, 4To
pas3fuenue MHomecTBa V' Ha nmoaMHomecTBa X U Y 3adMKCHpOBaHO.

Camble pa3Hble HpaKTHYECKHe 3alayl CBA3aHbI C HOCTPOEHHEM TeX WM
HHBIX [TapocoveTaHMil B OBYHNOALHBIX rpadax. PazbepeM HeCKOILKO HpUMe-
POB.

1. IlycTh uMeeTca n paGouMX, KaKALIH U3 KOTOPLIX MOKET BBIIOAHUTL
OJVH MJIN HeCKOJILKO M3 m BUIOB paGoT. IIpu s3ToM Rampbift U3 BUIOB pa-
60T JoJeH ObITL BEINOJNHEH OJHUM pabouuM. TpebyeTcA Tak pacnpelneinThb
paboTsl cpenu pabounx, yroObl Haubobllee KOJIKMYecTBO paboT ObII0 BBIMOJ-
HeHo.

2. IlycThb B mpedninylieil 3agade uucio pabouux n paBHO UYMCTY paboT m.
CnpamuBaeTcs, MOMKHO U TaK paclpeleluTh paboThl Mek 1y pabouuMU, UTO-
Obl OBLIM BBINOJHEHbI Bce BUIbl paGoT?

3. IycTe cBepx yciaoBuil BTOpOH 3ajauyd JJIA Kamaoil mapel pabouuii-
paboTa U3BeCTHA CTOMMOCTD ¢(x, §) BbIHOMHeHHA pabouum x paborsl y. Tpe-
OyeTcd Tak noaobpaThk KamaoMy padoueMy onpefielleHHbI BIJ paboThbl, YTO-
Obl cyMMapHaf CTOMMOCTDb BbINOJIHEHMA BceX padoT Oblia MMHHMMalbHA.

MaremaTnueckasa MoJlellb BceX NPUBEEHHBIX Bbllle 3a/la4 CTPOUTCA OYe-
BUAHBIM 06pasoM. Oupepneanm nBynonbublil rpad G = (X, E, Y), B KoTopoM
B KavecTBe X BhIGepeM MHOKECTBO paGouux, a B KauecTBe Y — MHOMKeC-
TBOo paboT. MHomecTBO pebep F sToro rpada ompegenM Kak MHOMKECTBO
BceX Hap (z, y) TAKHX, YTO paGouuil x MokeT BBITOAHUTEL paboTy y. IlycTh
M C E — napocoveTande B mocTpoeHHoM rpade G. Torga raskgoe pe6po
e = zy € M MOKHO HHTepIpeTHpPOBaTL Kak Ha3HaueHUe paGouyeMy x pabo-
TBl y. HeiicTBUTeNLHO, 110 ONpefieleHIO NapocodeTaHNUA HHUKaKMe ABa peGpa
u3 M He MOTyT MMeTh OOLIMX BEPIIMH, CllelOBaTelbHO, Ha KamAyi paboTy
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HasHauaeTcd He Oojee ofHOIro paGouyero, U KamAbld pabouuii oly4daeT He
Gonee oIHOU paboTHI.

B sTo#i Mozeny nepBad U3 paccMOTPeHHLIX 3alay 03HavaeT, UTO B rpade
TpebyeTcd nailTH napocoyeTranue ¢ HauboOAbIMIKMM KoaudyecTBoM peGep. Bro-
pafd — BBIACHUTH, CYIIeCTBYeT WM HeT llapocodyeTaHUe, COCTOAIIEE U3 N pe-
6ep. U, Hawomen, B TpeTheil 3amade TpeOyeTcd HaliTH MapocoyeTaHue U3
n pefep ¢ MUHUMa/lbHBIM CyMMapHBEIM BecoM ero peGep.

B 370t rnaBe 6ynyT paccMOTpeNbl Bce TPU TUIA [IPUBEJIEHIBIX 3/1€Ch 3a-
nau. Beemem HeobGxomumyto Tepmunonoruto. Illycte M — napocovetaHue
B rpate G = (X, E,Y). ToBopar, uro M covemaem x c y u y ¢ &, ec-
an xy € M. BepmuHbl, He NpUHaLIERKAalIe HU 0THOMY pebpy mapocodera-
HUA, HA3LIBAIOTCA c80600HLIMY omHocumeabHo M UIH TIPocTO ce0fo0HbIML,
a BCe NPOYNE — HACHILeHHbLMIL B M WU mpocTo HachiuerHblmi. Tarum
06pasoM, LA Kaigoil HackllleHHod B M BepmUHBI & cyllecTBYeT y TaKoe,
uyto M codetaeT & ¢ y. YnoGHo Takme pefpa, BXojgAmue B napocoyeTanue M
HasbBaTL M-memubimy WIN NMPOCTO meMHbiMy peOpaMil, a Bce Npouue —
M-csemavimu niam ceemavtmu pebpamu.

[Tapocoueranue, cofepalee HauboablIee Yclo pebep, HasblBaeTCA HAl-
6oavwum. Ilapocoderanue, He cofepskalieec HH B KaKOM ADYTOM Ilapocoye-
TAHWY, HA3bIBAETCH MAKCUMALbHLLM. MIlaye rosopfa, MaKkCHMalbHBIM Ha3bI-
BaeTcA MapocoveTalue, MakcHMMalibloe o Briatovenuio. Heobxonumo pasznu-
yaTLb 3TU IBa nonATuda. IlonATHo, 4To Kaimoe Haubolbllee NapocoueTaHue
AIBIAETCA MaKCUMAaIbLHLIM, 10 o6paTHoe HeBepHO. Ilpeanaraem uurartemo ca-
MOMY NOCTPOMTBH COOTBETCTBYIOMMHA IpUMep.

12.2. 3apaua o HaubGoabIIeM NMapocoyeTaHHH.
Anaroputm Xonkpodta— Kapna

3ajaua o HaubolblleM NapocoYeTaHUU COCTOUT B clelylollleM: B 3ajall-
HOM JIBYIOILHOM I'pade HaiiTu Hauboabllee MapocoyeTaHue.

OnasblBaeTcA, UTO 3Ty 3aauy MO;KHO CBECTU K 3a/jaue MOCTPOEHUA MaK-
CHMAJLHOTO NOTOKA B HEKOTOPOH CeTH.

Oycts G = (X, E,Y) — npousBoibHblil AByIonbHEI rpad u s, t € X UY.
Hoctpoum cets G* = (V*, E*, ¢) ¢ UCTOYHUKOM § U CTOKOM L. B rauectse
MHOKeCTBa BepliiH ceTd G* BosbMeM MHozecTBO V* = X UY U {s} U {t}.
A MmnoskecTBO oyr E* onpenenum cilenylomuM o6pasoM. KRasmoe pedpo e=zxy
usz E, rne x € X uy €Y, npeBpamaeM B IyTy Yy, UCXOAAMYIO U3 & U BXO-
aamyio B y. [Jo6aBUM K moay4eHHOMY MHOMKECTBY BCE OYTH BUAA S, yi, [e
z € Xuy €Y. lonyyeHHoe B pe3ynbTaTe MHOMECTBO U ecTh MHOMECTBO
oyr E* cetu G*. IIpoHycKHYIO cllocOOHOCTL KamJoH IYTH IOJ0MUM paBHOH
epunutle. Ha puc. 88 morasaurl rpad G u cooTBeTCTBYIOmAA eMy ceTh G*.
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3amMeTnM, 4TO eciu f — LeJ0YHCIeHHbI! HOTOK B ceTn G*, To f(e) = 0
win f(e) = 1 mas mo6Goit gyru e € E. Kpome toro, mo Teopeme 11.5 cpemn
Tarux 0-1-MOTOKOB cyllecTBYeT MaKcHMMalbHbll noTok. OrasbiBaeTcd, 4To
Kaj oMy HapocoueTaHUIO B rpade G 0JHO3HAYHO COOTBETCTBYET HEKOTODLIH
0-1-notor B cetn G*. Ilycte P — MHOMeCTBO Bcex IapocoueTaHuil B rpa-
e G, a F — mHomecTBO Beex 0-1-moToxoB B ceTu G™.

Teopema 12.1. Cyuecmsyem g3aumno-o0HO3HAYHOE 0MOGPAXCEHUE () MHO-
scecmea P na muoxcecmeo F, npuven |M| = ||¢(M)|| dan awbozo napocoye-
mawnus M.

(Hamomuum, uto uepes ||¢(M)|| obosnavaerca Beauuuna notoxa ¢(M).)

HdoxraszaTeabeTBo. [1a npousBosabnoro napocovetauus M B rpade G
ompefennM NoToK fiyr = (M) B cetn G* 1o hopmynam fu (s, ) = fu(z,y) =
= fu(y, t) = 1 naa mo6oro pebpa zy € M u fi(e) = 0 nua ocTanbHBIX IYT
e € E* (cooTBeTcTBYOMMI IpuMep HpuBedeH Ha puc. 88). oramem, 4To
fum — HOTOK B ceTu G*.

Hocronbry 0 < far(e) < 1, ycaoBue orpaHUYeH A [0 OPOIYCKHOM clocof-
HOCTU YT BhiMonaHAeTcA. OcTaeTcA MPOBEPUTH YCIOBUE COXPAHEHUA NOTOKA
B BepIIMHAX.

Mycth & — nacelimendas Bepuinna 13 X B napocoderanuu M. Torma
fum(s, ) = 1 u, cnepoBarennro, fy(x—) = 1, T.e. HOTOR BTeRalOmuil B
Bepmnny x paBed 1. IlockoabKy Bepmuna x HacbillleHa B M, To cymecTByeT
POBHO 0JHO pebpo zy € M, unuunentHoe x. s storo pedpa fi(z, y) = L Ha
COOTBeTCTBYIONIEH IyTe 2. Bee ocTanbHbie peGpa rpada, MHIMICHTHRIE BEp-
mIumne &, ABAAIOTCA CBETALIMHU, T. €. He BXOAAT B mapocodetanue M. Ilosatomy
fu(e) = 0 mna Beex coorBeTcTBytomMX ayr. CuemoBaTenbHo, fur(z+) = 1.
Tem caMbiM paBeHcTBO fyr(x—) = far(x+) BrioaHsAeTcA Aif HACBIMIEHHBIX
BepiinH. Eciau #e x He HachllleHa, T.e. & — CBOGOJHAfl BEpUINHA, TO Kak
BXOOAINN B &, TAR M BLIXOAANIMI U3 x MOTOKK paBHEI Hymio. CiefoBaTenbno,
yCIOBHE COXPAHEHUA MOTOKA B BepIIMHAX, lTemamux B X, BeinonHaercA. Han
BepIINH ¥ € Y 5T0 ycloBHe MPOBePAETCA aHAIOTHUYHO.

llanee, MOCKONLKY KOMMYECTBO HACHINEHHRIX B M Bepmund £ € X B TOU-
HoCTH paBHo | M|, To far(s+) = |M|, T.e. ||¢p(M)|| = |M]|. Jlerxo Bugers, uro
pAasHEIM APOCOYETANUAM COOTBETCTBYIOT pasHble HOTOKU. ClleI0BaTeNbHO,
oToGpaenue ¢: P — F, onpegerennoe paBeHcTBOM ¢(M) = far, HHBER-
THUBHO.

O6parho, nycrs f — 0-1-Horoxk B cern G*. Tlonomum My = {zy| f(z,y) =
=l zeX, ye€ Y}. IlockonbKy B KamIyO BepmMHY & € X BXOJUT POBHO
ofHa myra (3To Ayra BUAa sz), TO KMeeTcA He Golee OLHON IyTH BUA LY, LA
roropoit f(x, y) = 1. CnemoBaTenbHo, Kampaas BepiinHa & € X HHUMIEHTHa
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He Golee YeM OfHOMY peOpy u3 My. AHaIOrM4HO, Kasjas BepulnHa y € Y
MHINIEHTHA He Gollee YeM ofHOMY pebpy us M;. Otciofa clemyer, uTo My
ABIAETCA NapocoveTanueM B rpade G. Jlerko BuIeTh, YTo [T mapocoueTa-
nusa My cnpaBepnussl paBencrsa |My| = || f|| u ¢(M;) = f, uro saBepuraer
10Ka3aTelbCTBO TeopeMbl. O

Ha puc. 88 msobpaskennl aByIoaLHbIi rpad G, ceth G* mapocodeTanue
M = {z1y2, T2y3} ¥ COOTBETCTBYIOWMIL eMy LOTOK fas.

T Y T Y
Y2
Y2 s 9 t
T2
v Ys
T3 Y4 T3 Y4
a) b)
Puc. 88

Iycts f — npousBoasHeii 0-1-notok B cetu G* u P — f-pononusoman
(s, t)-menb. Torpga uent P colep/KUT HeYeTHOe KOIMYECTBO OYT. YIaluM
U3 TOH IelU NepByIO NYIY, 4 oHa 00f3aTelbllo UMeeT BUJ s&, Ile ¢ € X,
U ToclefHow Ayry suga yi, rie y € Y. OcraBmuecs B nenu P gyru de-
pelnyioTca clefylomuM o6pa3oM: IepBoOil UAeT Ayra BuAa Yy, JAfA KOTOPOH
f(z, y) =0, mockonbry »Ta Ayra NpAMas B LeNH, BTOpoil — Oyra BHja Y,
npuYeM 3Ta Ayra fAeagercs obpaTHoil B nemu P u notomy f(z1, y) = 1; sa-
TeM CHOBA IIpAMAaf Oyra, IOTOM o6paTHAaf U T.A. YBeIMYeHHe [0TOKA BAOIL
3TOi Llenu Mo IpaBHJaM, YKa3aHHBIM B jJeMmMe 3 u3 pas3zn. 11.1, mpuBoput
K TOMY, YTO HOBLIH IIOTOK CTAHOBUTCfl PABHLIM €JMHHIC HA BCEX HEUYETHBIX
(T.e. npaAMBIX) nyrax uenu P, U paBHBIM MyI0 HAa BCeX YeTHBIX (T.e. obpar-
HbIX) ayrax menu P. Bemuunia moToka NIpe 5TOM BospacTaeT Ha efHIMILY.
MouaTue f-mononustomeii enu A notoka f B ceTH (G* ecTecTBEHHBIM 00pa-
30M COOTBeTCTBYeT NoHATHIO M -uepenylomeiica Lenu aias napocouetanua M
B rpade G.

IIycts M — napocoueranue B rpatde G. M -uepedyiouieiica 1enbIo Ha3bI-
BaeTcAl TaKas IocilleJoBaTelbHoCThL BepIIMH K pebep BUIA Ty, LoY1, Y1, V1T,
Ty -y Thy TkYk+1, Yk+1, TE€ k > 0, UTO Bce BepIIUINLI 3TOM €N Pa3IUUHBI,
Ty U Yg+1 — cBoOOAHbBIE, a BCe OcTalbHble BEDIIMHBI HACHIIIEHHbIE B IIapo-
coveranuu M, nmpudeM Kamjgoe BTopoe pe6po npunamiesur M (T.e. pebpa
BUIA YiTi+1, ¢ =1, ..., k — 1 BXomaT B M), a ocTanbHble peGpa B M He BXO-
gaT. Nuave roBops, B M-uepepyronieiicd Lenu 1BeTa pebep depelyloTcsd IO
TpaBHILy CBeTIOe — TeMHOe U HaoGopoT, IpuueM [epBoe U IociefHee pebpa
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ABIAIOTCA CBETIUBLIMU. fICHO, UTO uepenylomagcA Lenb ONHO3HAYHO OHpefe-
nAeTcA Kak MOoCHeNoBaTelbLHOCTELIO ee BEPUIMH, TAK M [0CHeI0BaTElLHOCTLIO
ee peGep. Hanpumep, piua napocouetanus M, usobpaeHnoro Ha puc. 88a),
M-yepenywomyiocd lelb MOMHO 3a8aTh HOCIELOBATEILHOCTLIO BEpIIHMH T3,
Y3, T3, Y2, T1, Y1. OTa LeHb COUEPAUT IBa TeMHLIX pedpa M TPU CBETILIX.
CooTBeTcTBYIOman f-momoandAmomad uenb B cetu G*, rae f = fir, 3agaerca
HOC/IeI0BATEILHOCTLIO BepIIUH 8, T3, Y3, T2, Y2, L1, Y1, . B 3Toll menu gyru
Tols U T1%Ys ABIAIOTCA OGPATILIMHU, @ OCTAALHbIC JyTH — NMPAMBIMH.

YBeJIMYEHUIO IOTOKA BAOJb f-NOMOJHAOMEN MU COOTBETCTRYET YBelU-
YeHue KoauuecTBa pebep B Hapocoderanuu M Buoabn M-yepenyromefica me-
nu. [laa storo B M-uepenymoomeiica Uenu HedeTHble pebpa, He BXOOWBIIME
B M, o6LABIAIOTCA »iaeMeHTaMu M, a Bce 4yeTnnie, Bxogusinue B M, us M
ynanmorcesa. MHade rosops, Bce TeMHEIe pefpa CTaHOBATCA CBETABLIMH, a BCe
CBEeTIbIe — TeMIbIMU. Takas onepanuaA NPUBOIUT K YBEIHYEHHIO KOJIHYECT-
Ba pebep B NapocouyeTaHu Ha equuuuy. Hanpumep, mapocoderanue M us
puc. 88 ) saMenuTcA Ha napocodetanue {xsys, T2z, T1Y1}-

Hanomuum, 4To ciMMeTpUYeCKan pasnocTh AByX mioxecTs M u P onupe-
HelfgeTcA ClelyIOMUM 06pa3oM:

MoP=(M\P)U(P\M).

IIpouecc monyvyeHusa HoBoro napocoyeranus M; w3 napocoueranusa M c mo-
Momibio M-uepenyiomeiica uenu P MOMHO BLIPA3UTh PaBEHCTBOM

Mi=MaoP

(s3mech u namee mox M-depeLylOmiedics LeNbio MONUMAETCA [OCIeI0BaTelb-
HocTh pebep). Jlna napocovetanus M) cmpaBefinBo paBeHCTBo |Mj| =
= |M| + 1, nockoabky B nenu P cBeTanix pebep Ha oiHo Golblle YeM TeM-
HBIX.

W3 npuBeneHHBIX paccyieHUB U TeopeMbl 11.2 BLITeRaeT cleyIONIHA
RJIaccuyYeckUil pe3ynbLTar.

Teopema 12.2 (Bep:k, 1957). Iapocowemanue M & dsydoasiom zpa-
Pde G asasemesn Hauboabulum mozda U moavko mozda, ko20a 6 G He cyujecm-
syem M -uepedyowerica yenu.

Panu nonnotsl usnoxenysa NpuBefeM 3llech IpAMOe J0Ka3aTelILCTBO 3Toi
TeopeMBI, He omupatonieeca Ha TeopeMy Popna— PanrepcoHa.

JorazaTteabeTBo. OueBnaHo, eciu M — Hauboabllee napocoyeTaHue,
To Brpage G = (X, E,Y) He cymectByer M-depenyoueiica Hem.

JorameM obGpaTHoe yTBepskieHue. IIpenmnomoskuM, 4To LA DapocoydeTa-
uug M He cymecTByeT M-uepenyiomeiica nenu. PaccMoTpuM npousBoibHOe
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napocoderanne N u yGegumces, uro |N| < |M|. 3amerum, uto B rpade
G1 = (X, NUM,Y) crenent KazIoil BeplUIKMHbI He IpeBOcXoaUT aByx. Cie-
IOBaTeIbHO, Kasdafd KOMIOHeHTa CBA3HOCTH rpada Gy Mo#eT GbITh OATIOro
U3 CIeAYIOMUX THUIIOB:

1) usoaupoBanHas BepLUIMHE;

2) uenb 4eTHON NIUHbIL;
3) Lellb HeUeTHOMH MLIUHBI;

4) UK.
B cnyuanax 1, 2 u 4 KoMIOHeHTa CBA3HOCTY COOEPHUT OJUHAKOBOE YKCJIO
peGep us M u N. Eciu KoMIoOHeHTa CBA3HOCTH — [ellb NEeYeTHON [iu-

bl (ciayyait 3), To oHa fBasercH aubo M-depenymoomeiica, aubo N-depenyio-
meiica nenblo. Ilo mpeamnonosenuio, M-depenylomuxcd Lieneit B rpade Her,
clle[oBaTelbHO, MOTYT OBITH Tonkko N-uepenytomuecs nenu. Ho B kamjoit
W3 BTUX MLeneii pebep U3 M Ha omHo Gonblue, yeM peGep u3z N. Otcioma
|N| < |M]|, 1.e. M — naunGouabinee napocovyeranue. O

Teopema Depika nofckasbiBaeT clefyIOIUI alropUTM MOCTPOENHA HaH-
60abIIero napocoyeTanusm:

1) mycroe napocoderanue M 0OBLABUTL TEKYIIMM HAPOCOYCTAHHUEM:;

2) uckaTb M-depenyiomyiocs Lelk;

3) ecau Takas uenb P HaiigeHa, To monoxuts M = M & P u BepHyTheH
Ha mar 2;

4) unave CTOII (rexyiee napocoueranue M fBaAeTcsa NauGOILIINAM).

BuumartennHslil unTaTenb, KONEYHO, 3aMeTWI, YTO NpeIoKeHHbIH airo-
PUTM, IO CyTH Jela, ABIAeTCA JleTKoil MoauduKainueil anropurma Qopna-—
Qanxepcona. OTMeTUM TaKiKe, UTO MOCKONBRY KamIblil pa3 TeKyllee mapo-
coveTaHHe YBelIHYMBaeTCA POBHO Ha eJUHUIY, TO aITOPUTM 3aBePIIUT paboTy
nocie He Golee deM n uTepauuil, rae n = min(|X|, |Y]) (3mecs ucnonsaosan
TOT (paKT, YTO HauGoJbLIee IAPOCOUYETAHKIE COAEPIKUT He Gollee YeM 1 pedep).

PasfepeM moapoGHee mponecc moucka M-uepenylomeiica mnemu. 3paech
MOKHO HCIOJb30BaTh JMO0YI0 cXeMy I0MCKa B IIMPUHY WU B riybuny. UyTs
yno6Hee mouck B mupuHy. ChopMynupyeM IpaBuia IOUCKA B IIMPUHY B BUJIE
«BOIHOBOTO» alITOPUTMA.

B HyneBoit hpoHT pacnpocTpaHeHUA BOJHEI BKIoyaeM Bce M-cBoGomHBIE
BepUIUHbI & € X.

[Iycte dponT ¢ HOMepoM k mocTpoeH. Ecau k veTHo, To Bo ¢poHT k + 1
BKJIIOYAaeM Bce BepIIUILI y € Y, e cofiepkaniieca MK B KakoM U3 IIPeAbITY-
muX GponToB, KOTOpble MO0 IOMETHThL M3 BepIlIMH NpefbloyIero GpoHTa
¢ moMombIo cBeTHbIX pebep. Eciu k HewueTHo, To Bo GpoHT k + 1 BriIlOUaeM
BepuIMHBI & € X, He cojep/KRalivecA HU B KAKOM M3 NpPeJbIAyIuX (POHTOB,
KOTOpbIe MOHO NOMETUTH € IOMOMBLIO TeMIILIX pebep U3 BeplLIMH NpeAbIay-
mero (poHTa.
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Ilouck 3aBepliaeTcs, Kak TOALKO OyleT HoMeveHa CBOOOANAA BepIIH-
Ha y € Y uau ouepennoil GppoHT okaskeTcA IycTHIM. B mepBoM ciyuae oKol-
yanuf noucka M-udepenylomasicsa Lellb CyIecTBYeT, OHA JETKO MOMET OLITh
HOCTpOeNa ¢ IIOMOMBIO cTaHJAPTHRIX MeTOK Previous. Bo BTopom ciyuae
M -uepenyiomeiica nenu B rpade He CyIIecTBYeT U, ClleJOBaTelbHO, TeRyIlee
napocoueTanue M aABAAeTcA HAUGOALIIUM.

Teopema 12.3. Moduduyuposanunwti areopumm Dopda — Darrepcona no-
cmpoenus Hauboavuieeo napocoiemanusn 8 dsydoavrom epage G = (X, E, Y)
umeem caoncnocms O(pgn), 20e p = |X|, ¢ = |Y|, n = min(p, ¢) u eped G
npedcmasaen mampuyett A[l...p, 1...q].

(3ameTum, uTO MaTpulla A ABIAETCHA MOAMATPHULEH MAaTPUIILI CMEKHOCTH
IBynoabHoro rpada G.)

HdorasaTenbeTBO. Brle yie oTMeuanoch, 4To IpolLece 3aBePIIUTCA He
Goxee ueM Hocle n urepanuit. CnomHocTb Kampuoil urepauuu ects O(pg).
IlosTomy mMomuduuupoBanmeiil anroputm Popna— Panrepcona nud nocrpoe-
HUA HaubOJBILIero NapocoveTaHua uMeeT caomuocts O(pgn). O

OTMeTnM, YTO B YacTHOM ciydae, Korga n = |X| = |Y|, mogudmuupo-
Baunbiit anroput™ ®opra— Dankepcona umeer caomuocts O(n?).

B 1973 roagy XonrpodgT u Kapn npepnosiuinun Gonee shderTHBHBIH anro-
PUTM HOCTPOEHUA HauGOJLIIEro MapocodeTaHUA B IBYIOLLHOM rpade.

IMycts M — mapocoveranue B rpade G = (X, E, V). Ilens P nazoBem
M -yenvio, eciu oHa HauKMHaeTcs B cBoGonnoil Bepmune x € X, UMeeT He-
YeTHYIO TJIWHY U LBeTa pebep UepeyIOTCA IO [IPaBUIY CBETIOe — TEMHOE U
Hao6opot. Huaue ropops, M-uenb — 3To nouTH M-depenylomasca Lellb;
OTAMYME COCTOUT IUWL B TOM, 4To M-uenb MoKeT 3araHUMBaThLCA B M-Ha-
colmentoil Bepmute y € Y. IlouATHO, uTo Raskgasa M-depelyomanca LeNb
aBndgercA M-1eHbI0, HO 06paTHOe yTBEpPKIEeHVEe HeBepIo.

Iycts r — pavHa KpaTyaiimeit M-depenyiomeiica uenu. Yepes G(M)
o6o3HauuM rpad kpatvyaimux M-neneil; no onpeneneHUIo 3TOT rpad cocTo-
HUT U3 BCeX BepUIMH U pefep TaKUX, YTO Ramgoe peOpo U Kaskad BepIIMHA
BXOIAT B HEKOTOPYIO M-lleHb IIWHEI 7.

06myio cxeMy aaroput™ma XonkpodTa u KRapna nocTpoenuda HauGoabuiero
[apoCcOYeTaHHA MOJKHO ONKCATh CleLYIOmUM 00pa3oM:

1) mayarpb ¢ npousBoabIOro mapocoderanusa M B rpage G;

2) mocrpouts rpad G(M) rparuaitmnx M-uemnei;

3) mocTpouTH MaKCHMalbHOe [0 BRIIOYEHHIO MHomecTBO {Py, ..., P}
BepIUINHHO-Henepeceraomuxca M-depenyromuxca ueneit B G(M). Veeaw-
YWTL mapocodyeTanvie M BIOAL BceX Lelei U3 NOCTPOEHNON0 MHOMKECTBA IO

(popmynam
Mi=MoP, Ma=MOP, ..., My=M_ 13 F,
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OGbsaBuTL nmapocoueranue My Tekymum, T.e. M := M. (3amerum, 4uro
My=M&P,®...0 P, u|M]|=|M|+k).

4) NOBTOPATH Wwark 2 U 3 Jo Tex Nop, noka B ceTr G CYIMEeCTBYeT X0TA Obl
onHa M-depenyiomascA nenb. Eciu TaKkoil ey He CyIEecTBYET, TO TeRyLlee
napocoyerande M apafercA nambonbimuM (Teopema 12.2).

[Tepeitnem r dopmalbHOMY olMcaHUIo anropuTMa Xonkpodra— KRapna.

IBynonsusiit rpadp G = (X, E,Y) Gygem sagaBaTb Marpuueit A pasme-
pa pq, rie p = | X|, ¢ = |Y|, B woTopoit A[z, y] = 1, ecin pebpo zy umeercs
B rpade, u Az, y] = 0, eciu Taroro peGpa B rpade HerT.

[Tapocoueranue M B rpade G MOMHO OHKCATD C IIOMOLILIO IBYX MacCHBOB
Xdouble nnunvl p u Ydouble nauubt g, cuutan, uro Xdouble[z] = y, ecan x
coueraerca ¢ y, U X double[x] = nil, eciu Bepmuna r cBoGogHa. AHanoruy-
HO onpenenfiercA MaccuB Y double. Taxum o6pa3om, mycToe mapocoyeTaHHe
sagaerca pasencTBaMH X double[z] = Ydoublely] = nil gna Bcex x € X
nyeY.

Benomoratensusiit rpad G (M) kparuaiimux M-ueneit HecJI0#HO MOCTPO-
UThb, UCHOAbL3YA Nouck B mupuny. Hamomnum, uto wramkpgaa M-uenn Ha-
ypHaeTc B CBOOOJHOI BepmuHe x € X, MO3TOMY BO BCIOMOTraTelbHbIM
rpap G(M) crenyeT oTHecTH Bce CBOGOJHble BepWIMHBI & € X W HayaThb
HOUCE ¢ HUX. IIoCKONLRY mac UnTepecylOoT YepenylOmuecs LeHH, IYHO pas3-
auuaTth maru oT X kY nor Y r X.

B nmepBoM ciyuae nepexof ocyImecTBIAETCA [0 CBETILIM pe6GpaM (T.e. 1o
pebpam, ne BxofAmuM B M), a Bo BropoM ciIy4ae HO TEMHBIM pebpam (T. e. HO
pebpam us M). Ilpudem, eciin B epBOM cllyuae, HAXOAACH B BepuinHe & € X,
cienyer orHectu B G(M) Bce BeplIMHBI, CMeXKHble C &, U Bce pebpa, HH-
IOUAeHTIbIe &, TO BO BTOPOM — BLIGOp BepIIMHBI U peOpa OJHO3HAYEH: U3
BepmIMHLI y € ¥ MO0 MarnyTh TolbKoe B Bepmuny x = Ydouble[y], uc-
HOIB3YA pebpo xy, koTopoe Bxonut B M. Ilpu sToM BepmiuHy z U pebpo zy
cieayer po6asutk &k G(M). Ilponece noucka saBepuaeTcs JUG0 MOIHBIM II0-
CTpoeHHeM Toro (pornra, B KOTOPOM B IIepBLIN pa3 BCTPeTUTCA CBOGOAHAA
BepiinHa y € Y, 1ubo Torxa, xoraa B rpad G(M) Heabsa oTHecTH HU OfHOI
HOBOI1 BepLIMHLI U HU OJHOTO HOBOTO pe0pa, HO cBOOONHBIX BepmUH y € Y
JOCTUYL He ynanoch. IlocnenHuii ciyyait o3HadaeT, uro M-depeqyomuxca
Hemneit B rpade G He cymecTBYeT.

Yepes DX UDY, rpe DX C X u DY C Y, 6ynem obo3HauaTbh MHO-
mecTBo Bepmud rpada G(M). Muomectso pebep sToro rpada onucbiBaeTcs
Mmatpuueit DA pasmepa pq, rae p = | X|, ¢ = |Y|. Ilpu aToM mumnue cTpoky
u cToabusl MaTpulsl DA, cooTBeTcTBYIOIME 3neMeHTaM £ € X uy € Y, He
nonaBmuM B DX u DY, GynyT urHopupoBaThcA.

Hocrpoenue Benomoratensuoro rpada G(M) mpencrapieHo npouegypoit
Graph(M). B neit ucnoabsyiorcs nse odepenu. B ouepenu (J; xpanutes Ho-
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clleJHA NOCTPOEHHBIA (POHT, a B ouepenn (Jy HAKAILIMBAIOTCH BEPIIMHbI HO-
Boro cTposmeroca ¢ponTa. IIpu sToM B ouepenHoil GpoHT pacmpocTpaneHUs
BOJTHBI OTHOCATCA JMIIL BEPIINNBI U3 MHOMecTBa X, u60 mepexod oT ¥ K X
OJHO3HAYeH, T.e. 38 OJVH IIar CTPOUM cpasy ABa ¢ponTa. Bee mocturnyreie
cBOOOHbIe BepIUHEL ¥ € Y 3aHocATcA BY free. Uepes X free o6o3nauaerca
MHOECTBO Beex cBobomHnix BepmuH © € X. Uepes front[v], v € X UY,
o6o3HavaeTcs HoMep (pPOHTA, B KOTOPBIH NOmajaeT BepliMHA U, IPH 9TOM
LA BCeX HEHOMEIIEHHBIX elle B KaKoi-1160 (GPoHT BepmyH (B TPamgULMOH-
HOJl TEPMHHO/IOTUM HEIIOMEYEHHBIX ) BBIIOJHAETCS PaBeHCTBO front[v] = oco.

1. procedure Graph(M)

2. Dbegin

3 DX := DY := {

4. for z€ X do

5. for y€Y do DAz, y]:=0;

6 for v € XUY do front[v] := oo;

7 Q1 :=Q2:= Xfree:=Y free := nil;

8. for x € X do

9. if Xdouble[z] = nil then

10. begin

11. Q2 <= z; X free < z;

12. DX := DX U{a}; front[z] := 0;

13. end;

14. repeat

15. Q1 1= Qa3 Q3 := nil;

16. while @, # nil do

17. begin

18. x < Qq;

19. foryeY do

20. if (A[z, y] = 1) and (front[z] < frontly])
21. then

22. begin

23. DAz, y] :=1;

24. if front[y] = oo then

25. begin

26. DY:=DY U {y}; = := Ydouble[y];
27. frontly] := front[z] + 1;

28. if z # nil then

29. begin

30. DAlz, y =1;DX :=DX Uz
31. front[z] := frontly] +1; Q2 < 2

32. end
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33. else Y free < y;

34. end

35. end

36. end

37. until (Y free # nil) or (@2 = nil);
38. end.

[poromMmenTupyem pabory npouenypel Graph(M). B crpokax 35 unu-
nuanusupyetca myctoit rpad G(M). Iurn 8—12 ozHauaeT, uTo Bee cBOGOA-
Hble BepmuHbl ¢ € X BrIualTca B rpad G(M), ¥ NOHCE B IIMPUHY Ha-
YHHaeTCA ¢ HUX. B cTpore 15 MHUNMATU3UPYeTCA TIOCIEMHII MOCTPOCHHBIM
dpout. B cTpoke 16 HaunHaeTcA ocHOBHOM KK NoKcKa B mupuuy. IIpu sTom
nocirenHUi MOCTPOEHHbIH QPOHT McMoab3yeTcA ModHOCThIO. B nnrae 19-35
aHaNU3UpYIOTCA Bce ¥ € Y, cMeskHble ¢ ouepeatoii BepmuHoit £ € X U ynoB-
JeTBOpsOmMe ycuoBuio front[x] < front[y]. 3nech Bo3MOKHBI NMIIL JBA
ciyuad.

B nepsom cayuae front[y] = co. 10 03Hauaer, UTO BeplIMHA y paHee He
noceanach, BTopoit — front[y] = front[z] + 1, T.e. Bepmuna y yie nome-
YyeHa, HO U3 BEPUIMHLI TOrO ke IOcIeTHeTo MOCTpOeHIoro ¢gponTta. B sTom
ciyyae B rpap G(M) HyHO numb [oGaBUTHL 0HO pebpo zy (cTpoka 23).
Brimonnenue ycinoBua B cTpoke 28 o3HayaeT, UYTO BeplIMHA y Hacblilllella B
napocouetauny M. B stoMm cayuae BepumHa z = Ydouble[y] u pebpo zy
BRIovaoTes B rpad G(M), mpudem z BRIIOYaeTCH W B HOBBIH $poHT (cTpo-
ka 31). B mpoTuBHOM ciiyuae BepluMHa y ABIAETCA CBOGONHOI M 3aHOCHUT-
ca B Y free. B crpoxe 37 maHbl ycmoBuA mpexpamnieHud mnoucka. Ciyuaii
Y free # () cBuneTenLCTBYET, UTO HakifleHa XOTH Gbl ofia cBOGOJHAA BepIIU-
Ha y U, clefoBaTelbHO, B UCXOIHOM rpade cymecTByeT M-uepenylomanca
nens. [Touck Ha sToM npekpamaetcs u B rpad G(M), Gnarogaps cBoiicTBaM
HOMCKA B MUPHHY, IONaAyT Bce KpaTuaitmue M-menu.

Pas6epeM Temeph MeTol MOCTPOEHHA MAaKCUMAALHOI'O II0 BRIIOYEHUIO
MHOKECTBA BepPUIMHHO-HeNepeceRaomuXxca M-uepenyomuxca Lemneit ¥ yBe-
INYeHUA TeRyllero napocoderanud M ¢ MOMOLILIO HOCTPOEHIOrO MHOKeC-
TBa. CfenaTh 3TO MOMKHO clefyiomuM oOpazoM. BribepeM Npou3BOMLHYIO
BepuiHy € X free. IIpoBemem nouck B rIyGHHY ¢ KOpHeM B , IoMedvas
BEPIIMHBI [0 TEM e MpaBuilaM, KOTOpPbIe HCIONb30BANUChH IIPU NOCTPOEHUN
rpapa G(M), v mpoaBurasch U3 BepuUHbl ¥ € X 10 CBETALIM peGpam, a u3
BepminH y € Y — no TeMHbIM. IloMeueHHbIe B Xo[e NMOHCKA BepUIMHLI IOMe-
matoTcs B cTek S. Ilomck B riny6uHY M3 BepUIMHBI = 3aBepluaeTcs aubo MO
AOCTUFKEHHIO cBOGOAHON BepumHbl y € Y free (B 9TOM ciiyuae cyllecTByeT
UCKOMAas IeNb, MauyuHalomanca B © U 3aKaHuMBalomanca B y), TU60 Torma,
vorga S = nil. Ilyctora crexa S osHauaet, uto B G(M) He cymecTByeT
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M-uepenylomeiica enu, HauuHAalOmelicd B Bepiuude . Ecau uckomas uenb
CYIIeCTBYET, TO IOCHIE 3aBepIleHNs Mo¥cKa B S NepBag U MOCHeJHAA BepIiH-
HBI ¢cBOGOIHLI OTIOCUTeNLHO M, a Bce IpOMesKyTOYHLIe BePIIMHbI HAChILeHbI
B M. OTMeTHM, 4TO BepIIHHBI YepelyIOTCA — cHavajla BepuuHa us DX, za-
TeM u3z DY u 1. 1.

YBeIMUHTE NapocovyeTanue M ¢ IoMolLIblo NaiifieHHOI el o4ellb IIpoC-
TO: CYMTBIBAEM IONAPHO BepIIMHBI U3 cTera S (mepBoii cuntaercA y € V) u
KOppeKTupyemM 3HaueHuA MaccuBoB X double u Ydouble. Ilpu aTom y nepBoii
¥ mocje/IHeil U3 CUMTAHHBIX BeplINH y U 2 3Haderun Y double[y] u X double[z],
paBIible nil, HOMyYyaT 3HAaYEHUA COOTBETCTBYIOMKUX COCEJHMX BepmIMH U3 S,
a y BceX IIPOYMX NPOM30HIeT cMeHa 3HaueHWit MaccuBoB Y double u X double
¢ OJHUX BepHMH Ha apyrue. CUMTLIBAAg BEPHIIMHBLI U3 S, MbI 0ANIOBPEMEHHO
yoanseM ux us rpapa G(M). B pesyarTare IpH IOCTPOGHUH CleylOMmei
M-uepenyiomeiicd eNH BHOBL HailleHHas leNb He IepeceKaeTcA ¢ Ipesie
TOCTPOEHHBIMM IIEeMAMU N0 BepmuHAM. [Iporiecc MocTpoeHUA 1eneii BeaeTcA
IO HOJHOTO MCYepHaHuA ogHOro 13 ciuckoB X free unu Y free, ueM oGecre-
YHBAETCA MAKCUMAJIBLIOCTE 10 BRIIOYEHHIO NOCTPOEIHOI0 MHOMecTBa M-ue-
penylomuxcA lermeii.

JleTany omucaHHOT0 Mpoliecca MpeicTaBleHbl B npouenype Increase(M).
B neit 6e3 (opmanbHoro onucanus ucnoabsyerca pyuruusa Choice(x), Roro-
pas Bo3BpallaeT HellOMeUYeHHYIO B Xojle NoMcKa Bepmuby y € DY, cMemnyio
¢ x, eciu Takas cyumectByeT, U Ghoice(x) = nil, ecain Bee Bepmunst uz DY,
CMeHble ¢ x, yie noMedeHbl. llepemennas indication cuUrHaaIu3upyeT o
TOM, JOCTUTHYTa IU cBoOoAHaA Bepmuna y € DY, T.e. indication = 0, ecin
cBoOOIHAA BepIIMHA elle He TOCTUTHYTA, U indication = 1, eciv JOCTUTHYTA.

1. procedure Increase(M);

2.  begin

3 while (X free £ ) and (Y free #0) do
4 begin

5. x < Xfree; X free := X free\ {z};
6 S :=nil; S < x; indication := 0;

7 while (S # nil) and (indication = 0) do
8 begin

9. z < S; y := Choiee(x);

10. if y # nil then

11. begin

12. S < y; z := Ydoublely];

13. if z £ nil then § < z;

14. else

15. begin

16. indication := 1; Y free := Y free \ {y};
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17. end

18. end

19. else

20. begin

21. < S; DX :=DX\ {z};

22, if S # 0 then

23. begin

24. y < S; DY := DY \ {y};
25. end

26. end

27. end;

28. if indication = 1 then

29. while S # nil do

30. begin

31. y < S; DY := DY \ {y};
32. < 8; DX :=DX\ {z};
33. Xdoublelx] := y; Ydoublely] := x;
34. end

35. end

36. end;

CTpyKTypa »Toil npouenypsl caepyiomas. OcHoBHoOM nuwra 3—35 Benet-
cA [I0 HOJHOrO OMYCTOLIEHMA OANOI0 M3 CIMCKOB CBOGOAHBIX B X MU B Y
BepmMH. Kamaplil 1poxol 3TOro UMKIa HAaYMHAETCA C BbIOOpa NMPOU3BOIL-
HOTO »neMeHTa & M3 X free u IocnefyIoulero MoMcKa B TIYGUHY ¢ KOpHEM
B z (cTpoxu 6—27). Bammno oTMeTHTE, UTO ecln TeKyIllas BepIIVHA & HMe-
€T HEeNOMEUENHYIO HaChIeHHYIO CMEKIYIO ¢ Hell BEepIIMHY ¥, TO B CTeR S
NOMellalOTCH cpasy ABe BepILIMINLL: cliadana y, saTeM z = Y double[y] (cTpo-
k1 9—13). MomHO cKasaTh, YTO NPOMeKYTOUHbIE BepIIMHEI B XOfe IHOKCKA
noMelnaioTca B S napamu.

NmenHo 3TUM 06CTOATENLCTBOM 00 BACHAIOTCA AeCTBUA B cTpokax 20-25.
Eciu BepmuHnl ToMelllady B cTek S mapaMM, TO U YIalATL MX OTTyOa Ha-
mo mapamu (KpoMe camoii mepBoit). B crporax 20-25 cuavana ynanfercH
u3 S u u3 rpada BepmMIa x, BCe COCeON KOTODOI yike Mocelalnuch, a 3a-
TeM, eciiM & He TIepBoil momajna B .S, yaanAeTcA Ta BeplIWHA Y, AAA KOTOPOi
BhImonHAeTeA paBeHcTBO Ydouble[y] = & (Bmpodem, Tawie CIpaBelIuBO K
cootHomenue y = Xdouble[z]). B cTpore 28 ananusupyeTcs, KaKMM HMeHHO
HCX0JO0M 3aBeplIlicd MOUCK B TIyOHHY.

Ecau nouck ynaunsiii, T.e. indication = 1, To B uurie 29—-34 yBeiu-
uyBaeTcA mapocouetande M u ypaunsiorca us rpapa G(M) Bce BeplIMHBI
Hal ieHHON M-vepenyiomeiicd Lenu.
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CofepeM onmcaHHbIe TPOUEAYPHl B OIUH &ITOPUTM MOCTPOEHUA HAMGOMb-
IIET0 MAPOCOYETAHUA B IBYIOILHOM Tpade.
Anroputrm 12.1 (XonkpodTt, Kapm).
Bxox: aBynonsueiii rpad G=(X, E,Y), sagauustit matpuneit A[1...p,1...¢],
rae p = | X[, g = |Y].
Beixon: mHambonbmee napocoderanue B rpadge (G, 3ajaBaemMoe MacCHBaMU
Xdouble[l...p| u Ydouble[l...q].

1. begin

2 for x € X do Xdouble[x] := nil;
3 for y € X do Ydoublely] := nil;
4 repeat

5. Graph(M);

6 if Y free £ 0 then Increase(M);
7 until Y free = 0;

8. end.

NanuM HeGoaBIION KOMMEHTapHUil K 3TOMY aiaroputMmy. B cTpokax 2-3
cTtpoutcd myctoe napocouetanue M. Ilocie mocTpoeHUA BCIOMOraTelIbHO-
ro rpada npouenypoit Graph(M) ananusupyercsa (ycioBue B cTpoke 6), co-
nepsmut au rpad G(M) cBoGonubie B M Bepumnnl y € Y. Eciu rtaxobble
UMeoTeA, To npouenypa Increase(M) yBeIMuHBaeT TeRyliee MapocodeTa-
Hie u (ycioBde B cTpoke 7) dasa noBTopAeTcA. Eciu e CIMCOR JOCTUTHY-
TBIX npouenypoit Graph(M) cBoGonmbix BeplyH y € Y IycT, TO alrOpUTM
3aBepmaeT paboTy u no TeopeMe Bepma Teryllee mapocouyeTaHue ABIACTCH
HaubOIBLINM.

Pas6epem paGoty anroputma 12.1 Ha npoctoM mpumepe. Ha puc. 89a)
usoGpazkeH Hcxonnsli rpad G, a Ha puc. 89b), ¢), d) — napocodeTaHus, mo-
IydeHHEBIe Iocile Kamaoil u3 Tpex das. Hamomumm, uto dazoil Mbl Ha3biBaeM
[porece MOCTPOEHUA BCIIOMOraTelLHOr0 rpada U nocienyiollee yBejlldeHHe
TEKYIIEro apocoyeTaHU; unayde ropopf, ¢asa — 3TO OJUH [IPOXOJ OCHOB-
HOro uukiaa 4—7 B anropurme 12.1.

flcHo, uTo BenoMoraTenbHelit rpad G(M), mocTpoeHHbI B mepBoit da-
3e, cOBIajaeT C MCXOJHBIM, 160 Bce BeplIMHBI §¥ € Y ABIAIOTCA CBODOAHBI-
MU U HenzoaupoBaHubIMu B (7. CiefoBaTelbHO, BBINIOJHAIOTCA PaBEHCTBA
Xfree =X uY free =Y. llpeamonosum, 4To IOUCK B TIYGUHY B IpolLeny-
pe Increase(M) nayreTcs ¢ BepIIMHBI £1. Telephb Bce 3aBUCHT OT 3HAYEHUSA
dynrupu Choice(z1). Ilyetb yo = Choice(x1) (cayuait y3 = Choice(x1) He
tak uHTepeceH). Torpa wenb 1, 1Yz, Yo ABIfercAa M-depefyiomeiica, u
B M Oyznet pmobGaBneHo pebpo z1y2. IlycTh caenyromeil BepiinHOil, B3ATON U3
cverka X free, Goina Bepumua xg 1 Choice(xy) = ys (uuTarens samerwi,
YTO MBI IefiCTByeM MaKCHMalbHO 3moyMbliuienHo). Torpa B M no6asutca
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pebpo x4y3. Boabme Hu opnoit M-vepenyitomeiica nenu B rpade G(M) noc-
le yIaleHUA BepUINH &1, T4, Yo, Y3 He cymecTByeT. IlepBas ¢asza Ha 3TOM

3aKOHUYUTCAH.
Ty 4] T3 Ty Ty T3 T3 Ty

a) b)

Y1 Ya Y3 Y4 hn Yo Y3 Ya

T Lo Ty Ty Ty Lo T3 Iy
c) d)

n Y2 Ys Ya Y1 )] Y3 Ya

Hurepecno oTMeTHTh, YTO BenmoMoraTeasustil rpad G(M), HoCTpOeHHBIH
BO BTOpOI1 (ase, B TOUHOCTH COBIaJaeT ¢ UCXOAHBIM. [elicTBHTeNIbHO, MOUCK
B IIMpUHY Ha4YHETCA C BepIIUH Ty U £3. [lonHbiit HpocMoTp NepBoro ¢poHTa
HpUBeleT K ToMy, uTo B G(M) HomanyT BepUIMHBI Yo U Y3, @ Uepes HUX —
BEDHIMHBI &1 U &4. 3aT€M H3 BepIIUH 1 H 24 OyAYT JOCTHIHYTHI BEPLIMHEI
41 U y4. NRoHeuHo, Bo BcoMoraTenbHbIi rpad HomagyT U Bce pebpa UCXO.-
Horo rpada. IIpenmomnomuM, 4T0 HOKMCK B I'IyOMHY HAUHETCA C BEPUIMHEI Tg
u Choz'ce(a:2) = y3. Torpa O6yner nHaiinena M-uepenyromascsa NeNb C I0-
CIe0BaTeALHOCTEIO BEpIIHH Tg, U3, L4, Y4. llapocoueTanue M yBenuuutcd
BJIOJh HaMJeHHOI Ilel cilegyiomuM obpa3zoM. Byner ynaneno pebpo x4y3 U
noGaBieHbl pefpa xays U x4y4. llocie yoaneHus BepIIKH Za, Y3, L4, Y4 HU OI-
Hoit M-4epenyiommeiica nenu B rpade G(M) yme He cymecTByeT. Pegynbrat
BTOpOI (hasbl u3obpamen Ha puc. 88 c).

Narouen, B TpeTbell (ase HOMCK B LIMPUHY HauHeTCA ¢ eJWHCTBeHHOH
cBoGoaHoil BepmuHel 3. BecnoMoratenbueiii rpad npeacraBiafgeT co6oii M-ue-
pPenyIoIYIOCA Ilellb, BRIAIOYAIONIYIO BepLINHbBL &3, Y3, L2, Y2, L1, Y1. YBEIU-
yenue M Bpoab aToil 1€MW MPUBOAUT K IapOCOYETAHMIO, M300paKeHHOMY
Ha puc. 88d), KoTopoe ABNAeTCA HaHGOILIIHM IapocodeTaHHeM B 3aJaHIIOM
rpage.

[Tonyuum Telephb OIEHKY CHOKIOCTH anropurMma Xonkpodra—RKapna.

Jlemma 1. Tyemv M u N — 0Osa napocovemanus 8 deydosbHoM 2pagie
G=(X,E,Y)u
|M|=r <s=|N|.
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Toeda cummempuecran paswocmv M @ N codepicum He menee s — r Henepe-
ceraouuxca no sepuiunam M -vepedywujuxca yenell.

HoxrazateabcTBO. PaccMoTpum rpad G= (X, M®N,Y) u obosuauum
yepe3 Gy, ..., Gy KOMIOHEHTHI CBA3HOCTU 3T0ro rpada. [lockonery M u N
ABIAIOTCA NAPOCOUETAHMAMM, Ka)IaA Bepiiuia rpada G HHIUIEHTHA He 60-
mee yeM onHoMy pe6py us M \ N u He Gonee ueM onHoMy peGpy uz N \ M.
Otciona ciegyeT, UTo KaskIafd KOMIIOHEHTA CBA3HOCTH MMeeT OIUH U3 TpeX
clefyIOMKUX BUIOB:

1) uzonupoBannas BeplinHa;

2) uMKI 4eTHOM JIKHBI ¢ peOpaMu nonepemento uz M \ N u N \ M;

3) mensb ¢ pebpamu nomepemento uz M\ N u N\ M.

O6osHauyum uepe3 F; MHomecTBO peGep koMmmoHeHTH ;. I[lycTh

d; = |E; N N| - |E; N M|.

B rex ciayuvanx, koraa kommnoHenta (; uMmeer Tun 1) wim 2), moayvaem
d; = 0. B cayuae 3) mbo d; = —1, mbo d; = 1, mubo d; = 0. Ilpuuem
cryuail d; = 1 BO3MOMKeH TOIbKO TOTJla, KOrja LeNb HauuHaeTcA peGpoM
u3 N u 3akaHuyuBaeTcA pebpoM u3 [V, T.e. sABiaAerca M-depemyiomieiica.
OcTaercs Morasarts, uto d; = 1 114 He MeHee YeM §—r UHAeKkcoB. locTaToyHo
yGeIUTheA, YTO CyMMa BceX 3HaueHH# d; He MeHbIIe § — 7. B IpHUBOIMMBIX
HUJKe BBIYHCIEHHUAX Bce CYMMBI GepyTteamo ¢ =1, ..., k.

di=> (IB:NN|—|E;NM]|) = [N\M| - |M\N|=|N|—|M|=5—r.

U3 »TOro paBcHCTBa CACOYCT, YTO B rpadc UMCCTCA HC MCHCC § —7 Pa3JIHUUYHBIX
M-4epenyiomuxce leneit. O

Jdemma 2. Ilycmv M — napocouemanue e dsydoavnom zpage G u |M| =
=r < s, ede s — MmowHocmb Hauboavuezo napocovemanun 6 G. Toeda cy-
wecmsyem M -uepedyrowasca yens 0autsl He npesocxrodsuiel fT’T +1.

HdoraszaTeabcTBo. [Iycth NV — Haubonkuiee HapocoyeTanue B G. Torma
|N| = s u no nemme 1 muomectBo M ¢ N colepuT me MeHee s — r Heme-
peceKaIMXCcA [0 BepliuHaM (a, CleJ0BaTelLHO, U HO peGpam) M-uepenyio-
muxcd terneii. IlyeTs kpaTyaiiman us HUX uMeeT gauiy 2k + 1 (HamomuuM,
4To MIMHA Kamgoit M-uepenylomeiica nenmu HedeTHa). Torma poBHo k pebep
aToii nemu npunaniekar M. CaepomarennHo, (s — r)k < r, Tar Kak Ka-
naa M-uepenyromasnca Uenb cojilep#UT He MeHee k peGep uz M. W3 storo
COOTHOLIEHUA BbITeKaeT TpefyeMoe HepaBeHCTBO. O

Cienyomuii pe3ynsTaT ABIAETCA KIIOYEBbIM.
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Jlemma 3. [ycmv P u P — uepedyiousuecs yenu, nocmpoeHHble 8 PAsHbLE
gasax anrzopumma Xonkpogima — Kapna, npuvem yenv P nocmpoena paHbvlie,
yeMm uend P. Tozda ;

|P| < |P].

JorazaTeabeTBo. locTaTouHo paccMOTpeTh cilydail, korga 3TH ¢asbl
HeMmoCpeICTBEHHO CIeAYIOT ApYT 3a apyroM. Ilyeth M u N — mapocouye-
TaHWf, KOTOpble OBLIM MOCTPOEHbI Ilepel HAYalOM COOTBETCTBYIOMIHX (as.
Oycte Py, ..., P, — MakcuMAalbHOE MO0 BKIIOUEHHMIO MHOMECTBO BepUIMH-
HO HelepeceKaromuxcA KpaTyaiimux M-depenylomuxcs Lemeif, DocTpoeHIoe
aNTOPUTMOM, r — JJKHA Kampoil us stux neneil. Torga P = P; ni1a HeRoTO-
poroi u N=MOP,&...5 P

Honomum L = NoP. [ocroabry 1enu FP; He nepecekalOTCA M0 BepIIMHAM
(a moToMy He HMeIOT 06WHX peGep), UMeeM

M@L=MoOMOP OP,.. 0,0 P=P3(PLURU...UP,).

Otcioga y 5
Mo Ll =|P|l+kr—2/PNQ|,
e Q=P UPU...UP.
C nmpyroit cropousi, Tak ®ak |L| = |M|+ k + 1, muomectBo M @& L
cofiepmuT He MeHee k + 1 peGepHo Hemepeceramomuxca M-deperyOmUXCca
ueneii (zemma 1). CregoBaTeasHo,

|M @ L| > (k+ 1),
T.€. HMeeT MeCTO HepaBCHCTBO
|P|+kr—2|PNQ| > (k+1)r

Orcrona
|P|>r+2/PNQ)|.

Tak rar B anropurMe Xonkpodra—Rapna Beibupanock MakcuManbHOE MO
BRIIOYEHUIO MHOMECTBO BEpPIIMHHO Helepecekalonuxcd mnemnei, menb P umveer
00IIYI0 BepIIMHY v XOTA Gbl ¢ 0HOM U3 ueneil Py, ..., P. [lockoabRry nocie
KakJ0r0 YBeINYeHMA OTHOCUTENLHO KaroM-In60 uyepeavionleiica Ienud Bee
BEPIIMHBI 1IeMM CTANOBATCA HACBIIEHHBIMU, 3Ta 06IafA BepPIIMHA U ABJIAETCS
HaCBINIEHHOM, T.€. He [epBOM M He MOCIeAHeH B Ienu P. Torna TemHoe

orHocuTenbHo N pebpo, MHIMAEHTOE BeplIMHE ¥, BXOJAWUT B 00e IeIlH, T.e.
PN@Q#WD. Orcrona |P| > r. O

Teopema 12.4. Yucao fas anzopumma Xonrspogma — Kapna He npesvliia-
em 2|+/s| + 1, 20e s — mowHocmb HAUOOABUIE20 NAPOCOLEMAHUR 8 OUHHOM

epage.
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HorasaTenscTBo. lIycre My = @, My, ..., M, — Bce mapocouyeranus,
Py, ..., P,_y — Bce uepeiylomuecs LielH, IocleJoBaTelbHO NOCTPOeHHLIE
alrOpUTMOM, U

MiZMi—l@P'—h i=1,2,...,8.

Rampan nens P, fABafieTcA uepefylomeiicA A HEKOTOPOro Mapocoyera-
A M; (j < i), roropoe GbUIO MOCTPOEHO Mepel HAYAJIOM odepejHol (a-
3bl. IlocKOABKY BHYTPM Kammoi (Gasbl Lelld He NepeceRaloTCA 110 BepIIUHaM,
uenn P; ABNfAeTcA He TombKo Mj-depenyrometica, Ho Tak#e U My-depenyio-
mefica maa Bcex k Tawux, uto j < k < 4. Eme pa3 oTMeTuM, UYTO LeIH,
NoCTpoelHble B OJHOA M Tol #e dase, HMMEIOT OIMHAKOBYIO JJIMHY, 8 B pa3-
HbIX — pa3sHylo. Takum oGpasoM, 4yuciao (a3 B airoOpMTMe PABHO KOIMYeCTBY
Pa3NUYHBIX YHCced B NOCJeJ0BaTeJbHOCTH

Py, .., |Pl.

Iycts r = |s — 4/s]|. Torpa |M,| = r < s. Hcnoabsys nemmy 2 u He-
cloMHble apuhMeTUUeckre MpeoGpa3oBaHiuf, H0IyYaeM IeNOYKy HepaBeHCTR

2 2 2
Pl t1=—"_1=— 12 __ 1<
s§—r

2s
Vs

IMockonbRy OAMHA KamOOH Lenu HedeTHA, HOCIENOBAaTeIbHOCTL |Fyl, .. .,
|P.| conepmut He Gomee |/s| + 1 pasauuneix uncen. IoclefoBaTenbHOCTh
|Pry1], - -5 |Ps—1| Momer comepwmars He Gonee (s — 1) — r Apyrux uwcei
Kpome Toro,

(s=1)=r=(s—1) = |s V3] < (s = 1) = (s - V&) - 1) = V5.

OxoHUaTeNbHO IOMydYaeM, YTO B IoclefoBarelbHocTH ducen |Ff, ...
|Ps_1| umeerca ne Gonee 2|y/s| + 1 pasiuyHBIX HEUETHBIX YMCEl, UTO 38
BepIlaeT MOKA3aTeNbCTBO TeopeMbl. O

Temepb MBI MOKEM ONEHUTH BBIUMCIMTENLHYIO CIOMHOCTH AlrOPUTMA
Xonkpodra—Kapna. Jlas nanHoro aBygonwbHoro rpada G = (X, E, V) nono-
#uM n = max (| X[, |Y|). flcro, yro MomHocTs HauboAbIIero IapocoYeTAHMA

<

1=25-1<2|vs] +1.

He [IpeBOCXOIUT nNn.

Teopema 12.5. Auszopumm Xonkpogma — Kapna umeem caoxHC-
nocmp O(n/?).

NokazateabcrBo. Ilo Teopeme 12.4 uvcno (as uMeeT HODPALOK +/7.
OcTaeTcA OLENUTL CIOMHOCTL BLIHOJHEHHA Kampoil dasel. B npouexype
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Graph(M) npocmarpuBaerca Kampoe peGpo He Gogee ogHoro pasa. IIpo-
cMOTp pefpa o3HAYAaeT MPOCMOTP COOTBETCTBYIOIIETO 31€MEHTA MATpPHIILI
cMesRHOCTH A, T.e. ClomocTdh aToit npouenypsl ecT O(n?). Iowck B ruy-
6uHY, BbINONHAEMBIH B npouenype Increase(M ), umeer caomuocts O(p+q),
IIOCKONILKY HMCIOIbL30BaNHtble pedpa U BepUIMHE] yaanalTca u3 rpada. Ciaemo-
BaTeNbLHO, CIOKHOCTE 3Tol mpouenyphl pasHa O(n?). OTcloia BLITEKAET, 4TO
ciloHOCTh anropurma Xomkpodra-—Kapna pasna (y/n) x O(n?), 1.e. pas-
na O(n®?). O

12.3. 3agauya o MOJHOM NapocodYeTaHHWM. AJIropuTM
KRyHna

B sTom pasgene Mbl OyleM paccMaTpuBaTh ABYHOJILHBIe Tpadpl G =
= (X, E,Y), B xoropsix MHozkecTBa X U Y NMEIOT 0fMHAKOBOE YUCIO Bep-
mun. IIyers m = |E| u n = [X| = |Y|. [lapocoueranue, Hacbimaromiee Bce
BepIIMHBI JaHHOTO ABYIOABHOIO rpada Ha3bIBaeTCH NOAHbLM WUIH COBEPUIEH-
HulM. 3ajava, B KOTopoit TpebyeTcA MOCTPOUTH NOMHOe NapocodyeTaHye, eclu
OII0 CYIIeCTBYeT, Ha3hIBaeTCA 3a0aiell 0 NOAHOM NAPOCOLEMaHULL.

KpuTepuii cymecTBOBaHUA IOJHOTO IapocOUeTaHUA JaeT IlaM clelcTBHe 3
n3 pasg. 4.11.

Teopema 12.6 (Xoan, 1935). B dsydoavnom zpage G = (X, E,Y)
noAHOE NapocovemaHue cyuecmsyem moz20a U moavko mozoa, ko2da 0Af A10-
6oz0 S C X cnpasediuso HepageHcmeo

1S < E(S)],

20e E(S) obosnaiaem mHoxecmso scex 6epuiun u3Y , cCMeHHbL ¢ HEKOMOpbL-
MU gepuinHamu u3 S.

C TOYKM 3pEeHUA NOCTPOEHUS AIrOPUTMOB LIEHHOCTb 3TOM TeOpeMbl HeBe-
nura. B camoM nene, onf NpoBepKU BLINOJHEHUSA YCIOBHA CYIIECTBOBAIUA
IIOJIHOT O NTapocoyYeTaHuA TpeﬁyeTCH NpoOCMOTPETH n IIOOMHOMECTB MHOMEC-
tBa X. Bonee Toro, mame eciy yclIoBUA BBINOINAIOTCA, TeopeMa He JaeT
HUKaKOro MeTOfd HOCTPOEHMA MOMHOro napocoderaHusa. Tem He MeHee, 3Ta
TeopeMa GBIBAET 3a4aCTYIO [0Me3HOM B pa3MMYHEIX BOIIPOCaX T€OPUU I'pad)oB
U, KPOMe TOr0, IPeACTABIAeT CAMOCTOATENLHBIH HHTEpeC.

OmHUM M3 BO3MOMHBIX METOJIOB peLIeHUfl 3aJadyd O [OMHOM Mapocoye-
TaHUU Gbl10 GBI MpuUMeNenue anropuT™ma Xonkpodrta—HKRapna u Bhigenemue
HaMGOoIbIIET0 MapocoyeTanua. EciIM 5To mapocoyeTaHUe COCTOUT U3 7 pe-
Gep, TO OHO ABIAETCA MOJNHBIM, a ecly HauGonbliee mapocoderanue MMeeT
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MeHbIlle YeM 7 pebep, TO B JaHHOM rpade II0JHOI'0 INapocoyeTaHUA He Cy-
mecTByeT. ['MaBHLIM HeIOCTAaTKOM TaKoro MeTola ABIAeTcA TO, YTO B CIy-
yae OTCYTCTBHMA IIOJHOIO NapocoyeTaHUA Mbl Y3HaeM 06 TOM TOJNBKO IOcie
3aBeplleHMA pafoThl aAropuTMa.

Paccmorpum Tenephb anropuTM, KOTOpLIi 3aBepiiaeT paboTy aubGo NocTpo-
eHHeM HOMHOTO APOCOYEeTAHHUSA, IU60 B TOT MOMEHT (A OH MOJKET HACTYHUTh
LOCTATOYHO PAHO), KOTJa CTAHET SCHO, YTO NOJHOTO IIapOCOYeTAHUA He Cy-
MecTByeT. ITOT alIrOPUTM COCTABIAET CYIECTBEHHYIO YacTh MeTOa, pa3pa-
6orannoro Kyuom B 1955 roay mid pemenun 6ojiee o6iei 3ajaus — 3aayuu o
HasHaueHuAX. KyH HazBall cBOH MeTO/ BEeHIePCKUM alropUTMOM. AITOpUTM
NOCTPOEHUA TIOJHOIO IIapOCOYeTaHUA, KOTODPBIH Mbl 37eck pasbepeM, GyaeMm
Ha3bIBaTL anroputMoM Kyna.

HedopmanbHo anroputMm KyHa MOKHO M3T0MKUTD CleNyIOMUM 06pa3oMm:

1) nycroe HapocodeTanue 0GBABUTD TEKYIIUM IapocodeTanueM M

2) ecin Bce BepmuHbl M3 X Hacbimensl B M, 1o CTOIl (M — monxoe
HapocoYeTaHue);

3) uHave BeIOpPATDH [IPOMBBOALHYIO CBOGOAHYIO BepmnHy & € X UM UCKATh
M-uepenyiomylocd Ienb, HAUMHAIONIYIOCA B T;

4) ecnu Takas Uenb P Haitnena, To nonomuts M = M @ P U BepHyTbeA
Ha Imar 2;

5) unade CTOII (nonHoro HapocoyeTaHHA B 3ajaHHOM rpade He cymecT-
ByeT).

Pazbepem wnznomennsiit anroputMm mogpobunee. nsa noucka M-uepepy-
IoLleiicA ey MO#HO MCIOJb30BaTh KaK IIOWCK B INIyOKMHY, Tak U HNOUCK B
mupuEy. B nanHoM ciydae ynoGHee MUCIONB30BaTh HOMCK B riy6uny. Ilpa-
BHJIa TIOMCKA Te e camble, YTO U B aIropuTMax NOCTPOeHMA Haubo/bIIero
napocoueTanusa ®oppa—Pankepcona nin Xonkpogpta—Kapna. OHATL nepe-
X0 u3 BepllMH ¥ € X K BepuMHaM y € Y OCYINECTBIAETCH IO CBETIBIM
OTHOCHTEILHO TeRYIero napocovyerasusa pe6paM,aoTy € Y k& € X — 1o
TEeMHBIM.

Rax Bcersia, Bo3MoMHBI IBa UCXo/a Moucka: 1u6o Gymer HaiineHa cBo6o/-
HafA BepmuHA y € Y, T.e. HalineHa M-depenyomanca Uelb, 1160 Yepeayio-
melicA IelM ¢ HayajloM B KOPHEBOI BepLIMHe IIOMCKa He CYIIECTBYeT.

B nepBoM ciyyae feficTBUA cTaHAapTHLL. YBelMYKMBaeM TeKylllee Hapoco-
YyeTaHUe ¢ IIOMOIIbIO HalileHHOH 1lelld ¥ HayMHaeM BHOBb UCKaTh M-yepeny-
IOLylocd LeHb U3 OpyTroil cBo6oJHOM BepUIMHbI, ecly TaKoBaf CYIlecTBYeT.

Bropoi#t Bo3MoskHbIH HMcxol Houcka HHTepecHee. CoGCTBeHHO, MMeHHO
3TOT cayuall U ABNAeTcA U3IOMUHEOH NpepnaraeMoro aaropurma. Ilyerh mo-
WCK B INIyOMHY HaYMHAICA C BEPIIMHBI & U M-depenyromascH uenb He Gbuia
Hafinena. Torga gepeBo MmoMCKa BLIMIAAUT cllefyiomuM ofpazoM. Bepmnna x
HaxoJUTCH B Koplle fiepeBa MoMCKa. Bce BeplMHbI, YPOBEHL KOTOPBIX B iepe-
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Be II0MCKAa eCThb YMC/0 HeyeTHoe, IIPHHAJJIEKAT Y, a BCe BEPIIUHBI C YeTHBIM
ypoBHeM — X, IIpUuYeM Bce BepIIMHLI JepeBa 3a HCKIIOUeHNeM & Hacbllle-
uel B M. KpoMe Toro, pedpa, ucxonAmire U3 BeplIUH ¢ HeYeTHLIM YPOBHEM,
COOTBeTCTBYIOT pebpaM napocoveranusi M, a Bce npoune — pebpam, He BXO-
gamumM B M. Taroe JepeBo 4acTo Ha3bIBAIOT 6€H2EPCKUM UIU 1epeOyiouLLMCA
JepeBOM.

Ha puc. 89 nan npumep rpada u napocoyeTaHus B HeM, a TaKke JepeBo
novckKa B IIyOuMHy U3 BepliuHbI Z4. Ha 3ToM pucyHke peGpa napocoueranus
U COOTBETCTBYIONIHE AYTH M300paskeHbl YVTOMIEHHbIMY JUHUAMH. Yucaa B
cKoOKax, IpocTaBlleHHble PAJOM C BepILMHAMU, COOTBETCTBYIOT TOMY HODAJ-
Ky, B KOTOPOM OHHM [IPOCMATPHBAINCEH B X0Je HOHCKA.

T h
T2 Y2
T3 Y3
Ty Ya
L5 Ys
T Ys
a) b)

Puc. 89

0603HaunM Yepes S MIOMECTBO BCEX BEpIIMH JlepeBa MoUcKa, YpoBenh k
KOTOPBIX fiBIfAeTcA deTHLIM uMcaoM. Torza S C X. Iyers E(S) — mHo-
#eCTBO Beex y € Y, cMemubIX ¢ Bepmunamu us S. Ilorasmem, uTo Bce Bep-
muusl E(S) nonagaror B gepeso moucka. Iycrs § € E(S). Ecan Bepmmna §
CMesKHa ¢ KOpHeBOW BepIIMHOM Moucka x, To coeJuHAONee UX pebpo AB-
JHETCA CBETNbIM, TAaK Kak x — cBoGopHas BepmuHa. Torma mo npasuiaM
NOKCKA BeplliiHa §j HelpeMeHHo OyIeT IoMeydeHa i, ClieJOBaTelbHO, { BXOAUT
B JepeBo noucka. KEciu §f cMeskHA ¢ HACBINIEHHOW BepuivHoi & € S, To F
nomajgaeT B JepeBo MOKCKA TOIBLKO MOCTe TOro, KaK TY[Ia MOTajfeT CMeMHadA ¢
Heil o TemHoMy pebpy Bepmuna y*. [ockonbky M — HapocoueTaHnvie, UMe-
eM § = y*. Orcioma BbITeKaeT, uTo ¢ Oblma MOMeYeHa paHbIle yeM x. Tem
caMbIM npoBepeno, uto E(S) comepmurca B nepeBe NOHCKA.

Oycrs k weuerno. Torma wiz Kasioll BeplIMHBI § YPOBHA Kk B JiepeBe
MOKCKA MCXONUT POBHO ofiHa nyra. CiefoBaTelbHO, €CIM YUCIo k HEYeTHO,
TO KOMHYECTBO BEpIIMH, UMEIONUX YPOBEHL k, PaBHO KOJINYECTBY BepIIUH
ypoBHf k+ 1. W3 npuBefeHHEIX paccymueHuit caenyet, uto |S| = |E(S)|+1,
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TaKk KaK KOpHeBaf BeplIMHA IOKCKa ABIAeTcA «UIIHedy. OTcrofa moirydaem
|S| > |E(S)|, cnemoBatenbHo, rpadp G He MMeeT MONHOIO MApOCOYETAHHA B
cUIy TeopeMnbl Xoiia.

IIpoBenenHbIll aHanM3 HOKa3bIBaeT, YTO, OCYIIECTBIAA IOUCK B IIy0umy,
MBI HaXoAUMCA B 6eCHpPOUTPLINHOIM cuTyauuy. JIn6o HOUCK 3aBepIIWTCA Na-
XojkIeHleM 4YepefyiollelicA leNld, U Torja Tekyllee ITapocoyeTaHue MOMHO
YBEIUYHUTD, 1160 TaKkafd Lelb He OymeT HaliJleHa, U TOrJA MOKHO OCTAHOBUTh
paGoTy anropuTma, u6o MOJHOro MapocoveTaHUd He CYIIecTBYyeT.

IIpu dhopmanbHOit 3aMUCH HTOT'0 ANTOPUTMA NIpeANoNaraeTcs, YTo ABYNOLb-
uelit rpad G = (X, E, Y) sagan matpuneit cmessaocta A[l...n, 1...n]. Te-
Kylee ITapocodyeTaHne onuchiBaeTcA OByMA maccuBamu X double u Ydouble
maunbl n Kamabii. Hanomuum, uyto X double[z] = y, eciu x couetaercd ¢ y,
u Xdouble[z] = nil, ecnu ¥ — cBoGoHAA BepIIMHA OTHOCHTENLHO [APOCOYe-
tauua M. MaccuB Y double onpenenseTca aHanoruyHo.

CtpykTypa amroputrMa Kyna cnegyioman. Yepes T oGo3HauaeTcA MHO-
JKECTBO CBOOOAHBIX BEPUIMH OTHOCUTEILHO TeRyllero napocoyeranusa. Yepes
Start(T) obosHavaeTcs QyHKUUA, KOTOpasA BO3BPAIl@eT LIS NEeIyCTOro MIo-
skecTBa 1" IpOU3BOMLHLIH sMeMeHT. B cTpokax 3—4 MHUIMaIU3UpyeTCA Myc-
Toe nmapocodeTanne. B cTpokax 6—21 ocyllecTBAfeTCA NOMCK B IIyOUHY U3
CBOOOIHOMN BepIIMHLI . ITH CTPOKU ABIAIOTCA NOYTH TOYHON Kolluell aHalo-
THYHBIX CTPOK B Hpolienype Increase(M) us npeasigyimero pasgena. BHoBb
HCIIoNL3YyeTCA epeMeHHasn indication, KoTopasA paBHa HYIIO, €CIU CBOGOIHAA
BepliMHAa ¥ € Y ellle He BCTPeTUIACH, U CTAOBUTCA PaBHOH eJUHMIE, KAk
TONBKO JOcTUTaeTcA Kakaf-HUGY[Ib cBoOoAHad BepmyHa y € Y.

Oyuruua Choice(r) Bo3BpamaeT IPOM3BOILHYI0 CMEKHYIO C & BepIId-
Hy y € Y, He mocelaBmyIOCA B Xole NOWCKA M3 BepmHHLl z. Ecim Taroit
BepuuHel HeT, To Choice(z) = nil. OTMeTHM, YTO IpK HPOrpPaMMHOI pea-
Iy3anuy 3Toil PyHKIUU He 000iiTUCh 0e3 NepeMeHHOH, yKa3bslBamwlleil Ha To,
mocelnanach MM HeT JaHHAfA BepLIMHA.

Ctporu 6—21 mokasbIBalOT, YTO B cTeK S BepIIMHLI HOMeIIAIOTCA Hapa-
Mu. HMcnonh3oBaHHbIE B X0Je IOKNCKA BePHIMHEI YIANAIOTCA U3 S TOMHe IapamMu
(cTporu 18-19). Crpora 14 HOKasbIBAaeT, YTO CPa3y HO JOCTHIREHHIO CBO-
GOJHOI BepIIMHEI, T.e. TaKOl BepIIMHEI y, KA rotopoit Ydoublely] = nil,
HepeMeHHad indication cTaHoBUTCA paBHOR eguuune. Iocae sToro (yciaosue
B CTpOKe 7) Ipolecc MOMCKA M3 BePIIMHBI & CPasy OCTAHOBUTCH.

Ilocae 3aBepinenusa Noucka B CTPoKe 22 aHaMU3UpPYeTCA, YeM MMeHHO 3a-
KOHYMICA NOWCK M3 JaHHOoH BepmuHbl. B ToMm ciydae, Korja IOHCK 3aBep-
MUICA JOCTHUKeHHeM cBoGOJHOI BepUIMHLI, B CTpoKax 23 —27 IPOUCXOAUT
YBelrUYeHVe TEKYLIero napocovyeraHua. B cTpoke 28 npuBeleHBI JBa BO3-
MOKHBIX KMcXxofa pa6oThl aaropuTtMa 12.2.

IlonaTHo, uTo ycnoBue T' = () o3HAuaeT, YTO BCe BEPUIMHEI MHOMECT-
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Ba X HACBIEHBl, T.€. TeKyllee IapocodyeTaHue HABIAeTCH HoAHbIM. Eciu
#e MOMCK U3 KaKoM-1160 BEPIIHHbI He 3aBEPIIHICA HAaX0KAeHeM CBOGOMHOM
BepIIMHLI Y, T.€. IO OKOHYAIlMM NOMCKa MMeeM paBeHCTBo indication = 0,
TO IepBOE YCIOBUE B CTpoKe 28 ofecrneynBaeT OCTAHOBKY ANrOPUTMA. JTOT
BAPUAHT OKONMYAHUA PaGOThbI AArOpPUTMa TOBOPUT O TOM, 4TO HOJHOTO HApo-
COYETAHUA He CYIIeCTBYeT.

Auaropurm 12.2 (Ryn).

Bxon: nBynoasnstit rpad G=(X, E,Y), sanannsiii matpuneit A[l...n,1...n],
rie n = |X|=|Y].

Brixoa: monHoe mapocoueTtanue, 3anaBaeMoe MaccuBaMmu X double u Y double,
aubo coolIenne 0 TOM, YTO TAKOro MApOCOYETAHKMA HE CYIIECTBYeT.

1. begin

2. T:=X;

3. for x € X do Xdouble[z] := nil;

4. for y €Y do Ydouble[y] := nil;

. repeat

6. S = nil; z := Start(T); S < x; indication := 0;
7. while (S # nil) and (indication = 0) do
8. begin

9. z < S; y := Choice(z);

10. if y # nil then

11. begin

12. S < y; z := Ydouble[y];

13. if z # nil then S < z;

14. else indication = 1;

15. end

16. else

17. begin

18. < S;

19. if S#0 then <« S;

20. end

21. end;

22. if indication =1 then

23. while S # nil do

24. begin

25. zeS5yesS;T:=T\{z}

26. Xdouble[z] := y; Ydouble[y] := x;
27. end

28. until (indication = 0) or (T = 0);

29. end.
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Tak KaK HOKCK B IyGHHY U3 3alaHHOM BepIMIbI uMeeT ciomuocTs O (n?)
U OCHOBHOM IURI 5—28 anroputMma 12.2 BrinoaHAeTcA He 6onee n pa3, cHpa-
BeJIKBa

Teopema 12.7. Aazopumm Kyna umeem caoxcnocms O(n?).

Bepuemcs & rpady, nzobpamentomy Ha puc. 89 a). Ilapocoueranue, nso6-
paskeHHOe Ha HeM, MOIJIo ObITh [10Jy4YeHO B Hpollecce paBoTsl airoputMa 12.2
cienyromuM o6paszoM. IlycTh nepselit pas ¢yHrumua Start BeiGpana BeplH-
HY T5. Torpga mouck B INyGHMHY ¢ KODHeM I Cpasy ke HaXoIuUT CBOOOIHYIO
BepLIMHY Y4, U LA TeRywero napocoderanus M umeem M = {zsy,}. ycts
Ha BTOPOM IIare IIOMCK BeJ/icd M3 BepIIMHEI 2. Toraa ois HOBOro llapocove-
tauua M umeem M = {x5y4, Tay2}. IlycTh Ha TpeThbeM IIare MOKCK BeicA
Y3 BepUIMHbI X3 ¥ Oblla HaiifleHa cBoDOAHAA BeplIMHaA 3. Toraa K TeKyIeMy
napocoueTaHuio no6aBuaock pe6po xgyi. IIpeanonoum, uro B yeTBepToil
WTepalky HOUCK HauHeTCH C BepIIMHBI xp. Torzaa OyieT HalineHa cBoGolHaf
BeplIHa Y3, HPU 3TOM CTeR S Hoc/le 3aBepIIeHUA N0MCKA BRIIOUaeT BePLUIMHbI
Z1, Y1, T3, Y3. B pesynnTaTe 13 HapocoyeTanua M GyneT yaaneHo pe6po xsys
¥ OyayT nobaBieHEl ABa pebpa 1y U T3ls.

NanpHelmnil NOMCK M3 BepLIMHBI T4, KOTOPbI He HaXoAUT CBODOAHOI
BeplIMHBI ¥ € Y, HaMu yme paccMmaTpuBaicd. B pesynbraTe paboTa airo-
puTMa GyleT 3aBepllleHa, Tak RaK IIOJHOI0 Iapoco4yeTaHUd B JaHHOM rpade
He cymecTByeT. OTMeTUM, UTO BepIlIuHa g HpU paboTe airopuTMa fae He
paccMaTpuBanackh.

3aBepmasn obcy#aeHue arropuT™Ma KyHa, oTMeTHM, 4TO OH MOMET ObITh
peanu30Bal U Ha OCHOBe II0MCKA B MUpHHY. Bce HpuHIUINATLHLIE MOMEHTLI
HOCTPOENUA aJropuTMa HPH TaKkoi 3aMeHe COXPaHAIOTCH.

12.4. 3agaua o HazHaAYEeHHUAX.
BeHrepckuii aaroputm

Myets G=(X, E,¢,Y) — B3BelleHHbI# ABYI0MBHBIH Tpad, [ X|=|Y|=n.
[TanomHuM, 4TO Becom napocovemarnus M HasbiBaeTCA cCyMMa BecoB ero pe-
Gep.

3adava 0 HA3HAYEHUAT COCTOUT B CIeNVIOLIEM: B 3aTaHHOM JBYIONLHOM
B3BellleHHOM rpade HaliTH NoJHoe napocodyeTaHle MUHMMalLHOIO Beca.

PaccmarpuBas aTy 3azauy, Mbl OyaeM IpeiHonaraTh, 4To 3ajaHHLIi rpad
ABNAeTCA HOMTHLIM, T.e. M100ble ABe BepmuHLI & € X U y € Y coeluHeHbI
peGpoM. IJTO NPEITONOMKEHNE HE OrpaHUYMBAET OGIMHOCTH, MGO MOGYI0 na-
py HecMesKHBIX BepIIMH £ M Y MOMKHO CUMTaTh coefMHeHHoil peGpoM Beca,
fonbllero cyMMEBI BeCOB BCceX MCXONHBIX pebep rpada.

[Toanoe HapocoyeTaHHe MUHUMAILHOI'0 Beca Ha30BeM JJA KPATKOCTH 071-
MUMGALHBLM TLAPOCOLETNAHUEM.
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Jlemma 1. Ecau seca scex pebep zpadia, unHyuOeHmMHbLT KAKOE-ALG0 8ep-
wune, yeeausums (YMeHbUUMb) HE 00HO U MO dice HUCAO, MO 6CAKOE ORMU-
MaAbHOe napocoiemanie 8 zpagdie ¢ HOBLLMU 8eCAMU ABAAEMCA ONMUMAALHbIM
u 8 2pagie ¢ UCTOOHLLML BecamiL.

CnpaBenMBOCTL JeMMEI 1 HeMe[JeHHO clleflyeT U3 TOT0, YTO LA KRaIoi
BepIIKHLI I0IHOe NapOCOYETaIle CONEPUT POBIO 0ZHO pebpo, HHIUACHTIIOE
3TOH BeplIMHe.

B wactmoctu, sra leMma no3BoJAET PacCMaTpUBaTh TOILKO TaKUE rpadsl,
Beca peGep KOTOPBIX MeoTpUUaTenbHbl. [JeliCTBUTENLHO, IYCTL ¢ — MUIIN-
MyM BecoB pebep paumoro rpada. Ecau a < 0, To yBeInuuM Bec KaKIoro
pebpa Ha —a. Torga Beca Bcex pefep CTaHYT HEOTPHIATENLHBIMU, 8 MHO-
#KECTBO ONTHUMANBLHBIX [IAPOCOYETAHUE HE U3MEHUTCH.

Bonee Toro, MomHO paccMaTpUBaThL TONLKO Te rpadbl, ¥ KOTOPLIX KaMJoi
BepIIMHE WHIMAEHTHO XO0TA Gbl 01HO peGpo HyleBoro Beca. JeficTBUTENLHO,
JOCTaTOUIIO [JIA KaIOll BepIIMNLI U3 BeCOB BCceX MHIUAENTHLIX eil pebep
BbIYeCTh MUHUMAILHBIN U3 HHX.

Oyere X' C X, Y’ CY ud— nexoropoe umucio. BymeM ropopurn, uto
k rpady G = (X, E, ¢, V) npumenena oneparun (X', d, Y'), eciu cHavana
M3 Beca Kam[Ooro pebpa, MHUMAEHTHOTO Bepinuie u3 X', BbIuTeHo d, a 3a-
TeM K Becy Kamjioro pebpa, MHIMJEHTHOro BepiuuHe u3 Y', npubGasieHo d.
Cremylomuil IpocToil pe3yIbLTAT UrpaeT BajkHYIO POJb.

Jemma 2. IIycms G = (X, E, ¢, Y) — Osydoavhbiil essewennbili 2pad c
neompuyameavrbimy secamu, X' C X, Y' CY ud = minf{e(z, y) |z € X/,
y € Y\Y'}. Ecau k epady G npumenums onepayuwio (X', d,Y'), mo

1) seca ecex pebep G ocmaHymcs HeOMPUUAMEAbHbLMU,

2) seca pebep suda xy, ede x € X', y e Y vawr € X\X, y e Y\Y ne
U3MEHAMCA.

HJorazaTeabcTBo. Bymem cuutarts, uto rpad G 3agaH KBagpaTHOH MaT-
pureit BecoB A mopsanka n, B Kotopoit Az, y] = ¢(x, y). Ile orpanuunBas
OGIIHOCTH, MOMHO CUNTATh, YTO X’ COCTOMT W3 IEPBLIX g JEMEHTOB MHO-
mectBa X, a Y’ — u3 HepBLIX h sieMenToB MHOMecTBa Y. Torga, oueBuaHo,
4uciio d paBHO MUHMMAIbHOMY 5IeMEHTY M3 YMuclia TeX 3IeMeHTOB MAaTpu-
ubl A, KOTOpble CTOAT B IIEPBLIX g CTPOKAX W B mocieJHUX n — h cTombuax.
YMeHbIleHUE Ha UMCIO d BecoB BceX pebep, MHUMAEHTIBIX TAHMOM Bepyu-
He € X', o3HauaeT BpIUMTaHKe 4ucia d U3 BCeX 3JeMEHTOB COOTBETCTBYIO-
meil cTpokH MaTpuilkl A, a yBenuueHne Ha d BecoB BceX pefep, HHIIUAEHTHbIX
naHHol BepmuHe y € Y/ o3HavaeT npubasieHue yucia d KO BCeM HIEMeHTaM
COOTBETCTBYIOIIET0 CTONGIA MAaTPUIbl A.

Cxemaruumno onepanyio (X', d, Y’) uso6pasum ¢ nomoubio puc. 90. Jie-
MeHTEBI MaTpulpl A, HaxopAmuecs B ofnactu 1, Buavane ymensmamTcs Ha d,
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a 3aTeM yBelIU4YKBAaIOTCA Ha TO e caMoe uucio d. B pesyabrare atu sie-
MeHTBHI He MeHAIOTCA, T.e. He MEeHAIOTCA Beca peGep Buaa xy, rie & € X'
u y € Y’'. Bee anements! us o6aactu 11 ocTanyTca HeoTpULATENLHBIMH, UG0
d He HPEBOCXOOUT KamJoro u3 HUX. JieMeHThI oGiactu lII BooOme HUKAK
He MEHHIOTCA, T.e. He MeHsIOTCH Beca peGep Buua zy, rae ¢ € X \ X' u
y € Y\ 'Y’. B o6aactu IV sneMenTsl yBenudarca Ha yucio d. B pesyiabrare
OHHU OCTAHYTCA HEOTpPHULIATeAbHbIMU. [

Y [ Y\Y
X' I I —d
X\X' IV +d| I

Puc. 90
Cnenyiomuit BCIOMOTaTelbHbI Pe3yAbTAT COBEPIIEHHO 0UeBUEH.

Jdemma 3. Ecau seca scex pefep zpada neompuyamensvHbl UL HEKOMOpoe
noAHOE NAPOCOYEmaHUe cOCmoum u3 pefep HYAE6020 8eca, MO OHO ABAALIMCA
ONMUMAALHBLM.

Tpu copMyarpoBaHHbIe JeMMbI TIO3BOIAIOT pa3paGoTaTh alropuTM IMo-
CTpPOEHUA IIOJHOTO NMapocodeTaHUsA MHHUMAJLHOTO Beca B MOJINOM ABYIONb-
HOM B3BelleHHOM rpade. ITOT alropuTM ObLI HpejioseH KyHom u Gbia na-
3BaH UM 8EH2ePCKUM QA20PUMMOM.

Cuauana npuBejeM HedopMalbHOE OIUCAHKEe BEHTePCKOr0 alropuTMa:

1) npeo6pazoBarh Beca pefep gaHHOTO rpadya TakUM 06pas3oM, YToObI Beca
BceX pe6ep cTalu HEOTPUNATENbHBIMI U Kazk/Ioi BepIIMHE CTAN0 UHIHAEHTHO
XoTfl GBI OHO pPebpo HYIEeBOro Beca;

2) mycToe HapocoyeTaHue OGBABUTH TEKYIINM IlapocodeTanueM M

3) ecau B rpae Bce BepIIMHBL HACBIIEHBl OTHOCHTEILHO TERYIIEro napo-
coueranus, To CTOII (Terywee mapocodeTanue ONTHMANLHO);

4) ynave BBIGpPATL MPOM3BOILHYIO CBOGOIHYIO BeplHHY & € X U UCKATh
M-uepenyromyocs 1ellb, KOTOpad HAYMHAETCA B BEPIIMHE Z U COCTOUT TOJb-
Ko U3 pebep HYNeBOTO Beca;

5) ecau Taras nens P moctpoena, To nonoxuts M = M @ P u BepHYThCH
Ha mar 3;

6) unawe s muokectsa Bepmmd X' C X uw Y C Y, nomeuen-
HBIX B XOfle IOMCKa (3TO BepLIMHBI BEHTePCKOT0 IepeBa), MONOKHUTL d =
= min{e(z, y) |z € X', y € Y \ Y’} u npumenurs & rpady omeparnuio
(X', d,Y");

7) U3 Tex BepmmH z € X', KOTOPBHIM CTal0 MHIMAEHTHO XOTA GBI OJHO
pe6po HyleBoro Beca, BO30GHOBUTL NoHck M-uepenylomeiics nenu, UCHOAL-
3yf TOAbKO peGpa HyJIeBOro Beca; eciy Takafd LeHb P GyzeT HOCTpOeHa, TO
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nonomuTs M = M @ P v BepnyTbcA Ha mWar 3, unade BepHYTLCA Ha mmar 6
(muoectBa X' Y’ npu sTOM yBeaudarcs).

OBocHyeM Teleph KOPPEKTHOCTL AlTOPUTMA.

JorameM, 4TO KamIblil IOUCK U3 04epenoil cBoGoHOIT BepmKHLL € X
3aBepLINTCA B KOHIe KOHIOB NocTpoeHneM M-depelnylomielica Lenn, KOTOpas
HauMHaeTcA B BLIOpaHHOI BepllMHe & U COCTOUT TOJNLEO U3 pebep HYIeBOTo
Beca.

IIycTob BriHONHeHVe mara 4 He IPUBeO K 3Toit Heau. PasGepem nonpotuee
BbINOJIHEHME maroB 5, 6 1 7. [lockonbKy MOMCK BeeTCA 0 pedpaM HYIeBOTro
Beca, Kamjgoe pe6po Bupa zy, rae ¢ € X' uy € Y\ Y’, umeer Bec Goabiue
HyIfl, TAK Kak Bce 3TH peGpa ABIAIOTCA CBETIBIMH OTHOCHTEIbLHO TERYIIEro
napocoudetanuf. Ilostomy d > 0. Torga, oueBugHO, IpHUMelleHNe Ollepalul
(X', d, Y') npuBogMT K TOMYy, 4TO XOTA Obl y 0fgHOM BepmuHbl z* € X' mo-
AIBUTCA MHOKUJeHTHoe el peGpo HyIeBOro Beca U, cileIoBaTelbHo, HPU BLINOI-
HEHWH IIara 7 MHOMecTBO Y/ yBeIuunTcA XoTA Obl Ha oJHY Bepwuuy. Bonee
Toro, npuMenenre onepauuu (X', d, Y') B cuny neMMbl 2 He MeHAET BeCOB
pefep JepeBa moucKa, TaK KaKk OHU MMeIOT BUl xy, rae ¢ € X' uy € Y/,
U He MeHfleT BecoB pefep TeKyllero rapocodyeTaHus, He [ONABLIMX B JepeBo
IOKCKA, OCKOIbKY OHU uMeloT BUf zy, e x € X \ X' nuy e Y \Y".

Tarum 06pa3oM, BBINOJIHEHYE Wara 6 e MeHAeT HylleBbie 3HaUeHNA BeCOB
pebep Tekyllero apocoueTaHrA U B rpade NOABIAIOTCA HOBbIe pefpa HyleBo-
ro Beca. IlockoabKRy Tpy BhlHOMHEeHUM mmara 6 MuoMecTBo Y' yBequuuBaeTcH,
3TOT LIAT He MOMKET BLINOIHATLCA (oijlee n pas U, Cilef0BaTelbIlIo, Ha HEROTO-
POM BBIHOJIIEHVH Iara 7 GyAeT SOCTUTHYTa cBoGoIHAas BeplinHa y € Y, T.e.
He Gollee YeM uepes n UTepalnil GyAeT mocTpoeHa M-uepenyiomanaca 1eMb.

ITockonbKy noMck Becerfa BefeTcA N0 peGpaM HymneBoro Beca, Ramjoe Te-
Kylllee napocoueTanue UMeeT HyleBoil Bec. IloaToMy aaropuT™m 3aBepHIUT
paboTy HOoCTpoeNnyeM IOAHOrO apocodeTanus Hy/lAeBOro Beca, KOTOpOe B CH-
Iy neMMbI 3 GyfneT onTHUMailbHbiM. OTMETHM, YTO B alTOPUTME UCIOIb3Y-
I0TCA Te e IIpaBHIa IIOMCKa, YTo U B airroputMe KyHa u3 npeppiaymiero
pazfena: mepexoj OT BEepPUIMH MHoMecTBa X K BeplIITHAM MHOKECTBa Y OCy-
mecTBIAETCA HO CBETILIM pebpaM, a 0T ¥ K X — 10 TeMHBLIM pefpaM.

IIepeitnem Temeph K (opMalN30BaHHOMY W3N0KEHUIO BEHTepCKOTO al-
roputmMa. bBygmeM cuMTaTh, YTO NOJHBIM MBYIONLHBIM B3BelleHHBIH Tpad
G = (X,E,¢Y), rne |X| = |Y| = n, sagaerca marpuneil BecoB A, B
rotopoit Az, y] = ¢(x, y) naa mobbix x € X ny €Y.

Kar ¥ panble, Tekymee napocoyetanue M GyneM oHUCLIBATL IBYMA Mac-
cuamMu X double u Ydouble. Tlockonbry MaTpuuia BeCOB HOCTOSHHO MOMIM-
(punupyeTcH ¢ LeJAbIO NoJay4YeHUA Gonblero 4ynciaa Hyinel, yaio6HO UMeTh elle
OOHY MaTpULY BecoB B, B KoTopoil U 6yAyT oTpaskaTbcAd Bce U3MeHeHUs Be-
coB pebep. Tar Kak B xofe IoWCKa Hac OyoyT MHTepecoBaTh IuIIL pelpa
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HY/IeBOr0O Beca, 3aBefleM IJIA Kamoil BepmuHsl & € X HO cuucKY Bzero[z],
KOTOpBIH BKIIOUYaeT Bee Takue BepmMubl y € Y, uto Bz, y] = 0. Kpome
TOT0, AA OpraHu3alU{ caMOr'o NMOHCKAa yHOOHO MMeTh AMHAMHUYeCKU MeHf-
IOIIYIOCA KONMIO 3TOr0 CIMCKA B BHIE CTeKa, KOTOpLIl OymeM 0003HauaTh
uepes S[z].

Onumem BHavane npouenypy noucka Search(z). Ilo cytu mena oma mo-
BTOpPAET cTPokHU 5—15 aaropurma KyHa us npefsigymero pasjena, HO 3[eCh
HaM ygmoOnee 3anucaTh ee PeKYPCUBHO. B Hell HCHONL3YIOTCA OOLIYHLIM 00-
pasoM mepeMeHHaa mark (A Toro, yToObl Pas’IMYATL HOMEYEHHbBIE U He-
IOoMeYeHHEIe BepmnHbl) 0 MaccuB Previous. Yepes X' u Y’ oGosnauarorca
COOTBETCTBEHHO MHOKeCTBa BepIIMH U3 X M Y, IOMeUeHHBIX B XOJie ITOMC-
ra. llepeMennas indication clIy;KUT IAA NpeKpallelyd NOHUCKA cpa3y Iocie
TOro, Kak jocTuraercs cBofonnaa BepmmHa y € Y. Ilouck Bepercsa numb
NpH BhINOJMHEHHU ycinoBUA indication = 0. Ilepes mepBbIM BBIZOBOM 3TOH
npoueypsl BeiMonHAOTeA paBercTsa S[x] = Bzero[z] naa Beex z € X.

1. procedure Search(x);

2. begin

3. while (S[z] # nil) and (indication = 0) do
4. begin

5. y < S[z];

6. if mark[y] = 0 then

7. begin

8. markly] := 1; Previous[y] .= z; Y’ :=Y' U {y};
9. z := Ydoublelyl;

10. if z # nil then

11. begin

12. mark(z] := 1; Previous|z] := y;
13. X' := X'U{z}; Search(z);

14. end

15. else indication = 1;

16. end

17. end

18. end;

Tenepb Mbl MOeM JaTh (POPMaIM30BaHHOE M3NOKEHME BEHTepCLOro ai-
roput™a. B HeM Ge3 GpopMalbIoro onucanua 6yaeM UCNOb30BaTh GyHKIMU
Transform(A), Start(T) u npoueaypy Operation(X’, d, Y").

MlepBan GyHKUMA U3 MUCXOMHON MaTpulbl A cHavana moayyaeT MaTpPUILy
C HEOTPUIATEeNbIIBIMU 3HAYCHHMAMM 3IEMEHTOB, N00aBIAA KO BCEM ee dile-
MEHTaM JIOCTaTOYHO GONbIIoe MOJOMHMTEeILHOE YNCI0. 3aTeM, BHIYUTAf U3
KamsI0l CTPOKHM MMHUMAJbLHBIH B 3TOM CTpPOKe 3MeMeHT M IeHCTBYA aHaio-
TMYHO €O CTONBLAMM, HOMyYaeT MATPHILY C HEOTPUIATENLHLIMH 3HAYEHAMU
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3JIeMeHTOB, B KOTOPO/ B KaA0H CTPOKe U KaMJa0M CT0A0Le MMeeTCH XOTH Obl
onuH HyJdeBoil sneMeHT. [locae npuMeHeHUA 3TOH GYHKIUH Kaig0il BepllKHe
rpada MHIKUIEHTHO X0TA Obl o4Ho peGpo HyldeBoro Beca. flcHo, uTo dynruKA
Trans form(A) nmeer caomuocts O(n?). [IpeoGpaszosannyio Takum o6pazom
MaTpuLy BecoB OyneMm ofo3HavyaTh depe3 B, U Bce mainbHeiinine nu3MeHeHHUA
BecoB pebep 6yneM oTpamaTb UMEINHO B Hell.

Npouenypa Operation(X’, d, Y') cnauana Bblumciser 3sHaueHme d =
= min{e(z, y) |z € X', y € Y \ Y'}, a 3aTem npumenser k rpady onepanuio
(X', d, Y') Tarum ofpasoM, Kak 5To ONHCAHO Bbime. J[aHHAf omepanuf BbI-
HOJMHAETCA B TeRyllell MaTpulle BecoB — Martpuile B. OTMeTUM, 4TO HOBbIe
HyJleBble 3HAYEHUf B MaTpuile B MOryT MOABUTLCA TOIbKO Hiaf nap ¢ € X'
uy €Y \Y' Tonaro, 4To 3Ta nponenypa uMeeT caomnocTb O(n?).

Yepes T' Gynem 0603Ha4aTh MHOMECTBO BepIiuH £ € X', Il KOTOPBIX CY-
wecTByeT Bepumnia y € Y\ Y’ taras, uro B[z, y] = 0. Kar ye orMeuanocno
BhIllle, Tocile NpuMeHenus mpouenaypsl Operation(X’, d, V') B muomecre T
NOABUTCA XOTA GbI OAHH HeHyleBol sneMentT. @yuruua Start(T) BoiGupaer
HPOU3BOJLHBIN 31eMeHT & € 1.

AaroputMm 12.3.

Bxopn: monHbIit ABymoabHBIH B3BeweHHbH rpad G = (X, E, ¢, '), 3anannbiit
Mmarpuueit BecoB A[l...n,1...n].

Brixon: momHoe mapocovyeraHMe MMHUMAaNbHOrO Beca B rpade G, 3amanHoe
maccusamu X double[l...n| u Ydouble[l...n].

1. begin

2. B :=Transform(A);

3. for x € X do Bzero[z] := nil;

4. for z € X do

5. foryeY do

6. if Bl®, y] =0 then Bzero[z] < y;
7. for € X do

8. begin

9. for y €Y do markly] := 0;

10. for z € X do

11. begin

12. mark|z] := 0; S[z] := Bzero[z];
13. end;

14. mark[zo] :i=1; X' :={zo}; Y :=
15. indication := 0; Search(xy);

16. if indication =0 then

17. repeat

18. Operation(X’, V', d); T := {;
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19. for € X' do

20. for ye Y\Y’ do

21. if Blz, y] = 0 then

22. begin

23. Bzero[z] < y; S[x] < y;

24. T:=TU{z};

25. end;

26. while (' # () and (indication = 0) do
27. begin z := Start(T); Search(x) end
28. until indication = 1;

29. x := Previously|; Xdouble[z] := y; Ydouble[y] := x;
30. while = # zy do

31. begin

32. y := Previous[z]; x := Previous[y];

33. Xdoublelx] := y; Ydoublely] := z;

34. end

35. end

36. end.

NanuM KOMMEHTapuii K BeHI'€pPCKOMY ailropuTmy. B ocHOBHOM IUK-
e 7-35 ocymecTBIAeTCA IIONCK U3 OYepelHON BepmMHBI 2y € X, KOTOPBIA
BeleTcA [0 TeX IOp, Noka He OydeT HailmeHa cBoGofgHas BepliuHa y € Y u,
TeM caMbIM, YepeJyIOaacH Lellb OTHOCUTENIBHO TEeRYIIero napocoyeTaHuA.
ITOT NOMCK OCYIecTBIAeTcA B ABa 3Tana. BHauane, mocie UHUIMATU3ANAU
UCXOIHBIX AaHHBIX (cTpokM 9—-15), BeI3bIBaeTCA HpoLefypa HOMCKA B rIy6u-
Hy U3 KOPHEeBON BepIIMHBI xy. 3aTeM (ycioBue B cTpoke 16), eciu B xoze
9TOr0 IOMCKAa He yAaloch J0cTUUb CBOGOAHON BepmiuHBI ¥y € Y, mpoueny-
pa Operation(X', d, Y'), Bomonnaeman B cTpoke 18, no3BonsfeT pacmmpuTh
IoJIe MTOMCKa, u60 NOABATCA HOBhle peOpa HYJIEeBOI'O Beca.

Hoserit nouck, kak 310 cienyeT u3 cTpor 20-27, MoMeT BLINONHATHCA
u3 11060 BepIIMHBI BEHI'€PCKOI0 JepeBa. YCIOBUE B CTPOKe 28 IOKa3bIBaeT,
YTO TAaKo! HOBBLIY MOMCK BeleTCA 10 JOCTHMEHHA CBOOOIHOI BepmMUHbL Yy € Y.
Kar y:xe orMeuanoch Bblme, cBOOOHAA BepuiMHa OyleT TOCTUIHYyTa He 6o-
nTee yeM 3a n uTepauuil uukia 17-28. B crporax 29-34 yBennuuBaercs
TeRylllee MapocodyeTaHue. B HOBOM mapocodeTaHWM BepIIMHA &) CTAHOBUTCH
HAaCBIIIEHHOH M OCcTdeTcA TaKoil Ha NpOTAMEHUH JalbHelileit paboThI anro-
puTMma.

Teopema 12.8. Aszopumm 12.3 umeem caoxcrHocmo O(n4).

JlorazaTenbcTBo. ®ynruns Transform(A) nmeer cromuocts O(n?).
Tary1o #e CI0#HOCTh UMeeT LMK, BBITIONMHAEMEIH B cTpokax 4 —6. OcHoBHO#
OURI 7—35 BbioAHAETCA PoBHO n pa3. OcTaeTcd oIpelelHTh CIOKHOCTL
BLITIOJIIICHUA BCeX OHepanuil BHYTpU ocHoBHoro uukna. [louck B rayouny,
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BBI3BIBAeMBbIil B CTpPOKe 15, MMeeT CIOMKHOCTh O(nZ). Murn 1728 nmeetr
cnomuocts O(n?), mockonbky comepmut npouexypy Operation(X’, d, V).
JTOT HUKA paboTaeT, Boobule rosops, n pas. (nenoBaTelbHo, CIOMHOCTDL
nuraa 17-28 ects O(n3) IlonsaTHO, 4TO yBeluyeHre TEKYIEro HApOCOYETa-
HKf, BBIIOJHAEMOE B cTpoKax 29— 34, TpebyeT He Gollee cn onepauuii, rae ¢ —
KorcranTa. OKoHUaTeldLbHO, MOMYYaeM OLEHKY closkHocT aaroputma O(nl).

3ameuanue. B Benrepcrom anroputme ouerka O(n?) osuumaer mo cy-
TH Jlela ¥3-3a TOT0, YTO IPUXONUTCA NOPAAKA n? pa3 BLIIOAHATL ONepPAUI0
(X', d, Y'), rotopas umeet caomuocth O(n?). Mesay TeM, N3BecTeH CI0COD
peanmsanuu 3Toil onepauun co croHocTbio O(n). IIaa sToro mocraro4Ho
OPUMEHUTH NpHeM, KCIOIL30BaHHbIM HaMu B amroputMe fpHika—[Ipuma—
HJeiikcTpol. A MMeHHO, IIPH KaKkAOM BXoJe B 0CHOBOH UK 7 — 35 Heo6X0IUMO
3aBecTU nBa Maccuba ) U Near NIUHBL N, KOTOpble TMHAMWYECKH MEHAIOT-
cd B XoJe NOUCKA TAKUM o6pasoM, 4To miA Beex y € Y \ Y’ Brinmonusercs
pPaBeHCTBO

Dly] = min{e(=, y) |z € X'},

u ykasarteib Near[y| naer Ty Bepuuny & € X', 018 KOTOPOi 3TOT MUHUMYM
JocTuraerc, T.e.

Dly] = ¢(Nearly], y).
Torga BbIuKCIeHNe BeTUUUHBI d TpeGyeT MOpAnKa n omepanuii, n6o

d=min{D[y||y e Y \Y'}.

MoauduiiupoBaTh MOKHO Beca He BceX pebep, a Toibko pebep BU-
aa Nearlyly, 4ro Tarse TpebyeT mopafra n onepanuit. Tem cambIM pe-
ayabrar onepauuu (X', d, Y’') momuo nomyuuts 3a Bpema O(n?). Taras
peanusaund BeHIePCKOro anropurma nmeer caoxHocTbh O(n?). Bee nerann
M3JI03(€HIION0 MeTOAa MOKHO HaiiTu B [42].

Pasfepem npumep, wmnocTpupyomuil pabory amropurma 12.3. Ha
puc. 91 a) usoGpaena MaTpuna BecoB ucxogHoro rpada, a Ha puc. 91b) —
peayibTaTr mpuMeHeHUA K Hell pyuruun Transform(A).

1 4 43 00 3 2 00 21
2 76 8 02 46 0235
4 75 6 0012 0 001
2511 1100 2200

a) b) ¢)

Puc. 91
Matpuua 91 b) nomyyena crenylomuM o6pazoM. CHadana U3 kaskgodt cTpo-
KU BBIUIM ee MUIHMMAaJbHBIA 3JeMelT, 8 UMEeIHO, U3 MepBoi CTPOKU BbI4iu 1,
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u3 BTOpPoil — 2, u3 Tperbeil — 4, u3 verBepToii — 1. 3aTemM u3 BTOpOro
cronbua (MOCKOALKY 9TO GIUHCTBEHHBIHM U3 CTOJAGLOB, KOTOPLI HE COAEPIRUT
Hylleit) BeIwiy 3. B peayabTare B MaTpHile 91 b) B KamAod CTPOKe M KamKIOM
cToa6Ile UMeeTCA XOTA GBI OJMH HyIb.

B naibmeiimem Gynem HpeamojaraTb, 4TO BEPINMHBI NPOCMATPUBAIOTCA
LIUKIaMU B MOPANKE BO3PacTAMA X HOMepoB. Il03ToMy OCHOBHOMN LUK B
CTpoKax 7-—35 BeHrepcKoro airOpuTMa HauHeTca ¢ BepmmHbl z;. Cpasy e
Gymer naiimeHa cBoOoJHAfA BepLIMHA ¥, W, CAEJ0BATENbLHO, TEKYINee Mapoco-
vyeranne M mpuobperer Bux M = {z,y,}. Cruenyromeil BepmuHoit Gymer
BepLINHA 3. [lepeBo NOWCKA U3 BepLIMHLI Xz U300pakeHo Ha puc. 92a), rae
nUdpHI B CKOBKAX 03HAYAIOT TOPAJOK, B KOTOPOM BEPIIMHEI BCTPEYAlOTCA B
xofe moucka. JlyrM, cOOTBeTCTBYIONUe pefpaM HapocoueTaHus, M3obpaza-
IOTCA CIUIOIHBIMH TMHUAMM, 8 TPOYHE — Iy HETHUPOM.

Mouck M3 BepIIUHLI Ty 3aBEPIIAETCA NOCTHKEHHEM CBOGOAHOM BepIy-
HBI 3, M, Clle/loBaTelbHO, TeKyllee MapocodeTanue GyleT MMeTh Bug M =
= {z1y1, 2210}

Mouck U3 BEPUIMIILI T3 M€ IPUBOAUT K JOCTUMEHUIO CBOOOIHOM BEPUIMIILL.
CooTBeTCTBYIOWEe AepeBo MOMCKa M3oGpameHo Ha puc. 93b). Torga Mol
umeeM X' = {1, s, 23} uY' = {y1, y2}. HosTomy d paBHO MUHUMATLHOMY
DIEMEHTY CPeiy 3I1eMeHTOB Marpuibl 91b), HAXOLAWMXCH B HEPBBIX TpPeX
CTpoOKax W MOCHeIHUX ABYX croaéuax. CremoBaTenbuo, d = 1. Ilpumenssa &
marpuue 91 b) onepannio (X', d, V'), moxyuaem matpuny 92 ¢). B peayabrare
y BEPUIUIILI T3 IOABUTCA HOBOE MIIUIEHTHOE eii peGpo HyJIEBOTo Beca — T3y3.
Mowck BO30GHOBATCA M3 BEPIIMHEI T3 U Cpa3y #ie 3aBepUIMTCA NOCTHUAEHHeM
cBoOOJIHON BepmuWHbI ¥3. TamsuM o6pazoM, Mocie 3TOM UTepanud MoNyduM

M = {xay1, 192, T3y3}.

xI9 T3 T4

t A N

I VO RN 7 ~

) (1) ¢ (3 e R

(1) v1(1) ¥ u2(3) 5) (1) ()
.’171(2) $3(2)

| r9(2 z(4 4 ~
y2(3) ¢ & “ y1(3) y2(5)

Puc. 92
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JlepeBo moMcKa U3 BePIIMHLL T4 M306pameno ma puc. 92¢). K rerymemy
napocoudeTauio M nobaButTcA pebpo z4ys. Tem caMbIM, TeKyllee IIapoco-
uetanvie M = {zay1, T1Y2, T3Y3, T4y4} CTAHET MNOMHBIM ¥ OyIeT COCTOATDL W3
pebep Iy1eBOro Beca, e Beca 3ajaHbl HpeoGpasoBalHoil MaTpuueil. JTo na-
pocoyeTanue ABIAETCH OHTUMAaILHBIM, U €I'0 BeC, BEIUNCIEHHBIN [0 HCXOLHOMH
MaTpuile, paBeH 12.



13. 3agauya koMmMUBOAMepa

13.1. OcHoOBHLIEe MOHATHUA

Bce 3amaum, paccMoTpeHHbIe HAMU B NMPEABIIYIIMX Ii1aBaX, UMET OJHY
00110 4epTy: MIA HUX M3BecTHHI (M GbUIM HAMH PACCMOTPEHBI) AIrOPHT-
MBI pellleHUA, UMeIOMNe TOJUHOMMANbHYIO ClIo#HOCTh. OfHaKo OifA 0YeHb
fonbIIOro 4Yrcila ecTeCTBEHHO BO3HHMKAIONMIMX 3aJa4d ONTHMHU3aLUH Ha rpadax
5 GeKTUBHBIX (T.€. KMMEIOLINX MOIHHOMHAILHYIO CIOKHOCTL) alrOpHTMOB
IO CUX Top Tle HailieHo, HO OOHOBPEMEHHO [0Ka3aHo, UTO 3TU 3alaUil B HEKO-
TOPOM BIIOJIHE OTIpefieleHHOM cMbicie TpyaHel. HazoBem Tarue 3amaum Tpyn-
HopelmlaeMbIMHM. JMMeroTcAa BecKHe [OBOAbI, MO3BOJAIONIKE IIPEINOIOKHUT,
UuTO AJIA TpyAHOpellaeMbIX 3a7a4 3(pQeKTUBHBIX alropUTMOB DellleHUA He cy-
mecTByeT. PaccMoTpeHMe BO3NMKAIOMMX 3/leCh NMPo6ieM BBIXOLUT 38 paMKHU
LaHHOM KHHUTH, H MbI MOKEM JIMLIL I0PEeKOMeHIOBaTL YATaTelAM KHUry [16],
[IOCBALIEHHYIO TpyJHOpellaeMbIM 3afadaM. A B 3Tolf IlaBe Mbl pacCMOTPUM
MeTOAbI pellleHUA OJHOI M3 TakMX 3ajJad — 3afa4dll KOMMHBoAKepa.

[IycTh man o6bikHOBeHHBIY cBA3HLIN rpad. Lukn, BRmovalomuil Bce Bep-
MHUNLI rpada, Ha3blBaeTCA TaMUWILTOHOBRIM. OTMeTHM, UTO 3ajada O TOM,
cyllecTBYeT WIU HeT B JaHHOM rpade raMHUILTOHOB LUK, ABIAETCA TPYIHO-
pemraemoit (cm. [16]).

3adayua rommusossicepa GopMynupyeTed clegylomuM obpazoM. B nannoM
0OBIKHOBEHHOM B3BellleHHOM rpade HalTH raMWILTOHOB LUK HaUMeHBbIIEer o
Beca, I'fle Bec LIUKJA ONpellelfAeTCA Kak CyMMa BecoB BXOJAIINX B Hero pebep.

Paz6epem npumep, noacuaiomuii Takoe naspanue 3agaud. llpegnonomum,
UYTO MEKOTOPOMY KOMMHBOAMEPY TpebyeTcsa MOCeTUTh KamIbli ropol B Npe-
Jenax KOHKDeTHOH 30HB! 00CIYHUBaHNA, HOOLIBAB B IIUX POBHO IO OINOMY
pasy, ¥ Bo3BpaTUTLCA AoMoil. EcTecTBenno, 4To eMy xoTeloch Obl BhIOpaTh
Takoil MopAgoK 00xo/a KIMEHTOB, TP KOTOPOM €ro NyTh ObLI GBI BO3MOMKHO
ropoue. Iloctpoum B3Bemernsiii rpap G = (V, E, ¢), B KOTOPOM Kampan Bep-
ITMHa COOTBETCTBYET HEKOTOPOMY ropony, a Beca pefep paBNkl pPacCTOAHNAM
MeRIYy COOTBETCTBYIONMMH ropojaMu. ['aMUILTOHOB LHKJI HaUMeHLUIEro
Beca B 3TOM rpade faeT jkelaeMblil MapmIpyT AJIf KOMMHBOAMepa.

3anaua roMmuBosAmepa (maree 3K) Tamme oTHOCUTCA K Kiaccy TPyIHO-
pemaeMbix. HM3BecTHo, uto 3K ocTaeTca TpymHopeinaeMoii U B TOM clyudae,
Korja rpad ABIAETCA MOAHBIM, a MaTpulla BecoB A yIOBIeTBOPAET HepaBeH-
CTBY TpeyrolbHUKa, T.e.

Ay, w] < Alv, u] + AJu, w] gag Becex u, v, w € V.

Bonee Toro, 3K ocTaercsa TpynHopelaeMoll U B Kilacce eBRJAMWJOBLIX T'pa-
¢oB, T.e. rpad)oB, BePUIMIbI KOTOPLIX ABIAIOTCA TOUKAMU €BRIMAOBOTO IIPO-
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CTPaHCTBa, a Beca pefep paBHbI PacCTOAHUAM MEMIY COOTBETCTBYIOIKMMH
TOYKaMMU.

OTmeTuM, 4YTO eciu Beca BceX peGep rpada yBeIUYUTL Ha OJHO U TO ke
YHCI0, TO IaMWIBTOHOB LIMKJI HaMMeHbIIer'o Beca B rpade ¢ M3MeHEHHBIMU
Becamu Oyzer pemenueM 3K u gns ucxomuoro rpada. CremoBaTenbHO, He
orpaHnyyBaf oOIIHOCTH, MOKHO CUUTAThL, UTO Beca Bcex pebep IaHHOIO Ipa-
(a HeorpunateabHel. HanoMHMM, uTO MaTpula BeCOB HEOPUEHTUDOBAHHOIO
rpada cuMMeTpryHa. IJTOT QarT OyJeT MCIOIb30BATHCA HAMU IIPU 0Ka3a-
TeJlbCTBE HEKOTOPHIX TeOpeM 0e3 CIelHalbHOro ynoMUHaHHA.

Insa yoobcTBa raMUIBTONOB LMK OyJeM Ha3bIBATb MAPULDYTIOM KOMMU-
80ACepa, a MapUIpyT C HAUMEHBIIIUM BECOM — ONMUMAAbHbLM MOPULDYTLOM.

13.2. AJropuTM OTbICKAHUA raMHJIbLTOHOBLIX
LHUKJIOB

IIyctes G — mpousBoabHbIi n-rpad. Onumem anroput™, M03BOJAIOMNI
HaiiTy B rpade GG Bce raMUIBTOHOBBI IIMKJBI MK BRIIATH COO0MWEHNE, YTO Ta-
KUX IUEI0B HeT. IlycThb vy — npousBonbHad BepmuHa rpada G. PaccMmoTpum
HEKOTOPLIHl TaMHIIBETOB LMK

Vg = U1, U2y «-.y Upy Uptl = Voo

YaanuB 13 3TOro MUKIA pebpo ,vy, Mbl HOAYYUM MAKCUMAIbHYIO IPOCTYIO
Telb
Vg = Uy, Uz, «..y Uy,

B KOTOpPOIl HaualbHaAd BepIIMHA ¥y = Uy CMesKHa ¢ KOHeYHOU BepHIMHON U,.
HetpyaHo noHATE, 4TO ecid MBI Hay4YUMCA CTPOUTL BCe MaKcUMalbHBIE

[IpOCThle LEeNU, MMelolle HAYaJI0 B BepllWHe vy, TO 3ajJaya 0 HaXOOAeHHU

raMIJIBTOHOBBIX UUKIOB OyaeT pemeHa. B camoM geine, HyCTh

P: vy=muy, ug, ..., ug

— MaKcHUMalbHafl [IpocTaf lellb ¢ HayaloM B BeplluHe vg. Eeau k = n u
BepIIMHA Uy CMe}HA ¢ BEepIIMHOM vy, TO Hobanaa K uenu P pe6po uyvg, MbI
HOJYYHMM FaMUIbTOHOB LUK

IIycts M — MHOMECTBO BCeX NPOCTHIX Lelell, MMeIomUX Havdalo B Bep-
muHe vg. HaA mpousBonbHBIX uemeit P, @ € M nonomum P < @, ecin
nent P fABiaferca HavanoM penu (). flcHo, uTo oTHomeHue < Ha MHOJKec-
TBe M fABIAETCHA OTHOIIEHWEM YACTHYHOIO MOpAnka. MakcHMaibHBIE Bile-
MEHTBI YACTUYHO YIOPAIOUEHHOr0 MHOMecTBa M MbI HA3BaNU BhILIE MaKCH-
MalbHBIME IPOCTBIMH LENAMY C HAYAIOM B BEPLUIMHE V.
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AnropuT™, HO3BOIAKIMMI NEPEYUCIUTE 0 OJHOMY pa3y BCe raMUIbTO-
HOBBI HUKIBI Tpada (G, MHOTOKPATHO BBIIOMHAET CleIYIONYIO paboTy: UMed
TEeKYIYIO IPOCTYIO LeNb

P:vy=uy, w, ..., up-1,

0H 10 ouepean HoGaBiseT K el HOBble BEPIIMHBL, IPOJOIMAA e 0 BCEBO3-
MOMHBIX MaKCHMalbHLIX IIPOCTLIX Teled ¢ HayaloM B BepIIUHE vp.

Horosopumca o6 o6osnavenuax. Bepmmmbl Tekywmeil npocroil nenu Gy-
IeM XPAaHUTL B MAaccuBe ¥ AAHHLL . — 1 (OCKONBKY HavalbHafd BEepLIMHA vy
saurcHpoBana, XpaHUThL €e B MaccuBe & He Hano). B mpomecce pabors! an-
rOpUTMa Kai/Jafl BepllMHA B Kamgblli TeRYIIMI MOMEHT MOMET HaXOQUThCA
B OLHOM W3 [ABYX COCTOAIMNiA: OBITL 8KANYEHHOL WU ObITh HEBKAIOYEHHOL.
Bepmuna cuuraerca BRIIOYENHOH B TeRYMHA MOMEHT, €CIM M TONLKO €CIK
oHa BRJIIOYEHA B TERYINYIO HPOCTYIO Lenb. MaccuB stafus JIMHBL 1 O3BO-
IMT OTIMYATh BEJIIOYEHHbIE BEPIIMIILI 0T HEBRIIOUEGHHBIX: B OGO TeRy il
MoMeHT status[v] = 1, ecau Bepluna v BRIlodena, u status[v] = 0, ecan
BEpIIMHA ¥ HEBRIIOUEHA.

Ecin Terylnas mpocTas [enh UMeeT BUJ

ve, z[1], 2[2], ..., z[k — 1],

TO depe3 Sy aad k > 1 0603HaYMM MHOMECTBO BCEX BepLINH, KOTODbIe MOK-
HO MCHOJNb30BaThb A NpPoAokeHuA 5Toil nenu. flcHo, 4To S) COCTOMT U3
BCeX HEBRIIOUEHHBIX BepLIVH, CMemMHbIX ¢ BepumHoit z[k — 1]. Pasymeercs,
S| B Hauase paGoThI aNropuTMa COBIAJAET ¢ MHOMKECTBOM BepmuH [ist[vg],
CMEKHBIX C .

PaccMmoTpum Tenepb cleAyIoONmyIo peKypPCHBHYIO IPOLENYDY.

1. procedure Hamiltonian Cycles(k);

2. begin

3 for ye S, do

4. if k=n — 1 and y cMmexkna ¢ vy then

5. write(vy, z[1], [2], ..., z[n — 2], ¥, vg)
6 else

7 begin

8 statusly] :=1; S, :== Se \ {v};

9. z[k] = y;

10. Skt1 = {v|v € list]y] u statusv] = 0};
11. Hamiltonian_Cycles(k + 1);

12. status[z[k]] :==0

13. end

14.  end;
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YrazaHHad npouenypa MeTOAUYHO NepebupaeT Bce NPOCTHIE LeNy, ABIA-
Iomuecs NPoJodAeHUAME IPOCTOl Leln

P: v, z[l], ..., z[k —1],

Oo6aBifif [0 04Yepely HOBbIe BepmMHLI. Eciu HaiiieHa MaKkcHMalbHafd NpOC-
Tad Lelb, TO [IPOMCXOAMUT BO3BpAT, T.e. N3 MakCHMaAbHOH ILlenu oTGpachl-
BaeTCA Of{HA WK HECKOILKO IOCIeJHHMX BeplIMH (KOHeYHO, B ClIyd4ae, KOrza
HalileHHaA MaKkcUMalbHad [IpocTas Liellb CONePAUTCA B FaMUIbTOHOBOM LIHMK-
e, epeJ BO3BPAaTOM 3TOT LMK BBIBOANTCA Ha HevaTh). IIpu aToM status|v]
npyuHUMaeT 3HavyeHe ( QA KamJoi M3 OTOPOLIEHHBLIX BEPUIMH v. AITODHUTM,
peann30BaHHBIA B aHHOH Npoledype OTHOCAT K KIaccy Q.420puimmos ¢ 803-
8paMOM.

Teneps Jerxo onucaTb airOpUTM, NMEPEUYUCIAIONMI BCe IaMWIBTOHOBBI
IMKJLL, eClIM 0HU MMeloTcA B rpade G.

Aaropurm 13.1.

begin
status[vg] = 15 Sy := list[vg];
for v € V\ {vg} do status[v] :=0;
Hamiltonian_Cycles(1)

end.

AN ol

YKa3aHHBIH alropyuTM NOJHBIM epeGopOoM HaXOJUT W BEIBOIUT Ha [levaTh
BCe raMUIBTOHOBBI LUKIbLI rpada (G, paccMaTpuBaf BepIIMHY Uy B KadecTBe
HayanbHol. KoppeRTHOCTL 3TOro aaroprTMa odeBugHa. flcHo, UTo aqropuT™m
SKCIIOHEeHI[MaleH W MomeT ObITh pealbHO TIpUMeHeH K rpadam ¢ BecbMa Ma-
JAbIM YHCJOM BepIIKH.

13.3. AaropuTM™bl pellieHHA 3aJlaud KOMMUBOAKEpa
c rapaHTHPOBaHHOI OIleHKOH TOYHOCTHU

OnuH 13 BO3MOMHBIX MOAXOJNOB K TPYIHOPeNIaeMbIM 3afavyaM 3akioua-
eTcA B [NOCTPOEHUHN alropuTMOB NOJWHOMMANbLHON CTOMHOCTH AJAA TOIYUe-
HUA «XOpOIIero», HO, BOSMOJKHO, He OITUMAalIbHOI'0 pesyinbraTa. (pasy e
BO3HUKaeT IpofilemMa: Kak CUIbHO O0TJIWYaeTCH HalJeHHOe pellleHHe OT OITH-
ManbHOoro? OGBIYHO lerde CKOHCTPYHPOBATH ObICTPBIM alropuTM, JAIOIIHil
npaBAonofo6HOe pellleHNe, YeM OLIEHUTh €0 NOTPeIlHOCTh.

Pacemorpum, Hanpumep, npocTeiumuil aaropuT™ MOCTPOEHUA MapLIpy-
Ta KOMMMBOfMEpa, DPEaAIM3YIOUVA «KaJHBI» alropuTM W Ha3bIBaeMbIN
Nearest_vertex nnu Bauxcatiwuil coced. B ravecTBe HaualbHOM BEPUIMHEI BbI-
61paeM NpOU3BOJILHYIO BEPIIMHY K 00BABIAEM ee Iociaelleil BKIIOYENHOi B
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MapupyT. Hanee, mycTh v — moClIeJHAA BRIIOYeHHAA B MapLIpyT BepLIMHA.
Cpenu Bcex ellle He BRAIOYEHHLIX B MapIIpyT BePUINH BhIGUpaeM Oauskailmyio
K v BepIIMHY w, BKRIIOYaeM w B MapUIpyT Iocile BePIIMHLI v U 06LABIAEM W
nociefHell BRIIOUeHIION BepuuHoN. Eciu Bce BepIIMHBI BRIIOYEHLI B Mapll-
PYT, TO BO3BpallaeMCH B UCXOIHYIO BEepIIUHY.

W3noseHHBIH anropuTM /IeTKO peanl30BaThb Tak, YTOGLI OH UMeN CIOK-
nocts O(n?). IoHATHO, YTO 3TOT AITOPUTM MHOTJA MOMKET HaXONUTL ONTH-
MalbHBIM MapIipyT, Ho Tak OygeT ganeko He Bcerga. OLeHKY BO3MOJKHOM
OMINGKU JaeT CleqyIomas

Teopema 13.1. Iyeme G = (V, E, ¢) — noansitl eseewennuil zpag,
MAMPULA BECOB8 KOMOPO20 HEOMPUUAMEAbHA U YOOBAEMBOPAET HEPABEHCI-
sy mpeyeoavrura. Iycms Nvt(G) — mapupym Kommusosiepa, nocmpoeH-
Hotll aazopummonm Nearest vertex, ()pt(G) — onmumaavHblll mapupym, a
c(Nvt(G)) u e(Opt(G)) — ux seca. Tozda

e(Nvt(@)) < %(Llog n| +1) - c(Opt(G)).

JlokasaTenbeTBO JaHHOM TeopeMbl MOKHO HalTH B [44]. dta Teopema
IaeT TOJBKO BEPXIIOIO OLeNKy oTHowlenud Beca pemenua Nvt(G) K Becy
onTHManbHoro pewenus Opt(G) U e TOBOPUT 0 TOM, IACKOIBKO IIOXHM IIa
caMoM Jelle MokeT GbITb Takoe oTHoumeHue. UMetoTca npuMepsl rpados, aua
KOTOPBIX OHO Gojblle YeM %log n. Takum obpasom, anroputm Nearest_vertex
MOeT MHOI'a aBaThb PelIeHUA OueHb JlajleKye 0T ONTHUMAa/bIbIX.

OpHaKo MOKHO MOy YNTh Iy YllIKe Pe3ybTaThl, UCIOIb3YA Yy Th Golee Hc-
KycHy!o crpaTeruto. Taw anroputm Nearest_insert uiu bauxcatiuan ecmas-
K@, HAaYMHAaA C «IHMKJIa», COCTOALIEr0 M3 ONHOM BepIIWHBI, IIAr 3a LIaroM Ha-
palMBaeT pacTymuil NUKI B noanoM rpade 1o Tex Hop, IOKa OH He BRIIOUUT
B ce6sa Bce BepmuHsl rpada. Ilyers T C V. JInA npou3BoAbHON BepIIUIIBI
v € V nonomum

d(v, T) = min{c(v, w) |w € T'}.

Yucno d(v, T') ecTeCTBEHHO Ha3BaTh PACCTOAHKEM OT BEPIINHEL U I0 MHO-
ecTBa T

HedopmanbHoe onucaHve 3TOro anropuTMa BRICIAAUT CAEAYIOMUM o6Gpa-
30M:

1) OpOM3BOILHYIO BepMHY v € V 06LABUTL TeRyMUM MapmpyToM T

2) ecu Bce BepmmHe! rpagpa cogepmarca B T', To CTOII (T' — MapmpyT
KOMMUBOSKepa );

3) MHaue, cpeld BCeX BEpINNH, He BXOAAMMX B TeRymuii Mapupyt T', Hail-
TH TaKyl0 BEPLIMHY v, IIA KOTopoii BennuuHa d(v, T') MUHUMaNbHa (BepIuy-
Ha v 6amke Beero Haxogutea & T'). IlyeTh w — Bepmuna us T', nis KoTopoit
d(v, T) = e¢(v, w), u ¥ — BepmuHa, clenyomas 3a w B MapupyTe T
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4) no6aBUTb BeplIMHY v B TeKyluil MapmpyT T', BCTABUB €e MeHIy W
u w. IlepeiiTu Ha mar 2.

[puBeneM ¢opManu3oBaHHOe M3I0MEHHE HTOr0 aaroputma. Teryuuii
MapupyT yIoGHO OHHCHIBATBH MacCHBOM nexl, rae nexi[v] gaeT UMA Bepuy-
HbI, KOTOpas clefyeT 3a v B manHom MapupyTe. Ilycts T — MHOMECTBO
BEpIINH, BRIIOYEHHBIX B MapmpyT. Hua kampoi Bepumunsl v € V \ T paccro-
auve ot v go T GyneM XpaHUTb B MaccuBe ¢ MMeHeM d. 3HaueHue near|v]
(v € V\T) paer umsa Bepumnsl w € V \ T, g1A KoTOpOil BbIHOIHAETCH
paBeHcTBO ¢(w, v) = d[v]. NHaue roBops, BepmnHa near|[v] 6anme Beero pac-
HONOMEHa K v Cpelid BeeX BepiuuH MHosectBa 7. BBemenue maccuBoB d u
neqr MO3BOJIAET peanu3oBaTh anroput™ Nearest_insert Tak, 4ToGBI OH UMel
cnomuocts O(n?). Taroil mpueM Obll TpUMeHEH HAME paHee B alTrOpPUTMe
fpaura —puma — [lefikcTphI.

Yepes P ofosHayaeTcA MHOKECTBO BepIIMH, HE BXOOAMMX B TeRYIIHUH
Mmapupyt. @yurnua Min(P) naeT uma BepwuHsl v € P, n1a woTopoit 3Ha-
yenue d[v] MUHUMAIBIIO.

Aaropurm 13.2 (Nearest_insert).

Bxox: Ionueiit B3semennsiit rpad G = (V, E, ¢), 3anaHHbIil MaTpUIeil BecoB
A[l...n,1...n], upuuem Afv, v] =0 nasa Bcex v € V.

Berxox: MapupyT KoMMuBOMKEpa, 3afaHHbIi MaccuBoM next[l...n], S —
BeC HaliJIeHHOTO MapLIpyTa.

1. begin

2 v1 := IPOU3BONLHAA BeplIMHa u3 V'

3 nextv)] :=vy; S:=0; P:=V\ {vn};
4. for ve P do

5. begin

6 d[v] := ¢v, v1); near[v] := vy;

7 end;

8 for k:=2 ton do

9. begin

10. v = Min(P); P := P\ {v};

11. w = near[vg); u := next[w);

12. next[w] := vy; next[vy] 1= u;

13. S =5+ c(w, vy) + e{vg, u) — e(w, u);
14. forve P do

15. if ¢(v, vx) < d[v] then

16. begin

17. d[v] := (v, vg); near[v] = vg;
18. end

19. end

20. end.
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ANropuTM HMeET CleAyIOMYI0 CTPYRTYPY. B cTporax 2 -3 unHunuanusu-
pyeTcA MapLIpyT, COCTOAMMI U3 ofHO! BepmIUHLI v;. B cTporax 4-7 3aga-
I0TCAl HavalbHble 3HAUeHMA MaccuBoB d U near. B ocHoBHOM muKkie 8—19
HapamuBaeTcA TeKyluit MapmpyT. B crpoke 11 ompenenfloTca Te Bepllu-
HBI, Me/Jy KOTOPLIMU OyIeT BCTaBleHa ouepelHaf BeplIMHAa vy. B cTpoke 12
ocyllecTBIAeTCA 3Ta BecTaBka. OTMeTHUM, UTO BeplliuHa vy LoGaBifeTcd cpa-
3y mnocie Gmmaiimieil K Heil BepmuHe w. ITO 03HAyaeT, YTO B MapLIPYT
no6GaBnfiloTcA peGpa wug, viu U yaanferca pebpo wu. Ilostomy Bec S mapui-
PyTa NepecudThIBaeTCA TaK, KaK 3T0 yKazaHo B cTpoke 13. B nurne 14-18
[IepecYUTLIBAIOTCA 3HaUeHUl MacCUBOB d U near.

Unmoctpupyer paboty ainroputma 13.2 mpumep, W300paseHHBIH Ha
puc. 93. CocTofAHHMe TeKyllero MapuipyTa JaHo Hocle NMPOXOKIEHUA OCHOB-
HOr'0 IIMKJa B cCTpoKkax 8—19.

Uy 8 LZ]
k | Tekymuit MapmpyT
8 6 v
7 8 !
2 U1, U2, U1
3 V1, V2, Ug, U1
4 U1, U2, U4, U3, U1
Uy 3

Puc. 93

MapumpyT KOMMUBOfAMKepa, HailleHHbI! ajlropuTMoM, uMeeT Bec 26, B TO
BpeMs KaK Bec OIITUMalbHOI'0 MaplipyTa vy, ¥, V3, ¥4, v; paBeH 25. UHTepec-
HO OTMeTUTL, YTO B 3TOM IpuMepe Gollee Irpy0Obiil anroput™m Nearest_vertex
TeM He MeHee HaXOJWT MMEHHO ONTHMAalbHbIN MapIIpyT.

[lockonbry krampaaa utepanusa quria 8—19 TpebyeT mopsagka n — k ome-
panuii, To cnpaBeainBa

Teopema 13.2. Aazopumm Nearest_insert umeem caoncrnocms O(n?).

OrasviBaeTcs, uTo aaroput™m Nearest_insert, HeCMOTDPA Ha CBOIO NPOCTO-
Ty, o6lagaeT yIUBUTEILHLIM CBOMCTBOM.

Teopema 13.3. Iycme G = (V, E, ¢) — noanvil HeopueHmuposanibiii
epagd, mampuia 6ecos KOMOPO20 HEOMPUUAMEAbHA U YOOBACMEBOPAEM. HEPABEH-
cmay mpeyzoavrura. ycmv Nins(G) — mapupym rommueossicepa, nocmpo-

ennbiil anzopummonm Nearest_insert, Opt(G) — onmumaavnuil mapuwpym, a
c(Nins(G)) u c(Opt(G)) — uz seca. Toeda

c(Nins(G)) < 2¢(0pt(G)).



266 13. 3amavya KOMMUBOM#:Epa

JorazaTeaberBo. IlycTh vy, ..., v, — TNOCIEAOBATEIbHOCTb BEPIIMH
rpada G, 3aHYMEPOBAaHHEIX B TOM HOpAAKe, B KOTOPOM OHHU I0OABIAINCH
B TeRyIUil MapmpyT aaroputMoM Nearest_insert. O6o3HaunM yepes R MHO-
mecTBo pebep, Bxopauwux B Opt(G). Mbl GymeM HoKa3bIBATL TeopeMy IIy-
TeM NOCTPOEHUA B3aMMHO OJHO3HAYHOI'0 COOTBETCTBUA MemIy BepIIMHAMU
V1, ..., Up U pebpaMu u3 R TaruMm oGpas3oM, YTOOLI CTOUMOCTL BRIIOUEHUS
BEPIIVHEL v B MapmpyT Nins(G) He mpeBocxoimiaa yABOEHHOH CTOMMOCTH
pebpa u3 R, cOOTBETCTBYIOIIETO V.

IlocTaBUM B COOTBETCTBHE BeplMHE vy 0fHO (M060€) U3 ABYX HHIMIEHT-
HBIX v1 pebep, nMmetomuxca B Opt(G). OGozHauuM 3T0 pebpo depes e;. [IycTs
Ry = R\ e;. Torga rpad H = (V, R1) coCTONT POBHO U3 OJJHON KOMIIOHEHTBI
CBABHOCTHU, ABIAIONMEHCA [eNbio, U B 3TO KOMIIOHEHTE COIEepPKUTCH BepLIy-
Ha v;. KpoMe Toro, cTOMMOCTh BRIIOYEHMA ¥; B TERYIIWH MapmipyT paBHa
HyIIO, 4YT0 MeHbIlle WK paBHO 2c(eq).

IIycTh mua BepmwH vy, ..., vy_; BLIGpaHLI pebpa ey, ..., e;_1 U3 R Tak,
YTO BBIIOTHAIOTCA YCIOBUA

e #empul<i<j<k-1;

2)R; =R,y \ ¢; pna moboroi =2, ..., k—1;

3) rpatd Hy_y = (V, Rj—1) cocTouT poBHO 13 k — 1 KOMIIOHEHT CBA3HOCTH,
KOTOpBIe ABIAIOTCA HEeIAMU U B KamJ0H 13 KOTOPBIX UMeeTcA TOUHO 110 O/THOH
BepIINHE U3 YHCTa BEPIIUH Uy, ..., Vg_1.

MonGepem pelpo ej A BEPUIMHEL ¥ TaKk, YTOOBI BBLIIOAHAIHCL BCE ATHU
ycmoBud. IlycTs B TOI KOMIOHeHTe cBA3HOCTU Hj_y, KOTOpas COLEPMUT Uy,
COZEP;KUTCA BepIIMHA v;, Tle ¢ < k. Torga uMeeTcA poBHo onHO pebpo,
MHIUIeHTHOe ¥; U Je)Kalllee Ha LeHH, coefuHAIOmell vy U v;. ITo pebpo
IIOCTaBUM B COOTBETCTBHE BepIINHe v;, U 0003HaUUM €ro uepes €. 3aMeTuM,
YTO OHO MHIMIEHTHO TOYHO OJHON BEpIIMHE M3 MHOMECTBa {v1, ..., Uy}, @
numenno v;. IHomomum Ry = Ry \ e, u Hy = (V, Ry). Jerro Bugets, 4o
I0JIy YeHHBIH Ipad) MMeeT POBHO k KOMTIOHEHT CBA3HOCTH (Leneil) U B Ka 10
Y3 HAX MMeeTCH POBHO IO OJHOI BepllnHe M3 MHOmecTBa {vy, ..., Uk}

OneHuM Tenepsb CTOMMOCTL BRIIOUEHUA vy, B TeRy Uit MapmipyT. IIycTb vy
BRIIOYAeTCH Iocie BepIIMHEI w W Iepe] BeplinHoil . CTOMMOCTL BKIIOYe-
HHA v B MapuipyT paBHa (CM. cTpoKy 13 aaropurMa)

e(w, vg) + c(vg, u) — c(w, u).

[lockoabRy aAropuTM BLIGKpaeT LA BRIIOUEHNA BepUIMHY, Gnuskalimyio K
TeKyIIeMy MapuipyTy, a pe6po e; MHIUAEHTHO TOYHO OJHON M3 paHee BbI-
GpaHHBIX BepIIMH, CIpaBelINBO HEPaBEHCTBO

e(w, vg) < c(eg).
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U3 9TOro HepaBeHCTBA M HEPABEHCTBA TPEYTOJLHUKA II0MyYaeM
c{vg, u) < c{u, w) + c(w, vg) < c(u, w) + c(ex).
Otcrona BeIBOAUM
c(w, vy) + e(vg, u) < c(w, u) + 2¢(ey),
YTO SKBUBAJEHTHO COOTHOIEHUIO
c(w, v) + e(vr, u) — c(w, u) < 2c(eg).

[ocnenHee HepaBeHCTBO O3HAYAET, YTO CTOUMOCTE JobaBileHUA HOBO Bep-
MKHLI B MapLIpyT He IIPeBOCXOAWUT YABOeHHOI'o Beca peGpa, COOTBETCTBY-
fomero aroit Bepmuue. IlockonbKy Bec mapmpyra Nins(G) paBen cymme
CTOMMOCTel BRIIOUEHUA BepIIHH, CIpaBelnnBo HepaBeHCTBO ¢(Nins(G)) <
< 2¢(0Opt(@)). O

Sameyanue. Eciu B rpade cymecTByeT BepliyHa, KOTOPOH WHUMIEHT-
HBl TONLKO pebpa MONOMUTENLHOT0 Beca, TO CIPABEJIKMBO HepaBeHCTBO
c(Nins(GQ)) < 2¢(Opt(G)). dna mokasaTelbcTBa HOCTATOUHO B3ATL ATy Bep-
MMHY B KayecTBe ¥, U TOIId yMe Ha NePBOM LIare CTOMMOCTL BRIIOUEIHA
(oHa paBHa HYJIO) CTPOr0 MeHBIIE YABOEHHOTO Beca pedpa ej.

Pas6epeMm eille onuH M0GONLITHBIA alrOPUTM IOCTPOSHUA MapIipyTa KOM-
MUBOfINEpa, TaKk#e UMeIOMNil rapaHTUPOBAHHYIO OI[eHKY TOYHOCTH.

HanomuumM, 4To 3aMKHyTaf liellb B CBA3HOM rpade Ha3bIBaeTCA 3ilepoBoit
1eNbI0, eCU OHa BRIIOYAET Kasjgoe pe6po rpada poBHO ONHH pa3.

Myers G = (V, E) — noansnit rpad, T — ocToBHOe fmepeBo rpada G.
Iloctpoum rpa¢ H Ha ToM e MHOKECTBe BepIIUH V', HCNOIL3YA B KOMUU
Raporo pebpa us ET. Crenenu Bcex BepuuH rpaga H deTHEI, 03TOMY
B H cymectByeT 3itnepoBa nens P. Brinmumem Bce BepminHb v M3 V' pOBHO
10 OTHOMY pa3y B TOM NOpAJKe, B KOTOPOM OHU BeTpedatoTes B P. Ilonyuum
HEeKOTOpYIO [0oCAeI0BaTeNLHOCTD Vg, - .., Up. TOTAA UMKI Uy, UyVa, Vs, ..., Uy,
v,U1, U1 00pa3yeT MapuIipyT KOMMHBOs#epa B rpade (. Bymem roBoputs,
YTO 3TOT MapUpyT KOMMUBOfepa 8.0d%ceH B 31nepoBy Lenb P.

MosHo cKazaTh, UYTO MUHMMAaALHBIA 0CTOB Ipada ABIAETCA B HEKROTOPOM
cMbICIe TPUGIUNEHIEM ONTHMATLHOT0 MapuIpyTa KoMMUBomKepa. [eficTBu-
TelbI0, ecli B MUHMMalLHOM OCTOBe BCe BepIIMHbLI UMeIOT cTelleHb He folee
IBYX, TO 3TOT OCTOB peJcTaBifeT co0oil lellb, BRIIOYAIOMYIO BCe BePUIMHbI
rpada. OcTaeTcA TONOIHUTD 3TY 1IeNh ONHUM-eTUHCTBEHHBIM peGpOoM A TO-
ro, uToGbl MOTYUUTH XOPOITMit MapIIpy T KOMMUBOf#epa. KoHeuno, Takue oc-
TOBBI CYMECTBYIOT pelKo, HO, TeM He MeHee, MOMHO NMOMbITaThCA IepeenaTh
IIPOM3BOALHLIH MUHUMAILHLINM OCTOB B IPUeMIIeMblil MapIIpyT KOMMHABOSAHe-
pa. Mmenno ua stoit unee 6asupyerca arropurm Minspantreetravelling (ot



268 13. 3amavya KOMMUBOM#:Epa

anra. minimal spanning tree travalling) nnu Ocmosnbiil 66200 LIA MOCTpOe-
HPA MapIpyTa KOMMUBOsKepa B IONHOM B3BewenHoM rpade G = (V) E, ¢).
[IpuBenemM cHauana HedopMalbHOe M3I0MKEHNE 3TOTO alropUTMa:

1) mocTpouts MuHMManbHOe ocToBHOe AepeBo T rpada G

2) moctpouts rpad H, Mcnoab3ys nBe KONUM Kampgoro pepa us ET, u
HaiiTu B H »itnepoBy uens P;

3) DOCTPOUTBH MaplIpyT KOMMHBOSKepa, BIOMEHHBIN B 3ji1epoBy Lens P.

B dopmanusoBanHoil 3anucu anroputMma Minspantreetravelling 6e3 non-
poGHoro onucaHu ucnoabdyercd npouenypa Ostov(G), KoTopas cTPOUT MU-
HUMaJIbLHOe ocToBHOe AepeBo T rpada . Cuutaem, uto rpadp H nonyuer us T’
yaBoenneM Kamjoro pe6pa. [Ipouenypa Eiler(H) cTpout aitiepoB MapumipyT,
NpeACTaBIAeHHBIM BeplIMHaMU B cTeke SRes.

MapiipyT KOMMUBOfMKEpa, BIOKEHHBLIN B 3ii1epoBY Iellb, [IpencTaBlIeH
MaccuBoM mk, rae mk[i] maeT UMA -if BeplIMHBI B MaplipyTe KOMMHUBOA-
mepa. MaccuB mark nausbl 1 + 1 HeoGX0AUM MJIfl TOrO, YTOGLI BRIIOYATH
COOTBETCTBYIOUIYIO BepMIMHY B MapuIpyT KOMMUBOMKepa UL IIpY IepBOM
ee noABIeHUN B cTeke SRes. [Ipu sToM mepBad u NocielHAS BEPUIMHBI COB-
najaroT.

Aaroputrm 13.3 (Minspantreeiravelling).
Bxon: nonnsiit B3Bewmennsiii rpad G = (V, E, ¢), safiaiblii MaTpuLeil BecoB
All...n,1...n], npuuem Afv, v] = 0 nas ao6b1x v € V.

Boixox: MapupyT KOMMHBOsKepa, 3a4aHHbI MaccuBoM mk[l, ..., (n+ 1)],
S — Bec aTOrO MapmpyTa.

1. begin

2. Ostov(G);

3. Eiler(H); i :=1;

4. for v eV do markv] := 0;

5. while SRes # 0 do

6. begin

7. v < SRes;

8. if mark[v] = 0 then

9. begin

10. mkli] :==v; i =i+ 1; mark[v] := 1;

11. end;

12. end;

13. S = 0; mk[n + 1] := mk[1];

14. for i:=1to n do S:= S5+ Amk[i], mk[i + 1]|;
15. end.

Teopema 13.4. Aaeopumm Minspanireetravelling umeem caoxcrocms

O(n?).
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HdorasaTeabeTBo. HamomMuum, 4T0 MHHHUMANBLHBIH OCTOB MOMKHO IIO-
crpouth 3a Bpema ((n?), ecau mcmoanzosath aaroput™ flpruka—puma—
HeitreTpsl, ciepoBatennmo, mpouegypa Ostov(G) MomeT GbIThb peaTH3oBa-
Ha co caomuoctoio O(n?). Ipouesypa Eiler(H) umeer cnouocts O(m),
rie m — uuciao pebep B rpade H. Tar wak H moaydveH K3 0CTOBa, TO
m = 2(n — 1). TosToMy mpoluegypa mocTpoeHNA 3iiIepoBa MapuipyTa 31ech
uMeeT cnosuocTs O(n). Koaudecrso sanuceil B ciucke SRes mpomnopuuo-
HainsHO m. CiefoBaTelbIo, cIOMHOCTL Iukiaa 5—10 ecthb O(n). OTciona u
BBITEKAeT OIleHKa CIOMHOCTH BCero aaropurmMa. O

Bepuemcs ® rpady, npuesenHomy pasee na puc. 92. Bosbmem MuHUH-
MalbHOe OcTOBHOe mepeBo T 3Toro rpada, KoTopoe HOposkgaeTcA peGpamu
v1Va, UaV3, v1v4. (B maHHOM rpade ecTb ellle 0LHO MUHUMAILHOE OCTOBHOE
mepero). JanbHeiimuit pesyibTarT 3aBUCHT OT TOro, KakuM GyfeT 3il1epoB
MapuipyT B rpade H. IlycTh, HanpuMmep, B3AT MapuipyT ¥y, U4, U1, U2, Vs,
vy, v1. Torga MapmpyT KOMMHBOA#Kepa vy, U4, Vs, U3, U1, BIUCAHHBIH B BTOT
siimepoB MapuipyT, uMeeT Bec 29. Ecau B H B3ATL »il1epoB MapupyT vi, va,
v3, Vg, U1, U4, U1, TO MOTYYUM ONTHMANbHLIN MapIIpyT KOMMUBOSIKepa U1, Vs,
v3, U4, U1, UMelOMUH Bec 25.

OtmMmeTuM, uto anroput™M Minspantrectravelling MeeT Tarylo ke OLeH-
Ky TOYHOCTH, Kak ¥ anroput™m Nearest_insert.

Teopema 13.5. IIyeme G = (V, E, ¢) — noausitl sssewennvil epag,
MATMPUYA 6€C08 KOMOPO20 HEOMPULAITEIbHE U YOOBALTEOPAL HEPABEHCITEY
mpeyeoavnura. Myemos Mstt(G) — mapwpym rommusossicepa, nocmpoentblil
anzopummon Minspantreetravelling, Opt(G) — onmumaabnoidl mapupym,
a ¢(Mstt(G)) u ¢(Opt(R)) — ux seca. Toz0u

e(Mstt(G)) < 2- ¢(Opt(Q)).

NorazateancrBo. Iycth cmst(G) — Bec MHHHUMANBLHOIO OCTOBA I'pa-
da G. Ymanas us Opt(G) npousBoibHOe pe6po, MOLYYUM HEKOTODPBIN 0CTOB
rpada (. Orcioga ciepyer, 4to

emst(G) < ¢(Opt(@R)). (%)

Tar rak rpad H BRIIOUaeT KamJoe peGpo 0cTOBa POBHO JBa pasa, TO CyM-
Ma BecoB 3jiiepoBa Mapmpyra paBHa 2 - cmst(G). Ilyers vy, ..., vy, v —
[I0CIeJ0BAaTENhHOCTh BEpIIMH MaplIpyTa KOMMMBOSKepa, BIHCAHHOIO B 3i-
nepoB MmapuipyT. Torna

e(Mstt(R)) = e(vr, v2) + c(va, v3) + ... + (v, 11).

s MpousBOALIOBIX IOCHeJ0BaTelbILIX BepIIUN v, M Uky) B MapuipyTe
KOMMMUBOf/epa, 4epes wy, Wa, ..., W, 0003HAYUM BCe BepIIMHBI B 3HiIepo-
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BOM MapIIpyTe, CTOAIIKE MeMRIy HHMH, BRIIOYAA UX caMUX, T.e. Wy = U,
Wy = Ug4+1. U3 HepaBeHCTBA TPEYTOILHUKA ClelYeT, YTO

(v, vp11) < c(wr, w2) + ... + c{we_y, w,).

CyMMUpYA 3TU HepaBeHCcTBa IIo BceM k = 1, ..., n U yUUTLIBad IPU 3TOM,
4TO Bec dilepoBa MapmpyTa paseH 2 - cmst(G), norydum

(M stt(G)) < 2-cmst(G).

Orciopa u U3 HepaBeHCTBa (%) crenyer TpefyeMblii pesyasrar. O

B 3armoueHre 0TMeTHM, YTO M3BECTHLI (ojllee TOUHbBIe GbLICTpLIe airo-
PUTMBI TOCTPOEHUA MapluipyTa KOMMMBOfNepa, YeM pacCMOTPeHHbIe HaMH.
Hanpuwmep, anroputm Kpuctodupgeca, pazpaboranueiii B 1976 rogy, moayda-
€T MapUpyT KOMMUBOfKepa, BEC ROTOPOro MOskeT GLITL He Golee ueM B 1,5
pasa Goibllle Beca ONTHMAalIbLHOr0 MapmpyTa. Anroputmbl Nearest_insert
u Minspantreetravelling w3BecTHBI MCCleNOBATENAM NaBHO, OJHAKO OIEH-
Ka ux ToumocTH (Teopema 13.3 u Teopema 13.5) mOLYyYeHBI CPABHUTEILHO
HenaBHO — B 1977 rogy B paGotre Posenrparmna, Illtepna u JIntouca.

13.4. Perienue 3agjayd KOMMHUBOMAMEPa METOI0M
BeTBell U rpaHul]

s penieHyA MHOTUX TPYILHOPeLIaeMbIX 3aa4 OTHOCUTENbHO YCIEeIHBIM
ABIAETCA IPUMEHEHME MeT0/1a BeTBell ¥ rpaHuil. MbI mpogeMoHCTPUDYeEM Te-
Hepb IpUMeHeHVe 3TOr0 MeTola K 3ajade KOMMHMBOAMepa. Bynem mo-npes-
HeMy mpeanonarats, uyro rpap G = (V, E, ¢) siBIAeTCA TOJNHBIM M 3a1aH
MatrpuLeil BecoB. OnHaro GylneM cUMTaTh, YTO MaTPUIla BeCOB He 00A3aTelb-
HO cuMMeTpuuHa. WHaye roBopf, 6yneM cuuTaTh, 4To rpadp G sABIgercA
OPHEeHTHPOBAaHHLIM U B3BellleHHLIM, T.€. fBIfAETCA CeThIO.

MapuipyToM KOMMUBOSIKepa B OpUeHTUPOBAaHHOM Ipade Ha3bIBaeTcA KOH-
TYP, BRIIOYAIOMUI Kam/ayl0 BEepIIMHY POBHO MO ogHOMY paszy. [laA momaHoit
ceTH ¢ n BepmnnaMmu uMeercs (n—1)! BapHaHTOB MapLUIpyTa KOMMUBOSKepA.
EcTecTBeHHO, YTO MOJHBIM MepeGop BceX BapMAHTOB ABIAETCA HEBO3SMOMHBIM
Jaske IUIA He oueHb 60abIuX 3HaYeHUi n. MeTos BeTBeil M rpaHuI] ABIAETCA
XOpOMUM clocoG0M CcOKpalleHHA NOJHOro Mepefopa NAA MOLydeHUS ONTH-
MalbHOTO pelleHu .

[IpencraBuM Ipoliecc MOCTPOEHUA MapHIpyTa KOMMUBOSI#EDa B BHIE I10-
CTPOEHHA JBOMYHOI'0 KOPHEBOT'O jlepEBA PeleHUil, B KOTOPOM KaK 10 BepIIH-
He & COOTBETCTBYeT HEKOTOpOe MOAMHOMecTBO M (x) MHOMeCTBa BeeX Maplil-
pyTOB KoMMUBoOsepa. (unuTaeM, YTO KOPHIO JlepeBa pellleHNil NOCTaBlIeHO B
COOTBETCTBHE MHOMECTBO BCEX MapLIPYyTOB KOMMHBOSKepa.
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IlycTh & — HEKOTOpaA BEPIIMHA TOro AepeBa. Bribepem myry vw, Ko-
TOpasg BXOLUT XOTA Gbl B opuH MapuipyT u3 M(x). Torna muomectso M (z)
pazbUBaeTCA Ha 1Ba HellepeCceRAIOMMXCA HOIMHOMECTBa, B OIHO U3 KOTOPHIX
MOMHO OTHECTHM BCe MapuIPYThl, COlep:kamue NyTy v, a B Ipyroe — He
comepsallme ee. ByneM CUMTaTb, YTO IEPBO€ M3 HTUX HOAMHOMSECTB COOT-
BETCTBYeT [€BOMY CLIHY BEpIIMHLI T, a BTopoe — HpaBoMy. TeM caMbiM
omucaHo (IOKa elle B OGIIUX YepTax) npaeuio eemedeHus. BepuivHa nepe-
Ba pelleHuii, 1A KOTOPO CTPOATCA CHIHOBbA, 6yNeT HA3bIBATLCA QKMUBHOL.
['1aBHOE IOCTOMHCTBO MeT0/1a BeTBeil M IpaHul] B CPaBHEHWH C IIOMHEIM Iepe-
60pOM 3aKJIIOYAETCA B TOM, YTO AKTHBHBEIMU OOLABIAIOTCA JIHIIb T€ BeplIH-
HbI, B KOTOPBIX MO#ET CONep#aThCA ONTUMaNbHbIA MapupyT. CregoBaTenn-
HO, HeOGX0UMO BLIPABOTATL RPAsUL0 AKMUSUSAUUL 6EPULLN, KOTOpPOe GyIeT
CBOJMTHLCA K Npasuiy nodcuema zpanuy.

[lpeamonosuM, 9YTO A BEPUIMH AepeBa pelleHUN BEIYMCIENo 3Hade-
Hue f(x) Takoe, 4TO Bec MOGOro MapupyTa U3 MHOmecTBa M () He MeHble,
ueM f(x). Taroe uncio f(x) HasbiBaeTCA HudCHel 2panuyell MapUIPyTOB MHO-
mectBa M (x) nin, Kopoue, rpaHuueil BepmuHbl . [IpaBuio akTHBH3anMH
BEpIIMH 38KII0YaeTCA B TOM, YTO U3 MHOMECTBA BEPIINH, He UMEIOMHUX ChI-
HOBeH, B KayecTBe aKTUBHOH BBIGHMpaeTcA BepIWIla ¢ MauMeHbIIed MusKIei
rpanuneii. Bepumua, niua KoTopoil mocTpoeHsl o6a ChiHA, AaKTUBHON CTaTh B
manbHeieM He MOKET.

Mlpouecc MOCTPoeHUA HepeBa pellenuil MPOOOIKAETCA N0 TeX Mop, MoKa
aKTHBHOJ He OyleT o0bABIeHa BEPLIHHA x, LIA KoTopoil MHomecTBO M ()
COCTOMT M3 OJIHOTO eJIMHCTBEHHOT0 MaplpyTd, a TPaHuIbl BCeX APYTHX Bep-
IIMH He MeHbIe YeM Bec 3TOro MapuipyTa. I[OHATHO, YTO TOrJa MapuipyT,
copepskamuiics B M (x), ABIAETCA OHTHMAIbLHBIM.

OcTaeTca chopMyIMpOBaTL MpaBHiIa BLIYUCIEHNUA HIMKHUX Tpanul. IIpo-
Lelypy BbIYMTAIlMA K3 KamJoro 3I1eMeHTd CTPOKH (COOTBETCTBEHHO CTONG-
11a) MUHUMa/ILHOTO BIeMeHTa 3TOMH e CTPokM (cToudla) HasoBeM pedykuuel
cmporu (pedyryueti cmoatya). Ilpouenypy, KoTopas cHaYand oCyIeCTBIAET
PeNYKIMIO Kami/Joi CTPOKH, a 3aTeM B M3MEHEHHOH MaTpulle — penyKIHIo
BCEX CTONOLOB, TMA30BeM pedykyuell MAmMpuybl, a MOAYYEHHYIO MATPUIY —
pedyuuposannotl. 3aMeTHM, YTO peIyIIMPOBaHHAA MaTpHIla HeoTpUIaTelbHa,
TIpHUEM B KaMKION ee CTPOKE M KamIoM ee CToI6lLe MMeeTCA XOTA 6Ll OIUH
HyJIeBOI B/eMeHT.

Jdemma 1. llyems P — mapupym rommusosiowepa e cemu G, c(P)
(coomsememeenno d(P)) — sec amozo mapupyma, onpedessemuitl mampuyeil
secos cemu G (pedyyuposannot mampuyed), [ — cymma scer KOHCIAMM,

ucnoavsyemvir npu pedyryuu. Tozda

c(P)=d(P)+ f.
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JorasaTeabcTBo. [l1a BeAKoro MapmpyTa P cooTBeTCTBYIOIAA Mocie-
JOBaTelbLHOCTL BeCOB AYT ofpasyeT Ha60p M3 11 3JIeMEHTOB MaTPHIILI BECOB.
dT1oT Habop XapaKTepU3YETCHA TeM, YTO B KaykJ0H CTPOKe M Ka#aoM CTOIG-
Ile MaTPHULLI COTEPKUTCA POBHO N0 OJHOMY ero sineMmeHTy. CiefgoBaTelbHo,
Kamabli sneMeHT Habopa Monubuuupyercsa nBamipl. CHauana npu pegyn-
IIUM COOTBeTCTBYIOLIe! CTPOKHM, a 3aTeM — cToabua. Kpome Toro, kamgas
KOHCTaHTa, UCHOAb3yeMas NMpPU peAyKUNM, BINAET POBHO Ha OAMH 3JeMeHT
Ha6opa. Otclofa cienyeT 3akiiodeHue jeMMbl. O

[Tockonbry pelyuupoBaHHad MAaTpHUIA CONEPMUT TOJILKO HeoTpULATelb-
HbIe 31eMeHTEl, uMeeM d(P) > 0. CnenoBartennto, ¢(P) > f. 9o osnauaer,
4YTO BeluuuHa f ABNAETCA IMKIeH rpaHUlell BceX MaplpyTOB KOMMUBOS-
JKepa IJIA MCXOJHOH HepelylLMPOBaHIION MaTpuubl BecoB. TeM caMbIM Io-
TydeHO NpaBHJI0 BhIUKMCIeHUA HHMKHel rpaHMIbl KOPHEBOI BepIIMHEI JepeBa
peleHuit.

ITo mpaBWIO OCTaeTCA CINPaBeAMBLIM W A M1060i Apyroil BepIIMHBI
JepeBa pemeHuil. JleficTBUTeNbHO, ¢ KaMI0i BepIIMHON x lepeBa pellenuit
OHO3HAUHO CBfI3bIBAa€TCA MaTpHIla, ONMMChIBalOMaA Bce BO3MOKHBIE Mapli-
pyTel U3 M(x). CymMa Bcex KOHCTAHT, HCIONb3YEeMBIX LPH ee PeIyKIHH
U HUKHAA TpaHUNld OTIa BepIIMHEI T JAlOT HYKHYIO FPpaHMIY BepIIVHEI I.
A vMeHHo, clipaBe/IMBa

JemMa 2. [Iycmov sepuitiHa T ABAAEMCA CHIHOM BeDWUHb Y 8 Jepese pe-
wenutl, f(y) — HUMHAS eparUUQ BePWUHbL Y U [ — CYMMA BCEL KOHCIMAHM,
ucnoavsyemble npu pedyryuu mampuyst, coomesememsywoulell sepuiune x. To-
20a pasercmeo

fl@)=fy)+f

sadaem nuscniow epanuvy f(z) sepuiune .

UznomeHHyI0 cxeMy MeTo[la BeTBeil U rpamnuil pasbepeM Ha KOHKPETHOM
npumepe. [Iyetn cets G = (V, E, ¢) sagana Marpumnei! BecoB A, KoTopad
m3oGpameHa Ha puc. 94a). Pemyuuposannan MmaTpuna A usofpakeHa Ha
puc. 94b). B cronbue g MaTpuupl A yrasambl MUHMMAILHBIE DJIeMEHTHI LA
ramoit crpoku. Ilocne MX BRIUMTAHUA U3 COOTBETCTBYIOMNX CTPOK HYIH
OynyT B Kam 0l CTPOKe U B MEePBBIX UEThIPeX cTonbuax. MunuMmainbHble 3ie-
MEHTBI [UIf HOBBLIX CTONGLOB yKasaHbl B cTpoke b marpuust 94a). Ilocie
peIyKUMM CTOAOLOB MoaydaeTcA Marpuia 94 b). 06mana cyMMa BBIYTEHHBIX
371eMeHTOB paBHa 32. JTO YKCI0 YKa3aHO B NMepecevYeHUH CTPOKHM h u cTonb-
na g. CnemoBaTenbHO, M060i MaplIpyT KOMMUBOMMepa B ceTH G UMeeT Bec
He MeHblle yeM 32.

[lepeiinem Tenepb K MOCTEINENHOMY TIOCTPOEIHIO KOPHEBOTO depeBa IIOUC-
Ka pemeHus. [[nd BeTBIGHWA B KOPHEBOI BepllMHE JepeBa PeLIeHHI HYHHO
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1 2 3 4 5| g 1 2 3 4 5 |r
l|loco 12 9 9 12| 9 1lco 3 0 0 010
219 oo 8 19 15| 8 211 oo 0 11 4|1
316 0 oo 16 10| 0 3/6 0 oo 16 7|6
415 9 12 o 16| 5 410 4 7 oo 8 |4
5115 7 13 23 | 7 5/ 8 0 6 16 oo |6
h{0 0 0 0 3|32 s|1 0 0 11 4

@) Puc. 94 5)

BLIGpATL AYTY vw ¥ pasGHUTL Bee MHOMKECTBO MapIIpyTOB Ha ABa Hemepece-
KaOMUXCA TIOJIMHOMECTRA, B OJIHO M3 KOTOPLIX BRIKOYAIOTCA BCE MAPIIPYThI,
coflepalue Oyry vw, B Apyroe — He cofepaiue 3Ty ayry. IIpasuio
BBIGOpA TaKol NyTH vw OMNpelelfieT MO0 CYIIeCTBY BCIO CTPATErHIO MOUCKA
ONTHMATLHOTO MapupyTa.

Beibop myru vw osHadaer, 4To MapmipyTsl u3 M(x) [id 1eBOTO ChiHA &
He cofepkaT APYTUX AYT, BLIXOMAIIUX U3 v, H OPYTUX OYT, BXOAAMMX B w.
Wuaue roBopf, 13 MaTPUI[EI BECOB JITIfl IEBOT'0 ChIHA MOMHO YAMUThL CTPORY ¥
u croaben w. Kpome Toro, ciefyer 3anpeTUTh BO3MOMKHOCTEL BRIIOUEHUA B
MapipyT AyTH wv, JUIfA 4ero JocTaTouHo monomuth Afw, v] = co. Takum
06pasoM, pasMep MaTPHUILI BECOB A€BOTO ChiHa YMEHLIIAETCA Ha eAUHULY, 10
CPAaBHEHMIO C PasMepoM MaTpUIbI BECOB OTIIA.

HMockonbry MappyTsl u3 M (x) mis mpaBoro cblHa & 3alpeliaioT XML
MCIIOb30BaTh NYTY YW, TO BCe MBMEHEHNA B MATPHIE BECOB CBOAATCA K TOMY,
4TO IYHO HOMOMUTE Av, w] = oo.

[Mo3TOMY MpeANoYTUTENLHO HAXOMUTD pellleHue, IBUrafach T0 JeBhIM, a He
0 IpaBbIM CLIHOBEAM. CllenoBaTenbHo, OyTrd vw JOMKIA BLIGMpAaThCA Tak,
9TOGLI HUMHAA I'DaHMIla HPABOrO ChbINa OblIa KaK MOMHO GONbIIE TPAHUILI
meBoro ceiHa. B penmyuwmpoBanmoii mMatpuue us puc. 94b) B crontue r (co-
OTBETCTBEHHO CTPOKE §) yKa3aHEI BTOphIe MUHUMAILHEIE 110 MOPAARY YUCIa
COOTBETCTBYIOMIUX CTPOK (CTONGLOB).

[IpaBumo BeIGOpa TyTH v MO#HO CHOPMYIUPOBATE CIEAYIONUM 06pazoM:
BLIGpaTh TOT Hylb B pefylUMpOBAlHONl MaTpuIle, JUIi KOTOPOrO0 CyMMa 3Ia-
YEHU 2MEMEHTOB, NAXONANIMXCA HA IEPECEYEHUH CTPOKH ¥ CO CTOAGIOM T, U
croabua w co CTpoKoH s, Haubo/bIIad.

Hanpumep, naa Hynf, HaXo[ALIEr0CA B YeTBEPTON CTPOKE MIEPBOTO CTONO-
11a, COOTBETCTBYIONIAA CyMMa paBHa 5, a [IA HyJA B NEpBoil CTPOKe H YeTBep-
ToM cTonbie — 11. Jlerko BugeTh, 9YTO 9TO 3HAYEHUE ABIAETCA HANGONbIIIM.
Tarum obpazom, pazbuenue MIOMKeCTBA BceX MAapUIPyTOB cllefyeT OCyINecT-
BuTE TIO myTe (1, 4).
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Ha puc. 95a) u 95 b) uzobpaeHsl MCXOLHAA U PeIyHPOBaHHAA MaTPUIBI
BECOB JIEBOT'0 ChIHa KOPHEBOH BepIIMHBIL, a Ha puc. 95¢) — pedyuupoBaHHasd
MaTpulla npaBoro cboima. PeayRiusa MaTpuubl NpaBoro chilla 3akiIiodalnach
JIMIIL B BblUKMTaHMU yuciaa 11 13 yerBepToro croadua.

Ina yno6cTBa yepes xy 0003HaUNM KOPeHb JlepeBa pellleHuil, 4epes3 Xy —
€ro IeBOro ChblHa, a uepe3 xg; — IpaBoro. Eciu z; — HekoTopad BepLIuHa
JepeBa pellleHuit, rae k — nocilenoBaTeILHOCTD U3 HyIel U eIWHUL, TO IeBbLi
CBIH BEPIIVHBI & N0oAydaeT MHAEKC MPUNKCLIBANKEM clipaBa k k 3Havdenud (),
a mpaBelit — 1. BecnoMuHasg, 4To rpaHUITy BepHIMHBI & MbI y#e 0003Ha4aIu
panee uepes f(z), momyuaem f(xg) = 32, f(xo) = 41, f(x0) = 43.

CdopmyaupoBaHHOe IpaBUIo Bbifopa HYIA B peNylLUPOBaHHON MaTpule
NO3BOAAET MafeaThes (HO He TrapalTHUPYeT), YTO TpaHULa [IPABOTro ChIHA YBe-
Iu4yuTcA Gonbiie Bcero. OTMeTHM, UTO UMeIOTCA U 0oJee CUIbHBIE IpaBuiIa
BbIOOpa OyTW vw WM, 4TO TO #e caMoe, Hyld B pelylIUDOBaHHOH MaTpule.

1 2 3 5 |g 1 2 3 5 |r
2|1 oo 0 4|0 20 oo 0 0|0
36 0 oo 7|0 315 0 oo 3|3
4|00 4 7 8 |4 4lcc 0 3 0|0
5|8 0 6 oo0f0 5(7 0 6 oo|6
hi1 0 0 419 s| 5 0 3 O

1 2 3 4 5 |r
ljoc 3 0 oo 0]0
2|1 oo 0 0 410
3|6 0 o b5 715
410 4 7 o~ 8|4
5/ 8 0 6 5 oolb
s|1 0 0 5 4

c)
Puc. 95

ITocne mocTpoeHUA BepLIMI Zyy U %o LEpeBO pelleHUil BLIMIAAUT Taw,
Kak OHO M306paxeHo Ha puc. 96, rfie B cko6KaX pAJOM € MMeHeM BeplIu-
HEBI HalMcaHO 3Ha4YeHHe HIKHell rpanuiel. Huske BepIIUHBI lepeBa pellleHM
HamucaH COOTBETCTBYIOMUI BaplaHT pa3bueHNA MHOMeCTBa MapIpyToB, co-
OTBETCTBYIOIMX JanHOll BepllkIle, 8 UMeHHO, YKasamna Ayra, o KoTopoii Ipo-
WU3BOOUTCA pa30ueHue.
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0(32) TlocKonbKy BeplliMHA Ty, UMeeT rpa-
HUIy MeHbIIe YeM BepliVHa Lgj, Tellephb
oHa craHoButcA akTuBHOM. Ilo onucanHo-

(1,4) My paHee IpaBuiIy Boibupaem ayry (5, 2),

nb0 Hylb, CTOAMMI B CTPOKE 5 K cTOI6-

x0(41) z01(43) ne 2, uMeeT HaWGOIBLIIYIO CYMMY COOT-
Puc. 96 BETCTBYIONIMX €My 3[IaUeHUI B CTPOKE §

u cronbue 7 (cMm. puc. 95b)).

1 3 5 |¢g 1 3 5 |r
210 0 o]0 210 0 oof0
315 o© 3|3 3/2 o 0|2
4100 3 010 410 3 0|3
h{0O 0 0]3 s 2 3 0

a) b)

= o W o

w ot A oo o
~l= R oo~
ol oo gl
olo w g ofes
o8 © w o

¢)

Puc. 97

Matpuus! BepInH Zogg U Lgo1 U306pakeHs! Ha puc. 97, rae Ha puc. 97 a)
1 97 b) u306paeHbl COOTBETCTBEHHO MCXOHAA U PelyMpPOBaHHA MaTpPHIbI
BepIIMHBI Zggp, @ HA 97 ¢ — peAyLupoBaHHaA MaTpHUlla BepIIUHLI Zgg;. Pe-
OYRIHUA MaTPULBI Loy COCTOANA TWIIL B BLIYMTAHUY yKchoa 6 U3 mMocienHeit
CTpoKH. [l HUMHMX IPaHMI] UMeeM paBeHcTBa f(zgog) = 44, f(zon) = 47.
IIpouecc nocTpoeHus mepeBa peIleHUI peKOMeHIyeM Jajlec OTCIeMUBATL 110
puc. 99.

Tenepb NpuUIeTcA BepHYTLCA Haszaf 10 JepeBy pelleHuil, N60 aKTHBHOMN
CTaHOBUTCH BepIIMHA Zp;. B MaTpuue, nsobpasxeHHol Ha puc. 96 ¢), cpasy
HECKONBKO Hyleit UMEIOT OIMHAKOBYIO CYMMY COOTBETCTBYIOLIIMX 3IEMEHTOB
B cronbuax s u r. BoiGepem mus pas6uenus nyry (3, 2). Hepenyuupoan-
Hble MaTPHULbI CHIHOBeH BepLINNbI Lj; U306pameHsl HA pyuc. 97. AHanmusupya
crpoku b u cTonbus! g o6enx Matpull, norydaeM f(zgg) = 48 u f(wo1r) = 48.

Cnenylomeil akTHBHON BepIIVHON CTallOBUTCA BepIINHA Xggy, PESYLHPO-
BaHHaf MaTpuua KoTopoil usobpasena Ha puc. 96b). B sToit MaTpuue nBa



276 13. 3amavya KOMMUBOM#:Epa

1 2 3 4 5]|g

1 3 4 5 |g 1o 3 0 oo 010
1loco 0 oo 0|0 2|1 oo 0 0 4]0
2(1 oo 0 4|0 316 o0 o 5 7|5
410 7 oo 810 410 4 7 o 8|0
5(/8 6 5 oof5b 5/8 0 6 5 o0]0
h|0 0 0 015 hio 0 0 0 0]5

a) b)

Puc. 98

PaBHOLEHHbIX [peTeHaeHTa: nyra (2, 3) u ayra (4, 5). BoiGepem aus pastue-
HuA gyry (4, 5). Ioxyuarompecs MaTpULbl BEPIIHH Tqogo M Lopo1 U300pakeHbl
Ha puc. 98 a) u 98b) coorBercTBeHno. OfpalaeM BHUMaHNE YHTATeNA Ha TO,
uro B Marpuue 98 a) anement (2, 1) paBen oo. Jleno B TOM, YTO BCe Mapli-
pyThl B M (Zoo00) copepmar ayru (1, 4), (5, 2) u (4, 5). Huraxoii mapupyT
KOMMVBOMKepa Teneph He MOMeT cofepaTth Ayry (2, 1). Ilo sToif npuunHe
sneMeHT (2, 1) B MaTpHie MpUpPaBHEH K 00.

1 3 5

1 3 210 0 o

200 O 312 oo O

3]0 oo 4|00 3 o
a) b)

Puc. 99

Ha puc. 98a) usobpameHa peflyUMpOBaHHAA MaTpPHULA BEPIIMHBL gy
feno, uro f(zoon) = f(Zooa) + 2 = 46. [na maTpuust 98 b) penyruus cBo-
IUTCA K BBIYATAHMIO 4Mcaa 3 u3 cTpokm 4. OTcrojga momydyaeM paBeHCTBO
J(zooo1) = 47.

HakoHell, askTUBHOH CTaHOBUTCA BepIIMHA Zgggy. SAECH BHIGOP AYTH HeE
urpaeT HHMKagol pomu. EcTh Toabko mBe BosMosiHocTw. WiaM cHavana BbI-
opath nyry (2,3) u, mpoBoas paszéueHHe TO Heii, HA Cle/YIOWIEM IIare Bhi-
opathb (3,1), wim naobopor, cuayana — (3,1), a zsateM — (2,3). BamubiM
AIBIACTCA AWML TO, YTO TPH [epexo/ie Kk ChIHOBLAM I'PaHMLbI JeBhIX ChIHOBEMH
He MeHAIOTCA, HO3TOMY leBble CLIHOBLA CPa3y CTAHOBATCA aKTUBHLIMU. ['pa-
HMLBI IPaBbIX CLIHOBEH M B TOM, M B JPYTOM CIy4Yae PaBHbI 0O, YTO 03HAYAET
OTCYTCTBHE COOTBETCTBYIOMUX MaplIpyToB KOMMMBOAMEPA.

llepeBo pemenwii, nocTpoeHHoe HaMu, u3oGpameno ua puc. 99. Mockoan-
KY aKTHBHON Teleph clelyeT 00LABUTL BepIIMHY, COAepMAIIYIO OTUH eIMH-
CTBEHHBIH MapIIpyT, alrOPUTM Ha 3TOM 3aKaH4MBaeT CBOKO paboTy.
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Puc. 100

Uraxr, onTuManbHbIM B 3alaHHOM rpade ABageTcd MapmpyT 1-4-5-2-3-1,
Bec KoToporo paBeH 46. OTMeTuM, YTo B JaHHOM NpHMepe MbI HcCleI0Ball
Bcero 13 BepmuH jepeBa pemeHuil. Meromueca sKenepuMeHTalbHBIE JaH-
Hble TO3BOJAIOT YTBEPHAAThL, UYTO MeTO/ BeTBeit u rpanun A 3K asnaerca
pa3yMHO# albTepHaTHBOH NoNHOMY Iepebopy, KO0 IJA ciy4aiiHoH MaTpULbI
BECOB YMCIIO Hcc/leflyeMBIX BeplUMH fepeBa peurenuil pasuo O((1,26)").

OrMetuM ocoberHocTr 3K, No3BOAMBINME peany30BaTh MeTO] BeTBEl M
TpaHHI] JUIA €€ PeIleHHUHA.

1. Bemeaenue. MHOecTBO pellenuii, IpefcTaBifAeMoe BepIIMHAMU [Je-
peBa peleHuil, MOMHO pa3dUTh Ha NMONAapHO HEHEpeceKalolUIMecd MHOMeCTBa.
Kampgoe noqMHOMECTBO B 5TOM pa36HeHHH NIpeJCTaBIATCA CHIHOM HCXOIHOH
BepUIMHBI B JepeBe pellleHui.

2. I'panuypt. UMeeTcA anropyuTM JUIA BRIYKCIEHNA HUMHEH rpaHUILI Beca
T1060T0 pellleHHA B JaHHOM HOJMHOKecTBe.

[ocronbKy MHOrMe 3ajayd AMCKPETHOH ONTUMU3alUN 061afaloT JIBYMHA
HEpeyYNCIeHHbIMY CBOMCTBaMH, TO METOJ BETBEil M I'PaHUI MOKET NPHUMe-
HAThCA 1A UX pemeHud. [Ipu pToMm pa3bueHHe MHOMeCTBa PeNIEHUIT Ha Ka-
JKJIOM ILIare MojkeT OCYILeCTBIATbCA W Gollee YeM Ha [IBa HeHepeceKaloMKXCA
NOAMHOKECTBA, eCIIH NI NOJAMHOKECTB UMEETCH TIOAXOAAMMI alropuT™ 1ig
BBIUMCJIEHNA HUMAKHEN TPaHUIIBI BXOAAMNIUX B HUX pPeIIeHUI.
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