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YeaxkaeMuIii yHTarenn!

Bbl oTKpbLIM OfHY M3 3aMEYATENbHBIX KHUT, H3LAHHBIX B cepud <«Kjac-
CHYECKWH YHHBEDPCHTETCKUH yueGHUK», noceamennold 250-meruo Mockosckoro
yHupepcureta. Cepusi BKmouaer csbiie 150 y4yebHUKOB M yuebubix nocobui,
PEKOMEHAOBAHHBIX K M3JaHHIQ YUYEHBIMH COBETaMM (DAKY/ILTETOB, DeNaKIHOH-
HEIM COBETOM CEPHH M H3OABAEMEIX K 00NN IO pelleHUIo Y4YeHOro COBETA
MI'Y.

Mockosckuil yHUBEPCUTET BCETAA CHABMIICA CBOMMH NpogeccopaMu U npe-
DOOABATENAMH, BOCOHTABIINMH He OJHO NOKOJIEHHEe CTYAEHTOB, BNOCJEACTBUH
BHECIIIHX 3aMETHLI BKJIAJ B PAa3BHTHE HAIIECH CTPAHEBI, COCTABHBIIHX MOPROCTH
OTeYEeCTREHHON M MHPOBON HAYKH, KyNBTYPHL H 00pasOBaHUA.

Bricokuit yposenb obpazoBanus, KoTopoe gaeT MOCKOBCKUA yHHBEPCUTET,
B [EPBYI OuepeAb 00ecrednBaeTCA BRICOKMM YPOBHEM HAlHCAHHBIX BHIZAIO-
UIUMHCS YUeHBIMH M TeRaroraMi y4eOHHKOB M yueDHbIX 10coDHl, B KOTOPBIX
COYETAIOTCH KaK riyBuHa, TAK H ROCTYNHOCTL U3MaraeMoro mMartepuana. B atux
KHMIaX aKKyMyJHpyeTcsa GeCLeHHBI ONBIT MeTOAUKH H MeTOAOJIOTHH TIpenoaa-
BAaHMHA, KOTOPEIH CTAHOBHUTCA NOCTOSHHEM HE TONhKO MOCKOBCKOPO yHHBEDCH-
TeTa, HO M ApYyrux yHuBepcuTeToB Poccum u Bcero Mupa.

Hzpanue cepuu «Knaccuyeckuit yHUBepCHTeTCKUH y4eOHUMK» HADNANHO Je-
MOHCTPHPYET TOT BKJaJ, KOTOPEIA BHOCUT MOCKOBCKAN YHUBEPCUTET B KJACCH-
HeCKOE YHHBEDPCHTETCKOoE 00pa30BaHKe B HAMUEH CTPAHE H, HECOMHEHHO, CIYXUT
€ro pa3BUTHIO.

Pemienue 310# Gaaroponuoit 3ana4uu 661710 661 HEBO3ZMOXKHBIM 663 AKTUBHON
IOMOIIH €O CTOPOHBI M3NATENLCTH, NPUHSBINIHX Y4YacTHe B M3ZAHWH KHUT ce-
pun «Knaccuyeckuit yHuBepcHTETCKUR y4uebHUk». MEl paclleHuBaeM 3TO Kak
NOAJEPKKY MMM NO3MIHMH, KOTOPYH 3aHEMaer MOCKOBCKHIT yHHBepCHTET B
BOTIPOCAX HAYKH M 0DPA30BAHMS. DTO CAYKUT TAKXKE CBHAETENLCTBOM TOrO,
yro 250-meTHu Omwteft MoOCKOBCKOr0 YHUBEPCHTETA — BHLJAIOIIEECH CoDbITHE
B JKH3HH BCell Halell CTpaHbl, MHPOBOrO 0GPa30BATENRHONO COOBINECTRA.

Pexmop Mocxoscxozo yrusepcumema [, {t (50 @{,c,u 14.{

axademux PAH, npopeccop ! B. A. Cadosrunudi
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BcTtynurenbHoe C/OBO

Heckonrko MOKoneHHH CTYAEHTOB MEXaHHKO-MAaTEMATHYECKOTO (DaKyJLTETa
MockoBckoro yHusepcureTa y4unnchk y Wrops Bnagumuposmua Ilpockypsko-
Ba 10 ero 3agavyHuky. Buauane 310 Obin 33Ja4MHHK N0 nuHeHHON anrefpe, Ho
38TeM [0 BeNeHHI0 BpeMEHM B HEro ObLAH BKJIIQUEHB! JONOJHUTENBHEIE Pa3ne-
Abl, Taxue, kaKk addguHHA MeoMeTpHd, TEH30pHadA anrebpa M Teopus rpynm.
ITouTn B KAXKA0E HOBOE M3/AHHE BHOCHJIMCHL HCIIPABJEHHA H JOMOJHEHMs, TaK
YTO B HACTOALIEM BMIE 3aJaYHHK HABJSETCA NJGAOM KPOIOTIMBROTO TPYAA BCeil
FKHU3IHU ABTOPA.

Kaxaniit, KoMy NpHILAOCE COCTABUTE XOTA OBl HECKONBKO 33834 ANA BCTY-
MMUTEJIbHLIX 3K3AMEHOB, 3HAET, KAk TPpyaHo m3bexars ommbok. YTo yx roso-
PHUTh 0 esoM 33aa4HpKe! Onro0 u3 gocrouscTs 3agadnuka M. B. [Ipockypsakosa
COCTOHT B TOM, YTO OH ¢BODONEH oT ommnboK: BCe MMeBIInecs ommubKu NaBHO HC-
TIpaBJIeHbl.

3apaYHHUK COAEPXHT KaK HOCTATOYHOE KOJHUYECTBO THIOBHIX BRIYHCIHTE k-
HBbIX 33J1a4 HA NpUMEHEeHHe OCHOBHLIX AJATOPUTMOB NHHeHHOH anrefphl, Tak u
Bonbioe YHCIo Honee CIIOKHBIX 3371a4, B TOM YMCJIE TEOPETHYECKOTO XapaKTe-
pa. TeMm caMbIiM OH NPEAOCTABAET TIPEIOAABATENK) BO3ZMOKHOCTE JIJI MaHEBPa
B COOTEETCTBHH € COREPXKaHHEM KOHKPETHOTO KYypcCa H COCTAaBOM KOHKPETHOH
TPYTIIEL.

Creayer cKa3aTh, YTO COAEpKaHHe Kypca anrebprl ¥ cnocol M3JI0KEeHA o-
CTOAHHO MeHAI0TCA. [I03TOMY HeKoTOphIe pa3fentl Moboro 3a/aMHHKA B KAKOI-
TO MOMEHT MOTYT KA3aThCH APXAWYHBIMY, HO TIPH ONPEJENSHHOM TIOBOPOTE CO-
ORITHIT OHM BHOBE MOTYT CTaTh aKTYAJIbHLIMU. Tak, B nocnenHue ropsl HA Mex-
MaTe IPHHATO BHIBOAHTE KOPXaHOBY HOPMY MATPHULI JHHEHHOrO OMeparopa
reOMETPHYECKH, B CBS3H C HYeM TEOPHSl A-MATPHI] CTAHOBUTCH HeHyXHOH, Of-
HAKO 3TAa TeopHs, NMPEeACTABAAKINAA cOO0N B CYHIHOCTH TEOPHIO MOAYyJeHk Hax
KOJIBIIOM MHOTOYJICHOE, BEITVIAAHT BIOJIHE aKTYANLHO B KOHTeKcTe oluieit Teo-
PHH Moaysell HAJ eBKNHJOBLIMA KOABIAMH, KOTOPYIC ceiuac Bce Bonbime jex-
TOPOB HAMHHAIOT BKAIOYATHL B CBOH KypChl. TO e OTHOCHTCS W K OTAEALHBIM
3a7]a9aM, KOTOPBIE MHOTCHE TOXBI MOTYT OCTABATLCH HEBOCTPEDOBAHHBIMH, HO
TIOTOM BAPYT 00pPaTHTE: Ha cefst BHUMaHue cBoel 3abmToil KpacoTol WM oKa-
3aTRCA AJIs 4ero-vo Hyxubimu. Janaunuk W, B. TIpockypaxkoBa aBaseTcs ak-
KYMYJIITOPOM OTIBITA MATEMATHKOB, Pa0oTAaBILIUX HA Kacdenrpe BoIciei anrebph
MEeXMaTa Ha NPOTSXKEHUHN NECATKOB JIET, B B 3TOM KadeCTBe MOMKeT ObITh HCTOY-
HHKOM LeHHbIX ceeaenuii. HanpuMep, B Moell Hay4aHo# paboTe, Korga mHe GbuTo
HYYXHO BBHIMHCJIHTb ONPENENHTENE MAaTPHLE!, A HYaCcTO HAXOAMJ OTBET B ITOM
samaqgHuKe. 1 yBepeH, uTo 3anaynux M. B. ITpockypakoBa ellie AOATHE POJBI
6yIeT Nose3eH CTYAEHTAM W NPENCAABATENAM (HU3HKO-MATEMaTHYECKHX, MH-
JKEHEPHO-DHU3UIECKUX B FKOHOMHKO-MATEMATHYECKHX CNENHAILHOCTeH By30B.

3. B. Bunbepe

JOKTOD (PHINKO-MATEMATHYECKHX HAYK,
npodeccop MOCKOBCKOro rocyJapCTBEHHOIO YHRBEPCKTETA
um. M. B. JTomonocora



lNMpeaucnosre aBTOpa

Tlpu cocTaBneHuMn HACTOSIIEr0 NOCOOMA ABTOP CTPEMHJCH, BO-IIEPBLIX, JATh
JOCTATOYHOE KGO0 YIPAXKHEHUWH fJis BHIPAOOTKY HABLIKOB PEIIEHKS TUNOBBIX
3aJ34 (HAIpEMEp, BEIYUCICHUE ONpEeienuTeNell ¢ YHCAOBBIME 31EMEHTAMY, pe-
IIEHHE CHCTEeM JIMHEHHBLIX YDABHEHHN € YHCIOBLIMH Ko3(pHUMEHTaMH U T. 1L},
BO-BTOPBIX, JAThH 3aJa4H, COCOBCTBYIOMINE YACHEHUIO OCHOBHLIX MOHATHIL U HX
B3aMMHOM CBA3M (HAIpHMep, CBA3L CBONCTB MATPHI[ CO CBOMCTBAMHM KBaIpa-
THUHBIX (POPM, C OJHOH CTOPOHLI, H JHHEHHBIX Npeo0pasoBaHUl — ¢ APYro#),
B-TPETbHX, JATh 3aRaHH, AONOJHAIIIME JEKIMOHHBIE XypPChl B COAEHCTBYIO-
1ie PACHINPEHHI0 MATEMATHYECKOT0 Kpyrosopa {Hampumep, coficrea ndad-
dosa arperata KOCOCUMMETPHYECKOTO ONPEJENUTENA, CBONCTBA aCCOLMHPOBAH-
HBIX MATPUIl U T.1L.).

B paje 3ama4 npeanaraeTca ZOKA3aTh TEOPEME!, KOTOPbIE MOYKHO HANHTH B
yuebunkax. Ilomelas Taxue 3ahaun, aBTOP HCXOAWI M3 TOrO, YTO JEKTOp MpH
HeOCTATKE BPEMEHH JACT M3Y4YMTh 9ACTh MATEpHATa MO KHUTE CaMHM yd4a-
IUMCA | STO MOXKHO JeNaTh 00 3aJa4HHKY, [Ie JaHLl YKA3aHNsA, TOMOTAIOWNE
CAMOCTOATENBHO NPOBECTH ACKA3ATENLCTBO, YTO CIOCOGCTBYET PA3BHTHIO Ha-
YAJbBHBIX HABBIKOB Ha.y‘-lHOI‘O HCCAeOBaHHA.

CopepKaHne U MOPsOOK HM3J0KEHHS MATepUasa Ha JIEKIHAX BO MHOIOM
3ABHCAT OT JEKTOPa. ABTOp CTADAJICA JATH 3AJa9H, YUYHTHIBAIOIIHE ITO PA3HO-
obpasue nanoxerusa. OTCIORA HEKOTOPBIM NAPAJAS/IH3M U ODOBTOPAEMOCTD Ma-
tepuata. Tak, ooHu U Te e daKkThl JaHLl CHAYajda B pazjese KBaJAPATHIHBIX
dopM, a saTeM W B paslene NHHEHHBIX TpeoOpasoBaHul, HEKOTOPBIE 3a7a4l
¢pOpPMYMPOBaHEl TAK, YTO WX MOXKHO DELIaTh KaK B CIy4ae BEIECTBEHHOTO
€BKJIHIOBA, TAK U B CAYYAAX KOMIUIEKCHOI'0 YHHTAPHOLO NMpPOCTPaHCTBA. Ham
KaXKeTCst, YTO A 33Ja4YHHKA 3TC XKEJATENBHO, TAK KAK Jaer GOMbIyIo rub-
KOCTh [IPH €70 HCIOJIb30BAHMH.

B nauase HekoTopnix naparpacgos nomemensl Bsenenusd. OHM copepKatT
JMIIL KPAaTKHE YKA3aHUs TePMHHOOMUH it 0003HAYEHHIt B TeX CIydasx, KOraa
B yueOHMKAaX HET TIOJIHOTO €XMHCTBA B YKa3aHHOM oTHomeHHu. HckroueHneM
SBJSIETCA BBEACHHE 5, /I JAHLI OCHOBHBIE METO/bI BEIYHCACHAA OTpeAeTnTeneh
N1060T0 NOPAAKA M NPUBEACHB! IPHMEDH Ha KaXKIbli MeToR. ABTOP CHHTAJ 3TO
TIOJIE3HBIM BBHZY TOTO, 4TO B YYeGHAKAX 9TH YKA3aHHs OTCYTCTBYIOT, 3 YallH-
€Csl BCTPEYAIOT 3716Ch 3HAYUTENbHBIE TPYIHOCTH.

Homepa 33134, B 0TBETAX HA KOTODBIE MMEIOTCA DELICHUS MM YKA3aHHMA,
cHabxennl 3pe3fouKoi. Pemenna nanel g1 HeOokbOro YACAa 3aday. 2T0 HAH
3a]a4H, comeprkamue o0IME METOM, IPHMeHsieMEl 3aTeM K panRy APYrHX 3a-
a4, MJIH 33/1a9K 1TOBLIIIEHHON TPYAHOCTH. Y KasaHUs CONEpAT, Kak NpaBuIo,
JHLIL WAE HAH METO[ PEIUeHHS M OCTABASIOT YYALMHMCS MPOBEEHUE CaMo-
ro pemenus. JIume qns Gonee TPYAHBIX 33434 OHU COOEPMKAT KPATKul Inax

CLICHUs1.
peLICHU H. B. Ipocxypaxos

Bripakarw csolo GJIATOAAPHOCTL 33 NPESJIOHEHHDIE 3AJaYH M UEHHBIE COBETHI
3. B. Buntepry, 1. M. Tensdanay, H. B. Edumosy, A. [1. Mumnuoit, J1. 1. Oxynesy,

JI. A. Ckopusixosy, A. . ¥akoey, U. P. ladapesnuy u Bcem paSoTHnxam xadeapb
Beicureii anrefpe! MocKoBCKOTO yHUBEpPCHTETA.



Ovaen 1
ONPEAENIUTENU

§1. Onpeaemurenn 2-ro 1 3-ro NOpPAaaKOB

BuIMHACAHTE ONpeRenuTeny:

5 2 12 32 6 9
Lo s 2"34' 3'|85" 418 12
6 n+l n 7 a+b a-b
: n n-1| ‘ta—b a+tb a+b
cosa —sina sino cos ¢
9. sinae  cosa | 10. sinf cosfB |’
12 sine +sing cos 3+ cos
"lcosfB—cosa sina—sing | )
1-t2 2 (1-1)° 2t
1442 1412 1+ t2 1+ 2
Mol o -2 | 15| g RN
1442 1412 1+ 22 1412
1+ 2
1-¢2 1-¢2 1 logya
16| "o 142 17 g b 1
1-12 1—-¢2
Briuncanth onpenennrens, B KOTOPHX ¢ = v —1:
a c+di a+bi b
18. c—di b 19. 20 a-—-biy
cosa +1sina 1 a-t+bi c+di
20. 1 cosa —ising | 21. —c+di a—b

Honw3ysack onpereMHTENsAMH, PEIIUTE CHCTEMBl YpaBHEHMH:

22, 22+ 5y =1, 23. 22 -3y =4,
dr+Ty=2 4r — By = 10.

a’+ab+ b o —ab+ b2

11.

2singcosy 2sin®yp — 1
2cos?p—1 2singcosy |

CcoOs o Sl
sinfd cosf |




10 COranen 1. Oupenenurenn

24. 5z +Ty=1, 25. 4z + Ty + 13 =0,
z—2y=0. 5z+8y+14=0.

26. zcosa —ysina =cosf, 27. xtge+y = sin(a+ 5),
Tsina + ycosa = sin 5. z — ytga = cos(a + f),

rae o # -;-r- + km (k — penoe).

Hcenenosars, Gyrer An cHCTEMa YpaBHEHHN ONpeeneHHa (MMeeT elMHCTBEHHOe
pelnenne), Heonpesenensa (MMeeT GECKOHEYHO MHOTO pEIeHHN) WM TIPOTHBO-
peuHBa (He HMeET DeLIeHHs):

28. 4z + 6y = 2,
6z + 9y = 3.
Haxot mu 3neck dopMyast Kpamepa BepHLIi oTBeT?
29, 3z -2y =2, 30. (a —blz =b-c
6z — 4y = 3.
31. zsina=1+sina. 32. rsina = 1 + cosa.
33. zsin(a + B) = sina + sin .
34. o’z = ab, 35. az+ by = ad,
abz = b°. bz + cy = bd.
36. ax+4y =2, 37. ar- 9y =26,
92 + ay = 3. 10z — by = 10.

38. HJokazaTh, 4To ANsi PABEHCTBA HYAIO ONPEAETUTENIA BTOPOro NOPAAKa Heob-
XOONMO i JOCTATOYHO, 9TOBE €ro ¢TPOKH GBIIH IPOMOopHHoHAIBHEL. To Xxe
BEPHO ¥ AU CTONOLOB (€C/IM HEKOTOPHIE 3/ieMEHTHl ONpejeSTATeNsd pab-
HEl HYJIIO, TO NPONOPIMOHANBHOCTD MOXKHO [TOHKMATh B TOM CMLIC/IE, 4TO
3JIEMEHTH OJHON CTPOYKM NONYYAOTCA H3 COOTBETCTBYIOUMX IJICMEHTOB
APYFo¥i CTPOYKKA YMHOXEHHEM Ha OJHO K TO XK€ YHCHO, HhITh MOXKET, PaB-
HOE HYJHO).

397 Jokazars, 94T0 npy HeHCTBETENBLHBIX @, b, C KOpHE ypaBHEHHs

a—z b

b e¢—=z =0

ByayT DeltCTBUTENBHBIMH,
40! JloxasaTh, 4TO KBaJDATHHIE TpexwieH azr’ + 2bZ + ¢ ¢ KOMINEKCHBIME
K03 PUIMEHTAMU TOCLA. H TOJIBKO TOIMA ByAer NOMHBIM KBaJADATOM, €ClIH

a b
b ool = 0.
41. JokasaTb, 4TO Npu HeHCTBATENEHEIX @, b, ¢, d KOPHH ypaBHEHHS

a—zx c+di

c—di b—g. | =0

6yayT nefiCTBHTEABLHRIMA,
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ar+b
+d’
qHCen ¢, d OTAMYHO OT HYJIs, TOTAA ¥ TOJILKO TOTHA HE 3aBHCHT OT 3HAYCHHS

= 0.

42! TloxazaTk, UTO 3Ha'eHHe ApoOH rne no KpaltHelt Mepe OZHO U3

a
T, Koraa
3 A ¢ d

BeryucanTs onpegeanTeny 3-ro nopagka:

213 321 4 -3 b5
43. |53 2 44, (2 5 3 45. 13 -2 8
143 34 2 1 -7 -5
32 -4 3 4 -5 4 2 -1
46. (4 1 -2 47. (8 7 -2 48. |15 3 -21.
52 -3 2 -1 8 32 -1
111 011 56 3 203
49. |1 2 3. 50.110 1] 51.[0 1 Of. 52.|7 1 6.
136 110 745 605
1525 1 11 123 a b ¢
53. |17 49 . 54.: 4 5 9| 55.{4 5 6| 56. b ¢ ai.
1864 16 25 81 789 cab
ab e 0al0 a Tz
57. |lc a b 58.1b ¢ d 50. {z b z
beoa 0e0 T T
a+z =z T o’ +1 ap oy
60. z b+zx =z | 61.| af B+1 By
z T c¢c+=zx oy By 2 +1
cosa sihacosf sinasin 3 sina coso 1
62, | —sina cosacosf cosasinf|. 63.)sinf cosf 1.
0 —sin g cos B siny cosy 1
64. Ilpn kakoM YCAOBHH CIPABEIJIMBO PABEHCTBO
1 cosa cosf3 0 cosa cosf
cosae 1 cosy|=|cosa O cosy|(?
cosf? cosy 1 cosf3 cosy O

65. llokazars, 4TO OTIPEISNUTEND

a’® bsina csina

bsin o 1 COS o
csinee €os o 1

H [IBa ApYTHX ONDENEINTENs, 10y YeHHbIE W3 AaHHOTO KPYroBOH TIepecTa-
HOBKOH 3neMeHTOB @, b, ¢ ¥ «, §3, 7y, paBHLL HYMO, eciH a, b, ¢— AJIUHBI
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CTOpPOH TPEYrONBHHKA H &, ﬁ, ¥ ero yrahbl, NpoTHBOMEXKALKHE COOTBET-
CTBEHHO CTOpOHaM a, b, c.

BrruncsuTs onpesenuTenu 3-ro nopagka, B KOTOPBIX ¢ = v —1:

1 0 1+¢ T a+bi c+di
66. 0 1 1 |. 67.|la—-bi y e+ fil.
1—-¢ - 1 c—di e~ fi =z
1 € £°
1 3
68. |21 ¢ |, r‘,u.es=-—+z'£.
2 2 2
e g1
1 1 ¢ 2
69. |1 1 £2 , TIBe e = cos—=7 + ¢sin =m.
2 e 1 3 3
11 12 4 g
70, (1 & e&°|, rnee =cos=7m+tsin=-mn.
1e? ¢ 3 3

71. Hoxasark, 4T0 €CHAH BCE MEMEHTHl ONPENENUTENs 3-ro NOPANKA DABHEI
+1,10 cam onpenenuTent OyRET YETHBIM YHCIOM.

72! Haitru sauGonbinee 3HaYeHHe, KOTOPOE MOXKET IPHHUMATL ONPEASTHTEND
3-ro nopagka, IpH YCIOBUH, HUTO BCE €0 3JEMEHTH! paBHu! 1.

73} Haitru naufoneinee 3HaYEHAE ONPEREIUTENS 3-TO NOPAAKA NPH YCIOBUH,
YTO €ro dNeMeHTHl pasHbl +1 wiu 0.

[Tone3ysace onpenenuTeNAMH, PEIINTH CUCTEMbl YPABHEHHMIA:

74. 2z + 3y + 5z = 10, 75. bz — By + 4z = 3,
3z + Ty +42 =3, Jz -3y +22=2,
r+2y+2z=3. dr ~ by +2z=1.
76, 4r—3y+22+4=0, 77.5x+2y+32+ 2=0,
6z —2y+32+1=0, 2x - 2y + Bz =0,
S50 —-3y+22+3=0. 3r+4y+2z+10=0.
78t T _ % +2=0, 79. %z —3by+ cz=0,
a 9% 3 3azx — 6by + 5cz = 2abe,
__y+_z_1=0, Sax — 4by + 2¢z = 3abe,
b ¢ rae abe 3£ 0.
z z
— - =0
a ¢
80 dbexr + acy — 2abz = (,

Sbex + 3acy — dabz + abe =0,
3bex + 2acy — abz — 4abe = 0, rae abe # 0.
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817 PewnTs cucremy ypasHeHHH:

r+ y+ z=aq,
T+ sy+52z=b,
I+£‘2y+ Ez= ¢

(¢ — oTsmanoe or 1 3xauenne V/1).

HceneposaTs, Oyner cucrema ypaBHEHUN ONMpelefieHHA, HEONpenesieHHA HJiH

NPOTHBOPEYHBA:
82. 2z -3y+ z2=2, 83. dxr+3y+22=1,
3z — 5y + 5z =3, r+3y+52=1,

S5z — 8y + 6z = 5. 3z +6y+92=2
84. br—6y+ z=4, 85. 2z - y+3z2=4,
3r — 8y —~22=3, 3z — 2y + 2z =13,
2r— y+3z=05. S5z — dy =2
86. 2azr — 23y + 292 =4, 87. ax - 3y+ Hz=A4,
T+ oy+ 42=7, r—ay+ 3z=2,
br+ 2y+ az=05. 9 — Ty + 8az=0.

88, ar+4y+ =z =0, 89, ax + 22 =2,
2y+32-1=0, Sz + 2y =1,

3z —bz+2=0. z—2y+ bz =3

ITyrem npaMoro BEYACASHHS MO OPABUNY TPEYTOJIBHHUKOR, WH npasmty Cap-
ploca, BOKa3aTk CAeAYHILIHe cBONCTBa onpenenuTenell 3-ro nopagka:

90.

91.

92.

93.

94.

95.

96.

Ecnu B onpeaenuTene 3-ro Mopaika INOMEHAThL POJIAMHE CTPOKH H CTOJIDLEI
{T. €., KAK TOBOPAT, TPAHCIOHUPOBATEL €0 MATPULY ), TO ONpPEAEIUTeNh He
UBMEHHTCS.

Ecnu Bee aneMeHTH Kakoi-HUGYAE CTPOKH (MK CTONONA) paBHBI HYJIIO, TO
U caM ofipeIeSIUTEe/b PABEH HYJH).

Ecrm Bce aneMmeHTB Kakoi-HMOYHAB CTPOKH (MSTH cTOnbla) onpeAenuTess
YMHOXHTb Ha ORHO U TO XK€ YHCJAO0, TO U BECh ONPEAENUTENb YMHOKUTCH
Ha 3TO YHCJO.

Ecmn nepecraBuThs e cTpokd (Mau Apa croabua) onpemenuTeNs, TO OH
H3MEHHUT 3HAK.

Ecmu e crpoku (unu gsa cronfna) ONPERENHTEN OOUHAKOBLI, TO OH
paBeH Hy/I0.

Ecnu Bce 3neMeHTBl O/IHOM CTPOKM MPONOPIHMOHATBHE COOTBETCTBY IOIIEHM
3JeMeHTaM Jpyroif CTPOKH, TO ONpPEeAeNuTe]b PABeH HYJIIO (TO XKe BEPHO
U Aast cTonOnos).

Ecau xaxapili 3€MEHT HEKOTODOH CTPOKH ONPERESHTENA NMPEeACTABIEH B
BHIE CYMMbI IBYX CRATaeMbIX, TO ONPEENHTENL PABEH CyMME IBYX ONpe-
Jeruresiell, y KOTOpHX BCE CTPOKH, KpOMe RAHHOH, NpeKHHe, a B JaHHON
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Ornen 1. Onpenenurenu

97.

98.

99

CTPOKE B NIEPBOM ONPEXEHTENE CTOAT NEPBLIE, 3 BO BTOPOM — BTOPHIE Clla~
raemble (TO Ke BepHO U aas CTONOUOB).

Ecan k siementam oqHOM CTPOKH ONpeienuTes NpUOABUATE COOTBRETCTBY-
IOLIME SJIEMEHTEI APYToff CTPOKH, YMHOXKEHHEIE HA ONHO H TO JKe YUCHO, TO
ONPeReTUTENb He M3MEHHUTCH (TO K€ BEPHO M IJA CToN0HOB).

loBopsar, 9To ofHa CTPOKA ONPENEHTENA ABASETCA aunetinol xombuna-
yued OCTAJILHEIX CTPOK, eCHIH KajKABIN JIeMEHT 3TOH CTPOKY paBeH CyMMe
NpPOU3BEAEHHUH COOTBETCTBYIOILMX JJIEMEHTOB OCTAJBHEIX CTPOK HA HEKO-
TOpbIE YHCJA, ITOCTOAHHBEIE A KaKAofl CTPOKM, T. €. He 3aBHCSIHE OT
HOMEPA JIEMEHTa B CTPoKe. AHANOMHYHO ONpeieNaeTcs JHHelHas KoMOu-
Haung cronduos. HampuMep: TpeTssi CTPOKa onpelesuTens

a1l a2 413

a21 Q@22 G23

a31 agz as3
GyaeT nuHeNHON KOMBHHAIMEN NepBLIX /BYX, 6CIH CYIECTRBYIOT ABA YHCJIA
€1 M €2 TaKue, 4TO a3; = c1ay; + czag; (F = 1,2,3).

HokasaTsh, 9T0 ecauM OJHa CTPoKa (cronben) onpenenurens 3-ro mo-
pajKa ABIAETCS JHHEHHOM KOoMOHHAIME! OCTANBHEIX CTPOK (CTONOLOB),
TO OMNpEAENUTENh DABEH HYJIO.

SAMEYAHHUE. CrpaBefnuBo Takxe oGPaTHOE yTBEDAKAECHHE, HO OHO

BBITEKAST U3 FAJbHENLIEr0 pasBuTHS TEOPUM ONMPEJETATENEH.
TMonp3ysick NpeaplAy e 3a0a9el, TOKa3aTh Ha TIPHMEpE, YUTO B OTIHIHE OT
onpenenuTene#t 2-ro nopsaaka (cm. 3anauy 38) 1A paBeHCTBa HYMNIO onpe-
HenuTens 3-ro nopsiKa IPONOPHIUOHAIBHOCTL XBYX CTPOK (MM cTonb10B)
y3Ke He ABAAeTca HeoGxomuMotL.

Tonesyace ceoficrBamu onpegennTeneil 3-ro nopsiaKa, yKa3aHHLIME B 3aJa4aX

91-9

100.

102,

104,

106.

8, BLIYHCINTEL CACAYIOIHE ONpeRenHTeNu:
sina 1 cos?e sin o cos2a cos’a
sin?8 1 cos?B|. 101.!sin?8 cos28 cos? B
sin?y 1 cos?y sin?y cos2y cos®y
r aa:+b:t:' (ﬁ-l"i'bl)z a:f+b2 ayb
vy ay+by | 103, | (ag 4 bo)? a+.b2 azby
z 2 az+b (az +b3)% aj + b3 asbs
a+bc 1 (a® +a™®)? (a® —a~*)?
b+c a 1| 105. | (0¥ +57¥)2 (B¥ —b7¥)? 1
c+a b 1 (cz+c—z)2 (cz_c—wz)?, 1
1 e £
£ €2 1 |, rme &—ornuyHoe oT 1 3uauerne V1.
Ty =z
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sina cosa sin(a + §)
107. i sinfd cosP sin(B+4) |.
siny cos-y sin(y 4+ 4)

ay + b1t a11—51 ¢
108, a2+b2i agi—bg ¢y |, TOe i = =1
az+bsi agi—~b3 c3

T1 ! 1
T2 Y2 1
109 1 21 4+ Az 1 + Mo
1+ A 1+2
(AaTH reoMeTpUUYECKOE MCTOJKOBAHUE NOJIYYEHHOrO Pe3yJbTATa).
a .
1107 | 8 v a|, rmew, 5,y —KOpHK ypaBHeHHus ° + pr+ ¢ = 0.
Yy af
He pasBepTriBag onpegenuTenell, JOKA3aTh CREAYIOMKUE TOXKACCTBA!
a1 by aqiz+bhiy+a ap b ¢
111, |ag by agx+boy+ o | = | a2 b o2 |.
as by azx + by +c3 az b3 ¢3
a1 +bx e —hr a b o
112, [as +boxr as—bex o | = =2z aa by e |.
a3+ b3z as —bsr c3 as b3y o3
a1+blﬁ' Gl%'-l'bl [25] ay b] 1
113. [ao+byi asti+by | = 2| ag by oo |.
aa+b3i azgi+b3 e az ba ¢
at+hz aqiz+b o a; b ¢
114, (as+boxr asx +be o | = (l—xz) ar by co|.
as + bz asxr + by o3 ai by ¢3
1 a be
115. |1 & ca| = (b~ a){c ~ a)(c — b).
1 ¢ ab
1a a?
116. |1 b b2 | = (b — a)(c — a){c — b).
1 ¢ ¢
1 11
117. | & b c | = (a+ b+ c}b—a)(c— a)}{c - d).
a® b &
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118,

119,

120°

122,

1 11

a? b | = (ab+ ac + be)(b — a){c — a)(c — d).

a® b3

1ad

1 b b | ={a®+b*+c%+ab+ac+be)(b—a)c—a)c—b).

1 ¢ ct

1 a be 1 a a? 1a a? 1 a a?
1 bea|l=}1b b 121. |1 b B |{=(a+b+¢)|1 b ¥
1 ¢ ab 1 ¢ c? 1¢c 1 ¢ ¢?
1 a? &8 1 a o’

10 83| =(ab+be+ca)|l b b

1 ¢* 8 1 ¢ &

§ 2. Ilepecranosxu 1 NOACTAHOBKY

OnpenennTs 4NC/I0 MHBEPCHA B MEPECTAHOBKAX (33 HCXOLHOE PACHONOKEHHE
BCErfAa, eC/IH HeT OCODBIX YKazaHMil, npUHUMaeTca pacrnonoxedue 1,2,3,... B
BO3PACTAIOIIEM NOPSAKE):

123.
124,
125,
126,
127,
128.

2,3,5, 4, 1.

6,3,1,25, 4.

1,9,6,3,2 54,7, 8.
7,5,6,4,1,3,2.

1,3,5,7,...,2n — 1,2,4,6,8, ..., 2n.
2,4,6,...,2n,1,3,5,...,9n — 1.

B crneayiomux nepecTaHOBKAaX ONPEAENUThL YUCAO HHBEPCHE M yKasaTk obuyui
IpPU3HAK TeX YUCEN N, IJd KOTOPLIX 3TA TEpPecTAHOBKA 4eTHa, H TeX, AAd Ko-
TOPBLIX OHA HEYETHA:

129,
130.
131.
132.
133.
134,
135.

1,4,7,...,3n - 2,2,5,8,...,3n — 1,3,6,9,...,3n.
3,6,9,...,3n,2,5,8,...,3n — 1,1,4,7,... ,3n — 2.
2,5,8,...,3n ~1,3,6,9,...,3n,1,4,7,...,3n — 2.
2,5,8,...,3n—1,1,4,7,...,3n — 2,3,6,9,...,3n.
1,5,...,4n —3,2,6,...,4n — 2,3,7,... 4n — 1,4,8,... ,4n.
1,5,...,4n — 3,3,7,...,4n — 1,2,6,...,4n — 2,4,8, ..., 4n.

dndn —4,....8,4.4n —1,4n —5,...,7,3.4n — 2,4n — 6,...,6,2,4n —
3d4n - 7,...,51.
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136,
137,
138.
139.

140,

1417

1427

1437

1447

1457

1467
1477

1487

1497

B kakoit nepecranoeke umcen 1,2,...,n yncno uHeepcuit Haubonbinee u
9eMy OHO PABHOT

Cxosipko uHBepcuit obpazyer uuchao 1, crodmee Ha k-M MecTe nepecta-
HOBKH?

CromLKo HHBepCHH 06pasyer 4Hcao N, CTodmee HA k-M MeCcTe B Iepecta-
voske umcen 1,2,3,...,n7

YeMy paBHA CYMMAa YHCJA HHBEPCUH M 4HCIA NMOPSAKCB B MI0OOH nepe-
craHoeke 4ucen 1,2,...,n?

Jng kakux Iuces] M YeTHOCTh 4HC/Ia MHBEPCHIt W 4YHMCIA NOPAAKOB BO

BCEX MEPEeCTAHOBKax 4Hcena 1,2,...,7n OAMHAKOBa W IJId KAKHX NPOTHBO-
NMOMOKHA?

JokazaTh, YTO YHCA0 NHBEDCHIT B IEPECTAHOBKE &1, &9, . . . , &, PABHO THC-
1y WHBEPCHR B TOH epeCcTAHOBKE MHAEKCOR 1,2, ..., n, KoTOpad noayda-
eTcH, eCli JAHHYIO TIepeCTAHOBKY 3aMeHUTh HCXORHEIM PACION0KEHUEM.
IloxazaTk, 4TO OT OOHOH NEPECTAHOBKH a1,a9,...,0, K APYTrol nepecra-
HOBKe by, bo, ..., b, Tex »Ke 3NEeMEHTOB MOXKHO NepedTH NyTeM He Gosee
yem 1 — 1 TpaHcnozunui.

ITpueecTy npuMep nepecTaHoBKHA umcen 1,2,3,...,7, KOTOPYW Helb3d

TPHBECTH B HOPMAaJTbLbHOE PACTIONIOMKEHHe MyTeM MeHee deM 71 — 1 TpaHc-
HO3UUHA, M JOKAIATL 3TO.
[MokazaTbh, 4TO OT OAHON NEPECTAHOBKH G1,q?, ..., G, K JOGONH Apyroi
nepecTanoBke by, ba, ..., b, TEX Xe 3NEMEHTOB MOXKHO NEPeiRTH NyTeM He
n(n —1)
2
HUX DAEMEHTOB).
JlaHo, YTO YHCIO WHBEPCHA B TIEPECTAHOBKE G1,G9, . .. ,G0n—1, 8 PABHO k.
Cronbko MHBEPCHN OYNET B EPECTAHOBKE Gy, Qn-1,- .-, 02, 417
CKO/bKO HHBEPCHI BO BCEX NEPECTAHOBKAX 71 YJIEMEHTOB BMecTe?
Jokazare, 4o or awboll nepecTaHoBky uucen 1,2,...,n, conepxaiei k
HHBEPCHU, MOXKHO NepelTU K HCXOAHOMY PACIOIOKEHHIO IYyTeM k CMEeXK-
HBIX TPAHCIO3MIUHA, HO HENb3s NepedTH NnyTeM MeHBIIEro HHCAa TaKHX
TPAHCIIOZNLAH.
Hoka3aTs, 4ro aus moboro nenoro uucna k (0 € k € C%) cymecrsyer
nepecraHoBka qucen 1,2,3,..., n, wucno uaeepcudl kKoTopoit pasHo k.
O6o3naunm yepes (n, k) yucmo nepectaHoBoK uncen 1,2,...,n, kaxgas
M3 KOTOPBIX CONEPXKHUT poBHO Kk mHBepcwit. BmiBecru ang wucna (n,k)
PEKYPPEHTHOS COOTHOLIEHHE:

Bomee yeM CMEXKHBIX TPAHCIIOBMUME (T. €. TPaHCIOHLKMH cocel-

(n+Lk)=(nk}+{n,k—1)+{n,k—-2)+... + (n,k —n),

rae Bajo noaoxkuTh (n,j) =0 npu § > (.7,215 unpu j < 0. [Tors3aysace aTum
COOTHOLIEHHEM, COCTABHTL Tabnuuy uucen (n, k) gian =1,2,3,4,5,6 u
k=1012...,15

HAYYHAL
bEBANOTEEA 1M
MTY
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150% ITokazaTh, 4TO YHCAO NEepPecTAHOBOK uucen 1,2, ...
] p ] k]
BepCHif, PABHO YHCIY MEPEeCTAHOBOK TEX JKe HHCEN, CONep ;KalllHx C,E -k

HHBEpCHH,

Creayolie nojCTAHOBKA Pa3fioKUTh B NPOU3BEJIEHHE HE3ABUCHMBIX LHKJIOB
M [0 JEKPEMEHTY (T.e. PA3HOCTH MEXKAY YHCIOM HeHCTBUTENBHO MepeMenrae-
MBIX 3JIEMEHTOB M YHCAOM MHKJIOB) ONPEAGIUTE WX 4eTHOCThL. Jlna ymobcrea
NOZCUETa AEKPEMEHTa MOXKHO AJI5 YHCEH, OCTAIOMMXCA Ha MECTe, BBECTH B pas-

JIOKEHHE OJHOYJEHHBIE [HKJIBI.

s (31835
s (31548
1. (5554
157 (3155
158. (55345
0. (3586
0. (553488
o1 (32833
02 (4 2 0

B CIeRyIONUX NOOCTAHOBKAX NepelTi OT 3alMUCH B IUKAAX K 3allHCH AByMA

CTPOKaAMU:
163. (15)(234).

123456
) 152'(651423
678 123456
742) 154'(589214
6789 123456
7891) 156'(456123
.2n—1 2n

2n 2n-1})°

6 ...3m—23n-1 3n
4 ... 3n 3n-13n-2

. 2n—=-3 n-2 2n-1 211)

.2n—-1 2n 1 2

.3n-2 3n-1 3n
. dn—1 3n -2

. 3n—-2 3n-1 ?m)

W =

1 2 3

2k ... 1 2

164. (13}(25)(4).

k ...nk—k+1nk-k+2 ...

nk
k

, 7, COAEPIKALLMX & HH-

)
557)
)

)

165. (7531)(24 6)(8)(9). 166. (12)(34)...(2n ~ 1,2n).

167. (1,2,3,4,....2n

HepeMHOXKUTL NOLCTAHOBKE:

12341234 12345
169‘(4132)(3241)' "0‘(24513)(

—1,2n). 168. (321)(654)...(3n,3n — 1,3n — 2).
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2 3
1234 12345

172.(2341). 173.(34512 .

174. Joka3aTs, YTO eCNIH HEKOTOPad CTENEeHb HUK/A DABHA eMHHIE, TO NOKa-
3aTe/b CTENEHH JEeJUTCA HA AauHy nukia. ([IJuHON LMKMa Ha3blBaeTCH
YHCJIO €TO 3JIEMEHTOB. )

175. Joka3aTh, 4TC CPEH BCeX CTeNeHeN NOACTAHOBKY, PABHBIX eAUHNULE, HAN-

MEHBIIUIT MOKA3ATeNb PABEH HaMeHBIIEMY 00IIeMy KPaTHOMY JJIMH HHK-
JIOB, BXOOAUHX B Pa3jiOKeHHE TOACTAHOBKH.
1 )

12345 6788910
3541710269 8
1234567 8910
3546971108 2
178. Haitru noncranosxky X m3 paseHcTsa AXB = C, rae
A= 1234567 B= 1234567
“\7321654}) “\W3127456)

C=(1234567)_

176* Haprn A% rne 4 = (

177. Hatrru A% pne A = (

5136472

179. JokasaTh, YTO YMHOXKEHHE MOACTAHOBKM HA TpaHCno3unuw (T. e. aABy-
4AeHHBIH 1K) (¢, B) c/ieBa PABHOCUNIBHO TPAHCHO3HIMM (T. €. NepeMeHe
MECTAMHM) 4MCeN ¢ U § B BepPXHel CTPOKe NMOACTAHOBKH, a4 YMHOXKEHHE HA
TY 7Ke TPAHCIIOZUIHIO CIIPARA PABHOCHJIBHO TPAHCIOIMIFU & U 3 B HIXK-
Hell CTPOKE NOACTAHOBKMU.

180. Hoxaszars, 4T0 eCAH YHCHa & U § BXOAAT B OJHH UK MOACTAHOBKH, TO
NpH YMHOKEHHAM 3TON NOJCTAHOBKU HA TPAHCIO3MIMIO (¢, B) (cnesa nam
CNpaBa) AAHHEIA OMKJ PacTafZaeTcst Ha ABa UUKJA, a €CIH YAcaa o U 3
BXOJAT B PA3JIHYHEIC IUKJBI, TO IPH YKA3AHHOM YMHOXEHHMH 3TH HHKJIBI
CJAHBAKOTCA B ONHH,.

181! ITonr3yace ABYMS NPEIBIAYIIAMH 3aJa4aMH, [J0Ka3aTh, YTO HYHC/IO HH-
BEPCHM M OeKpeMeHT N0ol DOXCTAHOBKH HMEIOT OIHHAKOBYH) YETHOCTD.

182 doka3aTh, 4TO HaUMeHblee YHCIO TPAHCIO3HUHHA, Ha MPOU3BeReHHe KO-
TOPHIX PA3JIaTaeTcs AAHHAs NOJACTAHOBKA, PABHO ee AEKPEeMEeHTY.

183! JoxasaTh, YTO HaUMEHbILEEe YHMCJIO TPAHCIIOZHNMHA, TIEPEBORALLMX TIepe-
CTAHOBKY @1, 43,. .., 0y B NEPECTAHOBKY by, b, ..., b, TeX Xe ITeMEHTOB,
PABHO JIEKPEMEHTY NOACTAHOBKH

_ ay dan ... a4y
P‘(bl by ... bn)'
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184F Ha#itw Bce moacranoskHu umncen 1, 2, 3, 4, nepecTasHoBOYHbBIE € NOACTA-

HOBKOH’
1234
S=(2143)'

185. HaiiTu BCe moacranoku uucen 1, 2, 3, 4, 5, nepecTaHOBOYHEIE C IOACTA-
HOBKOH

186% dna niobuix nesbIX 4HCen T u m, rae m # 0, o6o3HaunM uepes r(z,m)
ocTaroxk (MpuHEMAEMBIN HEOTPHLATENBHEIM) OT AeneHus T Ha m. JJoka-
3aTh, 4TO €CAM ™M 2 2 M @ — LEJIOE YHCNO, B3aUMHO MPOCTOE C M, TO
cootsercTBHe £ — r(ax,m), ¢ = 1,2,...,m — 1, apnseTca noOACTAHOBKOH
aucen 1,2,...,m — 1.

187. Hamucates noncraHoBky umcen 1, 2, 3, 4, 5, 6, 7, 8, npu xoTopo#f 4yucno
Z NepexXoguT B OCTAaTOK OT AeneHus S5r Ha 9.

§ 3. Onpeaenenue u npocrelititve ceolicrBa oupeaeauTenein
aioboro nopgaaka

3agauyu 3Toro naparpadpa MMEIOT NEJBK) TMOACHEHHE TIOHATHA ONPEIeNUTenst
J0GOro MOPAIKA U €ro MPOCTEANINX CBOHCTB, BKIKOYAs PABEHCTEBO HYJIO OIpe-
JenuTens, CTPOKY KOTOPOro JHHEHHO 3aBUCHMBI, U DA3/IOKEHHe ONPEeReNuTes
O CTPOKE.

Banaun HA Pa3BUTHE HABBIKA BLIMUCJAEHHS ONpEAEIHTeNell ¢ YHCAOBbIMH
NEMEHTaMM, Ha METOIbl BHUYHAC/ICHUS ONpEAeUTe el CleNualbHOre BHAA, Ha
TeopeMy Jlamaca, Ha yMHOXKEHUE ONpefiefiuTeneii u T. i, COAePIKATCH B CIeRy-
romux naparpadgax.

BoISCHUTD, KAKWE B3 NPUBEIEHHBIX HHXKE NPOM3BENSHHI BXORAT B ONpenesn-
TEMH COOTBETCTBYIOIIJ,HX HOPH,}]‘KUB H C KAKHMH 3HaKaMH:
188. a43az1035012054. 189. ag1a23a45a36012054-
190. aj7a35051a74625043062- 191. aszaisaraasrassae1das.
192, a12a23034 ... Cn-1nGkk, L € k€. 193. a1ea93...0n-100n1.
194, 212621034243 . . . O2n—1,2n42n, 2n—1- 195, 118233 n-1 .2, 2.
196. a13a22031046055064 . . . 03 -2, 3,83n~1,3n~133n, 3n—-2-
197. BrifpaTh 3HadeHHs 1 U k Tax, YTOOLI IIpOH3BEAEHHE
(620i50330,4046021
BXOAWJIO B ONpeJeUTeNb 6-ro nopsajxa cO 3HAKOM MUHYC.
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198. Bribparh 3naueHus i 1 k Tak, 4To0B NPOHM3BEAEHHE
Q4706301i35507£32403]

BXOAW/IO B OOPEAENUTEND 7-T0 NOPAAKA CO 3HAKOM ILIIOC.

199. Halime umensl onpenenntens 4-7o NOpaaka, COOEPKALLHE 3NEMEHT a3g H
BXOOSIIIFE B ONPeleJUTENh €O 3HAKOM ILIIOC.

200. Hatitu uneHs onpeyeInTens

521 2 3
r =1 2
1 223 |
r 1 2 2z

comepxaye z° u 3,

201. C xaKHM 3HAKOM BXOAHT B ONPENENHTENb MOPSAKA 1 NPOHM3BEACHHUE 3JIe-
MEHTOB IVIABHON JHaroHaau?

202. C xak¥M 3HAKOM BXOJIHUT B ONPEAETUTENb TIOPAJKA 72 TIPOU3BENCHUE 5Je-
MeHTOB MobouHON IMaroHaJ H?

203. Tlonbaysich TONBKO ONpeReneHueM, BHIYHCIUTEL ONPeNeUTeNb

an 0 0 ... 0

as) asa 0 ... 0

az] age aag 0 1,
anrl Gn2 an3 gy,

B KOTOPOM BCE 3IeMEHTBI 110 OfIHY CTOPOHY OT TVIABHON IHAaroHaIU PaBHEI

HYJIHO.
204. Tloap3ysach TONBKO onpefeneHneM, BRIMHCAUTH ONPEREUTENh
o ... 0 0 Q1n
o0 ... 0 a3 n-1 Q2n
0 ... azgn-2 G3,n-1 aan |,
Qnl ««« Gn n-2 G n-1 Gnn

B KOTOPOM BCE 3JIEMEHTRI 110 OfHY CTOPOHY OT NoOOYHOHK AMArOHAIU paB-
HEl HYJTIO. _
205. Iloa3yack TOMLKO ONpEJEsICHHEM, BHIYNCIUTE ONpeNeauTeNh

@11 4l2 @13 Q14 Q15
21 Qg2 Q23 Q24 G35
as; a2 0 0 O
ag1 a9 0 0 O
agy azp 0 0 O
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206. HdokazaTk, YTO €CAH B ONpPeNe/NNTeNe NOpAIKA N Ha IepeceuyeHUud HEKo-
TOPEIX k ¢Tpox ® I cTONBHOB CTOAT DEMEHTHI, PABHEIE HYJIMO, NPHYEM
k41 > n, To onpegenvTens paBeH HYIIO.

207! Peuinte ypaBHEHHe

1z 2° x”
1 a; o al
1 ay af ay | =0,
1 ap a2 an
rae ay,as,..., 0, — PA3NAYHEIE YHCTA.
208. PeumnTs ypasHeHue
1 1 1 1
11-x2 1 . 1
1 1 2-xz 1 ={.
1 1 1 n—=r

209. HaliTi snemMeHT onpegenaTens NOPAAKA 7, CAMMETDHYHLIA 3JIEMEHTY G4k
OTHOCHTENBHO NMOOGOYHON JHATOHANM.

210. Ha#iTu sneMeHT onpeAenHTeNs NOPAOKa 1, CHMMETPHUHLIH 3NEMEHTY G4
OTHOCHTENILHG «HEHTPA» OMPeAesHTeNA.

211. HazoBeM MECTO 3IJIEMEHTA Qg ONPEINETHTENA YETHHIM HJIH HEYETHBIM,
CMOTPA IO TOMY, 6yder iy cyMMa ¢+ k yeTHa unu HeweTHa, Halite uncno
ANMEMEHTOB ONpPEeNe/IUTENA MOPARKA 7, CTOAIMX HA YETHHIX H Ha Heder-
HEIX MECTax.

212. Kak H3MeHHTCS ONpeNesuTeIs NOPAIKa 1, eCHH Heprblil cTonben nepe-
CTABHTL Ha NOCJEAHEE MECTO, a OCTANLHBIE CTONGNE] NepelBUHYTh BJEEO,
COXpaHasa HX PaCIONOKeHHe?

213. Kak H3MeHHTCA ONpeleniTe b NOPAJKA N, €ClH ero CTPOKM HANMCATL B
obpaTHoM nopaake?

214. Kak H3MEHUTCS ONpeAedTentb, ecii KaX bl €r0 3IEMEHT 3AMEHHTD 3/1e-
MEHTOM, CUMMETPUMHBIM C JAHHBIM OTHOCHTEIRHO <IEHTDA» ONpeiesn-
Tenst.

2157 Kak u3MeHUTCS ONPeae/UTeNs, eCH KAaXX bl ero 31eMeHT 3aMeHHTE J1e-
MEHTOM, CHMMETPUYHLIM ¢ JAaHHBIM OTHOCHTENbHO NOGOYHOR AMaroHam.

2167 OmnpenenuTent HASLIBALTCA KOCOCUMMEMPUNECKUM, €CITH 3/IEMEHTDI, CHM-

METPHUYHO JIEXAINME OTHOCHTENBHO [VIABHON AWACOHAJH, OTIHYAIOTCS
3HAKOM, T.€. @it = —Gp; AN Mo6HIX HHAEKCOBR %, K.

JoKazaTs, 9Te KOCOCHMMETPHYECKHH ONPEeIesINTeNh HeYeTHOrO No-
pPiAXa 1 paBeH HYJIO.
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2172

218.

219,

220.

221,
222?

223!

2247

225.
226.
227.
228.

229,

2307

HokasaTk, 4TO ONpPeeUTeNb, 3NEMEHTE KOTOPOro, CHMMETPUYHO JieXKa-
UIHe OTHOCHTEALHO MABHON JHArOHATH, SBAAKTCI CONPSKEHHBIMH KOM-
ILTEKCHEIMY (B YaCTHOCTH, R€HCTBUTENBHEIMI) YHCAAMH, €CTh YACI0 Jel-
CTBUTEJIRHOE,

[Ipu Kakux 3HAYEHHSAX N BCE OMPENENUTENH NOPARKA 1, 3JIEMEHTHI KOTO-
PBIX YAOBNETBOPSIOT YC/IOBHAM

() ajp — meficTBHTENBbHOE YHCNO MPH § > k,

(B) ax; =daj npu j 2 k (i=v-1),

GyIyT NeHCTBHTENBHBIMEAT

[Ipu Kakux 7 BCe ONpENeATeN N NOPAAKa 73, SIeMEeHTH KOTOPHIX YROBJE-
TBOPAT yeaoBuaM (o) u (§) npeasiaymed 3axa4y, 6yAyT YHCTO MHU-
MBIMHT

[TokasaTh, YTO NIPH HEYETHOM 7t BCE ONPENENUTENM IOPAAKE 11, 3JIEMEHTEI
KOTOPBIX YAOBJETBOPAKT ycnosmaM (o) u (§) sagauu 218, umeror Buj
a(l £ ), che a— nefCTBUTENBHOE HUCTO.

Kak H3MEHHTCA ONpele/MTeNs NOPAAKA 7, €C/IM Y BCEX €rc 3JeMEeHTOB
M3MEHUTDL 3HAK Ha NPOTHBOMONOXKHBIH?

Kaxk n3MeHNTCA onpeneinTelb, eClH KaX Bl €ro aJIeMeHT Gk YMHOXKHTE
Ha ¢t % rae ¢ # 07

JoxazaTe, 4To B KayK bl Y/IEH ONPEIENTENS BXOAUT YETHOE YHCIO 3Ie-
MEHTOB, 3aHHMAIOIINX HEYEeTHOE MECTO; SINEMEHTOB JKe, 2aHEMAOLIHEX YeT-
HOE MECTO, BXOJHT YETHOE YKCJIO, €M ONPeNeIHTe b Y€THOTO MOPA/IKA,
1 HEUeTHOE 4HCIO, eCNH ONpEeAENIHTENb HEUEeTHOTO IOpAaKa.

JlokazaTs, 9T0 OnpeseMTENh HE M3MEHWTCH, €CIM W3MEHHTh 3HAX BCEX
JIEMEHTOB Ha HEYETHHIX MECTAX; €CJIH K€ H3MEHHTH 3HAK BCEX 3JIEMEHTOB
HA YETHBIX MECTAX, TO OIpPeIeNUTeNL He M3MEHHTCH, €ClH OH YeTHOTO
NOpAAKA, U H3MEHHT 3HAK, €C/IM HEYETHOrO NOPSAIKE.

JloKa3aTh, YTO OUPEJENATEN: He H3MEHHTCH, eCJIH K KaXKI0# CTpoKe, Kpo-
Me TiocneAHel, NpUGABUTL MOCHEAYIOLYIO CTPOKY.

okazaTn, 4TO OnNperenUTENL He MIMEHHTCH, €CAU K KaKAOMy cToabny,
H3UMHAas CO BTOPOro, npubasurh npeawaymui crosben.

JokazaTe, 4TO ONpeNeUTeNs He H3MEHHTCH, €C/IH M3 KaXKOOH CTPOKH,
KpoMe Iocjensett, BHIYECTh BCE NOCASAYIOMUE CTPOKU.

HoKazaTe, 4TO onpelennTe/ b He H3MEHNTCSA, eC/IH K KaXXAOMy croabny,
HAYHHAsA CO BTOPOro, NpHOABUTL BCE NpenblAyliue cToIOmb!.

Kak msmeHnTCA OnpeneanTens, G B3 KAXKI0M CTPOKHA, KPOMe [ocien-
Helt, BLIYECTH NOCHEAYIOIIYIO CTPOKY, M3 INOCheAHed CTPOKH BBIMECTh
TIPEKHICK) TIEPBYIO CTPOKY?

Kak u3MeHUTCH ONPEOEsHTENb, €CNH K KaKAOMY CTOJDIY, HaMUHAA CO
BTOPOro, NpHOGABUTL MpeAbAyIIEH cToI6en K B TO XK€ BPEMSA K MEPBOMY
npubapurhk noCIeqHUNE?
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231. Kak M3MeHNTCA ONpemenuTeNb IOPANKA 7, 8CJIM €0 MATPULY NOBEDHYTH
ma 90° Boxkpyr <«ueHTpas?

232, Yemy paseH onpelleNINTeNbL, ¥ KOTOPOIO CyMMa CTPOK C YeTHBIMH HOME-
paMu paBHA CYMME CTPOK C HEYETHbIMH HOMepaMH?

233. Hatitu cyMMy BCex onpemenuTesedl mopagka n 2 2, B KAKIOM U3 KOTO-
PHIX B KaXKAOH CTPOKE M KaXHoM CTonbue OfMH 3/IeMEHT PABEH eAMHUNE,
a OCTaJbHLIe paBHBl Hyno. CKONBKO BCEX TAKUX onpemenuresnei?

234. Haiitu cymMmy onpegenureneii nopagka n 2 2

n Ala; @lag -+ CGlo,
E : A2y Q209 -+ Q2an,
1
ot |
T Qnay Gnag -+ Onan
rie cymma bepercsa NO BCeM 3HAMEHHAM &, &g, - . . , O, HE3ABUCUMO ADPYT

OT Apyra H3MeHAwmuMcda ot 1 go n.
235. TlycTr BCE NAEMEHTH ONMpeneJUTens

a;] 412 ... Qe
421 azz ... Q2n
Qnl Qp2 ... Qnp

ABISIOTCS LEAbIMH OAHO3HAYHBIME 4Ynchamu. O6o3Hauum 4depes N umc-
710, 3anucanioe MupamMy - CTPOKHM ONPEIENHTENA ¢ COXPAHEHHEM HX
PacnoNoXKeHHA (Qin — YHMCIIO EIUHUI, G; n—) — YUCJIO JECATKOB W T.A.).
JoKazaTh, YTO 3HAYEHHE ONPENEIMTENRI AGMUTCA Ha Hambonbpmutt obmuii

penurent uncen Ny, No ..., N,.
236. Paznaras no 3-# ¢TpoKe, BEIYHCAHTH ONPEAESAHTENDL
2 =341
4 -2 3 2
a becd
3 -143
237. Paznaras no 2-my croaduy, BHIYHCAUTh ONPEeIeSuTes b
5a 2 -1
45 4 -3
2 ¢ 3 -2
4 d5 -4
Briupcnuth onpepenuresin:
zab0c
238 gigg 239 %338 2403.1;0305
"l12¢3) “183c45 'gizu{
000d d000 0000 v
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241. Tlycre M;; — munop sneMenTa a;; onpenesutens D. [loka3aTe, 4To ecin
D — cuMMeTpHYeCcKHil OTIPEEeNIMTENE HIH KOCOCHMMETPUYECKHI onpeje-
ANTENh He4eTHOro nopajxa, To M;; = Mj;; ecnn ke [ — xococummerpu-

242,

2447

245°

246

YeCcKuil ONpeNeIUuTeNh YeTHOrO NopsaKa, To M =

“Mj,ﬁ.

[Iycrs D — onpemenurens mopsaka n > 1, D' u D" — onpenennrenn,
nony4yeHnele W3 [} 3aMeH0l KaX 0o 931eMeHTa, a;; Ha ero anreGpamyeckoe
pononnenne A4;; xast D' n na ero munop My; ana D", Jokaszats, uro D' =
D", Onpenennrens D' HasmBaeTca B3auMHBIM (WM IPHCOETUHEHHBIM) K
D. O supaxenun D' uepes D cm. 3anauy 506.
243. BBIMMCAHTE CAEOYIOLIMI ONpERETUTeNb, He Pa3BepThiBas ero:

0

T
¥
z

f—t et

a b ¢ 1
b c a 1
¢ a b 1
b+c c+a a+bd 1
2 2 2
01 1 1
1 0 22 42
1 22 0 22
142 2% 0
a’l‘_2 ay
a5 ? a3 | _
a®? o?
=(a1+az+... +ay)
ai_l aé“ ay
R
et e
= Z Qe Qg -+ By
k1,k2, 0 kn

rge CyMMa 6epe1‘ca 0 BCeM COYeTAHHAM H3 71 HHCEeN 1,

a?"g a?_l

a?“g ag_l

@ !

aq ai a'i‘*l

ay aj a;"l
k]

a, a? an~!
2,3,...,nmmon—1.
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[Monb3yack CBOKCTBAME ONpPEHEIHTEIEH, BKIIOUAA Pad/IOKeHHe 0 CTPOKE AN
crosbiy, NOKa3aTh TOXAECTBA:

247

248.

249,

250.

251.

252,

2537

cos Ot_gé sin a_%g cos %ﬁ

B—v . B+t~ B+ |
COs 2 S 2 CO8 2

y—a . Yt ¥+ o
cos sin -—; cos =5

= %lsin(8 — @) +sin(y - A) +sin(a = )]

sinfa sinacosa cos?a

sin? B sinfBcosB cos?f | =
sin?y sinycosy cos®~y
= sin{a — ) cos aecos 8 + sin(B — ) cos B cosy + sin(y — ) cos ycos a.
(a+b)? ¢ c?
a2 (b+¢)?  d® = Zabe(a + b + ¢)°.
b? b (c+a)

1

—
—

=3
-+
]
‘ 2
-+
g

1] = (a—b)a—c)b—c)(z~—y) _
(e+2)(b+x){cta)atyb+y)cty)

b

o
-
8
-+
e

¢!
+
&

ct+y

! 1
at+y a+=z

1 1 —
b+y b+2z

c+zx c-Il—y c-}-z
- (e —b){a—c)(b— o)z —y){z —2)(y — 2)
(a+z)(b+z)(c+z)a+p)b+y)(c+y)at2)b+z)c+2)

=]
—+
3]

o
— |
B

a?+(1—a®cosp  ab(l—cosyp) ac(l — cos )
ba(l —cosy) B2+ (1—b)cosp  be(l —cosy) = cos® ¢
ca(l ~ cos¢p) eb(l—cosp) ¢+ {1-cDcosyp

npn a? + % + ¢ = 1.

cospcosP—-singsinycosd —singcosth—-cosesinycosd@ sinysing

cossing+sinwcosyPecosf —sinpsiny+cospcospeosfd ~cosysind | =1,
sinwsin & cossin 8 cos B
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§ 4. Beluncnenue onpeneaurelsieil ¢ YMCIOBBIMH 3JIEMEHTAMU

Boraucnnth onpelenuTenu:
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— o e
SR CI U WD = O b oo
oy — CIO0 00w MOl e
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uD
570_.;% 9 S U O b~ 00 b an
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1 2 3 4 5 3 6 564 35 50 71 59
2 3 710 13 5 0 786 2 70 77 54
270. 13 5 11 16 21| 271.|6 12 13 9 7|. 272. .
43 68 72 52
2 -7 7T 7 2 4 6 654 99 48 65 50
1 4 5 310 2 5 453
27 44 40 55 2 13 39 4 4
20 64 21 40
273. . 274,61 11 14 50 56 |.
13 —20 —-13 24
A6 45 —&5 84 62 20 7 13 52
- 80 24 45 57 70
1 5 2 3
3.9 .3 3 372 5 2
2 2 2 91
5 8 2 7 3—12?15
275. i3 3 3 3| 276 o 9 1 5l
4 5 2 = -2 2 =
- - 1 =z 3 2 §5 2
3 3 3
7 -8 —4 -5 _lo2 18
7T 07 77
32_5_5
PR V2 V3 VB V3
077 ) 278 V6 V21 V10 23
18 _4 4 14y "|V10 2V15 5 V6
6 3 3 3 2 2v6 V10 V15
2 4112
5 5 2 5§

§ 5. Meroabl BEIYHCIEHHA OOpelesiuTesed n-ro nopagka

BBEIOEHUE. Meton BeruncneHus onpejesuTeNeli ¢ YHCAOBBIMH 3nEMEHTaMH,
cocTOAmui B OBpPAIEHAN B HyJL BCEX 3JIEMEHTOB HEKOTODOH CTpoxH (cTomnG-
112}, KPOME OFHOrO, W NOCAEAYIOINEM NOHIKEHHH NOPA/KA, CTAHOBUTCS BEChMA
TPOMO3AKUM B cliydae onpenenuTenelt RAHHOTO NMOpAAKa ¢ GYKBEHHBIMH 3Je-
MEHTaMH. DTOT NYThb B 06ILEM CI1y4ae IPUBOANT K BRIPAKEHHIO, KOTOPOE MOJY-
92eTCH BRIMHCACHHEM ONPERSAATENs NPAMBIM NPHMEHEHHEM €ro ONpeAeNeHus.
Tem Gonee 3ToT MeTon HeyRofeH B cnydae onpenennTens ¢ OYKBEHHLIMH KA
YHCJIOBLIMH 37IEMEHTAMU U NPOH3BOJLHBIM MOPAAKOM 7.

Ofmero meTosa Ay BHIYHMCAEHUS TAKUX ONpEAENUTEseli He CYyiecTBYeT
(eci He CYMTATH BBLIPAMKEHHUS ONPENENIUTENA, JAHHOTO B €r0 OnpeleneHny).
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K onpegenuresiaM TOrO MJM MHOIO CHEHUAJNBHOIO BUAA NPMMEHSIOTCA PAa3jind-
HBl€ METORB BRIYHCAEHHS, TPHBOIAINIAE K BHIPAXKEHHsM, 00Nee TPOCTEIM (T. €.
CONEPAKAIMM MEHBIIEE YHCA0 NefICTBHH), YeM BBIpaXXeHHe ONPENENnHTENs [0
onpegenenuo. Mut pasfepeM HeKOTOpbIe, Haubonee yIOTpeOUTENBHRIC H3 ITUX
METOAOB, 3aTeM JAIHM 33MA4MH HA KAXKIBI U2 3THX METONOB JJA HX YCBOCHH:
¥ 33/J]a4H, TAe yJaImuica caM poJKeH BrIOpaTes merod peteduda. dna yaoberea
OPMEHTAINY B MAaTEpHaJie 33a4H, CBA3aHHEIe ¢ Teopemolt Jlannaca u ymuoOXKe-
HHeM oTpefenuTeneli, BhiAeaeHEl B OTAe/NbHbe naparpadst.

1. METO/ IPUBEJEHHMA K TPEYIFOJILHOMY BUAY. DTOT METOR 3aKJK-
yaeTca B Npeolpa3oBaHUM ONpeAeNuTens K TAKOMY BHIY, TXE BCE 3JIeMEHTEHI,
JeXKaIMe 1o OJHY CTOPOHY OHHON M3 puaroHajeit, pasibl Hymwo. Caydait no-
G04HON JUAroHaJH MyTEM H3MEHeHHA nopaaka ¢Tpok (wnu cronbuos) Ha 06-
PATHLII CBOAUTCA Ha Ciydail rmaBHo# auaroHaan. [lonyueHHsll onpeenuTens
PAaBeH MPOM3BE/NEHHUIO 3NEMEHTOE TVIABHON IHATOHAJIM.

I[TPUMEP 1. Briqucauts onpeaenuTent NOpARKa n:

111 .1
101...1
D={110..1
111...0

Buriuntaem NEPBYW CTPOKY H3 BCEX OCTaJIbHBIX!

11 1 .1
0-10 ...0
D=|00 -1..0 (=(-1""L

ITPUMEP 2. BRIYHCAHTE OTIPEASTIHTEND

a1 T x ...=x
T a T ...z
D=z 2 a3 ... =
T T Qn

Briuutaem nepByio CTPOKY M3 BCEX OCTAMABHBIX:

ay x x x
r—a; G —= 0 0
D=lz-aq 0 a3—=x 0
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H3 nepsoro cronbia BEIHOCHM @] — T, U3 BTOPOTO @9 — I, . . ., U3 1-T0 @y — T
ay x x x
a1 — ay— A3—T  Qp—I
_ _ _ _ -1 1 0 0
D=(a1—x)aa —x)...{an — ) _1 0 1 )
-1 0 0 1
ook —e— = 1 + 2 hoBece CcTONBLUEI TPUbABHM K MEPBOMY:
a)— a] —
D = (a1 —2z)ag —z)...(an — ) X
T z z z T
14+ —+ ... +
a;—2x G, — % Gy—2X az—2I amo—a:
1
X 0 0 1 0 |=
0 ................ 0 ....... [] ........ .
1 1 1 1
= m(al——m)(ag—x)...(an—x)(—+ + +-—-+—).
r a - a-—=z ap — T

2. METOL BBIJENEHUSA JUHEAHBIX MHOXXUTEJENA. Qupegenurenb pac-
CMATPHBACTCA KaK MHOTOYNEH OT OJHON HAH HECKOJBKHX BXOAAIIHX B HETO
6yks. IIpeobpasya ero, o6HapyKHBaKOT, YTO OH AEMUTCA HA Psif JIMHENHBIX
MHOXHTENEH, 2 3HAYUT (€CNH DTH MHOXKUTENHM B3AWMHO NMPOCTHI)}, M HA MX NPO-
H3BeJeHHE,

CpaBHHBa.Fl OTAEJBHBIC YWICHBI OIIPDEASTHTENA € YWieHaAMH NNPOH3BCRCHNA JTH-
HEHHEBIX MHOH(HTGJIeﬁ, HaxXOOAT YaCTHOE 0T ACNEHUA ONPEAEeNUTeNd Ha 3TO 1Ipo-
H3BEOeHHE W TeM CaMbIM HaXOIAT BLIPAXKEHHE ONpPenesuTesd.

[TPUMEP 3. Briuucnurs onpegesnrtens

0Oz y 2
p=|%02v
Z xr
Y 0

te W&
8 ol

Ecnu x nepeomy cronbuy nmpubGaBMThL OCTANBHBIE, TG OOHAPYIKUTCHA, UTO
ONpedesuTens REUTCA Ha T + ¥ + 2, ecnud K nepeoMy cronbuy npubasuTh
BTOPOH M BHMECTh TPETHIt H YeTBEPTHIN, TO BELASAHTCA MHOXKHATENb ¥ + & — &)
eCJTH K NIEPBOMY CTOJIOLY NPHOABUTL TPETHH U BEIYECTH BTOPOH M YETBEpPTHIH, TO
BBIJEANTCA MHOGKATEIL T— Y+ 2, HAKOHEL, eCJIM K NepBoMY cToabLy NpHOaBHTE
YETBEPTHIA U BLIYECTE BTOPOH U TPEeTHH, TO BEIAGAHTCS MHOXKUTENb £ + ¥ — 2.
Cuuras x, y, 2 HE3aABHCHMBIMI HEM3BECTHBIMHY, 3AKJIIOYAEM, UTO BCE 9TH YETHIpE
MHOKHTENs ONAPHO B3AHMHO NPOCTEl, U 3HAYUT, ONPeAeNUTeNb IEIHTCH HA HX
npouspesenne (r+y+ 2)(y+z—-x)(c—y+ 2}z +y — 2).
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DT0 NPOM3BEIEHHE COREPIKHT WieH 2 ¢ koadpbunuenTom —1, a cam onpe-
TeNUTeNb CONEPKUT TOT Ke 4jeH 2- ¢ KovddummeHToM +1. 3HauuT,

D= —(z+y+2)lytz—z)z+z—yHzty—2)=
=gyt + 2t - 2z2y? — 2222% — 2y2z3.
[IPHUMEP 4. BRIYNCIHTE METOROM BBIZIENEHHA NUHEHHBIX MHOXKHTENEH onpe-
AeauTens BanmepMoOHOA n-TO NOpPARKA:

1 = a:z oozt
2 n—1
1 =z, z il
Paccmarpusaa ), kak MHOro4YsieH OT OJHOI'O HEH3BECTHOTO I, ¢ Koddodn-
LMEHTAMH, 3aBUCSILIMMHU OT Iy,...,%En—], BUIAUM, YTO OH o0pallaeTcs B HYJL
MNP T, = T1, Tn = T9,...,&n = &Tn—1 H TOTOMY ACAUTCH HA I, — I,
Ty — L2038y — Tp-1-
Bce 3TH MHOMUTENH B3aHMHO NPOCTH (TAK KaK 1, I2,...,%L, aarebpande-

CKM HE3ABMCHMBI).

3uaunT, [, HenuTCa HA UX NPOU3BEJIEHHE, T.e.

D,= Q'(xlsx% Sy xn)(mn - Il)(In - 5'32) v (-'L'n _.mn—l)‘

Pasnaras D, no nocnennedi cTpoke, BUAHM, YTO OH SABAFETCA MHOTQYJIE-
HOM CTEneHn 7 — 1 OTHOCUTENLHO Z,, NpHYeM Koa(hdwmuument npn :1:::_1 pa-
BeH onpefenutento BamnepMoHaa Dy, U2 HEU3BECTHBIX Iy, IL9,...,ZTn-1; TAK
KaK TIPOM3BEAEHHE CKOGOK B MPAaBOi YACTH MOCNERHETO PABEHCTBA CONEPXKHT
27! ¢ xosdbuupentom 1, To MHOTOUNEH (%1, Zs,...,T,) He CONCPNKUT Zn,
i, cpaBHuBas K03hUUMEHTH NpH 27! B 06X YACTAX PABEHCTBA, NMONYYUM
D, _1=q(x1,22,...,Zn1), 0TKYZ2 Dy = Dy 1{zn ~ 21)(Tn — z2)(T0, — Tn-1).
[Ipumensisi 3TO PABEHCTBO C 3aMeHON n Ha n — 1, UMeeM

Dn—l = Dn——2(37n—1 - :B]_) ‘e (frn—l - :L‘n_g).

9To BLipaxkeHue A8 [, | NONCTABHM B NpeABIAyIIEe BRIpaxenue gis D,

HMosTopasa 3T0 pacCyKACHUE, Mbl BbIJIENAUM, HAKOHELl, MHOXKHTENDb Ty — 1, IOCAE

Yero npuseM K onpenenantento Banpepmonga nepsoro nopagxka Dy = 1.
Taxkum obpasom,

D, = (zo—mi{zz —x1){zs —z2) ... (Tn — 1 H{Tn — 22) ... (T — Tn—1) =

[z = =5).
>

3. METO/ PEKYPPEHTHHIX (PEKYPCHBHEIX, WY BO3BPATHEIX) CO-
OTHOUIEHUI. DTOT MeToj 3AKJOYASTCH B TOM, 4TO JAHHBLIH ONpeAeTuTe/b
BBLIPAyKAIOT, TPeobpasys M pasJjaras ero 1o CTPOKE BMIH CToAOILY, Yepes ompe-
AeJILTeJH TOro e Buja, HO bosee HU3KOPO nopAankKa. HOJ‘[Y"!CHHOG PaBEHCTBO
HA3LIBAETCA PEKYPPEHTHBIM COOTHOLIEHHEM.

il
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3aTeM BBLIMHUCHASIOT HEMOCPEACTBEHHO IO O0LIEMYy BHAY ONpEeAeIUTeNd
CTOJIEKO ONpeJeJuTeNell HH3IIHX MOPAIKOB, CKOJEBKO UX OHINO B NpaBofl 4a-
CTH DPEKYPPEHTHOro coorHouieHus. OnpelenuTeny 0ofiee BHICOKOTO NOPsiAKA
BLIYMHCISAIOTCH TIOCNEA0BATENBHO U3 PEKYPPEHTHOrO COOTHOLIEHHA. Kcin Hanuo
TOJIYYUTH BRIPAYKeHUe AJd OIpereanTens Joboro nopajgka. 1, To, BHYHCIHE H3
PEKYPPEHTHOTO COOTHOLIEHHH HECKOJIBKO OUpEeJeNuTeNeil HUIIMHX NODANKOB,
CTAPAIOTCH 3aMEeTHTL OOIIMA BHA HCKOMOTO BBIPAXKEHWA, a 3aTeM JOKa3bIBAIOT
CIpPAaBEJTHBOCTL TOIQ BLHIpaXKeHnsa npu noboM n ¢ NOMOIMILI0 PeKYPPEeHTHOro
COOTHOIICHHA M MeTOHa MHAYKLIMH 1O N.

Ofiee BrIpaXkeHue MOXKHO MOAYYUTE H APYrHuM nyTeM. i aToro B pexyp-
PEeHTHOe COOTHOUIEHUE, BhIPaXKaloiiee onpelesyTeNt n-I0 NopsAKa, NOACTaBAs-
10T BIpakeHue onpenenurens (n — 1)-ro NopaAKa U3 TOTO Xe PEKYPPEHTHOTO
COOTHOIICHHSA C 3aMeHOM n Ha n— 1, najiee NORCTABAAIOT aHAJOIHYHOE BHPasKe-
HHE oTIpefenuTenda (n—2)-ro nopsaKa U T. 4., IOKA He BBISICHUTCSA BHA HCKOMOTO
ofInero BeIparKeHUs ONpeRenuTend n-ro nopaixka. MoxHo Takke koMBHHENPO-
BaTh 00a OyTH, HCNOJNL3YA BTOPOH OYTE AMA OOHAPYIKEHWS] HCKOMOTO BhIpaXKe-
HUSE W JOKa3blBad 3aTeM CIPaBellIMBOCTL ITOTO BBIPAXKEHUS] MHAYKIWEHR 110 n.
MeTon peKkyppeHTHBIX COOTHOIIEHHN ABAAETCA HauGosee CIWIBHBIM CPeOH pas-
fupaeMBIX 34eCh METONOB W NPUMEHHM K (oJiee CIIOXKHBEIM ONpPeIeTHTeNsM.

Ilpexcpe Hem nepeilTu K NpuMepaM BBIYHCACHUSA ONpeAeIHTENeH MEeTOACM
PEKYPPEHTHBIX COOTHOmMEHMH, pa3bepeM OQUH ero YacTHLIN Cydall, Toe peKyp-
PEHTHOE COOTHOINEHUE RAET AIINOPDHTM JUIS PELIeHAs 33AaqH, HCK/TIOYATOLLHI
3/IeMEHT AOTafKH, HMELuiica B obmeM cayqae. flycTs pekyppeHTHOe COOTHO-
INEHUEe HMeeT BUT

Dy, = PD -1t an—Q, n > 2, (1)

Te P,q — NOCTOSHHBIE, T.€. HE 3ABMCHIIHE OT T BETHMHHH.

Ilpn ¢ = 0 D, BeiyucnaeTcs KaK 4ieH reoMeTpudeckoi nporpeccun: D, =
p"~1Dy; saece D) — onpegesurens 1-ro mopsaxa JAHHOTO BHAA, T. €. SJIEMEHT
onpedenurens D,, cToAuA B NEBOM BEPXHEM YIUY.

Ilycrs ¢ # 0 @, B — KOPHE KBaJPATHOTO ypaBHeHUs 22 —pz—q = 0. Torga

p=o+08, q=—af, npasercrso (1) MOXKHO nepenucaTh Takx:

Dp~fBDn1 = o{Dnoy = BDs-2), (@)
HAH

Dy, -aDyp, = ﬁ(Dn—]. - aDn-‘Z): (3)

IIpeanonoxxum cHavada, 4ro o # B

1

) Bror Merox coobiren apropy JI. 1. Oxyuepsis. OH NPHMEHUM TAKIKE K PEKYDPEHTHOMY
cooTHOWeEHUIO Dy = p1 D+ 4 pe Dy € MOCTOAHHEIMUY P1, .. . , Py ¥ MOBLIM &, HO BBHAY
TPOMOIAKOCTY PACCYMIEHUR MBI OCTAHOBUMCH JUIIB Ha k = 2,
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ITo dopmyne anst (n — 1)-To WIEHA TEOMETPHYECKON NPOrpecCHH M3 pa-
geHcTB {2}  (3) HaxoZuM
D, = BDn-1=a""%(Dy— BD1) u Dn—aDy1=pg""2(Dy—aly),
o~ (Dy - BDh) — B*~ (D2 ~ aDy)
a—0 ’
Dy - Dy
—_ . (== (4)
a(a~ ) Bla — B)
ITocnennee Buipaskerne ana D, nerko sanomnHaeTca. OHO BRIBOTHIIOCH OJIst
n > 2, HO HemOCPeJCTBEHHO npoBepsaerca aad n = 1 U n = 2. 3uayenne C) u
Ca MOMHO HaxoOMTh He U3 npuBe,neHHblx BeIpaskeHuft (4), a W3 HaYAJIbLHBIX
yeaosuit Dy = Cia + Coff, Dy = C]O! + Cgﬁ2
Iycre Tenepey o = 8. Pasenctea (2) u (3) obpamaloTcsa B OOHO U TO Xe
Dy ~aD, y = Of(‘D'n—l - oDy _2),
Dp—aD, 1 = Aa"2, (5)
A = Dos—abs. .
SaMeHds 30ech » Ha 1 — 1, monyuum Dy_; —aD,_g = Aa™ 2, orkyma Dpoq =

aDp_g + Aa™3 BCT&BJIHH 3TO BBIPAXKEHHE B PaBEHCTBO (5) HafigeM D, =
*Dp_g + 2402, TloBTOpSIs TOT e HPHEM HECKOJIBKO pa3, notyuum D, =

A
o 'Dy 4+ (n—1)Aa™? uan D, =a"[(n—1)C1 + Cy], rme C = 3, Ca= —

(smeck o # 0, Tak Kak g # 0).

[TPUMEP 5. BoluncauTs METONOM PEKYDPEHTHBEIX COOTHOIIEHMH ONpeeny-
TeJh npuMepa 2.

IIpeacTaBuB 31eMeHT B IPABOM HIJKHEM YIVIY B BUAE @p = £+ (@n — T), MBI
MOXKeM onpeaenuTens D, pa3OUTEL Ha CyMMy IBYX OfNpenenuTeei:

orkyaa Dp = HJTH

Do —
D =Cia, +Cyf, e € = 9 — alh

OTKYJA

roe

a T ... X x 4] T ... X ¢
T a ... T T T Qg ... % 0
D= . o
Tz =z Gp-1 I r Ay -1 0
r r ...z T r T ... Z an — &

B niepBoM onpenenuTene nociaexHui cToNGEl BHYTEM H3 OCTAJNBHBIX, 4 BTO-
polt onpeaenuTeNb PAa3IOKHM [0 NOCAERHEMY CTOAOIY:

Dy, ==z{(a1 - z)(as —2)...(Gnoy — &) + (an — ) Dy

JTO H eCTh PEKYPPEHTHOE COOTHOmeHne. BCTapisAs B Hero aHAJOrHYHOE
BLHIpasKeHne nasa D,_ |, Halimem

D, = z{a1 —z)laz—2)... (ap-1—2) +
+z(e) — x){ag — z}... (@n—2 — x){ay — 2) + Dp-g(an-1 — z)(an — z).

2—3773
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[TosTOpas To xe paccyxxenue n — 1 pa3 u 3ameyas, yto [h = a) =z +
(a1 — x), nomygum

D, = z(ag~2z)(ag—2)...(an—1 —2) + z(a1 — ) ... (@Gn2 —T)(an —2) + ...
o4 zlag—2).. . (ap—x)+ (a1 —x)as ~z)...(an — T} =
:J;(al—x)(az—:r)...(an—:r)(%+ - + - ),

a) ~ T anp, — T

YTO COBNAJAET C Pe3yAbTaToM IpuMepa 2.
TIPUMEP 6. BrluvcanTh ONpenenuTens DOPAIKA T

5300¢...00
2530...00
D,=j0253...00

.................

Paznaras mo nepeoit cTpoxe, HaliieM peKyPPEHTHOE COOTHOILEHHE
Dp=5D,_1-6D,_».

Ypasuerne x2 — 5z + 6 = 0 umeer kopuu a = 2, § = 3.
o dopmyne (4)

Dy, = Crol* + Cyf" = 3™+ — n+l,

4. METOA NPEACTABJEHNA ONPENEJUTENA B BUAE CYMMBI OIPE-
AEMUTENEN. HexoTopble ONPEAesINTEIN JerKO BEIMHCAAIOTCA MyTeM pa3jloxKe-
HUSL UX B CYMMY ONpejenuTeNell TOro ke NOPAAKA OTHOCHTENBHO CTPOK (Miu
CTON61OB).

[IPUMEP 7. Brluucnurs onpeaedTesb

aij+by ar+b ... a1 +b,
D = as+ b as+by ... as+ b,
=

an""bl an‘l'b? an+bn

3TOT ONpemseNuTeNh OTHOCUTENBHO TEPBOHN CTPOKM Da3faraeTcsd Ha JiBa
OINPeNEJIATENSA, KaKABI W3 HUX OTHOCHTEABHO BTODON CTPOKH CHOBA pasia-
raeTcs Ha JABa onpelenurens ¥ T. 4. Holtas no nmocnenHedl CTPOKY, IONYUIUM
2" onpegenuteneii.

Ecan npu ka’kpgoM pasiiodeHWd 3a IepBble CJIAraeMbie NPUHAMATH YUCHA
a;, & 3a BTOphIe YHCha bj, TO CTPOKYM MONYUEHHBIX onpeaenurenel Oynyr aubo
BUAA Q;, 44, ..., 0, 100 BUga by, by . .., by, JBe CTPOXHM IepBOTO THIA MPOTIOD-
LUOHAJIBLHBI, 4 BTOPOTO THNAa pasHBlL. Ilpu n > 2 B kaxkAapHi TOJIYYHMBIIHICH
ONpeAeIMTENE TIONAJA0T O KpaitHel Mepe fiBe CTPOKH OIHOTO THIIE, U OH ab-
patarca B Hynb. Tak D, = 0 npu n > 2.



§ 5. MeTonbl BEIMHCIIEHU ONpeenuTeneii n-ro nopagka 35

Hamee,

by by
an 4

a; o

b b

5. METOA M3MEHEHUS 3MEMEHTOB ONPENEMUTENS. 3TOT METOA OpPH-
MeHSeTCA B TeX CAYYAHX, KOTJA NYTEM M3MEHEHMs BCeX 3JIEMEHTOB ONpPeResiH-
TeJaA Ha OJHO M TO XKe YHCJI0 OH NPHBOTUTCA K TAKOMY BHAY, B KOTOPOM JIETKO
COCYATATE anredpandeckne JONOnHeHMs: Bcex aneMenToB. Meroyn ocHoBan Ha
CHeIYIOUIeM CBOMCTBE: €CiTH KO BCEeM 3JIEMEeHTAM onpegesurena [} npubasuth
OIHO H TO XKe YHCJ0 £, TO ONPEIEIHTENb YREJIUIUTCH Ha TPOH3BEAcHIe THCIA
T Ha CyMMy anrebpadyecKux INOMOAHEHHWH BCEX DJIEMEHTOB onpenesnurens .
B camoMm gene, nycTs

Dh=a +b, Dy= =(a1 -ag)(b-z"bl).

Paznoxkum D' Ha gBa onpefenuTens OTHOCHTEIBHO NEPBOH CTPOKH, Kak-
ABIA U3 HUX Ha OBa ONPERETHTENs] OTHOCHTENILHO BTOPOR CTPOKH H T. 1.

Cnaraemble, cogepxamue 6osee OQHON CTPOKM 3JEMEHTOB, PABHBIX T, PaB-
HbL HYJIO.

Cnaraemble, COREPKALME OOHY CTPOKY IEMEHTOB, PABHBIX T, Pa3/OXKUM

10 370t cTpoke. Torma nonyyum D' = D+ z Z A;j, uTo U TPebOBANOCh.
ij=1
TakuMm 06pa3om, BerY@C/IeHHE onpegenutens D' cROAMTCA K BHIYHCHEHHIO
onpefemurend D u cyMMul ero anrebpandeckux AONOJHEHHH,
ITPUMEP 8. Beluncaurs onpexenuTent D, npumepa 2.
Briqutas u3 BCex ero 3feMeHTOB YHCIO T, MOJYYUM ONpPEAeTHTENb

a) — & 0 0
D 0 as—T ... 0

Anrebpandeckue NOTONHEHWs 3/IEMEHTOB [, He nexkallux Ha TJIaBHOM Aua-
TOHAJIH, PABHBI HYJIKO, & KaXKJ0r0 3JIEMEHTa Ha FJIABHOM XUArOHAIH — Npou3Be-
JEHHUI OCTAJILHBEIX 97IeMEHTOB IVaBHOH AuaroHasad. [lostomy

Dy = (@ -7).(an—z)+23 {a1=12)... (a1 — 2)(ai41 ~ @)... (an — T) =
=1

z(a; — z)(az — z)... (an ~ ) (l+;++;)

r a]—= Ay — T
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BrupcauTs chezyiomie onpeae/iTeNN NPHBEAEHHEM K TPeYTONLHOMY puay:

1 2 3 ...n 123 ...n-2n—-1n
-1 0 3 ... n 234 ...n-1 n n
279. [-1 -2 0 ... n|. 280.13 45 ... n n o nl.
_1_2*3 ...... 0 . n ....... n n
r] a2 @13 ... Gin 1 1 1 1
1 X2 a2y ... donp [#5] a1 al——bl [#5]
281. |(x1 22 23 ... asn i 282, aq eo. Qg by ag as |,
Ty To I3 T Gy — by Gn a, Gn
322...2 ayg 4ap a2 an
232...2 —x z 0 ... O
283. {22 3 ... 2 284, 0 -z ... 0
222..3 0 0 0.. z
aj az ag Uy
-1y 9 O ... 0
285 | 0 —x9 x3 ... O
0 0 0 Ty

286. BriyuCAUTE ONpedesuTel/b NOPARKA N, IEEMEHTEl KOTOPOTO 3a7aHb] YCJ10-
BUAMH a;; = min(i, 7).

287, BLIMHCHHTE ONpEeAENHTENb IOPARKA 71, IAEMEHTHI KOTOPOTO 3aaHbl YCIO-
BUAMH a;; = max(i, ).

2887 BouluHCIUTG OnpeaenuTenh NOPAAKa 1, SAEMEHTE KOTOPOTo 3a0aHbl yCIo-
BHSMH a; = [i — j].

BuruncanTh CEIYIOUNE ONPENETHTENH METOAOM BBIAEEHHA JHHEHHBIX MHO-
HUTENeH:

1 2 3 n 1 1 1 ... 1

1 z+1 3 n 12—-2 1 . 1
289, 11 2 z+41 n 290.|1 1 3-=x . 1

: 2 ) 3 ........ x+1 1 . .1 ...... 1 ........ n+1_$

Y Berony, rae no BHIY ONPEIeNUTEAA HEJMb3A YIHATE €0 NOPAJOK, NPeANoIaTAeTCH, IT0
TOPANOK DABEH N.
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291,

293.

dg a1 Qg ... dn
ag T ag Gp

ag a; I (12 202,
an Q1 Qo bid

1 1 2 3

12-222 3 .
5 3 1 = 204’
2 3 19—2?

-r a b ¢

a ~r ¢ b

b ¢ —z af

¢ b a —=r
1+ 1 1 1
1 1-z 1 1
1 1 142 1
1 1 1 1-=z2

Bruuciaurs CHeaymme onpeaesdTeny METONOM PEKYPPCHTHBIX COOTHOLIEHHH:

295?

297,

299.

302.

304,

aiby a1 aiby ... a1b,

aibs asbs ashy ... asb,

aiby aghy asby ... azb, |. 2967
a1by azba agbn ... anb

61 1 1

1 ag O 0

1 0 a 0 208,
100 ...... an

ag ay a2 Uy
-t 1 0 0
0 —%Y2 I3 0
0. ... 0 ; .In
10 00 .01
lag 0 0 ...0 0O
11 a 0O .00
13 1 a3 ...0 0
1000 ...... lan

300. 301.
000..2 000 ...3 000..7
56000..00 12000...00
45200..00 34300...00
01330...00 02530...00
00132...00] 303.(00253...00
00000 ..32 00000 ..53
00000...13 00000 ..25
a+B e 0 O 0
1 a+8 af 0 0
0 1 a+8 af 0
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Brraucanrs ONpeleNUTeNH MeTOAOM IPEACTABICHHA HX B BHIOE CYMMEI OIIpe-

38
JeHTesek:
r+ay ag a3 an
ay T+ ag a3 Qn
3057 ai a; T+as an
a3 ag as T+ an
g 1 1 1 .11
xy ap 0 O .00
307 o T3 az 0 0 0 308
"laz xa T3 ag 0 0 :
Tn Tn Tn Tn Ip Tp
Beruncauthd onpe,uenwrennl):
123... n—-1 n
133... n—-1 n
309. 125 ... n—-1 n
123 2n—3 n
123 n—-12n-1
1 ar as Qp
la+b ag . Qn
310. ;1 al as + be . an
1 a as an + bn
lnmn n
n 2n n
312. |n n 3 n
nnmn n
1-n 1 1 1
1 1-n 1 . 1
314. 1 1 1-n. 1
1 1 1 l-n

311.

315.

I aj Gp
306" ay T2 Gy
G'.vl a2 In
1 0‘1152 a1b3 a1Mn
ashht  x2  agbs a2bn
a3b1 agbg Ty ... ag,bn .
Gnby anbs Gnbs ... T
2 2 221
2 2 222
2 2 322
2n-1..222
n 2 . 222
ry00...00
0xzy0...00
313. OO:cy....OO'
0000 ...z vy
y000...0¢2x
1 1... 1-n
1 1...-n 1
1_n ...... 11
-n 1. 1 1

D BCIO,H,y, The HEACHO, HeMY DABEH TICPANOK ONPeAeHTE A, OH NDEINIOIaracTCH PABLIRIM 1.
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316,

319,

321.

323,

325.

326,

328.

o011...1 nll1l..1 ab ...bb
101 ...1 1n1...1 ba..bbd
110...1). 317.(1 1 »n ... 1. 318.| ............ .
........................ bbb ...ab
111...0 111 ...n bb...ab
1200...0 1 b 0 0 ... 0 0
1320...0 -11-% b 0 0 0
0132 ...0} 320 0 -1 1—=by by . 0 0
0000 ..3 0 0 0 0 .. —11-b,
T a1 a9 -1 1 ag ~1 0 0...0 0O
a T Gy ... Qp-1 1 ap r-1 0...0 O
a) a2 I ap—1 1 322. a9 0 -1...0 0
ap a2 aa ... T 1 1 0 0 0 ... 2 -
a as az ... ap 1 an o0 0 0...0
1 23 ...n-1mn n -1 0 0...0
-1 = 0. 0 0 n-1 -1 0...0
0 -1z . 0 0.324-71—203:—1..0
0O 00. r 0 2 0O 0 0...z -1
0O 00.. -1 =z 1 0O 0 0...0 =
1 z 22 £ z"
ap 1 =z 22 "t
az age 1 T "2
Gnl Gn2 Qn3 Gng ... 1
1 ¢} ¢ . cvlem
1 ¢, ¢, ..ol il 1
1cl,ct,... 0 0 lz0 2%
.............................. . 327,

1 2 ---------------
1 021 C3 0 0 1z o 0 2
LG 0 0 0 lzx r 0
ap @ as Gp.1 Qn
1 1 1 1
1 2 22 on
1 3 32 3"




40 Ornen 1. Onpegen

329. | ... .

2 2 2
130. zy + 1 x5+ T2 .

-1 -2 -1 -2 -1
CANE AR A AER . AR 4

(:t:+a1)“ (:B-i-a]_)n“l e T4 ay 1
331. | (z+a2)" (x+a)"! ... z+ap 1y

(T4 ang1)” (Z+anp1)” ) ... THany 1
1 sing, sinzt,ol sin“_lcpl
339, | 1 sing; sin®pg ... sin™ !¢y ‘

333.

1 cospn cos?n ... cos™ Lo,

U pi(z1) walx1) o0 @n-1(z))
334. |1 p1(22) v2(z2) ... wa-1(22)

1 ‘Pl(xﬂ) (102(1:") ‘Pn—l(mn)

e wr(r) = oF + ap Tl aport 4 4 ke
1 1 e 1

fileose1)  fi{cospe) ... fi(cosn)

335. | falcosgr)  falcospz) ... fa(cospn) |

k—2

fr-1{cos@1) fa_1(cospe) ... fa-1(coses)

rae fe(x) = axoz® + api® 7+ gt + - 4 o
1 2 n—1

1 Crlll C'5 .. sz‘—1

336. |1 Cu C; cr

i

-
.
T v
1 ¢l ¢z o...cn

_ zx—D(x—-2)...(x—-k+1)
k! '
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337,

338,

340.

341.

342.

3437

345.

3477

2n-1)" (2n-2)" ... n° (2n)"
(2n—1""! 2n-2)""1 a7l (2n)?
In—1 2n — 2 n 2n
1 1 H 1
| T2 Tn
r1—1 x3—1 Ty, —1 1 2 3 n
1 9 Ty 1 28 33 nd
1 2 . 339.
xl .."‘32 Iﬂ ..........................
............................. 1 22n—1 g2l pén=1
x?—l $721~1 xr’;—-l
a ol W L. B
af ol &% ... B
e e IRPPRIIERRE R
Gny1 Gniiberr anlibiin - bhg
sin® oy sin® 2 acosay cos® 1oy
sin® Yag sin" "% o cos g cos" o,
S.i.n...i.o.[...s.ir.l;t.da .......... s
n 1 COS Qtpy cos" T ay,
-1
Falz1,91) Y1 fa-1(x1,91) Y1 2f1(331,y1) Y1
falz2,y2) Y2 fn-1(z2, y2) Y “fil{z2, y2) Yy

fal@as1 Ynt1) Ynd1Faet @ntts Yntt) oo Vet FLlZot 1, Ynt1) Yoid

rae fi(z,y) — OMHOPOAHBI MHOTOYIEH I, Y CTENEeHH §.

a) T xg m?"i 1z 2:2 xp2 o}

as To T 5~ 344* |1 T2 T3 5% g

Qn Tn Tp znl 1z, a2 ... 2772 27

1 xz mg z¥ 1 x xz . :::"1"‘1 a:§+i z7
T - +

1 Tg o Ty 346. 1 I o ... x‘; ff; 3:3

SR EER - ST RERRRERS

1 =i =, T, 1 z, 25 ... 37" &+ x
a f—

1 z(z — 1) x%(xl-n oo gl 1@1-1)

1 za(zy—1) zj(ze~1) xy " (z2 - 1)
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1+ x; 1+:r% oo 1427
1+xy 1425 ... 1423

3487

1 cosgy c€os2p; ... cos(n— 1)
349* 1 cosy €os2py ... cos(n — 1)ge .
1 cospy €082y, ... cos(n— 1)y,
sing; sin2g; ... sinng abcd
« | singa sin2ypy ... sinnegs: b adec
850 | - 5L cdabd
sing, sin2g, ... sinfup, dcbdba
abcdefgh
badc fehyg
cdabghef ::1(;:132'2
dcbahgife «
352- e f g h a b c d . 353- al a2 I ... an .
fehgbade aaa ....... x
ghefedab 1 42 93
hgfedeba
ay—b a1 —b ay — by

354. ag—b]_ ag—bg ag—'bn )

............................

14y 14+myr ... 142190
355. 1+xoin 14+ zoys .. 14+ 29y, '

................................

l+xpyn 14 2pys .. 1+ Tutn

fi{er) filez) ... fi(en)
axg. | f2(a1) falas) ... fa(an) ‘

falar) falaz) ... falen)

rae fi(z) —mHOrounen crenenyu He BeImE 1 — 2.

1+ay+b ay + by ay + by,
ax+by l4a+by ... as+b,

357,
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3587

3597

360,

362.

363.

1Y) l+z12 ... 1+ 119,

14+ ®oyn  zoye ... 14 zoy, .
l+az,mn 1+ za2 -0 Tpln
a-b+rz aj — by a, — b,

ao —b as —ba+x ... as — by
-an——bl an — by ap — by + 2
1 + a1 a1bs - arby,

asby To +aghy ... ash, 361"
h anbl anbo Tn + anbn
ap O 0 b

0 as by 0

0 bon-1 agm-1 0
b2n 0 0 azn
g lQ 0 0 .00
x $2 1 1100
1= 50 ..00 5 i i fl}

2 1 3647
0 1 — _-_5’ . 0 0 lllllllllllllllll
........ TR 0000
O 0 O 0 1 g
x

365" Padom Qubonauxu’) maspisaerca YUCIOBOH pPAfl, KOTOPBI HadYHHAETCH
YUCJIAMM 1, 2 M1 B KOTOPOM KaXKJ0€ CJIe/lyIOIee YHC0 PABHO CYMME JBYX

npenblAymux, T.e. pag 1, 2, 3, 5, 8, 13, 21,..

Hoxazars, 9T0 n-it 4ned paga PuboHauYM PABEH ONPERETUTENIO 1-I'O

nopsaKa:

1)

Fibonacci — wraneauckniit marematnx XIII .
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BriuacanTe OnpegefuTeIn:

3500...00 0100...00
4950...00 1010...00
366. |0 4 95 ... 00| 367.|01 01 ...0
0000 ..49 0000..10
0 100 00 al00...00
-1 010 00 1al0...00
368. 0 -101 00 369*(01al ... 00|
0000_10 0000 -
a 100. 00
-1 10, 00
370, 0 -1al. 00}
0000 ...... _1a
371" Joka3aTh paBEeHCTBO
COs & i 0 0...0 0
1 2cosa 1 ...0 0
0 1 2cosa 1 0 0 = COS Ny,
0 ...... 0 ....... 0 012cosa

ITonb3yacs THM PABEHCTBOM M Pe3ynbTaToM 3ajadu 369, momyuurs
BbIPAKEHHE COSNG Hepe3 oS o,
372. Joxa3aTh paBeHCTBO

2cos o 1 0 0...0 0
. 1 2cosa 1 0...0 0
Snnx _1 oo 1 2csal..0 0 |,
811 &

0 0 0 0...1 2cosa

TAe OOpefennTeNib uMeeT nopagok n — 1. Ilons3yace aTHM papeHCTBOM
M pe3ynsTaroM 3adadd 369, npescTaBHTh Sinna B BHAE NpOu3BeNeHHst
sin ¢ Ha MHOTOY/IEH OT COS (.

373! oxasaTh DABEHCTBO, HE BBIUHCHAS CAMHX ONPERENHTENeH:

a1 bl 0O 0 ... 0 0 ay blC] 0 0 ... 00
c1 dp 52 0 A 0 0 1 [£3] bgcg 'U e 0 0
O ¢ a3 b3 ... 0O 0 |=|0 1 az b3z ... 00
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Briaucaute QIIpERCTINTe TN

374,

375.

3767

377.

378,

|1+2% 0 0 ...00

T 1+22 z 0...00

0 T 1+:.r:2m“.00

0 0 0 0 ...z 1+2°
123 n—1 n

2314 n 1

345 1 2

a a+z a+ 2z a+(n—2x a+(n— 1)z
a+(n—1)z a a+x a+(n—-3)z a+ (n—2)z
a+(n—2)z a+(n—-1)z a a+(n—4)r a+ (n-3)x

a+z a+2z a+3z ... a+(n-1)z a
1 r ¥ ... "% gl
1 L e R
xn—Q xn—l 1 xn—fl xn——l’n .
r ¢ L .. g

He Boiuucnaa onpefsenutenel, yCTaHOBHTE, KaK CBi3aHLI Mexdy coboit
[Ba LUPKYJAHTA:

ay a3 a3 ... Qu_1 On a] dg ag ... Anp_1 Gn

an a; Gz ... QAp-2 Ar-1 Ga Q3 QA4 ... Gp a1

Q-] An Q] ... Gp-.3 Gp-9 H a3 a4 a5 ... 4j a9 ,

asz a3 a4 ... Qp ay p Q1 G2 ... Gr_9 Op_—1
IIOCTPOSHHBIE B3 OJHHX H TEX Ke YHCen 4, a2, . . ., G IPUMCHCHHEM KDY-

FOBBRIX NEPCCTAHOBOK B ABYX INPOTHBONONOXKHBIX HalpDABJICHHAX.

Brruucnure ONpeaeIHTEIN!

3797

NG |
) )] )




+ 8w & e
g <+
~— B c g
S— o
: P N
: : D . oo + - B
- . . ” . = | n L
Lo + F8 B4 F
: - B+ C 8
N — N
+ o0l B g e N «~ SN :
g 2 + o g g g + & . Do
M N m . nr.......\ I~ Y , : Lo
- e e .
~— L : NN
. : : Lo - ™ :
\ll../ﬂ.l./_\ll../n : : Lo + + ”+
+ o F : P e 2 ee g & 2
- — o™ \.ln.../.\...l.../\.l}/ ] e + .
g E £ O memIem o D4
— e Fatatary R
R, N M : — o P e N
. e M N \......l../“
— gaga &g e = L~
£ TN T B nnn”+a
e B [ TN - T R~ S S NN + .
g N N N M N N - A “/mu...l..\
—~— - — : —
*® » * v
]
a0
o



47

nopsajaKa

enefl n-ro

penenuT

§ 5. MeTossi BEIMHCACHNA ON

10

3!

20

10

n(n+1)... (20 —2)

387 [ 4

(n— 1)

3!

2!
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48

— Ry yTy -

o

xn

4!
. Qn

Zo
I
T2
I3

n—1
z

3!
4.3

n
3

2

. Qg

2!
3 3.2
-3
0
n
1
r z
Y az =
Y

1 n nn—1) nn-1)(n-2) n(n—1)n-2)n-3) ...
y

¥ oy a3 ...

1
1
1
¥
aj

o

0
0

0
af
a+f8 af ...

af
a+ 3
1

a+ 3
2
0

3897
393.

395.

aﬁ
a+ 8

1

]
1at1
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397.

398.

3997

400.

401.

402.

404

4057

nleg (n—1la; (n—2)laz ... a,
-n T 0 ... 0
0 —{n-1) z .. 0
{} ........ 0 .......... 0 ........... I
cosec o 1 0 0 ... 0
1 2coseca 1 ... 0
0 1 2coseca 1 0
.. 0 ........ 0 ........ 0 ..... 0 2 ééééé-a
T 1 0 0...00
n—1 =z 2 0...00
0 n—-2 £ 3 ...00
0 0 n-3z ...00
00 .... 001$
o —zx Pl - g aPtn—1
a;p—l-n T ap+n+1 T a;p+2n——1
P e 6 S 2
l-z a a? a1
a a’-z @t a®
a’ e -z ot
e ;I.n ..... (;f.l;.l ............ c;éwi'—'z';_' }
g 1 11 ... 1 o b b b
1 a4 0 0 ... 0 a ¢ 00O ...
1 0 a9 O 0 403. | a 0 ¢ 0 ...
1000% aOOO
1 —-b ~b b -b
1 na —2b -3b —(n—1)b
l (n—-la a -3b —~(n—1b
1. ) Qa ...... ;1 ..... a: .......... c; e
(z1 — a1)® a3 a’
ai (22— ap)” o



50 Otnen 1. Onpenenuteny
(2’:1 - 01)2 ajas aijas e a1y
agay (2 — a2)2 asay Ay
406. azag azas (x3 — 0.3)2 . azy,
ana) anaz AnQ3 (3‘31: - an)2
1—b b 0 0 0 0 as ag ay,
-1 l—bg bg 0 0 bl 0 3 ... Oy
407! 0 ~1 1-b3 by ... 0O | 408.1b b O ... an]|.
0 0 0 0 1-b6, by by b3 0
1234. o) 123. 7
1123 ...n~-1 x12...n-1
409 |11 21 2 ... n—=2 410 |z xz 1 ... n-2
lzzzx 1 T TeT 1
aox™ a1z agr™? Gn_1T G
agx 3 0 0 0
b
gz | M7 M7 S
aoz™ ! a1z % apz" 3 bo_1t O
aoz™ a1z™ ! agz™? An_1Z by
z+1 =x T T z+1 =x T T
r z+4+2 =z x r z+2 =z T
412. T r T+3 T 413 T z T+4 T
T T T r+n T x T 42"
z+1 =z T x
r r+ % x
414. | % z+ 3 x
1
T T T r+ n
r+1 =x T T
x r+ae T . T
415. z x z+at. x
T T T T + a"”
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(a1 +51)7" (a1 + b))t (a1 + b))~
AL6Y | o e e
(an +61)71 (an +b2)™? (@n +bn) 7!
1 1 1
r—a I —as ] — Qn
AL T L
1 1 1
Iy — Q1 Tp— a2 Ln —Qn
1 1 1
'3 3 n
1 1 1 1
2 3 4 n+1
48 |1 1 1 1
3 4 5 n+2
1 1 1 1
nnt+l n+2 7 2n—1
ap + a1 al 0 0 ... 0 0
ar  a1+a2 aj 0 ... 0 0
419 0 as az+as az ... 0 0
0 0 0 0 ... ay_{ an-1 +a,

4207 IlonyuuTh 3aKOH COCTABJEHUs PA3BEPHYTOrO BHIPAYKEHHUSA JJis KOHTHHY-
AHTH N-ro nopamkal'l:

ag Y 0 0... 0 0
-1 a 1 0... 0 0
(@109...a,) = 0 -1laz1... 0 0 ,
0 0 00 ... -1 a,
T.€. BBIDAXKEHHs B BUJE MHOPOUNEHA OT Q1,Q2,...,Qn. HamucaTb B pas-

BEPHYTOM BUJE KOHTHHYaHTHI 4-r0, 5-10 # 6-ro mopankos.

') Hazmanme «KoHTMHyaHTa» OGLACHAETCH CBAIBIO C HenpepalBHEIME APOGAMU, KOTOpas
YCTAHABITHEALTCA B 3a]a4e 539.
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OTtaen 1. OnpeaenuTenu

§ 6. Munopsl, anrebpauvyeckKkue JOMOIHEHUS
u TeopeMa Jlamnaaca

421,
422,

423.

424

CkoNbKO MHHOPOB A-T0 NOPAAKA COREPXKUT ONpeAeIuTeNb NOpALKa 77
JoxazaTh, 4TO [PH ONPEJEeNIEHHH 3HAaKa anrebpandecKoro AONOJHEHUA
MOXKHO TIONL3CBATRECA CYMMON HOMEPOB CTPOK M CTONGLOB HE HAHHOIO
MUHHODA, 3 NOTOJHHTENLHOrO K HeMy. MHbIMu crosamu, ecan M — mau-
Hellt MpEOp, M’ — nomonHuTeNbHEIH MUHOP, A — anrebpandecKkoe qomo-
HeHue MuHopa M, A’ — anrebpanyeckoe monosnxenue MuHopa M, To u3
A =eM, rne e = £1, cneayer A’ = eM.

HokazaTs, 4To pasnoxkenue Jlansnaca onpejenuTens NOPAAKA 11 TIO JIO-
GrIM & cTpoKaM {CTOIBHAM) COBNAIAET C €70 PA3JIOKEHHEM 110 OCTAJLHBIM
n — k crpoxkam {cronBuam).

[ToxazaTh, YTO MpaBUSO 3HAKOB, CBA3LIBAIOmEE AAreGpandeckoe Jomno-
Henue A ¢ honojHuTeNbHBIM MuHOpoM M’ MuHopa M, Moxuo dopmy-
JHPOBATE TaK: NYCTh &1, &2, ..., & — HOMepa cTpox, 51,52, ..., By — HO-
mepa cronbuos MpHOpa M B onpemenutene D mopsaxa n, 3anmcaHHbIe
B TIOPsiKE BO3PACTAHHA, A

Qe 1, Xt 2y 00,0 H ﬁk+lrﬁk+2:"‘sﬁn

- COOTBETCTBEHHO HOMEDA CTPOK H CTOAOLOB HOMOJHATENLHORO MHHOPA
¢
M’, TaKkxe 3anucamHble B NOPAAKE BO3PACTAHUs:;, Toria A = M, ecan

IOACTAHOBKA
(alag e an)
b1B2... B

uerHa, 1 A = —M’, ecnn 3Ta NMOACTAHOBKA HeveTHA.

Honsayack Teopemoit Jlamnaca, BEIYHCINTE ONPeAeIMTENH:

425.

428.

5127 1134 0520
3002 2008 8354
1345] 426. |3 5 9 o |- 10 EIPIIERE
2003 4475 0410
592132 21435 72134
40700 340050 10203
23753, 420.134521| 430./3040 7|
23645 15243 63245
30400 46070 512283
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§ 6. Muuopsr, anrefpayieckue JONOIHEHHA W Teopema Jlannaca

MM o OO
W =0 o oo
=M oD [~ w3 OO
[or B o Y e Y )
[ BT IR sl ol s = =]
— W h oM
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o B R e B RS
e R e R, I U= o= I
O QD N D
[ R T R B B
L B B B e B T Ry |

Lan il S o2 B e e

—MmNe o O
o B S e

oSO oo
2T Ve R S e B

[t e R s B e

Ty Tp COSe sina
y1 yo cosfd sing |
z1 zp €08y sinvy

432,

[Tr R T RS
bl R B g
[ B R B Ty R
N @ =H el
—OoO MO

435.

437.

MmO WS o
—

NmoD o oo
O o OO
= O b~ — O oo
Wy oo h 0 W W0
=T S e B e
- h I~ uy OO

e = b= =M

Lo o R R s Qe B
[ B i R T S Eo
o ot vl O
—_— o oD —

~

L]

a3 4

oo BTy
oD B0 0

T1 Yz Y2 .
Yz T2 Wi
2 i X3

RO O W
O oo
BRagoo

] g ]

441.

LS R R B
= e B I
= B o e B

o8 U

440.

oo N
=R e Js - Y o)

G HOOD =N~

S == OO

431,

434.

436,

438.

439,

0
0
0
0

a1,2n
agn,2n

@] 2n-1
Q3 2n—1
0
a2n,2n-1

cUAn-12n—2 A2n_12n—1

Q1,202
<0399 2

- 43902

- A2n—2,2n-2
« Q20 In—2

as. -

aoy ..

@33 ..
2n—-23 ..
a2n.3 ..

Gn-1,2 A2n-13--

1 T2 T3 T4
0 2% 23 2% 22
aje
@99
0
Q3n,2

a1
0
]
Gan,1

442,
443,



54 Ornen 1. Onpezenutenn
a1l 1 a1z 1 aln 1
1 0 1 0 1 0
a21 (5] a2z Iy Q2n T
1 0 9 0 Tn 0
2 2 2
444, [ a1 Ty 232 T3 a%? Ln
& 0 22 0 2 0
RRRRRLIISARLCRIEASR STRRREERERERLLEK o
Qn1 ] ans Ty Gnn  Th
o0 2t 0 2l 0

TMonsaysck TeopeModt Jlammaca, BLIYHCANTE CAERYIOWNE ONPEJENNTENH, Npek-

BapHTENBHO NPeodpa3oBaB HX:

2 -1 3 4 -5 5 -5 =3 4 2
4 -2 7 8 =7 -4 4 3 6 3
445 | -6 4 -9 -2 31, 3 -1 5 -9 =5/,
3 -2 4 1 =2 -7 7 6 8 4
-2 6 5 4 -3 5 -3 2 -1 -2
2 1 2 3 2 2 -3 5-=-2 1
3 -2 7 5 -1 3 2 5 -4 -3
447. 13 -1 -5 =3 -2/|. 448, -2 3 -4 2 =33.
5 -6 4 2 —4 6 4 7 -8 -1
2 -3 3 1 -2 2 -1 7 1 5
5 9 -2 —4 5 3 4 -3 -1 2
2 -3 4 -3 3 -5 6 5 2 3
449. | -5 -7 2 4 -2/|. 450. 4 -9 -3 7 -5
4 -5 88 -6 B8 -1 -4 1 1 -2
6 -5 3 -3 7 -3 7 5 2 3
14+ = z T x x 14=x
T l1+z z T l+z =z
x ....... :c ......... 1+g:1+3: ;-; ..... x
451. x T 1422z 14z T T
.x A 3; ...... m ........ 1+:|';3;
1+ 2z T T x r l+=x

(mopahoK ONpejeNuTeNsl PaBeH 21).
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452,

453.

454.

455.

456.

ai1 a12-.-4in-1 an 0 0 ... 0 bin
ag @22...020-1 0 0 0O ... bon1 bon
Gn1 0...0 0 bn bao ban-1 bnn
€11 €12.--Clp=1 Cln O b1y,
co1 €2.--C2n—1 O 0 O bon-1 bon

1 1 1 T a a-1 ... ap1—-1 a,~-1
1 1 T 1 aj—1 as an-1—1 a,—1
T 1 1 1 a;—1 ar—1 an—1—1 ap
a —& ay 23] aq —a) —aq —a r—a
a9 Gy — & aa aa ~ —ay Tr-— a9 —~an
an an p Gn —T T — 4y, —Qn —dap —an

B onpenennrene D gernoro nmopsajaka n = 2k BbIAENUM YETHIPE MHHODA
My, My, My, My nopanka k, Kak okasaHO Ha cxeMe:

M, M,
a1 ek 2Lk+l -+ Gln
Qg1 Ak Ak k+1 Qen
ary1,1 el ke | A1+l --- Fpln
Inl -.. Onk Ink+l -+ Gnn
M3 M,

Bripasuts onpenenurent [ yepes munopsr My, Mo, Ms, My B cneny-
OUWAX ABYX CRY4Yasx:

a} ecyu Bee eMeHTsl Mo nnu My paBHEl Hymo;

6} ecom Bce snemenTHl M) wnm My pasnel HysTIO.
Iycte B onpesenutene [) nopsagka n = kl Beigenens! ! MEHOpPOB IO-
paika K, pAcloONOMKEHHBIX BAOJL BTOPOH AMArOHadM, T.e. M) yexur B
nepebiX k cTpoxax W nocaegHux k cronbnax, My B cneayomux k crpo-
KaX M NpeJplRYIMUX k& cTonbuax u T. 1., HaKoHen, M) — B mocinepumx k
CTPOKaxX M HepBuIX k cronabnax.

Beipasare D uepes M;, My, ..., My, ecnu see anementr D, nexamme
00 OJHY CTOPOHY OT YKa3aHHOH I[eNnoYKy MHHODOB, PaBHLI HYJHO.
[Iycre B onpenenurene D nopsaaxa n selgenensl k crpok u ! cToabos,
npudeM ! € K ¥ BCE 3AEMEHTH! BBIAEAEHHMX ! CTONBLOB, HE JeXKamye B
BRIAENEHHBIX k CTPOKaX, paBHbI Hymo. [TokasaTs, uTo B pasnoxensu Jla-
raca onpegenurens ) no BelAeeHHBIM k CTPOKAM HYXXHO 6paTh TOJb-
KO Te MHHOPBI NOPSAJKa. K, KOTOpBIE COAEPIKAT BLIAENEHHBIE [ CTONGHOB;
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Otoen 1. Onpenenurenu

457.
458.

a
0
a

0

0
459!

461,

462

amO ango ...a,mO

YTBep2KAEHUE, NOMYUEHHOE HBpE!ME!HOﬁ pPOaH CTPOK H CTOJ'IﬁLIOB, TaKxKe

BEPHO.

[onbaysacs Teopemoit Jlannaca, pemnts 3ana4y 206.

JoxazaTh, 4TO
110 a20 ...a,0
b 0 b1z ... 0 By,

210 a2 0 ...a2,0
bor 0 boy ... 0 by, | =

by 0 bup ... 0 b,

Beraucante onpegennrens nopsajnka k + I

o= Lo
]
b
o
DO D

S k ¢TpOK

> { crpok

/s

0 0

no nepsbiM k crpokaM. Kakoe ceoficTso uncen Pubonauyn (3amava 365)

NOJIy4aeTcs oTCIona npu n = 2k7

He packpmiBas ¢kO6OK, 0KA3aTh, MTO DABEHCTBO
(ab/ — d'b)(cd' ~ d) — (ac’ — a'c)(bd — ¥'d) +

+(ad — d'd)(bd —bc) =0

CrnpaBesAnBO NPy JMOGBIX 3Hauenuax a, b, ¢, d, o', ¥, ¢/, d.

B Marpune

@+l - Q120 )
.............. ,

conep:kamelf n cTpokK u 2n cronduos, Sepem moGoit Muaop M nopsazka
7, Cogep:Kalmi no kpafine#t Mepe NONOBHHY CTONBHOB JEBOH NMOSIOBHHBI

MaTPHIbL.
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’
MycTs ¢ — cymMa HoMepoB cToabuos Munopa M, n nycrs M’ — Mu-
HOP NOPsiZKA 7, COCTABNEHHBIA U3 OCTANbHBIX CTOJBIOB MaTPHUH. JoKa-

34Tk, 4TO Z(-I)C'MM’ = (), rae cymma Bepercss o Bcem muuopam M
YKA3aHHOT'O THIIA.
463% [loka3aTe, 4TO TPH ONpeneJUTeNns
a1 bir1 e1zy bixg ayzrz bizs
asxy bpr1 @oxa boxy agr3 boxa
Dol @y byt aiye biye awys biys
asin boyr aeoye boye asys boys
a121 bz arzy bz a1z iz
azz1 baz1 aG2zy bpzp apzz boza

r] T9 I3

5] bl
b=| 5| B A=ly ¥y
27 Z1 o z3

cBA3aHbl pasencteom D = 65A%D

4647 Ilycts
flz)=ao+a1z+ aoz? + azz’ + agr?,
9(z) = bo+ byz + bax® + byz® + byz?,
h(z)=cot+ i+ T’ + 3Tt + gzt
H

(z—a)(z - Bz ~v) =2+ prt+qz+ 7.
IMokaszaTb, uTO

fla) F(B) f(v) laa
gla) g(B) glv)i=|18 8
1Ly

5 ag a1 ap az 4y
bp by by by by

=]

Co €1 €2 €3 Cy
h(a) h(B) h(v) 2l |r e p 10
¢ r g p 1
465. ToBopaT, 4uTO ompeneaUTEND
a1 ... 81n Tl ... Dk
D= anl Gnn Inl Lk
yn Yin O 0
Yk Yin O 0
noay4yeH oKa#myeHHeM NpPH NOMOWH & CTPoK U k cTonbuoB u3 omnpene-
JITeNs
an Q1n
A= ... ..
Qnl Gnn

Y} OBo6wenne 3TOrC CBOHCTBA JaHo B 3aftaue H40.
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Otaen 1. Onpenennrenn

4667

Ilokazarh, yronpu k > n D =0, a opu k € n D asnderca ¢opmoi
(T. &. OAHOPOAHEIM MHOTOWIEHOM) CTENEHM 1 — K OTHOCHTENIBHO 3JIEMEHTOB
a;; onpefesurensa A u GopMoit cTenedy 2k OTHOCHTENBHO OKAMMAAIONIMX
SMEMEHTOB Zij, Yij, KO3 PuIuenTaMu KOTopoli cyxaT anrebpanyeckue
JONONHEHUS MUHOPOB k-ro nopsaixa B onpemennrene A. A HMeHHO, no-
Ka3aTh, 4TO

= (—1\*
D= (_1) ZAusz...uJug...ijtl:z...skyr_}ljzmjka

rne Aijiy...ixjijs-.je €CTh AIreBpANIECKOe NOTIONHeHHE MHHODA ONPEReNH-
Tens A, CTOAIIEero B CTPOKAX C HOMEPAMH %1%9,...,% M B CTOAOIAX C
HOMEDAMU j172, . - -, ks & Xijig..ig X Yirjo.de — MHHOpH onpenenutensa D,
COCTABJIEHHLIE U3 OKAHMNAIOMMX 3JIEMEHTOB M JieXKaliue B crpokax (co-
OTBETCTBEHHO B CTONONAX) ¢ yKazaHHbIME HOMepamu. [Ipu atom cymma
Hepercs Mo BCEM KOMOGHMHAIIMAM HHOAEKCOB, H3MEHAMLIAXCA OT €IMHHIIL
J0 N TIPH YCAOBHH, 9T0 41 < ip < ... Cig, §1 < Jo < ... < i

Jokazatek cnegyomee obobmenue reopemsl JIAiaca: eCiu CTPOKH Ompe-
JenuTens n-ro nopsagka I pasbute Ha p cucrem Ge3 obmMX CTPOK, NpH-
4YeM B NEPBYI0 CACTEMY BXOIAT CTPOKH C HOMEPAMU &) << @ < ... < ay,
BO BTOPYIO — CTPOKH C HOMEPAMH (g q] < Mgy < ... < Qpyl U T. K., HAKO-
Hel, B MOCNEIHIO — CTPOKH C HOMEPAMY Qi gt1 < Opogi < ... < Qp,
eC/I 3aTEM B MATPHIE IepBoi cCUCTeMBbl CTPOX B3ATh MMHOP M| nopax-
Ka k, nexamuit B cronfuax ¢ HoMmepamu §1 < 9 < ... < B, BO BTO-
po#t matpuue munop Mo nopapka l, nexamMit B crosfiax ¢ Homepa-
MH Bit1 < Brye < ... < Bryl, OTIHYHEIMH OT HOMEPOB cTonbnoB My,
U T A., HaKOHel, B NocaenHed Marpune — MHROP M, mopamgka s, nexa-
KA B OCTABIIMXCA CTONOLAX ¢ HOMEPAMU SBn_sy1 < Fnosio < ... <
M eCHH 33TeM cocTaBum npoussefeHne eMyMs ... M, roe ¢ = +1, ecom

NoACTAaHOBKA
)] Qo ... Gy
1
YeTHaA, H § = —1, €CNH 3Ta NOACTAHOBKA HEYEeTHasd, TO ONpPeleJINTENhL

D paBer cymme BCEBO3MOXKHBIX TTPOH3BENEHMI Takoro Buga. To, uTo 910
yTeepxAcHUe oGobimaeT TeopeMy Jlannaca, crenyer uz 3ajaqm 424.

§ 7. YMHOXKeHNe onpenenuresneii

467.

TlepeMHOXHUTL onpeaenuTesH

123 2 -31
342 u 1 43
4 5 4 1 -5 2
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468.

469.

BCEMU YETBIPbMSA BO3MOKHBIMH CrnocobaMu (T.e. YMHOXad CTPOKH HJIA
cTOAOIE TIEPBOTO ONPEREIIUTENS HA CTPOKH H CTOI01BI BTOPOr0) ¥ IpOBe-
PHTB, YTO BO BCeX CiydaaX 3HAUEHHE [OJYYEHHOTO OIPENIeIUTEN PABHO
NpPOU3BSACHUIO 3HAYEHHA RaHHBIX OnpeRenuTened.

BriuncimTh onpeaenaTennb

a b ¢ d
~b a d —¢
—¢ —d a b
—-d ¢ -b a
MyTeM BO3BEAEHHS €r0 B KBAJPAT.
BriuucauTey onpeienruTens
a b ¢ d e f g h
-b a d - f -e-h g
—¢c—-d a b g h -e—f
~d ¢ -b a h-—-g [ —e
e ~f —g -h a b ¢ d
—f e-h g ~-b a —-d ¢
-g h e—-f -~ d a -b
~h —-g f e-d - b a

MyTeM BO3BEJAEHUA €r¢ B KBAJPAT.

BuluncnuTes CReRyIOLINRe OTIPedeuTeNH, IPEACTABNAA HX B BU e NPoU3BeNeHHH
OTIpeenuTeNneh:

4707

471,

472.

473.

l+zy1 1+z192 ... 14+ 219
1+xoyr 14x2t2 ... 1+ 20U,

sin2¢;  sin{a; +a2) ... sin{a; + a;)
sin(ag + ay) 8in 2ag

sin(an, + 1) sin{o, + ag) ... sin 2a,

L4 Zoys L4 Zaby oo 1 Znbn

cos(ay — B1) cos(ar — Ba) ... cos{ay — Bn)

COS(Q"Z - ﬁl) cos(ag - 62) N COS(QQ - 6n)

cos(an — 1) cos(an — F2) .. cos{an — Bu)
1 cos(a; — ag) cos{a) —ag3) ...

cos(e; — ag) 1 cos(ag — az)

cos(a; — ag) cos(as — as) 1

cos({ay — ay)
. cos{ag — o)
. cos(as — an) |.

cos(oy — ap) cos(an — o) cos{az — ay) ...

. sin{ag + ap)
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1—afb} 1—alby 1-—alby
1- Glb] 1-— a1b2 1- albﬂ_
1—a%b} 1-—afby 1 — a2b?

474. | 1 —ash; l—aghy 1 —asgh,
1—a®} 1—a®}  1-atb
1—ah1 1—apb 1 - aub,
{ap + bp)" (ap+b)™ ... (ap+b)"

475. {ar +b0)" (a1 +b)" ... {a1+b1)"
{an +b6)" (Gn+61)" ... {an+bp)"
111-—1 21’1--1 n‘n—l

a76r | 20 T (n+ 1"t

477. 52 83 8§

478 | 89 53 8y

Sn Sntl Sn42 ..

...................

Spt1 |, TAE sk=x’f+$§+—--+mﬁ.

8252
Sn—1 1
8, T

k

4797 JokasaTh, YTO 3HAYEHHE UUPKYIAHTA ONPEAENseTCs PABEHCTBOM
) PKY

aj as a3z ... dp
&y Q1 43 ... Q|
An-1 @n Q1 ... an—2 [ = f(e1)f(€2)... f(za),
@Gy as Q4 ... a1
rae f(z) = a1 +asx+asz®+---+a,z" " u £1,£2,...,En — BCE 3HAYEHUS

KOpHA N-H CTeIeHH U3 eNHHUIIEL.
480. oxazaTs, 4ro npu 0603HAMEHHSX NPeALIAYINESH 33034H

ay az a3 ...
as as a4 ...
dy a4 Q5 ...

L7

a 1{n—-2
o | = (=152 1 eV Flea) . .. Flen).



§ 7. YMHOKeHME onpeeauTenel

61

4817 BoluMCHHTE ONpejienuTeNhb

1 a ol o1
o™ 1 1 a an—2
an—? an— 1 1 a'n.—3

o o o 1

482. llone3yacs pe3ynbTaToM 3adayu 479, BHIMHCIHTE ONpeRenuTeNb

ab ... b
ba..o0
bba

Buiancnuts ONnpeaeTuTeS .

1 ct¢cr ...t
1 1 cﬁ...cr'2 crt
484. (¢ 1 1 ..o cr? |,
cl ¢? ¢3 . 1 1
1 2 3a? na™1
485. na* ! 1 2a (n—1)e™2
2a  3a® 4a® 1
4867 ToxasaTe paBeHCTBO
$§—ay §—Qa2 ... 8§-—0p ay as ...
§—Aap S—A4A] ... 8—0Qp-1 z(_l)n_l(n_l) ay Q1 ...
S—ay 8§—Qa3 ... 8§-—4 ans 4z ...

roe s = a1 +as + - + a,.

Brrunenats onpeaennTenu:

(p cron6uos) {n — p cronbuos)
-1 -1-1... -1"11..1 1
48701 1 -1 -1 ... -1 -11...1 1}
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488

489"

490!

491,

4927

493!

494.

{(p cronbuoe)  (n — p croabuos)

aaa. a bb..b b
baa. a ab...b b
b ba a aa...b b
(.l..a.’.(.l ........ bbb ...... ba,
2 3T
cos — CO8 —— COS —— -1
T T n
e 27 (n— 1w
-1 cos; cos—n— cos
cos (n— V= -1 cos il cos (n—2)r
n n n
...... G g
€08 — oS — ¢€0S — cos —
T
cos® cos28 cos3d ... cosng
cosn) cosf cos2f ... cos{n —1)8
c0s20 cos39 cosdf ...  cosf
sina sin(a + k) sin{e + 2R} ... sinfe + (n — 1)A]
sinfa + (n — 1)A] sina sin(fa+ h) ... sinfe + (n — 2)A]
sina+ h sin{a + 2h) sin{a + 3h) L sina
12 2% 32 | n?

n? ﬁ22“:mvng
m—-12%n% 12 .. (n-2)%|

BerqucAuTh KOCO# MUPKYNAHT (MAM KOCOIMKJIHYECKUH OTpeAeauTe b )

a1 (15 az ... d4p
— iy a) as ... Q-
=—lpy1 —Qnp @1 ... dp-9
—a2 —a3 —a44 al
(3] Gs as Gy
anz ay ag an-1
An 12 Qpz a1 an-2 |, THe z—moboe ducno.
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495% Joka3aTbh, YTO IMPKY/SHT NOPAAKA 21 C NePBOH CTPOKOM U3 3JIEMEHTOB
@1, a2, ... 025 ~1, G2n PABEH ITPOM3BEAEHUIO LIHPKYAAHTA OPAJAKA 1 C IEP-
BOIt CTPOKO#t U3 JJEMEHTOB &1 + Gn1, G2 + Gn42s---,8n + G2n B KOCOTO
HMUPKY/IAHTA NOPSIKA N ¢ EPBON CTPOKOH H3 SJIEMEHTOB 4] — Qnt1, 02 —
Cnt2y8n — A2n.

4967 [lepemuoxkasi Opa onpenenHTens

rL T2 3 Ia Y1 Y2 a3 W
Ty —TL —T4 T3| |Y2 —Y1 —Y4 Y3
T3 T4 —X1 —X2 ¥s Y4 —% —wy |’
Ty —T3 T —I] Ya —¥3 Y2 —UY1

JOKa3aTh TOXKAECTBG Dilepa
(zl+a3+ 2+ 2Vl + 95+ v +vi) =
= (z1y1 + Toyo + Tays + 2aya)? + (F1¥2 — Toyt — Ty + T4y3)® +
+ (T1y3 + Toya — T3y1 ~ Tap2)® + (T1ya — Taya + Taye — zayn)”.

Kakoe CBOHCTBO 11EJIBIX YUCEN OTCIOZA BHITEKAET!
4977 C noMouILio YMHOKEHHS ONpeaeIuTencit N0Xa3aThk TOXKIAECTBO

(0 +6* + ¢ — 3abe)(a® + 12 + ¢° — 3a'V() = A% + B® + C* - 3ABC,
roe A=aa +b +cb', B=acd +bb +cd’, C =ab +bd’ + cc’. Kaxoe

CBOMCTBO HEABIX 4HCEN OTCIORA BLITEKAECT?
498" Ilpu obosHadeHHsX NPeZLIAYINEH 3aJaUl AOKA3ATE TOXKJECTBO

(@2 + 82+t —ab—~ac—bc)(@? + V2 + 2~ a'b —d'd — b)) =
= A2+ B2+ C? - AB - AC - BC.

4997 MokaszaTh cregytomee obofilenne TeopemMbl 06 YMHOXKEHHH ONPEeIeTHTe-
gefi. IlycTe naHw! gBE MaTPHIBI

@11 412 ... in bn 512 e bln
as 493 ... @ b .

A= | an o2 2 4 B=| b b2 ban ’
Gml Gm2 ... Omn b1 bmz ... bmn

Ka)KJasg B3 m CTPOK M 1 CTonbnos.
Komusupysa ¢TPOKA OBHON MaTpPHIBI CO CTPOKAMH IZPYrol, onaras

n

cj = Zaikbjk, COCTABHM ONpPEAENHTENL M-TO NOPSAKa
k=1

C11 €12 ... Cim
[ C eaw O
D= 21 22 2m
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Ornen 1. Onpenenuresnu

5007

5017

502.

503

504

Haunee obo3naunM uepes A iy, . im H Bij ia.... iy COOTBETCTBEHHO MHHOPE!
m-ro nopsajka MaTpul A m B, cocraBneHHbIe H3 CTOJBI0B 3THX MATPUIL
C HOMEpAMH 11,19,...,%, B TOM ;e Dopanke. Torma

D= > Ais igoiim Biia, sim (1)
I <in<. . <imEn

npn m € n (dopmyna Buns—Kowmmu), 1. e. onpenenurent D paseH cymme
Npou3BeAeHUH BCEX MHHOPOB NOpAJKAa ™M MATPHLUEB A HA COOTBETCTBYIO-
wHe MAHOPH MaTpunkl B. Ilpy m > n

D =0. (2)

Joxazare yreepxaenue (2) npeabiiymedt 3a0a4n, NONb3YACH TEOPEMOlt
00 yMHOXKEHHH ompexenntenei.
He npoussons yMHOMKeHHs, AOKA3ATH TOXASCTBO Kowmp

(@1c1 + a2ca + - + ancy)(idy + bode + -+ + bpdy) —
—{ay1dy +agda + -+ + andy) (11 + bacg + -+ + bpcy) =
= 3" (abp — axhi)(cidy ~ erdi) (0> 1)

lgi<kgn

He npounsBogs yMHOMKeHM#, A0KA3aThH TOXKAECTBO JlarpaHxka

n n T 2
DA D) Db = > (@b - anh)?
i=1 i=1 i=1

lgickgn
JIoKazaTh, 4TO AJA MOOBIX AeHCTBUTEALHBIX YHCEN
a1,82,...,85, H b],bQ,...,bn
CTpPABEAIHBO HEPABEHCTBO
(af + a3+ -+ an)(b] + B3 + -+ b0) > (arb1 + azby + - + 2aba)’?,

Npu4eM 3HAK PaBEHCTBA MMEET MECTO TOTAA M TOJLKO TOINA, KOTAA OOHA
M3 CHCTEM YUCEN OTJIHYAETCH OT APYTOH /ML YHCAOBBIM MHOMXUTENEM
(6m1Te Moxcer, pasHEIM Hymo). (Hepapererso Komu—Bynakosckoro.)
HJokazaTs, 4TO Ins MOOBIX KOMILIEKCHBIX YHCES Q1,4g,...,8n H
b1,ba,..., b, HMEET MECTO PABEHCTBO

n n n n
Z: QR Z bkgk - Z akgk Z aphy | =
k=1 k=1 k=1 k=1

= Z (ajbk - akbj)(ﬁjgk - Ekgj).
lgj<kgn
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505 okasaTh, 4TO Ads JOGHX [OBYX CHCTEM KOMIUIEKCHBIX 4HCeN

5067

507!

508!

5097

5107

511

5127

5137

33773

GL,02,...,0, ¥ b1, b2,..., by COPABEAJIMBO HEPABEHCTBO

T n n 2
S el | U ST 16P ) 2 D anbel
k=1 k=1 k=1
[IPYYEM 3HAK PABEHCTBA HMEET MECTO TOTHA U TA/IBKO TOIMA, KOCAA IHC/IA
OAHON U3 TAHHBIX CUCTEM OTIMYAIOTCH OT YHCes APYTOH JIMIIEL YUCIOBEIM
MHOXKHTEAEM,
Bagumnvim (WIn npucoedumnernviv) onpedesumenes K onpeeanrtenio DD
nopaaka n > 1 HazwBaerca onpefenutens D, nonyuenuwiit uz D 3ame-
HOIt BCEX €ro SJEMEHTOB HAa X anrefpanueckie HOMOJHEHH: (¢ COXpaHe-
HHEM IPEXKHEr0 DPACTON0XKeHHs ).
Hokazark, 4ro
D' =p*l (1)
[Iyere M — munop nopaaka m onpepenurens D, A — anrebpanueckoe
nonosuenue M, M’ — munop B3auMHoro onpenenurens: IY, coorsercry-
rouutt MuHopy M (T.e. cocraBneHHBIl W3 anrefpanvdecKkux JOTOJIHE-
HHIt 3neMeHToB onpenenutens [, xoasmux 8 M ). JlokasaTs paBeHCTBO
M = D"'A
Ecny ycnmoBUTBECH AONONHUTENILHBIE MHHOP KO BCEMY ONpPEACTIHTENI0
D cunrare pasubiM 1, TO 3TO paBeHCTBO GyAeT 0600menreM paBEHCTRA
npeasaymed 3agaun (npy m = n),
IMycte €' — Munop {n — 2)-ro nopsajika, NoJy4eHHsllt U3 onpegenurens D
BbIYEPKUBaHHEM i-If U j-if cTpok | k-ro u [I-ro cTonbuos, npuuem i < j
u k <I; Apg, KaK 06bIYHO, — anreGpanygecKoe HAONOMHERHE HIEMEHTA pg.
A Ay | _ (—1)iHi+hH Do
Ajk Aj; ’
Ilokasatk, uTo ecoin ompenenutent D pasBeH Hymo, TO Bce CTpoKH (a
TaKKe CTONBLBI) B3aUMHOTO ONPENEANTES TPONOPIMOHAIBHEL
Iycrs ai; —anement onpenenurens D nopsgka n u Agj — ajredpanyde-
CKOE RONOJHEHME COOTBETCTBYIOIIEro 3iemenTa A;; onpegenntens LY,
B3auMHoro ¢ D). Tlokazarh, gyTo A‘Ej = D”’Qa,rj.
[Iycte M — Mmunop nopsiika m onpemenurens D nopaaxa n, M’ — coor-
BeTCTBYIOIIME M MuHOp B3aMMHOrO onpenennrens D' u A’ — anrebpau-
yeckoe jononHenne Munopa M'. JlokazaTe, uro A' = D" "™ IM. D10 —
obobmieHne paBeHCTBA NPENbIAYILESH 3aRa4H.
3Has MHHODLI ‘BCEX MEMEHTOB onperenuTens [, oTamdHoTO OT Hyss,
HAaHTH ero 3NeMeHTH.
Ilycts

JoKa3aTs, uTo

sk=af +ak+. . 425 (k=1,23,...),
P=E1x9...2p.
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514.

5157

5167

5177

518!

519.

ITokazaTs, 4TO

n+1 s 89 ... S8p n 8 8 ... 8n-1
81 D) 83 .. 8p41 81 82 53 Ca 8n
59 83 54 ... Spy2|=p 82 83 84 ... 8pyl

Sn Sn4l Snt2 - S2n Sp—1 8n Sntl ... S2p-2

TTokazaTs, 4ToO ecim

rae sce A;; He 3aBucaT oT z. HaltTu Bripaxcenne A;; udepes a.

C noMoNbI0 YMHOXKEHUS ONPeJeNuTeNel J0Ka3aTh, YTO NPH NePECTAHOB-
Ke ABYX CTPOK (MyH ¢TONOLOB) ONpeReuTeNh MEHAET 3HAK.

C nomompio yMHOXeHusl ONpeRenuTeNeit NOK33aTh, UTO ONpeNesuTeNb
He M3MEeHAeTCH, eC/IH K OfHON ero ¢rpoke (cToabuy) npubasurh OpYryro
cTpoky (cTonben), YMHOXKEHHYIO Ha YHCAO C.

[TokazaTh, 4TO OMpEAEAUTEND

1 cosps cosps
cosws 1 cospy
COS (P COS () 1

paBeH HyA0, eclu ¢ + wo + w3 = (.

Hyers Iy, Iz, I3 n my, mo, M3 — KOCHHYCHL YRI0B ABYX JTyHdelf C OPTOrOHATL-
HBIMH ocaMH KOOPAHHAT W tp YIOn MexAay STHMH ay4qamu. JokazaTe,
aro sin’p = (Iyma — lomy)? + (loma — l3ma)? + (I3my — lims)*.

HyCTb &1, ﬁl:’h) az, B, Yo; @3, f3, ¥3 — YIIBl TPeX J1ydeil Ll: L2: Lyc op-
TOTOHAJABHbLIMHU OCAMHK KOOPAMHAT, ¥ MYCTh YIVIBI 3THX JIYUell MEXIy CO-
6ot 6yayr @1 = £(La, L3), wo = £(L3, Ly), @3 = Z(Ly, Ly). Moxazats,
q9TO

cosay cosfB) cos-y
cosas cos ¥y cosmyy | =
cosag cosfly cosvy

= 1—cos® ¢ — cos? g — cO82 3 + 208 {01 COS @3 COS 3.
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5207

5217

5227

5237

5247

525!

Hyers (z1,11), (T2, ¥2), (x3,¥s) OyayT MpstMOYTONBHEIE KOOPAHHATE! TO-
yexk M, Ms, M3 ma nnockoctn. [loxazars, 4TO ONPEREAUTEND

1
z9 Yo 1
T3 y3 1

He M3MEHUTCS NIPH NOBOPOTE OCell KOOPAMHAT H nEpeHoce Havana. 1lomk-
3yACh 9THM, BBIACHUThL €0 MEOMETPHYECKH CMBICH.

Iycrs (z1,y1) ¥ (T2, y2) — IPAMOYTONBHbIE KOOPAMHATH ABYX Touek M)
1 Ms Ha nnockocTu. BhISCHHB reoMeTpuyecKHi CMBICJE ONPeRenuTe s

z
ml 31 , Y3HATh, MEHAETCH JIM OH IIpH TIOBOPOTE Ocell M NpH nepeHoce
2 Yo
HAYyaI8 KOOPAHHAT?
Briuncnue npousBeneHue onpenesuTened
oy Rl |21 ~nn R
z2 yp Rl —z2 —y0 R,
r3 Y3 R —I3 —i3 R

MOJYYHUTh BBIPAXKEHHE PAJUYCaA ONMCAHHONO KPYTra Yepe3 CTOPOHH a, b, ¢

U womaab S TPeyroNbHUKA.

IlycTe o, a2, 03, 51, B2, B3; 71, Y2, ¥s — COOTBETCTBEHHO KOCHHYCH YIJIOB

Tpex momapHo oproroHanbHBIX nydelt OA, OB, OC ¢ ocamu npamo-

yrofpioi cucreMul Koopgunar Oz, Oy, Oz, Hokasarb, 4TO Onperesnu-
o] p Qg

Tens | By B2 B3 | = +1, npuuem 3Hak mnoc GyreT B chyyae OAHHAKO-
MYz 73

Boil opuenTanun Tpusapos OABC u Ozyz (370 03HAYAET BO3MOXKHOCTD

npu Bpatienuu ¢urypsl OABC cosmecture OA ¢ Oz, OB ¢ Oy, OC ¢

Oz) u MHHYC — B CJIy4ae [POTHBONONOKHOM OpHEHTAUWH (ITO O3HAMAET,

uro npu cosmemenun OA ¢ Oz u OB ¢ Oy ayun OC u Oz okaxyres

NPOTHBONOJIOXKHO HANPABIEHHBIMH).

Myecrs (1,1, 21), (x2, y2, 22), (T3, Y3, 23) — KOOPAMHATH Tpex To4YeK My,
M>, M3 npoctpancrsa. [lokazaTh, 4Te onpegenuTens

rr =

Iz Y2 22

i Y1 2

He MEHSIETCH TPH MOBOPOTE CHCTeMEI KOODPAMHAT (KOTOpasA Mpeafosara-
€TCsl IPAMOYTOJILHOM) U BBISCHHTL €r0 FEOMETPUYECKHN CMBIC.

HaiiTu BeIpakenne obvemMa V' napasnnenenunesa yepes Ajiumbl @, b, ¢ €ro
pebep, NPOXORALMX Yepe3 OoJHy BEPHIMHY W yIInl o, §, v, obpasyemble
sTuMM pebpamiu. (Yron o obpaszosan pefpamu ayusel b v ¢; 8 o6pasopan
¢ ¥ a; vy 0b6pa3oBad a u b.)
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Otpen 1. Onpenenurenu

5267

5272

5287

Mycts 4, Io, l3; m1, ma, m3; N1, N2, N3 — COOTBETCTBEHHO KOCHHYCHI YIJIOB
nyuqeit OA, OB, OC ¢ noso)uTeNbHEIMU TONYOCAMU IPSMOYTONBHOM CH-
cremst koopaunar Oz, Oy, Oz.
JoKazaTh, 4YTO A/ KOMIJIAHAPHOCTH (T.e. AN PACHONOXKEHHS B OX-
roM mynockocTy) gyueit OA, OB u OC neobxoaumo ¥ JOCTATOYMHO BHITIOJ-
i & I3
HeHHe ycnopms | my mg mgz | = 0.
n] Ny N3
Iycte {z;, ¥, 2i) — NPAMOYTOJbHbIE KOOPAWHATH To4ku M; nmpocrpan-
crea (i = 1,2,3,4). [Tokazas, uro onpegenuTens

21 1 a1

T2 Yo 22 1

r3 Y3 23 1

gy yYs 24 1
HE MEHSEeTCs NPH TIepeHOCe HAadajla KOOPAWHAT, BRISACHHTE €ro MeOMETPH-
JeCKHH CMBICH.
IMepeMuOXHTE ONpPENEAUTENN

% oz R -~ -~ — R
22 y2 22 R | —%2 42 —= R
3 ¥3 23 R —ry —ys —zz R |’
Ty Y4 24 R —xq —y4 —2¢ R

NOJIY4YUTh BbIPAMKEHHE PAAUYCA LIAPA, OMHCAHHOIO OKOJIO IPOH3BOJILHO-
ro TeTpasapa, Yepe3 obbeM M pebpa TeTpasapa. B yacTHOCTH, HAHTH M3
NOJIYYEHHOrO BBHIPAXKEHUS PAJHYC 1Iapa, OITHCAHHOTO OKOJIO NPABUALHOIO
TeTpasipa ¢ AnuHOHK pelpa, paBHOH 4.

§ 8. Pazauunnle 3anaqdu

5297

MMokazare, 4T0 OIpesenHTeNb NOPAAKA 1 JOMYCKAET CJIEAYIOLIee AKCHO-
MATHUYECKOE onpejiefieHie (SKBHBAJICHTHOE OOBIMHOMY).

Jliobylo cTpoky u3 n unces! HyaeM Ha3bIBATh BEKTOPOM 1 0603HAMATh
ofHON DyKeol >KHpHoro wmpudTa. CrokeHHe ABYX BEKTOPOB M yMHOXe-
Hue BEKTOPa Ha YHCIO ONpeRedIoTCs, KaK oOBIuHO, T.e. ec/y

GZ(GI,GQ,...,GH) u bz(blsb21"‘:bn))

TO
a+b=(a;+b,as+bs...,a, +by),
eCIIN ¢ — YHCHo, TO ca = (cay,cag,...,C0y).
Oyrkuna f{ay,a2,...,0y) OT 1 BEKTOPOB ¢ YHCIOBHIMH 3HAUCHUSH-

MU HA3LIBAETCH JIMHEHHON 110 KAXIOMY apryMeHTy (uiau, kopode, Noju-

) Buecto Mucen MOXKHO PACCMATPHBATS TAKIKE 3JEMEHTHL JOGOTG nosxs P.
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5307

531.

NUHERHOM), ecu

i w i _
flay,....dal+"al,...,a,) =
r I M
=cdf(ay,...,a,.., @)+ flay,...,a;,...,0n) ()
NS TOBKIX BXOAAIMX CIORA BEKTOpoB, mobbix wmcen ¢,¢’ u moboro
i=1,2,,...,n Janee Hazosem byHKUMO obnaralomel ceotcmeom an-
HYAAYUY, ECITH
flai,...,ai,...,a;5...,8,) =0 npu a; = a;; (5)
ii=12...,n i#]

[Iycre €; (i = 1,2,...,71) — BEKTOp, ¥ KOTOPOrO Ha &-M MECTE CTOUT
E/MHALA, & Ha BCEeX OCTANbLHLEIX Mecrax Hymu. Oyskuua f(ay, ag,...,ax)
Ha3LIBAeTCA HOPMHUPOBAHHON, €CHH

flerea,...,en) =1 62)
[Iycrs gana KBajgpaTHasd MaTpHia NOPAIKa 1
a1 Qln
=1 tvivavevens
anl Qnn

u |A| —onpenenurent B OGBIMHOM CMBICTE, T.€.

Al = " (=1)*a1i,a2i; . .. i

rae cyMMa DEpeTes 10 BCEM NEPECTAHOBKAM i1,%n,...,¢, YHCen 1,2,...,n
M § -~ YHCJAO0 HHBEpCHI B KaXXIo# TepecTaHOBKE.

[TokasaTs, yro:

1) onpenmemurens |A| kar dyHkuusa crpok Marpuusnt A obnazaer
ceoitcreamu (a), (8), (7);

2) mobas dbyHKNMA R BEKTOPOB, obnajanmasn ceoicTsamu (o) u (5),
YAOBIETBOPAET pPABEHCTBY f(ay,as,...,an) = |A|f(e1, es,...,en), rae
A— MaTpHIA CO CTPOKAMH G, A2, ..., 0y

3) moban ¢yskuua  f(ai,az,...,aqn), 0o0NAZANMAA CBONCTBAMH
(@), (8), {7), pasna ompegemnremio |A| marpuubl A co cTpoKamu
a1,as,...,0,. WHBIMH cnoBamu, onpenenntens |A| marpunm A ecrs
eJUHCTBEeHHAs NOMUJHHEeNHas, €O CBONCTBOM aHHYJISILIHY, HOPMHPOBaH-
Hasa YHKIHUA e CTPOK.

[Toneaysace yTeepskIeHueM 2) npenslaylled 3ajaqy, JOKa3aThk TEOpeMYy
00 YMHOXKEHHH ONpelNeAnTeNeit.

Iloxkazars, uyro gua ¢yHKIUA 1 BEKTOPOR HAJ MOJEM XADAKTEPHCTHKH,
OTAUYHOK 0T 2, cBoficTBO () NP HaHYHK CBONCTBA (&) SKBHBANEHTHO
3HAKONePeMeHHOCTH GYHKIWH, T.€.

flar,...,ai,...,05,...,a,) = = f(@1,..., 84, ..., @iy ..., Gy) (8}
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O J0BBIX BEKTOPOB M JobhIX ¢, = 1,2,...,n, ¢ # j. [locTpoutk mpn-
Mmep GYHKIUH 1 BEKTOPOB Hay nojem P xapakTepuctukn 2, obnagaromei
ceolictamu (a), (8') u (), HO He obnmanaweit ceoiicTBom ().

5327 BbluMCAMTE OTpeeNHTeNb

1 1 1 1 1
1 ¢ €’ g gnt
1 &2 et &5 g2n—1)
1 &3 8 9 gdn=1) |
1 en—1 2n-1) 3(n-1) E(n—1)9
2r ., 2w
rae € = cos — + isin —.
n n

5337 Kak HM3MEHHTCA ONpEJe/NUTeNb, eCJIH B HEM BBIOENHTH k CcTpox (umm
CcTONOLOB) M M3 KaXXJA0M U3 HUX BHYECTh BCE OCTAABLHBIE BhIACJACHHEIE
crpoku?

534. Onpenennrenn

an+x ap+2x ... Qu+zx
D= agg +& axn+T ... G+
Qpl + 2 Gpa+2 ... Qup+
OPEICTaBHTE B BEAE MHOPOUNEHA, PACNOAONKEHHOTO O CTENEHAM I.
535" MlokasaTs, 4TO0 CcyMMa anrebpandeckux IONONHEHHH BCEX 3JEMEHTOB
ONpeaenHTeNs
ay] a12 ... Qinp
a1 @ ... 42n
Gnl Qn3 Gnn
paBHa, OIPEAETHTENI0
1 1 1
a1 — @11 @22 — Q12 ... G2n - Qln
431 —4a11 @32 — @12 ... Q3n — GIn
Anl — 411 Qp2 — 412 ... Qpun — Aln

5367 llokazaTh, uTO CyMMa airebpaMyecKux NOMOJHEHHIl BCEX IJIEMEHTOB
ONPEeeSINTEIA He U3MEHHTCA, €C/IH KO BCEM 3/eMEHTaM NpubaBuTh Of-
HO H TO e 4HCHO.

537" MloxasaTk, uTO eciy Bee 3/IeMEHThI KakoH-HUGy AR cTpoku (crobna) onpe-
JeNUTe A PABHbl AMHHIE, TO CyMMa anredpanyecKiX RONOJHEHMH BCex
FICMEHTOB ONPENIENHTENST PABHA CAMOMY ONPEAENHTENIO.

538. lokazaTb, 9T0 KOCOCUMMETDHYECKHN ONpeAENATEb YeTHOTO NOPAKKA, He

H3MEHUTCH, €CNIH KO BCEM €0 3JIEMEeHTAM IIpHﬁa.BHTb OAHO H TO KE YHCJIO.
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5397 YCTAHOBUTL CJEAYIONLYIO CBASH KOHTHHYaHT (Pa3BepHYTOe BhIpaXKeHue
KOHTHHYRHTHl JAHO B 3afade 420):

ap 1 000G ... 0 O
-1 a 10... 0 0
({11(],2 . -an) = 0 —1 0;3 1 0 0
0O 0 00 -1 a,
¢ HelpepbIBHHIMH APo0aMHU
1 ..a
ag+ _ {mas...an)
1 agdy ... an
as + 1
agt: -+ —
Qn

5407 Tlycrs jaHbl OBa OTPEAETUTENA:

411 12 ... @n
a1 @22 ... Q2n
A= nopsaKa n
Gpl Ane Gnn
H
b1 b2 b1y
bot boa ... b
B = |7 2p HopaRKa p.
bpl pr e bpp
CoCTaBMM OTIPEIEUTEAL MOPAIKA TIp:
aitbyy ... awmby enbiz ... awbie ... anbyp ... aibip
anbiy ... agbn ambia ... abiz ... ambip ... agbyp
an1b11 annb1l an1biz annbi2 an1b1p annbip
D= | ouba ainbar a11ba ainboo a11bap a1nbop
a1bn agnboy ambay ... azbar ... anby aznbop
an1ba1 ... Gppbor Aniboy ... apnbos an1bop Ganbap
Gmlbp]. annbpl anlbp2 a-nnbp2 anlbpp a,mbpp

Takum ofpa3oM, MaTpHIa onpenenuTens D coctrout uz p? KneTok no n
CTPOK H 7 cTonb10B B KaxAol. [IpH 3ToM KNeTka, CTOANIAA B i-H KJe-
TOYHOI CTpOKE M j-M KaerouHom ctonbue (4,7 = 1,2,...,p), nonyyaerca
M3 MATPHIH onpexennTena A yMHOXKeHHeM BCeX ee 3/1eMEeHTOB Ha b;;. [o-
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Otzen 1. Onpenenutenn

541.

5427

5437

5447

5457

kazarsk, yto D = APB". Oupenenntens D Ha3blBaeTCsH KPOHEKEPOBCKHM
npousseneHneM onpeaenuresneit A n B (cm. 3amaun 963, 965).
Joka3aTh ClEAYIOUEE PABAIO PA3N0XKEHHS OKAAMIEHHOrO ONpeennTe-
JA: €CHH

al; a2 ... Qin
ag] G2 ... Qap

H Aij —aﬂreﬁpanqecme JAONOJIHEHHE 3JIEMEHTA Qi5, TO

a1y a1 ... Q1p I
dgy @22 -.. Q2 T2 n
.................... =Dz — Z A,-J—:rz-yj.

Qpl Qr2 ... Qpn Tn 1,7=1

ITycTs sneMeHTH onpeaenureis ) sBASIOTCS MHOPOYJEHAMU OT Heus-
BECTHEIX Z1,T2,...,%T3 ¢ YUCJIOBBIMH (MJIM M3 OPOM3BOJIBHOTO moss P)
kosgdbunuentamu, npudeM [} = 0. Hokasare, uto anrebpanyeckne J0-
NOJHEeHNs 3JeMEeHTOR onpelenuTend D MoKHO NpeACTaBNTE B BHAE A;; =
A;B;, 4,7 =1,2,...,n, roe Bce A; u B; — MHorouneHe! oT 11,%9,...,Ts.
Haittn 3TH MHOrOWIEHBI Anisi ONPEJeTUTe s

0 ab
A=j—-a 0 cl,
-b —c 0

rje 3a HEeM3BECTHHIE TIPHHATH &, b, C.

Ionpayace gpyms npenmiyIIAMH 331a498MH, KOKA3ATh, YTO KOCOCHMMET-
pHYeCKuil OnpeReaUTe b YETHONO NOPAAKA, ABJIAETCH KBAAPATOM HEKOTO-
POro MHOTOYNEHEA OT €ro 3JIEMEHTOB, CTOALTUX BRIIE IVIABHON SHArOHAJM.
[Toxa3aTh, 4To eCJIH B 00IIEM BBIPAXKEHHH KOCOCHMMETPHYECKOTO ONpese-
JIUTENS KAKABIA 3NIEMEHT a4; TIPH J > ¢ 3aMEeHUTh Yepe3 —a;j, TO COKpa-
TATCA BCE 4JIHB!, TMOACTAHOBKH M3 WHAEKCOB KOTODHIX NPH PAINOMKEHHH
Ha IUKABI RAKT XOTA Obl OJMH UK/ HEYETHOR IJIHHEL

Ilycrs D — KOCOCHMMETPUYECKH] ONpPEAENHTENb YETHOr0 NOpsajKa n ¢
NMeMEHTaMHt a;; = —aji (4,7 = 1,2,...,n). IPadposmrm npouseedenuem
onpedeaumenn I} HasblBaeTCs npousBeaeHUE

EQiy iz Pi3,i4... Fin_1,ins

B KOTOPOM MHJEKCH 71/2 31€eMEHTOB, B HETO BXOAALINX, 00pa3yloT mepe-
CTAHOBKY 1,%2,...,i, uncen 1,2,...n; € = +1, ecnu 914 NEpPECTAHOBKA
4YeTHad, B € = —1, ecau HeweTHasd. [Idaddoso nponssenenne HasbBaeT-
CR NPUBEJENHBIM, ECJIH OHO COCTOUT TONBKO W3 3JIEMEHTOB, JNeXAIuX B [
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5467

BBIINE [NABHON AMATOHAAM (T. €. €CAH Y KAXJOro 3MEMEHTA NEepBBIA HH-
HeKe MeHbIne BToporo). UneH onpegenurens [ HA30BEM cywecmeentbinm,
€C/IW MOACTAHOBKA U3 €0 HHAEGKCOB HMEET TOJIbKO IHUKJbl HeTHOH JJIHHBI.
IMapa npusegennbix ngaddossix npoussegenut Ny, No (B gaHHOM nO-
pAZKe) HA3BIBAETCS CoOMEeMCcmeyouweti RAHHOMY CyIIECTBEHHOMY e-
Hy onpeaennrens D, ecnu ona MOCTPOEHA MO STOMY “WIEHY CJIEHYHOIHM
obpazom. IlycTh OACTAHOBKA M3 MHAEKCOB JAHHOTO “UJIEHA 3allMCaHa B
IHKNAX Tak:

(areg...an—1an)(BiBe ... By-18y) - (Bapa - - - pr—11tk), (1)

npuueM o) = 1| B KaXKABIM LUK/, HAYMHAH CO BTOPOr0, HAUMHAETCH C
HAMMEHBIIEro 4YMCJAd W3 YMCes, He BOLIEAIINX B NMPEABLAYINHE LHKJIbL
CrpouM ndaddoBn npou3pefeHUs

[ —
NI = €18a;,00%03.04 - - - Qan_r,0n 3B1,62083,04 - - Chg_1,8¢ "+ -

s Opy Oy e - G g gk

r_
Ny = €380y,010a,05 + - - Gayn,cB02,83%04,05 - - - ap,.6 -« -

cooOug pa Qg s o Bpg s

3aTeM KaXCABIH IEMEHT aqj, TRE i > j, 3aMeHAeM Yepe3 —aji.

CoOTBETCTBEHHO MEHACTCA 3HAK £] WIH £, HO MEHSAETCs M KJacc Ie-
PECTAHOBKH, TAK 4TO NpPH KaxJAOM 3aMeHe MBI CHOBa mojyuaem ndad-
dopo npouzpeenue. Bumnoanus & Ny, Nj Bce yKazaHHEIE 3aMEHBl, MBIl U
noay4dum napy Ny, No npusepeHpix noacd¢oBeix npousseneHHii, coor-
BETCTBYIOUIYI0 ZAHHOMY CYILIECTBEHHOMY umeHy D.

Jokazars, UIT0:

1) JIwGan napa npuseaeHusix ndradxpoBeix npousseneHuit (paszning-
HBIX MJIH ORMHAKOBBHIX) COOTBETCTBYET OHHOMY M TONBKO OHHOMY CyLle-
CTBEHHOMY 4ieHy obmiero pasnoxeHus onpepenutens D. (B obwem pas-
JNoeHHd [} wieHsl, Nnojydalomyecs OgUH U3 APYroro 3aMeHaMH THIa
aij = —aj;, CYATAOTCH pasmuunbiMu.) MHeIMM croBaMM, yCTaHOBJIEHO
B3aMMHO OAHO3HAYHOE COOTBETCTBHE MEXY BCEMH CYIUIECTBEHHBIMH 4Jie-
HAMH H BCEMH OApaMu npuseieHHbIX dacddorbix npoussenennti onpe-
penutena D,

2) Kaxnplif CyIecTBeHHLIN YIeH PABEH IPOU3BEAEHUIO IPHBECHHEIX
ndraddoBLIX TpoU3BeAeHHN COOTBETCTBYIOILEH €My Daphbl.

3) D = p°, roe p—cyMMa Bcex npusesieHHbX NdraddoBrIX Npous-
BefieHnil, HaspiBaemas npadpdosrim arperatom unu ndradpdpuanom onpe-
Jenutens D).

JloKa3aTL CAeRYIOUIYIC PEKYPPEHTHYIO DOPMYyNy, YA0OHYIO 10 BEIYHCHE-
mua ndaddoa arperaTa, onpeieseHHOTO B NpeApaywell sanade. Ecan
pn —nbacbdor arperar kococuMMerpuyeckoro onpeaenutens U, = |ay;]
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Ornen 1. OnpesenuTenn

547.

548.

5497

5507

5517

4eTHOTO IOpARKA 1 > 2, pin — ndracbdo arperar onpepenurens Din,
NoJy4eHHoro u3 D, BrIYepKHBaHNEM nN-# U i-§ CTPOK, a TaKXKe COOTBET-
cTBylOmux cTonGuos, rae ¢ = 1,2,...,n—1, T0
n—1
pn= Y _(~1)"'pinain; p2 = a2
i=1

HoxazaTh, 9TO Pin MOAYHAETCH B3 Pp_y YBEAMYEHHEM Ha 1 BCex uH-
JEKCOB 37IeMEHTOB, GOJIBIUNX UAW PaBHEIX i.
Honsaysch dopMymnolt mperpILy el 3a8a4u, BHIMUCTUTS Ndpadduanst ps,
P4, Ps-
Tlome3ysich bopMynolt sanauu 546, HalTu yncno charaemblx ndadgdosa
arperaTa p, KOCOCHMMeTpHUeckoro onpejemarens D), gernoro nopasn-
Ka 7, T. €. YHCNO DA3JIMYHBIX NpHEBeAeHHBIX 1KhachOBEIX TPOU3BEACHHM]
onpenenurens D, (npousseneHns, pas/MyatomMecs AHILL TOPAIKOM CO-
MHOXKHTEJIEN, PasJuuHbIMU HE CINTAOTCH).
[Tycrs D — kococuMMeTpHYecKi OnpeleluTe/lb HE4eTHOre NOPAAKA 7t C
snementamu a;; (4,7 = 1,2,...,n), My; — MUHOp 3/1eMeHTA Gij, Pintl —
ndaddos arperar MmHopa M;;. Tokasate, uro Mi; = pjnt1Pin+t
(i, = 1,2,...,n). Hanee, nmoxasars, 4T0 3a MHOTO4YneHn A;, B; 3a-
faun 542 (npu yCJAOBMM, YTO HEH3BECTHBIMH Z1,...,Ts CUATAIOTCA 3JIE-
MeHTH [}, cTosnipe BEINE DNABHOK AWATOHAIU) MOXKHO NPUHATE A; =

(=~ pina1, Bi = (1Y 'pjnsr.

0 ab
[Iposeputs, yro ana onpemeymrens | —¢ 0 ¢ | sTHM nyTem nomy-
-5 —c 0

JaeTCs TOT JKE Pe3YJILTAT, YTO U B 3a1ade 542 {ecm yuecTs, 4TO B 3a8a4e
542 A; u B; onpenenenst ¢ TOHHOCTBIO JI0 H3MCHEHHA 3HAKA Y BCEX THX
MHOTOYJIEHOB).
Jokasare, 4To onpeaenurent 0bLIEro BUAA, PACCMAaTPHBAEMBIH KaK MHO-
rOYNeH OT CBOMX 3JIEMEHTOB, NPHHATHLIX 33 HEWIBECTHBIC, HE Pa3jIaraeT-
Cd Ha JBa MHOXKHUTENS, KAXABIH U3 KOTOPHIX €CTh MHOTOYJIEH OT TeX
’Ke HEeM3BEeCTHEIX CTENeHH, OTAu4HOH oT HyndA. UHemmu cnosamu, onpene-
JIUTENb SBJIAETCS HENPUBOAUMBIM MHOPOUREHOM OT CBOMX YIEMEHTOB H
TIPUTOM HaJ JOOLIM NONEM.
Ilycte D = |a;;| — onpegenmrens nopsaaka n > 1, k—moboe u3 yucen
1,2,...,n, (”’)= ke ™
k kXn — k)!
BO3MOXKHBIE COYeTaHUsS u3 N yucen 1,2,...,n no k, 3aHyMepoBanHble B
MPOHM3BOJILHOM, HO B JajibHeHineM HEW3MEHHOM IOpsjKe (4ns ompene-
JEHHOCTH YHCHA B KAXKAOM COMETAHUN MOXXHO CUNTATH DACTOJIOMKEHHEIMH
B NOPAJKE BO3PACTAHUHA, XOTS IS HANbHEHIIEro 3T0 He CYHIECTBEHHO),
jij — MHHOp k-ro nopsaaxa onpegenauTens D, cTOAWEN Ha NepeceveHHH

; 0603HAMAM Uyepes §1, 83, . . - ) S(z) BOE-
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552!

5537

CTPOK C HOMEPAMM M3 COUETAHHUS §; M CTONONOB ¢ HOMEpaMM M3 COYETA-
. n

HuA §;, £, = 1,2,,..., (k); «;; — anrebpanyeckoe AONONHEHHE MHHODA

u#;; B D. OnpepennreneM MHHOPOB k-ro nmopsiika onpenenurens D xHaso-

n
BEM OIpENeNUTEeNE MOPsAKA (k)’ MMEoUTHH BUI

I 11

Ay = H2 poz - #2(:)

Fen B2 - 0@
— n
BreneM eme onpenenurens Ay nopagka ( f ), NOMYYAOLMHCA 03 A) 3a-

MEHON Ka’KJOrO MHHOPA fi;; €ro anrefpanyecKuM RONONHEHHEM o;; B D,
Hoxkazars, 4To:
1) sHaveHus ompenenuTesnelt Ay u Ap He MEHSIOTCH NPH H3MEHEHUH
HyMepalHH COYeTaHuHl, T.e. OpH NEPecTAHOBKE COUETAHMN B NOCIeN0Ba-
TEeAbHOCTH 31,32,...,5(:);

2) Ay = A, 4. DTo — 0606imenne yTBepKIEHAs 3a1auu 242;
—_ n wn=1 —_— -1

3) Avly = DG); 4) A, = DG, 5) &, = DR,
Brraucauts onpepemurens P, = |p;;|, 8 koTopou pi; = 1, ecqn i pesmt 7,
u pi; = 0, ecqn ¢ me pennr j. Haliru 3ravedne onpenenurens @, = lgi51,
B KOTOPOM ¢;; PaBHO 4uCily ofwNX jesuTened umcen ¢ u j.
Qynryueti Fisepa HasbiBaerca GYHKUNA (n), paBHAA YMCITY YHCEN pi-
Aa 1,2,...,n, B3auMi0 NpocThix ¢ 1. Honwaysace npeapnymel zanavei
1 TeopeMoit 'aycca 0 Tom, uro n = Z w(d), rae cyMmma Gepercs o BceM
AenurenaM d yucna n (Bkao4Yad 1 ¥ caMo n), NOKAa3aTh, YTO Onpene-
aureas mopanka n D = |dij|, e di; —Hanbonsmail obmuit menuTens
aucen ¢ M j, pasen o{1)p(2)...p{n).



Otpen 2
CUCTEMbI NUHEWUHbIX YPABHEHUH

§ 9. Cucrems! ypasHeHuil, pemaemsie o npasnay Kpamepa

Caesyrolye CHCTEMb! YPABHEHHH PEHTh 10 npasuiy Kpamepa:

554.

556.

558.

560,

562,

564>

2z) + 220 — 23+ T4 =4, 555. 2z + 3x9 + 11z3 + by = 2,
Az + 3z9 — x3+ 224 = 6, 1+ zr3+ SBxz+ 2z =1,
823 + 5xg — 3x3 + 4y = 12, 2ry + oo+ 3xz+ 2x4 = -3,
3x1+ 322 — 223 + 224 = 6. 1+ zo+ 3z3+4zy=-3.
2r1 + 5xz9 + 4as + x4 = 20, 557. 3z + 4z + z3+2x4+3 =0,
o1+ 3xa+ 223+ x4 =11, 321 +520 + 33+ 5z, +6=10,
2x1 + 10z9 + 9x3 + Tx4 = 40, 6z1+8x2+ r3+5x4+8=0,
3r1+ Bzg + 9x3 + 224 = 37, 3z1+ 529+ 3za+ T4 +8=10.
Tr1+ 99 +423+224—2=0, 559 6x+5y—-2:+4+ 4=0,
2ry —~ 20+ T3+ T4—6=0, 92— y+4z— t—-13=0,
521 +6x0+3x3+224-3=0, Sc+4dy+2:-2t— 1=90,
221 +3x0+ T3+ T4 =0. 3z -9y +2—-11=0.
2r— y—62+ 3t+ 1=0, 561. 2z + y+4z+8t=—1,
Ter—dy+ 22— 151+ 32 =0, x+3y—62+2t=3,
z—2y—4z+ 9 - 5=0, Jr — 24+ 2: -2t =8,

r— y+2z— 6t4+ 8=0. 2r - y+ 2z =4.

20— y+3z2=09, 563. 2z — By +3z+ £=5,

3z —by+ z=-4,
4z - Ty + z2=25,

3z-Ty+32— t=-1,
Sr—Y9y+6z+4t =17,
dr —6y+3z+ t=8.

Jpe cHcTeMbl NHHERHBIX ypaBHEHUH ¢ OAHMMH M TeMU K€ HeH3BECTHBI-
MH (He 00:3aTENIBHO C OJHAM M TEM K€ YHCIOM YPABHEHMI) Ha3bIBAKTCS
SKBHMBAJEHTHBLIMH, eCTH n10boe peltennie nepsoit CHCTEMBI Y0BAETBOPACT
Bropoit u ofparHo. (JIofble ABE CHCTEMBI ¢ OJHMIMH W TEMH K& HEM3-
BECTHBIMM, KAXKJAAH U3 KOTODPHIX HE MMEeT DEUIeHHt, TaKke CUHTAIOTCA
SKBHBAJNEHTHBIMH. }

[Toxazars, uro moboe U3 CleAYOIUX NPeodpa30oBaHull CHCTEMBl JM-
HelHBIX ypaBHeHui:

a) NMepecTaHOBKA ABYX YpaBHEHHI;
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565.

566.

6) ymHOMKeHHe 06eUx 4acTed OAHOrO U3 YyPaBHEHUH HA Joboe YUCTO,
OTJIHYHOE OT HYyJd;

B) IOYNEHHOE BBIMHUTAHHE U3 OJHOTO YPABHEHHA LPYTOro, yMHOXKEH-
Horo Ha Jwboe yucno,
NepeBOSMT JAHHYIO CHCTEMY YDaBHEHHH B SKBUBAJEHTHYIO.

[lepeBoguT i U3MEHEHHE HYMepalMK Hen3BECTHLHIX JaHHYH CHCTEMY
B 3KBHBAJIeHTHY10? JlomyCcTHMO Jim H3MEeHeHHe HyMepallMi HeH3BEeCTHbIX
OpH PellleHHH CHCTeMbl YPaBHEHHN?
Hoxazars, uro 10038 CHCTeMa JMHHEHHBIX YpaBHEHNH

n
Za,-j:r:_,-=b,-, i=12,...,8, (l)
i=1
TIOCPeACTBOM npeobpa3oBaHuil THIA a), 6), B) OpeabIayIue 3a1a4u i U3-
MCHEHHMA HYMepalli¥ HEM3BECTHLIX MOXKET GBITH IPMBENEHA K BHAY

™
ZCijyj=di, i=1,2,...,3, (2)
f=1
YAOBAETBOPAIIOUIEMY OOHON M TOJMBKG OAHOH U3 CAEedYIOLIHX Tpex Ipynmn
YCAOBUH:

a) ¢ #0,¢i=1,2,...,n; ¢; =0 gna i > j (B qacTHOCTH, K03D-
$ULHEHTHI NIPH HEM3BECTHLIX BO BCEX YPABHEHHAX, CHEAYIOLIMX 33 7-M
(npu s > n), paeubl wyaw), d; = 0 gt ¢ = n+1,...,8 (B aToM c1yyae

FOBOPAT, YTO CHCTEMA NPHBEJIEHA K TPEYroJdLHOMY BUIY);

6) cywecTsyer uenoe yucao v, 0 £ r € n — 1, Takoe, 4ro ¢ # 0,
i=12,...,r¢;=0npui> J, ¢; =0mnpui>rumoebom j, paBHoM
1,2)...,ndi=0mpui=r+1,r+2,...,8 .

B) cymecrByer nenoe yucao 7, 0 € r € n, raxoe, uro ¢; # 0 npu i =
,2,...,r¢c;=0npni>jc; =0mpui>rumobom j=1,2,...,n
Cymecteyer nenoe uncno &, r + 1 € k < s, Taxoe, uro dy # 0.

[Tokazarh, 910 €cad B cucTeme (2] BOCCTAHOBUTHL MPEXHIOK HyMe-

PAlMI0 HEH3BECTHBIX, TO MOJYYHMTCA CHCTEMA, IKBHBAJIEHTHAS HCXONHOH
cnereme (1). 3arem nokasars, 4ro B ciyuae a) cucrema (2) (a 3Hauur,
u (1)) umeer eguHCTBEHHOE pemeHue; B ciaydae 6) cucrema (2) umeer
GecKoHeYHO MHOTQ DEUIEHMH, NpHYeM AJA NIOOBIX 3HAYEHMHA HEH3BECT-
HBIX Yr41,. .., Yn CYLIECTRYET €ZUHCTBEHHAA CHCTEMA 3HAYEHHI OCTAIIb-
HBIX HEU3BECTHRIX Y1, . .., Yr; B C/IyHae B) CHCTeMa (2) peineHull HE HMeeT.
STa TeopeMa JaeT 060CHOBAHHME METONE MCKIWYEHUS HEM3BECTHHIX MpHU
PelUIleHHH CHCTeMB! NHHEHHBIX ypaBHEHHH.
Toxaszarb, uTo ecnu cucTeMa JMHEHHBIX ypaBHeHu# (1) npenpaymeit 3a-
JAa4d HMeeT ueskle Kood@HUUMeHTE], To NIPH BCeX npeobpa3oBaHUAX B [IPO-
necce ee MPHBEAEHHs K BUAY (2) MOXHO u3bekarTs ApoBHBIX 4HCENT, Tak
uro U cucrema (2) 6yzer ¢ nenmiMn koadpuunenTaMu.



78 Oraen 2. CucreMul IMHERBBIX YPABHEHHH

Cne,n_y Wupe CHCTEMEI ypa.BHeHKﬁ PeIHTE METOI0M HCKAHYEHHA HEN3BECTHRIX !

567. 3z — 229 — B5xa+ T4 =3, 568. 42y — 3zo0+ 23+ 524 —-T7=0,
2y — 319+ x5+ bxy = -3, x1— 219 — 223 — 324 — 3 =0,
1+ 210 —dxy = -3, 3z, — 94+ 213 +1=0,
x— Ts — dxs + Y4 = 22. 22 + 329+ 2x3 — 824+ 7=0.

569. 2r; — 219 + x4+3=1( 570, z;+ 29— 6r3 —41y =6,
201 +3zp+ 29 — 324+ 6 =0, 3z~ 20 —6x3—4dxy =2,
3r, +419 — T3 + 224 = {}, 2x1 4+ 322+ 923+ 224 =6,
T+ 3+ 23— T4—2=0. 31+ 229 + 323 + 8x4 = —T.

571, 227 —-3z2+3x3+2x4-3=0,
6r;+919 — 223~ T4+4=0,
10xy + 322 —3z3 ~ 214 -3 =0,
8ry +6xa+ x3+3x4+7=0.

572. x4+ 2z9+ bxz+ x4 = 79,
3z1 + 1322 + 18z3 + 30x4 = 263,

2z1 + 419 + 1lzg + 16x4 = 146,

1+ 929+ OBz + 9xy= 92,

973. 1+ a9+ z3+ T4+ x5= 15
1+ 22+ 3x3+ 4dxqe+ S5z5= 35,
1+ 3w + 6x3 + 1024 + 1625 = 70,
x] + dxg + 10x3 + 204 + 3515 = 126,

z1 + 529 + 1523 + 35x4 + 7025 = 210.

574. x1+ 229+ 3z3+ 44+ Sy = 2,
2x) +3z0 + Txg + 1024 + 1325 = 12,

3z1 + 512 + 1lzg + 1624 + 21z5 = 17,

2:1?1 — 7:1:2 + 72?3 + 7:54 + 2.‘1,'5 = 57,

Ty +4x2 + Sra+ 3x4+ 10x5 = 7.

5757 62?1 + 6I2 + bBxs+ 18$4 =+ 202’.‘5 = 14,
10z1 + 9xe + Tz3 + 2414 + 3025 = 18,

1221 + 1229 + 1323 + 27z + 35z5 = 32,
821+ 6xo+ 6z3+ 15x4 + 20z5 = 186,

4z1 + S5z + 4dxa+ 154 + 1525 = 11.

576. =1+ x4+ 4dza+ 4dxg+ 925+ 9=0,
2z + 29 + 1723 + 1724 + 8225 + 146 = 0,

2x, + 33— x4+ 45+ 10 = 0,

To+ 4drz + 12244+ 2725+ 26 =0,

1+ 220 + 223 + 1014 - 37=0.
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577,

578.

580.

582,

583.

584,

585.

586.

587.

Bry + 229 — Tzg + ldzy = 21,
521 — To+ 8x3— 13x4+ 325 = 12,
102+ 29— 223+ Tz4— z5= 29,
15z; + 3z + 1523 + 9z4 + Tx5 = 130,
2r1— x9— dxa+ Sx4~Trs = -13.

2e1+ Tra+3z3+ 4= 5, 579.2x1+ 3z2— 13+ 4 =1,
T+ 3x0+ bxs — 224 = 3, 8x1 + 1225 — 923 + 8x4 = 3,
1,
2.

1+ Bz — 9x3 + 84 4r; + 6x9+ 313 — 224 =3,
Fry + 18z + dxs + 5y =1 2x) + 3x0+ 913 — Txg = 3.

4| — 379+ 223 — 24 = 8, 581. 2%~ T3+ T3— x4=3,

3z —2z9+ x3-—-3z4 =T, 4z, — 229 — 203 + 34 = 2,
2r1 — I0 - bry =6, 2r1— x9+5x3—6xry =1,
821 ~3z0+ x23—8x4=1. 2x1 ~ T2— 323 +4x4 = 5.

[TokazaTh, 4TO MHOTCOYNEH CTEINEHH 7 BIIOJIHE ONPEHENAETCA ero 3Hade-
HUAMH TIpH 7 + | 3HAMEHHAX HeHW3BeCTHoro. TodHee, OKA3aTh, 4TO AJUA
NHOOBIX Pa3AMYHBIX MEXAY cobol umcesn xo,T1,%2...,Tp U MOGBIX 4H-
CeNT Yo, Yl,s---, Yn CYMECTBYET M OPHTOM TOABKO oAuH MHorouneH f(r)
CTETNIEHH € 1, AJS KOTOPOTO

flzgd)y=w, i=0,1,2,...,n

MMosbaysick npeaplAymel 3ajadef, A0Ka3aThb SKBABAJIEHTHOCTb IBYX
oTpeiesien it papeHCTsa MHOTOYIEHOB OT OJHOTO HenasecTHOroY ¢ wuc-
JoBbIMU KoaddurmenTaMn (Mnu xosdbduuperraMu u3 moboro GeckoHeu-
HOTO TIOJIA):

1) nBa MHOrOYNEHa HA3BIBAKOTCA PABHEIMH, €CJHM PaBHBI MX KO3pdU-
IMEeHTHl NPH KaxJoH Iape YNEHOB OAMHAKOBON crenmeHu (onpereseHue,
npuHATOE B AJrefipe);

2) XBa MHOTOYIEHA HA3BIBAIOTCS DABHBIMM, €C/IM OHH PaBHBI Kax
GYHKOMH, T.€. eC/IH PaBHBl MX 3HAYEHHSA NPH KaXKIOM 3HAYEHHH HEM3-
BECTHOro (OMpeneneHne, NPHHATOE B AHATHIE ).

[MokazaTs, 9YTO AJis KOHEYHOro nois KosddunueHTOB ONpejnencHus
NpexbLayLed 333391 He SKBHBANECHTHBI (OCTPOHTE [IPHMEP).
HatiTu xBaApaTHRI MHOPOuneH f{x), 3Has, 4TO

F)y=-13 f(-1=9 f(2)=-3.
Hatttn muorounen 3-it crenenn f(z), Juia koToporo

Kakoii reoMeTpudecKil CMBICT MMEET YTBEPHIeHYE 3anadu 5827

1
) HH,ELYK]H‘IEI:I JETKO JOKA3IATE aHAJMOTHYHOEe yTBepXKNeHHe A1d MHOTGUIeH0s OT awboro
YHCAa HEM3BECTHRIX.
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588. Haitu napabony 3-if crenenu, npoxoxsamylo uepes touky (0,1), (1,-1),
(2,5), (3,37), npruem ACUMNTOTHYECKOE HAIpaBJeHHE TAPaJlIeNbHO OCH
OpAUHAT.

589. Haitru napabony 4-# cTenenu, npoxonsuyto vepes Toukn (5,0), (—13,2),
(-10,3), (—2,1), (14,—1), npuyeM acMMNTOTHYCCKOE HAMPABJIECHHE Na-
pPaIEabLHO OCH abCLuce.

PeinuTe cneaywmue cucTeMsl JUHEHHEIX Y PABHEHMI, TPHMEHHB B KAXI0M CJTY-
yae HauBosee NMOAXONAIMNN NpUeM:

590. ~rz+y+z+1t=a,
rT—y+z+t=0b,
r+y—z+t=c,
r+y+z-t=d,

5917 a{z+1)+ b{y+2z)=¢,
dy+t)+ b (z+12)=C,

aﬂ (Z+t)+b”($+y)=cn1
r+y+z+t=d,

npaueM a # b,a’ # b,a" # V.
592 ax+by+ cz +dt = p,
—br+ay+dz—ct=gq,
—ecr—dy+az+bt=r
—dz+cy—bz+at=s.

593 z,+a1Tn_1 + aga:n_g +-+af lzy +af =0,
In+ 00Tp_1 tA3Tp_3+ -+ a’g‘_la:l +af =0,

In + GnTn-1 + aﬁmn—Z +--+ az_lr-fl + ap = 05
ThHe a1, 42,...,0,; — Pa3JIHYHBIC YHACTIA.

594, ] + T2 A+ T, =1,
0171 + aTs + + ApZn =,
a%:rl + agxz +r 4+ a;ﬁ,xn = "-"2,

ai lzy+al e+ o, = 60

"
T/e @1,8G9,...,0, — PA3JHUHBE YAC/IA.
595. 1+ a1xa+ -+ a’f“i:rn = bl,
T+ agTa+ -+ ay Ty = by,

Tie a1,83, -+ , Gy — PA3IMYHBIE THCIA.
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596,

597.

598.

5997

6007

g + I3 +--- + In =b1:
ajzx; + azxrz +0 + anly szs

roe ai,as, ..., 4, — Pa3anyHble YHCHA.

1+ x4+ TR+1=0,
21+ Pzo+ - + 2w, +1=0,

axy + bre + -+ + bz, = ¢y,
br; +axg+ -+ bz, =

bry + brg + -+ +ax, = ¢,
rae {a — b)[a + {n — 1)b] # 0.

(3+2a)z1 + (34 2a2)za+ - + (3 + 2an)z, =3 + 25,

(1+3a; +2a))z1 + (1 + a9 + 2a2)z0 + - -

<o+ (14 3an + 2a2)z, =1+ 3b + 2b°,

a1(l + 3aq + 2a%)$1 + as(1 + 3as + 2ad)zy + - -

oo+ an(l + 36, + 202)z, = b(1 + 3b + 26%),

a? 3 (1 + 3a; + 2ad)x; + ol 31 + 3az + 203)zs + - -

o 4+ a3 (1 4 3an + 262)x, = 073 (1 + 3b + 26°),

a? 21 + 3a1)z; + ol 721 + 3ag)zy + - -

o4 a2 721+ 3, )z, = 0721 4 3b).

Paznaras ¢dbyHKIMIO ﬁ

1+h1$+h2$2+h3$3+"-.
ITokaszaTh, 4To

1
5100
1 1
O
3 2 0
A= LLo1
4 3 2

B CTEIEHHOR psAR, IOAYYHM

In{l+ z)
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1 e € €
601. HzsecTHO, 4TO o = 1+ 2—1!:1:2 + f'm“ + 6—:::1:6+ cer  THE €1,€2,63,...

TAK HasklBaeMble Yucna Jiinepa. I[lokazars, uTO

% 1 0 0 ... 0
% % 1 0 ... 0
en = (2n)! % % % 1 0
s e R e l
@n) @n=2) @n-4) (n_6! &

6027 B pasnoxennn — T = 1 + b1z + boz® + b3z + -+ koapunment
e —

(=1)"~'Bs
W; rae B, — rax Ha3biBaeMmble vucaa Beprymmu.

ITokazaTk, 4TO

bon =

1

5 1 0 0 0

1 1

3 5 1 0 0

B, = (—-1)*"1(2n)! 1 1 1

z i 5 ]. P 0
s fe [ l
(2n+1)! (2r)! (2n—1)! (2n-2)! " 2

Janiee nokazaTh, 4TO

1

31 1 0 0 0

1 1

31 o 1 0 0

bop_1 = 1 1 1 =0

i@ 2 o0
1 ........ 1 ........ ; 1 ........... 1.
(2n)! 2n-1)! (2n—2)! (2n-3)! 21
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6037 Iloka3aTs, uTo uucao BepHyann B, BBeleHHOe B IpeAblRymel 3arade,
MOKET GBITh BHIPDAXKEHO CHAENYIOIIHMH ONPEJENHTEeNAMI 71-T0 TIOPARKA:

1
3 1 0 o0 ... 0
3 1
1 5 3 1 0 0
B, = =(2n)! 5 1 1
P e PR 1
(Gn+ 1)l 2n=1) (2n-3)! (2n-5) 31
HJIH
1 1
i 5 0 0 0
2 1 1
6l ] 2 0 0
B, = 2*(2n)! 3 1 1 1 .
8! 6! 4! 20 :
e e R 1
2n+2) @) Gn-2)! @rn-4 4

6047 OGo3nauuM uepes s,{k) cymmy n-x creneHell 4uCen HATYPAJLHOTO PAAd
orlpok—1,1e so(k) =1"4+2"+ -+ (k—1)". YcTaHOBHE PaBEHCTBO

K= 1+ C s, 1(k) + C¥ %5, o(k) + -+ + Clay (k) + so(k),
NMOKa3aTe, "TO

A SN o\t T O |
erlerlend ol
a(k)= — K72 0 ChTy Gy 1

1L
2 0 0 cio1
k 0 0 0 0
6057 Ipencrasute B BUAe ompeienuTtens n-i koadduuent I, pasnoxeHus

t
% =1+h2¥tla+ L+

606. [lpencrasute B Buje onpenenurens n-# KodppHIUEHT f, pasnoxeHud
zotgr =1 — fiz2 — fazt — = fx®t — ...

6077 Bripasus n-it kosbHLUUEHT @, paznokeHns € ° = 1 — a4z + asz® —

azzr® + - -+ B BUOE ONpeJenUTeNns, HAlTH OTCHHA 3HaYeHHe ONpencenuTend.
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Otpen 2. CucTeMbl AMHeHHLIX YPABREHHH

§ 10. Paur marpuusl.
JIuneiiHas 3aBMCHMOCTb BEKTOPOB M JIMHEHHBIX dopM

Hadite pasr cieAyoLAX MATPHL METOHOM OKa#MIeHusi MHHOPOB!

608,

610.

612.

613.

614.

615.

213 -24 R
4-25 17 609.
911 82 5 1 -17
- 7 7 0 1
s 1 39 s 13 -52 3
s o: 86 ~74 2
. 611. | 43 -82 7
1 -3 -5 0 -7
A 43 192 -5
- 86 —~1 4 —6
HafiTi 3HAYEHHA A, IPH KOTOPBIX MATPHIIA
31 14
X410 1
1717 3
92 43

HMeeT HaHMEHbUIMH DaHT.
Yemy paBeH PaHr NpH HANAEHHBIX A 4 4eMy OH paBeH IIPH APYrux
3HavYeHuaAx A7

Yemy paBeH paHI' MaTPHLEI

1 X -12
2 -1 A5
1 10 -6 1

NPH Pa3fiUdHbIX 3HAYEHMSX A7
[Tycts A— maTpunma panra r u My — MuHOP k-rO NOpsiKa, CTOAIIMA B
JIeBOM BepxHeM yruy Marpuubsl A. Jloka3aTh, 4TO NyTeM NEPecTaAHOBOK
CTPOK Mexnay coboit U cToab10B MeKAy €000t MOXKHO NOOHTLCA BRINOJ-
Henus ycnosmit: My # 0, My # 0,..., M, # 0, Toraa kax Bce MUHOPHI,
nopaaka Gonbie weM 7 (ecu OHU BOoOIIE CYINECTBYIOT), PABHEI HYJIKO.
Jaemenmopruimy nPeobpa3oseHUAMY MAMPUYK HA3BIBAIOTCH CAEAYIO-
mye npeofpa3oBaHuA:

1) ymHOXeHne crpoku (cronbua) Ha TUCIO, OTMNYHOE OT HYJIS;

2) npubasnenve K oxHolt crpoke (cTonbuy) apyroit crpokm (cTONG-
ua), YMHOXKEHHOK Ha Jr06oe 4mcho;

3) nepecraHoBka ABYX CTPok (cToafnos).

HokazaTh, YTO 3/71€eMEHTAPHLIE Npeofpa30BaHMs He H3MEHSIIOT PaHra
MaTpHUBL.
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616,

617.

618.

TloKa3aTh, YTO NEPECTAHOBKY CTPOK (CTO/OMOB) MATPUILI MOXHO BOJY-
YWTL, BLIMONHSA Npeotpa3oBaHUs CTPOK U CTOGHOB TOJIBKO THIOB 1},
2), yKazaHHBIX B IIpenplAyLIeH 3aj1ade.

Joxazars, 4To Moyl MaTPULy paHra r SIeMeHTAPHBIMH Npecdpa3oBa-
HMSAMH, YKA3aHHBIMH B 3a7a4e 615, MOKHO NpHBECTH K BUAY, POE 3/I€MEH-
THl @11 = Q23 = "+ = Gpy = 1, & OCTA/IbHLIE INEMEHTb! PABHLEI HYJIIO.
JokazaTh, 4TO 3NEMEHTAPHEIMH NPe00pa3oBAHUAMU OJHHX CTPOK WIH 04~
HUX CTONOLOB KBAAPATHYI0 MATPHIY MOXHO IPHMBECTH K «TPEyrOfbHO-
My»> BHAY, I'JI€ BCE 3JEMEHTH! 10 OfiHY CTOPOHY OT IVIABHOH AMArOHANA
PABHEI HYJIIO, TIPHYEM HYIH MOXKHO TOJNYYUTH N0 XefaHui aubo ceepxy,
anbo CHW3Y OT IMIABHON AMATOHAJIN,

BuIMHCINATD PAHT CASAYIOMMX MATPHL NPH NOMOIIH 3JeMEeHTapHeIX mpeofpa-

30BAHHI:
35 331 ég 1;3 47 67 35 201 155
619. | ° 620. { 26 98 23 -294 86
75 94 54 134 16 —428 1 1284 52
25 32 20 48

621,

623.

624,

625.

626.

627.

628,

17 28 45 11 39
24 -37 61 13 &0
622. | 26 -7 32 -18 11
31 12 19 —43 55
42 13 29 -55 —68

24 19 36 72 -38
49 40 73 147 -80
73 59 98 219 -118
47 36 71 141 -T2

JokazaTs, 9TO €CJIM MATPHIA COAEPXKMT M CTPOK M MMEeT DaHT r, TO
JIO6bIE § e¢ CTPOK 0BPa3yl0T MATPUILY, PAHT KOTOPON HE MEHBIIE '+ 5—17.
JoKa3arb, YTO NPUNHCHIBAHME K MATPHIE OTHON CTPOKH (WM OAHOro
cTo01a) Aub0 He UBMEHSIET €€ PAHra, JUGO YBETHYHUBAET €T0 HA EAUHHUITY.
JlokasaTh, 4TO BIYEPKUBAHUE OLHOH CTPOKH (CTOAOA) MATPULBL TOIAA H
TOJIBKO TOT[A HEe H3MEHAET PAHTra, KOTAa BBIYEPKHYTAS CTpoKa (cronberr)
JMHEHHO BRIPAXKALTCH YEPEs OCTAJLHBIE CTPOKHU (cTonbLET).

Cymmotl S6yT mampuy, MMEIONINX OJUHAKOBOE YHCHIO CTPOK H Of(HHA-
KOBOE YHCHO0 CTONOIOB, HA3BIBAETCH MATPHIA, KAXMHBIA IMEMEHT KOTO-
polt paBeH CyMMe COOTBETCTBYIOILMX MEMEHTOB AAHHBIX MATPHI, T. e,
{aij) + (bs5) = (ai; + by;). okasaTe, 4TO paHP CYMMBI ABYX MATPHIL He
GoNMbLIE CYMMBl MX DAHTOB.

Jokazark, 4T0 JOOYH MATPHIY paHra T MOMKHO NPEACTABHTh B BHIE
CYMMBI 7 MATPHI] PAHTA. €AUHUIA, HO HEML3S NPEACTABUTL B BUAE CYMMbI
MEHee 4eM r TaKMX MATPHIL.

Jokazarh, YTO €CNIM pPaHr MATPHUBLI A He U3MEHsETCsi OT NMPMITHCKU K
Hell Kamaore ¢ronbua matpunsl B ¢ TeM ke YMCHOM CTPOK, TO OH He
MEHAETCA OT NPHIHCKU K MaTpune A Bcex cTonbuoB MaTpuubl B.
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6297

630

631

6327

633!

634>

635.

JoKazaTh, 4TO €CJM PAHT MATPUIbLl A paBeH r, TO MUHOP d, CTOSLUMH
Ha nepeceyeHun JIIOOBIX T JIMHEMHO HE3ABHCHUMBIX CTPOK M T JMHEHHO
HE3ABUCHMBIX CTONOLOB STOH MATPHILI, OTAMYEH OT HYJIHL.

Tlycre A —kBagpaTHas maTpuna mopajgka n > 1 u A— marpuna, s3a-
HMHaa (NpHCOeXUHEHHas) ¢ Marpuneli A. BeiscHuTh, xak M3MeHseTCH
paHr # MaTpHUIbl A ¢ u3MeHenneM paHra r MATPHLB A.

Jokazare, 9TO BBIYHCAEHHE PAHTA CHMMETPHYECKOH MATPHHBI CBOIUTCS
K BHIYHCJIEHMIO OJHUX TOMBKO [VIABHBIX MUHOPOB, T. . MHHOPOB, CTOALIMX
B CTPOKaX ¥ CTOAONAX ¢ COOTBETCTBEHHO PABHBLIMHM HOoMepaMH. VMeHHO,
AOKA3ATH, 4YTO!

1) ecnu B cummeTpudeckol MaTpune A Nopsjka 17 UMEETCS [IABHBIH
MuHOp M, nopsjka T, OTMHYHbIE OT HyJs, A KOTOPOre BCE OKANMIIAIO-
IHE €r0 riaBHble MUHOPH (7 + 1)-ro u (r + 2)-ro NOpAIKOB PABHBI HYJIH,
TO PAHr MaTpHLbl A paseH 7 (eClny BCe IMABHLIE MUHOPHL PABHBI HYJIIO, TO
MOXKHO CHUMTATH [JIABHHIA MMHOpP HyAEBOrO nopaznxa My paBHBIM egunu-
e, H TeopeMa OCTAHETCA BEPHOM; IpH r = n— 1 MUHOPOB Nopaaxa r+2 He
CYIIECTBYET, HO YTBEp:K IEHHEe TeopeMil BEPHO, n60 paHr A pased n — 1);

2) paHT CHMMETPHYECKON MATPHIILI PABEH HAMBLICIIEMY MOPAAKY OT-
JUYHBIX OT HYMsl IIABHBIX MUHODOB 3TO# MATPHIIbI.

[Tycte A — cuMmeTprueckass MaTpuna padra ¥ 4 My — MuHop k-ro no-
paaka, croamuil B JeBOM BepxHeM yrny matpunnl A. (Ilpu k = 0 cun-
TaeM My = 1.) Jokasars, 4TO TyTEM HEKOTOPOH NMEPECTAHOBKH CTPOK M
COOTBETCTBYIOIIEH NEPECTAHOBKH CTONOIOB MATPHUIBI A MOXHO J0GHTH-
¢ TOTO, 4TO B pAXy MHHOposB Mo = 1, M, Mo, ..., M, HuKakue Opa
COCeNHHX He paBHbI Hyno u M, # 0, Bce Xe MHHOpBI NOpsAAKa BbILIE T
(ecny OHU CYILECTBYIOT) PaBHEI HYJIO.

doka3aTrbk, 4TO paHT KOCOCHMMETPHYECKON MATpHIBl ONPEeNAeTCs ee
FI3BHBIMH MHHOpaMH. MMeHHO:

1) ecnu cymecTByeT rABHEIN MUHOD NOPALKA 7, OTAHHHBIN OT HyNH,
JJi1f KOTOPOr0 BCe OKANMIHAIONINE ero INIaBHbie MHHOPHI MOPSANKa, T + 2
paBHel 0, TO paHr MATPHIBl PaBeH 7

2) paHr KOCOCHMMMETPHYECKOH MATPHOb] PABEH HAUBLICIIEMY NOPAIKY
OTJIHYHBIX OT HYJA IVIABHBIX MHHOPOB 3TOH MATPHIHL.

[Tycte A — KococMMMeTpPHYeCKasd MaTpuna paHra r m My — munop k-ro
nopsiixa, CTOAMHA B JIeBOM BepxHem yry marpunsl 4 (My = 1). Joxa-
3aTh, YTO [YT€M HEKOTOPOH MEPecTaHOBKM CTPOK M COOTBETCTBYIOINEH
TIEPECTAHOBKU CTOJGLOB MAaTpHnbl A MOXKHG AOOUTBLCA TOLO, YTO MH-
Hopbl Moy, My, My, ..., M, ommunwl or Hyns, a munopsl My, Ms, ...,
M, _1 u Bce MHHODH NOPAKA BhILE r (ECAM OHW CYIECTBYIOT) DaBHEI
HYJTHO.

JoKazaTb, 4TO paHT KOCOCHMMETPHYECKOH MATPHIE! — YHCAO YeTHOe.
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636. Haittu nunefinyo koMOHHanu0 3@] + 942 — G3 BEKTOPOB
a; = (4,1,3,-2),a2=(1,2,-3,2),a3 = (16,9,1,-3).
637. Hatitu BekTOp & W3 YpaBHEHHSA
ai + 2a9 + 3az + 4z =0,

rae
a)] = (5: '"8) _112)10'2 = (2: _]-?41 _3))

a3 =(-3,2,-5,4).
638. Hairrun sekTOop T U3 ypaBHEHHA
3{a; — x) + 2az + z) = 5(as + x),
rae
a; = (2,5,1,3),a2 = (10,1,5,10),a3 = (4,1, -1,1).

BRISICHUTE, ABNSIOTCA TH CIIELYOIHE CHCTEMBI BEKTOPOB JIHHEAHO 3aBHCHMBIMH
WIH JIHHeHHO He3aBHCHMBIMH:

639. a) = (1,
az = (31

641.

2, 3),
6, 7).

1),
5),
3).

640.

642,

—2, 6),
-3, 9).

4, 3},
3, 2),
1, 3).

643. , 644,

2, 6) 0, 0, 2, 5,
21 _2: 1) 3)1 G2=(0, 1: 0! 3: 4):

3, 9), 0, 1, 4, 7),

5, 6). as = (2, -3, 4, 11, 12).
Ecnu u3 KoOpOMHAT KaxKJ0TO BEKTOpa JaHHOH CACTEME! BEKTODOB OJHOTO
¥ TOTO Ke 4KCIa H3MepeHuil BorOepeM KOODIUMHATHI, CTOAMUEe HA onpe-
RENEHHBIX (O,H,H:Hx H TEX e oA BCex BeKTOpOB) MECTAX, COXpaHAasd HX
TIOPAROK, TO NOJAYYHM BTOPYH CHCTEMY BEKTOPOB, KoTopyle 6yneMm Ha-
3BIBATH YXopoueHwod And nepso#t cuereMeul. [lepsyio e cucremy Gyzaem
HA3BIBATL yoauHenHol A BTOpoi. JokazaTs, 4To mobasa yxopodeHHas
CHCTEMA JJIS IMHEHHO 3aBHCUMOIT CHCTEMBI BEKTOPOB CaMa JIMHEHHO 3aBU-
CHMa, a o6ad yAJTUHeHHasa CHCTeMa AN JHHETHO He3aBMCHMON CHCTEMBI
BEXTOPOB CamMa JHHEHHO HEe3aBHCHMA.
JokazaTe, 4TO CHCTEMa BEKTOPOB, COIEDIKAILad JBA PABHBIX BEKTOPA,
JHHEHO 3aBHCHMA.
JoKazaTe, YTO CHCTEMa BEKTOPOB, JBa BEKTOPa KOTOpOH pasinnyaroTcs
CKAJIFIDHEIM MHOXKHUTENEM, JUHEHHO 3aBHCHMA.
JloKA3aThH, YTO CMCTEMA BEKTOPOB, CONEPIKALIAST HYNEBOH BEXTOD, JTHHEH-
HO 3aBHCHMA.

EH

645.

646.

647.

648.
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649,
650.

651

652.

653.

654.

655.

656>

657!

6587

Joka3aTh, 4TO €CJH 4aCTh CHCTEMEl BEKTOPOB JIMHEHHO 3aBUCHMA, TO U
BCH CHCTEMA JIUHEHHO 3aBHCHMA.

JokazaTs, uTo M00ad 4acTh JUHENHO He3aBHCHMOHR CHCTEMBI BEKTOPOB
cama NMHHENHO HE3ABHCHMA.

Iycts gaHa CHCTEMa BEKTODOB

a; = (i1, ¥2,. ., 0in){i=12,...,5,8 < n).

5
HokazaTh, 9To eciau |oj;] > Z |aij|, To BaHHaA cucTeMa BEKTOPOB

i=1
i

JUHENHO HE3ABUCHMA.
JokazaTe, 4TO ecyii TpH BEKTOPa @), @g, @3 JHUHEHHO 3aBHCHME! ¥ BEKTOD
G3 HE BbIpayKaeTcd AUHEHHO uepe3 BeKTOPH 41 W Gg, TO BEKTOPH a1 U @2
PA3NMYAIOTCH Mexay coDOl JIHIIE YHC/IOBHM MHOXKUTETEM.
Joka3aTn, 94TO ecnil BeKTOPbI &1, &g, . . . , Gk JHHEHHO HE3ABHCHMEL, 3 BEK-
TOpHI @1, G2, ..., Gk, O JUHENHO 3aBUCUMSBI, TO BEeKTOP b JuHENHHO BHIpa-
JKAETCH IEpe3 BEKTODH aj, &9, ..., Gk.
[lonpzyace npegstaylielt 3agadeif, JOKa3aTb, YTO KaXKIAblll BEKTOp AAH-
HOH CHCTeMbl BEKTOPOB JMHEHNHO BBIPAXKAETCA depe3 JIdyIo JMHEHNHO
HE3ABHCHMYID NOJCUCTEMY 3TOH CHUCTEMEI, COOEPKAILYI0 MAKCHMAJLHOS
YHCAO BEKTOPOB.
Joka3zats, 4T0 ynopsiAoueHHas CHUCTEMa BEKTOpPOB @i, a2, ..., Gk, OT-
JUYHBIX OT HYJsl, TOTES H TOJLKO TOTHa JUHeHO HezaBHCHMa, KOTJA HH
OJTMH M3 3THX BEKTODOB HE BBIPAXKAETCA JNHHEHHO 4Yepe3 npeaslaymue.
Jokaz3aTk, 4T0 €CAH K YHOPAZOYEHHOM JIMHENHO HE3ABHCHUMOH CHCTEMe
BEKTOPOB 4y, @2, ..., @ NPHIHCATH BOEPeAH emle OAMH BexTOop b, To
He Gojlee YeM OAWH BEKTOD [ONYIEHHON CHCTeMB! GYReT JIMHEeNHO BbIpa-
JKATLCH 4epe3 Nnpeblayiiye.
JoxazaTh, 4TO €C/IK BEKTOPHI 4), A2, ..., @y JHHEHHO HE3ABHCHMEBI H
JIMHENHO BHIPAXKAIOTCA epes BeKTOpH by, by, ..., by, TO r £ 5.
Buasoti dannoti cucmems aexmopoé Ha3HIBAETCH TaKasi €€ NOACHCTEMA,
KOTOpas obafgaeT CHeAYIOIMME CBOUCTBAMM:

1) 9Ta momcHCTEMA JIMHENHO HE3ABHCHUMA,

2) n1060it BEKTOP BCeH CUCTeMBI JIMHEHO BHIPAXKALTCA YEPE3 BEKTOPHI
TOH NOACHCTEMBL.

JokazaThk, 4T0:

a) Bce 6a3bl AAHHONH CUCTEMBI COAEPKAT OAMHAKOBOE YHCHIO BEKTOPOB;

6) 4nCIO BEKTOPOB oGO BAIH ABIAETCA MAKCHMANBHBIM YHCIIOM
JIMHeHHO He3aBHCHMEIX BEKTOPOB NaHHON CHCTeMBl, 3T0 YHC/O HA3LIBAET-
Cfl PAHIOM JAHHOH CHCTeMbl,

B) eCJIM JIAHHAS CHCTEMA BEKTOPOB UMEET PAHT 7, TO JIOOLIE T IMHENHO
HE3aBHCHMBIX BEKTOPOB 006pa3yroT 0a3y 3TOi CUCTEMHI.
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659" Hoxasarb, uro Ar00yI0 NMHEHHO HE3ABMCHMYK NONCHCTEMY NAHHON CH-

660.

661.

662,

663.

6640

CTEMBI BEKTOPOB MOXKHO JIONIOJHUTE 0 BA3Ll 3TO#H CHCTEMBL.

J{Be CHCTeMBI BEKTOPOB HAa3bIBAIOTCH IKGUSAACHMHBLMY, ECITH KaXKABIR
BEKTOP OAHON CHCTEMB! JHHEHO BLIPAYKAETCs! YEPE3 BEKTOPLI JAPYTOil CH-
creMbl B 06paTHo. JIOKa3aTh, 4TO ABE IKBHBAAECHTHEIE JHHEHHO He3aBH-
CHMBle CHCT@Mbl CONEPXKAT OAMHAKOBOE YHCJO BEKTOPOB.

JoKa3aTe, 94T0 €CIIM BEKTOPHL &1, Q2, . . . , &% JINHEHHO BLIPANKAIOTCA Yepes3
BekTOpHl by, by, ..., by, TO padr nepsoil cUCTEMBI He G0JIee paHra BTOPOI.
JaHBl BEKTOPBI:

a) = (U! 11012! 0): az = (7: 43 11 8: 3)1
a3 = (0v310141 0): ay = (1191 51 7: 1)!
as = (0,1,0,5,0).

Mowxno sin nogobpars wucna ¢;; (4,5 = 1,2,...,5) Tak, 4To6Bl BEK-
TODPBI

by = c11a1 + c12a9 + 1303 + c14G4 + C13a3,
by = co1a1 + c32a9 + ca3a3 + €384 + o505,
b3 = ca1a; + c32a2 + c33a3 + €31G4 + C3503,
C41Q] + €42G2 + €4303 + 4904 + C4505,
bs = cs1a1 + cs2a2 + csaa3 + cs4ay + Cs5a5,

o
-9
H

OBLTH NVHENHO He3aBUCHMBIT
HoxazaTk, 9T0 BekTOp b TOrAa W TONBKO TOTAA NMHEHHO BLIPAMKAETCS
epe3 BEKTOPLI 41, G2, ..., Gk, KOTHA PAHT MOCAeRHEN CHCTEMbI BEKTOPOB
He N3MeHAeTCs OT MPUCOeIWHEHUS K Hell BeKTopa b.
JokazaTe, 4T0;

1) mIBe SKBMBAJIECHTHHIC CHCTEMB! BEKTOPOB HMEIOT OMH M TOT e
PaHT,

2) Teopema, ofpaTHasa yTBepaAeHUIo 1), HepepHa.

OAHAKO COpABEIJIABO YTBEDIKAEHHE

3) ecau gBe CUCTEMbl BEKTOPOB HMEKOT OJUHAKOBBI PAHT H OJHA W3
3THX CHCTEM MHHEHHO BBEIPAXKAETCH dYepe3 APYTyld, TO 3TH CHCTEMH 3K-
EMEaJEeHTHBI,

HaiiTu BCe 3HaueHHst A, IpM KOTOPHIX BEKTOP b NMHENHO BhIpaskaercs uepes

BEKTODB! @1, Qg, ..., G

665. a,=(2, 3, 5), 666. ay=(4, 4, 3), 667. ai=(3, 4, 2,
{122(3, 7, 8): 32=(7= 2! 1): (12-—-(6, 8: 7):
az = {1, -6, 1), az=(4, 1 6), b=(9 12, )
b=(T -2 A b=(5 0 A
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668. a;=(3, 2, 5), 669. a1 = (3, 2, 6),
a2=(2) 4} 7)1 az = (71 3: g):
(13=(5, 6: )\)J az = (51 1: 3):
b=(1l 3, 5) b=(\ 2 5).

C

670. TMoacuuTs oTBeTHl B 3ajadax 665-669
J4aHHBIX BEKTOPOB B MPOCTPAHCTBE.

671. ITons3yscs 3anauedt 657, noxkazaTe, 4TO Bosee 9eM 1 N-MepHLIX BEKTOPOB
BCErIa JIHHefHO 3aBHCHMBI.

672. HafiTu Bce MAKCHMAJBHBIE NHHEAHO HE3ABHCHMEBIE DOJCHCTEMBl CHCTEMEL

BEKTOPOB:
a; = (41 _11 3: _2)1 as = (8: “21 61 _4)1
a3 = (31 -1, 4, _2)1 a4y = (6: -2, §, _4)
Ha#iti Bce 6a3bl CUCTEMEI BEKTOPOB!
673. a1=(1, 2, 0, 0), 674. ay = (1, 2, 3, 4),
"-12:(13 21 3: 4)5 [1.2=(2, 3! 41 5):
az= (3, 6, 0, 0). az = (3, 4, 5, 6),
ay= (4, 5. 6, 7).
675. a1=(2, 1, -3, 1), 676. a1 = (1, 2, 3),
ay = (4, 2, —6, 2), as = (2, 3, 4),
03=(61 3, -9, 3): 33=(3: 2, 3)1
ay = (11 ]-: 1? 1) 04"—"(4, 31 4)?
as = (1. 1, 1),

677. B xakom ciaydae CHCTEMA BEKTOPOB 00JIaNaeT eARHCTBEHHON Hazoi?
678, Cxonbko 6a3 umeer cucrema k + 1 BekTOpoB paHra k, copep:Kaluas Mpo-
MOPHHUOHAJIBHEIE BEKTOPBI, OTANYHLIE OT HYJa?

Haittn xaxylo-aubysnp 633y CHCTEMBI BEKTODOB M BCE BEKTOPH! CHCTEMEI, He
BXOAAIIME B JAHHYIO GA3Y, BEIPA3UTE Y€pPe3 BEKTODHI 0a3bl:

679. ay=(5 2, -3, 1),  680. a;=(2, -1, 3, 5),
az = (4: 1, '"2: 3): (12 = (4 _‘3) la 3):
a3 = (1, 1, -1, *-*2), az = (3 —2, 3, 4),
ar=(3, 4 -1, 2 ag=(4, -1, 15, 17),
as = (7, -6, -7, 0).

681. a;=(1, 2, 3, -4),

ags = (2: 3! _41 1)!

az = (2: _5} 81 _3)1

ay = (5, 26, —-—9’ —12),

as= (3, —4, 1, 2).
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682! Tlyere maHa CHCTEMA BEKTOPOB X1, L9, ..., Lpn OAHOTO H TOTO e YHCAA
3MepeHnt. OcnosHodl cucmenoti AMHENHBIX COOTHOLIEHHAY 3TOR CHCTEMEI
BEKTOPOB HA3BIBAETCA CHCTEMa COOTHOINEHHH BHRA

Y owi=0 (i=12,...,3),
=1

OGJIB.,IL&IOHJ;&H TAKHMH ZBYM:A CBOHCTBAMMU:
a) 3TA CHCTEMA COOTHOINEeHHH nHHeHHO HE3aBHCHMA, 9T0 O3HAYACT NH-
HeHHyIO HE3ABHCHUMOLTE CHCTEMBElI BEKTOPOB
a; = (a,-‘l,o:i,g, - ,a,;,n) (z = 1, 2, . .,8);
6) J06aa MHHellHAA 3aBUCHUMOCTD BEKTOPOB &), &3, ..., &y ABJICTCA

T

CJeCTBHEM COOTHOIIEHHN HAHHOHN CHCTEMBI, T.€. eCJ/iH E o;x; =0, 10

=1
BEKTOp @ = (@1, (2,...,Qy,) ABIAETCS JuUHEiHON KoMOUHaLMel BexTo-
poB a1, a2, ..., Q. ’
JoxazaTk, uTo:
1) ecimu 29, ®3, ..., @, —0a3a RAHHOH CHCTEMBI BEKTODPOB M @; =
T
E Aijej,t=r+1,r+2,...,n, TO OXHON U3 OCHOBHEIX CHCTEM JHHEHHBIX

J=1
COOTHOIEHHH BAHHON CHCTEMB! BEKTOPOB OyJeT CHCTEMa COOTHOWEHHH

CB,T—ZA,;JIBJ' =0 (3 = T‘+1,?"+2,...,ﬂ);
1

2) BCe OCHOBHELIE CHCTeMbl JTMHEHHBIX COOTHOLIEHM COOePKAT OAu-
HAKOBOE HHCIO COOTHOLUEHHH;

3) ecnn Kakas-HUGYAb OCHOBHASl CHCTEMA JHHENHBLIX COOTHOLLEHHIX
COAEPKHUT § COOTHOINEHHH, TO m0Basd CHCTEMA § NHHERHO HEe3aBUCHMBIX
JIMHERHBIX COOTHOIIEHHI TO#l Ke CHCTEeMbl BEKTOPOB TAaKXKe SIBJISETCH

OCHOBHON CHCTEMOH JNHHENHBEIX COOTHOLIEHHH;
n

4) eclM CHCTeMa COOTHOLIeHwi: Zag,j:nj =0(=12,...,8) a8
j=1
JAETCA OCHOBHOH CHCTEMOH JIHHEMHBIX COOTHOLIEHHH, TO CHCTEMa Co-
n
OTHOLLEHUH E Gije; = 0 (i = 1,2,...,8) Oyner ocHOBHOH CHCTe-
j=1

MOH JHHEHHBIX COOTHOLIGHMA TOrAa H TONBKO TOrAa, KOrha, Iojaras
a; = (01,02, ,@ig), 0= 1,2,...,8 b = (81,82, .., 0in), i =
1,2,...,s, OyneM uMmeTh

Tt

b-; = Z"]/,"jaj (1 = 1,2,...,3),
3=1
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rae xoabunuesTsl ; ; 06pa3yoT onpeaeauTeNb N0PAAKa §, OTIHIHLIHA
OT Hy”AA.

[Tonb3yack yMHOXKEHHEM MATPHI, MOCIEAHHE § BEKTOPHBIX DABEHCTB
MOXKHO 3alMCATh B BHAE OZHOO MATPHYHOTO PaBeHCTBA

B=CA, ropeAdA= (ai,j)s,m B= (6?.':.?')8,?1 n(C = (7:";.")31
C — HeBLIPOAKJICHHAA MaTPHIA NOPAIKA S.

Onpegenup OCHOBHYIO CHCTEMY JIMHERHBIX COOTHOIIEHHH IS CHCTEMH JHHe-
HbIX HOPM aHAMOTHYHO TOMY, KaK 3T0 OBINIO crenaHo B 3ajade 682 st cucreMel
BEKTOPOB, HANTH OCHOBHYIO CHCTEMY /JHHEHHBIX COOTHOIIGHHH AJA CHCTEMbI
JIHHERHBIX $OpM:

683. fi = Sz — 3x9 + 213 + 41y, 684. fi =8z + Tzo + dx3 + Hzy,
fo =2z — z9+ 3r3 + 514, f2 =321+ 222 + 734414,
f3 = 4:1’:1 - 3I2 - 5$3 - 7$4, f3 = 2331 + 3I2 + 2:1}3 - 3.‘1}4,
fi= x1+ Tz3 + 1lzy4. fi= z1— z2— T3+ Tay,

fs = bxo + dxy — 1724.
685. f1 =511 + 229 — xa+ 3x4 + 45, 686, fL = 227 — 329 + 43 — 5z,

fa=3z1+ x93 — 223 4 34 + 5zs, fo= x1 —2x9 + Tx3 — 84,
f3=6$1+3$2—2$3+4274+7$5, fs =321 —dza+ x3 — 224,
Ja=Tx1 +4xe ~ 323 + 2324 + 475. fa=4xy — bxg + 6x3 — Ty,

fs =6xy — Txo — 24,
687. f1 =3r1 + 229 — 233 — 14 + 4dx5,
fo =6x) + 429 — 425 — 224 + 815,
fa=Tx1 + 520 — 3235 — 224 + rs,
f1 =4z + 4z — 4z3 — 324 + 5x5,
fs =8xy + Txo — 53 —4x4 + 2xs.

688! IlycTh mana cucrema JuHeNHBIX dopm

fj=2ajkmk (j=1,2,..‘,3) (1)
k=1

M BTOpad CHCTeMa JIHHeiHbIX OPM, JHHEHHO 3aBUCAUX 0T POpPM Dep-
BO¥ CHCTEMEI,
&
;= E a;f; (6=12,...,t). (2)
i=1
HJokazaTh, 4To paHr cucremsl ¢opM (2) me 6Gonee paHra CHCTEMBL
dopm (1). Ecru s = ¢ u ompesnienTens |¢;;|, OTIMYEH OT Hyfs, TO PaHrH
obenx crcreM NMUHEHHBIX HOPM COBNAAAIOT.
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§ 11. Cucremsl quHeltHEIX ypaBHEeHUI

HcehenosaTh COBMECTHOCTD M HANTH obilee pelleHne H OORO YACTHOE pellieHHe
CHCTEeMB! ypaBHeHUIt:

689. 20, 4+ Trzo +3x3+ z4 =06, 690. 221 — 3x9+ Bxg+ Txy =1,

31 + 5x2 + 2235 + 214 = 4, 4r) — 6xo+ 2x3+ 3x4 = 2,

91 +4m9 + z3+ Txg = 2. 21 — 3a9 — Hag — 1524 = 1.
691. 3zy+ dxo+ z3+ 204=3, 692 3r1— 510+ 223 +4x4=2,

6xy + Bro+2x3+ 5Sxy=7, Tr1—4x9+ z3+ 324 = 5,

9ry + 1229 + 323 + 1024 = 13. S5z1 + Txe — dxz — 624 = 3.
693. 2r) + 5z — 8x3 = 8, 694. 3z; — 200 + B2z + 424 = 2,

4r] + 329 — 973 = 9, 6 —4dxy +dxz + 324 = 3,

2z + 39 — 523 = 1, 92, — 629 + 3x3 + 224 = 4.

x1 4+ 8xy — Ty = 12.

695. 27— x5+ 3z3— Tz4=05, 696,91, — 325+ 5xq + B3y = 4,

6r; —3xa+ x3— 44 =7, 6y — 229+ 3x3+ x34=25,

4z — 229 + 1423 — 3124 = 18. 3r; — 2o+ 3z3 + 1424 = -8,
697. 3z + 229 + 223 + 224 = 2, 698. =1+ z9+3x3— 224+ 325=1,

221 + 3z9 + 223 + 54 = 3, 271 + 209 + 423 — 24+ 335 = 2,

92; + zo+dx3 —bBzy =1, 321+ 3x9 + 523 — 224 + 325 = 1,

21y + 220 + 323+ 43y = 5, 2x1 + 220 + 823 — dzq4 + 9z = 2.

Tx14+ 9+ 6x3— 24=7.

699. 221 — 2904+ T3+ 224+ 3x5 =2,
6z - 3xq + 224 + 4r4 + by = 3,
6x; — 3xwe + 4x3 + 8x4 + 1335 = 9,
dry — 229+ 3+ z4+ 2105 =1.

700, 6z1 + dxs + Hxy + 2.‘1}4 -+ 35’;5 = 1,
321+ 2x9 +dx3 + x4+ 2x5 = 3,
314220 - 223+ x4 = -7,
921 =6z + z3+ Jz4 + 225 = 2.

T01. x4 239+ 3x3 - 214+ x5 = 4,
3z + 6xo + bxg — dxg + 325 = 5,

1+ 2z + Tz — 4oy + x5 =11,
2r) +4drs + 223 — 314 + 325 = 6.

702, 6z + 329 + 2x3 + 324 + 425 = 5,
4z + 2z9 + 3+ 234 + 325 =4,
dz) + 220+ 33+ 224 + 25 = 0,
221+ o+ Tea +3z4 + 225 = 1.
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703. 8z + 6xo + Sz3 +2mq = 21, T04. 2z + 322+ 13+ 2z4 = 4,
3z; +3x9 + 223+ x4 =10, 4z + 3z9+ x93+ 24 =5,
dx1 + 279+ 323+ x4 = 8, 51+ 11xg + 3z3 + 224 = 2,
3z, + 520+ T3+ T4 =15 2x1+ Bra+ a3+ zq=1,
Txy + 4z + Sz3 + 224 = 18. r1— Txo— T35+ 214 =71,
705% HokasaTh, 4TO

a) mobyr CHCTeMy 8 THHEHHBIX ypaBHEHHH C n HEM3BECTHEIMH, Yy KO-
Topoft MaTpHa u3 Ko3(pULHEHTOB NIPH HEM3BECTHHIX HMEET PaHr r, Iy-
TeéM M3MEHEHHS HYMEpAalud YPaBHEHHN M HEU3BECTHBIX MOXKHO NPHBECTH
K BHAY

Za,-j:cj=bi (i=1,2,...,8), (1)
j=1

obnanaiomeMy CBORCTBAMH
mo = 1, m1#03m2‘_}£0)"';m)‘?€01 (2)
TOe My — MUHOD A-T0 NOPAAKA, CTOSIIHMI B IEBOM BEPXHEM YTy MATPHLLL
13 K03(pPULUHEHTOB OPH HEM3BECTHBIX CHCTeMBl (1);
6) cucremy ypasHerni# (1), o6nahalowyio ceoficteamu (2), myTeM ps-

Ja BEIYHTAHMI ee ypaBHeHHH, YMHOXEHHBIX HA NOAXCAALME YHCHA, U3
MOCJEYIOIHX YPABHEHWH MOMHO NPUBECTH K SKBUBAJCHTHOH CHCTEME

Zc,;j:c_,v:di (i=1,2,...,3), (3)
3=1

obnagamomeft cBofCcTBaAMH

¢ #0 mpu 1 =1,2,...,r,
ci; =0 mpu §j <i<r aTaKkxke (4)
npe i>ruji=12 .. ,n.

Ecud; =0npui=r+1,r+2,...,8 1o cicremul (3) u (1} coBmecr-
HBI, IPUYEM OPH 7 = 1 UMEETCA E/MHCTBeHHOe pelleHye, a Ipy r < n
GECKOHEUHO MHOLO pelieHHH.

B nocnegrem cnyuae CBOBOAHBIMH HEM3BECTHBIMH SBMSIOTCH ZTril,
..., Tn. U3 r-r0 ypaBHEHUS MOXKHO BBIPA3UTh I, 9€pe3 CBOBOIHbIE HEH3-
BecTHBIE. BeTaBnas 910 BhIpakeHue B (r — 1)-e ypaBHeHHe, HaitfleM BHL-
PAKEHHE Ty.| Y€PE3 CBOOOAHLIE HEU3BECTHBIE U T. [,

Haxorel, 3 nepeoro ypaBHEHHs Ha#AeM BBIDAXKEHHE T 4epe3 CBO-
GofHBIE HEM3IBECTHBIE,

[TonyyeHHLle BEIPAsKEHHA Z1,T2,...,T, Uepe3 CBOOOAHLIC HEH3BECT-
HBIE Tr4, -.., Tn COCTaBAAIOT ofuiee pemenue cuctem (3) u (1), Do
03HAYAEeT, YTO NPH JHOOBIX 3HAYEHHAX CBOOONHBIX HEM3BECTHBIX M3 Hall-
JeHHBIX BbIPAXKEHUN nonydum pemeHus cucrem (3) u (1) u moboe penre-
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HHE ITUX CUCTEM MOXKeT OLITh MOMYHYEHO TAKUM MYTeM NPH DOAXOAAUIHX
3HAYEHUSX CBOBOJHBIX HEM3BECTHBIX.

Ecau d; # 0 xora 6p1 npu O/IHOM 3HAYEHMH i > T, TO CHCTEMBI (3)
u (1) HEeCOBMECTHHI.

WanowkeHHBIE METOA MCCNEQOBAHHA B DEHIGHHS CHCTEMbI JIHHEHHBIX
YPABHEHHI HA3bIBAGTCSH METGIOM UCKNIOYEHMs HEM3BECTHBIX (Cp. ¢ 3aka-
uel 565).

Tlonr3yack METOOOM HCKJHYEHHA HEH3BECTHRIX, YKa3aHHLIM B 3ajade 705, uc-
CEIOBATE COBMECTHOCTH H HaiiTu ofIuee pemieHHe CHCTEM YpaBHEHHHM (ecau
UCXOAHAs CHCTEMa HMeeT Uenble KoadPUEHEeHTH, TO B TPONECce UCKIIOYEHHS
HEH3BECTHLIX MOXHO u3bexaTn apobeit):

706. 11+ 209+ 3x3+ x4 = 3,
1 +dre+5x3+ 224 = 2,

2014+ 922 +8xa+3zy = T,

3z + Txo + Ty + 224 = 12,

bx1 + Tzo + 913 + 224 = 20.

707. 121 + 149 — 1523 + 2324 + 2725 = 5,
161 + 1824 — 2223 + 2924 + 3725 = 8,
1821 + 20xe — 21x3 + 3224 + 4125 = 9,
10z, + 1225 — 1625 + 20z, + 2325 = 4.

708, 10z + 2329 + 17z3 + 4dxy = 25,
15z + 355 + 2623 + 69x, = 40,
25z, + 57z + 4223 + 108z = 65,
301 + 69z + 51z + 133z4 = 95.

709. 45x) — 28x9 + 3423 — 52xy = 9,
36z — 2329 + 29723 — 43x4 = 3,
35z — 21lze + 28x3 — 45z = 16,
47z; — 327 + 3675 — 48z, = —17,
27z ~ 1925 + 2223 — 3524 = 6.

710. 1229 — 1623 + 2534 = 29,
0721 + 24wy — 3204 + 4Tz, = 55,
50z; + 5lzy — 68x3 + 952y = 115,
3y + 21zy — 282s + 4674 = 50,

711, 24z + 14ms + 3023 + 4024 + 4lzs = 28,
3621 + 2139 + 4573 + 6lzy + 6275 = 43,
48z1 + 28x; + 6023 + 8274 + 83zs = 58,
60z + 3529 + 7523 + 9924 + 10225 = 69.
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HccnenoraTe cucreMy W HaliTH
napaMerpa A

0611],66 peIeHHe B 3ABHCHMOCTH OT 3Ha4YeHUA

712. 5zy —3za+ 223+ dzy =3,
4z ~ 239 + 323+ Try=1,
82:1 -—6I2 - €T3 — 53.."4 = 9,
Tx1 — 325+ Tog + 1724 = A.
713. 3xy + 22 + Sx3+ 4ry =3,
2x1 + 320+ 6x3+ 8Bxy =5,
xT] — 6.'1}2 bt 93:3 - 205’34 = —11,
dz1 + zo+dxs + Azy = 2.
714. 21+ 539+ z3+ 374 =2, 7T15.2z7 — w2+ 33+ 43y = 3,
dz1 + Bx9 + 3x3 + bxy =4, dry — 2axa + 923+ Bxy= T,
dr; + ldaxs + z3+ Tzq = 4, 6x) — 329+ 723+ 8rg4= 9,
221 — 3x9+3x3+Arg =T, Axy —dxo + 923 + 10y = 11,
716. 221+ 30+ z3+224=3, TI7. )01+ zo+ xa=1,
4ry + 6z + 3z3 + 44 = 5, 1+ Are+ 13 =1,
6x1 + 9r5+ 523+ 06xy =T, 1+ ra+Ary=1.
8:81 -+ 125’;2 + Txg + /\134 =0,
T8 dri+ ze+ x34+ x4 =1,
T1+Ar2+ x3+ =1,
T1+ To4Arz+ zq4=1,
1+ T2+ z3+ Arg=1.
719, (14 A)xy + T + T3 =1,
$1+(1+/\)I2+ T3 = A,
T+ o+ (1 4+ A)zg'= A2,
720. (A + Dz + ry + ry = A% 4 3},
£y + A+ Dz + z3 = A+ 3)%
T+ zo + (A4 Dzg = At 4+ 3x%

Hcenenosark crcTeMel ypaBHeHUE 1 HaliTh ofIiLee pellenne B 3aBHCHMOCTH OT
3HaueHn# BXOAANIUX B KOI(PUIMEHTH NapaMeTpoB:

721. x4+ y+ z=1, 722 ax4 y+ z=1,
ax+ by+ cz=d, r+by+ z2=1,
o’z + by + 2z =d> z+ y+ecz=1

B kaxom CAy4ae 30eCk BO3MOXKHBI HYJIEBRIC 3HAYEHAA HEKOTODBIX H3 HEH3BQCT-

HBIXT

723 ax+ y+ z=a,
r+by+ 2=0,
T+ y+ez=c.
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Hatita ofuiee pemieHne M ¢hyHIAMEHTANBHYIO (MM OCHOBHYIO) CHCTEMY pefie-

HMI A1 CMCTEMBI YpaBHeHMiL:

724. z, + 2z + 43— 3z4=10, 728.2x; —4x2+ 523+ 3x4 = 0,
3z, + 5x0 + 6x3— 4dzg =0, 3z, —6zs + 4zz+ 2x4 =0,
dxy + 513 — 2x3+ 3x4 =0, 4ry — 8z + 1723 + 11y = 0.
32 + 8o + 24x3 — 1924 = 0.
726. 3z, + 239+ z3+3z4+ 525 =0, 727, 3z; + Sxg + 223 = g,
6xy + 4z9 + 3x3 + 524 + 725 = 0, 4z + Txo + bxy =0,
9z + 6x9 + Bxs + Tzg + 925 = 0, 1+ zy—4xy =0,
31y + 229 + 44 + 8z5 =0, 221 + 929 + 623 = 0.
728. 6xy — 229 + 273+ Bxg + Txs =0,
9z, — 3xg +4z3 + 8x4 + 925 = 0,
G6ry; — 229+ 623+ Txg + 25 = 0,
3x) - zo+dxztdry— x5 = 0.
729, o | 5 = U,
Ty = T4 = 'U,
~I) + z3 — T5 =0,
I + 24 -z =0,
—~T3 + x5 =0,
—ry4 + x5 = 0.
730. — I3 + x5 = U,
T9 — T4 + zg = 0,
T] ~ T + x5 — 26 =0,
Ty — T3 + x5 =0,
Ty - T4+ s =0.
731. 5z + 6z — 213 + Tzy + 435 = 0,
2ry + 329 — T3+ 4dry+ 215 =0,
Tz + 929 — 3z + bxy + 6z5 = 0,
Szp + 929 — 3za+ 24+ 6xs = 0.
732, 3z + 4dz9+ T3+ 214+ 325 =0,
5371 + 7.’.’:2 + T3+ 3$4 ~+ 4$5 = 0,
dxy + Bxo+ 2r9+ T4+ Bxs =0,
Tr; + 10z3 + x3 + 624 + by = 0.
733. Hoka3zaTs, 4To AA4 A10608 OJHOPORHOH CHCTEMBI NMMHEHHBIX ypPaBHEHHH

C PAUMOHAJLHBIME (B YaCTHOCTH, C LEJHIMH) KOMDPUIHEHTAMH MOXKHO
HOCTPOUTH [EJOYHCHAEHHYIO (DYHIAMEHTANBHYI) CUCTEMY peureHuil {npu
YCMOBHH, 9TO PAHT MATPULLI KOS(UIUEHTOB MEHBIIE YHCIA HEN3BECT-
HBIX).

4—3773
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734. okasaTe, 4TO AAA CHCTEMBl ypaBHEHHH

n
Y gz =0 (i=1,2,...,9) (1)
—1
paHra r < n mo0ble n — r JHHERHO HE3aBUCUMBIX DELICHHMN
€11, &12y -+ -y K1n,
Qa1, 022, ..., G2,
Cperl; On—r2: -, ¥n—rn

06pa3yoT GpyHAAMEHTATEHYIO CHCTEMY DenieHHuit, a ollliee peleHne MOX-
HO NpeiCcTaBUTE B BHIES

n—r
Ty =chakj (.?: 1,2,...,?‘.‘.)1 (2)

k=1
CAE €1, €2y ..+, Cp—y — POU3BOJBLHBIE NapaMeTpbl. UHbiMu cioBamu, Ao-
KA3aTh, 4TO NPH JOBLIX 3HAYEHUSX [APAMETPOB €1, €2, .-, Cn—r OP-

Myasl (2) mator pewenne cucremm (1}, u mo6oe pemenne cucrembr (1)
MOXHO TOAY4YUTHh U3 popmya (2) npH MOAXOAAUINX 3HAYEHHAX TapaMer-

pOB cls CQ, LR ] cn—r-

st caefyomux cCuCTeM ypaBHeHUM HANTH obinee pemenue Buga (2) us npexsi-
AyMmieH 33Ja4¥, TAe KaXKAoe HeHM3BECTHOE NPeACTABICHO OLHODOAHBIM JTHHEH-
HBIM BBIPAKEHHEM OT NapaMeTpoB C LENbIMH KO3 PULHEHTAMH:

735.

737.

738.

739,

201+ o —4dxy =0, T736.2r)— 1o+ 5zy3+724=0,
3z1 4+ 5x9 — Tay = 0, 4xrq — 219 + Txay + 524 = 0,
4z — Bxg — 6xq = 0. 2xy— xo+ x3—5Bxy =0

3I1 + 2$2 -+ 5.’.’:3 + 2:84 -+ 73’35 = 0,
6x; + 4dxo + Tx3 + 4x4 + 5Sz5 =0,
31+ 2z — T3+ 21y — 1z =0,
6xy +4dxe + z3+ dzg4 — 1325 = 0.

6z — 229+ 3z3 + 4dxs+ 925 =0,
3ry — x0+2x3+ 6x4+ 325 =0,
6x) — 229 + bxg + 2024 + 3z5 =10,
921 — 3zo + 43+ 2x4 + 1525 = 0.

23’31 + 72?2 + 42’.‘3 ~+ 5:134 -+ 83!.‘5 = 0,
dx; + 4332 + 8:83 + bxy+ dzs = 'U,

r — 9272 - 3:1?3 - 5:[74 b 14$5 = 0,
3r1 +581x0+ Txa+ 5Sxs+ 625 =0.
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740.

741.

742,

743!

744.

32y +4x0 + 3z3 + Y24 + 6zs = 0,
9z, + 8z2 + Bxy + 6xg4+ 925 =0,
3ry + 8x9 + Txg + 30x4 + 16x5 = 0,
6x1 +6ze +4x3+ Tra+ bas = Q.

Brisicaurk, 00pa3yoT JH CTPOKH KasKIOH H3 MATPHIL

30 —24 43 -50 —5 4 29 -20 -3
A=| 9-15 8 5 2|, B={(1-112 13 4
4 2 9 -20 -3 9 ~-158 5 2

byHAAMEHTANBHYIO CHCTEMY DeLIeHHH Aid CMCTEMBl ypaBHEHHH

321 +4ra+2z3+ x4+ Gz =10,
521+ 910 + Txa+4zg + Tos =0,
4x) +3z9— x3— T4+ llzs =0,

x1 +6xo + 8x3 + bxg — dxg =0.

Onpefenuth, Kakue U3 CTPOK MaTPHIBI

6 2 3 -2 -7
5 3 7 —6 —4
8 0-5 6 13
4 -2 -7 =5 =7

obpasyorT GpYHAAMEHTANILHYK CHCTEMY DelleHHIt JJIf CHCTeMbl ypaBHe-
BUH
2r1 — Sxs+ 323+ 224+ z5=0,
x| — 8xq + Dy + 4xy + 325 =0,
T1 — Tro + 4xra + 214 =0,
dxy —~ To+ T3+ 224+ 3z =0,

Hokazars, 4To ecqau B ollllee pelleHHe ONHOPOAHON CHCTEMB] JIHHEHHBIX
YDPABHEHH!I paHra ¢ ¢ 7 HEH3BeCTHBIMH, TAE r < 7, BMECTO CBODOAHBIX
HEU3BECTHEIX MOACTABHTE YHC/A MOOYEPERHO U3 KAXKAOH CTPOKHU oIpese-
JnTefs MopsafKa n — 7, OTAUYHOrO OT HYJA, H HalTH COOTBETCTBYIOIHE
3HaYeHMd OCTAJLHLIX HEH3BECTHBIX, TO NOJYYHTCH (PyHAAMEHTAIbHAA CH-
cTeMa pemenuit, u, obparHo, n106y10 GyHIAMEHTANBHYIO CHCTEMY peLe-
HUH JAHHON CHCTEMBbI yPABHEHUH MOXKHO MONYYHTL TAKUM MyTeM TpU
NOAXOAAIEM BbIBOpE ONpejlenHTesNs HOPANKa N — 7, OTIHYHOPO OT HYJsl.
ITycTh CTPOKM MATPHIBI

011 012 ... Ofn
4] ¥ .. ¥
A= 21 Q22 2n
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745.
746.

747.

748

ofpasyloT GYHIAMEHTAIbHYIO CHCTEMY DEIIeHMH OJHOPOAHON CHCTEMEI
JMHeHHBIX YPABHEHAR PAHra r ¢ 1 HeW3BECTHHMY (n = r +p). JlokasaTs,
YTO CTPOKH MaTpHIBI

B Bz - Bin
p={ P Ba . Pn

5191 ﬁp2 s 6pn
TOrRA ¥ TOJBKO TOTHA. FaKxke 06pa3yloT ¢GhyHAAMEHTATBHYIO CUCTEMY pe-
IeHHH ToMH e CHCTeMbl YPaBHEeHHH, KOTga CYIIeCTBYET HEeBbIPOMAK TeHHAA
MaTpHLA p-ro Nnopajka

Y11 Y12 .- Yip
O = 2122 - Yop
Yol Yp2 -+« Ypp
TaKad, 4To
P
ﬁikzz’){ija_‘jk (i=lr2v"'5p:k=1121”'1n)'
J=1
[loAb3ysack MATPUYMHBIM YMHOXKEHMEM, 3TH PABEHCTBA MOXKHO 3AITHCATH
onHUM papeHcTsoM B = CA,
[Toxasare, uro 3amada 743 ABAsgeTCA YaCTHBIM CJAYYAeM 3aJadu 744.
JokazaTh, 4TO ecAH PAHr OAHOPOAHON CUCTEMHl JHHEHHBIX ypaBHeHHH
Ha eMHALY MEHBINE YHCIA HEM3BECTHEHIX, TO MOOHe JBa PelieHHs 3ToH
CHCTEME! TIPONOPIHOHANBHLL, T. €. OTAMYAIOTCSH JHIIb YUCTOBBIM MHOMXKH-
TefteM (GHITH MOXKET, PABHBIM HYMH).
IMone3yace Teopuell OXTHOPOJHBIX CHCTEM JHHEHHEIX YPABHEHHN, PELIHTD
3adady 509, T. e. HoKazaTh, YTO eCaM onpeAennTens I nopsaka n > 1 pa-
BeH HyJII0, TO anrefpaMyeckue JONONHEHHsT COOTBETCTBYIOLHX 3/IEMEHTOB
AByx M106b1x ¢rpok (cTon6LOB) NPOMOPLUHOHANLHEL.
JoKa3aTb, 4TO ecnu B OAHOPOZHOM CHCTEME JIHHEHHLIX YPABHEHH# 4uc-
JIO YpaBHEHHI Ha €OMHUILY MEHbIIE YHC/A HeM3BECTHBIX, TO B KadeCcTse
PeLIEHHs MOXKHO NMPHHATE CUCTEMY MHHODOB, MIOJNYYEHHBIX W3 MATPHIlbI
k03hPHIMEHTOB NOOYEPEIHBIM BblUePKUBAHUEM 1-r0o, 2-10 U T. K. CTOMNO-
LI0B, NIPMYEM 3TH MHHODEI BEPYTCA ¢ YePERYIONIMMHUCS 3HAKAMHU.
Hanee, nokasaTe, YTO €CHM ITO PEIIEHHE HE HYJIEBOE, TO JM00oe petie-
HHE [OJYYaeTCs M3 Her¢ YMHOMKEHHMeM Ha HeKOTOpOoe 4MCiIo.

Honbayact pe3yabTaToM mpeabiayiel 3afjavuu, HalTH YacTHOE U obllee pele-
HHSA CHCTEM YDaBHEHHIM:

749,

521 + 3z + 423 =0, 750.4z) —6xg+ Bxz =0,
6z1 + 5x9 + 6x3 = 0. 6r1 — 929 + 1023 = 0.
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751.

753.

754,

755.

756.

757.

758.

759.

2x1 + 329 + 523 + 624 =0, 752. 8z — Szg — 6x3 + 3x4 =0,
31 + 4xs + 623 + Txg = 0, 4 — x9—3x3+ 224 =0,
371+ zo+ x3+4xy=0. 122 — 722 — 923+ 5y = 0.

JIoKa3ars, 4TO AJid TOr0, YTOOB! CHCTEMA JIMHEHHBIX YPABHEHHH ¢ UHCIOM
ypaBHeHUH, Ha eAMAUNY OGJILIINM YHCITA HeM3BECTHBIX, OBlTa COBMECTHA,
HeOBX0RMMO (HO HE ROCTATOYHO), 9T0o0L! ONpPeNeNHTe/b, COCTABNEHHLIN
U3 BeeX Ko3hHUIHEHTOB NPH HEM3BECTHBIX H CBOGOJHBIX 4ieHOB, Ooln
paseH Hymo. ITokasare, 4To 93T0 ycaoBue OyJeT TakXKe H JOCTATOYHBIM,
€CJIM PAHT MATPHIB H3 Ko3PUNUEHTOB paBeH YHC/Yy HEM3BECTHBHIX.
IIycTe BaHBI: CHCTEMA JIMHEHHBIX yDaBHEHMI

k3
Zaijxj = b{ (% - 1,2,.. . ,S),
i=1

JBa, PEIIEHUS 3TON CHCTeMH &1, &3, ..., G, U P1, Pa, ..., Bn U HHCIO A
Haitry cucTeMy JHHENHBIX ypaBHEHUH ¢ TeMH Xe KosdpbunyenTaMu opu
HEH3BECTHLIX, KAK B JAHHON CHCTEME, HMEIOIIYIO pPelieHHeM

a) CyMMY MAHHBIX peleHH:

a1+ B, 00+ Bo, ... a0 + By,

HIH
6) mpomspeneHHE NMEPBOrO M3 HAHHBIX PELIeHUIl Ha 9HCAO A

Aay, Aag, ..., Aoy,

Haittu ycnosns, HeoOXOAMMBIE W OOCTATOMHBIE Jiisl TOro, 4Tobbl jubo
CYMMa NBYX peureHH#i, nubo npoH3BeReHHe OJHOTO PELIeHHA Ha HHCIO
A # 1 6B1I0 CHOBA pemieHHeM TOH e CHCTeMBI JIMHEHHBIX YpaBHEHHI,
Hpu xakux ycnoBuax ZaHHas AuHelHas KOMOMHAIMA JFOOBIX pelIeHnN
BAHHOW HEOAHOPONHOMH CHCTEMHI NMHEHHHIX YPABHEHMI CHOBA Oyier pe-
[IeHHEeM 3TOM CHCTEMBIT

Kakue 3Ha4eHWs MOTYT MPHHAMAThL HEW3BECTHHIE B JIFOOLIX peIleHusx
COBMECTHON CHUCTeMBbl TMHEHHBIX YpaBHeHHl, ecnu cToabubl koadrunuen-
TOB IIPH BCEX HEU3BECTHBIX, KPOMe NEPBOCD, a TaKxXe cToabel ¢BOGOXHBIX
4JIEHOB IOTIAPHO Pa3/IMYaloTCd JIHLIEL YHCIOBEIMH MHOXKHTENAMA?

IMTpu kakux ycnopuax B 000M pPeLIEHNM COBMECTHON CHCTEMBI JIMHENHBIX
YPABHEHHUIT HEM3BECTHOE T) MMEET OXHO M TO JKe 3HadeHue?

Hatirn yenoBusa, HeoGxoquMBIE H JOCTATOYHBIE U1l TOrO, YTOOB! B J10G0M
penieHHH COBMECTHON CHCTeMbl fIHHEHHBIX YpaBHeHHI k-e HeH3BeCTHOE
6BIIO PaBHO HYJED.
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760. Ilpu Kakux ycnoBMAX B oOLIEM pelleHMH CHCTEMBbI yDABHEHMH

y+az+ bt=0,
- +cz+dt=0,
az + cy — et =0,
br +dy + ez =0

3a cBOGOAHBIE HEH3BECTHHIE MOXKHO NPUHATE z B t7

761. CxoabKo HE3ABMCHMEIX Mex Ay cob0#t YCNOBHI NOJIKHO BHITH BBIIOAHEHO
BN TOTO, 4TobRl CHCTEMa § JIMHeMHBIX YPaBHEHHH ¢ n HEM3BECTHBIMH
6blTa COBMECTHA U COIEPIKANA 7 HEe3aBHCHMEIX YpaBHEHHMN, JJist KOTOPBIX
OCTAJILHBIE YPABHEHHS SBAAANMCH GBI HX CeacTBUAMHT

762. llpn KakHx YCNOBHAX CHCTEMA YpasHeHHi

r=by+ cz+du+ ev,
y= cz+du+ ev+axw,
z=du+ ev+ar+ by,
u=ev+az+ by + cz,
v=ar+ by+ cz+ du

HMeeT HeHyJeBoe pelledune?
7637 Ilpu XaXux yCJOBHAX CHCTEMA JIMHEHHBIX YPABHEHMH C BEIECTBEHHBIMH
KosddunuenTamu

A+ ay+ bz + ct=0,
—ax+ Ay + hz — gt =0,
—br —hy+ Az+ ft=0,
—cx+gy—fz+ A= 0

IMeeT HEHYJIEBOe pelieHne?

[lons3ysace Teopueft MHHERHBIX ypaBHEHHH, PEIUKTDL CJIERYIOMMUE 330a4H (pac-
CMATPUBAIOTCA TOJNBKO NPAMOYTOALHbEIE NEKapTOBBI CHCTEMBI KOOPAHHAT):

764. HafiTu ycnosus, HeoBXOAUMEIE U JOCTATOMHEBIE AJld TOrO, YTOGHL TPH TOY-
KM (z1,¥1), {z2,y2), (x3,¥3) nexkamu Ha omHolt IPAMOIL.
765. Hanucare ypasnenme mpamolf, mpoxopsimeit uepes gge TOUKU (I1,%1),
(z2,y2)-
766. Haiitu ycnosus, HeoGXoguMble n JOCTATGUHBIE LI TODO, YTOOL TPH Nps-
Mble
arz+by+e =0,
G233+529+02=01
a3z +by+cz= 0
LIPOXOAWIIH Yepe3 OAHY TOYKY.
767. HafiTH HeoOXoauMble N AOCTATOYHBIE YCJIOBHA OJISL TOTO, YTOOH N TOYEK
maockocTu (21,41), (z2,¥2), -, (Tn, Yn) MeXKATH Ha OZHON BpaAMOIL.
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768,

769,

770.
771.

772!

773.

774.

775,

776.

777.

778.

Hatiti HeobxonuMble H JOCTATOYHbIE YCJIOBUA OIS TOr0, YTODBI N NPAMBIX
Ha TIOCKOCTH

arz+ bhy+ =0,

agz + by + ca =0,

anr+byy+cn=10
NPOXOJIUIH Hepe3 OAHY TO4KY.
HaiitTy ycmoBus, HeobX0AMMble U ROCTATOYHBIE JJIS TOTO, YTOOBI 4YeTHI-
pe TOYKM IAOCKOCTH (Z1,y1), (Z2,%2), (£3,¥3), (24, ya), He mexamye Ha
OOHON NpAMOH, JEeXAJIH Ha OJHON OKpYKHOCTH.
Hanwmcats ypaBHEHHE OKPYXKHOCTH, NpPOXOAAMER dYepes TPH TOUKH
(z1,91), (z2,%2), (@3,y3), HE NeKalIye HA OZHOM HpAMOH.
Hanucars ypapHeHHne OKpy KHOCTH, IPOXOAALIei yepes Tpu Touky (1,2),
(1,-2), (0,~1), n nHaliTu ee UeHTP U paauyc.
JloKasaTh, 4TO OKPY>KHOCTb, NPOXOAAIIAS Yepe3 TPH TOYKH C PAINOHAIb-
HBIMH KOOPAMHATAMM, UMEET NEHTP B TOUYKE TAKXKE ¢ PAanHOHANBHEIMHU
KOOPAOMHATAMH.
HanwucaTs ypasHeHHe KpHBOit BTOPOTo NOPsiAKa, NPOXoAAaLel Yepes NnsTh
TOUEK:

(z1,11)s (z2,32), (T3,¥3), (T414), (5,95)-
Haitta ypaBHeHHE M OOPERENUTh BHY KPHBOM BTOPOrQ OOPAIKA, TPOXO-
Asielt 4epe3 NAThL TOYEK:
2
3)
Hanucats ypaBHeHMNe U ONPEAETATE NOJOKENHE H Pa3Mephi KPUBOI BTo-
poro NOpAAKa, IPOXOIsAUIed Hepe3 MAThL TOYEK:

(0:1)! (:I:250)! (:I:la_l)

Haittn ycmosue, HeofxofumMoe M AOCTATOUHOE A TOrO, YTODLI YETHIpE
TOYKH (T1,Y1,21), (T2,¥2,22), (T3,43,23), (T4,y4,24) Meaym B OmHOM
MIOCKOCTH,

Hanucarh ypapHeHHe IUIOCKOCTH, NPOXOAAIIEH Yepes TPH TOUYKH

(1,1,1), (2,3,-1), (3,-1,-1).

Haiiar ycnosus, HeoOX0qUMBIE U JOCTATOYHBIE JJIA TOrO, YTOGLI YeTsipe
ONOCKOCTH

2 2
(3,0}, (-3,0), (5,65), (5,—65),(—5,—6

sz +biy+cz+dy =0,
as® +boy + cpz +da =0,
asr+ by +esz+ds=0,
@ +bay+caz+dy= 0

NPOXOAMITH Yepe3 OAHY TOUKY.
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779.

780.

781.

782.

783.

784.

785.

786.

787.

Haitti ycnosua, HeoGXoIUMEIE M JOCTATOYHEIE JUIA TOTO, YTOOBI 12 ILIOC-
kocTelt a; T + by + ¢z +d; = 0 (i = 1,2,...,n) Ipoxoauan 4yepes OpHy
NPSMYI0, HO HE CAHBAJHChL B OOHY IIJIOCKOCTh.

Hanucarr ypaBHeHHe c<epbl, TPOXOAAMEH Yepe3 YeThIpe TOYKH
(z1,y1,21), (2,92, 22), (@3,93,23), (%4,%1,24), He nexamme B ORHOM
TIJIOCKOCTH.

Hanucars ypapHeH#e U HARTH NEHTP U paanyc cdephl, MPOXOAsiILell Yepes
TOYKH: (1: 1, 1)1 (1: 1, '"1): (11 -1, 1): (_lvU: 0)

Kakas cucTema AMHERHBIX YPABHEHMH 3aJaeT TPH Pa3HYHLIE TIPAMBIE
Ha. TUIOCKOCTH, OPOXGAAIME YePe3 OAHY TOUKY?

Kakas cucTema THHEHHBLIX YPaBHEHHIT 33.0aeT TPU IPAMBIE Ha INIOCKOCTH,
06pa3ymoiue TPEYTOAbHUK?

Kakaga cucreMma JIMHeHHBX YpPaBHEHUN 3a7aeT TPH IJIOCKOCTH MPOCTPAaH-
CTBa, He UMEIIHe 00X TOYEK, HO NePeceKalomuecs NonapHo?

Kakas cucrema JUHEHHBIX YpPABHEHHH 33J1aeT 4YEThIPE IVIOCKOCTH IIPO-
CTpaHCTBa, ofipasyrompe TeTpasap?

YKazaTh MeOMETPUYECKYH) HHTEDIPETAITHI0 CHCTEMBI YETHIPEX JIMHENHBIX
YpaBHEHUH ¢ TpeMsi HEH3BECTHBIMU, B KOTOPOH PAHTH BCEX MATPHL U3
k03¢ HUIHEHTOB IPH HEUM3BECTHBIX TPEX YPARHEHHH H PAHT PACIIHPEHHON
MATPHIIBI DAaBHBI Tpem?

PaccMmoTpeTk BCe BO3MOMXKHBIE CHIYUaH, BCTPEYAOLIMECH NP PEIIeHUH CH-
CTeM JMHEHHLIX YPABHEHUT ¢ ABYMHA H TPEMS HEUIBECTHRIMH, H B KAYKIOM
Caydae RAaTh NeOMEeTPHYECKYIO WHTEPIPETAMIO JAHHON CHCTEMB] YpaBHe-
HMIL.
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MATPULIbI U KBAAPATUYHBIE ®OPMbI

§ 12. HeilicrBua ¢ MarpuiamMu

BhiyucauTs npoussefeHus MATPHIL:
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16 24 8
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BLIYHCIHTE BHIPAXKEHHA!

799,

801.

803.

804.

806.

808.

809,

810.

811.

3 5
1 -2 4 -1
(172)" son. (323"
2 —1\" cosae —sine \
(3 —2) . 802, (sina cosa) )
A1 "
Ag 0
0 .

CAE HYTH 0603H3.‘13.IOT, 9YTO BCE IJIeMeHThLI MATPHIB], CTOAIIHE BHE VIABHOI
AHaroHaJM, paBHEI HYJIIO.

11\" A1)
(31) sos (1)

111...1)\° 1100...00\""

g011...1 0110 00

001...1]|. 87.|]0011 00

000 ..1 0000..01
(mops oK AAHHON MATPHMILI PABEH 71).

5
Bbl‘iHCJ’IHTB 17 -—6 HCIONBE3YS PABEHCTBO
35 —12 J ° ya p

(% 22)=(37)(53) (5 2)

43 -3\°
Brruvcmurs | 2 3 —2 ) |, ucnoas3ys paBeHCTBO
4 4 -3
4 3 -3 131 100 0 2 -1
23-2)1=1221 020 1 1 -1
44 -3 342 001 -2 -5 4

JlokasaTb, uro ecam anaa Marpuy A u B ofa npoussenenus AB u BA
cymecTByor, npryeM AB = BA, to matpunms A u B KpaapaTHble H
HMEIT OAHHAKOBLIH MOPSIJOK.
Kax wamenurca npoussepenne AB marpun A u B, ecnnm:

a} NEPECTABUTD -K0 U j-10 CTPOKH MATPHILI A7

6) K i-#t cTpoke MaTpuusl A npubaBuTE j-10 CTPOKY, YMHOXKEHHYIO HA
ypCao ¢ )
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812,

813.

814.

815.

816.

817.

818.

819.

820.

821.

B) MepecTaBuTh i-# U j-ii cronbusl MarpHun BY

r) K i-my cronbuy mMarpunbi B npu6aputs j-it cronben, yMHOKEHHBIR
HA qHCHo ¢?
TTonn3syaces npenepiaymedl 3a0a4ell ¥ HEM3MEHHOCTBIO PaHra IPH 3JeMEeH-
TAapHBIX Npeobpasopanuax (cM. 3axady 615), oxa3aTh, YTO PAHT MPOM3-
BEJEHHMA ABYX MaTpHL, He Gosiee paHTra KaxJOro COMHOKHTENS.
JIoKa3aTh, 4TO PAHT NPOM3BENEHHA HECKONbKAX MATpHL He Bomee patra
KAXIOH U3 NepeMHOXKaeMbIX MATPHIL,
Cuedom KB3APATHON MAaTPHIBL HAZEIBAETCS CYMMA 37IEMEHTOB, CTOAIIMX
ya rmapHOl auaroHasw. Jokasarhk, uTo cnen AB pasen cneny BA.
JokazaTs, yTo eciii A u B — KBagpaTHble MATPULBI OAHOIO M TOTC XKe
nopsaaka, npudem AB % BA, To:

a) (A+ B)Y? # A2 + 2AB + B%,

6) (A+ BYA— B) # A2 - B2
JHoxazarn, yro ecm AB = BA, 1o

-1
(A+B)* = A" + nA™ B + l"@au—)

An-'ZB‘Z_’___‘ +Bn.

Bmeck A u B —kBaapaTHLIE MATPHIBI GOUHAKOBOIO HOPAIKA.
HoxasaTk, 4To J06y10 KBARPATHYIO MATPHLOY A MOMKHO TIPEJCTaBUTH, U
DPUTOM eIMHCTBeHHBIM ofpasoM, B Buge A = B + C, rae B —cummer-
puueckast, a C — KOCOCHMMETPHYECKas MAaTPHIBI.

Marpunsi A 1 B HasuBaloTea nepecmanosouHbmu, ecan AB = BA.
KsagpaTHaa maTpuna A HA3LIBACTCA CXGaApHOl, €CJIH BCE ee BJIEMEHTH
PJIABHON AMAroHaJ W paBHbl MEXIy coboli, T.e. ecnu A = ¢k, roe ¢ — guc-
710, a F —eaunnvnaa MaTpuoa. JokasaTh yTeep:KAeHHE: KM TOTO 4T0OLI
KBaApaTHas MaTpuna A Oblia NepecTaHOBOYHA CO BCEMH KBAJPATHBIMH
MATPHUIIAMH TOTO YK€ TOPAAKA, HEOOXOAUMO H JOCTATOYHG, YTOOL MATPH-
na A 6na cKassipHOi,

KpanparHas MaTpHua HASLIBAETCH Jua20HA/AbHOL, @CITH BCE €€ JJIEMEHTEI,
CTOsIIIHe BHE MMTABHON AMArOHAJN, PABHEI HYMNIO. JIOKA3aTh yTBEpXK JEHHE:
JJI4 TOro 4TobBel KBaaApaTHaa MaTpuna A Grlya nepecTaHOBOYHA €O BCEMH
JHATOHANBHBIMA MAaTPHIAMH, HeoOX0QUMO H JOCTATOUHO, YTOOL MATPHIA
A cama ObLIA AMATOHAJBHOLL.

JokazaTe, uro eciu A — RAMACQOHANLHAA MATPHIA H BCE JIEMEHTH ee
MIaBHOM JMArOHAMH Pa3MUYHBl MeXRY coboit, To mwbas Marpuna, ne-
pecTaHoBOMHAs ¢ A, TAK)Ke RHAaroHaNbLHA.

J0Ka3aTh, YTO YMHOXKEHHE MATPUIBI A CIeBA HA JUATOHAJLHYIO MaTPHILY
B = {)1,A2,..., An} BHI3BIBAET YMHOXKEHHE CTPOK A COOTBETCTBEHHO Ha
A1, A2,y ..., Ap, YMHOXeHHE Xe A HA B cnpapa BbI3BIBAET aHAJOTHYHOE
U3MEHEeHHe CTOJ010B.
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Hajiru BCE MATpHIE], NEPECTAHOBOYHEIE ¢ MATPHLEH:

510 0100

12 7 -3 0010
822.(34). 823.(5_2). 824. ggé - 825. | 0001
0000

826, HaiiTu Bce yHCHa ¢, YMHOXKEHHE HA KOTODPBIE HEBLIPOXKJIEHHON MaTpHIIB]
A He M3MEHAET ee ONpPEENHUTeNs.
827. Haiitn 3nauenne muorodiena f(z) = 322 — 22 4+ 5 o1 MaTpuis!

1 -23
A=12 41
J -5 2

828, Haitn 3nauenne muorounena f(z) = z® — 7x% + 13z — 5 o1 Marpus

52 ~3
A=113 -1
22 -1

b
829, lokazars, 4To MaTpuna 4 = (a d) YBOBRETBOPSAET YPABHEHUIO
c

2 ~{a+d)z+ad~bc=0.

830" dokazaTh, uTo AaA A0b0#t KBaApaTHON MAaTPpHUObLl A CYLUIECTBYET MHOIO-
4yneH f(x), oraumuHbl oT HyneBoro u Tako#l, uro f(A4) = 0, npuuem Bce
TAKHE MHOTOUWICHB AE/IATCA HA OJUH U3 HUX, ONPEIETeHHbI 0AHO3HATHO
YCJIOBHEM, YTO €ro CTApIUMH KoshUUUeHT paBeH efuHune (OH HA3LIBA-
eTcd MMHUMAJILHBIM MHOIOUYNEHOM MAaTPULBI A).

831! Hoxazatsk, uyro paseHcTs0 AB — BA = F He BLINONHASTCA HH A/ KAKHX
maTpun, A n B.

832. HafiTu BCe MaTpHLBl BTOPOro NOPAKKA, KBaJPAT KOTOPBIX paBeH HyJeBoi
MaTpHLe.

8337 Ilycte A— Ma.TpHu,a BTODOrO NOPsIBKA B k — Hesoe 'mcno fosibLIee ABYX.
Hokazats, 9To AF =g TOrHa H TOJMbLKO TORA, KOIIA A2 =0.

834. HaitTu BCE MATPUILI BTOPOro NMOPsiKa, KBAAPATHE! KOTOPHIX PaBHbI €AH-
HH4YHON MaTpHLE.

835. Hccnemosats ypasHeHne AX = 0, rne A — nannast u X — ackoMas Mar-
PMIBI BTOPOrO NOPAAKA.

Haiity oOpaTHBlE MAaTPHObLl A8 CIEAYIOMMX MATPUIL

13 3 4 ab
836. (3 4). 837.(5 7). 838.(c d)'
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( 011...1
101 ...1
853. 110...1
( l+a 1 1 1
1 14a 1 1
854. 1 1 1+4a 1 {nOpAZOK MaTPUUBl PABEH 7).
\1 o 11+a
1+a9 1 1 1
1 1+aq 1 1
855, 1 1 1+ a3 1
\1 ....... A 11+an
856. TlokasaTh, YTO BHIYMCIEHHE MATPHIR, 0OPATHOR K JaHHOH MaTpuue fno-

pPAIKa 7, MOKHO CBECTH K DeIUeHMI0 7. CHCTEM JMHeHHBIX ypaBHEeHMH,
KAXAas U3 KOTOPLIX COREPXKAT 72 YPABHEHHIT ¢ 12 HEH3BECTHLIMH H HMeEeT
MaTpuued ko3hPUIMEHTOB NPH HEU3BECTHRIX MATpHIy A.

[Tonwzysace MeTonoM 3amaum 856, HaltTu obparTHble MATPHLBI A CeHYIOLNX
MAaTPHII:

857.

858

859.

860

*
.

a+{(n—1)h @ a+h ... a+(n—3)h a+(n—-2)k

*
.

23

£ g2l o e 27r_+_, .o
_ TOE € = COS — + % 8in —.

E9 E3('n n | TH n n

( a ”a+h a+2h ... a+(m—=2)h a+(n—-1)k
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111

PewuTs MaTpuuHble ypaBHEHUH:

12 3 5
861. (3 4)-X= (5 9).

3 -9 -1 9
o x (171 = (22)
3 1 5 6 14 16
863. (5 _2)-)(-(78):( : 10).
1 2 -3 1 -3 0
g64. [ 3 2 -a).x={10 27).
5 1 0 0 78
53 1 8 30
865. X - 1-3-2):(—5 90)
5 92 1 2 15 0
9 -3 1 976 9 0 -2
866. 4-52) X-(112 =(1812 9
5 -7 3 111 93 15 11
9 _3 23
o (23) x - (22).
36 9 4
363'X‘(4 8)=(918)'
16 (11
o (18).x= (1)
3 —1 2 3 97
870.(4 33 -X=(1117)‘
1 30 7 57
111...1 123 n
011 .1 012 .. n~1
gr1. [oo1 .1 |- x=|001..n=2
s o

872. Kax usmenurca obpaTHas marpuoa A~), ecqn B ganHo# Marpuue A:

a) nepecTaBuUTh i-10 U j-10 CTPOKH?
) -10 CTPOKY YMHOMKHTb HA 4YUCIO ¢, HE PABHOE HYJ0?

B) K i-H CTpOKe NpHBABUTHL J-10, YMHOXKEHHYI0 HA MHCJIO €, WIHA CO-

BEPLINTL aHAJOTHYHOEe MpeofpasosaHue cTONODOBT

873. IlenouncnenHag KBaJpaTHas MATPHIA HA3BIBASTCH YHUMOOYAADHOY, €C-
Jiu ee onpexenuTess pased +1. Jokazars, 94To uenouncAeHHads MATPHILA
TOTHA U TOJBKO TOTHA MIMEET NENIOUUCHEHHY10 00PATHYI0 MATPHILY, KOTAA

JAHHAs MaTpPHIA YHUMONYASPHA.
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874.

875.

876.

877.

878.

879.

880.

881.

882,

883.

884,

HokazaTs, uro MaTpuuHoe ypasHeHue AX = B paspemmumo Torga M
TOABLKO TOTMA, KOTAA PAHT MaTpuObl A paseH panry marpuubl (A4, B),
nosiyyaeMofi u3 A npunuchiBaHUEM K Hel crpaBa MarTpunsl B.
[TokasaTh, uTo MaTpu4Hoe ypaBHeHue AX = 0, rae A — KsagpaTHas MaT-
PHIIa, MMEET HYJEBOE PEeLIeHHe TOIAa M TOABKO Toraa, xoraa [4| = 0.
[Tycts A m B — HeocobeHHble MATPHIB OXHOrO M TOro e nopaaxa. llo-
Ka3aTh, YTO YETHIPE PABEHCTBA:

AB=BA, AB"'=B"'A, A'B=BA"! Al'B'=pB"l4!

PABHOCHJBHBI MeX Iy oot
[ycts A — kBaApaTHas Marpuua u f{zr) u g{x)— robbsle MHOTO4IEHDI.
[TokazaTs, gro MaTpunsl f{A) u g(A) nepecraHoBouHsl, T.e. f(A)g(A) =

g(AYf(A).
f(z)

[Tycrs A —kBagpaTHas MaTpuna U r{zr) = —— — paluoHagbHas (pYyHK-
x

unst ot z. [lokazaTs, uro 3Hauenne r{A) dyukuuu r(z) npn z = A onpe-
JefeHo OfHO3MAYHO TOTHa W TONBKO TOraa, korna |g(A)| # 0.

Hattu maTpumy A'l, obpaTHy0 Jas Marpuib A = % g), rae

Er u E;— eI¥HAYHBIE MaTPHuUBl COOTBETCTBEHHO mopankoe k u !, U —
npoussonsHas (k,!)-marpuna (T.e. marpaua u3 k crpok u { cronbuos), a
BCE OCTAJILHBIE 3JIEMEHTHI PABHBI HYJIO.

Kpagparnas marpuna Hy = (hi) nopasxa n HaswmBaeTcss k-M K0Cbim
padom nopadka 1, AEMEHTHI KOTOPOH ONPEASIAITCA PABCHCTBAMHU

hij = {(1] Egﬁ j‘*;;&:' (k=+1,42,...,£(n — 1)),
lokasaTs, uro HF = Hj, Hﬁl =H p,ecnmk=12,...,n—1; H{‘ =
HE =0, ecru k 2 n
Kak wsMmenuTcs mMarpuua A OpH yMHOMKEHWH €e CJEBA WJH CIOpaBa Ha
matpuny H; wnaw Ha H_) npeapiaynieit 3agauu?
ITokazaTe, uTo onepaupa TPAHCNOHHPOBAHNA MATPHLEI 06JanaeT CBoOl-
CTBAMH:

a) (A+B) = A"+ B, 6) (AB) = B'A’;

B) (cA) = cA'; 1) (A7) = (47,
rge ¢ —uucho, a A u B — MaTpunsl.
lokazats, uro ecoiu A 1 B — cuMMerTpHyuecKHe KBaApaTHLIE MaTPHLBL]
OMMHAKOBOTO OOpsaaKa, To MaTpuna C = ABAB ... ABA asaserca cum-
MeTpHYeCKoi.
IlokasaTs, uro:

a) Marpuia, o0paTHas K HeocobenHOHl cuMMerpuueckoli, Byaer cum-
MeTPHYeCKON;
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885.

886.

887,

888,

889,

8907

891.

892,

6) marpulla, obpaTHaa K HEOCODEHHOH KOCOCMMMETpHYeCKOH, GymeT
KOCOCHMMETPHYCCKOH.
ITokazaTs, uTo Ana moboft MaTpuis B marpuua A = BB’ asnserca
CHMMeTpHYecKol.
[Mycts A = A — MATPHUIIA, NOAYUYeHHAA U3 A nyTeM TPAHCHOHWPOBAHUS
U 3aMeHOIl BCEX 3JeMEHTOB Ha YHMC/A KOMILIEKCHO ConpsyKeHHble. Iloka-
3aTh, 4TO:

a) (A+B)*= A"+ B™;, 6) (AB)" = B*A%

B) (cA)* =eA% 1) (A7) = (4%)7,
rae ¢ — 4ucio, a A u B — MaTpuukl, HaX KOTOPLIMH BBLINONHUMA COOTBET-
CTRYIOWIAST OMIepPallus.
Marpuna A nasesiBaerca spmumoesodi, ecnu A* = A, TlokazaTs, 4T0 Ana
abolt MaTpuisl B ¢ KOMIIEKCHBIMH HJH BEIUECTBEHHBIMU 3JIEMEHTAMH
maTpyia A = B . B* sapaserca apMuToBOil.
[loxazaTh, yTo nmpou3BeJeHHE ABYX CHMMETPUYECKHX MATPUI] TOCAA H
TOJBKO TOrJa GyAeT MATPULIeH CHMMETPHYECKOH, KOra RAHHbIE MATDHIIBI
[IEPECTAHOBOYHEL.
[TokaszaTs, 4TO NpOM3BEJNEHHE ABYX KOCOCHMMETPHUECKUX MATPUL TOTAA
H TOJBKO TOrKA OyAET MaTpHUedl CUMMEeTPHUYECKOH, KOrha JaHHBIE MaT-
PHLIbI NE€PECTAHOBOYHEL.
JloKazaTh, 4TO NMPOU3BEJEHHE ABYX KOCOCHMMETDHYECKUX Marpur A H
B Torga u Tonpkoe rorna GyAeT KOCOCHMMETDHYECKOH MATpHIEH, KOTAA
AB = —BA.

[IpuBecTd NpPUMEpPhl KOCOCHMMETPHYECKHX MATPHL, YAOBIETBOPAIO-
umx yehaopuiw AB = —BA.
Kpanparnas MaTpuia A = (¢;;) nopsajiika n HA3HIBAETCH OPMOZOHAALHOT,
eciu AA' = F, rne E— eguuuunas marpuana. IlokazaTe, uyro gas opro-
TOHAJBHOCTH KBAAPATHON MATPHIE! A HeobxoguMmo M aocTaTodHo moboe
H3 CAeAYIOMHKX YCITOBHIL:

a) cronfer A 06padyl0T OPTOHOPMUPOBAHHYIO CUCTEMY, T. €.

L1

z Qi = 5fa

k=1

rae & — cumson Kpowekepa, oSosnawatomuit 1 npu i =3 u () opu i # j;
6) crpokn A o6pa3yioT OPTOHOPMUPOBAHHYI) CHCTEMY, T. €.

n .
Z QLA = 5‘:
k=1

Keaapatnaa Marpuua A = (a;;) NOpaaKka n ¢ BINECTBEHHEIMH HIH KOM-
MIEKCHEIMU SJIEMEHTAMH HAa3HBaeTCH yrumaprotl, ecmu AA* = E (cmuien
oboznadenna A* ToT ke, uTo U B 3amaue 886). [loxaszars, uro gng yHH-
TAPHOCTH KBAAPATHOR MaTpuusl A HeoGxoAuMO M focTarouHo Jioboe 3
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893.
894,

895.
896.

897!

898

8997
9007
901’
902:
903

904

CeSyIOIHNX yCNIOBHIL:

a) Z akiakj = 53,
k=1 (67 — cumBon Kponekepa).

n
6) Z QikUik = (5;"
k=1

Jloka3aTh, 4T0 ONpPEAE/UTEIs OPTOPOHANLHON MATPHLUBI paBeH +1.
Joxa3aTh, YTO ONpeleNHUTeNb YHHUTAPHOR MATPHIB IO MOAYJIIO pPaBEH
eTHHUIIE.

JoKa3aThb, 4TO eCAM OPTOroHAJbLHAS MATPUIA A WMeeT HA ThaBHON APa-
rOHATH KBaJpPaTHble KAeTKU A1, As, ..., Ay ¥ HyAH 10 OAHY CTOPOHY OT
3THX KJIETOX, TO BCE 3JIEMEHTHl 0 APYTYI0 CTOPOHY OT HHX TakK/Ke PAaBHH
HYJAK 4 BCe MaTpunsl Aj, As, ..., A; OPpTOTOHANEHEL

JoKa3aTnL, YT0 A8 OPTOrOHANBHOCTH KBaapaTHOH MaTpuusl A mHeobxo-
AMMO H JOCTATOYHO, 4TOGH ee onpeldeNHTeNs Obla paBeH 1 i kax bt
ee DMIeMEHT Ghi paBeH CBOeMY airebpantdecKoMy HOMOJIHEHHIO, B3ATOMY
CO CBOMM 3HAKOM, ecyi |A| = 1, u ¢ nporusononoxHsM, ecin [A| = —1.
JlokazaTh, YTO BelleCTEEHHas KBaJpaTHasA MaTpuua A mopaaka n = 3
OymeT OpTOrOHAMBHA, €CTH KaXK bl ee J1eMeHT paseH CBoeMy ajrebpay-
‘IECKOMy JONOJHEHHI) H XOTH 6]}1 OIHH H3 HWIEMEHTOB OTVIHYEH OT Hyﬂﬂ.
JokasaTh, YTO BemieCTBEHHas KBaOpaTHasd MaTpuua A mopagka n = 3
fyhreT OpPTOrOHANbHA, €CIIH KAXKALIA ee 3/IeMeHT paBeH cBoeMmy ajrefipa-
H‘{eCKOMy AONOJTHEHHID, BBHTOMy C ﬂpOTHBOHOHO)KHbIM 3HAKOM, H X0TH
6Bl OOUH K3 37€MEHTOB OTIHYEH OT HYJIA.

Joka3aTe, YTO CYMMa KBaIPaToB BCEX MUHOPOB BTOPOrO NOPAMAKA, JEXKa-
KX B ABYX CTpoKax {Unu cTonOIax) OpTOroHAMLHON MATPHIbI, PABHA
eIUHHIE.

Joka3aTh, 4TO CyMMa KBAaJpPaTOB MOAYJEH BCEX MHHODOB BTOPOrO 110-
pRaKa, JEKALUX B ABYX CTPOKAX (HAM CTONOUAX) YHUTAPHOM MATPHIH,
PaBHa eRMHMIE.

JoKazaTb, 4TO CyMMa KBAaJpaTOB BCEX MWHOPOB K-TO MOPASKA, JI€XAa-
mux B MOOBIX k& cTpokax (cTosbuax) opTOroHa/bHON MaTpHUEl, PaBHS.
eHUHUDE.

Joka3aTs, 4TO CymMMa KBaApPATOB MOAYJEN BCeX MUHOPOB Kk-T0 TOpAAKa,
Jexamyx B 06bix k ¢Tpokax (cTonflax) YHUTAPHON MATPHLLI, PABHA
SOMHHIIE.

JokazaTh, 4ro MuHOp A060r0 NOPANKa OPTOrOHANBHOR MATPHOH A pa-
BEH CBOEMY anrebpanvecKoMy JOTOJHEHHIO, B3STOMY C €0 3HAKOM, €CJIH
|A| = 1, u ¢ DPOTHBOMONOXKHBIM 3HAKOM, ecyl |A] = —~1.

IIyctt A — ynurapuas marpuua, M — ee MuHoOp moboro nopsiaka, My —
anrefpanteckoe gonosnenne mudopa M B marpune A. Joxasark, 4To
Ma = |A|- M, rne M —uncno, conpaxenHoe ¢ M.
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905. IIpH KaKux yCnoBUAX AHATOHAJBHAS MATPUNA SBIAETCH OPTOrOHABHONT

906. TIpu KaKNX YCIOBMAX AHATOHAIBHAS MATPHLA SBJAETCA YHUTapHOH!?

907. 1TposepuTs, uTo MOGOE U3 TPEX CBOHCTB KBaJPAaTHOW MATPHLbI Be-
IECTBEHHOCTL, OPTOrOHAABHOCTE, YHMTAPHOCTL — BBITEKAET H3 ABYX
OCTANBHBIX.

908. KsanpaThas marpuna I Ha3biBaeTCA uneoaromuenoli, ecan 1 2= E. Ilo-
Ka3aTh, YTO KAXKJ0E U3 TPeX CBONCTB KBAAPATHOH MaTPHUL: CHMMETPHS,
OPTOrOHAMBHGCTS, MHBOJIIOTHBHOCTL — BHITEKAET H3 JBYX OCTAJIBHBIX.

909, IIpoBepuTh, YTO MATDHILL]
1/2 1/2 1/2 172

1/3 =2/3 —2/3 172 1/2 —172 —1/2
—2/3 1/3 -2/3 }; 6
3) _2ﬁ3 _253 1§3 Y 12 —172 172 -1)2

1/2 -1/2 -1/2 12
0618 0210T BCeMH TpeMsi CBONCTBAMU TIPeIbIymeH 3a034u.

910. KsagparHas MaTpuua P Ha3blBAETCA udeMnomenmuol, ecyu P2 =p.
Ilokazars, uTo ecnn P upemmnorenTtda, To I = 2P — E uuBomoTHBHA, H
naobopor, echu I nHBOMOTHBHA, To P = %(I + F) naeMnoTeHTHa.

911. [Joxasarh, uTO:

a) MPOU3BENEHHE ABYX OPTOCOHAJIBHBIX MATpHL GyldeT OpTOroHalb-
HOW MaTpuied;
6) maTpuua, ofpaTHas K OPTOTOHANBLHON MATPHIE, OPTOrOHAILHA.

912, Hoka3aTsh, 4TO:

a) NpouM3BEAcHME ABYX YHUTAPHBIX MATpHL OyAeT yHHTApHOH Ma-
TpHIEH,
6) MaTpuna, o6paTHasi K YHUTApHOH MaTPHLE, YHUTADHA.
913! Munop Marpunpsl A, croamuii Ha TepeceYeHHM CTPOK € HOMEPaMHu

i1,i2,...,%p ¥ CTOAOIOB C HOMEPAMU J1, Jo,.--,Jp OyneMm oGo3Ha4ATL ve-
pe3 A .1'.- .21 1 p .
s 320 -y Jp

JoxazaTs CnpaBeiJHBOCTD CACSKYIOTIETN) BhIPAKEHUSA MUHODOBR IPOH3-
sefenus C = AB aByx MaTpHI| Hepe3 MHHOPH! IEPEMHOKAEMEIX MATPHIL:

c i‘l, i‘g, ceey i’p -
12, -5 Ip
— Z A(;.Cla i?: ey i:p)B(?h ;‘_:21 LR kp)
1<k <ka<...<kpgn Iy B2 om0 B L J2 o0 Jp
(fp <da < ... <dpy J1<ga<...<dp)
€C/TH P He NPeBOCXOMHT HH YHCHa CTONDUOB MATPHOB! A, HH YHCAa CTPOK

marpuusl B. B npoTHBHOM CjIy4yae BCE MHHODBL NOPSAAKa p MATpHUbl C
paBHLI HYIO.
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914.
915?

916,

917,

918.
919,

9207

921:

9227

923!

9247

925°

926

9277

TMonwzyacek npeapAymel 3aaadeit, AOKA3ATb, YTO PAHT TPOM3BEIEHHS
IBYX MaTpHI, He Dojiee paHra KaxxJOro COMHOMCHTENS.

HoxazaTs, 4TO yMHOXEHHE MATPHOLI A CI€Ba HAM CIPABA HA HEBLIPOXK-
JEHHYIO MaTPUIY He M3MEHSET €€ DaHrA.

[napabiM MEUHOPOM MATPHILI A Ha3LIBAETCA MUHOP, CTOAIIMIL B Mepece-
YeHHU CTPOK M CTONGNOB ¢ 0AMHAKOBLIMU HOMepaMy. [Toka3aTs, YTO eciau
JIEMEHTH MATPHUBI B BemecTsBeHHE!, TO BCe IVlaBHble Muops A = BB’
HEOTPHIATEIBHEL

[okazaTh, uro ans moGol MATPUILl B ¢ KOMNJIEKCHBIMH HJIH BEIIECTBEH-
HBIMH 3JIEMEHTaMH BCE IMIaBHBEIE MUHODHl MaTpuiel A = BB™ HeoTpHia-
rensurl. 3necy B* = B

TMokazars, 4To ecin B 0603HAYEHHUAX NpelbAyIel 3agaun A = BB*, To
paur A pasen panry B,

Jl0Ka3aTh, 4TO CyMMa TIABHLIX MHHOPOB K-TO NOpAgka marpuunt AA’
paBHA CYMMe KBaJAPATOB BCEX MHHODPOB k-ro MOPAAKa MaTpHUEl A.
JokazaTe, 4To 404 Jr00bIX KBaAPATHRIX MaTpun A u B nopsaka n cymma
BCEX INIABHBIX MHHOPOB aanHoro nopafka k{1 < k € n) ansa marpuu AB
H BA onuHakosa.

ITycts A — BemecTBeHHass MATpPUIA nopsaka n, B u C —MaTpuus K3
nepeeix k u mocnespux n — k cronbuos A. HoxasaTs, yro |A2] < (B'B|-
|C'C.

Ilycte A = (B,C) —semecTBennas marpuna (cmeica cuMsoma (B, C)
ykasan B 3aja4e 874). Jokasars, uro |A'A| € |B'B| - |C'CY.

[Tycte A = (ai;) — xBaApaTHas BelIECTBEHHas MaTpuna nopsjxa n. lo-
Ka3aTb HEPaBeHCTBO Amamapa:

n T
2 2
4% < TID el
k=1 i=]
Iokazars, 4To An4 060l BEmMEecTBeHHOMH IPAMOYTOIbHOM MATPULEL A =
(a,;j) C M CTPOKAMH M m CTONOIAMH BLINCOJIHAETCA HEPABEHCTBO

m n
|44l < [] D ok

k=1 i=1
Iycrs A = (B, C) — MaTpuna ¢ KOMIUIEKCHBMH 31eMenTaMu. Joka3aTs,
uto JA* - A| € |B* - B|-|C* - C].
[Iycts A = (a;;) — KBaApaTHAs MATPHLA NOPAAKA 7 C KOMILIEKCHBIMH
SJIEMEHTAMU, He NPEBOCXOAALIMME [0 Moxymwo uncaa M. oxazarh, 4To
MORY/Ib onpeenuTens |A| He npesocxoaur M- n™? npuuem 3Ta OLEHKa
ABJAETCA TOYHOM.
Tloka3aTh, UTO KarXKA0E 3IeMEHTApHoe TpeofpasoBanue MaTpHIb A, T.e.
npecbpa3oBaHue OAHOTO M3 CACAYIOMIUX THNOB:

a) MmepecTaHOBKA ABYX CTPOK (cTosnGuor);
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9287

9297

9302

931"

932.

9337

6) yMHOXeHHe CTPOKH (cTonfLa) Ha 9HCJI0 ¢, OTJIMYHOE OT HyJs;

B) nmpubasieHne K oZHON ¢TPoKe (cTonbuy) Apyroil crporu (cToab-
Ua), YMHOXEHHON HA A060e Yucio ¢,
MOeT BBITh NONYYEHO YMHOXKEHHEM MATPHLB A Ha HEKOTOPYIO ocobeH-
Hy1o MaTpuly P cnesa pasa npeoBpa3oBanust CTPOK M CIpaBa aJjis npeoh-
pazoBanus c¢ronabuos. Hafitu Bua 9THX MaTpUm.
KpaaparHas MATPHIA. HA3LIBAETCH Mpeyzoashotl, €CIH BCE e 3JIEMEHTHI,
CTOSALIME 10 OIHY CTOPOHY OT TJIABHOW AHAPOHANH, paBHBI Hymw. [lo-
Ka3aThk, Y4To MO0V KBAJPATHYIO MATPHOY MOXHO NPEACTABHTL B BHAE
NPOU3BEACHAS HECKOJbKHX TPEYTOABHBIX MATPHIIL.
[Tokazarb, 4To MOOYI0 MATPHLY A paHra r MOXKHO MPEACTABUTL B BHAE
npousBegenns A = PRQ, rae P u  — HeocobeHHble MaTpHIbl, a K —
IpAMOYTOIBHAT MATPHIA TEX JKe PAa3MepoB, YTO U A, Ha rnaBHON Auaro-
HAJIH KOTOpOIl MEpBLIE r 3JIEMEHTOB PABHBI eIUHHLE, BCE K€ OCTAJILHLIE
3JIEMEHTHl PABHBI HYJIK).
[Iycts A —marpuua pasMepoB m X n u pasra r, P = (pi;) —MaTpuna

Pa3MepoB 8 X M, Y KOTOPOH P11 = pag = ... = prr = 1, a BCe ocTans-
HEIE 3JIeMEHTHI — Hyid, (@ = (g;;) —MaTpuna pasMepos n X t, y KOTOPOH
411 = oo = ... = qu = 1, a BCe oCTANBHBIE 3JIEMEHTh — Hy/M. JIOKa3aTh
HEPAREHCTRA!

a) pair PA 2 k+r — m;

6) paur AQ =l +r —n;

B) panr PAQ 2 k+1l+r—m —n.
O6o3HaMUM PaHT MaTpunbl A uepes 7 4. JlokazaTs, YTO A5 PAHTA NPOU3-
BeaeHna AB mpyx ksagpatHbix mMatpunl A u B nopsaka n umeer mecto
clefylollee HEPABEHCTRO:

ra+rg—n<rag < ra,rg (Hepasedcrso Cunbsecrepa).

TokazaTs, yTo ANA paHra Npouseedennus AB npaMOyroabHBIX MATPHD A
1 B umeer Mecto HepaseHCTBO CusbBecTepa Npeablaymed 3ajayud npy
YCJIOBHH, 4T0 1 0603HAYALT YHCNHO CTOABNOB MATPUIBI A H YHCIO CTPOK
MATpHIEl B.

[TokazaTe, uTo MI06YI0C HEBHIPOXKIGHHYIO MATPHLY A 3S/IeMEHTAPHBIMH
npeolpa3oBaHUsIMH TONLKO CTPOK (WM TONBKO CTO/6110B) MOXKHO IpH-
BecTH K eqwHH4HOM Matpune E. Ecnu cosepmennnie Hajn A ajeMen-
TapHble Tpeobpa30BaAHYH B TOM K€ NOPAJKe TPHMEHHTH K eHHHHY-
Hoii Marpune E, 1o B pesynsraTe nonydutes matpuna A7l ofpaTHas
s A

[Mone3ysice npuemoM NpeabAymIeHd 330a4YM, HAKRTH oBpaTHBIE MATPHILL Jfsd
CEAYIOIMX MATPUL (A1 yxoOCTBAa BLIYHCIEHMH NPHNNCATE K NaHHOH Mar-

pue

A ClpaBa €JMHHYHYK MaTpHIY H BBINOJHATE IVIEMEHTAPDHLIC Hp806p3.-



118
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30BaHMA CTPOK, npusopamme A k F, Hal CTpoKaMM BCcell HAMMCAHHOH Ma-

TPHIIbI )
934 é é _é :i 935 (2) Ili g 936 g (3) % w}l
: 22 -4 -3 ' 357 ’276-1
38 -1 -6 122 -
937. Tlons3ysace Meroaom 3aaauu 933, mairra obpaTHBE MATPHIIB! AT MATPUIL

9387

939:

940.

941?

942,

9437

9447

zajgay 844, 846, 847, 848, 849, 850.
JokazaTs yTeepKnaeHue:

Jns Toro uTobel MaTpuna A M3 m CTPOK U 12 CTONOLOB HMENa PaHD
eIUHALY, HeOoOX0OHMO W AOCTATOYHO, YTOOB A MpPeACTABIANACL B BHIE
A = BC, rne B —nenynepo#t cronben giuuast m, C — HeHyneBas CTPOKA
BJIMHEL 7.

JdoxazaTh yTBEpXKIEHHUE:

Jnsa Toro 4Tobkl MaTpHIA A B3 M CTPOK H 73 CTOJOIOB HMeNA PaHT
r, HeoOXOAUMO U ROCTATOYHO, YTo0R A npeacrabnanace B Buge A = BC,
roe B—wMaTpHua W3 m CTPOK M 7 AMHEHHO HE3ABHCHMMEIX CTOABIOB, a
C — MaTpHIa U3 7 JUHeHHO HE3ABHCHMEIX CTPOK M N CTONAGLOB.
Iloxazark, uyTo ecomm A W B —KpaapaTuble MaTpHunl OOPANKA 7 H
AB =0, T0 rg + rg € n, npuuem aas moboil JaHHOA MATpHULB A MaT-
puy B MoxHO BLIOpaTh Tak, 4Tobwl OBlIO 74 + rp = &, rae k — moboe
IeJI0e YUCIIO, YAOBNETBOPAIONiEEe YCNOBHIO g € k < n.

Ilokazarsb, uro eciu A — KBAIpaTHAS MATPHIIA HOPAMKA N, Afid KOTOPOH
A% = E, 10 rgia+ 7.4 = n.

JBe uenoyncneHHblE MATPUILL HASKIBAKTCA 3KBHBAJEHTHEIMHU, €CJIM OT
OOHOH M3 HHUX K APYTrof MOMHO NEpeHlTH NYTeM IEeTOYHCISHHEIX deMeH-
TapHHX NpeobpazosaHnii, T.e. NpeobpasoBaHuil CASAYIOWHX THOOR!

a) NepecTAHOBKA JBYX CTPOK;

6) yMHOXKeHHe CTPOKHM Ha -—1;

B) npubaByeHMe K OBHOW CTPOKe ApYrof, YMHOXKEHHO! Ha LEoe 4HCc-
JI0 ¢, U AHAJIOTHYHBIX Ipeobpazosanuit jand cronbuos. loxazaTe, 4T0 MaT-
puitkl A ¥ B Torma ¥ TOJLKO TOrAa IKBUBAJAEHTHH, Koraa B = PAQ, tae
P u Q@ — kBajgpaTHBIE HENOUYHCIEHHBE, YHUMOAYASPHBIE MATDHIILL.
TTpamoyronbHas HenOYHChEHHaA MATPHIA A HaSHBaeTCAd HopmaabHod,
ecny €e 3INMEMEHTBI &1],d29,...,0rr DOJOKUTENBHEI, «; HEJHTCA Ha
a;_14i-1 (2 = 2,3,...,r), a BCE OCTAJBHBIE 3TEMEHTHI paBHbl HymO. [lo-
Ka3aTh, YTO KaykKJafd LEJOYHCIeHHAd MaTpHia IKBHBAJEHTHa OAHOH H
TONLKO OfHON HOPMAJLHOH MATPHIIE; WHBIMH CJOBAMH, KaXKIBIH Kaacc
SKBUBAJIEHTHBIX MexAy cOGOl LEeNOYNCAeHHBIX MATPHL COAEPXHT HOp-
MA/BHYI) MATPUIY H NPHTOM TOJBKO OJIHY.

Jlokazars, 4TO KAXKAYI0 HEOCOOEHHYH) LENOYHCIIEHHYIO MATPULy A MOXK-
HO npeactasuTh B Buge A = PR, roe P— yHuMonyaapHas, memo4duc-
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9457

946

947,

948,

JieHHast MATpHLa, a R — TpeyroneHad nefoyncIeHHadA MATPHOA, IJIEMEH-
Th! KOTOPOH Ha rMapHONR NHATOHAJIH NMOJAGKHTENLHBl, HHXe MMaBHOH qna-
POHAJMM PABHBLI HYJNIQ, a BHIIE [VIABHON JMATOHAIHM — HEOTPHUIATEIBHEl 1
MEHBIIE SJIEMEHTOR [VIABHON AMATOHAJM TOrO XKe CTONbna, NpuieM Takoe
NpeICTABIEHRE eHHCTBEHHO.

JokazaTh, YTO KBAAPATHYK MATPHNY A MOPAAKA 1 M PAHTa T MOXHO
npeactasuTh B Buae A = PR, rne P —neocobennasa maTpuna u R — tpe-
YTOJIbHASI MATPHLA, B KOTOPOH EPBHE T JIEMEHTOB IVIABHON AWATOHAJIN
paBHbl €OUHHIE, & BCE DJIEMEHTHI HWXKE [VIABHOM OHATOHANM M BCE IMe-
MEHTBI IOCJIEJHHX 7 — I CTPOK PABHBI HYJIO.

KBeaapaTHan MAaTpHLA HA3LIBaeTCA eeprHetl (Huscneti) TpeyronpHOM, ec-
JIM BCE 3JIEMEHTHI, CTOSAUIME HUXKe (COOTBETCTBEHHO BBIIIE) TNABHOH AUA-
TOHAM, PABHbI Hy0. 110Ka3aTh, 4TO CIAEAYIOLIHE ONEPAIMH: CAOXKEHHE
ABYX MaTpPHL, YMHOXKeHHe MaTPHUB HA YHCI0, YMHOKEHHE ABYX MaTPHIT
U nepexosl K o0paTHoi MaTpuie jis HeoCODeHHON MaTpHlbl, NPUMEHEH-
HblE K BePXHHM (HHKHHM) TPeyroJbHLIM MaTpHIAM, MPUBOAST CHOBA K
BepxHell (HIXKHeit) TpeyroJbHON MaTpHIe.

KsaapaTHasi MaTpHIa HA3BIBAGTCS HuAbnOmeHmHol, €CIH HEKOTOpas ee
cTeneHs pasHA HYM0. HanMeHbluee Henoe NoJI0KUTENbHOE YHCno k, Juis
xoToporo A¥ = 0, HasmBAETCH NOKA3AMEAEM HUADNOMEHIHOCTIU MAT-
punst A. TTokazaTs, 94TO TpEyroJbHAA MATPHIA TOTJA H TOJABKO TOTAA
HHJBNOTEHTHA, KOTO@ BCE IJIEMEHTH TWIARHON IOMAarOHAMH PaBHBI HYNIO,
8 TOKA3aTeIh HUNENOTEHTHOCTH TPEYTOJBLHON MATPUIILI HE MPEBOCXOAHT
ee MOopsiaKa.

Mokazars, yTo obparuas marpuua B = (bi) ana sepxueil (HuxkHeH)
TPEYTONLHON HeocoOeHHOH MaTpuupl A = (ai) nopajxa n Gyner cHo-

Ba BepXHelt (HH}KHen) TPeyTOJBHOR MaTpHUel, NPHYEM JIeMeHThI IaB-
HOH JHATOHANHM MATPUIUB B ONpenesioTcs pPABEHCTBAMHU by = al—-
(¢t = 1,2,...,n), a OCTANbHBIE TEMEHTH HAXOUATCA U3 pEKprEHTHbIt;{
COCTHOLIEHHH:!

a) A8 3JIEMEHTOB -# CTPOKM BEPXHEH TPeyTOJbHON MATDHIL

k—1
- 2 byase
by =—— (k=i+1,i+2,...,0);
akk
6} Anst sameMeHToB A-ro cToN0UA HUXKHEH TPEYrOAbHON MATDHIIBI

i—-1
= 2 aibjk
i=k
Qi

Drumu popmynaMu yaofHO NOAB30BATHCS IJIA BRIYUCAEHHSA MATDHI,
0OpaTHBIX K TPEYTOJELHLIM MaTPHLAM.

by = (i=k+1,k+2,...,n).
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949! IlycTe A —KBajpaTHAs MATPHUA TIOPSAKA N M PAHTA T, IPUYEM

950.

1,2 ..., k
@:A(Lg,” k)%o (k=12,...,r). (1)

Y
Joxazars, 4TO NPH 3THX YCJOBHAX MATPHIY A MOXHO npelcTaBuTh
B BHJE TIPOM3IBEHEHHUA
A=BC, (2)

rae B = (bi;) —wmxHaa u C = (c;;) — BepXHAA TPEYTONbHBIE MATPHUILbI
(onpepenenyie BepxHe#l U HUIKHER TPeyroNLHBIX MATPHL AAHO B 3ajKade
946).

[TepBpiM r aMaroHaNbHBEIM 3nemeHTaM Marpun B u C MOXHO JaTb
no0ble 3HAYEHUA, YAOBJAETBOPAIOLIME YCHOBUSM

dg
bkkckk=a—k—-1~ (k=1,2,...,7; dg=1). (3)
3ajaHne NEpPBLIX T AHATOHANLHLIX yiemenToB marpur B u C oxHO-
3HAYHO ONPEJENIHET OCTANbHBIE 3JIEMEHTbI IEPBLIX 77 CTOJIONOB MATPHIIL]
B u nepsrix r crpok MaTpuup C, PUYEM 3TH JIEMEHTRI 3a0310T¢a dop-

My/IaMu
A(LGqknLi)
1,2,...,k-1k
dr '
A(1,2,...,k—1,{c) (4)
1,2,...,k—1,2
Chi = Ckk dk y
(i=k+1,k+2,...,0 k=012 ...,7)

B cnyuae » < n B nmocaegHux n — r croabiax Marpansl B Bce ane-
MEHTBI MOKHO IONOXKUTEL PABHBLIMH HYRIO, & B MOCJAEOHHX N — ¥ CTPOKax
mMaTpuusl ¢ 37€MEHTH CYMTATHL NPOM3BOALHLIMH WJIH, HAOGOPOT, B MO-
CAeQHMX 1 — T CTONGIAX MATPHUIbI B 3/1eMEHTH CYMTATE MPOM3BOILHBI-
MH, 3 B NIOCAEHUX 1 — ¥ CTPOKax MaTpuusl C BCe 3JeMEHThl HOIOKHTE
PABHBIMH HYJO.

[TpoussoabHbBIE 3NEMEHTH He HapyLiaT paBeHcTBa (2). Fx MOXHO BhI-
6paTh Tax, 4ToObl COXPAHNTBL TPEYroibHEIR Bug Marpuy B u C.
ITokasaTs, 4To npeacraBieHue (2) npeablaymen 3aa4d MOXKHO HafTH
TaK: TIEpBble 7 IEMEHTOB Ha MMIaBHOHM AuaroHamw Marpun B w C Bm-
Oparhb M06BIMH, YAOBIETBOPSIOIIMMH YCAOBHAM (3), 4 oCcTaNbHbIe 3/IeMEeH-
ThI NePBHX r CTOAGHOB B u nepBoix 7 ¢rpok C BBIYHCIUTH C IOMOIIBIO
PEKYPPEHTHHIX COOTHOINCHHN

k—1
Qg — _Zbijcjk
b,-k=—__£-;-_— (=k+1,k+2,...,n k=12,..,1)

bi = bik
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9517

952,

953.

i~1
aik — 2, bijejk
=

Cik = (k=i+1,i+2,...,n; 1=12,...,7).

bi;
D1t GHopMyABl NO3BORAIOT HANTU cHadAMa NepBullf cronben B u nep-
By1o crpoky C, 3ateM, 3uasa kK — 1 cronbuos B u k£ — 1 cTtpok €, HaitTu
k-it cronbey B u k-1 crpoxy C.
HokazaTs, 4To MH00YI0 CHMMETPHYECKYI0 MaTpuLy A = (a;;) nopagxa n
U paHra 7, yROBJeTBOpArouyo ycnosuaM (1) 3amaun 949, MoXKHO Ipen-
crasuTh B BuAe A = BB, rne B — HUXXHsA TpeyrojbHas MATPUIIA, 3Je-
MEHTH TOCHEIHHX T& — T CTOJGIOB KOTOPOM DABHBL HYJHK, 2 HIEMEHTH
nepsuIX r CTONONOB OMpeRensoTcs GopMymaMu

1,2 ... k-1,
A(l,l.“,k~1,k)
Vi - diq
G=Fkk+1,....n; k=12,...,7).

Marpuna A HasbiBaeTcs kaemounoil (WIH Haounotll), €CliM ee 3TeMEHTH
OﬂHOﬁ HIH HECKOJNBKHMH TOPH3OHTAJBHBIMH H BEPTHKAJBHBIMH JIHHHA-
MH DaClIPefENICHb! [0 NPAMOYIOJIBHBIM KaeTkaM (6nokam). 9TH kierky
Bynem obo3HauaTh wepes A;j, rie ¢ — HOMEp KNEeTOYHON CTPOKH W § — HO-
Mep KaeTouHoro cronbua. [lokasaTe, UTo yMHOXKEHHe ABYX KNETOYHEIX
MaTPHU TOTHA H TOJBKO TOTAA CBOXUTCS K YMHOXKEHUIO KJIETOK, PAcCMaT-
PHBACMBIX KAK OTAC/LHBIE 3JIEMEHTBI, KOIJla BEPTHKAJBHOS QEJIeHHe [1ep-
BOY MATPHIE COOTBETCTBYET POPU3OHTANLHOMY AefieHmo BTopoil. ViMen-
HO, ecin A = {A4;;) — (m,n)-Marpuna ¢ fejeHNeM CTPOK HA IPYIIIBL
no my,ma,..., Mg U cTONBUOB 1O ny,N2,...,7 ¥ B = (By;) — (n,p)-
MaTpHLa C JeJeHHeM CTPOK Ha TPYNNEl IO 7y, Mg, ..., 74 W CTONOLOB IO
P1,P2,-- s Pu, T0 AB = C = (C}y) Gyaer TaxxKe KJIETOHHON MaTpuueh,
npaYeM

by =

t
Cik=ZAiijk (z’=1,2,...,s; k=1,2,...,u).
=1
HpHMeHHH YKA3AHHOE IIPABHUJIO YMHOMKEHNA KAE€TOYHBIX MATPHL, HAli-

TH KJETKH NPOU3BENCHUA CAERAYIOUIMX MaTPHL NMpH YKAa3aHHOM OORpas-
AeJIEHMH Ha KJeTKH IJs COMHOXKHATeJeH:

11-2 3 213 1
A=|3|-1 2|, B=|1i23
41-21 21 2

[ToxaszaTe, 9T0 A8 BHINOJIHUMOCTH YMHOXEHHMA XBYX KJIETOUHBIX KBAZX-
PaTHBIX MATPHN AOCTATOYHO (HO, KaK NOKA3LIBAET NPHMED Npeablnyme
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9547

955.

956.

957,

9587

9597

960.

380344, He HeoOX0auMo), YTo6b ANArOHAJIBHEIE KJETKH ObIIH KBagpar-
HBIMH, NIPUYEM NOPSAKUY COOTBETCTBYIOMIMX ANATOHAMLHBIX KAETOK Oblu
paBHBI Mexy coboil.
ITokazarh, 4TO AMst BLIMOJHHMOCTH KJIETOUHOTO YMHOMKEHHA KJIeTOYHOH
MATPHIE Ha cebg HeobxoauMo 1 AOCTATOYHO, YTOBH BCE €8 AUATOHAJIBHBIE
KJIETKH OBLIM KBAJPATHBIMH.
Kpagparsaa kiaerounas marpuua A = {A;;) Ha3HBACTCA KAEMOYNO-
mpeyzoavrotll, eCAM BCE e¢ KJIETKM HA IVIABHOM JMAroHaaH, T.e.
A11, Azo, ... KBaIApaTHBIE, & BCE KMETKH, CTOALLME IO ONHY CTOPOHY OT
TAAaBHON AMATOHAJM, PaBHHE! Hymo. [lokazats, uTo ecnum A w B — nse
KJIeTOYHO-TPEYIOJIbHbIE MATPUIBI ¢ OXMHAKOBBIMA NOPSAKAMH COOTBET-
CTBYIOIMUX AMATOHANBHEIX KJETOK M HYJASMH IO GJHY CTOPOHY OT AMa-
TOHA/H, TO UX NpousBeneHHe AB Taxoke OymeT KNIeTOUHO-TPEYTOIBHON
MATPHOEN ¢ TAKHMH K€ MOPANKAMH JHATOHAILHBIX KJASTOK H HYJISAMH 0O
TY K€ CTOPOHY OT RHarOHAJH.
ITokazaTh, YTO KJIETOHUHO-TPEYIOJbHasd MATPHU3 TOIAAa H TOMALKO TOrAa
HUJIBNOTEHTHA, KOTIA HHALIIOTEHTHBI BCE €€ KNEeTKH Ha IJasHON AUaro-
HAJIM (ONpEenNe/IeHAe HUJIBIIOTEHTHOCTH JAHO B 3amade 947).
ITycts A = (Ai;) —KneTouHas MATPHLA, pUYeM A;; — KNeTKa pa3Mepos
myxng (1=1,2,...,s, 7=12,...,1). llokasaTs, uro npnbasnexne x i-i
KJIETOYHOM CTpPOKe j-H CTPOKH, YMHOXKEHHOH C/eRa HA NPAMOYTOAbHYIO
maTpuny X pa3sMepoB 1y X 1mj, MOXeT OBITH IOJY4YeHO NyTeM YMHO-
JKeHus A cnesa HA HEOCODEHHYIO KBAJPATHYIO KJIETOMHYIO MaTpuly P.
Touno Tak xe npubaBiieHue K i-My KJISTOYHOMY cToAbuUy j-ro cronbua,
YMHOMXKEHHOTO CpaBa Ha NPAMOYTONBHYI0 MAaTpHLy Y pa3sMepoB n; X nj,
MOXeT ObITh MONYYEHO NYTeM yMHOXKeHHs A cnpaBa Ha HeoCOODeHHYIO
KBaJpaTHYO KneTouHywo marpuny (. Hafite sug marpun P u Q.
A B
IMyere R = ¢ D | —¥ieTouHas MaTpHua, rae A —HeocobeHHas
KBaJpaTHast MaTpuna nopsjaka n. Jokasars, 9yTo panr R pasen n To-
roa M TOABKO Torja, korja [} = CA-B.
Hycrs A —neocobenHas marpuua nopafka n, B —wmaTpuua pa3Mepos
n X ¢, C—MaTpula pasmepoB p X n. JloKa3aTb, YTO €CAH KJCTOUHYIO
A B A By
MaTpHuy R = ( c o ) IPUBECTH K BHAY [ = ( 0 X ) nyTeM psi-
Ja 3MeMeHTaPHBIX Npeobpa3oBaHUN CTPOK, NpHYeM B KaKAOM npeobpa-
30BAHUY JU00 YYACTBYIOT TONBKO NEPBLIE 7t CTPOK, JHGO K KaKol-HHOYIb
CTPOKe € HOMepOM, DOBIMUM 1, NpudaBasieTcs OQHA M3 NEepPBLIX N CTPOK,
YMHOXeHHAs HA ancno, ro X = CA7!B.
ITycte A — HeocoOeHHAA MATPHLA NOPsifKa 11 H E — efyHIYHAS MATPUIA

TOTO e IOpAanKa. ,HOK&B&T]:, HTO eClIH KJETOMHYH MATPUMILY ( _g EO )
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961,

962,

9637

3/IEMEHTAPHBIMH NPeobpa3oBaHUAMH, YKASAHHBIMH B TIpedbIAYmed 3a0a-

4e, NPUBECTH K BHIY ( %1 il ), to X = A™!. Hafitu sTuM mMeTogoM
235

obparuyio Matpuny agna A= | 1 2 7
344

Ilycts mana cucTeMa ypapHeHHH

anzy + a122g + - + a1y = by,

a1 + a2y + - + ey = by,

1T + An2Ta + <0 + QnnZn = by
¢ Heocobennoll marpunet xoddduunentos A, B — cronbey cBobomHBIX
qnenor M E —equHNYHAA MATPHIOA TOPAIKa 7.

A B
[Tokazare, 4ro, €C/IM KNETOUHYIO MaTpuLy | E 0 npeoOpa3oBa-

A By
HUSAMH, YKA3AHHBIME B 3ajade 959, npuBecTH K BUAY 0o x | cTon

fen X paer pellleHHe NaHHOM CHCTEMb! YpaBHEHHH.
Petuts aTUuM MeTomoM cucTeMmy
3z — y+2z= T,
dr — 3y + 22 = 4,
2r+ y+3z=13.
Mycts A— HeocofierHaa MaTpHIA NOpaAAka n, B — marpuua pasMepos
n X p, E —eauHuuHag MaTpuna nopaaka n. [lokazars, 4To €Ciu MaTpUILy

AB
_E 0 npeo6pa3cBaHUAMHE, YKa3aHHBIMHE B 3a7a4e 959, NpHBecTH K

— (z‘(l]l ?{1 ),.m MaTpuua X A3eT pemieHHe MATPHYHOTO YPABHEHUS

AX = B.
PetmnTh 3THM METOAOM YKa3aHHOE YPABHEHHE, €CJH

(1) o= (17)

[Tycrs Bee mapwt (i,7) (2 = 1,2,...,m; j = 1,2,...,n) 3aHyMepoBaHkl
B HEKOTOPOM OINpPENENEHHOM TIOPSAKE (1,2, ..., 0mn. KpoHeXePoscKUM
(M npasmsim) DPOU3BERCHHEM ABYX KBAAPATHEIX MATpun A nopsaka
m u B nopaznka n xaswmiBaerca matpuna C = A x B nopagka mn, €o-
CTABNIEHHASI M3 BCEBO3MOXKHBIX TPOU3BEAEHMIT 31eMeHToB MaTpun A u B
B HagJsexkalleM nopagke. FMenHo, snemenT Marpuusl C, croswuft B -1
CTpOKe M j-M croable, ONpenensaeTcs Tak:

Cij = iy by, THE  (i1,42) = i, (J1,72) = 0.
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HokazaTk, 4TO:

a) (A+BYxC={AxC)+ (B xCY

6) Ax(B+C)={AxB)+ (AxC);

B) (AB) x (CD) = (A x C){(B x D).

9647 Ilpaemim npasmbist npoussederuem KBAJPATHBIX MATPUN A IOpIAKA m U
B nopagxa n Ha3biBaerca kaerounas marpuna A x' B = C = (Cy;), rae
Cij = ai;B (i,7 = 1,2,...,m). AHAJIOTHYHO, 4€6bIM NPAMBIM NPOUIBE-
Jdenues TEX e MATPUL, HA3BLIBAETCH KJIETOYHAA MaTpuua A X B = D =
(Dij), rre Dy = Aby (i, = 1,2,...,n).

HokazaThk, 4TO:

a) oba BBEeAEHHLIX NPOU3BEREHHUS SBASIOTCA YACTHBIMH CAYYASIMH
KPOHEKEPOBCKOI'O IPOM3BEAEHNS, ONpeJeeHHOro B MpefblAyme 3aaad4e.
HapTn nopagok HyMepanun nap (2, 7), JaIOmuii npasoe U Jesoe NpsaMble
PON3BeJeHHs;

6) Ax B = B x A;

B) Ax' (Bx C)=(Ax B)x C;

r) ecn Ejp — eIMHMYHAA MaTpuua nopsika k, to E, x E, =
En x* Em = Emn;

n) ecnm A u B — Heocobennbie Matpunpl, 70 (Ax B) ™! = A7 x'B7L,

Jis eBoro NpOM3BEJNEHAA CUPABEAMUBEL CBONCTBA, AHAJOTUYHEIE
CBOWCTBAM B), T), O).

9657 Tlons3yacs AByMs OPEABIAYIMMH 3aJa4aMH, JOKa3aTh, 4TO eci A—
MaTpHOa nopsiaka m u B —nopaaka n, to |A x B| = [A]™ x |B|™ (cm.
3anauy 540).

9667 Ilycte A = (a;) — kBaJpaTHad MaTpulla nopsaka n. Marpauelt, esgum-
noti ¢ A (uau npucoedunennoti Kk A), HagWBAETCS MATpHLA A = {G4),
roe 4;; = Ay (4,7 = 1,2,,...,n). NusMy cioBaMM, MATPHLA, B3aHM-
Has ¢ A, NOIy4aeTcs TPAHCIIGHUPOBAHMEM MATPHIbI, COCTABIEHHON U3
anrebpanvecKuX JONOAHEHH 3/IeMEeHTOB MATPHIE A.

ﬂOK&i&TB, _aro:

a) AA = AA = |AlE, rae E — epunuinas MaTpaLa;

6) A) = A" *Anmpun>2 A)=Anpan =2

m——— - - —~

967" Ilokasars, yro (AB) = B - A, rme A— Martpua, s3auMaas ¢ A, onpeje-
JieHHasA B NpeRblOyUIeH 3anade.

9687 Marpuueil, accoyuuposannoti ¢ KBaApaTHOH MaTpUueh A nopaaka n, Ha-
3piBaeTcss MaTpuua A = (@;;), Tie @;; —MMHOD 3/IEMEHTA Gjj MATPHILI
A. ﬂorﬁaﬂb, qTO!

a) (AB) = AB;

6) (A) = A" 2Anpun > 2, (A) = Anpun = 2.

969 Ilycts A = (ajj) —- KBaJpaTHast MaTpHIa MOpsifKa 71, H YCTL BCE COYE-

TaHuA U3 n uucen 1,2,...,n no p uncen ky < kg < ... < Ky, 3aHyMe-
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970,

9717

972

POBAHBI B KAKOM-MG0 nopsaxe i, as,...,an, tae N = C2. Marpuna
Ay, = (Ai.j;p)s COCTABNEHHAH W3 HAJJIEKAIUM 0DPA30M PACTIONOMEHHBIX
MHHOPOB p-r'o OPAJKa MaTpHLbl A, HagpIBaeTCa p-# accoyuuposaHmol ¢
A MaTpUUeH; UMEHHO, @ j.p = A( 2 tp ), rAe o; eCTh COueTAHUe
Jl)J'Z:”_‘:Jp ]

1) <ig < ... < dpy oy —coueTaHMe j| < J2 < ... < Jp.

Jokazark, 4TO:

a) (AB), = ApB,;

(En)p = En, tae E, u En — eIJUHVYHBIE MATPHUBI COOTBETCTBEH-
HO TOpsaAkoB n U N,
o -1y _ -1

B) ecnn A —HeocoGeHHas mMaTpHua, To {A™ ), = (Ap) ™.
Haittn Takyro HyMepanuo covetanud u3 n uucen 1,2, ..., n 0o p, 4Tobwl
A TPEyroJbHolt MaTpuibl A accoqunpoBaHHAA MATpuna Ap, ompese-
JieHHasl B NpeAblayIileil 3ajaue, TakxKe OblIA TPeyroAbHON C HY/AAMM IO
Ty e CTOPOHY OT JAMATOHATH.
[Monb3ysach CBORCTBAMH ACCOMMUPOBAHHBIX MATPHII, JOKA3ATh, YTO €CJH

p=—1

A —KBaZipaTHasg MaTpuua NOPSHKa 7, TO |Ap| = |A|Cﬂ-1 (cM. 3aaauy
551).
Mycrs A — HeocoBeHHast MaTpuua mopsika n U B = A~! —marpuna,
obpatnasa Aaa A. JokaszaTh, 4T0 MMHOPBI JH060ro nopsaika ofipaTHoH
MATPHULE BBIPAKAIOTCA HEPe3 MHHOpr ACXOAHON MATPHLLI CIEAYIOLIHM
oBpazoM:

1a+ ) !
L (pE ( 1, kn—p)
B( 1,82,y 0p ) _ 21‘32’ 1 tnp

- A W

klst:"')kp
rae i < ig < ... < iy BMECTE C 1} <i’2<...<z’:1_pnk1<k2<...<kp

I;MBCTE c k) < ky < ...<k,_, COCTABIIAIT TIONHYH) CHCTEMY MHIEKCOB
2,..,n
1 ? ?

9737 Hoka3arb, 4To p-f aCCORUMpOBaHHas mMarpuma A, (ompexenenne ZaHo B

3ajaMe 969) nna opTOroHANBHON MATPHIB A CaMa OPTOTOHAJLHA.

974 [Jlokasath, 4TO p-1 ACCOUMMPOBAHHAs MaTPHUA Ap A/ YHUTAPHOM MaT-

§13.

punel A caMa yYHHTAPHA.

I[MonnaOoMUanbEHLIE MAaTpHUbI

Crepyiompe A-MaTpuLB! NPHBECTH K HOPMAJILHONR AMArOHANbLHOH (opMe nmyTem
3MEMEHTAPHBIX TIpeobpa3’oBaHuil:

975.

978,

Al M-o1 oa-1 A0
(0 A)‘ 976'(,\+1 ,\2+2,\+1)' 977'(0 /\+5)'

o1 o A+1 A4l N
( 0 (/\_1)3)‘ 979. { 3A—1 3X% -1 A +2x
A-1 A-1 A
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980.

982.

LU LY 3N2 A-2 =1 0
Mo 320 234402 -3 |, 981, 0 A-2 -1 |.

AMrd AT+N 0 33243 0 0 x=2

MA+1) 0 0 1-X A%
0 X O : 983. XA = .
0 0 (A+1)? 1+22 a2 -2

984 Huoapuanmusiml MHOMNCUMEAAMY A-MATPullbl A HOPAJKA N HASLIBAIOT-

cst muorounienst E1(A), Eg(A), ..., Ex(A), crodmue Ha rIaBHOA ANATOHATH
B HOPMAJbHOW OuHaroHanbHOH ¢opme marpnus A. Henutenamy MuHO-
POB MaTpHUbl A HasbiBaroTcss MHorowieHsl Dh(A), Da(X), ..., Dn(A), roe
Dy (X)) —nambonbumit ofwuit nenurens (B3arsii co crapmuM koagdu-
LMEHTOM, PABHBIM €JMHHALE) MUHOPOB A-T0 HOPAAKA MATPUUBL A, eCiM He
BCE 3TH MHHODBI pasHBl Hym0, U Di{\) = 0 B nporusuoM cay4ae. Jo-
ka3aTh, 4TO Ex(A) # 0u Dp(A) # 0 anm k& = 1,2,...,r, toe ¥ —paHr
maTpuusl A, Torga Kak Ey(A) = Dp(M) =0 pa k=r+1,...,n. Hanee

DY) (k=1,2,...,r; Dg=1).

noKaszaTb, 4YTo Ei(A)} = D—(A)
k-1

Crnenymwiuye A-MaTpHUL] NMPHBECTH K HOPMAJALHON JuaroHadbHOH dhopMe npH
HOMOIIM AequTejefl MHHODOR, ONPEISNEHHBIX B 3afaue 984.

985,

986.

987,

988.

989.

=

( AMA=1) 0 0 )
0 AX-2) 0 :
0 0 (A=-1)K-2

AA=-1) 0 0 )
0 AA=2) 0 :

0 0 A(A-3)
(A-1)(A—2)(A—3) 0 0 0
0 (A=1)(A=2)(A—4) 0 0
0 0 (A=1}(A—3)(A=4) 0
0 0 0 (A=2)(A=3)(A—4)

0 0 0 abd?
ryue a,b, ¢, d — NOTIapHO B3aMMHO TIPOCTRIE MHOPOYJIEHEI OT A.

( f(o)\) g(o)\) ): rae f{X\) n g(\) —MHOrounens ot A.
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990,

991,

992,

993.

995,

996.

997,

998.

999,

0 0 fg
(ofho),
gh 0 0

rae f,g,h— MHOrOYJIEHB! OT A, MOMAPHO B3AaMMHO NPOCTBHIE M HMERoLHe
crapume K03 DHUHEHTH], PABHEIE ANHULE.

fg 0 O
( 0 fR O ),
0 0 gh

rae f, g, h — MHOTOUNIEHBI OT A CO CTAPINHMH K03 PHIMEHTAMH, PABHBIMHA
€IMHUIE, B3AHMHO TTPOCTHIE B COBOKYHOCTHU, HO He 00A3ATE/ILHO TIONAPHO
B3AHMHO TIPOCTHIE.

fg 00
(0 fh,(}),
0 0 gh

rae f, g, h —n0bsle MHOTOYIEHK OT A €O CTApLIMMH Ko3drbHLIReHTaMH,
PABHEIMH eZWHHLE.

X100 A100
0X10 0X00
0oAa1] 9910021
000 X 000 A
A-10 0 0

0 A =1 0 0

00 A -1 0

00 0 X -1

1 2 3 4 54X

Ata B 1 0

-8 A+a O 1

0 0 A+a §

0 0 -8 Atea
{202 120+ 16 2— X 222 — 12\ + 17

0 3—2A 0

\ A-6A+7 2-X A -6A+8

/32 -50+2 0 3)\-6)1+3
22 -3A+1 A—1 227 —4xr+2
\ 23220 0 2X2-4\42

/211 .1
0A1 .1
00Xx...1
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BrisicauTh, 3KBHBATEHTHBl AH MEXAY Co00it MATPHIBL
32 +1 A 4x-1
1000. A= 1-22 x—-1 x=2x% }.
N+r+2 X AZ42x
A+1 A=2 X2-2x

B=| 2x» 2A-3 A*-2x
-2 1 1
[ +2+1 32002 22244 X
A +x 3a=aT a4 a2
1001. A= Ao 2= 2z A |
A2 A2 »?
(3 A1 302 A2
B 2 AZ+1 322 )2
- A2 3aT )2
\/\2 _ 2 2)\2 /\2
303 622+ A+32F a2 3012 —20%2 4 )
1002. A= 3)2 -8\ +5 A2~ 4) +1 A —2x +1 :
33— - BA+ 623 —20 7 — A+103 - AP+
A A TAF 12 -6+ TA 203 302 4320 1
B={3X3 -0 2 +0x—-5223-6X2+62-123-3X2+30-1];
A3 022 A+ 522% — 6N+ 8A 223 - 322 +30 1
3A2—3X+1 M- 0
C=(2)2~ A—=1TA-322 422 2241

5A2 —7TA+ 35X =202 332220 +1

1003. Bynem Ha3biBaTh A-MaTpHULY YHUMOGYAAPHOL, €CIH ee ONpEeReIHTEND
ABNAETCA MHOTOYWIEHOM HYJEBO#l CTENeHM OTHOCHTENBHO A, T.€. KOH-
CTAHTOH, OTANYIHON oT Hyad. HaliTh HOpManbHyH suaroHaneHywe Gop-
MY YHHMOZYNAPHOH A-MaTpUIb.

1004, Hoxazarb, 4TO MaTpPHIa, 06paTHAA K A-MaTpHLE, Toma H TOALKO TOrLA
Gyger A-MaTpHlUeH, KOTHA JAaHHAs MATPHUA A YHEMOXYJAApHA.

10057 HdokasaTh yTBep:KIAeHHE: AJas TOro 4TO6bI ABE NPAMOYLOJbLHBIE
A-MaTpulibl A u B, KaxXjgas U3 m CTPOK U 1 CTO6UOB, ObLIM 3KBUBA-
JIEHTHBI, HeOOXOAHMO H KOCTATOYHO BLIMOMHEHHe paseHcTsa B = PA(Q,
rae P u Q — yHUMOAYASpHEIE A-MATPUIIbI HOPAAKOR 711 M N COOTBET-
creeHHo. IlokazaTe, 4yTo Tpebyembie MaTpulbl P n Q MOXHO HAATH TaK:
Ha#ga paj 3JeMeHTapHEIX npeolpa3oBaHul, nepeponamuit A B B, npu-
MEHHUTHL BCe NpecDpPa3oBaHMs CTPOK B TOM JKe NOPSAJAKE K eAMHHYHON
maTpuue F,, mnopaika m, a BCce npecbpa3oBaHus CTOAOIIOB B TOM Ke
HopsagKe K eIMHHIHON Marpune E, mopsaxa n.
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Jns paraoi A-Marpunst A MeToloM, YKa3aHHEIM B 3aja4e 1005, Haittu yHHMO-
aynapHele MaTpuusl P, § Takue, yro matpuna B = PAQ umeeT HOpMaALHYIO
AuaroHancHye dopMy (Marpunm P u @ onpesendiorca He OXHOZHAYHO):

(A= x+4 AP+3
1006. A = (A2—2A+3 A —X+2
1007 4= [N+ HAZLA+2 X Har’+ar
T AN E +8A2 450 +2 AP+ 5A7 +8A +4

MEa3 A2 131 224 13x8 —5x2 10— 1 207 + 203 - 42
1008, A= Mo 20t — 33 — 52 232 — 223
ME2A3 —ad? 2 +1 22— 223 —an2 1 a—1 2at+ 2% —3a2

Hna pannsix A-marpun A u B nafitu yuumopynapasie A-marpunsl P u Q,
yaoBnersoparoue pageHctey B = PAQ (matpunst P ¥ Q onpemensiorcsa He
ofHozHauHo (cM. 3amauy 1005)):

{2 =X 41 3R -2+ 1y
1009 A‘(2A2+,\—1 374+ 5 - 2)
B SAHTA+2 30 +4x -1
23454 +1 223 +32 -1
22T oA—1 2834730
1010 ‘( )\2—)\ A - )
B ,\3—,\2+)\ 12283224 -2
= 2A3-N2-x -
,\2+Am1 A+l A -2
1011. A B3 A2+l B a1 |,
BHaZoa+1r AZg o241
4243 2) 42 222 -2\ -3
B= 101 + 2 5A+ 5 532 — 53 — 2
4A2-7,\ 8 222 —3x—5 223 —7A2 4+ 20 +8
—A+1 22%2+2x X3 4+2
1012, 2A3—3A2 3A+2 sA2 45 23 2% ),
PLIEDY )\3+,\2
,\2+2,\+1 A%+
B=| 222 +3x+1 A*+3) 42X ,\3+,\2
30450 +2 2X% 4522 430 223 4222
_{ X43r-4 A2422-3 N 4a-2
1013. A_(2A2+3)\—5 A%+ 20— 4 222+ X —3
B[22 -4 34225 A2 420 -3
- 2,\2+). 3 3X24+xr—-4 A 4r-2

5—3773
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Niea2+60+5 B +a+ar+3
1014, A=| X +322+3x+2 A +22+20+1 |;
2N +3A2 430+ 1 223 + 222 4+ 2)
M+ 23 201
B=| 333 +2)24+2 -1 6A%+202+220 -4
A2 A—2 223 -XN_)x-3
Ha#iTe MHBApHAHTHBIE MHOXKATENH CASAYIOMIHX A-MATPHL
32420 -3 22-1 A2+2)0-3
1015, | 4X2430~5 320 -2 X2 +3x—4
X+r—4 A=2 x-1
32 +1 2224 0-1 32383 202 -2x -1
1016. X3 — 23 -1 22X+ A2-2x-1
BAY —4A+1 3224+ 20-2 523 +302 -4 -2
(20— X221 2333224223 A*-23%4 A-2  5A%-2A%45X-2

1017 PN TR WE I LR 5 LR Wb Ry CSE LIS VS B 5 S S CRE 5 W |
A 2224 a2 PEEDY 223 AT12a—1 —2X% - A%-251
\3A3-222432-2 3AT-ax243a—4 2X°3-3A2-2)-3  6A3-3A24+6)-3
A A2 A43 0 A% A% a0 22%4 AZ- a4 A4 A2- o
1018 A432Z2-3046  AS-327430-2 22343073247 AT 43023044
SN2 224 NP-22%4022-1 22342072045 A342X7-2X43
\2X%+ A2— A5 2X3— A4 AL 43P+ A2= AH7 2X%+ A= A+3
A1 23 ... n
0x12...n-1
1019. | 00 X1 ... n—2
0000 ... X
A—a B g 3. 8
0 A—a B pB... 8
1020* 0 0 Xx—a ... 8

(IOpANOK MATPHUB PaBeH n).

FaemeHMAPHMMYU  JeAUMEARMY  A-MATPHUB A HAZHBAKTCA MHOTOUWIEHE
e1(A),e2(A),...,es(A) co crapwummu KosdpdpummeHTaMmy, PaBHBIMH eIHHMIE,
COBNAMAIOIINE ¢ HAMBHICINMMHM CTENEHAMYU HENPHUBOJHMBIX MHOXKHUTENeH, BXO-
JOAIAME B Pas/OKeHUsA HHBAPHAHTHRIX MHOKuTenel Ej(A), Eo(A), ..., Ep(A)
MATPHOR A Ha HEIPHBOOUMBIE MHOXHTENH. [IpH 3TOM COBOKYIIHOCTE 3JIEMEH-
TapHEIX JeNuTenelt MaTpuubl A cOmepXKUT KaxkAblfi MHorouneH Ej(A) cTonbko
pa3, CKONbKO HHBAPMAHTHBIX MHOXuTeneit Fp{A) comepkuT ero B cBoeM pas-
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goxenun. Paznokenue Ha HeNpHBOAMMEBIE MHOMXHTEIH OepeTcd HaZ TeM MO-
JIeM, HAJ KOTODBIM PACCMATPHUBAKOTCA MHOTOUNEHBI, ABMAIIKHECS HIEMEHTaMU
wmarpuutl A. B nameneffienm, ecnu He OroBopeHo NPOTHEHOE, PACCMATPUBAIOT-
Csl 3MeMEHTApHbIE ASAHTENMH HAJ II0IeM KOMIJIEKCHBIX 4YUCEN, T.€. HAUBLICLUHME
CTENeHH MHOTOWIEHOB BHAA A — ¢, BXOXAMUE B PA3NOXKEHUS HHBAPUAHTHBIX
MHOKUTENeH MaTpuilbl A Ha NHUHeHHbBIE MHOXHTE/IH.

HaiiTn sneMeHTapHbIE NETUTENH CAEAYIOMUX A-MATPHIL;
M¥42 A% 41
1021. (2A3—A2—A+3 93— AZ-A+2 )
Mo2a2 42201 A2-D+1
1022. (2,\3—2,\2+,\—1 222 —2x )
M+2 241 AT41
1023. | A24+40+4 20 +3 M2 +4)0+3
MeodA+3 22—1 A2 —4x+2
A2—2)A-8 AZ4Har+4 A2—4 A2-32-10
1024 MAA3_A-10 22245242 A343x2-x-86 A3 —2)-12
MEA3_2X230—6  AZ4H444 ATHA 220702 A4 -2524)0-8
AMpA— A5 A=2 0 A% -2 A34ax?oa—2 0 At lia-2

A -2 M+ A+3 A2+2 P
1025 M433—1 A2 430+3 A2+20+1 A2 +320-2
’ 2224 N4 A+4 AN +3 2)% -5

22 +30 -3 A2430+4 A2+20+2 2224304
Haiitu sneMeHTapHbBIE JEJIUTENH CHeRYIOUINX /\-Manuu B [10J1e PAllMOHAJIBHEBIX,
B TIONE ,El,eﬁCTBHTeﬂI:HbIX H B NNOJIE KOMILNEKCHBIX YHCE:
A2 a2 2022
1026, | X2 +1 X2 +1 2322
MN+2 A+1 3X2 -5
2N +3 A24+1 A5+ ext+ AT 42
1027, | X2+11 222 +5 225+ 1204+ 202 - 26
22243 X241 2285+ 1224 + 0730
Myl AT M4\ 4N -5
1028. | 224 +3 227 — 224+ 423 — 2 AT 103 + A2+ 100 — 14
M2 Moty -—2 A -3+ A24+60-9
HaiiTn HOpMATBHYIO JHATOHAABHYIO (DOPMY KBAAPATHON A-MATDHIB, €CIH H3-
BECTHB! €€ IeMeHTapHLIE OSJIMTENH, PAHT ¢ H NOpAA0K N
1029. A4+ LA+ 1L, 0+ 12 A -1, 00 -1 r=4n=5
1030. 2 +2,0+ 250 +2°* 22,0 -2)% r=n=4
1031 A- 1L A-1,(A-D3 A +2,0+2)% r=4n =35
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1032% JoxasaThb, YTO COBOKYNHOCTE JIEMEHTAPHHIX ACAHTENEH ANATrOHaIBHON
A-MATDUIBI ONyyaeTca obbenuHeHneM (c HaAMNEKAaUMMH TOBTOPEHUsI~
MH) COBOKYIHOCTEH 3EeMEeHTAPHBIX AeSINTeNel BCeX JHaroHANbLHEIX 3Jie-
MEHTOB 3ITOH MaTPHLEIL.

10337 [loka3aThk, YTO COBOKYMHOCTE 3MEMEHTAPHLIX JeJIUTeNed KNeTOYHO AHa-
FOHANMLHON A-MATPHLLL PABHA 00BEIUHEHHIO (C HAAIEKAIIHME [TOBTODE-
HUSIMH) COBOKYNHOCTEH 3JIEMEHTAPHBIX AENUTesell Beex ee MHaroHaMb-
HBIX KJIETOK.

ITonp3ysack 3amavamu 1032 wau 1033, HaBTH HOPMANTBHYIO AMATOHAJILHYIO dop-
MY CAENYIOIIHX A-MATPHIL:

[ A - 1)? 0 0 0
0 Ao+ 0 0
1034. 0 0 A2 —1 0
\ 0 0 0 AQX+1)P
(,\2~4 0 0 0
0 AZ+2x 0 0
1035. 0 0 AM-22% 0
\ 0 0 0 A -4r
1 0 0 0 A3 1622 +9)
0 0 M+ aZ_6a 0
1036. 0 A dh+4 0 0
\ M+ 23— 6a2 0 0 0
( 0 0 0 MyonZ—2x-1
0 0 Mo2x2 -1 0
1037. 0 A4+ 1 0 0
\A2=2x+1 0 0 0
M4+220-3 XM+r-2 0 0
AT 422 ~4 222+20-3 0 0
1038. 0 0 A+l A+2
0 0 M-l A4 a=2
[ A2 —x—2 N A-a-1 0 0
1039 Mod4 XMy 2x2-a-2 0 0
‘ 0 0 A+20 A246r-=2
\ 0 0 AMra-2 A2+50-7
/ 0 0 A2 A8 -2a-4
0 0 MWaeaZogr AZ4+a-6
1040.
040 A —oa+1 A—2 0 0

VA 2024601 A2-2)+5 0 0
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1041.
0 0 0 M—22—-3 A4 A2_9gr—9
0 0 0 A—Aa-2 A 4222 -51-6
0 0 A —2x+1 0 0
M r2x-3 MN4a-2 0 0 0
AMyax2 -4 A% 42273 0 0 0

Onpenenns 3KBHBAJIEHTHOCTE ¥ HOPMaJBHY K JHATOHAJEHYIO (POPMY LENOMHC-
JIEHHBIX MATPHI TaK, KAK 3T0 CHENTaHO B 3amadax 942, 943, nalitu Hauboabmue
obuue genutenn Dy mMuHOpoB k-ro nopaaka CreAyIOLHX MATPHUI OyTEM NpPH-
BEJEHMS MX K HOPMAJABHON AMaroHaJbHON ¢opMe ¢ NOMOLUBIC DAEMEHTAPHBIX
npeobpaszoBaHuii:

0 2 4 -1 0 6 -9 -3
612 14 5 1224 9 9
1042. [ g 'y 34 —1 |- 1043 | 30 40 45 o7
10 6 —4 11 66 78 81 63

1044. HoxasaTs, yTo m00yi0 A-MaTpHLY paHTa ¢ IEMEHTAPHLIMH Npeobpaso-
BaHMAMU ORHHMX TOJMBKO CTPOK (& TAXKe OAHMX TOJBKO CTONGLOB) MOXK-
HO DPUBECTH K TPEYIONLHOMY HAM TPANENediiaibHOMY BHAY, OPHUYEM
HyJIH, 10 >KEeTAHUIO, MOXKHO MOJIYYHTh BHIIIE WAH HIKE TIaBHON muaro-
HaJIA, H OTAHYHEIE OT HYAS 3NeMEHThl GYAYT HAXOAUTRCA JIHILD B [IEPBBIX
T CTPOKax (COOTBETCTBEHHO B NEPBBIX T cTonbuIax).

10457 Joka3aTs, 4TO KAXKAYH HEBHIDOMKAEHHYIO A-MaTpuly A mMoxHO npen-
cTaBuTh B Buae A = PR, rne P — yuumogynspraas A-MaTpuua, a K —
TpEyroJIbHas A-MATPHLRA, 3NMEMEHTHI KOTOPOH HA MNABHOM AMATOHAH
MMEIOT cTapiui KoachduuneRT, paBHLI eAUHUNE, HUXKEe TVIABHON AUarc-
HaJId PABHBI HYJIIO, 3 BHILIE TVIABHON IHAIOHAJH MMEIOT CTEelleHb, MEHb-
IIYH CTENEHH 3/IEMEeHTa NIABHOM JHATOHAJIM TOro e cTonbua (Hnu pas-
HEBl HYJII0), NPHYEM TAKOe OPEACTABJIEHHE €XUHCTBEHHO.

§ 14. TlonoOHEIE MATPHUIILI.

XapakTepucTUyecKnil 1 MUHNMAaNbHBIA MHOTOYJIEHBI,
2Kopnasnosa u auaroHanbHasa QOPMbI MATPHIIEL.
PyHKIMU OT Marpui,

Bcee 3agaun sroro naparpada craBarca B MarpudHoit ¢dopme. B uacTHocTH,
CBOHCTBA XaPAKTEPACTHYECKHX YHCEN MATPHIL U MPUBEJEHUE MATPHIHN K FKOD-
JaHOBOH GOPME PACCMATPHBAIOTCH BHE CBA3H CO CBOMCTBAMH COOCTBEHHBIX BEK-
TOPOB H HHBAPUAHTHBIX NOANPOCTPAHCTE COOTBETCTBYIOMIErO IMHEAHOTO peot-
pa3oBaHus. DTa CBA3b (B 4ACTHOCTH, OTHICKaHHE 6a3HMCca, B KOTOPOM MATDHIA
JAHHOTO JHHEBHOro Npeobpa3oBaHUA UMeeT KOPAAHOBY (opMy) paccMarpn-
BaeTcdA B oraene 4. IT0 HE MEIIAST MCIOJB30BATE 3aJa4H RAHHOIO naparpada.
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IpH H3Y4YeHHH CBONCTB JIMHeNRHBIX NpecOpa3oBaHMit B TON Mepe, B KaKoit yCBO-
€Ha CBA3b JUHERHBIX NpeobpazoBaHuil ¢ UX MATPHUIAMH B KAxoM-aubo Bazuce.

1046.

1047.

1048
1049.

1050°

1051,

1052.

1053.

1054,

1055,

Marpuna A HaswpiBaeTcs nodobroti MaTpune B (uro o6o3HauaeTCs Tak:
A & B), ecim CyIecTByeT HEBBIPOKAeHHAA MaTpuna I takas, yro B =
T-1AT, Ilokazark, 4T0 COOTHOmMEHNHe nogodus obnagaer CleayOLHMH
CBOHCTBAMHE:

a) A= A; 6) eciu A = B, T0 B & A4;

B) ectu A= BuB=x=C,t0 A= C.
Jloka3aThb, 4TO ecnn X0oTs Obl OHA M3 ABYX MATpHU A, B HeBbIpoXKIeH-
Ha, To MaTpuuel AB »n BA nomobHBL

IIpusecTd npuMep ABYX BLIPOXKAEHHBIX MaTpul A, B, 11s KOTOpEIX
marpunbl AB u BA e 6yayr nogofbusi.
Hailty BCe MATPHIEL, KaXXIasd H3 KOTOPBIX NoOobHa TONMBKO caMoit cebe.
[TycTe maTpuna B monydena u3 A nepectaHoBKOH i-if M j-# CTpOK, a
TaK¥ke i-ro W J-ro cronbuos. Jokasarh, uTo A uw B nogobHsl u HaliTu
HeBbIpok JeHHy10 Matpuuy T, mnst xoropot B = T 1AT.
ITokazaTs, uro MaTpuua A mogotHa marpuue B, nony4yenHol u3 A 3ep-
KaJbHEIM OTpaskKeHHEM B ee LeHTpe.
[IycTs 41,49, . .., i, — A100as1 MepecTaHoBKa 4ncen 1,2, ..., n. JokazaTs,
T ManHuH

aji1dig ... 2in Qi1 Rigig o« - Qg

291499 . ..Q init Qigiy « - - Tfag
A= 21422 In i B= Qiniy Qigiy toin

Gnlln2...8nn Qindy Cindy - - Qigin

NoROOHEL

Hycre pansr marpuust A w B, nonobaeie mexay coboii. TTokasars,
9TO COBOKYIHOCTE BCEX HEBHIDOKAESHHBIX MaTpHl 1, 18 KOTOpPBIX
B = T7YAT, noay4urcs U3 COBOKYNHOCTH BCEX HEBBIPOMAEHHBIX MAT-
pHil, NePeCTAHOBOMHEIX ¢ A, NyTeM YMHOMXKEHUS 3THX MATPHI| CIIPABA HA
opny mobyo MaTpuny Tp co ceoficteom B = T LAT,.

JokazaTe, 4To ecan MaTpHua A nogobHa AMaroHaNBHOW MATpPHLOE, TO K
p-1 ACCOLMHPOBAHHASA C Heit Marpuua Ay (3agaua 969) Takke nonobHa
OUarOHaAJIBHON MATpPHOE.

Hoka3aTh, yTo ecnu e MaTpunbl A u B nosodHnl AnaroHaJbHbBIM MAT-
PHIaM, TO X KPOHEKEPOBCKOe npoussenenne A x B (3azaua 963) Taxxe
ABJAAETCA MATPHUEH, NoJ0GHON AHATOHANBHON MaTpHIe.

lloka3arts, uro ecin Marpunst A u B nonobHsl, TO ¥ p-e ACCONHHPOBAH-
Hble ¢ HUMH MaTpuusl A, u B, (B3aTsie npu mobHX ABYX pacmoyoxe-
HHAX COYETAHAN N0 p U3 N HOMEPOB CTPOK H CTONOLOB) TaKKe MOZOOHBI.
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1056,

1057,

1058,

1059.

10607

10617

1062.

JoxazaTe, uro ecny Marpulbl A;, B noao6HBI COOTBETCTBEHHO MAaT-
punam As, By, To KpoHexepoBckue NpoussenacHusi Ay X By u As x Ba
(B3sTHIE NIpH JIIOOBIX ABYX PACIOJOMEHHSX IAD HHAEKCOB) TAKMKE II0-
AofHB Mexay cobofl.

JokazaTh, 94TO €¢I KBAAPATHAA A-MAaTpuna B npelCcTaBiseTcs B BUJE
B =BoX + BN+ ... + By, rae By, By, ..., B, —marpungt, ue 3a-
BUCAIIME OT A, U MaTpuna By HEBLIPOXKIEHHA, TO M00YI0 KBAAPaTHYIO
A-MaTpuLy A TOro XKe nopAKKa, 4To ¥ B, MOXKHO pa3fenuTs Ha B ciesa
HJH CTIPaBa, T €. CYIIECTBYIOT npasnie yacTaHoe ) u ocratox K rakue,
yro A = B@Q, + R, # neBrle wacTHOe (J2 M ocTarok Fp Takue, 4TO
A = Qo B + Ry, npuuem crenenu 3neMeHToB Matpun, Ry u Ry orHocu-
TEALHO A HIKE § M 06e mapnr €1, Ky u (Js, Ry onpejsienens! 0AHO3HAYHO.
Matpuny

222 4+85X4+3 =A24+30+2 -—-A+6
A= 322 4+7A+11 -302+90+1 ~2)+8
“A2H20+8 =222 450+3 —A+4

2 1 -1
pasgenuTh cieBa Ha B~ AE, rme B= | 2 1 2
2 -1 3

Marpuiy

X34 XT3 4+6 0 2420 A 420+6
A= “2X3 4222490 +8 A2 +62+1 222 +7A+8
A3 AT43045 A24+20-9 AT+50-2

pa3nenuTes cupasa HA B — AF, rne B =

— T
S Sl ]
O LT

JokazaTs, 4To ecnu Ase MATPHIB A U B ¢ YHCIOBLIMH 3fIeMeHTAMH
(mnu ¢ 9eMEHTAMH U3 HEKOTOpOro nonsa P) noaobHel, TO HX XapakTe-
puctudeckne mMatpumsl A — AE u B — AF 3KBHBAJCHTHBE.

JokazaTh, YTO €CHH XapaKTepHCTHYecKHe MaTpuusl A — AE n B — AF
nByx MaTtpuil A u B 3KBUBAJIEHTHBI, TO CAMH 3TH MATDHUIB! NOT0GHEL
IIpn 3TOM noxazark, 4To et B — AF = P(A - AEYQ, roe P n Q—
YHAMOAYJIApHEIE A-Marpunsl U Fy, Qo — ocraTku npu genenun P cnera,
a @ cnipasa na B — AE, 10 B = PyAGQo u PyQp = F, T.e. maTpuna Qg
OCYIUECTBJAET OAOOHOE MpeobpazoBaHue MaTpHOk A B MaTpuny B.
Jokazars, uTo mwbas ksajparHas MaTpuna A nogobuHa cBoel TpaHc-
OHUPOBAHHOH Marpune A’
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BoissicHUTS, ABAAOTCH M DOMOBHBIMU MeXAY CoO0H Cleayoniue MATPHIEL:

39 —5 6 20 —34
1063. A=|26~10), B={6 32 51
192 -3 420 —32
6 6 —15 37 -20 -4
1064. A=|15 5|, B={ 34 <17 4.
12 -9 119 —70 —11
46 ~15 1 -3 3
1065. A=|13 -5): B={ -2 -6 13 |;
192 —4 1 -4 8
~13 —70" 119
c=| -4 -19 34
_4 —90 35
14 —2 -7 -1 4 10 —19 4
90 —2 —11 —2 1 6 -83)
1066. A=| 19 3 9.3 B=|1 4 62|
6 1 3 1 0-1 10
Al -4 -9 -7
o[ 14 13 o1 18

40 -4 -25 -8
0 0 0 1

[Tonr3ysick MeTONOM, yKa3aHHbIM B 3ajade 1061, ans ,H,a.HHI;IX matpin A u B
HANTH HEBRIPOXIEHHYI MarTpuuy T Takymwo, uro B = T !AT (uckomas mar-
prua T onpedeneHa He OAHO3HAYHO):

e . (5 -1\ , _ {38 —81
1067.A—(9 _1),_3_(16 _34).

e . (17 =6\ . _ (14 —60
1068.A_.(45 _16), B_(3 _13).

3 -21 24 -11 -22
1069. A=| 2 -22|; B=1]20 -8 =20
3 -65 12 -6 -10

10707 okazarh, 4T0 Ko3(UIMEHTbl XAPAKTEPHCTHYECKOTO MHOTOUMEHA,
[A — AE| matpuuel A criepyromum 06pasoM BHPAKKATCA depes dJie-
MEHTHl 3TCH MATPHILL

JA =~ AE| = (=0)" + er{-N)"" a2+ +¢p,
TOE Ck €CTh CYMM3 BCEX IJIABHBIX MHHODPOB NOPAAKa kK MaTpuubl A (M-

HOP Ha3LIBAETCH [JIABHBIM, EC/AM HOMEpPA 3aHHMAEMbIX UM CTPOK COBIA-
JA0T ¢ HOMEpPaMH CToabuos).
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10717 Haitru xapakTepHCTHYECKUE YHCHA (KOPHH XapaKTePHCTHYECKOr0 MHO-

1072.

1073.

roanena) marpunst A'A, rae A = (ay,az,...,a,) u A’ —Marpuna, no-
NIyYeHHAN TPAHCIOHMpPOBaHHEM A.

JlokasaTh, 4TO CyMMa XAapPAKTEPUCTHYECKHX 4MceNl MaTprukl A paBHa
ee ciexny (T.e. CyMMe 3JIeMEHTOB TIABHOH IAMATOHAJH), a MPOU3BeNeHUe
ITHX YKCEN PABHO Onpeaenureno |A.

Hokazarh, YTO BCE XapaKTEPHCTHYECKHE YHCAA MATpHOBl A OTIIHYHEL
OT HyJisl TOT/la M TOABKO TOFAA, KOrAa MaTpHia A HEBBIPOKIAEHHA.

10747 Ilycrk p > 0 — KpaTHOCTL KOPHS Ag XapPaKTEPUCTHYECKOI0 MHOro4Je-

1075.

Ha |A — AE| maTpuusr A nopsaaka n, ¢ —palr 0 d = n — r— gedexr
marpunsl A — A E. JoxkasaTe cnpaBedfIHBOCTE HEPABEHCTB

l1€d=n—-r<p

IMpusecTy pUMepsl MATPHI N-TO MOPAIKA, A8 KOTOPBIX IEPBOE HAH
BTOpOE HEPABEHCTBA MpeXbIAyWIEH 3azaun OOPAmaloTCs B PABEHCEBO,
re.d=1umd=p.

1076* Joka3aTs, 4TO XApPAKTEPHCTHYECKHE uMCHA OOpaTHON Marpumel A7)

paBHE! (¢ Y4eTOM MX KPaTHOCTH) OGpaTHLIM BENMYMHAM KN XapaxTre-
PHCTHYECKHAX UYMACEN MATpHOB A.

1077 JoxasaTh, YTO XapaKTePUCTHYECKHe HHCIa MATPHUILbI A? paBHEL (¢

YYETOM MX KPATHOCTH) KBAJPATAM XADAKTEPHUCTHYECKUX HHCeS Ma-
TpHUB A.

10787 IokazaThk, 4TO XapakTepHCTHYECKUe Yncha Marpuist AP pasust (¢ yue-

TOM X KPATHOCTH) P-M CTENEHAM XapPaKTEPHCTHUECKUX YHCEN MATpH-
uel A,

1079 IIyets ©(A) = |A — AE|— xapakTepucTu49ecKuit MHOTOYJIEH, A7, Ag,

., An — XapaKTepUCTHYeCKHe uncaa MaTpunbl A 0 f(A) — npoussons-
HBIf MHOrouneH. JokazaTe, 4To onpedenutens marpuusl f(A) yno-

raersopsier pasenctsy [f(A)] = f(A)f(r2)... f(As) = R(f,¢), rne
R(f, ¢) —pesynapranr MmHOrounenoB f u . Eciau xe onpenenarh xa-
pakTepucTudecKuii MEOrOWIeH Kak p(A) = |AE — A|, o

|F(A)} = Rlg, f).
HanoMuHaeM, 4To pesyavmanmom JBYX MHOTOUJEHOB

_aDH;r:—cu)Hg —bOH(??“ﬁJ

7=l
Ha3kIBACTCA YHUCIO

R(f,9) = agbh [ I [ (es — 8) = a§ [ [ () = (=1)"*b} H £(8)-
i=1

i=1j=1
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10807

10817

1082

1083

10847

10857

JoxazaTh, 9T0 €CHH Aj, Ag ..., Ap — XAPAKTEPUCTHUECKHE THCIIA MATDUH-
ust A n f(x) —muorounen, ro f{A1), f(A2),..., f{An) Bynyr xapakre-
PUCTHYECKAMU uncaaMi MaTpuisr f(A).

LoxazaTh, 4TO ecu A, As..., Ap — XapaKTepUCTHYECKAE YHCIA MaT-
_ 9(z)
puust A n f(z) = h_(:cj — palHoHaJABHA PYHKUKA, ONPEACICHHASN 1A

smauens £ = A (T.e. yroenersopsiomasn ycuosuio |h(A)| # 0), To
I7(A) = f(A)f(R2)... f(An) m wmena f(A1), F(A2), .-, f(An) OymyT
XaPaKTEPHCTHYECKUMM dHcaaMy MaTpuusl f{A).

Hokaszarsb, 9ro eciu A n B — kBajpaTHbIe MATPHIB! OJUHAKOBOro IO-
PAOKa, TO XapPaKTEpHCTHYECKHE MHOTOYIeHR MaTpul AB u BA coena-
JIAOT.

Haiitu XapaKTepHCTHYECKHE YUCAa NUKIUYECKOH MaTpHILI
ay as a3 ... @y
g ay a2 ... Qp-1
A= dpn—-1 Qpn 41 ... Qp—2
ag a3 a4 a1

Hafite xapakTepucTUyecKue Yucia MATPHIB! 71-TO MOPSIKA

0-1 ¢ 0...00
1 0-1 0...0¢0
A=|0 1 0-1..00

Kopdunoeoti mompuueti HA3BIBAETCA KJIETOYHO-AMATOHALHAS MATpU-
[a C JHAroHAJBLHEIMH KJIeTKAMH BHJA

alO0...0
0al..O

Ha3blBaeMbIMH xJerkamu 2Koppana. Mopdanosoti dopmoti marpunsr A
Ha3bIBASTCA JKOPAAHOBa MaTpHlUa Aj, norobHas marpune A.

Tlonpaysace TeopeMolt 0 TOM, YTO COBOKYNHOCTL 3/ieMEHTADHLIX Re-
nuTened KJeTOYHO- IMAroHaJLHON MATPHIE! PaBHa 00beuHeHNIO COBO-
KYTHOCTEH 3/1eMEHTAPHLIX enuTeNell ee IHarOHaJIbHBIX KJIETOK (CM. 3a-
nagy 1033), mokazaTh, YTO HAJK IOJIEM KOMIUIGKCHBIX 4uces (Wiy Hajg
M06BIM NONEM, COIEPKALIMM BCE XAPaKTEPUCTHYECKUE MATPHUBl A) mio-
Bast maTpuna A umeer KopaaHoBy (OpMY, H NPUTOM €JIHHCTBEHHYIO, C
TOYHOCTBIO A0 TOPSAKA KJETOK.
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Hanucats xopfaanory cdopMy A; MaTpunpl A, eCaM JaHb HHBADHAHTHBEIE MHO-
wurenu Ei(A) (1 = 1,2,...,n) ee xapakTepuCTHYECKO# MAaTPHIBl A — AE:
1086. E1(A) = Ea(A) =1, E3(X) = Eg(A) = A —
Es(N) = Es(A) = (A — 1)(A +2).
1087. E((A) = Eqo(N) = Eg(/\) =1, BE4(A) =2+ 1,
Bs(A) = (A +1)% Es() = (A + D’ (A - 5).
1088. Ej(A) = Ex(A) =1, Es(A\)=A -2,
Eq\) = X -4
1089. Hoxazate, uyro gns nxoboit keaaparHoi A-marpuusl A()A) mopsgka n,
OTIpefeNuTe/b KOTOPOH €CTh MHOTOYJEH OT A CTENEHH 7, CYMECTBYET

uncnoBad MaTpuna B nopsaxa n rtaxas, uto matpura A(A) skBuBa-
JIEHTHA, XaPAaKTEPUCTUYeCKOl Marpuue B — AF.

Hapran xopnaHoBy GopMy CaenyOLMX MaTPHIL

010 26 —15 9 -6 -2
1090. | -4 4 0 |.1091. [ 11 -5 |. 1092. 18 -12 -3
-2 ~1 2 12 -6 -9 -6

{46 —15 0 -4 0 12 —6 ~2
1093. | 13 ~5]. 1094. ! 1 -4 0 ].1095. | 18 -9 —3
\12 —4 1 -2 -2 18 -9 -3
{4 —5 2 5 -3 2 1 -3 3
1006. | 5 —73|. 1097.{ 6 —44 ). 1098. | -2 -6 13
\ 6 —9 4 4 —45 -1 -4 8
[ 7 -12 6 1 -34 a 00
1099. | 10 —19 10 |. 1100. | 4 -7 8 |. 1101. | 0 « O
\ 12 -24 13 6 -7 7 a 0 a
rae a # 0.
/3 -10 46 -15 4 -5 7
1102. | 6 -3 2 |. 1103. | 3 4 ~-12 |. 1104. 1 49},
\ 8 —6 5 23 -8 -4 05
[ 1-30 3 3-10 0
-2 -6 0 13 1 10 0
1105. 031 3| e[ oo o
\-1-40 8 4 ~-13 —1
/3 -4 0 2 3 -1 1 -7
4 -5 -2 4 9 -3 -7 —1
1107. | o g 3 —o 1108. [ o Ty 4 g
\0 0 2 -1 0 0 2 -4
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1109

1110.
1111,
1113.

1115.

1116.

1117.

1-1 ¢ 0...0 O
0 1 -1 ¢0...0 0
¢ 0 1 -1 .00
, IOPAJ0K MATPHOLI PABEH M.
g 0 0 0O0...1 -1
O o0 0 90...0 1
1111 1
0111...1
0011...1 |, nopanok MaTpunsl PaBeH n.
1234... n nn-1n-2...1
0123 ... n—-1 0 n n-1 2
0012 ...n-21]. 1112.1] 0 0 n 3
0000 ........ 1 00 ..... 0 ........ n
1000...0 0a00..0
0 0a0..0
1200. 0 000 0
1230...0 1114. &
............... 0o oo .
1234 n a 000 ..0
Hafttn xopganosy GopMmy MATpHIBLI BHAA
a a1z 2413 ... Qn
0 a ag ... asy
00 o ...a3,
000 ........ a

NpY YCJIOBHH, YTO &12023...0n_1n 7 0.

Joka3are, YTO €CJIY XapakTepUCTHYeCKuit MHOrowIeH |A—AE| MaTpunm
A He MMeeT KpaTHbIX KOpHEH, T0 A nopobHA IMATOHANBLHON MAaTpHIE
(anemenTer maTpunsl T, npeobpazyoomelt A K auaroHasanHoit ¢opme,
NPHHAJJIEXKAT TOMY IIONI0, KOTOPOE CONEPHHUT BCE XAPAKTEPHCTHUECKHE
qpcaa Marpunsl Al

JokazaTe, yTo MaTpHua A Haj AAHHBIM nonem P Torsa u TonwKo TO-
raa nofoOHa JUACOHANLHON MaTpPHIE, KOria NOC/IEAHIN HHBAPHAAHTHBIH
MHOkUTENL E, () xapakrepuctuueckoii marpunsl A — AF He MMeer
KPATHBIX KOPHEH U BCE €ro KOpHHU TIPHHAIJEXKAT nomwo P,
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BbIS{CHHTb, ABJAKTCA JH CAEIYOINHEe MaTpPHILI ﬂO,E[OﬁHbIMH AHAIMOHAJBHBIM
MaTpHIaM B NOJIAX PAad0OHAAIBHBIX, BEIIECTBEHHBIX H KOMINIEKCHBIX “THCE,

1118.

1120.

1122,

1123.

1124,

1125.

1126.

1127,

1128,

1129.

1130.

1131.

1132,

1133.

52 -3 8 15 36
45 —4 |. 1119. [ 8 21 —-46
6 4 —4 5 12 =27
4 7 -5 4 2 -5
-4 5 0. 1121. | 6 4 -9
19 4 53 -7

JIoKa3aTh, 4TO €CAH NOCIEXHHN HHBADHAHTHHIA MHOXUTENb E,(A) xa-
pakTepucTHYeCKol MaTpuusl A — AFE ana marpunst A mopsgka n MMeeT
CTeMNeHkb 1, TG BCE JUATOHANBHBIE 3JIEMEHTHI PA3MHYHLIX KAETOK »Kopaa-
HOBOW OpMBI MATPHLIE! A pasAPdHBl MEXAY coboil.

HokazaTs, 4To MaTpuna A TOraa U TONBKO TOTAA HuAbnomenmua (T.e.
A* = 0 npu HeKOTOPOM HaTypaibHOM k), KOLZA BCE €e XAPAKTEPUCTH-
YeCcKHe 4MCIa PABHbI HYJIIO.

JokazaTh, YTO HUABIOTEHTHAS MATPHIA, OTIMYHAA OT HYJAEBOI, HE IpHU-
BOIMTCs Tpeobpa3oBalieM NOAOGHA K AMAroHanbpHOH opMe.

Haittu »xopaaHoBy opMy udemnomenmuoti MaTpuusl A (T.e. MaTpn-
1, obmanalomedi cBONCTBOM A% = A).

JloKa3aTh, 4TO uHBOANOMUEHEA MATPHNIA A (T. €. MaTpuLa, ofajarowas
caoiicreoM A2 = F) nopobra nuaroHanbHON MaTpULE, W HARTH BUA 3TOl
AHATMOHAJIEHOR MAaTpPHIBI.

HokazaTn, uTo nepuoduuecxas marpuua A (T e. MaTpuna, obraganmas
cpoficreom A* = E MpH HEKOTOPOM HATYpaldLHOM k) MoaofHa AHAro-
HAJBHOH MATpHIE, H HAHTH BH}A 3TOH JNHATOHAJLHOH MATPHIIBL.

HaitTn MHHMMaNbHBLIE MHOrO4WIeH (onpefeseHHe AaHo B 3amaye 830):
a) eAMHMYHOH MaTpuupl, 0) HYNEBOIl MATPUIbL.

Jna KakuX MAaTPHL MEHAMAJTBHBIA MHOTOYIEH HMEET BUA A — &, I7e
o —queo?

HaiiTh MHHMMANLHBIA MHOMOWIEH KJIeTKH sKophaHa Nnopsijika 1 ¢ 4uc-
JIOM €@ HA JHAMOHAJIM.

JokazaTh, 4TO MHHHMAALHBIA MHOTOWIEH KJETOUHO-AMATOHAJILHON
MaTpHIB! PABEH HAUMEHBIEMY 0DIIEMY XPATHOMY MUHUMATIBHBIX MHO-
rOWICHOB ee AUACOHANBHBIX KJIETOK.

JoKazaTh, YTO MHHHMAJIBHBIH MHOTOWIEH MATpHIE A paBeH nocaem-
HEMY HHBAPHAHTHOMY MHOXKUTENI F,{A) ee xapakTepucTHYECKON MaT-
paoet A — AE.

Jloka3ars, YTO HEKOTOpasa CTeNeHh MHHMMAJLHOI0 MHOCOWIeH MATPU-
Bl A JeNUTCH HA XAPAKTEPUCTHYECKUE MHOrOMNIEH TOW YKe MATPHUILL
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HaiiTin MUHHMAJIBHBIE MHOCOYIGHBI CAEAYIOIUX MATPHIL:

31 -1 4 -2 2
1134. | 02 O |. 1135 | -5 7 =5
11 1 -6 6 —4

1136. Hdokazark, 4yTo anst onobus ABYX MaTpHL HeoOxomuMo (HO He AOCTa-
TOYHO), YTOOLI OHH HMENA OJUHAKOBLIE XAPAKTEPHCTHYECKHA W MHHH-
MAJbHBIE MHOrOUJIeHbl. [[pHBECTH NpUMED ABYX HEMOROOHBIX MATPUL, ¥
KOTOPBIX XaPAKTEPHCTUYCCKHH MHOrOWIEH @(A) B MUHUMANbHBIA MHO-
rouned ¥P(A) oRHA U Te XKe.

1137. Haiitu k-to crenens A* xopaanoBo#t kierku

al 00...00
0al0d..00
0 0eal...0O0

A= HOpAAKa 1.
0000 ... al
00060...0a

11387 Hoxasars, uyro 3HadeHHe MHorowneHa f(z) or knerkn »Kopmana A no-
pPAJKa T C YHCJIOM ¢ Ha CHABHON AUArOHAIM

al10...0
A= Dal...0
000 o

onpenenaercd opmynoi

flle) ey f"(e) AR C))

f@) =57 =5 T3 o W

(o "l o (n=2 (g

flA)=| o sl fl(!) fz(!) f(n_z()!)
e e e

1139. Pemmuts 3amauy 1080, noss3yace xoppanoroit (hopmoil MmaTpuuer A.

1140. Haiitn »xopgaHory HopMy KBaAPATa KOPAAHOBOM KJETKH, Ha JUaroHa-
JIH KOTOpoH crout 4ncio o # 0.

1141 Haiitu moppaHoBy opMy KBaApaTa KOPAAHOBON KJIETKH C HYJIEM HA
TVIAaBHOM AHAroHan# (HUABNOTeHTHaA knerka 2Koppana).

1142. Ilycte X; - xopganoea c¢opma matpumm X. Jokasars DaBEHCTBO
(A+aFE); = A; + aF, rne A—mo6as KpaapaTHAA MATPHLA H & —
HUCAO.
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11437 Hairre xoppaHoBy GopMy MaTpPHULL

a 010...0
0a01...0) o ansa
0000 o

1144 HoxazaTh, 410 ni0byo KBaAPATHYI MATPHIY MOXHO NpEACTABHTL B
BUJE MPOU3BENEHNA ABYX CHMMETPHYECKHX MATpHL, OAHA H3 KOTOPHIX
HEBHIPOXK IEHHA.

11457 3Hast XapaKTepUCTUUYECKUE 4UCJIA MATpHIBI A, HAWTH XapaKTepPHCTH-
4ecKne YHCha p-B ACCOUMMpOBaHHOM ¢ Heft Marpuunt A, (onpegenenne
JaHo B 3aia4de 969). '

11467 3nas xapaKTEepPUCTHYECKME YHCJIA ABYX KBaJAPATHBIX MaTpun— A no-
panka p u B nopaaka ¢,—HallTH XapaKTepHCTHUYECKHE YHCIa HX
KpOHEKepoBCKoro mpouseenenus A X B (onpenenenne paHo B 3aja-
e 963).

11477 Hyerb $(A) = (A — A1) A — A2 2 .. (A — A)"* — MUHEMAJIBHBIR MHO-
rOYNEH MAaTPHLH A cTeneHu v = 1y +rg+- - -+75. 34eCk 7y — KPaTHOCTE
Ax KAK KOPHA MHUHMMAJIBHOTO MHorouneHa ¥P(A).

Econ ona dyukupm f(A) cymectByor uncia

FOR F O, £ O, -, £ () (1)
(k=1,2,...,3),

TO TOBOPAT, uTo (byHxuua f(A) onpedesene na cnexmpe mampuys A,
1 cucTeMmy wucen (1) HasepBAOT cucmemoil suguenutl dyrnyuil f{A) na
enexmpe maompuynt A. Jlokasars, 4Te 3HAYEHHS MHOTOWIEHOB g()\) H
h(A\) or Marpunsl A cosnapawr, T.e. g(A) = h(A), Torma U TOJEKO
TOCJA, KOT/1A COBNARAIOT 3HAYEHUS ITHX MHOPOUJICHOB HA CIIEKTPe MaT-
puisr A.

1148. IIycte ¢yukums fA) onpegeneHa Ha cneKTpe marpuusl A (B cMbICiTe
npeabiayuelt 3ahaun). JlokasaTb, 4TO €CHH CYMECTBYET XOTS Obl ORUH
MHOFOUJIEH, 3Ha49E€HHEe KOTOPOro Ha CIeKTpe MaTpHubl A COBIAAAeT CO
3HadeHHAMA f()), TO TAKHX MHOTOWIEHOB Oyner GECKOHEYHO MHOTO M
Cpeiy HUX CYLIECTBYET OAUH H TOJBKO ORWH, HMEWINHH CTENeHs, MEHb-
LIy CTENeHd MUHHMAJLHOTO MHOTOWIeHa MaTpuisi A. JroT MHOro-
wied (A} HA3BIBALTCH UNMEPNOAALUONHBIM MHOZOYAEKOM JTazpanoica —
Cunaveecmepa dysxouu f{A) na cnexrpe marpunst A. Ero anadenne ot
MaTPHIB! A [0 ONPEESeHHIo IPHHAMAETCS 38 3HadeHne hyHkmm f{A)
ot 10l MaTpuus: f(A) = r(A).

1149. Hoxazats, uro ecnm dhynknua f(A) onperenena Ha CIEKTpe MATPUIbI
A ¥ XapaKTepHCTHYECKUH MHOTOUNEH |A ~ AE| He AMeeT KpaTHEIX Kop-
Helt, TO UHTEPTIONALHOHHBIN MHOroUNeH Jlarpaika — Cunbsecrepa 7(A)
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1150.

11517

1152,

1153.

11547

cymecTByer, u, 3ua4yut, marpuna f(A4) mmeer cmuicy. Habiru Bug r(A)
u f(A).

Hoxazars, uyto ecnu ¢pysruns f(A) onpenesneHa Ha CieKTpe MATPULBLI A
1 MHHHMAJIbHBIH MHOTOYIEH 3T0# Marpaust ¥{A) = (A—A)... (A—A,)
HEe UMeeT KPATHBIX KOPHell, To UHTePNoAsiiHOHHb MHOro4NeH Jlarpas-
xa— CunsBecrepa r{A) cymecteyer u Marpuua f(A) umeer cmmlcs.
Haittu BeIpaxkenue juis sbruucienus f(A).

Joxazath, 4To ecnn ¢yuxnua f(A) onpeaenesa HA CeKTpe MATpunbl A,
To onpepenernne matpunbl f{A) (nannoe B 3agaue 1148) umeer cMbich,
T.e. CYMIECTBYET MHTePIOJANUOHHbIN MHOroYseH Jlarpanxa — Cunbse-
crepa r{A). Iyers (A} = (A—A1)™ ... (A—A;)™ — MHUHUMAJBHELE MHO-
rousieH MaTpuubt A, roe KopHH A1, ..., As PASJMYHBL MexXAy coboil, u

B(A)

BN = 5o

(k=1,2,...,5).

Iloxazarhk, 4TO

r(A) = Z [ok1 + akalh = Ae) + - F (A= A1) wk(N), (1)
k=1

CAE YHCHA Qg ; ONPERSAIRTCA H3 PABCHCTB

NS S F (O R -
kg = (J’“ 1)1 [1‘[);‘:(}\)}A=Ak (J =12,...,r; k= 1:2:-”13): (2)

T. €. BHIPAKEHHE B KBaAPATHBIX CKOOGKax B paseHcrse (1) pasro cymme
NEPBHIX 7% YUIEHOB Pa3fioxkeHus B paj Teiyopa no ¢TeneHaM pasHOCTH
AW

Pr(A)

Mycres ¥(A) = (A— ,\1)2()\ - /\2)3()\1 # A¢) — MUHHMAJIBHEIH MHOTOYNEH
MaTpuuel A u f(A) — dyukuus, onpegeneHHan Ha CIEKTPeE T0% MATPU-
npt. Hannears BripaXkenue ans Marpuus! f{A), nons3yacs npeauaymeit
3azaqeil.

Jokazars, yTo econ marpuust A u B nogoGusl, npuieM B = T71AT
u anst dysxmuu f(A) marpuua f{A) cymectsyer, To U MaTtpuua f(B)
cywectsyer u nogobua f(A), npuuem f(B) = T 'f(A)T ¢ To#t xe
marpunefi T

JlokazaThb, 9TO eCcnd MATpHIa A KJIETOYHO-THArOHATLHAS

A
4 0

0 4

A — Ap s PYHKIMH

A=
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n dyuxkoua f()\) onpenenena Ha cnekTpe Marpuns A, TO

f(A1) 0
A
F(4) = f(As)
0 F(As)

1155. Hatitu uaTepnonsyuoHHLI MHorouneH Jlarpamyka — Cunbsecrepa ()
n suadenue f(A) dyukuun f(A) ana Marpunst

010...0
001...0
A= ...
000 ...1
000...0

Jna kakux ¢pynakou#t f(A) snauenne f{A) nmeer cmbica?
1156. Pewwmts 33739y, AHANOrHYHYKO NpeRblayimel, J1jisg MaTpHIH

alO0...00
Oal...00

A= ..o
000 ... a1
0 00...0 0
1157. Mokazatk, uro ecan mMaTpHna A nonobHa JHArOHANBHON
A1
1 A2 0
A=T" . T
0 A

u ansa pyuxkuuu f(A) marpuna f{A) cymectsyer, To u f(A) morobua
JAUArOHANLHOM MATpPHIE, NPHYeM

F(A)
1 f 0

fA) =11 Q) T

0 £00)
¢ To# ke MaTpuuedr T.
1158. [lokasars, uto ecnu f(A) = g(A) + (X)) u marpunst g(A) u h(A) cyme-
¢TBYIOT, TO U MaTpuna f(A) cymecrByer, npudem f(A) = g(A) + h(A).
1159. okazatk, uto ecan f(A) = g(AYh(A) u marpnust g{A) n A{A) cyue-
crByioT, T0 ¥ Marpuna f{A) cymecrsyer, npuuem f(A) = g{A)h{A4).
1160 IlokasaTk, uTo dyHKnUs f(A) = — onpegeneHa Ajsi BCeX HEBLIPOXKASH-

A

HBIX MaTpHl A U TOABKO JIA HuX, npudeMm f(A4) = A7L
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1161. Hoxazarek, uTO ecnu Ay, Ag,. .., Ap — XAPAKTEPUCTHUECKHE YHCIA MAT-
punst A u dysrnua f(A) umeer cmercn npu A = A, to f(A1), f(A2),
vy F(On) OYOyT XapaKTepHCTHYECKUMH 4HCIaMu MaTpunsl f(A).

Beruncnute cneaymompe 3uadeHns QyHKIUA 0T MATPUI, NOAB3YACH HATEPIIO-
JIAIHOHHBIM MHOTOUYNMeHOM Jlarpan:xa — Cunbeecrepa M 3ajiagamu 1148-1152
WM HaXolA MaTpHLy, JAIUIo npeodpa3oBanHue nofobus JaHHON MATPHIB K
ee xopJanosol ¢opme H mpuMeHaAsa 3agaqu 1154, 1156, 1153:

1162, A% rre A= ( _g g) 1163, A%, e A = ( _i ;)

1164. \/Z,meA-—-(_? é) 1165. VA, roe A = (6 2).

37
4 (4 -2 4 {3 -
1166.e,r,£l,eA-(6 _3). 1167.e,r-,neA_~(l 1).
42 -5 4 —15 6
1168. e*, e A= 6 4 -9 |. 1169. nA, e A= 1 -4 2
53 —7 1 -5 3
. T—1 1
1170, sin A, rne A = ( 1+l )

1171 Jokasars, uro paBencrso sin 24 = 2sin A cos A cnpasennuso ana -
foit kBagpaTHON Marpuosl A.

1172 Joka3aTh, 4TO MATPUOA €” CYLIECTBYET M HEBHIPOXKACHHA ANA JHOOOH
KBaJIpATHON Marpuipl A.

1173. Ha#itu onpefgenntesic MATPHLE] €
paika n.

1174% Ilycre ¢yukuua f{A) umeer cmbicn npu A = A, JlokasaTb, 4TO Onpese-
nurens marpunst f(A) yropnersopser pasencrsy |f(A)| = f(A1) f{A2)
. F(AR), TEE AL, A2, ...y Ay — X2PAKTEPUCTHYECKHE YHCNIA MATPHOB A
(¢ y4eroM MX KpaTHOCTH).

A, rae A-— KpaapaTHadA MaTPHIA I10-

§ 15. Ksagpatuunsie ¢popmsr’

B sroM naparpadge, kpome 33134 Ha KBAAPATHYHLIE (GOPMBI, IOMEIIEHBI 332241
HA CBOMCTBA CHMMETPHYECKNX H OPTOrOHANBHBIX MaTpPHL, CBA3AHHEIE C TEOPH-
ell KBagpaTU4HbIX ¢opM. 3aecs NPUMEHAETCH CAEAYIOMAsS TEPMUHOJIOTHA: O]
AUReUHBM NPeobpaioaaHues IIOHMMALTCH NPeoBPal0BAHNE HEUIBECTIHBIT BHA

1 =gy + quee + -+ Qinls,

Tn = gni¥1 + gn2y2 + - + Gnaln.

D 3anaum Ha Guruneinmie u KBAAPATUYHBIE (DYHKUME daus b § 24.
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MaTpuna

qnn 412 ... 49in
Q= g21 922 ... on

nl Gn2 ... Gun

cOCTaBJIeHHaA U3 K03 DUIMEHTOR TPeoGPa30BaHUs B COOTBETCTBEHHOM IOPSiji-
K€, HA3bIBAeTCs MATPUIell 3Toro npeobpasosanus. Jluneiinoe npeobpazopanue
HA3BIBAETCH HEGuPONCIeHHM, €CIH €70 MATPHUIA HeBLIPOXKAeHHA. JIBe KBajpa-
TUYHBIE (HOPMB]l HAZHIBAIOTCS IKEUBEACHINMHOLMY, @CITH OJHA U3 HAX NEPEBOIJUTCH
B JPYTYIO TIOCPEACTBOM HEBHIPOXKAEHHOTO JHHeHHOro npeobpazosanus. Kano-
Huveckum 6udom RAHHOM KBaAPATHHUHON (PDOPMBI HAZBIBACTCS IKBUBAJIGHTHAS €
Heil opMa, HE COREPALAs NPOU3BECHUN HEU3BECTHBIX, A HODMAALHBAM BU-
JOM — Takofi KaHOHHYECKHH BHJ, B KOTOPOM Ko3(hpuIMeHTH IPU KBAAPATaX
HEeN3BECTHHIX {He CYMTAA HYAEBbIX) paBHBl 41 nns BemecrBenHo#t U +1 ans
KOMILITEKCHOR 00MacTH.

HaitTu HOpManbHbll BHA B 0G/IACTH BEHMIECTBEHHBIX YHCEN CIEAYIOIMX KB~
paTuunbix dopm:

1175. x% + x% + 3:1:% + dz122 + 21173 + 22013,
1176. =2 — 222 + 22 + 22125 + 42123 + 2973,
1177, :r% - 3x§ — 2z + 22123 — Goxa.

1178, 7129 + T123 + 2124 + ToTs + Toxy + TaZy.

1179. 22 + 223 + 22 + 42120 + 42,23 + 22174 + 27273 + 2ToT4 + 2T3T4.

HanTn HOpMasBLHBI BHA M HEBLIPOXKAEHHOE JIMHEHHOE npeofpa3oBaHue, NpU-
BOJAIIEE K ITOMY BHJY, AJIA CACAYIOLMX KBaApaTHUHBIX (opM (BBUAY HEOn-
HO3HAYHOCTH HCKOMOTO AUHENHOro Npeobpa3oBaHUsA OTBET MOKET [HONMYUYUTHCH
OTJIHYHEIM OT NPHBEJEHHOIO HIXKE):

1180. 22 + 5z3 — 4z + 2xy29 — 4z T3,

1181. 42? + 22 + 22 — 42125 + 4z 23 — 32975,

1182, z1x9 + 2123 + ToTs.

1183, 22% + 1823 + 822 — 122,25 + 8z123 — 272973,
1184, —12z% — 3% — 1223 + 122,29 — 24223 + Sxaxs.
1185, r122 + X273 + T34 + T4T1.

1186. 3:1::12 + 2:1:% - :rg - 29:3 + 2z129 — dr9xy + 2T014.
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Cnenyomue KBaJpaTHYHbE POPMBI IPUBECTH K KAHOHHYECKOMY BHIY C IIEJH-
MH K03¢hPUINEHTAME N0CPeACTBOM HEeBBIPOMKAESHHOIO AMHERHOrO npeolpaso-
BAHHS C PAIMOHAJILHBIMU KO9(hGpUINEeHTAMH H HANTH BRHIPA’KEHHE HOBBLIX HEH3-
BECTHBIX 4epes CTaphie:

1187. 29.'.‘% + 3$% + 4$§ - 2r119 + 4173 — 30T3.

1188, 3;1:% - 2$% + 2x§ + 4zx129 — 3123 — ToTa.

1
1189. 5:1:% + 23:% + 3:02 — 1123 + ToL3 — Taxa.

Ans cnenyomux KBaapaTUIHEIX ¢opM HANTH HEBBIPOXKAEHHOE JUHEHOe Tpe-
obpazosanue, nepesogsaumee dopmy f B dopmy g (uckomoe npeobpasoBaHue
OIpedesqeHO HE O,U,HOBHa‘IHO):
1190. f = 22:; + 9x2§ + 33:2% + 82129 — dzq23 — 103923

g =217 + 3yz + 6yz — dyy2 — dnys + Byaws-
1191. f= 3..1;{ + 10;53 + 2522 — 122125 — 182123 + 402023;

g = 51 + 6y3 + 12y1y0.
1192. f= 5x§ + 52x§ + 221";2:, + 8x129 + 6173 + 61273

g =4y7 +y3 + 993 — 12y13.
Creptyiomue KBaapaTUIHbIE (POPMbI IPUBECTH K KAHOHHYECKOMY BHAY W HAKTH
BBIPAKCHHAC HOBBIX HEH3BECTHRIX 4YepeE3 CTaphle (OTBE‘I‘ HE O,ILHOBHa‘IeH):

14}
1193. Z a;0;T;T;, TAe He BCEe YHCAA a1, &2, -..,%n PABHBE HY/TO,
ii=1
n 14} 14}
1194. ) af + > mx;. 11950 ) ;.
i=1 i<3 <
n—1 n

L1+ Ta+ ...+ 2y

1196. Zx,‘xﬁ.l. 1197 Z(zi - 3)2, roe 8§ =

i=1 i=1 n
L1
11987 ) " |i — j| - ziz;.
i<d
11997 Hycrs aana kKeazpaTuuHaa dopma
12020 1232 2 .. _g?
rae 1,1y, -0, b o1, bpt2, - - o, lpyg — BEllECTBEHHBIE NHHEHHBIE POPMBI
OT 1, %9, ...,%Ty. JOKa3aTh, YTO NOJOXKHTEAbHBIN HHAEKC HHEPLUH (T. €.

HYHCJIO NOJIOKHTENBHEIX KO3 UIUEHTOB B KAHOHINUECKOM Buie) hopMbl
f He UPEBOCXOIUT P, & OTPUUATENLHBIR HHJEKC WHEPIMH HE MPEBOCXO-

BUT q.
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12002

Joxa3aThk, YTO €CIH OT KaXA0HK u3 AByx ¢opMm f, ¢ K Apyroft MoKHO
nepefiTH KaKuM-HHGYAb (He 0BA3ATENbHO HEBLIPOMAEHHEIM) JTHHENHEIM
apeofpasoBanneM, TO 3TH (HOPME! S9KBHBAJEHTHBI.

BrisicHuTh, Kakue U3 cneayomux GopM SKBHBAJEHTHBI MEXX Y CO60R B 001aCTH
BEIIECTBEHHBIX YHCEN:

1201.
1202,

1203.

1204.

1205.

1206.

1207,

1208.

1209,

12107

2 e 2. _ 2
N1 = zi —zams; fo = n1y2 ~ 3 f3 = z122 + 25,

f] = .’L‘i + 4$% + 33% + dz120 — 2:81’..63;
f2 =i + 293 — v3 + 41y — 2u1y3 — dyo3;
fis= -*42% - z% - z§ —4z129 + 42123 + 182023,

[Moka3zaTk, 4TO BCe KBaAPATHYHBIE (DOPMB! OT 71 HEM3BECTHBIX MOKHO
Pa3tiTh HA KJIACCH TaK, 4TO ABe (popMHI O6YAYT IKBHBAIEHTHb! TORAA H
TOALKO TOPMA, KOTAA OHH NPUHAANEXKAT K OHHOMY H TOMY JK€ KJaccy.
HafTn 9uciio 3THX KAACCOB B KOMIJIEKCHON M BelleCTBeHHOH o6yacTax.
KaxuMH 3HAaYeHMAMHE DAHIA U CUTHATYPhI XapaKTEPU3YIOTCA Te Kiac-
Cbl BEIECTBEHHO PKBUBANEHTHBIX KBRAJAPaTHYHBIX (OpM, I8 KOTOPHIX
dopma f sxsusaiientHa dopme — f.
HafTi uucno kK1accoB 3KBUBAJIEHTHOCTH B OGJIACTH BEILECTBEHHBIX YH-
cest GopM 0T N HEU3BECTHBIX, HMEPIINX 3aJaHAYI0 CHTHATYDY S.
Jloka3aTh, 9TC A PAcnafeHns KBapATHIHON HOPMEI B IPOU3BEACHHE
OBYX JHHENHBIX HOPM HeOBXOIMMO ¥ AOCTATOYHO BHINOJHEHHE YCIIOBUI:
a) B 0OMACTH BEILECTBEHHBIX YHCEN! DAHT He TIPEBOCXOIUT ABYX, A NPH
PaHre ABa CUFHATYpA PABHA HYJKW; 6) B 061aCTH KOMILNEKCHBLIX HUCEN:
PAHI He MpeBOCXONUT HBYX.
HdoxazaTh, yTo KBaApaTH4Has ¢opmMa f TOrga ¥ TOJBKO TOCAA SABJA-
eTCHd TIOJIOKUTENBHO ONPeassIeHHOM, KOTa ee MATPHLA TPeACTARIAETCH
BBuge A = C'C, rne C ~— HEBBLIPOMXKIeHHAA BEMIECTBEHHAasA MaTpHLa H
C' — maTpuua, TpaHcnoHupoBaHHas K C.
lons3ysick zagadamu 913, 951 u 1207, moxasaTk, 4TO KBaApPATUYHAA
dopMa TOTA U TOABKO TOTHAA SBJSETCA NOAMKUTENLHO ONpeleneHHol,
KOI'J1a BCE ee YIVIOBElE MHHODHI NOAMKHTeNRHE. [lox yrnopeiM MUHOpOM
KBAAPATUYHOH HOPMBI NMOHUMAETCA MHHOD A-I0 NOpAJAKa, CTOSWHH B
NepBHIX Ak CTPOKax W nmepBhIXx k cronbnax ee matpuns (k= 1,2,...,n;
7 — NOPAJOK MATPHILHI).
JokazaTek, 4TO B NOIOKHTEILHO onpeienennolt dopme Bee koaddun-
€HTBLl IPH KBAAPATAX HEM3IBECTHBIX IOJIOKHTENBHB U YTO ITO YCIOBHE
HE SIBJISIETCS JOCTATOYHBIM AJisl [TOJIOKMTEIBHON OTIpeaeieHHOCTH (Hop-
MH.
JokazaTe yTBepIEeHUA:

a}) [dma Toro yrobs Keagparuduas ¢opMa f GelIa NOMOMKHUTENILHO
OIpPEeAENeHHON, HeodXonuMo M JIOCTATOYHO, YTODHI BCe TMIABHLIE, A He
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1211.

TONBKO yIIOBble (cM. 3amady 1208) MuHOPHI ee MATpHLb! OLITH MOMO-
SKUTEJLHEL.

6) Ina Toro yrobsl KBaaparuyHada dopMa f Gbla HEOTPUIIATENBHE
(r.e. f 2 0 npu mOBGLIX BEIIECTBEHHBIX 3HAYEHUAX HEU3BECTHBLIX )}, HeoD-
XOOUMO ¥ ROCTATOYHO, YTOOKI BCE IIABHEIE MAHODPHI €€ MaTpPHIB! OBLIH
HeoTpUnaTenbHLl. 1loKazaTh Ha npuMepax, 4To (B OTIMYHE OT [IOJIOHKH-
TeJBHO ONpeAeAeHHbIX HOPM) 115 HEOTPUIATENBLHOCTH f HEAOCTATOYHO,
4yTOOLl BCE YIJIOBLIE MHHOPBI OBINM HEOTPHLUATEILHEL.

B) Hnst Toro utofbl BeniecTBeHHas CHMMETpHYecKas MaTpuna A
npeacrapnanack B une A = C'C, rae C — BelIECTBEHHAA HEBBHIPOK ACH-
Has MATPHIA, HEOOXOMMMO B JOCTATOYHO, YTOGL! BCE YLAOBble MHHODHI
MaTPHUL A OBIIH TIOJOKUTENbHEI.

r) Unsi Toro 4ToOLI BElLECTBEHHAs CHMMETpHYeckas MaTpuna A

npeacTarnasanacek B Buge A = C'C, rme C — BemecrseHHan KBaJpar-
HAasi MATPHUIA, HEODXONUMO ¥ JOCTATOYHO, YTODE! BCE IVIABHHIE MHHOPHI
maTpunbl A GBI HEOTPUIATE bHBI. Kpome Toro, ecin paHr A paBeH
r, 70 U panr C paBeH 7, ¥ MOXKHO CYHTATH NepBbie 7 CTPoK ¢ NNHEHHO
HE3ABUCHMBIMH, & OCTAJbHbIE — HYJIEBLIMH,
Joxazars, 4To kBaxpaTuyHasa popMa f TOTNA ¥ TONBKO TOTOA. SBJSETCS
orpunaTensHo onpenenenHodl (T.e. f < 0 npu yobBIX BemECTBEHHEIX
3HAYEHUAX HEH3BECTHBIX, HE BCE M3 KOTOPLIX PABHBI HYJIK), KOTAA 3HAKH
yrnoBuix Mubopos Dy, Dy, ..., D, 4epeaytorca, npuuem Dy < 0. 3pece
Dy, — yrnosoit MusOp mopazaka k (k = 1,2,...,n).

HaiTu Bce 3HAYEHNS NAPAMETPA A, IPH KOTOPbIX MOJOKHTETBHO OTIPESTEHHb!
CIERYIOIHE KBaAPATHUHBlE DOPMBL

1212,
1213.
1214.
1215.
1216.
1217

1218

51‘% + 2:% + /\xg + dxyx9 - 27173 — 2013,
2:-:% + :rg + 3x§ + 2Az1T0 + 27173,

;r% + ;r:% + 53-:% + 2Az120 — 22123 + 4oz,
:c% + 43:% + :c% + 22z122 + 10z723 + Bxszs.
25’3% + 21‘% + a:g + 2Mz129 + 62923 + 22013,

Hucxpusmunarmonm Dy xeadpamuynot dopator f Ha3LIBaeTCs ONpeResH-
Tenb ee MaTpuusl. Jloka3aTh, 4TO €CIH K IOJ0KHTENBHO ONpee/ieHHOHN
kpaaparuuHoi dopme f(xy,xo,...,&,) IPHGABHTL KBaJPAT HEHYJIEBOMN
JHHEAHON GOPMBI OT TEX K€ HeM3BECTHBIX, TO JUCKPUMHHAHT (POPMBI
YBEHYHTCA. '

T
IMycte f(z1,29,...,%n) = Z i Z; T — NOJOKHUTENEHO ONpPeeIeHHAs
ij=1
kBagparuyHas GopMa u (s, r3,...,zn) = f(0,72,...,2,). Hoka-
33Tk, YTO AN AMCKPUMHHAHTOB ITHX (POPM BBHINOJHAETCA HEPABEHCTBO
Df < aqu.
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12197

12207

1221

1222

JoxazaTs, 4To ecnl HEOTPHUATEALHAA KBaapaTuuHad ¢opma obparra-
eTCs B Hy/Ib XOTA OBl NP3 OXHOM HeHyseBoM Habope BEIeCTBEHHbIX 3HA-
YeHut HEM3BECTHBIX, TO 3Ta POPMA BHIPOXKAEHHA (T. €. €€ AUCKPHMHUHAHT
paBeH HYJIO).

HazoeeM xomnoszuyueti deyx xeadpamusnsiz dopm

f= Z Q;;T;r; Mg = Z bi;rix;

§,j=1 i,5=1

n
KBaJpPaTHYHYIO cbopmy (f, g) = Z a,-jbgj:r:,':r:j.
i,7=1

Hoxazars, uTo:

a) ecam opMmbl f M ¢ HeOTpHU@TENLHEL, TO ¥ (opma (f,g) Heor-
PHUATENLHA,

0) ecn dopMl [ M g DONOKATENLHO ONpERENeHHbIe, TO U GopMa
(f,g) NOMOKHUTENBLHO ONPEIEICHHAL.
TpeyronsuptM npecfpa3oBanineM Ha3plBaeTcA JHHefHoe npeobpal3oBa-
HIe BHARA

YL =T+ 01222 + -0 F ClnZn,
Y2 = T2 + Co3x3 + -+ + Cony,

HoxazaTh, uTO:
a) TpeyrofibHoe npeolpa3oBaHHe HeBBIPOXKAEHHO M npeobpa3osa-
HUe, 00paTHOe IS TPEYroJIbHOIO, CHOBA TPEYTOJBHOE,
6) yrnoswme muHoprel D (K = 1,2,...,n) (cm. 3amaay 1208) keax-
ki3

paTnaHOl dopMel f = E @;;Z;T; TIPU TPEYroNbHOM NPeoOpa3oRaHuN
i,j=1
He H3MEHSIIOTCA.

Hoxazars, 4ro:
ki

a) jnst TOrO YToOKI KBAApATHYHYIO opmy f = Z @;;T; DAHra T

TPEYFOMBHBIM TIPEobpa3oBaHHeM MOKHO ObLIO npuggalu K BHRY
f=Myl+ -+ Ml (1)

e A, Z 0 (k=1,2,...,r), Heo6x0AMMO ¥ ROCTATOUHO, YTODLI
D, #0 (k€r), Dp=0(k>r), (2)
ree Dy (K = 1,2,...,n}—ymossle MuHOPH GopMul f (cM. 3amady

1208);
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) ykasauublfl kKaHOHEYecKH# Buj (1) onpeaeseH OXHO3HAYHO, IPH-
yeM ero kKo3ddbuimedTs HaxoAsATcsa N0 GopMyIaM
Dy
Ak:bﬁ (k=1,2,...,r; Do =1) (3)
(Treopema Cunpectepa).
1223. IlycTh yrnopble MUHODB! KBaAPAaTHYHOH GOPMEL f paHra r yIOBJIETBO-
psOT ycnoBuaM (2) npeasiaymeit sagadn. JoKa3aTs, 4TO NOMOKHTEN -
HBI MHAEKC WHepUuH 3T0i GopMB! PaBEH YHCIY COXPaHeHHH 3Haka, a
OTPHUIATENBHEIH HHAEKC — YHCAY NepeMeH 3HaKa B pAly HHCen

1=D4,D4,Do,...,D,.

BhISICHUTD, YTO B CAEAYIOIMX NApaxX KBaJpaTHYHBIX (hopM ofHA $HopMa ABAA-
€TCs NONONKHUTENBHO ONPEeNeNeHHON; HANTH HeBLIPOXASHHOE JHHEeNHOe Mpeoh-
PazoBaHne, IPHBOAALIEE 3TY (POPMY K HOPMAJILHOMY, 4 APYTYI0 GopMy TOH ke
napbl K KAHOHMYECKOMY BUIY, M HAIIMCATL ITOT KAHOHHYECKHH BHA (MHEliHOe
npeoOpa3opaHne ONpeneseHO He OAHO3HAYHO):!

1224, f = —dz120, 1225. f = x? + 2623 + 10z,
g= x% — 2120 + 49:%. g= :r? + 56x% + 16z z5.
1226. f = 8¢} — 28x3 + 14x3 + 16z x5 + 14z 23 + 322973,
g =3 + 423 + 22% + 22123,
1227, f= 23’33 + r139 + 123 — 2x0x3 + 22014,

1
g= fo + :r% + 3:3 + 275 4 27074

1228, f = :c% + %x% - 23:% + :1:3 + 2z120 + 42123,

5
g=zxi+ Zx% + 23 + 22 4 2203,
1229, f= x% - 153:% + dxix0 — 22123 + Bz91a,
g= x% + 17::% + 3::% +4dxi12e — 21123 — 143023,

1230 Ilycts aaHa napa GopM f,g OT OOHHX M TEX K€ HEM3BECTHBLIX, IPHYEM
g > 0. Joxkazarh, UTO KAHOHHYECKUH BHI
F=Myi+ -+ Ay,
noaydaeMelit gaa ¢opmer f npu goboMm nuHefHOM npeo0pa30BaHMH,
npusogaweM GopMy ¢ K HOpMAJIbHOMY BHAY (T. €. K CYMME KBa/IpaToB),
onpeJenseTcs OAHOSHAMHO € TOYHOCTLIO J0 NOPsiIKa CIaTaeMBIX, TIDH-
4eM ero X03hPUIHEHTR! A1, Ag, . .., A, ABAAIOTCH KOPHAMM TAK HA3BIBA-
eMOro A\-ypaBHEHHA napsl ¢opM f, g, a IMeHHO ypasreHus |[A—AB| =0,
rae A u B — cooTsercTBeHHO MaTpHUbLI ¢opM f u g.
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Moxuo nK cheRylOlIpe Naphkl KBaIpaTHYHBIX GOpPM NPHBECTA K KaHOHAYeE-
CKOMY BHAY OBHHM BEIIECTBEHHLIM HEBBLIPOXKIEHHBIM JIMHERHBIM Npeobpaso-
BAaHHEM:

1231, f = 2% + 4x120 — :1:%, 1232, f = 12 + 2129 — :r%,
g =z]+6z1z2+ 5:1:%. g = 7] — 2z 79,

1233. Tlycrs maHbl ABE NOJIOKUTENLHO onpeneseHusie (GopMul f ¥ ¢, U nyCTh
ORHO HEBBIPOXKJAEHHOE JHMHelHoe npeoGpa3oBaHME HEM3BECTHRIX NPHBO-
T

aut gopmy f K BUAY Z AiyZ, a GOPMY ¢ K HOPMANLHOMY BHAY, & BTO-
i=1
poe npeobpasosanue, HaobopoT, PopMy f K HOPMaNLEHOMY BURY, a dop-

MY g K BHOY Z ,ut-z?. Hatn case Mexay Ko3gpOUOUEHTAMH Ay, ..., Ay
i=1

H p1y ...y i
He paswickusas muHe#iHoro npeolpaszosaHusd, HAWTH KaHOHHUYECKUH BHI OaH-
HOt opMul f, K KOTOpOMY OHAa NpHBeJETCA Npeobpa3oBaHUeM, NPHBOASIIHM
EPYTYIO JaHHy0 ¢opMy ¢ > 0 K HOPMAJTBHOMY BUJIY:
1234. f = 21:5% - 18x§ + Gxg +dx 79 + 287223 + 6213,

g = 11z% + 622 + 623 — 12229 + 122123 — 6z923.

1235. f = 1422 — 422 + 1722 + 82125 — 40z 23 — 262923,
qg= 9:':% + 63-:% + ﬁxg + 122129 — 102123 — 22023,

1236. Moxasars, uro gee napst hopm fi, g1 ¥ fo, g2, THE g1 U g2 HOJOKHTENBHO
OTpeJeNIeHbl, TONNA M TOJBKO TOrMa 9KBHBAJEHTHHE (T. €. CYIECTBYeT
HEBBIPOXK AEHHOE NHHelHoe npeobpazoBaHue, nepesoidamee f1 B fou g1
B §2), KOTAa KOPHU UX A-ypaBueHu# |[A; — ABj| =0u |As — ABs| =0
COBIIAJIAIOT.

BLIICHUTE, SKBHBAJIEHTHEl MM CYTIECTBYIOMUE Naphl ¢pOPM, HE HAXOIA AUHEH-
HOro npecbpa3oBaHusd OfHOM NAphbl B APYTYIO:

1237, f =227 + 39:§ — &3 + 22149 + 2113,
g1 = 3:1:% + 2z5 + .1:% — 2113,
fo= 23’3% + 55’;% + 2.1‘% + 4x129 + dxy23 — 220913,
g = 9:% + 63:% + 3:r§ + 2x170 + 21123,

1238. f; = 4z + 623 + 21x3 + dx170 — 4123 — 222923,
g1 = 45';% + 3x% + 6:1:% +4dzr1z9 — 42123 — B913,
fo= 93:2 + 622 + 61:% —6x1x9 — 62123 + 122913,
ga = 92’.‘1 + 32’.‘2 + 3.’1:% — 6x1x9 — 6123 + 21023,
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HallTi HEBHIPOXIEHHOE NHMHEHHOEe Npeofpa3oBanue, NEPeBojsllee Napy KBaj-
paTHuHBIX (opM f1, g1 B Apyryw napy fo, g2 (MCkOMOe mpeofpa3oBaHUE Onpe-
JeJIeHO He ORHO3HAYHO):

1239, f; = 2::3 - 73:% + 22129, fo= v'i’y% - 3y§ — 12y1 e,
g1 = 227 + 1323 + 102120, g2 = 1333 + 25y2 + 36y19s.

1240. f; =322 + 225 — 10z129, fo= —ny - 2Dy§ ~ 4441y,
g1 = 2x7 + Sx5 — 6x129, go = 29'y% + 4y§ + 201110,

1241. Ilycrs f(z1,22,...,Zn) u g(z1,Z3,....2,) — iB€ KBaApATHYHBIE GOpP-
MBI, XOTs 6bl 0JJHA U3 KOTOPBIX MOJOKUTENBHO onpeaenenta. JokasaTs,
4yTo <«nopepxHocTH» f = 1u g = 1 B n-MEPHOM NPOCTPAaHCTBE TOTAA M
TONLKO TOLHA HE NEPeceXatoTcs (T.e. He MMEKT obLMX TOYeK), KOraa
dopua f — g aBagerca onpegeseHHOMN.
T

1242? Hoka3aTb, YTO KAHOHMYECKHH BHJ E )\iyf, K KOTOPOMY KBaJpaTud-
i=1
Hast bopma f NPUBOAUTCH OPTOrOHAIBHBIM Npeobpa3sosaHueM, olpene-

JIeH OJHO3HA4YHO, NprYeM ero Ko3h@UUHEHTH Aq, Ao, ..., A, ABASIOTCA
KODHAMH XapaKTEPUCTHYECKOro ypasHeHHdA |A — AE| = 0 marpunsr A
dopmer f.

Haiiti kaHoHUY9eCKHAN BHY, K KOTOPOMY NPHBOIATCA CHAEAYIOUIHE KBaApPATHY-
Hule POPME TOCPEICTBOM OPTOTOHANBHOrO NPeoOPA3OBAHMS, HE HAXORA CAMOTO
3TOr0 NpPeodpa3OBaAHNA:

1243. 35’:% + 3$§ + dz120 + dx1Ty — 23023,
1244, 722 + 723 + Txd + 221z + 22123 + 2292
1245. x% — 2119 — 21178 — 22013, Al
1246. 3$% + 3:-:"2’ - :-:% — Oxy23 + daqxs. 12471 Z TrTht1

k=1
HatiT opToroHansHoe npeobpasosanune, NPUBOAAIIEE CAEAYIOMHE POPMBI K Ka-

HOHHYECKOMY BHAY (IPHBEAEHHE K IVIABHBIM OCAM), M HAIlECAThL ITOT KAHOHH-
geckut Bug (peofpazosaHue ONpeaeneHo He OJHO3HAYHO):

1248, 6m% + 5::% + 7:1:% —4dz129 + 472173,

1249. llx% + 53:% + 2x§ + 16x1x9 + 4x123 — 202023,
1250, :{:% + a:% + 5.1:% —bx1r9 — 27113 + 22923,
1251, sc% + x% + a:% + dx120 + dx123 + dXez3.
1252, 17x% + 1422 + 1422 — 4xy20 — 43125 — Szozs.
1253. z? — Bz3 + 23 + 4ryxe + 20123 + 42023
1254. Sx% - 7:-:% + 83:% + 8x1x0 — 22123 + Bxoxs.
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1255.
1256.

1257,
1258.
1259.
1260,
1261.
1262.

2z129 ~ 61123 ~ Oxoxg + 22314,
5x%+5x%+5$§+5x2—103:1:':2+2x1x3+6x1$4+6x2x3+2x2x4—103:3$4.
3:':% + 8x129 — Bxg + 4:1:% — dxaxg + xﬁ.

x% + 2x173 + :r% - 2::% — 4x314 ~ 29:3.

Qx% + 59:% + 5::% + 8$3 + 8zox3 — dxoxy + 4314,

4zt — dzyx0 + 23 + 52% — 422 + 122425 + 22

42t — 42k — 8zoxy + 222 — 522 + 6zyzs + 322

3x} + 8xyxp — 323 + 423 — 6zaxy — dz2 + 422 + dryxe + 7.

Haitte kanonudeckuil BUR, K KOTOPOMY CleRyiomue (popMbl IPHBORATCH OPTO-
FOHAJIBHBLIM [IPeoOPA30BAHMEM, M BHIPA3HUTL HOBbIE HEN3ZBECTHLIE YEPe3 CTAphIe
{uckoMoe npeoHpazoBaHHe He OfHOZHAYHO):

1263.

1264.

12657

e ki3
2
ISy

i=1 i<j

n
Z TiT4.
i<y
Hazosem jpe kRaapaTHYHBIE GOPMBI OPMOZOHAADHO FKEUSAACHITHBLMLL,
eCnu OT OXHON W3 HHMX MOXHO NepefTH K Zpyroll 110CpeacTBOM OpPTOro-
HaflbHOrO npeobpazosanua. Joka3aTs, UTO 2l OPTOrOHANBHON IKBHBA-
JIBHTHOCTH ABYX (POpM HEODXOAMMO M HOCTATOYHO, YTOOBI XAPAKTEPH-
CTHYECKHE MHOIOYNEHB! X MATPHUL COBNATAJIH.

BuiscHUTE, Kakue U3 CAEAYIOUMX KBAJAPATUYHBIX (DOPM OPTOFOHAJIBHO IKBH-
BaJICHTHBI.

1266.

1267.

1268.

f =922 + 922 + 122129 + 123,23 — 6zgx3,
g =3y} + 6y5 + 6y3 — 125132 + 12y1ys + by,
h= 11212 — 423 + 11z§ + 82120 — 22129 + 82923,

f= 7:5% + :1:% + .1:% — 8r1xy — 8ryTy — 162913,
2, 145, 1, 4 4 8

g= gl gk - §yly2 + §y1y3 + §yzya,

h= z% - zg + 2\/52123.

HokazaTe, 4To MOOYI0 BEILECTBEHHYI) CHMMETPHYECKYI0 MaTpuny A
MOJKHO NpeacTaBuTs B Bune: A = Q7!BQ, rue () — opTOroHanbHag U
B — peliecTBeHHaA NUArOHANBHASA MATPHUILLL.
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Jnsa crenylolliix MATPHIL HAHTH OPTOrOHANBHYI0 MATPHIY () H BEILECTBEHHYIO
JTHATOHAJIBHYIO MATPUILY B Takue, 94T0 AAHHAA MATPUIA IPEACTABJAECTCA B BUOE

Q1BQ:

3 2 0 2 2 -2
1269. { 2 4 -2 ). 1270. 2 5 -4
0 -2 5 -2 -4 5

1271 loka3aTh, 4TO BCE XAPAKTEPHCTHYESCKHE YHCIA BEMIECTBEHHON CHMMET-
puueckoit MaTpuOpl A TOrAA M TOJNBKO TOLAA JIEKAT HA orpeske [a, bj,
Korpia xsaaparuanas ¢opma ¢ marpuneit A— AgFE nonoxuTensHo onpe-
JeeHHa npH NboM Ap < @ U OTPUIATENLHO ONpeAeseHHa NPH JI60M
Ag > b,

1272 Tlycte A 1 B — BeIIECTBEHHBIE CHMMETPHYECKHEE MATpHIbL. JloKa3aTs,
YTO €C/N XAPAKTEPUCTHUECKHE YHCIIA MATPUIbLI A Near Ha OTpe3ke
[@, b}, a xapakTepucTHYECKHEe YMCNA MATPULLI B — Ha orpeske [c, d], To
XapaKTepUCTHYECKHe 4Yncha MaTpunnl A + B nexar Ha otpeske [a +
¢,b + d.

1273. [oka3aTh, 4TO HEBRIPOXKAEHHYIO BEIIECTBEHHYK) KBaAPaTU4IHYIO dopMy
TOrOA ¥ TONbKO TOTAA MOXHO NPUBECTH K HOPMANLHOMY BHIY OpPTOrO-
HaNbHBLIM Npeobpa3osaHueM, KOrfla €€ MAaTPHIE OPTOrOHANbHA.

1274. Joka3aTh, YTO MATPHNA HMOACKUTENBHO ONPEAETEHHONW KBAIPATHYHON
¢OpMBEl TOrAa H TOMLKO TOCHA OPTOFOHAIBHA, KOLAA 3Ta (HOpMa eCcTh
cyMMa xBa/IpaToB. Kak 370 nosoxenne GOpMyAHpPYeTcs Ha s3bIKe MaT-
pui?

12757 HJokazaTh, 4To J00YI0 BEIIECTBEHHYK) HEBBIDOXKJEHHYIO MaTpuuny A
MOXKHO NPEACTaBuTE B BHOe A = QB, roe Q— opToroHanbHas MaT-
puua 1 B — TpeyrofbHasg MaTpHna BHIAA

bi1 b1z b1z ... bin

0 bog bo3 ... bon
0 O by ... b3y

¢ TMOMOKUTENLHBIMI JEMEHTAMH Ha TVIABHONM AMACOHAJH, H TaKOe npej-
CTABACHHE EJHHCTBEHHO.
12767 okazaTs, 4TO:

a) oByI0 BEINECTBEHHYI) HEBHIDOKAEHHYIO Marpuny A MOxKHO
IPEACTABHTE Kak B BHAe A = Q1B, tak u B Bume A = Bo(Qs, e
MATpHUH 1 U (J2 — BEIECTBEHHLIE H OPTOTOHANLHEIE, 3 MAaTpHIE! B
u By — BemecTeeHHbIe, CAMMETPHYECKHE U C NOMOAKUTENbHLIMH YTI0BbI-
My MuHOpamH. Kaxkgoe us sTux npeactaBieHdld €HHCTBEHHO,

6) nO6YI0 KOMOMEKCHYIO HEBLIPOKIEHHYIO MATPHIY A MOXHO Npea-
CTaBHTh KaX B Buge A = (1 By, tak u B Bune A = Bs(Qs, vOe MaTpULBI
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Q1 1 Q3 yHUTApHEL, a MaTpuUb B) ¥ By 3pMUTOBBI U ¢ IOJIOAKUTENb-
HBIMH YIJIOBEIMH MUHOpaM¥ (MaTpuua B Ha3bIBAETCH IPMUTOBOH, €C/H
B = B). Kaxxroe u3 9THX DPeACTaBJICHUN €JIMHCTBEHHO;

B) mycTh A —cuMMeTpideckas (Wian IpMHUTOBA) MATPUNA C NOJOXKU-
TEMLHBIMH YIVIOBLIMH MUHOpaMHl U B — oproroHanbHas (COOTBETCTBEH-
HO YHMTapHas) MarTpuna. Jokasark, 4To:

1) npoussenenna AB u BA rorzma # ToAbKo Toraa ByayT CHMMeT-
pUYeCKUMH (IPMHUTOBBIME) MATPULAMH C NONOKUTENEHBIMA YIJIOBLIMHA
MHHOPaMH, KOrja B — elMHUYHAS MATDHIA,

2) npoumseenenus AB u BA torna u Tonknko rorma 6yRyT opToro-
HaAbHBl (YHHTApHBD), Koraa A — eRUHWYHAA MATPHLA.



Otpen 4

BEKTOPHbDIE MPOCTPAHCTBA U UX
NUHEWUHBIE NPEOBPA30BAHUA

§16. AddpuHHbIe BEKTOPHBIE IPOCTPAHCTBA

Huxe npumenaoTes creayiiue 0G03HAMEHNS: BEKTOPH 0003HAYAIOTCH MAJIbi-
MH JATUHCKHAMH 6YKBAMM >KHPHOTO HIPH(TA, & BEKTOPHBLIE MPOCTPAHCTBA, MX
NOANPOCTPAHCTBA U JUHeHHble MHOr0o06pa3ua — GOMLIIHMH JIATHHCKAMHU OyK-
Bamu xkupHOTo wprdTa. KoopaunaTe BekTopa npu o6bIYHON 3aNMCH OHLIYTCS
B CTPOKY, SaKAIOUYEHHYI B KPYIVIbIe CKOOKM, HanpuMep & = (21,%2,...,%n). B
MATPUYHON 3aITHCH BEKTOPHI Ha3HCa 3AMHCHIBAKTCH CTPOKON B KPYI/IBIX CKOD-
KaX, & KOOPAMHATEI BEKTOpa — CTONGIOM B KPYTABIX CKOOKaX.

Mampuueti nepezoda oT craporo 6asuca €, €, . . . €, K HOBOMY €], €5, ... €},
Hasbipaercs Matpuua T = (t;;)7, no croafuaM KOTOPOH CTOAT KOOPAWHATHI
HOBbIX 6a3uCHBIX BEKTOPOB B cTapoM Gasuce. TakuM o6pasoM, CTApLIN H HOBBIf
6a3UChl CBA3aHL MATPHYHBEIM PAaBEHCTBOM

P P
(e],€5,...e,) = (e1,ea,...e,) T (1)
Ipu Taxux 0603HAYEHUAX KOOPAHHATH T, Zq,...,Tn BEKTOPA & B CTAPOM
6a3uce CBA3AHE C KOODAMHATAME Z),Z5,...,Z, TOPO e BEKTOPa B HOBOM 6a-
n
3HCEe PABEHCTBAMH T; = E tij:z:;, HJIH B MATPUYHON 3aIUCH
i=1
!
$1 .7}1
]
2 l=r| T2, (2)
Tp z

Junetinoim nodnpocmpancmeom BEKTOPHOTO pocTpancTea Jt HasLiBaeTca
uenycroe (T.e. cogepxamee xorsa Obl OMH BEKTOp) MHOXKecTBo L BexTopoB
13 R, obnaparoiliee CrenyomUAME CBOBCTBAME:

1) cymma = + y apyx mobbix sektopoB n3 L cHopa npmHagnexur L;

2) npouspenenne « - € moboro sBexropa x u3 L Ha mwoboe uncno o cHoBa
npunagaexur L.

Hunetlinmae smnozoobpasuess BEKTOPHOrO NpocTpaHcTBa R Ha3mBaeTca co-
BOKynHocTs P BekTopos u3 R, nonyuennas npubaBneHHeM KO BCEM BEeKTOpaM
Kakoro-HuGyas noanpocrpascTsa L u3 R ogHOTO M TOTO Xe BEKTOpA Tp. DTa
ceass L u P 6yner obosHauarees Tak: P = L+ a2 umn L = P — 25 Mu
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Gynem ToBOpUTL, YTO JuHeHHoe MHOrooGpasue P nonyyeHo u3 auHeRHOro noj-
NpPOCTPAaHCTBA L mapansensHeIM GRBUIOM HA BEKTOP &q.

Paarmeprocmsio MHHEHHOTO MHOr006pasNA Ha3BIBAETCH Pa3MEPHOCTh TOIO
JIMHEHHOTO NOAIPOCTPAHCTEA, NAPANJIESLHBIM CABUIOM KOTOPOrO JAHHOE MHO-
roofpasnie monyueHo. KoppeXTHOCTE 3TOr0 onpeleieHHs BLITEKAET U3 YTBep-
A#caenua 3agaqu 1331, OgHoMepHBIe THHERHEBIE MHOr00GPasHd OYAYT HA3LIBATE-
Csl IpPAMBIMM, 3 ABYMEPHBIE — IIOCKOCTSAMH.

Cysmamott aByx nuHelHbIX nognpocTpalicTs Ly u Ls BekTOpHOrO mpocTpaH-
crea JT HazwBaeTca coBOKynHOCTE S = Ly + L Bcex BekTopoB 3 R, Kax sl
H3 KOTOPLIX MIPEACTABAAETCA B BHAE @ = @1 + &y, tae @1 € Ly w9 € L. 30ech
3anmuck a € A 0B03HAYALT: «3INEMEHT a NPUHAIENHUT MHOXKeCTBY A». [lepece-
yerues KBYX MHHeHbX nonnpocTpaicTs Ly u Lg BexTopHOTO IpocTpancTea R
HazeIBaeTea CoBOKyTHoCTE D = Ly N Ls Beex BekTOpOB M2 I, KaXKARIA H3 KO-
TOPHIX NpHHEAANEHUT Kak Ly, Tak u Lg.

TIpamoti cymmoti Ayx nuHeftHbIX mognpocrpaHcTs Ly u Ls Bexrophoro
NpoCTpaHCcTBa. R HA3HIBAETCA CYMMa 3THX NOANPOCTPAHCTB NPH YCAOBHU, YTO
HX IlepeceveHHe COCTOUT JIMILEL H3 HYJAEBOrO BeKTopa, T. . LyNkqy = 0. B cnygae
npsAMoit cyMMBI Oyaem nucats & = L + L.

H, HakoHer, m-MepHOe BEKTOPHOE MPOCTPAHCTBO OyneT 0DO3HAYATHCA uYe-
pes K,. Ilpu 3TOM, echy He OroBOpeHO NPOTHBHOE, NOAPA3YMEBACTCH, 4TO 34
OCHOBHOE IIOJIE B3ATO M0JIe BEIECTBEHHBIX 9uCes, T.e. K, COCTOHT M3 BCEX Ti-
MEPHEBIX BEKTOPOB C JIOOBIMH BEIECTBEHHBIMH KOODAHHATAMH.

BekToph €1,€s,...,€, U ¢ 3a0aHbl CBOMMH KOODAMHATAMH B HEKOTOPOM Ga-

3uce. floka3aTh, YTO BEKTOpH! €1,€3,...,€, caMmH obpasywr Gazuc U HalTH

KOODHUHATH BEKTOPa & B »TOM bazuce:

1277. e; = (1,1,1}, e2 = (1,1,2), e3s = (1,2,3); = = (6,9, 14).

1278, e; =(2,1,-3), e2 = (3,2,-5), e3 = (1,-1,1); € = (6,2, 7).

1279. e; =(1,2,—-1,-2), e2 = (2,3,0,-1), e3 = (1,2,1,4), eg = (1,3, -1, 0);
= (7,14,-1,2).

,[[OKEB&TB, YTO KaxKJasda H3 ABYX CHCTEM BEKTOPOB ABJACTCA Ha3HCOM H HAHTH
CBA3L KOODAHHAT OOHOTO M TOrQ XK€ BCKTOpa B 9THX OBYX 633HC3.X'

1280. ¢ = (1,2,1), e2 = (2,3,3), 83—(371)61—(314) = {5,2,1),
ei’. = (1,1,~ 6)
1281. ¢; = (1,1,1,1) ez =(1,2,1,1), e3=(1,1,2, ) = (1 3,2,3)
3_ (1,0,3,3), e "2 (-2 3 -5, —4), 83—(
= (=2, -3, ~4, ~4).

1282, Haﬁm KOOPAUHATL! MHOTOYJIEHA
flx) =@o+ 1% + aox’ + - - + anx

a) B Gasuce 1,z,2°%,...,2™;
6) B6asuce 1,z—a, (z—a)?,...,(r—a)", BEACHUB, 4TO TIOCHIEAHNE
MHOTOYNIEHb! JEHCTBHTENBHO 06pasyror (azuc.

Tt
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1283. Haittu wmatpuny mnepexoma or ©Gasmca 1,z,7%,...,2" k 6Gasucy
Lz —a,(z — a),...,(¢ — @) NpocTpaHCTBA MHOTOYIEHOB CTEIEHH,
MeHbIIeH Wi PABHOH n.

1284, Kak u3MEHHTCH MaTpHUIa epexola oT ofHoro 6a3uca K ApyroMy, ecnu:

a) NOMEHAThH MECTaMH JBA BEKTOpa nepeoro Hazmca?
0) MOMEHATH MECTaMM JBA BEKTOPA BTOporo Gaszuca?
B) 3anucaTh BeKTOpHl ofoux Bazucos B ofparHoM nopsaxe?

fApngerca nu NUHEeHHBLIM noAnpoOCTPAHCTBOM COOTBETCTBYHOIMETQ BEKTOPHOTO
NPOCTPAaHCTBA. Kaixaada U3 CAeOy X COBOKYITHOCTEH BEKTOPOB:

1285. Bce peKTOpPBI 7-MEPHOTO BEKTOPHOTO NPOCTPAHCTBA, KOOPAHHATH KOTO-
pBIX — HeJsible yucna?

1286. Bce BeKTOpE NINOCKOCTH, KAMKABIN U3 KOTOPBIX JIEXKHT HA ONHOH U3 oceli
koopaunat Ox u Oy?

1287. Bce BekTOpH! ILMOCKOCTH, KOHIBI KOTODBIX JIEXKAT HA JAHHOH npaAMOi
(Hauano JHGOTO BEKTODA, €CJIH HE OrOBOPEHO NIPOTUBHOE, NPEIosara-
eTcs COBHAJAIOMMUM ¢ HAYAIOM KOOPHHHAT)?

1288. Bece BeKTOpBI NNOCKOCTH, HaYaNa H KOHLEI KOTOPBIX JIEXKAT Ha HaHHOH
npsamoi?

1289. Bce BeKTOpbI TPEXMEpPHOro NPOCTPAHCTBA, KOHIBL KOTOPBIX HE JIEXKAT
Ha AaHHON NpamMoit?

1290. Bce BeKTOPBI ILIOCKOCTH, KOHIBI KOTOPBIX JIEKAT B NEPBOH YETBEPTH
CHCTEMBI KOODIWHAT?

1291. Bce BexTops! u3 R, KOODAWHATE KOTOPHIX YAOBJETBOPSIOT ¥ PABHEHHID
T1+ x4+ -+ x, = 07

1292. Bce Bextophl u3 R, KOOPANHATE KOTOPLIX YJOBJETBOPAIOT YPABHEHHIO
N+ o+, =17

1293. Bce BekTOph, ABAAWIIMAECH JHHERHBIMH KOMOMHALMAMH JAHHBIX BEK-
TOPOB: ®1,&s3,..., %k, U3 R,7

1294, Tlepeuncints BCE NUHEHHBIE MOANPOCTPAHCTBA TPEXMEPHOINO BEKTOPHO-
ro OpOCTPAHCTBA.

1295. Ilycre nuHeftHoe moampocTpancTBo Ly comeprkurca B AUHEHHOM IOA-
npocrpanctBe Lo. okasark, uTo pasmepHocTh L He BrIE pasmep-
HocTH L, npHyeM pa3MepHOCTH PABHbLL TOMJA M TOJBKO TOrAa, KOTHa
Lj = Ls. Bepro nu nocnenHee yTBepKIEHAE B MIOOBIX ABYX JIHHEH-
HBIX NOANPOCTPAHCTB NAHHOTO MpOCTpaHcTBa?

1296. [okazaTh, 4TO €CAH CyMMa pPa3sMEpHOCTEl ABYX AMHEAHBIX [OANPO-
CTPaHCTB 7-MePHOrQ NPOCTPAHCTBA OOJIbIIE b, TO 3TH NOMIPOCTPAHCTEA
UMelT o0mUi HeHYNeBO#l BeKTOp.

HoKkazark, 4To cliesyromue CHCTeMBl BEKTOPOB 00pa3yloT AMHEHHble NOAnpo-
CTpaHCTBA, U HAlTH uX 0a3UC ¥ Pa3MEepPHOCTH!

1297. Bce n-MepHBIE BEKTODEI, ¥ KOTOPBIX NepBafd M MOCAEIHAA KOOPAMHATHI
PABHBL MeXKAy coDoi.
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1298.

1299.

1300.

1301,

1302.

1303,

1304,

1305.

1306,

1307.

1308,

1309,

637173

Bee n-MepHBIE BEKTODH, ¥ KOTOPBIX KOOPJMHATH C YeTHLIMH HOMEPAMH
PaBHEI HYJIO.

Bee n-MepHbIE BEKTOPH, ¥ KOTOPBIX KOOPAMHATHI C YETHBIMU HOMEPAMH
paBHBI Mexay coboli.

Bece n-mepHrle BekTopH Buga (o, G, 0,8, 0, 8,...), rae o u §— nobuie
YHCITA.

JJoKa3aTe, 4TO BCE KBAIPATHLIE MATPUIIH [OPAJKA 7L C BEILIECTBEHHBIMU
asieMeHTaMH (MM 3JeMeHTaMM U3 nroboro nods P) obpasyior sexTop-
HOE MPOCTPAHCTBO HAJ IMOJEM BEILleCTBEHHBIX HHCeN (COOTBETCTBEHHO
Han noseM P), eciu 3a oOlepanmyd B3STh CIOKEHHE MATPHI U YMHO-
JKeHue MaTpuukl Ha 4ucao. Halith 6a3uc ¥ pasMepHOCTE 3TOrO IpoCT-
PAHCTRA.

JoKa3aTh, 4TO BCE MHOTOWIEHE! CTEIEHN < 7 OT OJHOIC HeM3BECTHOTO ¢
BEIIECTBEHHBIME Ko3(dbunuenTamMu (wiu ¢ KoahdunueHTaMu u3 Joboro
nons P) o0pasyrT BEeKTOPHOE NPOCTPAHCTBO, €C/IH 32 ONEPAINH B3SATh
OBBIYHEBIC CI0KeHHE MHOPOYJIEHOB M YMHOMKEHUE MHOTOYNIEHA HA THCIO.
Hann 6azuc ¥ pasMepHOCTL 3TOTO NPOCTPAHCTBA.

JlokazaTk, 4TO BCe CHMMETPHYECKHE MATPULILI 00pa3yYIOT AHHEHHOe nojI-
IIPOCTPAHCTBO IPOCTPAHCTBA BCEX KBAJPATHBIX MATDHI] IOPSIAKA n.
Haniti 6a3uc 1 pasMepHOCTE 3TOTO MOANPOCTPAHCTBA.

JokazaTh, YTO KOCOCUMMETpPUYECKHME MATPHObL! 06pa3yloT AuHEHHOe
NOATNPOCTPAHCTRO NPOCTPAHCTBA BCEX KBAXPATHLIX MATPHL NOPSAKA 7.
Haitt 06a3nc W pasMepHOCTH 3TOTO MOANPOCTPAHCTHA.

Jokazare, 4T0 ecsiM AHHENHOE NOANPOCTPAaHCTBO L mpocTpaHcTsa MHO-
rOYJIEHOB CTENMEHH € 7 COOEPXKUT XOTs OBl OJUH MHOTOYJIEH CTeNeHH &
mag k= 0,1,2,...,p, HO HE COJAEPXKUT MHOIOYJIEHOB CTENEHH Kk > P,
TO OHO COBNaZaET C MOANpocTpaHcTBoM L, BCEX MHOIOYJIEHOB CTene-
HH & p.

[Iycte f— HeoTpulaTenbHAsA KBaJpaTU4Has dopMa OT 1 HEH3BECTHBIX
paura r. Jloxkasats, 4TO BCe pemeHus yparHeuhs f = 0 ofipasywor
(n — r)-MepHOE NMHEHHOE NMOANPOCTPAHCTBO NPOCTPAHCTRA R,,.
JloKazaTh, 4TO pemeHns 000 CHCTEMBl ONHOPOIHBIX JUHEIHBIX ypaB-
HEHMH ¢ n HEM3BECTHBIMH DPaHra r o0pa3ylT JHHel{HOe NOANPOCTpaH-
CTBO n-MepHOro npocrpancrsa I, pasmepHocTs d = n — r u, obpar-
HO, A J00oro JTHHeHHOTO noxnpocTpaHcTBa L pasmepHocTn d mpo-
cTpancTsa R, cyllecTsyeT CHCTeMa OJHOPOAHLIX JIMHENHLIX YPaBHEeHH
C M HEM3BECTHBLIMU PAHTA T = N — d, PEIIEHHST KOTOPOH 3amOJHAIT B
TOYHOCTH RAHHOe noAnpocTpaHcTBo L.

HaiiTu kako#-Hubynp 6Gazuc ¥ pa3MepHOCTh NHHERHOTO TOALPO-
crpaicrea L npocrpancrea R,, ecnu L 3amaHo  ypaBHeHMEM
zy+To+ - +xn =0

JloKazaTh, YTO pa3zmMepHOCTL AHHEeHRHOro moanpocrpancTsa L, HaTaHy-
TOrO HA BEKTODPHI &1, &2, ..., Lk (T €. TOANPOCTPAHCTBO BCEX JHHEHHBIX
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'KOMOUHAIME RAHHBIX BEKTOPOB)}, PABHA DPAHIY MATPUILI, COCTABJIEH-
HON M3 KOOPAWHAT MAHHBIX BEKTOPOB B KakoM-HHOyIp Oaswmce, a 3a ba-
3UC noanpocTpancTBa L MOXKHO B3aTH MI00YH0 MAKCHMAJBHYIO JIMHEHHO
HE3ARMCHMYI0 OXCHCTEMY CHCTEMBI HaHHBIX BEKTOPOB.

Haitty pasmeprOCTh U Ha3uC MUHENHBIX NOANPOCTPAHCTE, HATAHYTHIX HA, CJie-
AyIOIiHe CHCTeMBbl BEKTOPOB:
1310. o; = {1,0,0,-1}, a2 = (2,1,1,0), a3 = (1,1,1,1), a4 = (1,2,3,4),
a5 = (0,1,2,3).
1311. a; = (1,1, 1 1 0), a2 =(1,1,-1,-1,-1), a3 = (2,2,0,0, -1},
a4 = (1, 1 5 5 ,2), as = (1, -1 -1,0,0).

HatiTu cucreMbl JMMHefHEIX ypaBHEHH, 3aJalolIye JHHEAHbIE MOATPOCTPAH-

CTBa, HATAHYTHIE Ha CJERYIOLIME CHCTEMbLl BEKTOPOB:

1312. a; = {1,-1,1,0), a2 = (1,1,0,1), a3 = (2,0,1,1}.

1313. ey =(1,-1,1,-1,1), as = {1,1,0,0,3), a3 = (3,1,1,-1,7),
aq = (0,2,-1,1,2).

1314. Joka3zars, 4TO CYMMA M OEPECEYEHHE ABYX JHHENHBIX MOANPOCTPAHCTE
npoctpaHcTsa Yy, caMy ABAANTCA NHHENHBIMA IMOANPOCTPAHCTBAMH TO-
TO Ke TIPOCTPAHCTEA.

1315. [fokazaTs, 4yTo cyMMa S = Lj + Lo AByX NHHEeHHBIX NOANPOCTPAHCTE
npocrpancTBa F,, paBHaA IepecedeHUIc BCeX JUHENHBIX MOATPOCTPAHCTS
uz R,, conepxamux kak Lq, Tax u Lo,

1316. Jokazarb, 4TO CyMMa Pa3MEPHOCTEN BYX JIHHERHBIX MOANPOCTPAHCTE
npocTpaHcTBa H, paBHA PA3MEPHOCTH CYMMBI ILTKOC Pa3MEPHOCTHL Me-
PecedeHns 3THX IOJIPOCTPAHCTB.

Haitti pa3amMepHOCTE S CYMMBI H Pa3MepHOCTh d nNepecedeHus JHHERHBIX Noj-

npocrpascTs: L, HATAHYTOrO Ha BEKTOPH @1, a2, - . ., &, 1 L9, HATAHYTOTO Ha
BeKTOpEl by, b, ..., by

1317. a1 = (1,2,0,1}, a3 = (1,1, 1 U ) b =(1,0,1,0), by = (1,3,0,1).
1318. al—(llll),a2=(1 )(1-3-~(13].3);

bi =(1,2,0,2), b = (1,2,1,2), by = (3,1,3,1}.

13197 Ilycts Lj — nuHeliHOe NOANPOCTPAHCTBO mpocTpaHeTsa R, ¢ 6asucom
a1, as,...,a 1 Ly —smHeliHOE NOANPOCTPAHCTBO TOrQ K€ MPOCTpaH-
¢TBa ¢ BasucoM by, bo,..., by

HoKazarh crexyomue npaBHA3 MOCTPoeHHs Oasnca CyMMEI S =
Ly + Lo u Gazuca nepecevenua ) = Ly N Ly

1) BasucoM CyMMBI S CHYXHUT MAKCHMAJILHAS JIMHEHHO HE3ABHCH-
Mas TIOACHCTEMA CUCTEMBbI BEKTOPOB @y, ...,ax, by,...,b. Ero mocrpo-
€HHe CBOJMTCA K BBHIYHCJIGHHIG DAHTA MATPHUL U3 KOOPAMHAT 3TOH Mo-
CleRHEN CUCTEMbI BEKTOPOB;

2} 6asnc cyMMBI S MOXKHO NONYYHTh, M0BABNAS K JTUHEHHO He3aBH-
CHMEIM BEKTOpaM aj,. .., () HEKOTOpPHIE U3 BeKTOPOB by, ..., b (3ama4a
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659). Mensas, ecnn norpebyercs, NOPAAOK NOCIEAHHX BEKTOPOB, MOYKEM
CUHTATDb, YTO BEKTOPH Qy,...,ak, b1,...,bs_p oBpazyroT Gazy S.
Pagencreo
iy + -+ Teap = by + -+ uiby (1)

9KBHBAJEHTHO CHCTEME T OJZHODOAHBIX JIMHEMHBIX ypaBHeHuit ¢ &k + [
HEU3BECTHBIMH 21, ..., Tk, Y1,---, Y paura s. TAK Kak nepBuie § CTOMH-
0B MaTPHIE! CHCTEMBl JHHENHO He3aBHUCHMBbl M, 3HAUHT, XoTA OBl OAHH
MHMHOD HOPSIAKA § B 9THX CTonNONAX OTAWYEH OT HyNs1, TO 3a CBODOJHEIE
HeU3BECTHbIE MOXXHO NPMHATE Nocnenuue k + ! — s = d Hen3BeCcTHBIX

Yg—kils -« Y- IIOITOMY MOXKHO HAlTH dyHRAMEHTAILHYIO CHCTEMY pe-
[eHHH
Ti1y Ti2y - - s Tiky Wil Yis -, Vi, (= 1,2, ..., d) (2)
18 cuCTeMbl ypaBHeHn#l (1) Takywo, 4ro
Y9s—k+l -+ Y11
................ #0; (3)
Yds—k+l -+ Ydi

rorga 6azmcom nepeceyenus D) gpyiaercsa cucrema BEKTOPOB

czzzyijbj (i=1,2,...,d). (4)
J=1

3AMEYAHUE. Tak xak d = k + 1 — 5, To 3THM JaHO BTOpOE peieHue
3a0a4u 1316.

Hanri 6asucht CYMMEI H IepeCevdeHnn JIHHEeHHBIX noanpoCTpaHCTB, HATAHY THIX

HA CHCTEMBI BEKTODOB &1,...,Q% W by,..., b
1320. a; = (1123 1)) az = (11 1, _1)! 0.3 = (1131 3):
b =(2,3,-1), by = (1,2,2), by = {1,1,-3).
1321. a; =1(1,2,1, 2) az = (2,3,1 0), az =(1,2,2,-3);
bl = (1)131 1)! 2 = (1301 1: 1) b3 = (1)3101*4)
1322, a; = (1,1,0,0), az = (0,1,1,0), a3 = (0,0,1,1);
b =(1,0,1,0), b2 = (0,2,1,1), b3 = (1,2,1,2).
1323. HoxazaTk, YTO €CNH DPA3IMEPHOCTBE CYMMBI JABYX AHHEHNHBIX MOANPO-

1324,

CTPAHCTE NpocTpaHCTRa R, Ha expuuuy Gonbure pasMepHOCTH HX Ie-
peceveHnsl, TO CYMMa COBIAJAST ¢ OZHAM H3 ITHX NMOANPOCTPAHCTSB, &
nepeceyeHne — ¢ OPYTHM.
Ilycre L, L1, Ly — nurefinbie nognpocTpaHcTea npocrpacTsa R,,. Ho-
Ka3aTh, 4To L Torma u Tonnko Torpa 6yner npsimo# cymmoit L, Lo,
KOTrAa BBINMOAHAKTCH YCHOBI‘IHI

a) L comepxur L; u Lyg;

6) kaxppii BekTOp ® € L 0{HO3HAYHO OPEACTABASAETCA B BUAE & =
®y + @9, Tae @1 € Ly, ®s € Ly, UnptMu ciopamu, cymma L = Ly + Lo
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1325.

1326,

1327.

1328,

1329,

1330.

1331.

TOrJA H TOJABKO TOMZA ABAAETCA OPAMON CyMMmoil, Korja masa Jo6oro
BekTopa ® € L npencraBieHne x = @ + &9, e ©1 € L, ®o € Lo,
OXHO3HATHO.

Jokazare, uro cyMMa 8 nueeliapx nognpocrpadcts Ly 1 Lo Torma n
TONBLKO TOrAa OyAeT npsiMo#t cyMMOlt, KOraa xoTs BLl OMHH BEKTOD & €
S ODHOSHAYHO NPEeACTABAAETCS B BHIE & = X + &9, rie &1 € L,
@y € L.

[IycTs nuueiiHoe noanpocrpalcTso L sisnsieTcs npsiMoit cyMMoft iHHel -
HeIx nopnpocrpadcTs Ly m Lo, Jlokasars, yro pasmepnocts L parna
cymme pasmepHocTelt Ly u Lo, npuyem mobeie 6asucnt L) u Lo pasor
sMecTe Gasuc L.

Joka3aTs, 410 4a8 modoro MHEENHOTO noanpocrpadcTea Ly nmpocTpas-
crBa R, MOXKHO HaliTH Apyroe MoANpoOCcTpaHCTBO Loy, Takoe, 4uTo BCe
npocrpancTeo I, dyrer mpsiMolt cymMmoil Ly 1 Lo,

llokazatk, 4To npocTpaHcTEe R, €CTh NpaAMad CyMMa ABYX JTHHEHHBIX
nognpocrpaicTs: L, 3aaHHOrO ypaBHeHMeM | + o + - + x, = 0,
n Lo, 3ajaHHOr0 cucTeéMOl ypaBHeHHE x| = T9 = .- = I,. HaliTh
NPOEKIUH eAUHWYHBIX BEKTOPOB

e1=(1,0,0,...,0), ea = (0,1,0,...,0),..., ex = (0,0,0,...,1)

Ha L, napannensno Lg u ua Lo napannensio L.

JokazaTh, 4TO NPOCTPAHCTBO BCEX KBAAPATHHIX MATDHI, TOPALKa T
€CTh TIPAMAA CYMMa, JHHEeMHBIX TTOANpocTpaucTs Ly — cuMMeTprYeckix
u Ly — kococummerpuyeckux mMaTpHu. Haiitu npoexnuu A; u As maT-
pHIBI

11...1
0

e
00..1

Ha L, napannensuo Le u wa Lo mapannensuo Ly.

Jokazarhk, 4To peurenus moboi COBMECTHON CHCTEMbI JHHEHHBIX YPaB-
HEHUH ¢ N HEW3BECTHHIMM paHra r o0pa3yloT JuHeiHOe MHOoroobpasue
npocrpaucTsa R, pasmepHocTd d = n — v u, obpaTHo, Ana Ja0bHOro
d-MepHOro nuHelHOro MHorooOpasust P npocrpancrea R, cymecreyer
CHCTEMA JIMHEHHBIX YPABHEHHH ¢ N HEM3BECTHLIMHU paHra 7 = 1 — d
peIueHns] KOTOPO# 3aNOMHAIOT B TOMHOCTH JaHHoe MHoroobpazue P,
Tlycts maHB! BBA JIMHEHHBIX MHOrOOOpasua {cM. BBegenne) Py = Li+x;
n Py == Ly + x5, e Ly, Ly — nuneitnble NOAOPOCTPAHCTEA U &1, £ —
BEKTOpLI NpocTpancTea F,. JdokazaTe, uto Py = Py Torga u TOMBKO
rorga, korpa Ly = Lp m @) — @y € Ly. Takum obpa3oM, JuHeitHoe
[POCTPAHCTBO, NMAPAJJIEJILHEIM CABHETOM KOTOPOrO MONY4YaeTcd IJaHHOE
MHOroobpazue, onpeAeseHo OJHOSHAYHO,

1
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1332.

1333.

1334

1335.

1336.

Haiiru
1337.

1338.

1339,

Hairru

HoxkazaTs, uro ecnu P = L + ®p, rae L — nunefinoe noanpocTpaHcTso
H @ — BeKTOp npocrpaHcTea R, TO BEKTOD &g NPHHARJIEKHT MHOTO-
obpasuo P u nocnae 3aMeHLl 3TOr0 BEKTOpa fIOOBIM BeXTOpoM & € P
NOJIYYaeTCH TO ke camoe MHoroofpasue P.

JloKazaTh, 4TO €¢I NpaAMas UMeeT JBe obIue TOUKH ¢ JHHEeHHBIM MHO-
rooGpasueM, TO BCS OHa COAEPIKHUTCH B 3TOM MHOT00o0pa3nn (npu aToM
TOYK3 OTOKJECTBAAETCA C BEKTOPOM, HMEHIINM Te JKe KOOPAHHATHI,
T.€. WAYIIMM M3 Hadala KOODAMHAT B JAHHYIO TOUKY).

Joxkazarb, yTo nwbrle Ase npamble npocrpaHcrea R, (n 2 3) coaep-
KATCsl B HEKOTOPOM TPeXMepHOM JNHHEeMHOM MHOTOODDAasHH, JeXKalmeM
5 R,.

Haittu ycnoBus, HeoOXoaumbie W HOCTATOYHHE I8t TOTO, 9T06BI ABE
npaMee & = ag+ ayt 1 & = by + b1t npocrpancrea R, (n > 1) nexxanu
B OIHON NJIOCKOCTH.

HatiTu HeoOxomuMEle H AOCTATOYHEIE YCJIOBHSA RJs TOTO, YTODLI ABe Npsi-
Mble & = ag + a1t u & = bg + byt npoxogunn yepes oiHY TOUKY, HO He
COBIAAATH. YKA3aTh METO)| OTHICKAHHA TOYKH IEPEeCcedeHns 3THUX HpH-
MBIX.

TOYKY NEPECeYeHHd ABYX TPAMBIX ag + a1l u by + bit:

&y = (2r 11 1}33 _3)3 a) = (2133 11 11 _1)1
bO (11 112:1:2)! bl = (112111011)'
as=(3,1,2,1,3), a1 = {1,0,1,1,2);

by = (232:*1:"_1=""2)) b = (2:1!0:1!1)'

Haittin yenoBus, Heo0X0MUMBIE H JOCTATOYHHE A TOCG, 9TOORI Yepes
TOUKY, 38JJaHHYK0 BEKTODOM €, MOXKHO OBLIO NpPOBECTH €IUHCTBEHHYIO
IPAMYI0, IEPECEKAIOIIYIO /IBE AAHHBIE NPAMbBE £ = ag+ ajt u @ = by +
bit. Ykasare MeTON NOCTPOEHHS TakKoH NPAMOH M TOYEK NepecedeHHs
€€ ¢ HJAHHBIMHY IPAMBIMH.

NPAMYI0, TPOXONAULYIO YEpeE3 TOYKY, 33JaHHYH) BEKTOPOM € H TIepece-

KAOLLYIC OpsAMEIE & = ag + ait, & = by + byf, 7 HaliTy TOUKH TepeceyeHnsn
HCKOMOI NpsMOif ¢ ABYMsS AAHHBIMH IPAMBIMU:

1340.

1341.

1342.

1343.

Qg = (1:0!_2)1)! ay = (1!21_1)_5)1

bo=(0.1,1—1), b = (2.3, ~2,—4) ¢ = (8,9, —11, —15),
o — (11 1,1, 1)! a; = (1121 110):

bg = (2=213:1)! b = (13011:3)! c= (4159277)

HoxazaTk, 4ro mobrie ABe NA0CKOCTH TpocTpaHeTea M, comepxkarca B
JmHeltHoM MHOroobpasuu paismepHocTH € 5.

JHoxazaTs, uTo ABa NMUHERHEIX MHOr006pa3uda npocrpancrsa I, pasmep-
Hocrelt kK W | COOTBETCTBEHHO COHEPKATCHA B JIMHEHHOM MHOrooGpaznm
pasMepHocTH < k + 1§ + 1.
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1344,

1345.

1346.

13477

Joxazark, uTo ecnu ABa. AMHEHHBIX MHOrooOpasus — P pasmeproctu k
¥ € pasmeproctu [ —npocrpancTsa R, uMeoT o0y TOUKY, IpHYEM
k+! > n, To uX nepecedyeHye eCTkL JIHHEHHOE MHOr006pa3ne pa3MepHOCTH
2 k +1 — n. Kakue TeopeMBl BBITEKAIOT OTCIONa ANA TPEXMEPHOTO H
YEThIPEXMEPHOrO NPOCTPAHCTB?
Omucars BCe Cy4yad B3aUMHOTO DACHOJIOKEHHS JBYX IVIOCKOCTEH & =
ag + a1t] + asty u @ = by + bit; + baofs B n-MEPHOM OPOCTPAHCTBE H
YKa3aThk HeoOXONUMBIE H JOCTATOYHBIE YCIAOBHS O/ KaKAOLO M3 3THX
CIIy4ALE,
Hycts

ag, a1 ...,a, (1)

— nobrie k+ 1 eekTopos npocTpancTea B, JokasaTh, YTO BCE BEKTOPLI
BHUAA

& = agap + a1a1 + - + way, (2)
The 9MCha 0, (], . . . , (% YAOBJAETBOPSIOT YCJIOBHIO
at+ap+-tap=1, (3)

00pasyoT JuHeitHoe MHorooOpasue P, pasmMepHOCTh KOTOPOrO PABHA
PAHTy CHCTEMbl BEKTOPOB

ai — aqg,-..,0r — ag. 4

P ectb MHOroOGOpa3sne HAWMEHBIIEH PA3MEPHOCTH, COZEPIKAIEe BCE
BeKTOpHl (1). Ponb ap Moxer urpars moboti u3 3Tux BekTopos. Ofpar-
HO, Ana nioboro k-mepHoro munednoro muorooGpasus P cymecrsyer
cucreMa k + 1 Bexropos (1) Takas, uro P COCTOMT M3 BCEX BEKTOPOB
BIAa (2) npu ycnosuu (3), npudem cucTeMa BeKTOPOB (4) NMHEHHO He3a-
BHCUMA.

Ompeaxom ¢ KOHUGMU 6 TO¥KAZ, 3G00HNWET GEXINOPAMYU Q), Q3 NPO-
cmparcemes R, HA3bIBAETCH COBOKYIHOCTh BCEX TOYEK, 3aJaHHBIX BEK-
TOpaMH BHAA & = &a) + oy, The a1 +as = 1w 0 € o1 € 1,
0 € ag € 1. Muoxkectso M Touex npocrpadcTsa J, HasblBaeTCA eb-
nYXABM, ECIH B JOOLIX ABYX TOUeK M3 M Bech OTpe30X ¢ KOHIAMM
B 9TUX To4YKax cojepykurca B M. [lokasarh, 4To mepecedenne Jo6oi
CHCTEMBI BBIMYKJIBIX MHOXECTB IpOCTpaHcTBa I, ecTh BHOYKIIOE MHO-
#ecTBO. Bunyxanim samnixanuesm darnnozo muosicecmean A us R, Hasbl-
BaeTCA NepecedeHNe BCeX BEINYKALIX MHoXKecTB u3 R, conepaxamux A.
JloxazaTh, YTO BRIIYKJOE 3aMbIKaHHE KOHEYHO CHCTeMbl TO4YeK 3 R,

33JAHHBIX BEKTOPAMH a1, @3, ..., Ak, COCTOUT U3 BCEX TOYEK, 33AAHHBIX
k
BeKTOPaMH BHAa & = ®1a] + QaGy + - + apag, £ Za,- =1mu

=1

0<a; €16 =12,...,k).
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1348 Hairrn opmy Tesa, NORY4EHHOrO B CEYEHHH YeTLIPEXMEePHOTo Imapaliie-
nenuneaa (B caydae NpaMOYroabHON AEKAPTOBOM CUCTEMB KOOPAMHAT —
geTnipexmeproro ky6a) x;| € 1 (i = 1,2,3,4) TpexmepHOl runepnioc-
KOCTBK) ¢ YpaBHeHHEM I + Z7 + 23 + x4 = 0.

13497 HaliTn NpoeKUHd YETHIPEXMEPHOTO TETPa3j/ipa, OCPAHUYEHHOT( KOOp-
IHHATHEIMHA TPEXMEPHBIMH INOANPOCTPAHCTBAMU H FHIEPIAOCKOCTHIO
1+ 9 + 23 + x4 = 1, HA mOANPOCTPAHCTBO £] + X2 + T3 + 14 = 0
napajieflbHO OpaAMolt Ty = o = T3 = 4.

13507 HoxasaTe, 4TO RMATOHANL T-MEpDHOrO TNapaJJiefenunesa JeAMTCA Ha
n paBHBIX YacTell TOYKaMH nepecedeHns ee ¢ (n—1)-MepHEIMHI AUHEeNHEI-
MM MHOT000pa3sHAMY, [IPOBSASHHBEIMH Yepe3 BCe BEPIIHHEI Hapaniselie-
MUOEAA DAPANIENBHO JHHENHOMY MHOr00Dpa3nio, NpOBeIeHHOMY UYepes
KOHIIBI BCeX n pefiep, HAYATO KOTOPBIX COBOAJAST C OJHUM M3 KOHIOB
JAaHHOH AOHaroHamu,

§17. EBKIMAOBBI 1 YHUTAPHbIEC IIPOCTPAHCTBA

Eexaudoevism (COOTBETCTBEHHO YHUMGPHWM) TIPOCTPaHCTBOM R, HaselBaeTcH
N-MEPHOE BEKTOPHOE NPOCTPAHCTBO HAJ NOJIEM BELIECTBEHHHIX (COOTBETCTBEH-
HO KOMIUIEKCHBIX) YHMCEJ, B KOTOPOM Ka)XJ0# Nnape BeKTOPOB &, Y IIOCTABJIEHO
B COOTBETCTBUE BEINECTBEHHOE (COOTBETCTBEHHO KOMIJIEKCHOE) 4YHCao (X,y),
HA3BIBAEMOE CKAJIAPHHIM OPOU3BEAEHHEM ITHX BEKTOPOB, NPHUYEM BhINOJHEHBI
YCJIOBHAL!

a) B Cydyae eBKAMHOBA MPOCTPAHCTBA!

(®,9) = (v,2), (1)
(21 + @2, y) = (w1,y) + (w2, ), (2)
(cm:, y) = a(m,y) (3)

s m060ro BemEeCcTBeHHOrO 4UCIa o)
ecmn ¢ # 0, o (z,2) > O {4)

6) B caydae YHMTapHOrO MPOCTPAHCTBA:
(z,y) = (y, @), (1)
(14 22,9) = (1, ¥) + (T2, %), (2
4T0 cosnagaer c (2),

(ox,y) = o=z, y), (31

Ins Arob0oTO KOMIUIEKCHOPO YHCHA o
ecm & # 0, To (e, ) > 0, (4)

4yro coBmagaer ¢ (4).
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Baznc (unu Boobme cucTeMa BEKTOPOB) €1,€3,..., €, HA3LIBAETCA 0pmo-
HOPMUPOGAHHBIM, ECIIH
(ene) =1 0 oomn i %)
, €CTIH 1 F# 5.
Ecnn wer apyrux ykazaHuli, TO KOODAHHATHI BCEX BEKTOPOB NPEIONAra-
10TCA B3ATHIMH B OPTOHOPMHDOBAHHOM bazmce.
BexTopk M ¥ Ha3BIBAIOTCA OpMo2oHGAbHBMY, eciH (X, y) = 0.

IIporeccomM OpTOroHANM3AIMU CHCTEMbI BEKTOPOB @), @9, . . . , &g HAZLIBAETCH

nepexofy OT 3TOH CHCTEMbl K HOBOU cucreme by, bs, ... b, nocTpoenno cieny-
k-1

(ak, b;)

oM obpasoM: by = aq; by = ag — Zcibi (k=2,3,...,8),tne ¢; = W
i=1 3 B 3
(i=1,2,...,k—1), ecoiu b; £ 0, u ¢; —oboe uncno, ecn b; = 0.
3HaYeHNE ¢; MONYYAeTCA YMHOXKEHNEM PABEHCTBA, BHIPAKAIOLWETro by vepes

arub; (i=1,2...,k—-1), sa b; npu ycnosun, uro (b, b;) = 0.

1351. HokazaTk, 4TO H3 CEOHCTB CKAJIAPHOrO NPOH3BENEHMA, YKA3AHHLIX BO
BBEJEHHMH, BBEITEKAIOT CJeAYIOINE CBONHCTBA:
a) (&, y1+ys) = {2, y;) + (2, yo) 15t MOGLIX BEKTOPOB €BKIMIIOBA
(WM YHHTAPHOTO) NPOCTPAHCTBA;
0) (x,ay) = ofx,y) ana mobblx BEKTOPOB I,%Y EBKJINUIOBA NpO-
CTPAHCTBA H AIOGOr0 BEMIECTBEHHOIO HHCIA o)
B) (x,ay) = @(z,y) aa mobbIx BEKTOPOB &,y YHHTAPHOTO IpO-
CTPAHCTBA M A060r0 KOMILIEKCHOTO YHCHA
r) (@1 — ®2,y) = (21,¥) — (T2, Y);
A) (z,0) = 0.
1352, Kakumu ceoficTBaMH JO/DKHa oOmagats OuauHelinas <opma g =

n

Z a;;T;Yy; ANA TOro, 4TOOLI ee 3HAYEHHE OT KOODAMHAT ABYX JIHOOBIX
ij=1
BEKTOPOB

m:(xl:x%‘”)xn)! yz(ylsy%"'yn)
BEMIECTBEHHOTO BEKTOPHOTO npocTpaucTea IR, B HExoTopom 8asnce e,
€9, ..., € MOXKHO OBIIO TIPHHATE 33 CKAJAPHOES MPOHM3BEIEHHE ITHUX
BE€KTOPOB, ONpPEENsIOIIee n-MEPHOE eBKAMROBO MpocTpaHcrso? Yemy
PaBHBI CKANSIPHBEIE NIPOHU3BEJEHHA BEKTOPOR BhIOpaHHOro Gazuca?

T

1353. Tlycts maHa 3pMHTOB3. BHnHHelHas dopma g = Z Qi TiY;.
ig=1
Yepra HAJ HEMIBECTHBIM ¥; O3HAUAET, YTO IPH 3aMEHE IY; ero YHC-
JIOBBIM 3HAMEHHEM &j CAELYET §; 3aMEHAThH KOMINEKCHO CONPAXKEHHBIM
3HadenueM &;. Ilycrs marpuna A = (a;;)] 3To#t HOpPMBI IPMUTOBA, T. €.
a;; = a5 (4,§ = 1,2,...,n). [lokazare, 4T0 3HAYEHUA COOTBETCTBYIO-
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1354,

1355.

1356.

ki)
mel 3pMHTOBON KBaApaTwuHo# dopMul f = Z @;;T;T; NpH JOOBIX
i,j=1
KOMILIEKCHBIX 3HAYEHAAX 1, T2, ...Tn BEIIECTBEHHBI, H eCiu (opma f
MOJIOKUTENABHO onpedeneHHa, T.e. f > 0 npu mobbiX KOMIIEKCHBIX
3HAYEHHAX Ty, L3, ...In, HE BCE H3 KOTODBIX PaBHBl HYJIO, TO 3aJa-
k1

HHE CKAJISIPHOTO [IPOM3BEACHUSA PABEHCTBOM (Z,y) = E 052y, THE

i,4=1
T1,---+Zn U Y1,-- . ; Yn — KOOPZUHATE] COOTBETCTBEHHO BEKTODOB & H ¥
B HEKOTOpoM Bazuce €y,...,€, KOMIJIEKCHOTO BEKTODHOIO IPOCTPAH-

ctBa R,, npespaluaer 5T0O NpOCTPAaHCTBO B YHUTAPHOE, MpHYeM mroboe
YHHUTAPHOE MPOCTPAHCTBO MOXKHO NOJYYHTH TAKAM NYTeM.
HMoKazaTh, YTO CKAJAAPHOE NPOH3BEAEHHE ABYX JIOOLIX BEKTODOB!

.’,E:(Il,ﬂ".,z,...,xn), y=(ylay2:"':yn)

eBKJIHIOBA NPOCTPaHCTBa TOrCOa H TOJABKO TOrAga BLIDAXKACTCH pPaBeH-
CTBOM

(@, y) =140 + Taya + - + Tnn,

Korfa 6a3uc, B KOTOPOM B3STHl KOOPAHHATHI, SIBJISIETCA OPTOHOPMMPO-
BAHHEIM.

[Iycte Ly u Lo — nuHelHbIE NOANPOCTPAHCTEA eBKANIAOBA (MM YHUTAD-
Horo) mpocrpascrea R,, npudeM pasmepHocrs Ly MeHbime pasmepHo-
ctu Lo; nokasats, uyTo B Lo HaltneTcs HeHY/NEBOM BEKTOP, OPTOrOHAb-
HBI# KO BCceM BekTopam u3 Lj.

Joxazars, uTo n0basg CHCTeMa NONAPHO OPTOTOHANBHBIX HEHYJEeBHIX
BEKTOPOB (B YACTHOCTH, Jr06as OPTOHOPMHUDOBAHHAS CHCTEMA) JAMHEH-
HO HE3ABHCHMA.

Hporepurs, 4TO BEKTOPEl CAEAYKOLIMX CHCTEM NONAPHO OPTOFOHAJILHEL, H J0-
DOJHATH MX JI0 OPTOTOHAJNBHEIX 0a3HCOB:

1357,

(1, =2, 2, —-3), 1358. (1, 1, 1, —2),
(2, -3, 2, 4). (1, 2, 3, —3).

Ha#iTi BekTOpbl, AONOAHAIHE CASAYIOIHE CHCTEMBI BEKTODOB OO OPTOHOD-
MHPOBAHHEIX Da3uCcoB:

1359,

21 2

3 3) 1360.
122
3'3'73

H

H

11
)
1.1
272
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IpuMenas npouecc OPTOTOHANMBANMK (CM. BBEAEHHE), NOCTPOUTH OPTOrOHAb-
HBIH §a3KC NOANPOCTPAHCTRA, HATAHYTOIO HA NAHHYIO CHCTEMY BEKTOPOB!

1361.

1364.

1365,

1366,

1367.

1368.

1369.

1,2, 2,-1), 1362. (1,1,-1,-2), 1363. (2,1, 3,-1),
(1,1,~-5, 3), (5,8, -2, —3), (7,4, 3,-3),
(3,2, 8-7). (3,9, 3, 8). (1,1,-6, 0),

(5,7, 7, 8).

OpmozoHaavnusm donosnenuesm nodnpocmparcmee L npocmpancmea
R,, HazpiBaeTcs COBOKYMHOCTE L* BCex BekTopoB u3 R,, Kaxapili u3
KOTOPBIX OPTOTOHANEH KO BCem Bekropam u3 L.

JokazaTs, 4T0:

a}) L* asnsterca nuHeMHBIM MOANPOCTPAHCTBOM TIPOCTPAHCTBA R,;

6) cymma pasmepnocrett L m L* pasna n;

B) mpocTpaHcTBo , ecTh npaMas cymma nognpocrpaxcets L w L.
JlokazaTe, 94T0 OPTOrOHANBHOE AONONHEHHE K NHHEeHHOMY OANPOCTPaH-
crBy mpocrparcTsa R, ofnanaeT csoiicTBaMiu:

2) (L) = L; 6) (L1 +Lo)" = LN L},

B) (LinLy)*=L1+ L3 r) R, =0,0"=R,.

3aeck O — Hynepoe DOAMPOCTPAHCTBO, COAEPIKALIEE UMb HYJIEBOH
BekTop 0.

Ha#tTu 6a3uc opToroRaabHoro gononHedus L' nognpocrpancrea L, Ha-
TAHYTOr0 HA BEKTODHI:

a; =(1,0,2,1), a2 =(2,1,2,3), a3 = (0,1, -2,1).
JIuHe#HOe mOATpOCTPaHCTBe L 3a7aH0 ypaBHEeHHAMU:

2r1+ z3+3z3— 24=0,
3r + 219 —2ry =0,
3x1+ 20+9x3— z4=0.

HaiiTi ypasHeHus, 33Ja101(1€ OPTOTOHANLHOE JonosnHenne L.
ITokazare, uro 3agaHme mumeltHOro noanpocrpancrsa L npocrpas-
crea R, ¥ ero oproroHansHoro aononHenns L B opTOHOpMIPOBAHHOM
Ha3uce cBaA3aHbl TaK! KOXPGANUEHTH! JUHEHHO HE3ABHCHUMOHN CHCTeMEI
JMHEAHEIX YpaBHEHHHA, 3aAa0lIed OJHO B3 3THX MOAIPOCTPAHCTB, CIIy-
XKAT KOOPAHMHATAMH BekTopoB 0a3nca apyroro NOANPOCTPAHCTBA.
[Tycrs L — smueiinoe nognpocTpaHcTBo npocrpascrea R,. Joxasars,
4To ebolt BekTOp & u3 H, OAHO3HAYHO NPEACTABNAETCH B BUIE T =
Yy + 2z, rae y npuHagnexut L u z oproronanen k L. Bekrop y mazmiBa-
€TCsl OPTOrOHANBLHON mpOeKIyell BEKTOPa & Ha moAnpocTpaHcTeo L, a
Z — OPTOroHaNLHON cocTaBnsamel & oTHocuTensHo L. Yka3zaTs npuem
A BRIYHCJICHUSA ¥ U 2.
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HaitTH OpTOroHaJILHYIO MPOEKNHIO Y U OPTOTOHANBHYIC COCTABRJSIONIYIO Z BEK-
Topa & Ha JMHeHHoe noampocTpaHcTeo L:

1370.
1371.

1372,

1373?

1374,

13757

13767

1377.

x = (4,—-1,-3,4). L maranyro na Bexropsl a; = (1,1,1,1}, az =
(1,2,2,~1), a3 = (1 0,0, 3).

xz = (5,2,-2,2). L waranyTo Ha sekTopH a1 = (2,1,1,~1}, a; =
(1, 130) ag—(1281)
x = (7, ~1,2). L 3anano cucreMolt ypaBHeHHH

2r1+ @9+ xa+3zy4=0,
3r1 4202+ 2z + 23 =10,
21+ 220 + 223 — 94 = 0.

Paccmosnuem om mouxu, 3adanmoli aexmopom T, 00 AUHETHO20 MHO-
2006pasusn P = L + xy HasbiBaeTCd MUHHAMYM PacCTOAHHE OT KaHHOIR
TOUKH [0 TOYEK MHOroo0pasus, T.€. MHHHMYM [IUH BEKTOPOB T — U,
e - BeKTop MHoroobpaszus P.

Jloka3aTh, 4TO 3TO PACCTOAHHE PABHO ANHHE OPTOTOHAILHONA COCTaB-
AdI0We Z BEeKTOpa & — & OTHOCHTENBHO JHHEAHOTO DOANPOCTPaH-
crBa L, napannenbHeIM CABHIOM KOTOPOrO NOJIYYaeTcs MHOroobpa-
ane P.

HaiiTi paccToAHME OT TOUKM, 3aJaHHON BEKTOPOM &, J0 THHEHHOro MHO-
roobpa3us, 3aTaHHOr0 CUCTeMOl ypaBHeHRAH:

a) ¢ =(4,2,-5,1); 6) @ =(2,4,-4,2);
2r1 — 229+ X3+ 214 =09, 1+ 2x0+ 23— T4 =1,
2x1 — dxs + 223 + 314 = 12, x1 4 330+ 25 — 314 = 2.

JlokazaTe, 4TO paccToAnue d OT TOUKH, 3aJaHHON BEKTOPOM &, JIO JIH-
Hefinoro muoroobpasus P = L + xp, rae L — nuHeltHoe nognpocrpaH-
cTBO ¢ 62300 ay,as,...,a;, BHIYHCIAESTCA ¢ NOMOINBIC ONPEIENHTeNs
Ipama (cM. 3agaay 1415) mo dopmyse
G(GIJG'Q: y &L, & — :30)

G(ﬂ.l, aq, . ak)

& =

PaccrosHineM Mexy ABYMSA JHHeHHbIMH MHOroobpasusmu Py = Ly +
x1 4 Py = Ly + ®o HazHIBAETCH MHHHUMYM paccToaHull mobeIX IByX
TOYEK, OJHA M3 KOTOPBIX MpuHamnexuT Py, a apyraa — Pj. Jokasars,
9TO 3TO PACCTOsIHHE PABHO IJIHHE OPTOTOHANLHON COCTABAAIOMIEH BEK-
TOpa &) — T OTHOCUTENLHO JUHEHNHOTO noanpoctpacTBa L = Ly + Lo.
Hai#iTn paccrosaHne MexAy ABYMHA IUIOCKOCTAMH & = &1i) + &l + @4
Hx = ait; + agls + T3, ThE

a; = (1,2,2,2), as = (2,-2,1,2),

az = (2101 2!1)1 2y = (1)_2:0)_1);

z = (4,5,3,2), = = (1,-2,1,-3).



172
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1378?

13797

13807

1381!

1382:

IlpaBuaBHEIM N-MEPHBIM CHMIJIGKCOM eBKJNAOBA NpocTpaHcTBa M,
(p 2 n) Ha3bBaeTCH BHINYKJOE 3aMmblkaHue (CM. 3amady 1347) cmere-
MBI 1 + 1 TOYeK, HAXOASIUXCA APYT OT APYTa HAa OXMHAKOBOM PaccTo-
sHau. TOYKH JAHHOH CHCTEMBl HA3BIBAKOTCH BEPIIMHAMM; OTPE3KH, MX
coemMHAIOMEE, — pebpaMH, a4 BBIOYKARIE 3aMBIKAHUA noacucrem k + 1
TOYEK JAHHON CHCTEMEBI — A-MEpPHBIMHM [paHAMH CHMINekca. /[Be rpann
HA3BIBAIOTCH NPOTUBOLONOXKHBIMY, CAM OHU He UMElOT OBIIHX BepIIUH
n mobasg u3 n + 1 BepIIMH CHUMIIEKCA ABNAETCA BEPINMHOA ONHOH W3
3THX TpaHen.

HaiiTu paccrosiHye MeXiy ABYMs INPOTHBONOJOXHBIMH TPAHAMHU
pasmepHocTel k u n — k — 1 n-MepHOro CHMIIAEKCA ¢ IJIHHON pebep,
PaBHON eJUHUIE, U AOKAZATH, YTO OHO PABHO PACCTOSHUIO MEXJIY IEH-
TpaMM 3ITHX rpaHefl.

ITycTh € —BekTop €AMHMYHON JUIMHBI €BKIMNOBA (MJId YHHTAPHOrO)
npoctpancTsa R,,. Jokasats, yro awboft sektop & u3 K, 0qHo3HAYHO
NPENCTABAAETCA B BUAE & = ae+2z, rae (2, e} = 0. Uncao o HasuiBaeTca
TIpoeKIueR BEKTOPA & HA HalpasJieHue e H 0003HAYAeTCH 4Yepe3 pr, .

JokasaTs, 4To:

a) Pre(® + ) = Pr T + Proy; 6) pro(Ax) = Apr.«; B) pre =
(z, e);

r) Ans g60ro OPTOHOPMUPOBAHHOTO 0asuca ej....,e, u Awboro

T

BEKTOPA X HMEET MECTO PABEHCTBO & = Z(pre‘_ T) - e;.

i=1
IIycte €y,..., € — OPTOHODMHPOBAHHAS CHCTEMA. BEKTOPOB €BK/IHA0BA
npocrpascrea R,. dokazaTs, uro qna aoboro sektopa & u3 R, umeer
MECTO HEPABEHCTBO (HepaseHCTsO Beccens)

ke .
> (pre, @)* < |l
i=1

NpHYeM TO HEPABEHCTBO 06pamaeTca B paBeHCTBO (paBeHCTBO [lapce-
Basd) Anas mwoboro ® w3 R, Torna M TOABKO TOrHa, KOraa k = n, T.e.
CHUCTEMA €1, ..., e, ABJASETCH OPTOHOPMHPOBAHHLIM Ga3HCOM,
Jokazarek HepaBeHcTBo Komn—ByHsikosckoro

(@ v)* < (@,2)(y, v)

1Sl JHOOBIX BEKTOPOB & W Y EBKJANJOBA MPOCTPAHCTBA, ONPUYEM 3HAK
PaBeHCTBA MMeeT MECTO TOTHAa H TOJBKO TOTAA, KOINA BEeKTOpPbl & U ¥
JAHHEHHO 3ABHCHMEIL.

JokazaTs HepaBeHcTBo Komm—Bynakosckoro

(z,9)(y.2) € (&, 2) (¥, y)
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1383.

1384,

I THOBIX BEKTOPOB T M Y YHHTADHOrO NPOCTPAHCTEA, NPHYEM 3HAK
PABeHCTBA MMEeT MeCTO TOTAA M TOABKO TOrMa, KOTA3 BEKTOPHl £ U Y
JUHEIHO 3aBHCHMBIL.

ITonassysace HepaBeHCTBOM Komu—ByHAKOBCKOr0, JOKAIATD CENYIOIIHE
HepaBeHCTBA!

n 2 ki) ki)
a) (Za,:bi) < Za? . Z ?
i=1 i

i=]1 i=1

A JIOOBIX BEIIECTBEHHBIX 9HCEA Q)....,Gn; O1,...,0, (CM. 3aja-
ay 503);

TE

Z G{Ei

i=1

2 n ki
2 2
0) <Y Hal? > Ibi
i=1 i=1
A1 JTHOOBIX KOMIUIEKCHBIX YUCEN Gy . . . ., Gn; b1, - .., by (CM. 33089y 505).
B GecKOoHEYHOMEpPHOM BEKTOPHOM NpPOCTPAHCTBE BCEX BELIECTBEHHBIX
HENPEPLIBHBIX Ha OTpe3ke [a,b] ¢yHkuuit ¢ oOblHBIME CHOKEHHEM
GYHKIME ¥ yMHOKeHHeM DYHKIUN HA YHC/O 333H0 CKAJTAPHOE TTPOU3-

b
Beaenue (f,g) = ff(:t:)g(:c)d:t:. [IpoBepyTh BHIUIOJMHEHHE BCEX CBOHCTB

CKaJIIPHOr0 TIPOM3BEJEHHs eBKIHA0BA MPOCTPAHCTBA (CM. BBEJEHHE) H
HanucaTh HepaBeHCTBO Kommi—ByHakoBCKoro Ang 3TOMO NPOCTPAHCTBRA.

Haitt AMHHEI CTOPOH H BHYTPEHHHE YTJIBI TPEYTOMLHUKOB, BEPIIMHEI KOTOPERIX
38aHbl CBOUMH KOODAMHATAMH:

1385,
1386,

1387.

1388,

13897

A(214321 4, 2)? B(63 4? 41 4? 6)’ O(5F 7, 5! 7’2)'

A(1,2,3,2,1); B(3,4,0,4,3);

C(1+i\/ﬁ 9+ 2R3+ D STB, 2 4 o /TB, 1 + e /TB)
26 ' 13 ’ 13 ’ 13 ’ 26 '

Jlokazarh cneayomee o600HIEHHE TEOPEMBI 3JIEMEHTAPHON MATEMATHKI
O ABYX NEPNEHAUKYIAPaX: eCHH BEKTOP & €BKAULOBA (WM YHHTAPHOTO}

NIPOCTPAHCTBA OPTOrOHAMEH K KaXKAOMY U3 BEKTOPOE €1, a2, ..., Ak, TO
OH OPTOroHaJeH K JGoMYy BEKTODY JMHEHHOro NOANpocTpaHcTsa L,
HATAHYTOTO HA BEKTOPHI @1, G, ..., QK.

Hoxaszate, uto ecnn & = oy, 1o |z| = || - |y|. 3mece x|, |y| — mnura

BEKTODOB &, Y.

JokazaTs, 4TO KBAAPAT AHALOHANH NPAMOYTOJLHONG N-MEPHOTO Hapan-
JIeIeNUNEN PABEeH CYMMeE KBaJpAaTOB €ro pedep, BEIXOASMINX U3 OHON
BepiuuHbl (n-MepHoe obobmenue Teopembl [Tudaropa).
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1390

1391.

1392,

1393.
1394,

1395,

1396.

1397.

1398:

13997

14007

1401.

JokasaTe TeopeMy O TOM, UTO CyMMa KB3JPaTOB ZUaroHamell napase-
JIOPpaMMa DAaBHA CYMMe KBaJpaTOB €ro CTOPOH.
JokasaTe TeopeMy O TOM, YTO KBaJAPAT CTOPOHBI TPEYIOJLHUKA paBeH
CyMMe KBAJIPATOB JBYX IPYFHX CTOPOH 0e3 yABOEHHOI'0 NPON3BEREHHS
ITHX CTOPOH HA KOCHHYC YIVIA MEXJy HHMMH, NONBL3YSCh CKAIAPHBIM
YMHOKEHHEM BEKTOPORB.
[Tonbayacs uepasencTsom Komun—ByHsikoBckoro, JokazaTk HepapeH-
cTBO TpeyroasHuKa: ecnn p(X,Y) — paccroarue mexay touxkamu X
n Y, ro pius mobsix Tpex Touexk A, B u C umeem p(A, B) + p(B,C) 2
(A, C), npuyeM paBeHCTBO MMEET MECTO TOLHA M TOJBKO TOTAA, KO-
rJ1a BeKTOp &, npoBeaeHHbil u3 A B B, n y, nposegennsist us B 8 C,
KOJUJIMHEADHE] U OJMHAKOBO HAIPDABJIEHHI.
HadTu uncno guaroHaneit n-mMepHoro kyba, opTOrOHAJNBHBIX K JaHHOM
JHUACOHATH.
HafiTu aauHy auaroHanu n-MepHoro Kyba ¢ pebpoM a m npegen 3To#t
IVINHEL IIDH N~ 00.
Jokazars, 9TO BCE HUAMOHATH n-MepHOTO Kyba oBpa3ywT O4MH H TOT
e yron @, co sceMu ero pedpamu. HaliTu sTor yrom m ero mpezen
npu n — o0o. IIpy KakoM n moayduM @, = 60°7
HatfiTu BripaxkeHue paauyca K mapa, OMHCAHHOTO OKOJIO 7-MEPHOTO Ky-
fa, gepes pefipo a; Kakasa u3 3Tux BeyuyuH R u @ Gosbme npu pas-
JIUYHBIX 17
JoKazaThk, UTO OpPTOroHajIbHAsA NpPoeKHA nodoro pebpa n-MepHOro Ky-
ba uHa n0byw auaroHanbs 3Toro Kyba mno alcomOTHON BeqW4HMHE DaB-
Ha 1/n AnuMHB RHArOHAIH,
JokazaTk, YTo OpTOrOHA/NBHLIE NTPOEKIMH BEPIINH N-MEPHOro Kyba Ha
n106yI0 ero AuaroHaJ b AeJAT €€ Ha 1 PABHBIX 4yacTed.
[lycts @, y —HeHyneBLle BEKTOPH eBKJHAOBA Npocrpauctsa R, Jo-
Ka3aTh, 4TO:

a) & = ay, TAe « > 0, TOrAa U TOJBKO TOTAA, KOTAA YIoa MEeXAy &
H Y DaBeH HYJIO;

6) © = oy, roe o < 0, TODAA H TONBKO TOTAA, KODAa YIo MEXAY &
M Yy paBed T.
Joxa3ars, ITO M3 BCEX BEKTOPOB JMHEHHOro noanpocrpancTsa L Haw-
MEHBIUHA YTOR ¢ JAHHLIM BEKTOPOM & 00pa3yeT OPTOrOHaNBLHAsL NPOEK-
nust ¥ sekropa x ma L. [Tpu srom pasencrso cos(z,y) = cos(z,y'),
rae ¥ € L, shnonsAercd TOTRa H TOJBKO TOTHA, Korda ¥ = oy,
roe a > 0.
Haittu yron Mexay AHAroHabio n-MEpHOro xyba u ero k-mepHoil rpa-
HBH).
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Hatiru ¥roa Mexny BeKTOPOM & 1 JHHENHLIM MOINPOCTPAHCTBOM, HATAHY THIM

HA BEKTOPH &1,a9,...,0%:
1402. ==(2,2,1,1), 1403. ==(1,0,3,0);
01=(3)4v _41_1)1 a1=(513:41 _3)1
02=(0111_112)' a2=(1!1:41 5)1
as = (2, —1, l, 2)
1404, Yzaom MeXAY ABYMs NHHEHHBIMEH nioanpocrpancTBaMu Ly u Ly eBkiiu-

14057

1406

1407

14087

JoBa npocrpaHcTsa R,, He HMeWUMH oOLNX HEHYJIEBBIX BEKTOPOB,
HA3LIBAETCA MULHMYM YIDJIOB MEXKOY HEHYJIEBHIMHM BEKTOPAMH I, X9,
rae &, € Ly, ®3 € Ly. Ecyim nepecedenue Ly N Lo = D # 0, npuauem
D # Ly, D # Ly, 7o yrnoM mexay Ly u Lo HaseBaerca yroa mex-
BY UX TIepeceYeHUAMHU ¢ OPTOTOHANBLHLIM HonojHenueM D* k nepeceue-
muio D. Ecau ofHO U3 JaHHBIX NOANPOCTPAHCTE COAEPXKHUTCA B APYTOM
(B 9aCTHOCTH, €C/IM OHH COBIIAJAIOT), TO YI'OJ MEXAY HHMH CUHTAETCH
PABHBIM HYJO. YII0M MEXAY JHHeMHBIME MHOTO0GDA3HAMHN HA3LIBAET-
¢ YTOJI MEXKAY COOTBETCTBYIOUIMMY UM MOATpOcTpaHcTBaMu. [Toxasats,
YTO YroJi MeXKAY MOGHIMH TIOANPOCTPAHCTBAMM HIH MHOr00Gpa3susaMa
BCErJIA ONPEJEIIEH M PABEH HYJIIO TOTIA U TOJBbKO TOCAA, KOTAA OJHO M3
NOJNPOCTPAHCTB M MHOro06pasnil CONEpPIKUTCA B APYNOM HJIM MHOIO-
o0pas3ua napajlIeNbHB.
Haitt yron mexnay apyMmepHbiMu rpaHamu AgAi1ds u AgAsAg mpa-
BUJIBHOTO YETHPEXMEPHOrG CHMILIEKCa (M. 3adauy 1378) AgA; As AsAy.
Hafite yrosm Mexxay TA0OCKOCTAME ag+ ayby + asto u bo+ b1t + bots, e
a;=1(3,1,0,1), e; =(1,0,0,0), ap=(0,1,0,0),
b0=(2)1:1=3)1 bl = (1111 11 1)! b2= (1:'"11 11*1)

[IycTe nampl nUHEMHO He3aBHCHMAs CHCTEMA. BEKTODOB €1,€2,...,Es
M JBe OPTOrOHAJILHEIE CHCTEMBl HEHYNEBHIX BEKTOpoB fi, fq,..., f, 1
91,99, .-,9, TaKue, YTO BeKTOPLl f) M g, NHHENHO BLIPAXKAIOTCA Ye-

pes ej,es,...,e; (k=1,2,...,8). Jokaszars, uro f, = argr (k=1,
2,...,8), tae ap # 0.

[Iycts Rp1 — €BKAHROBO NPOCTPAHCTBO, 38 BEKTOPBI KOTOPOFO B3ATHI
BCE MHOPOUJIEHB! CTENEHH < 7 ¢ BEIECTBEHHBIMH KO3ddunneHTamu ot

ORHOTO HEH3BECTHOTO I, 4 CKAJAPHOE [POU3BEJEHHE MHOTOUIEHOB f(T)
+1

n g(z) onpeaeneno tak: (f,g) = /f(ﬂ:)g(:r)dm.
51

JlokazaTh, 4To CaeAylomue MHOTOYNIEHE, M3BECTHHIE N10)] HA3BAHHEM
noaunomos Jescandpa:

k
Po@)=1, Pele) = oy ag [@ = DY (k=12 .m),

00pa3yIoT OpTOroHaNBHBIA Oa3uc mpocTpaHcTsa R, .
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1409.

1410°

1411*
14127

1413.

14147

1415.

Hexona uz onpepeneHus nonuHoMoB JIeKaHapa, JAHHOIO B MPEIBIAY-
weft 3ama4e, HaliTn MHOTOuUNEHHM Fi{z) mna k = 1,2,3,4. Yoenurncs,
yro Pi{r) umeer creneHb k,  HANHCATh PA3BEPHYTOE BLIPAXKEHHE 110
crenedaMm ¢ gna Py(z) npa mobom k.

BLIYUCAUTE «AUHY> NMOMUHOMA Jlexkanapa Py(r) Kak BEKTOpa €BKJK-
JoBa npocrpancTea R, 3agaunm 1408.

Boruncsauth 3navenue nonunoma Jlexanapa Pi(z) npn ¢ = 1.
Hokazars, 4To ecnu K 0a3ucy l,w,:rz,...,:r“ eBK/HAOBA TIPOCTPAH-
crBa R,y 3a03un 1408 npuMeHdTH NPONECe OPTOrOHAM3AIUH, TO TO-
aydqarca MHorounessl fo(x), fi(z),..., fo(z), oTnuarompecs auib 1o-
CTOSHHBIMH MHOMXHTENAMH OT COOTBETCTBYHLMX NOAMHOMOB JlexKaHI-
pa. HafiTe 91 MHOXUTENH.

[IycTs npomece OpTOroHANH3ALNN NEPEBOAUT BEKTOPH 41, @2, ..., G, B
BeKTOpH by, by, ..., b, coorsercTBenno. /Jokasars, uro by ects oproro-
HAJIbHAS COCTABJIAIOIAN BEXTOPA (i OTHOCHTENLHO JTUHEHHOrO NOANPO-
cTpaHCTBa, Li_ 1, HATAHYTOrO HA @1, ..., a1 (k > 1). Jlanee gokasars,

HTO
0< lbe] < Jaxl (k=1,2,...,n),

npudeM |by| = 0 Torga u TONBKO TOrNA, KOTIA Gy JIHHENHO BBIPAKAETCA

uepes ay,..., a5~ (K > 1) wm ay = 0 (k = 1); |bx| = |ax| Torma u

TOJIBKO TOrMa, Korma (ag,a;) =0{j=1,2,... k=1 k> 1)uwmk =1
+1

HoxazaTe, 4TO uHTErpas / [f(2)j%dz, rae f(x)—muorounen n-i

-1
CTEeNEHH C BeIEeCTBEHHbIMU Ko3(pdulUeHTaMM H CTApmmM Koaddu-

MEHTOM, DABHBIM ERUHHIIE, AOCTHTAET CBOBMO0 MHHHMYMA, DABHOTO
22n+1 n

—————— TOrAa U TONLKO TOorda, Korda f{z) = ——P,(z), roe
(2n+1)(051n)21 ¥ f( ) Cg,n ﬂ( )!
P, (z) — nonuHoM Jlexkanapa crenedd n (cM. 3azady 1408).
Onpepnenurenem I'pama BexTOpOB @, @2, ..., a; eBKANA0BA (UAM YHH-
TAPHOT0) MpocTpancTBa I, HABLIBAETCS ONpeRETUTENb

(a1,a1) (a1,a2) ... (a1,ay)

(az,a1) (ag,a2) ... (az,ap)

g(alﬁ"'sak)= ’ ’ ’ .

(ar,21) (g, a2) ... (Gg ar)

JokazaTs, uTo onpesenuTeNs ['paMa HE U3MEHAETCA NPH MpHMe-
HEHUM K BEKTODAM Q1,..., Q) NPOIECca OPTOCOHANH3ANMH, T. €. eC/TH B
pe3yJbTaTe OPTOMOHANU3ANUN BEKTOPH @1, .. ., Qg TEPERAYT B BEKTOPHI
bi,..., b, T0

g(al, - .,ak) = g(bl, P ,bk) = (bl,bl)(bg,bg) P (bk,bk).
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14167

14177

1418.

1419

1420.

14217

1422

1423.

Hone3ysace 3THM, BBIACHUTH [EOMETPHYECKMIT cMbIch g{a),ds) H
glay, ag,as), Npeanosaras BeKTOPH JIMHEHHO HE3ABUCHMBIMH.
JokazaTs, 94T0 4151 MTHHEHHON 3aBUCHMOCTH BEKTOPOB @1, ..., &k €BK/IH-
J0Ba (MM YHHTAPHOrO) NPOCTPAHCTBA HEOGXOANMO U JOCTATOYHO, YTO-
Gl onpenenurens [paMa 3THX BEKTOpPOB OBLT PaBeH HYJIO.

Jpa 6azuca ey,...,e, n fq,..., f, eBKINIOBA (MI¥ YHUTAPHOrO) npo-
CTPAHCTBA HA3LIBAIOTCH B3AMMHBIMH, €CJIH

. _ | 1nopni=j,
(e“fj)“{Onpuiaéj.

Jokazare, 4ro nna moboro 6a3mca €y, ..., €, B3aUMHEIT 6a3uc cy-
IECTBYET H ONPEREJICH OJHO3HAYHO.
Iycrs S — maTpuna nepexoaa or Gasuca €;,.. ., e, K 6asncy €,..., e,
Haittu marpuny T nepexoma ot 6asmca f,,...,f,, B3auMHOrO ¢
el,..., ey, k Gazncy fi..., f,, B3auMHOMY C €],...,€):

a) B €BKJAMJAOBOM TNPOCTPAHCTBE,

6) B YHHTAPDHOM IPOCTPAHCTBE.
Jokazars, uro onpenenutens I'pama g(ai,...,a,) paBeH HYJIW, ecau
BEKTOPH Q1, ..., Q) JUHEHHO 3ABHCHMBI, U NOJOXKUTENEH, eCH JHHEHHO
HE3aBHCHMEI.

Jlokasarh, 4TO €CJIM TUHEITHO HE3ARMCHMBIE BEKTOPH &1, . . . , Gy, TPOLECc-
COM OPTOTOHAJM3ALMH NEPEBOAATCH B BEKTOPH by, ..., by, To |bg|® =
glay,...,ax)
g(ala e :ak—l)

JIOM BBKTOPOB HpHHHMaeTCH paBHbIM e,ﬂ[HHPIU,e).
B npocrpancTBE MHOTOWIEHOB CTENEHM HE BBILIE 7-H OT OAHOrO HEus-
BECTHOTO T C BELECTBEHHBIMH K03 duuMeHTaMu cKajsapHOe IIpou3se-

(k=1,2,...,n; onpegemurens ['paMa ¢ HYJEBEIM MUC-

1
JeHye 33JaHO paBeHCTBOM (f,¢g) = /f(x)g(x)dx.
0

Hailtu paccTosiHue oT Ha4ajia KOOPIUHAT N0 JHHEHHOrO MHOrQ00-
pasus, COCTOAIETO H3 BCEX MHOTOYIEHOE CTEMEeHH i O CTAplIuM Koad-
¢GUUHEHTOM, PABHBIM €IHHHIIE.
llokazars, yro ana onpexenurens ['paMa cripaBeiiuBo HEPABREHCTRO

0< g(ala"'}ak) < |a1|2"' |ak|2:

npudeM g(ai,...,ar)=0 Torma U TOJBLKO TOLMNA, KOLJA BEKTOPHI
ay,...,G, AAHERHO 3aBHCHMEL, H g(ai,...,qr) = |t:t.1|2...|c.-.;c|2 TOorha
H TONBLKO TOTAA, KOrAa jubo BEKTOPBI @i, ..., Gy NONAPHO OPTOTOHAJL-
HEl, 160 X0Td Ob! OAHH M3 3THX BEKTOPOB DPABEH HYJI).

IMonbsysace npeawpaymedt safadell, JoKasaTh HepaseHCTBO Ajamapa,
uMeHHo, ecan D = la;|] —onpesenuTent ¢ BEIECTBEHHBIMH 3JIEMEH-
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1424

14257

14267

1427*

14287

14297

k1] k1
Tamu, o D? € ]___[Zafj (cM. zamaqy 923), npuuem 3HAX PABEHCTBA
i=1j=1

HMEET MECTO TOTIA M TOJBKO TOrAA, Koria jaubo

"
D agap =0 (i#4;i,5=12...,n),
k=1

auGo onpelenuTent [ codepXKHT HyAeByi cTpokKy. Kak H3MeHHTCA
YTBEPKACHHE NJIA ONPEAENHTENA ¢ KOMILTEKCHBIMH 3fIeMEeHTaMH?

HokazaTh, uTo onpepemurens Dy mnonomutensHo onpeseseHHOR
n

KBa,Ilpa.TH‘IHOﬁ Cl)O].’)Mbl f = Z Q5T J' YOOBNETBOPACT HEPABSHCTBY
n
i,5=1
Df é H @iq-
i=1

JokazaTs, yTo mobad BELICCTBEHHAA CHMMETPHYECKad MaTpula A =
{@ij)] C HEOTPHUATENLHBIMEA [IABHEIMI MHHOPAMH fBJIAETCH MATpPHLEH
I'pama, T.e. CYLIECTBYET CHCTEMA BEKTOPOB €1, ..., €, EBKAMIOBA NIPO-
crpancTea R, Takad, uro (e;,e;) = ai; (4,7 = 1,2,...,n).

Jokasare, 4To JM0basd 3pMHTOBA MaTpHlua A = (a;;)7 ¢ HeoTpHuATeND-
HBIMH [JIABHBIMH MHHOPAaMHU ABJseTCa Marpuued ['pama, T. €. CymecTBy-
éT CHCTEMA BEKTOPOB €1, ..., &, YHATAPHOrO npocTpancrsa F, Takasa,
4TO

(Eg,Ej) = O‘.;‘j (?,,j = 1,2,...,1’3).

OnpenennM 06beM n-MEpHOTo napalfeNenunesia, TOCTPOSHHOrO Ha JIU-
HeliHO HEe3ABUCHUMBIX BEKTOPAX &1, a3y, . . ., &y, CBKIMAOBA IPOCTPAHCTBA,
HHJAYKTHBHO YCJOBHAMH!

1) V(a1) = laa];

2) V(ai,...,an) = V{ay,...,an-1} - fin, rae h, — nauna oproro-
HAJIBHON COCTABAAIOLLEH BEKTODA G, OTHOCHTENBHO NORNPOCTPAHCTBA,
HATAHYTOTO Ha BEKTODHl Q1,...,&n_1. JOKA3ATH, YTO

V(al, A ,an) = 4/ g(al, e ,an) = |D],

rge D —onpegenurent U3 KOOPAMHAT JAHHBIX BEKTOPOB B KaKOM-
HUOyIOL OpTOHOPMHUpOBAHHOM GazHce N-MEPHOTO NPOCTPaHCTBA, HATI-
HYTOrO HA BEKTODPHl @1,...,Cy.

JokazaTk, 4TO0 00BEM N-MEPHOTO NAPAJIJIENENUNENA He MPEBOCXOIHUT
TPON3BEAEHHS AMUH ero pefep, BRIXOAAINX B3 OTHON BEPIUHHL, H DaBeH
ITOMY IIPOM3BEAEHUIO TOTHA H TOJLKO TOMZA, KOraa 3TH pebpa monapHo
OPTOrOHANLHEI, T.e. NAPAJISIETHIE] IPAMOYTOALHEIH,

JokazaTe ciaepymwiee ¢BolicTRO onpedenutens ['pama;

g(a'ls - !a’k:blr vy bi) % 9(01, LR 1ak)g(b1$ o ’!bf): (1)
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InmpHYeM 3HAK paBeHCTBa HMECT MEeCTO TOTXAa M TOABKO TOTHZ, KOrma

mubo ) .

(@i, b)) =0 (1=1,2,...,k j=12,...,1), (2)
aubo xoTA BBl OIHA M3 ODOACHCTEM &1,...,a% M by,...,b; munetino 3a-
BUCHMA.

14307 HokasaTe cRAemywlee CBORCTBO 00beMa NapasieJIenuneia:
V(al, ce,ag; by, . ,b;) % V(al, .. .,(lk)V(b], e ,b;),

IpHYeM 3HAK PABEHCTB3 HMEET MECTO TOTAa W TONBKO TOrha, KOrha
(@i, b)) =0 (1 =1,2,...,k7 =1,2,...,1).
14317 JokazaTh, 4TO ecnii A — BELIECTBEHHAsA CHMMETPHYECKasd MaTpHIA T10-
PSZKA 7 C HEOTPHIATENBHBIME [VIABHBIMU MUHOpaMH, A; — MaTpuna no-
pagka k < n B JIeBOM BepxHem yrny, A; —Marpula nopsaxa n — & B
npapoM HuXHeM yriay Marpuust A, 1o 4] € |A1] - |42 (cp. ¢ 3ama-
qeir 922).
1432} PeumuTs 33434y, aHAJOIMYHYIO Npeaplaymieft, ecnin A —3pMUTOBa MAT-
pHLA ¢ HEOTPHIATENBHEIME [VIABHBIMH MHMHODAMU.
1433 Haiitu ychosust, HeoOXORUMEIE U JOCTATOYHBIE A TOTO, YTOOHI C;‘:H
MOMOXKHTEIBHEIX YHCE]T
ai; (11.?:0}1:211“13)3) (1)
ObLn:
A) PACCTOAHHMSMH BCEBO3MOMHBIX MAP BEPLIMH HEKOTOPOTO 7-Mep-
HOTO CHMILIEKCA eBKAUA0BA npocrpancTsa R, (T.e. cucremsr nn + 1 To-
qeK, He nexkauux B {n — 1)-MepHOM NHHENHOM MHOroOGpasuu);
f) pacCTOSIHMAMH BCEBO3MOXHBIX NAp TOYEK HEKOTOPOHM CHUCTEMBI
n + 1 Toyex eBKAMAOBA npocTpancrea R,.

§18. JIuneiiabie npecbpa3zoBaHusa IPONIBOJBLHBIX BEKTOPHBIX
IIPOCTPAHCTB

B sTom maparpadie, 3a OTAENBEHBIMY UCKIIOMEHUAMH, PACCMATPUBAIOTCS JIHHEH-
Hble 11peofpazoBaHns apPUHHBIX BEKTOPHBEIX NMPOCTPaHCTB. [IpecbpazoBaHus
€BKJHAOBHX U YHATAPHBIX NPOCTPAHCTE PACCMOTPEHLI B CJEAYIOMIEM Iapa-
rpade.

JlunelHble npeobpazopalua 0603HAYAOTC Uepesd ¢, ¥ ¥ T. 1, 0bpa3 Bek-
TOpa T NpH Npeobpa3oBaHMN Y — Yepe3 X, CHCTeMA BEKTOPOB Y1, ..., P8, —
uepes p(a,...,an).

Marpune#t suneiiHoro npeobpazoBanuda ¢ B Gazwuce eq,..., €, Ha3bIBaeT-
cst Marpuna Ay, cTonbubl KOTOpo# cocTasfieHB! H3 KoOpiauHaT obpasop Basuca
wey, ..., Pen B TOM Xke bazuce €1,...,€,; HHLIMU COBAMU, MaTpuna A, onpe-
JeNAeTCs PaBEHCTBOM

wler,...,en) = (e1,...,€n)A4,. (1)
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Iyere T — MaTpuna nepexoga or Gasuca ey,...,e, K Gazucy fy,...,f, (o
Beenenye K §16), A, u B, —Marpunp npeobpa3oBaHsa ¢ B 1€PBOM H BTOPOM
Hasuce cooTreTcTBEHHO. TOrna MMeer MECTO COOTHOILICHHE

B, =T14,T. (2)
Koopnuuate! ¥p,...,Yn 00paza & BexTopa X npu JuHelHOM npeobpasosa-

HHH © BBIPAXKAIOTCA depe3 KOOPAWHATH T3, ..., T, NPOOGpa3a & B TOM XKe Oa-
3uce Npu nomomu Marpunel A, = (a;;)7 JMHeRHOrO npeodpa3oBaHusa ¢ B TOM
T

xe Basuce cneayromum obpasom: y; = Zaija:j (i =1,...,n) w1 B MaTpuy-
J=1

HOH 3aliuCH;
=4 ol - |- (3)

CyMMo#i ¢ + 1, Ipou3BefeHneM @Y RBYX AMHEHHBIX npeobpa3oBaHuil ¢
U Y U NPOM3BEEHHEM (xp YHMCJA (¢ HA NHHEHHOe Npeobpa3oBaHue ¢ MPOCTPAH-
crBa R, HasbiBaOTCA npeobpazoBaHud, ONIPEAE/IsSeMble COOTBETCTBEHHO PABEeH-
CTBaMH

(o + ¥ = v + ym, (pP)z = p(Ya), (ap)e = afpx),
aas moboro BexTopa ® npocrpaHcTsa R,.

1434. Joxa3arh, 4TO MOBOPOT [MIOCKOCTH Ha YIOA ¢ BOKPYT Ha4a/a KOOPIAHHAT
ABJSIETCH NMHEHHEIM Mpeobpa3oBaHeM, U HAKTH MATPHLY TOr0 Npeod-
pazoBaHK#A B M10G0M OPTOHOPMUPOBAHHOM 0a3uce, eC/IH NOJOKHATENLHOE
HANpaBJIeHUE OTCYETa YIJIOB COBNaJaeT ¢ HaIpaBfeHHeM KpaTgalluero
[IOBOPOTA, HEPEBOHAIIETO NepBsId HazucHui BEKTOD BO BTOPOIL.

1435. Hoxasarh, 9TO MOBOPOT TPEXMEPHOrO NPOCTPAHCTBa Ha yros 27 /3 Bo-
KPYT NpaMol, 3a1aHHON B NpAMOYrOAbHOH CHCTEME KOODAUHAT ypaBHe-
HUSIMH @] = Ty = X3, 9BAAETCH JAuHelHbM nupeobpazosanues, u HAlTH
MATPHILYY 9TOro npeobpa3zoBaHud B Ga3uce M3 eNUHHYHBIX BEKTODOR €1,
€9, €3 0Cel KOOpIAMHAT.

1436. Hoxazark, YTO NpOEKTHPOBAHHE TPEXMEPHOrO MPOCTPAHCTBA HA KOOD-
AUHATHYI0 OCk BEKTOPA €1 NApPaJIeNIbHO KOOPIUHATHOA NIOCKOCTH BEK-
TOPOB €3 ¥ €3 fABAFeTcd JHHelfHBIM Opeo0pa3oBaHMeM, H HAlTH ero
MaTpuny B basuce ej, €3, e3.

1437. Noka3aTe, YTO NPOEKTHPOBAHHE TPEXMEPHOrO NPOCTPAHCTBA Ha KOOp-
AHHATHYIO ILI0CKOCTEL BEKTODOB €], €3 Napa/lleabHO OCH KOODIUHAT BeK-
TOpA €3 ABJAeTcd JiuHeliHbiM npeobpazosanueM, W HallTH €ro MaTpuiy
B Gazuce e), es, e3.

1438. JokasaTh, 4YTO OPTOroHANLHOE IPOEKTUPOBAHUE TPEXMEPHOTOo MNpo-
CTPaHCTBA HA 0Ch, 0DPA3YIOMIYI0 PABHEE YTABl ¢ OCAMH IPAMOYTONBHOMN
CHCTeMBl KOODAMHAT, ABJIAETCSA JHHEHHBIM NpeofpasoBaHHeM, H HAHTH
ero MaTpHIY B 6a3uce eANHNTHBIX BEKTOPOB KOODRUHATHLIX OCeit.
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1439,

1440.

[Iycte mpoctpancTtBo R, ecTh npaMas CyMMma SAMHEHHBIX NOZNPO-
crpancTe Iy ¢ GasucoMm ay,...,ar u Lo c BasiucoM akqy,...,an. Jo-
KA3AThL, YTO MPOEKTHPOBaHHe NpocTpaHcTBa Ha Ly mapammenwvuo Lo
ABAACTCA JIMHEAHBIM TIpeo6pa3oBaHUeM, U HAWTH MATPHIY 3TOTO TNpe-
obpasoBanua B Gazuce @p,...,Qq.

JoKasaTh, YTO CYWECTBYET eNHHCTBEHHOE JHHeNHOe Npeolpa3oBaHHE
npocTpaHcTea R, nmepesojdaliee JaHHBIE AUHEAHO HE3ABUCHMBIE BEK-
TOPBl @1,...,0, B OaHHbIE BEKTOPBl by,...,b,. Kak HallTn MaTpuuy
3TOro NpeobpasoBaHusa B Ga3wce ay,..., Q"7

BoiacHuTh, Kakue H3 CIeHyOLMX NpeoOPa30BaHMi (o, 33XaHHBIX NTyTeM 33Ja-
HHst KOODHUHAT BEKTOPa @X Kak (DYHKIHH KOODAMHAT BEKTODA &, ABJISIOTCH
JMHEeRHBIMY, H B C/ydae JUHeMHOCTH HAfTH WX MAaTPHLE B TOM ke Dasuce, B
KOTOPOM 3aJaHbl KOOPAMHATH BEKTOPOB & U PX.

1441.
1442,
1443,
1444.

px = (r9 + ©3,221 + 3,37 — T2 + Z3).
wx = (r1,z2 + 1,23 + 2).

wx = (2z1 + 29,21 + 23,23).

px = (x — x2 + 3,73, T2).

JlokazaTh, YTO CYLIECTBYET eOUHCTBEHHOE IMHEHHOE NPeolpa3oBalie TPeXMep-
HOrO NpOCTPAHCTBA, NepeBoJsiIee BEKTOPL! @1, G2, &3 COOTBETCTEEHHO B by, bo,
b3, ¥ HAATH MATpHLUY 3TOro npeobpa3oBaHUsA B TOM e Dasvce, B KOTOPOM Ja-
HBI KOODAMHATH BCEX BEKTOPOB:

1445,

1446.

1447,

1448.

a; =1{2,3,5), b =(1,1,1),

(12"'(0!]-!2): b2= (1?1!_1)}

az = (110:0): b2= (2!132)

al =(250:3)3 by =(1=2!_1):

as = (4,1,5), bo=(4,5-2),

332(3:112)! b2=(11-1!1)

IIycTh nHHeliHOe npeobpa3oBaHHe ¢ NpPOCTpaHCTBa Jt, mepesomuT nu-
HERHO HE3ABHCHMBIE BEKTOPH &4, ..., B BEKTOpH by,...,b, cooTBer-
creenno. Jlokazars, 4ro maTpuny A, 3TOro mpeobpa3oBaHus B HEKO-
Topom GasHce e1,..., €, MOXKHO HAlTH M3 PaBeHCTBA A, = BA™! rre
cronbuer MaTpHi A u B cocTOAT U3 KOOPAMHAT BEKTOPOB A1,...,0y H
COOTBETCTBEHHO by, ..., b, B Gasuce e,...,e,.

JokasaTh, uTO npeobpa3oBaHHe TPEXMEPHOTO NPOCTPAHCTBA (T
(xa)a, roe a = (1,2,3), aBnserca JyHelHEIM IpeobpazoBaHHeM W Haii-
TH €r0 MaTPUULI B OPTOHOPMHUPOBaHHOM Dasnce ej, ez, €3, B KOTOPOM Ja-
HBI KOODAHHATHL BCEX BEKTOPOB, U B Bazuce by = (1,0,1), by = (2,0, -1),
bs = (1,1,0).
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1449. llokasarh, ¥T0 YMHOXEHHS KBAJPATHBIX MATPUIl BTOPOTO NOpHAIKA
a b
a) cnesa, 6) cnpaBa Ha RAHHYIO MATPHUILY c 4 | AsasoTes JHHEHbL-

MH Opeobpa3oBAHHAME MPOCTPAHCTBA BCEX MATPHIL BTOPOTO ODOPAKA, H
HalTH MaTpHLLL 9THX Npeolpa3oBaHii B 0a3Nce, COCTOAINEM H3 MATPHL

(55)-(79)-(55).(52)

1450, IokasaTs, uTo AuddepeHnuposanue ABjsieTca JHHeHHBIM npeobpaso-
BAHHEM IPOCTPAHCTBA BCEX MHOTOYICHOB CTENEHH & N OT ONHOI'O HEM3-
BECTHOTO C BellecTBeHHBIMH Koaddunuentamu.

Hafitu marpumy sroro npeobpa3osanna B Gazuce:

a) 1,z,z°%,...,2%
(z —c)? (z—c)"
6) l,xr—rc, I TR REEE Sy e rae ¢ — BELIECTBEHHOE MHCJO.
1451. Kax H3MeHHTCS MATPHLA JIMHERHOro peoBbpa3oBannd, ecan B fasuce &1,
€2, ..., €, NOMEHATL MECTAMH JBa BEKTOPA €; , €;7
1452, Muueitnoe npeobpazosaHue ¢ B Hazuce €1, €3, €3, €4 UMEET MATPHILY
12 01
30-12
25 31
12 13

Haitru marpuny aroro xe npeobpaszosanua B Hasuce:
a) ey, ey, €3, ey
6) e1,e1+ eaz,e; +ex+ €3, e1+ e+ ez + ey
1453. Jlunennoe npeoGpasosanue ¢ B Gasuce €1, es, €3 UMEET MATPHIY

15 =11 5
20 -15 8
8 76

Haiitu ero Matpuny B Oazuce

fi=2e +3e2+e3, fo=3e1+4des+es, fy3=e+2er+ 2es.

1454. Munedtnoe npeobpasopanne ¢ B Oasuce a3 = (8,-6,7), as =
(—16,7,-13), a3 = {9, —3,7) nmeer marpuuy
1 -18 15
-1 =22 20
1 -25 22

Haﬁ‘m erde MaTpHLy B 633HCE
bl =(1$_21 1)$ b2= (31“192)! b3=(2:1:2)
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1455.

1456.

1457,

1458.

1459.

1460.

1461.

1462.

1463.

JIOKa3aTh, UTO MATPHIEI OAHOTO H TOrO K€ IMHENHOro Npeobpa3oBaHus
B JBYX Da3zucax TOTga M TOJIBKO TOTHA COBNAJAIOT, KOTAA MATPHLA Nepe-
X043 OT OZHOTO K3 3THX 6a3MCOB X APYTOMY NEPECTAHOBOYHA ¢ MaTpUIEH
ITOr0 JIMHEHHOTO Hpeobpa3oBaHAA B OQHOM U3 JAHHBIX OA3MCOB.
Jokazathk, uTo nwboe nuueliHoe npeodpasoBatne ¢ OTHOMEPHOTO NMPO-
CTPAHCTBA CBONUTCH K YMHOMKEHHIO BCEX BEKTOPOB Ha ORHO U TO Ke
qHCIO, T. €. YE = QX N4 JH000T0 BEKTOPa T.

Mycre npeofipazoBanue ¢ B Gasuce ay = (1,2), az = (2,3) umeer mat-

puty (2 g) Tpeobpasosarme ¥ B Gasuce by = (3,1), by = (4,2)

umeer matpuny | o g )
Habru maTpuny npeobpazosanus ¢ + 1w B bazuce by, bo.
IMpeobpazoBanue p B basuce ay = (—3,7), ag = {1, ~2) umeer MaTpuUy

(g :é), a npeobpazosanue ¥ B Oasuce by = (6,-7), by = (-5,6)

HMEET MaTpHLY 2 7 I

Hatiti maTpuny npeotpasobanus ¢ B ToM 0a3uce, B KOTOPOM HAHEI
KOOPAWHATH BCEX BEKTODOBR.
[Iyctb @ — muBeitRoe npeobpasoBalie NPOCTPAHCTBA MHOTOYMICHOB CTe-
OeHd € 72 ¢ BEIECTBEHHBIMH K03 DUIHEHTAMHE, [IepeBOaAIIee KaK bl
MHOTOWIEH B €r0 Npou3Boaayw. [TokazaTs, uto "t = 0.
Ilycte ¢ — nuuefinoe npeobpasosanne mudrdepeHUUpoOBaHud, a P —
YMHOX€EHHE Ha ¢ B OECKOHeUHOMEePHOM NPOCTPAHCTBE BCEX MHOTOUYJIEHOR
OT X C BemecTBeHHbIME Koaduipentamu. Jokazars, uto gy — Y p =
np" L,
ToxasaTb, 4TO nMHEHHbIe TPeoOpPa3OBAHUA N-MEPHOTO IPOCTPAHCTBA
OTHOCHTEJIbHO CJIOKEHUS U YMHOMEHHS Ha YHCJIO CaMM 00pasyloT Bek-
TOpHOE NpocTpaHcTBo. HallTi pasMepHOCTh 3TOr0 MPOCTPAHCTEA.
Jlunettnoe npeobpazoBaHie o npocTpaHcTBa K, HA3LIBAETCH HEBLIPONC-
dennvim, ecm ero MaTpaua A, B KakoM-HEGYAR (a IHAYAT, U B JTI06OM)
Gasnuce HeBmIpoKzeHHa, T.e. |A,| # 0. Hokazare, 4ro sTOMy onpege-
JIEHHIO SKBMBAIEHTHO KAXKR0e H3 CASAyIONMX: MuHefiHoe npeobpazoba-
HHE (@ HEBLIPOXKAEHHO, ecau: a) U3 px = 0 cnegyer ¢ = 0; 6) npu
orobpakeHUH ¢ f1000id Ga3HC NPOCTPAHCTBA NEPEeXOAUT CHOBA B Da-
3HC; B) OTOOpAXKEHUE ¢ B3AMMHO ORHO3HAYHO, T.€. €CJIHM &) F Tg, TO
Y] # X, T) @ 0T0OpAXKAELT NPOCTPAHCTBO HA BCE MPOCTPAHCTEO, T. e,
ansa moboro ¥y € R, Haliperca ® € R, Takof, 4T0o ¢ = y; 0} ¢ ob-
nazaer obpaTHEIM npeobpazoBanHueM ¥, T.e. Y{px) = ® A moboro
z e R,
IIycTs @ — cobcTReHHBI BEKTOp JUHEAHOrO Npeobpas’oBaHus ¢, Npu-
HAAIEKAIMA COGCTBEHHOMY 3HaueHHIO A, ¥ f(t) — MHOrounen. Moka-
3aTh, YTO TOT Ke BEKTOpP & GymeT COOCTBEHHBIM BEKTOPOM mpeolpaso-
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Bauud (), npunajgrexamum cobecreeHHomy 3Hadenuo f(A). HubiMu
CI0BAMH, AOKA3aTh, UTO U3 w& = Ax cneayer f(plx = f( A ).

14647 IlycTh & — coOCTBEHHLIT BEKTOP NHHEfiHOro NpeoOpa3oBaHus (@, NpH-
HaJyexaluii coGCTBeHHOMY 3Ha4YeHHIO A, U f(t) — dyHKuus, ans Ko-
Topolt npeoSpazosanne f(p) uMeeT CMbICH (eCH ¢ B HEKOTOPOM 6a3u-
ce umeer Marpuny A, To f(p) onpenensiercss B ToM e Ha3uce MATPH-
ueit f{A), npudeM MOXHO NOKa3aThH, 4TO f{) HE 3aBHCHT OT BHIGODA
Basuca). /lokaszars, 4TO TOT e BEKTOP & OyaeT COGCTBEHHBIM BEKTOPOM
npeofpazoBanus f{ip), npuHagnexammmM cobcTreHrOMY 3HAYCHIIO f(A).

Haitti coGcTBeHHBle 3HAaUEHHs M COOCTBEHHLIE BEKTOPH JHHeHHbIX mpeobpaso-
BaHHIt, 33/AHHBIX B HEKOTOPOM BA3uce MATPHULIAME:

2 -1 2 010 4 -52
1465. | 5 -3 3 ). 1466.| 4 40 1467. | 5 -7 3
~1 0 -2 212 6 -9 4
1 -3 3 1 -34 7 -12 6
1468. | -2 —6 13 |. 1469.| 4 -7 8 1470. | 10 -19 10
-1 -4 8 6 77 12 —24 13
457 0000
1471, | 1 -49 | 1472,
I 0000
1001
1000 3-10 0
0000 1 10 0
1473 11000 14741 3 05 -3
0001 4-13 -1

1475. [Joxa3aThb, 4To COBCTBEHHBIE BEKTOPHI JIHHEHHOrO Ipeobpa3oBaHus, NpH-
HAJJEKAlNe Da3JHYHEIM COOCTBEHHBIM 3HAYEHHUAM, JIHHEHHO He3aBH-
CHMBL.

1476. Hoxazarh, uTo miobada keanpaTHasd MaTpHoa A, UMeloasd pa3fiMHdHLIe
XapaKTEPHCTHIECKHE YHCIIa, ToRo6Ha AMAroHaNBHON MaTpuue (Han mo-
JIEM, COZEDIKAILMM KaK 3JIEMEHTBbl MATPHIE], TaK H €€ XapaKTEePHCTHYe-
CKHE YHCNTA).

1477, Jloxasars, uTo eciu JuHeiiHoe npeofipazoBanne ¢ npocrpancrsa R,
HMeeT n Pa3fHYHBIX COOCTBEHHBIX 3HaUeHWH, T0 moboe JUHEeNHoe npe-
ofpa3oBaHue 1, NepecTaHOBOYHOE C ¢, obrasaer 6a3ucoM coODCTBEHHEIX
BEKTOPOB, TIpHYeM 0G0l cOOCTBEHHBIA BeKTOD ¢ OyIeT COOCTBEHHBIM
U anst Y.

1478. MoxazaTh, YTO MaTPHIA JUHEHHOTO IpeobpazoBaHiA B HeKOTOpOoM Gazu-
ce siBJIAETCs JUATOHANBLHON TOrAa M TONLKO TOTAA, KOTrga GasHe COCTONT
13 COGCTBEHHBIX BEKTOPOB AAHHOTO Npeobpa3soBaHMi.
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BrracHuTs, Kakue U3 CAEAYIOWINX MATPHL JHMHENHBIX TTPeobpa3oBaHull MOMXKHO
OPUBECTH K QUATOHAALHOMY BHJIY IyTeM Nepexoda X HosoMmy Gasucy. Hatru
9T0T 6a3UC M COOTBETCTBYIOUIYH €My MATPUILY:

1479.

1482,

1484

1485.

1486

1487,

1488,

~13 -1 6 ~5 —3 11
35 -1 ). 1480. [ 3 =2 —2 |. 1481.
-33 1 2 -2 0 o
1 -1 -1 1
4 312 0001
5 -85 4 0010
6 —1285 |- 1483|9100
1 -322 1000
Jng marpHs
00..01
00..10
A= o
01...00
10...00

TIOPSBKa 1t HAATH HEBLIPOXKJAEHHYIO MaTpuuy T', nyig KoTOpO# MaTpuIa
B = T~ 1 AT 6bina 6bl AMArOHANBHONK, W HANTH 3Ty MaTpuny B.
Munusaavhoism MHOZONAEHOM JAR 6EXTOPE T OTHOCHTEBHO JTMHERHOTO
npeobpasopaHns ¢ Ha3LIBAETCS MHOTOUNEH gz (A} co crapuM koadbdu-
IMEHTOM 1, MMEIomNA HAMMEHBINYI) CTeneHb CpefH BCeX aHHYJIUPYHo-
IIMX MHOTOWIEHOB IS & OTHOCHTENBHO ¢, T.e. MHOrowieHoB f{A) co
ceottcteoM f{p)xr = 0.

AHANOPMYHO OMPERENAeTCs MUHHMAILHEIE MHOPOUNEH g(A) OTHOCH-
TEALHO JHHEHROrO npeobpazoBanud (¢ AJs BCero npocTpancrsa. oka-
3aTh, YTO MUHMMAMLHBEIA MHOTOWIEH g(A) AuHefiHOTO npeobpa3oBaHud
paBeH HAMMEHbIUEMY ODMIEMY KPATHOMY MHHAMAJBLHBIX MHOIOYNEHOB
I BEKTOPOB JIE0Goro Gazuca npoCTPAHCTBA OTHOCHTENBHO (2.

Haittu ycnosus, npy X0TOpbix MaTpuna A, HMeoas Ha nofodHON aua-
TOHAJIH YHCHA (], O3, (b, 4 HA OCTANTLHBIX MeCTAaX Hyjd, nofobua iua-
FOHAJIBLHON MaTpHLE.

Haitth cobcrBenHble 3HaUeHNst U COOCTBEHHBIE BEKTOPEI JIMHERHOrO Ipe-
obpazoBanua, asagwmeroca guddepeHuHpoBaHEeM MHOTOYJIEHOB CTe-
NeHH € 7 ¢ BEILECTBeHHBIMM Kozdpuuuentamu.

[lycte @ — muHelHOE npeolpasoBanue npocrpascrsa R,. Cosokyn-
HOCTb BCEX BEKTOPOB X, The & — mioGoi sekTop u3 R,, HasbBaer-
ca obpazom R, npu npeobfpusoeanuu p unu obagcmuro snavenud p.
CoBoKynHOCTL BCex BeKTopos ® w3 J, Takux, 4T0 @ = 0, HaswBa-
ETCA NOARBM RPOOOIPAZOM HYAA NPU npeobpa3osanuy @ WIH KOPoM Q.
JloKa3aTh, 4TO: a) 061AcTh 3HAUYEHUH (@ ABJIAESTCA NMHEHHHIM NOANPO-
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1489.

1490,

14917

14927

1493.

1494.

1495?

1496.

1497,

cTpancTBoM R, pa3sMepHOCTL KOTOPOrO PaBHa PaHry ¢; 6) A1po ¢ ecThb
JIMHEHHOE TIOANPOCTPAHCTBO NpocTpancTra i, pasMEPHOCTE KOTOPOTO
paBHa JedeKTy @, T. €. PAIHOCTH MEXKJY N U PAHLOM .
[Tycts ¢ — nuueitnoe npeofpasosanne W L — nmogmpocTpaHcTBo mpo-
crpadcrsa .. Jokasars, uro: a) ofpaz ¢L u 6) nonswmit npoobpaz
1L nognpoctpatcrsa L npu MMHeNHOM Npeofpa3oBaHuy ¢ CHOBA SB-
ASIOTCA NOANPOCTPAHCTBAMHE.
IokazaTh, 4TO IJI8 HEBBIPOXKJEHHOIO JIMHEHHOTO NPeoHPA3OBAHUA @
npocrpancTsa R, pasmepHOcT:: a) obpaza L u6) nomroro npoobpasa
o 'L mo6oro auueitnoro nognpoctpanctsa L pasra pasmeproctn L.
O6o3naunm yepes pasm. L pasmepHocTs munetinOro nognpocrpascrsa L
u yepes ged. p aedexT auHenHOro npeodpasosaHus . JoKa3aTk, 4TO
pasMepHocTH ofpasa ¥ mosHOre npoobpasa nopmpocrpancTsa L npo-
crpancra R, npu npeobpa3osaHuu @ yAOBJETBOPAIOT HEPABEHCTBAM:

a) pasMm. L — ned. ¢ < pasm. oL < pasm. L;

6) pasm. L < pasm. ¢ 1L < pasm. L + ged. .
TMonbaysacs npeaplayniel 3aa4ei, NoKa3aTs HepapeHcTsa CHnbBeCTEpa
JU1s1 pAHTa MPOH3BEJSHH NBYX KBaJpaTHRIX MaTpul A u B nopaaka n:
ra+ 7B —n < rap € min{ra,rg) (cM. 3agady 931).
HokaszaTh, 4TO:

a) pasr (¢ + ) € paur @ + paHr ¥;

6) ned. () < hed. v + ned. ¥ qna mobuix TRHEHHBIX TpeoGpaso-
BaHUA ¢ u Y npocrpaucrea R,.
Hairmu cobcTBennble 3HaueHNA M COOCTBEHHBIE BEKTODR JIMHEHHOTO Npe-
obpazoranvd p, 3aganaoro B Gasuce e, ag, a3, ¢4 MATPHIEH

1 0 2 -1
¢ 1 4 -2
2-1 0 1
2 -1-1 2

TokazaTh, YT0 NOAGPOCTPAHCTEO, HATAHYTOE HA BEKTOPH @1 + 2as
H a2 + a3 + 2a4, ABNACTCA HHBAPMAHTHRIM OTHOCHTEJIBHO .
Joka3aTh, YTO YHCIO JAUHEHHO HE3ABHCUMBIX COGCTBEHHEIX BEKTOPOB
npeo0pazoBaHus (p, NPHHAJJIEKANHX OJHOMY COOCTBEHHOMY 3Hade-
HHAI Ag, HE IPEBOCXOAUT KPATHOCTH Ap KaK KOPHS XapaKTepHCTHYe-
CKOTO MHOrOY/IEHa npeobpazoBaHusa ¢.
HoxazaTh, 4TO JuHeliHOe NMOANPOCTPAHCTBO, HATAHYTOEe Ha MIOGYH CH-
cTeMy COOCTBEHHLIX BEKTOpOB Npeobpa3oBaHust (¢, HHBADHAHTHO OTHO-
CUTENBLHO .
Joxazare, YTO MHOMKECTBO BCEX COOCTBEHHBIX BEKTOPOB JIMHEHHOrO Ipe-
06pazoBaHUA @, TNPHHAJJIEKAWNX OOHOMY M TOMY e COGCTBEHHOMY
BHAYEHHIO Ag (BMECTE ¢ HYNEBLIM BEKTOPOM), SIBJIAETCA JIMHENHHM TOX-
NPOCTPAHCTBOM, HHBAPHAHTHBIM OTHOCHTENBLHO .
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1498.

1499,

1500,

1501.

1502,

15037

1504,

JIoKa3aTh, Y4TO BCE OTJIMYHBbIE OT HYAA BEKTOPBLI ITPOCTPAHCTBA TOTJIA
¥ TOABKG TOTHA ABAAKOTCA COGCTBEHHLIMHM BEKTOPAMH JIMHEHHOro Ipe-
o0pazoBaHuA , KOTHA ¢ — npeobpa3opanne nopolud, T.e. YT = X ¢
OAHHM M TeM e ¢« Anst noboro sekTopa &.

Hokazars, uto awoboe noanpocrpanciee L, MHBADHAHTHOE OTHOCHTEb-
HO HEBBIPOMAEHHOTO AHHENHOro npeofipazopanus @, OyJeT UHBAPHAHT-
HO W OTHOCUTENILHO 00paTHOro npeobpa3oBaHHA @~ .

Hokazats, 410: a) 06pas ¢L u 6) noansit npoobpas ¢~ L nune#inoro
NOANPOCTPaHCTBa L, MHBAPHAHTHOTO OTHOCHTENBHO JNHHEHHOTO Npeod-
pa3oBaHus @, caMH OYAYT HHBAPDHAHTHBLI OTHOCHTENLHO .

Ha#iTu Bce nuHEHHbIE NORXTPOCTPAHCTBA NPOCTPAHCTBA MHOTOMJIEHOB OT
OJHOTO HEMIBECTHOTO CTENEHH £ N ¢ BEIIECTBeHHBIMU KoadduiuenTa-
MH, HHBAPHAHTHBIE OTHOCHTENBHO NpeoBpazoBaHus (o, NMEPEBOIAIIErO
0G0 MHOPOUNEH B erc MpPOU3BOAHYIO.

JloKka3aThk, YTO MATPHILA JHHERHOTO Hpeobpa3oBAHUS  N-MEPHOTO PO~
cTpaHcTBa B 6asiuce Ay, ay, ..., &, SBAAETCS KJCTOYHOH MOMypacnas-
melica MaTpHNel BHAA:

a) ( ADI fz ), rge Aj; —KBajpaTHas MaTpHIA NOpAaka k < n, To-

r'oa ¥ TOJABKO TOTHA, KOrHa JIMHEHHOe NOIIPOCTPAHCTBO, HATAHYTOE Ha
niepBHe k BEKTOPOB 6asuca ai,. .., ak, MHBAPHAHTHO OTHOCUTENLHO )

6) ( ‘3 122 ), rae A) —kBajparHas MaTpuua nopsaka k < n, To-

POA U TOJILKO TOFAA, KOTHA JIMHEHHOe NMOANPOCTPAHCTBO, HATHHYTOE HA
nepseie 1 —k BeKTOPOB 6a3uca @rq1,. . . , Gy, MHBAPHAHTHO OTHOCHTENE-
HO @5

A 0
B) MaTpuua 6yaer KAeTOYHOM pacnaBluefcs BHAa 0 A, ) rie

Aj — KBAJIDATHAA MATPHIA TOpPAJKA K, TOTAA H TOJLKCG TOTHNA, KOTXA
KaK NOANPOCTPAHCTBO, HATAHYTOE Ha BEKTOPHI ai,...,Qk, TAK H NOA-
MPOCTPAHCTBO, HATAHYTOE HA BEKTOPH Qk4l, ..., Gn, HHBAPUAHTHO OT-
HOCUTENBHO {p.

Iycrs nureiiHoe npeolpa3oBaHHe Y N-MEPHOTO NpocTpadcTa I, B Ha-
3UCE A1, . . ., Ay, HMELT JHATOHAJBHYI0 MATPHUY € PA3NHYHEIMH 3J1eMeH-
TamH Ha gvaroHaad. HafiTu sce nuuediHble noAnpocTPAHCTBA, MHBAPH-
AHTHBI& OTHOCHTENBHO w, " Oﬂpe,ﬁ(e.HH.Tb HX YHCIO.

HaiiTy BCe nOAOpOCTPAHCTBA TPEXMEPHOTO NMPOCTPAHCTBA, HHBAPUAHT-
Hble OTHOCHTEJIBHO JINHEHHOTO npeobpa3soBanud, 3aaHHOTO MaTpunei

4 -2 2
2 02
-1 11
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1505. HafiTh BCe MOATPOCTPAHCTBA TPEXMEPHOTO NMPOCTPAHCTBA, WHBAPUAHT-
HBIE OJTHOBPEMEHHO OTHOCHTENILHO ABYX NHHEHHLIX npeodpaiosaHutt, 3a-
BAHHBIX MATPHLAMHE:

5 -1 -1 -6 23
-1 5 -1 | #n 2 -36
-1 -1 5 3 62

1506. [doka3arh, 4To n06bie OBA MEpPECTAHOBOYHEIX JHHEHHBIX Ipeobpa3oBa-
HHS KOMIUTEKCHOT'O TPOCTPAHCTBA. UMEIOT 0Ol COBCTBEHHEIH BEKTOP.

1507. Hoxasars, uro nns 6ol (xora 66l U GeCKOHEMHOH) COBOKYIHOCTH
NOMAPHO NepeCTAHOBOYHBIX JIMHEHHbBIX NPeoOpasoBaHui KOMILIEKCHOTO
npocTpaHcTBa [, cymecTByeT BekTOp, COOCTBEHHHI AN BCEX NPeoh-
Pa30BaHMR JaHHOHN COBOKYIHOQCTU.

1508. [Joka3aTh, UTO KOpHEBble BEKTOPLI, NPUHAMJEKAIIME PASTHYHBIM COb-
CTBEHHBIM 3HAYCHHUAM, JTHHEHHO HEZABMCHMEL

Hatitu cobcTBeHHble 3HAYCHHA H KOPHEBLHIE NMOANPOCTPAHCTBA JHHEAHRIX Ope-
06pa30BaHNIL, 33JAHHBIX B HEKOTOPOM 6azuce CIEAYIONAMH MATPUIAMM:

4 -5 2 1 -3 4
1509. | 5 -7 3 |. 1510. { 4 -7 8
6 —9 4 6 -7 7
26 —15 ?‘?_?_f
1511. | 11 -5 |. 1512.
12 6 0 0 2 0
1 -1 0 1

1513. HoxasaTe, uTo JHHEHOE Npeobpa3oBaHie KOMIIEKCHONO MPOCTPAHCTBA
TOTAA H TOJNBKO TOTJA HMEET NHACOHAJBHYK MaTpHLY B HEKOTOpOoM Ga-
31Ce, KOTJa BCE €r0 KOPHEBHIE BEKTOPH! SIBJISIOTCS COOCTBEHHBIMH BEK-
TOPaMH.

1514. Tokazarh, 9T0 KOMIJIEKCHOE NPOCTPAHCTBO TOTJA H TOALKO TOT4a CO-
CTOHT CILVIOIIL H3 KOPHEBLIX BEKTODOB MUHEHHOrO Npeolpa3zoBaHud (o,
xoraa ece cobcTBeHHLIe 3HAYEHU S 3TOT0 npeobpa3oBanuns PABHBL MEKLY
coboit.

1515, Ilycte R —6eckoHeUHOMEPHOE NPOCTPAHCTEO BCEX BEMIECTBEHHEIX
dyuxmyit f{x), onpefeNeHHEIX ¥ MMEIOIMX NPOU3BOAHLIE JI06oro mo-
PAKA Ha BCEH YMCIOBOH NPsiMoil, MpY OOLIYHBIX CAOXKeHNU DYHKIUI U
yMHOXKeHHH (HYHKIEM Ha 4HCI0, H ( — Npeobpa3oBaHie, NepeBonsmes
a0y GYHKINHIO B ee NpOU3BORHYIO.

Hairi: a) Bce coficTBeHHble 3HAYeHMs M COOCTBEHHBIE BEKTOPEI,
6) BCe KOpHEBHIE NOANPOCTPAHCTBA NpPeobpa3zoBaHus (.
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1516.

1517,

1518.

1519.

1520,

1521.

TIpocrpadcTeo JR,, HA3BIBAEGTCA YUXAUNECKUM OTHOCHTENLHO JHHEHHO-
ro npeobpazoBaHua , ecnu R, ofaanaer nuauyYeckuM ODA3UCOM, T.e.
GaszncoM ap, a2, ..., Gn, AJAA KOTOPOTO

pa =axy (k=1,2,...,n-1)

Jokaszarhk, 4To eca R, — DUKARYECKOe IPOCTPAHCTBO OTHOCHTENb-
HO @ ¥ ay, @9, ..., Gy — HUKIHYECKH Ga3uc, TO:

a) MHHHMAJBHBIN MHOrouneH g()) npeoOpazoBaHHsA ( HMEET CTe-
neHL n;

) MHHUMAJBHBIR MHOPOUJIEH BCETO NMPOCTPAHCTBA COBNARAET C MU-
HAMAJBHLIM MHOTPOYJIEHOM BEKTOPa &p;

B) €CJIM PQn = C1Q1+C200+ * -+CnGpn, TO MUHUMAJABHBIA MHOPOU/IEH
npeolpaAl0BAHNA ¢ ONPEAENSETCH PABEHCTBOM

gA) =X — e A e AT g,

J0Ka3aTh, YTO eCH CTENeRh MUHMMAJBHOrO MHOTOUYNeHa g(A) JjuHef-
Horo npeobpazosanus ¢ npocrpaHcTsa R, pasHa n u ¢(A) ecTh cTeneHb
MHOTOYJIeHA, HEMPUBOJAUMOrG HaJ TEM MOJIEM, HAJ KOTOPBIM PaCCMATPH-
BaeTcs npocTpaHcTBo [, T.€. B cAydae KOMIUIEKCHOTO IMPOCTPAHCTBA
g(A) = (A — )", To:

a) R, HE PAa3IOKHEMO B IPAMYIO CYMMY HBYX NOIQUPOCTDAHCTE, HH-
BAPHAHTHBIX OTHOCHTEJILHO (2]

6) R, sBNSETCH IUKJIUYECKHM OTHOCHTENLHO .

Kakoft Bug uMeer MaTpHua npeobpa3oBaHUd B MUKIHYECKOM 0a-
3uce?
IlycTe MHHUMAJNBHBIN MHOOYNEH JHHEHHOrO npeoBpas’oBaHMd @ 1po-
crpancTea R, umeer suz (A— )", Jokasars, 4TO CYIIECTBYET BEKTOD &
TaKol, 4T0 BeKTOPH (¢ — o) La, (p—ae)" 2a, ..., (¢ — ae)a, a, roe
£ — TOXKASCTBEHHOE Tipeobpazosanue, obpazyioT 6a3uc DpOCTPaHCTEA.
Kakoll Bua uMeer MaTpHLa OpeobpazoBaHuA ¢ B 9TOM Oasnce?
Jokazare, 4ro moboe noanpocTpaHcTBo L KOMIUTEKCHOTO MpOCTpaH-
crBa R,, MHBADHAHTHOE OTHOCHTEALHO JNMHEHHOTO NMpeobpa3zoBaHud ¢,
COOEPMHUT MPAMYIO, HHBAPHAHTHYIO OTHOCHTEILHO (.
Joka3ath, uto moboe noanpocTpadcTso L NelcTBUTENBHOTO MPOCTPaH-
crBa R, HHBApHAHTHOE OTHOCUTENBHO JIMHERHOTO Npeobpa3oBaHus ¢ U
UMEIoIee HEeYeTHYIO PA3MEPHOCTh, CONEPAKUT NPAMYH0, HHBAPUAHTHYHO
OTHOCHTENBbHO (. IloKa3aTh HA NPUMEPaX, YTO AJs HMOANPOCTPAHCTBA
YETHOH Pa3MEPHOCTH YTBEDMKACHHE HeBepHO. IIpu kakux ycimoBusax L
COIEPXKHT NPAMYIQ, BCE TOYKH KOTOPOH OCTAIOTCH HEMOABHKHLIMH NPH
npeobpazoBaniu @7
JoKa3aTh, 4YTO KOMILIEKCHOE NPOCTPAHCTBO, COAEPIKALIEE JIMILUEL OIHY
NPAMYX), FHBAPHAHTHYIO OTHOCHTENLHO JIMHERHOr0 npeobpazoBaHus o,
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1522,

15237

1524:

1525,

1526.

1527,

HEPA3NOKNHMO B NPAMYID CYMMY ABYX HEHYJIEBBIX OXIPOCTPAHCTB, HH-
BAPHAHTHBLIX OTHOCHTENBLHO .

JokazaTh, 4TO KOMILIEKCHO® NPOCTpaHcTBo R, OTHOCHTEILHO JAHHOMO
NUHEeNHOro Npeobpa3oBaHusd (¢ PACHalaeTed B TPAMYIO CyMMY (OQHOrO
MJIH HECKONBKHX} MHBAPHAHTHBIX JIMHENHEIX NOXNPOCTPAHCTB, KaXKiaoe
U3 KOTOPHIX COIEPAHT JAMIIL OJJHY MHBAPDHAHTHYIO NPAMYIO H, 3HAYKT
(mo npeanaymel 3amade), Kajee He PasIokKuMO.

Mycts @ — nuaeinoce npeotpasosanme npocrpanctsa R, u g{A) — Mu-
HUMAaJIbHBIN MHOrOWIeH . Jokasars, 4To:

a) ecnn g(A) = h{A\)k(N) u MBOrounenst h(A) u £(A) Bsaumuo npo-
¢Thl, TO npocTpancTso R, ecTs npamas cyMMa nognpocrpadcts Ly, co-
CTOAMIETO M3 BCEX BEKTOPOB & Takmx, 9ro h{p)x = 0, u Ly, cocroamero
U3 BCEX BEKTOPOB & Takux, 4T0 k(@)x = 0;

6} ecnu g(A) = hi{A)ha(X) ... hs{A) u Muorounensr hy(A), ha(A),. ..,
hs(A) TIOmAPHO B3AaMMHO TPOCTH, TO npocTpaHcTso R, ecTs npamas
cymma noanpocrparcets L; {¢ = 1,2,...,s), rme L1 cocTour u3 Beex
BEKTOPOB & TaKux, 4ro h;(¢)r = 0.

Jlune#tnoe npeobpazosanue ¢ B Gasuce €1, €9, €3 33JAHO MATPHUICH

100
121
-1 01

Haptin MuEMManbHBI MHEOrowieH ¢(A) sroro npeofpasoBaHus H pas-

JIOKEHHE NPOCTPAHCTBA B TIPAMYI0 CYMMY MHOANPOCTPAHCTB, COOTBET-

CTBYIOLIEE PA3JIOKEHMI0 g{A) HA B3AHMHO NMPOCTHIE MHOXKHTENH BHIA
k

(A — a).

PemuTs 3334y, aHAJIOTHYHYIO NpedniAyLlell, eciy JUHeHoe npeobpa-

30BaHuE @ B Bazuce ep,en, €3 3afaHO MATpUnei

4 -2 2
-5 7 -5
-6 6 —4

JTunefinoe npeofpa3oBaHue ¢ EBKANUAOBA (MM YHUTAPHOrO) NPOCTPAH-
crBa R, 3amano paBeHCcTBOM ¢ = (x,a)a 11a moeboro @ w3 R,
TIpHYeM @ — BAHHLIN HeHyneBo# pekTop. HalTH MHUHHManBHEIN MHOrO-
uneH g(A) storo npeobpasoBanus U Pa3noXkeHue NPOCTPAHCTBA B Nps-
MYIO CYMMY, COOTBETCTBYIOLIEE PAZMOKeHHI0 g(A) Ha B3aHMHO [IPOCTHIE
CTENeHH HEeNPUBOAUMBIX MHOTOYIEHOB ¢ BEIIECTBeHHBIMH KOst dbummeH-
TaMd (MM MHOTOYJIEHOB BHJA A — (¢ B CJIyMAE YHMTAPHOTO IPOCTPAH-
CTBA).

Ha#rru xopnanory dopMy MaTpuupl jueeiHOTO npeolpa3oBaHUA
KOMTLJIEKCHOTO MPOCTPAHCTBA F,, €CIH p UMEET C TOYHOCTBLIO A0 YMC-
JIOBOTO MHOKHTENA TOJABKO OAHH COOCTBEHHBIM REKTOD.
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1528,

15297

HokazaTk, 4TO YUCAO JHHENHO HEIABHCHMEIX COOCTBEHHBIX BEKTOPOB
JUHEHHOrO Npeofpa3oBaHUA @, TNPUHAINEKAMMUX OJHOMY H TOMY >Xe
COGCTBEHHOMY 3HAUEHUIO Ap, PABHO YUCAY KJIETOK C AMAPOHANBHEIM 3J1€-
MEHTOM Ap B KOpNAHOBOH ¢hopMe MATPHIE .

JokazaTe, 4ro Gasuc, B KOTOPOM MaTPHua JAHHEHoro npeofpalopa-
HUS (¢ KOMINIEKCHOTO BEKTOPHOTO npocTpaHcTea K, HMeeT KOpRaHOBY
dropMy, MOXKHO NMOCTPOUTH CHEAYIOMMM 0DpAIOM:

A) Ecnu He BCe COGCTBEHHEIE 3HAYEHHS ¢ PABHLI MEXAY coboil u
XapaKTepHCTHYECKH# MHOIOYJIeH FMeeT BT

A== A=A (A # A mpui # ),
To crpouM 6Gaszuc mopmpocrpaHcTBa P; BCEX BEKTOPOB & TakKuX, YTO
(p— /\ge)kim = 0 (¢ — roxaecTBeHHOE npeobpasoBanne, i =1,2,...,38).

ITpocrpancreo R, 6yaer npamol cyMMmoii nognpoctpancts P;. Ouu
MHBAPHAHTHEI OTHOCHTNLHO (; (P Ha, P; umeer onro coficTBEHHOE 3HA-
qeHue A;, mpudeMm (¢ — X s) @ = 0 gaa aoboro eekTopa & u3 P;. B
9TOM [IOCTPOSHHH BMECTO XAPAKTEPHCTHYIECKOTO MHOrOWIeHa f{A) MOXK-
HO B3siTb MHHMMANLHBIA MHOrPOUMEH g(A}, YTO MOXKET NOHU3UTH MOKA-
3aTENIH CTENEHH k.

B) IIycte » wa R, wuMmeer eanHCTBEHHOE CcOGCTBEHHOE 3Haue-
HHe Ag M k —HAHUMeHbINee LEN0e NONOXKHUTEABHOE UYHUCHAO TAKOE, YTO
(@ — Xoe)* = 0. Tlonokum ¥ = ¢ — Age. Buicomod BexTopa & Hazo-
BEM HamMenbinee h Taxoe, uro ¥he = 0. Yepes Ry, 0603HaUHM DOANPO-
CTPAHCTBO BCEX BEKTOpPOB BhICOTHI < h (0 £ h < k). Ry comepxur
TONIBKO HYJIeBOH BeKTOP; J¥i cOBNAZaeT Co BCEM NMPOCTPAHCTBOM.

Crpoum basuc Rj, xrononaseM ero ao 6asuca Ry, nonydeHHbI# Ga-
3uc Jononustem 0 Gazuca Rz u 1. j1., noka He moctpoum Gasuc Ry
(Ans KPaTKOCTH BCe 9TH Ga3NCHl HA30BEM HAa4aJbHBIMH). ad Kaxno-
ro sekTopa f BLICOTHI k HasasbHORO 6asuca Rj, cTpoMM cepuro BEKTO-
pos F,uf,¥f,... Y 1 ¢ mavannueiM BexTopoM f. Bepem moGoi
(manpumep, HavasbHeI) Gasuc Ry_o ¥ BeKTOPH! BHICOTH k — 1 Beex
TOCTPOEHHEIX CepHil. DTO BeKTOpHl BMECTe OyAyT JHMHEHHO HE3ABHCH-
mbl. Jonomnum vx 1o 6azuca Ry_ ) mobuiMu BeKTOpaMy (Hanpumep, u3
HavaJgeHOTO Oasmca ;). Ina KadKA0ro U3 AOMOJHHTENLHO B3SITHIX
BeKTopoB f {ecsqy OHHM BOOOLIE CYILECTBYIOT) CTPOMM HOBYH) CEPHIO:
FOf 0 ana

[TycTe Ha HEKOTOPOM LIATE YiKe NOCTPOSHBI CePHH, B KOTOPHIX BEKTO-
PHL BBICOTEI A+ 1 BMecTe ¢ n06piM (HANpUMED, HaYaabHBIM) Gazucom Ry
obpasyror 6asuc Ry...i. Bexropsl moboro (Hanpumep, HavyanbHOro) Ga-
anca Ry_; BMecre ¢ BeKTOpaMH BbICOTH A IOCTPOEHHBIX Cepuil ByayT
JNHHeRHO HesaBucuMEl. JonoaaumM ux 1o 6azuca Ry, mobEIME BEKTOPAMHI
(HanpuMep, W3 HavaJaeHOrO Gasuca Rp). Jas KaXKAaoro A0NOJHUTENBHO
B3ATOTO BeKTopa f (€c/in TAKOBBIE CYIIECTBYIOT) CTPOMM HOBYIO CEPHIO:
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Foof 2 f,. .., wh"lf. [TocTynaem Tak Jo Tex Nop, NOKa BEKTOPEI BCeX
[OCTPOEHHBIX cepHuit He o0pa3yroT BMecTe GasHC BCEro MPOCTPAHCTBA.
3anncaB BEKTOPHI CEPHIC 32 CcepHel TakK, YTO B KAXKIOH CepHH BEKTOPH
B3ATHl B 06paTHOM nopsAzKe (HadaJbHBIR BEKTOP CepyH Geperca B gaH-
HOY CepHy MOCHeAHUM), NONYYHM HCKOMBIH Ba3HC, B KOTOPOM MATPHLA
npeo0pazoBaHus  UMeeT XOPAAHOBY hopMy.

B} Basuc, nocrpoenue KOTOpOro ykasaso s nyHkrax A) u B), onpe-
IeJIeH He OAHO3Ha4HO. JoKasaTh eMHCTBEHHOCTE (C TOUHOCTRIO 0 NO-
PAJK2 PACNONIONKEHHs XOPAAHOBBIX KJETOK) XOPAAHOBOK MATPHI A 7,
nogotHolt AaHHO# KBaApaTHO MaTpuie A (H, 3HAYKT, 6qUHCTBEHHOCTE
AKOPAAHOBOK (hOPMBI MATPHLIBI JAHHOTO JIMHENHOTO IPeobPaz0oBaHus ).
Wmenno, mpokasaTh, 4TO xopAaHoBa dopMa Ay MaTpunsl A nopsaka n
onpefengercs caepylomum obpazom. Ilyers & — HauBRICHIHE TOPALOK
KOPHAHOBBIX KJAETOK MATPHIOBI Ay ¢ YHCIOM g Ha AHATOHANM, Tj —
4YHCAIO TAKUX KaeToK nopsaxa h (h = 1,2,...,k}, B = A4 - M E, rp—
panr mMarpuns B" (h=10,1,2,...,kk + 1). Torga yucna xp onpeae-
gsawrca GopMyiaMi

Th =Tho1 = 2rp +rhi1 (h=12,.. k). (@)

SAMEYAHUE. ®opMynsl (&) HAKOT MPHEM OTBICKAHMS KODAAHOBOM

tdopmbl A; 6e3 TOMOIM TEOPHH TEMEHTAPHLIX JAeJUTeNeH A-MAaTpPHL.

Jluneitnoe npeobpa3oBaHie ¢ NpocTpaHcTBa I, B Gasuce ey,..., €, 3a4aHO
marpuueft A. Hatirn 6azuc f,,..., f,,, B KOTOPOM MATpHIA 3TOro Npeofpa3osa-
HHA HMeeT XKOpRAHOBRY GopMy Ay, H HallTH 3Ty XopaaHoBy dopMy (HCKOMBI
Oasuc ompegeneH HEOAHO3HAYHO).

3 2 -3 1 1 -1
1530. A=1 4 10 -12 |. 1531. A= -3 -3 3
3 6 -7 -2 —2 2
0 3 3 6 6 —15
1532, A= -1 8 5 ]. 1533.A=|15 -5
2 ~14 10 12 -2
01 -11 6 -9 54
_(-12-11 _ |7 -13 87
1534. A=| || 0 1535. A = 8§ —17 11 8
-11 01 1 -2 13
1536. A = B?, pe
010...0
001...0
B=1| ............ — knetka 2Koppana nopsaaka n.
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15377

1538

1539,

Jlunetisnoe npeoﬁgmosanue o npocTpancTea R, HA3KBAETCH UHEOAI0-
MUBHBIM, ECITH ° = €, TJIe € — TOXKECTBeHHOe npeobpazopanue. Briac-
HUTBH FEOMETPHYECKHE CMBLC/I HHBOJTHBHOTO Npeobpa3oBaHnd.
Jluneitnoe npeobpasosanue @ npocTpancrsa R, wassiBaerTcs udemno-
MmenmsiM, €CIIN - = . BHIACHUTL reoMeTPHYECKHH CMBICH WIAEMITo-
TEHTHOr'0 NpeobpazoBaHus.

IpuBecTu npumeps! JuHEHHOTO TPeOOPA3OBAHNA ¢ TPEXMEPHOTO MPO-
CTPaHCTBa, ANA KOTOPOro:

a) [POCTPAHCTBO He ABJIAeTCd MPAMOH CyMMOH ofJacTu 3Hade-
nnit L) u agpa Ly npeobpasosanns o (onpegeneHde AaHO B 3ara4de
1488},

6) TpOCTPAHCTBO ABJSETCA TIPAMON CyMMOft 06JacTH 3HadeHHit L
u agpa Lo ana ¢, HO @ He ABJfeTcAa NpoeKTHpoBaHHeM Ha L) mapad-
nensHo Lo,

§ 19. JIuneiinble npeobpa3zoBannsd eBKIULOBEIX H YHUTAPHBLIX
BEKTOPHBIX NPOCTPAHCTB

1540.

1541.

1542,

1543.

T—3113

JokazaTh, 4TO OMEpallds TMepexoga OT JUHEHHOro Npeodpa3oBaHud
YHUTAPHOrO (MAM €BKAMJOBA) NPOCTPAHCTBA K CONPAXKEHHOMY Npeold-
pasoBaHUIO * 06aajaeT CREAYIOWMMI CBONCTBAMU:

a) (") =@ 6} (p+d)" =9 " +¢%5 B) {p9)" =979

r) (op)* =ap*; n) ecau ¢ meBRIpoXAeHHO, TO (P 1)* = ()7L
IMycrs €1, €2 — OPTOHOPMUPOBAHHEIN Ga3UC MAOCKOCTH U NHHEAHOE Ipe-
obpasoBaume ¢ B Gazuce f, = ej, fo = €; + es uUMeeT MaTpuny

i _% . HafiTu MaTpumy CONpsyKeHHOro npeobpasoBaHns @* B TOM
xe Oazuce fy, fo.
JIuneitnoe npeobpazopaHne @ eBKANKOBA MPOCTPAHCTBA B fa3uce U3 BEK-
Topos f; = (1,2,1), f3 = (1,1,2), f3 = (1,1,0) sanano marpuien

11 3
05 -1
27 -3

Ha#ttn marpuny conpsikennoro npeobpasosanusa p* B ToM xe Gasuce,
CUMTASA, YTO KOOPAWHATLI BEKTOPOB 0a3MCa AAHBI B HEKOTOPOM OPTO-
HOPMHPOBAaHHOM Basuce.

HaitTi marpuuny nuseiiHoro npeobpa3osaHus ¢, CONPAKEHHOT0 Tpeoh-
Pa30BaHHIO ¢ B OPTOHOPMHPOBAHHOM 0asuce e, €g, €3, CAH P IEepPeRo-
AuT sextopul a; = (0,0,1}, ay = (0,1,1), a3 == (1,1,1) B BekTOpPHI
b =(1,2,1), b3 = (3,1,2), b3 = (7,—1,4) cOOTBETCTBEHHO, I)ie KOOD-
JMUHATHl BCEX BEKTOPOB JaHH B 0a3uce ei, es, es.
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1544,

15452

1546,

1547

15487

1549.

1550.

1551.

1552,

1553

15547

[ycrs 20y — npAMOyronbHad CHCTEMA KOOPAMHAT Ha IJIOCKOCTH U @ —
NPOEKTHPOBAHHE IUIOCKOCTH Ha och O napajnensHo BuccekTpuce nep-
BOH M TpeThelt yerBepTH. HailTu conpsarkenHoe npeobpasoBanue ¢”.
Mycrs R, = L) + Ly — pasnoxxenne eBKINAOBA (MM YHHTAPHODO)} NPO-
CTPAHCTBA B NPAMYIO CYMMY ABYX NMOANPOCTPAHCTB; ¢ — NPOEKTHPOBA-
nne R, va Ly napasnensuo Lo; L u L — oproronanbHbe 10NOAHEHNS
coorsercTeeHHO anst Ly u Lo; ¢* — npeofpasoBaHiie, CONPAKEHHOE C .
Hoxkazate, uro R, = L]+ Lj n uro v* sengerca npoektupopanuem R,
Ha L3 napannensro L.

Hokazars, 4T0 ecyu noAnpocTpaHcTso L yHuTapHoro (Mnu eBKaMAo-
Ba) NPOCTPAHCTBA HHBAPHAHTHO OTHOCHTENILHO JHHEAHOrO npeolpaso-
BAHUA @, TO OPTOTOHAJILHOE gonoyHeHne L' WHBADHAHTHO OTHOCHTENE-
HO COMPsUKEHHOrO npeofpasoBaHust ™.

Joxazars, 4To AuHEHHOE Npeobpa’oBaHME ¢ YHUTAPHOIO NPOCTPAH-
crea R, UMeeT UHBAPUAHTHOE MOANMPOCTPAHCTBO JIOOOI0 HYHCIA H3MeE-
peHUt OT HYAs 00 7.

HokazaTk, uro Ans n06oro MHHERHOro NMpeobpasoBaHus ¢ YHHTAPHO-
r0 NPOCTPAHCTBA CYIMECTBYET OPTOHOPMHMPOBAaHHBI Oasuc, B KOTOPOM
MaTPULA ITOr0 NPeOOPA3I0OBAHUA UMEET TPEYro/bHYo ¢opMy (Teopema
Ilypa).

Hanucate ypasHeHHe IIOCKOCTH, HHBAPHAHTHON OTHOCHTEJILHO AMHeli-
HOT'O Npeobpa3oBanus @, 33JJAHHOIC B HEKOTOPOM OPTOHOPMUPOBAHHOM
fasnce marpuneit

4 -23 17
11 —43 30
15 —54 37

JoKasaTh, YTO eclM OfMH U TOT XKe BeKTOp & sABAAETCH COGCTBREHHBIM
A5 TMHeHHOTo NpeoBbpasoBanysd ¢ CO 3HAYEHHeM Ap H JJIT CONMPsiKeH-
HOrO NMpeoBpa3oBaHns " €O 3HAYEHHEM Ag, TO A1 = Ag.

JokasaTs, YTO eCcAHd JHHeHHOe NpeoDpasoBaHie @ YHHTAPHOTO IPO-
crpaHcTea R, uMmeeT cOBCTBEHHBIE 3HAMEHUST Al, Ag . . ., An, TO COOCTBEH-
HBIMH 3HAYEHUMU CONPAXKEHHOTO mnpeobpasoBaHua ¢* OyayT comps-
MKEHHBIE YHCHA A1, A2,...,An.

JoxazaTs, 4TO COOTBETCTBYHIIME APYT Apyry KoxbdunueHTs Muey-
MANLHBIX MHOTOUICEHOB CONPSKEHHELIX MeXAY coGol MHHeNHbIX npeot-
PA30BaHHI CONPSAXKEHbl IRYT APYTY.

MycTs AuHefiHoe Npeobpa3oBaHne @ YHUTAPHOrO (MM €BKJIHAOBA) NIPO-
cTpaHCTBA B Gazuce ey, . . ., €, HMeeT MaTpuny A, a COnpsKeHHOe npeot-
pa3oBaHue @' Bo B3auMHOM Oa3uce (cM. 3agauy 1417) f,,..., f, —MaT-
puny B. JokazaTh, uro B = A’ B yuutapsom npocrpaucree u B = A’
B EBKJAHUZOBOM IIPOCTPaHCTEE,

ITycre cxansipaoe npoussenenne (&, y) B HekoTopoM Gasuce 3aaH0 GU-
nueedHol dopmoit f ¢ Marpunen U (uapiMu cnoBamu, matpuna U ae-
nsercsa marpunei Ipama sekropos 6asuca). [Tokasars, 4ro MaTpuna A
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JUHEHAHOro npeobpa3oBaHus ¢ A MATPHLA A; CONMpsXKeHHOTo npeobHpa-
30BaHNs ¢° B NAHHOM 0a3uce CBASAHHI TaK:

a) Ay = U LA'U nnst eBknnnoBa MpocTPaHCTBA;

6) A, = UTYA'U ana yHHTapHOTO NPOCTPAHCTBA.

[Tycts B HekoTOpOM Baznce CKAAAPHOE TPOU3BEAEHHUE 3343H0 BunuHeiHON Gop-
Mo#t f, a MuHeliHoe npeoGpasoBanue @ — MaTpuuelt A. Halitn Matpnuy A; co-
npsixkeHHOro npeobpazoBamud ¢* B ToM ke Haszuce:

1555. f = x1y + Sxays + 6xays + 2x1y3 + 2x3y; + 3xays + 3z,

0o 1 -2
A=12 0 -1
3 -2 0
1556. f = 2z1y1 + 3zoy2 + Tays + 2z1y2 + 22y + T1ys + T3y + Tays + Taye;
2 1 1
A= -1 -3 1
1 2 -1

IMycte U — maTpuua I'pama HexkoToporo 6asuca n A — MaTpHlla JHHERHOrO [ipe-
obpazoeanns . Haftitu maTpuny A; conpsaxeHHoOTo npeofpa3oBaHis ¢* B TOM
xe Oasuce:

3 1 -2 120
1557. U= 1 1 -1); A=[203
-2 -1 2 013

2 -1 0 1 2 -3

1558. U=[ -1 2-1|, a=[2-3 1

0 -1 1 3 92 -1

1559, Ilycrs @ — nuHelinoe npeobpa3oraHie YHUTAPHOTO MM €BKJTHAOBA IIPO-
crpancrea. Hokasars, uro {e¥)* = e¥*. (Oupemenenune GyHKUEM OT
NMHEBHOTO npeolpa3oBaHus AaHO B 3ajaye 1464.)

1560. JokaszaTe, 4T0 NpoOM3BEJEHME JBYX OPTOTCHANBHBIX (COOTBETCTBEHHO
YHHTAPHLIX) Npeo0pa3oBaHHil caM0 OPTOTOHAJILHO (YHUTAPHO).

1561. [okasars, uTo ecnu simHeliHOe Npeobpa3oBaHne ¢ YHUTAPHOrO (uiau es-
KJANAOBA) TPOCTPAHCTBA COXPAHAET AJIHMHBI BCEX BEKTOPOB, TO OHO YHH-
TapHO (COOTBETCTBEHHO OPTOIOHAJLHO).

15627 TlycTs B yHUTApHOM (MJIM EBKJMJIOBOM) MPOCTPAHCTBE 33JAHO HEKOTO-
poe npeobpa3oBaHKe @, B CHIYy KOTOPOrO KAXK/OMY BEKTOPY & COOTBET-
CTBYET EOUHCTBEHHHIN BeKTOp @z. JoKasaTk, 4TO ecyM npeolpasoBa-
HHE (@ COXPaHseT CKANSPHOe NPOH3BEREHNE, T. €. (Y, y) = (&, y) Bna
MOBEIX BEKTOPOB &,y NPOCTPAHCTBA, TO ¢ Oyner AUHEHHBIM H, 3Ha-
YUT, YHHTAPHLIM (COOTBETCTBEHHO OPTOTOHAJNBHBIM) Npeobpa3oBaHIEM.
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Oraen 4. BekTophBIe BPOCTPAHCTBA H HX JHHeliHble NpecOpasoBaHHA

1563.

1564,

1565,

1566

15677

1568,

15697

[MToxa3aTs Ha mpHMepax, YTO COXPaHEHMs CKAJAPHEIX KBaJPaTOB BCEX
BEKTOPOB HEJOCTATOMHO AJIA JIMHEHHOCTH .

Mycts ckansapHOE yMHOMEHUE BEKTOPOB NpocTpalcTsa R, 3a1aH0 MaT-
punet [pama U sexTopos Hexoroporo Gazuca. Hairrn ycnosue, neofbxo-
AAMOE H KOCTATOMHOE AJA TOro, uToln! jHHeilHoe npeobpasoBaHue o,
3aJaHHOe B TOM ke Oazuce marpunett A, 6s1a0:

a) OPTOrOHATLHBLIM NMpPeobpa3oBaHUEM EBKJIHZOBA NPOCTPAHCTBA,

6) YHUTApHBIM NpeoGpa30BAHUEM YHHTAPHOIO IPOCTPAHCTEA.
Hoxazarh, YTO ecnu ABa BEKTOPA &,y EBKJIMAOBA {HIH YHHTAPHOTO)
MPOCTPAHCTBA HMEIT OJUHAKOBYIC IJIMHY, TO CYIIECTBYET OPTOTOHAJb-
HOe (COOTBETCTBEHHO YHUTAPHOE) npeofpa3oBaHue @, NEpeBoAsiee T
B Y.

JoKa3aTh, 4T eCiiy JBE Naphl BEKTOPOB &1, €2 U Y1, Yo EBRINAOBA (KUK
YHHTAPHOro) npocrpancTea ofnajalor csoifcreamu |x1] = |y,], [®2] =
|¥o] ¥ yron MexkAy x) M @9 paBEH YTUIY MEXAY ¥ U Yg, TO CYIIECTBYET
OPTOrOHANLHOE (COOTBETCTBEHHO YHUTAPHOE) Mpeodpa3oBaHye  TaKoe,
9T0 Y1 = Y1, P2 = Yoo

Tlycte AaHbl OBe CHCTEMbl BEKTOPOB &1,...,&k H Y1, .., Yy EBKIHI0-
Ba (WM YHUTADHOrO) NpPOCTPAHCTBA. JlOKA3aThL yTBepkAEHHE: BJIs TO-
ro 9rofb CymEeCcTBOBANO OPTOrOHANLHOE (COOTBETCTBEHHO YHMTAPHOE)
npeobpasoBaHue @ Takoe, 4To X = y; (1 = 1,2,..., k), Heobxogumo
H JOCTaTOYHO, 4T0Obl MaTpHupl ['pama obenx CHCTEM BEKTODOB COBIA-
ganm: (0, %)} = (¥ Y;))-

[Tycte ¢ — yHUTapHOEe (MM OPTOrOHAJIBHOE) NPeobpa3oBaHME YHHTAD-
HOro (COOTBETCTBEHHO eBKJIMAOBA) npocTpaHcrea R,. JlokazaTs, 4To
OpTOTOHAJBHOE JonoaHenne L* x swHetHOMy mopnpocrpancrBy L, mH-
BAPHAHTHOMY OTHOCHTENLHO (P, TAK)KE MHBAPUAHTHO OTHOCHTENBHO .
Jloxazark, 4To 1BA EPECTAHOBOYHBIX YHUTAPHEIX IIPeobpa3oBanys yHu-
TAPHOTO TPOCTPAHCTBA 00/134310T O0IUM OPTOHOPMUPOBAHHEIM 0a3n-
coM COBCTBEHHBIX BEKTOPOB.

Joxa3aTs, 4TO AAH YHUTAPHOTO Npeobpa3oBAHHA ¢ YHUTAPHOIO IIpPO-
CTPAHCTRA:

a) cobCTBEHHbIC 3HAMEHHs N0 MOAYMO PABHBI €RMHUOE (¥, 3HAMUT,
XAPAKTEPUCTHYECKHE YUCA YHHUTAPHOMN, B YACTHOCTH BELIECTBEHHOMN Op-
TOTOHAJILHOM, MAaTPUUEI M0 MOAY/II0 PABHEI €UHHLE);

6) COOCTBEHHBIC BEKTOPHI, NPUHANJIEKAIME JIBYM Pa3/JHYHbIM COf-
CTBEHHHM 3HAYEHHUHAM, OPTOrOHAJLHBL,

B) ecqu B HeKoTOpoM Gasmce marpuna A npeofpaszopanus ¢ Belre-
CTBEHHA U CODCTBEHHHIN BEKTOP, MPUHAANEXKALMN KOMIEKCHOMY Cob-
cTBeHHOMY 3Ha4yeHHIO « + Gt (B # 0), npeacrasnex B Buje & + yi, TAe
BEKTOPHl € U § HMEIOT BELIECTBEHHLIE KOOPAWHATEI, TO & U ¥ OPTOro-
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HAJIbHBI 1 UMEIOT ORHHAKOBYIO AJMHHY, IIDHYEM
pr =ax — Py; oy =B+ oy, (1)

r} OpTOroHaJbHOE Npeobpa3oBaHHE eBKIMAOBA NPOCTPAHCTBA BCE-
raa ofurafaeT ONHOMEPHBIM WJIH ABYMEPHBIM HHBAPHAHTHBIM TIOONPO-
CTPaHCTBOM.

15707 HokasaTh, 4yTo:

a) anda JioBoro YHUTAPHOrO npeofpas’oBaHHsA ¢ YHUTAPHOLO INpPO-
crpancrea F,, cylmecTByeT opTOHOPMHPOBAHHEIN §a3uc, cocTosammi 13
COBCTBEHHBIX BEKTOpOB NpeolpasosaHus . B sTom Gasuce Marpuna ¢
ABJIHAETCA ,E[Ha.FOHaJIbHOﬁ ¢ AHArOHAJIBLHBIMH 3NEeMEHTAMH, DABHEIMH IO
MOAYJIK eRPHHALE.

Kakoe ¢BOHCTBO YHUTAPHBIX MAaTPHL OTCIOAA BHITEKAET?

6) ana n06Oro OPTOroHANLHOTO NPeoOPAIOBAHNS P EBKANIOBA TIPO-
crpaHcTBa |, cylecTByeT opTOHOPMUpPOBAHHELIN Ga3uC, B KOTOPOM MaT-
pPHIA @ HMeeT KAHOHHYeCKHMH BHJ, [ Ha IVIABHOH IHAFOHAMH CTOAT
KJETKH BTOPOrO IOPHJIKA BHJA

cosy -—sin-y
( siny cos%y ) (v # k=)
1 KJIETKH MepBOre nopsaaxa suaa (+1).

Knerku kaxoro-Hubysp H3 9TUX THIOB MOCYT OTCYTCTBOBATH. Bee
OCTaJbHbIe 3NEMEHTh PaBHE! HYJIHO. KaKOB reoMeTpUYeCKUH CMBICH Mpe-
obpazoBanus? Kakoe cBOACTBO BEIIECTBEHHBIX OPTOTOHAJIBHEIX MATPHI
OTCIONA BHITEKAET?

oA oprorosanbHOro npeofpazoBaHHuA (@, 3aJAHHOTO B OPTOHOPMHPOBAHHOM
Hazuce maTpunest A, HalfiTH OPTOHOPMUPORAHHLIL BAa3NC, B KOTOPOM MaTpHLa B
3Tore npeobpaszoBaHHA MMEeT KaHOHMYeCKHH BMJ, yKasaHHBI B 3amade 1570.
Hattu kanonnueckuit sug. (Mckomsrit 6a3uc onpeneneH HeOQHO3HAUHO, )

2 2 1 1 1 It
§ 573 3 3 "3V2
2 1 2 1 1 1
1571 A= | § -3 3 [ 1572.4=]3 3 3v2
1 2 2 1 1
-3 3 3 V2 —3v2 0
1 1
5vV2 0 52
1573. A= | 12 23v2 12
2 1 2
3 3 3
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Otgen 4. BeKTOpHbIE NPOCTPAHCTBA H MX JHHEHHDIE Npecdpa3oBaHua

Haita xaHoHEueckuit By B opToroHansHol MaTpulll A ¥ OpTOTGHAJIBHYIO
marpuny Q Takyio, uto B = Q 1AQ:

1574.

1576.

1578.

1579.

1580.

1581.

1582,

[ 21 2 3 1 1k
3 3 3 4 4 4
2 2 1 1 3 1
1 2 2 1 1 1
\ "3 73 3 G G
(11 1 1Y [ 11 1 1Y
2 2 2 2 2 2 2 2
1111 11 11
12 272 72 _ 22 72 73
A=t 1 o1 [ BTA=L 11 1
2 2 2 2 2 2 2 2
1111 111
2 72 2 2/ \ 232 373

s gaHHON YHUTApHOW MATpPHLBI

1 4434 4i —6—2i
A=§ —4i 4-3 -2-6¢
6+2i —2—6¢ 1

HAUTH XUATOHAJBHYI MAaTpuLy B W yHUTapHY MaTpuLy {J Takpe, 4To
B=Q'AQ.

Jokazatk, 4ro nuHelHas KOMOMHAUNA CaMOCONPAXKEHHHX npeobpazo-
BaHu# ¢ BelllecTBeHHbIMU K03 dunnenTamu (B 4aCTHOCTH, CyMMa JBYX
CaMOCOTIPSI2KEHHBIX NpeobpasoBaHuil) ecTh CaMOCONPHXKEHHOe Npeodbpa-
30BaHHUE.

JoKa3aTh, YTO NpPOU3BEREHUE YY) JBYX CAMOCOUDSIKEHHBIX npeobpaso-
BAHUI (¢ K 1) ¥ TOTAA ¥ TOALKO TOTAA OYHET CaMOCONPSXKEHHEIM, KOTAA
¥ 1 TIePECTAHOBOYHBI.

Jokasarb, 9TO €CNH @ M 3 — CaMOCOTPSIKEHHBE NpeobpasoBaHud, TO
CaMOCOTIPSPKEHHBIMA OyAYT TakkKe mpeobpa3oBaHust

w¥ + Yo u iy — Po).

JloKa3aTh, UTO OTpaXeHHe ¢ eBKAMAO0BA. (WM YHUTAPHOTO) MPOCTPAH-
crea I, B noanpocrpancree L napannennno noanpocrpasctey Lo To-
[J1a B TOJBKO TOTAA OYAET CaMOCONPAXKEHHBIM NHHeHHHM npeobpasoba-
HueM, korga Ly u L oproroHanbubL.
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1583. Joka3sarh, 4TO NPOEKTHPOBAHUE {» €BKANACBA (MJIM YHUTApHOIO) Ipo-
crparcTea R, Ha noanpocTpaHcTBo Lj napajuleslbHO TOANIPOCTDAH-
crBy Lo Toraa u tojexo Toria GymeT CAMOCONPSYKEHHBIM JIMHEHHEBIM
npeobpazosanueM, korna Li u Ly oproroHanbHH.

1584. Joka3aTh, YTO €CJIH JIMHEHHOE IPeobPa30BAHNE ¢ YHUTAPHOrO (MM eB-
KAuaoea) npocrparcTea R, obnanaer mobbiMu AByMSA M3 CIERYIOLIAX
Tpex CBOMCTB:

1) @ — camMoconpsi’KeHHOe npeobpa3oBaHue;

2) ¢ — YHATApHOE (COOTBETCTBEHHO OPTOrOHAJILHOE) mpeofpasoBa-
HHE;

3) @ — UHBO/HOTUBHOE NPEOBPA30BAHME, T.e. (P2 = £ — TOXKISCTBEH-
Hoe npeobpazoBaHue,
TO OHO OGIAZAET M TpeThHM cBoficTBoM. HallTu Bce THne! npeobpazoba-
HEl, 0OMANAILINX BCEMH ITHMU CBONCTBAMM,

Hafiti opToHOpMHpOBaHHLIA 6a3uc COGCTBEHHBIX BEKTOPOB U Marpuuy B B
aTom Gasmce A/iA AMHEHHOro Npeobpasosalusi, 3aJaHHOPO B HEKOTOPOM OPTO-
HOPMHPOBaHHOM Gasnce Marprueit A (McKoMBIA Ga3nuc onpeieseH He ONHO3HAY-
HO):

11 2 -8 17 -8 4
1585. A = 2 2 10). 1586. A= | ~8 17 —4
-8 10 5 4 —4 11
3 20
1587. A= | ¢« 30
0 04

Jna nanHol MaTpuis A HallTH JHaroHaJIbHYI0 MaTpuly B u yHUTApHYIO MaT-
puny C takme, yro B = C7LAC.

{3 2+2 {3 2-i
1583.,4_(2__21. A ) 1589.A_(2_H. . )

1590 PaccMOTpHM N2-MepHOe NPOCTPAHCTEO BCEX KOMILIEKCHBIX KBAIPATHEIX

MATPHI[ OOPAAKA 7t ¢ OOBIYHBIMKM ONEPALHAMH CJIOXKEHHA MaTpHl H
YMHOKEHHA MaTpHUH Ha 4uciao. IIpeBpaTiM STO NpPOCTPAHCTBO B yHU-
TapHOe, CHUTAsA, YTO CKAMAPHOe pou3BeaeHue anyx Marpuy A = (a;;)}

n
u B = (bi;)] 3anano papencrsoM (AB) = ZGUE‘J"
ig=1

HokazaTs, 4TO:

a) YMHOMeHHE BCEX MATPHI| CJIeBa Ha OAHY H Ty Xe Mmarpuny O
ABJISETCA JIMHEHHBIM Tpeo0pasoBaHueM;

6) yHHTapHble MATPULBI KAK BEKTOPH YKA3AHHOO NMPOCTPAHCTBA
MMEIOT ANMHY /1]
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Orzen 4. BekTopRBIE TPOCTPAHCTRA ¥ HX NHHeliHbE 11peofpaiosaHus

1591,

15927

1593,

1594.

B) YMHOXEHHS BCEX MATDHI[ (JIEBA Ha CONPSKEHHO-TPAHCIOHHDO-
Banabie MaTpuusl C u C' BRI3BIBAIOT CONpPSAKEHHEIE Npeobpa3oBaHus,

r) YMHOXEHHE CJIEBA HA YHUTAPHYIO MaTpuly C BLISBIBAET YHUTAp-
Hoe npeo0pasoBaHie;

J) YMHOXEHHE Ha SPMHTOBY MATPHLY BBI3BIBAET CAMOCONPSIKEHHOE
npeofpazopaHue;

€) YMHOXKeHHE Ha KOCOIPMHUTOBY MATDHILY BHI3HIBAET KOCOCHMMET-
pudeckoe mpeobpazoBaHue.

[IycTs ckafApHOe YMHOXKEHHE BEKTOPOB npocTpaHcTBa F, 3a1aH0 MaT-
puueit 'pama U mexoroporo Gasuca. Haittn ycnosue, HeoGxoaumoe u
BOCTATOUHOE JJ1st TOTO, YTOOK! NHHElHoe npeocfpa3oBaHue @, 33JaHHOE B
TOM ke ba3uce MaTpunelt A, 6bU10 CAMOCOTIPSIKEHHBIM B C/Iy4ag: a) eB-
KJIUA0BA, 6) YHUTAPHOrO NPOCTPAHCTBA.
JokazaTk, yTO ABA CaMOCONPSXKEHHBIX NpeobpazoBalms ¢ H ¥ YHUTAp-
HOro (MW eBKJIMAOBA) npocrpaHcTsa R, TOrma M TONBKO TOTAA MMe-
10T 00U OPTOHOPMHPOBAHHLIY 0a3MC COOCTBEHHEIX BEKTOPOB O0OMX
npeobpa3osaHuil, KOTAA STH Npeobpa3oBaHNsA NepecTaHoBoYHEL. Kakoe
CBOMCTBO KBAJPAaTHUHEIX (POPM M TIOBEpXHOCTElf BTOPOro HOPSARKa OT-
CIOa. BLITEKAET?
IycTs R — eBKJIMAOBO OPOCTPAHCTRO PA3MEPHOCTH N2, BEKTOPAMH KO-
TOPOTo SIBJSIOTCH BCE BEIIECTBEHHLIE MATPHLEI MOPsAKA N ¢ ODBIYHLIMU
CI0KEHHWEM MATPUI|, U YMHOMEHHEeM MATPUUH HA 4MCJIO0, & CKAJISPHOE
npoussegenue Matpul A = (a;;) u B = (b;;) onpeneneHo paBeHCTBOM
T
(AB) = Z aijbij. TlycTs, nasee, P u () —BelecTBeHHBIE CHMMETDH-
ij=1
YecKHe MaTPUUE! NOpAAKa n.

Jloka3aTh, 4ro muHeiHble npeobpaizosanna pX = PX u ¢ X = XQ
(X — meoGast MATPHULA U3 NPOCTPAHCTBA. JB) SIBJSIOTCA 1epeCTaHOBOHbI-
MM CAMOCOIPHKEHHBIMHU NpeoOpasoBaHHAMM NPOCTPaHcTBa B, n HaliTH
CBA3b MEXKAY 0OIMHUM OPTOHOPMHPOBAHHLIM DA3HCOM COOCTBEHHBIX BEK-
TOPOB Npeofpa3opaHuil v U ¥ U OPTOHOPMHUPOBAHHBIMU Oa3zucamu cob-
CTBEHHBIX BEKTOpPOB Martpun P u Q.

Camoconpsykennoe nHHelfHoe Npeo0pa3oBaHye ¢ YHUTAPHOTO (MM eB-
KJANJOBA) MPOCTPaHCcTBAa R, HA3LIBAETCA MONOXKHTENLHO OnpejeneH-
HBIM, ecni (px,x) > 0, 1 HeoTpuuaTenbuniM, ecu (px,x) = 0 wa
moboro sexropa @ # 0 uz R,. JokazaTe, 4To camMoCONpsiskeHHOe Tpe-
o0pa3oBaHue ¢ TOTAA W TOJBKO TOIJA SIBASIETCS NOJOXKUTENBHO Onpe-
JETeHHBIM (WM HEOTPHLATENBHBIM), KOTAA BCE ero CoOCTBEHHBIC 3Ha-
YeHHS MOJIOXKHUTENbHB (COOTBETCTBEHHO HEOTPHIATENbHBI). [[oka3aTs,
4T0 At moBoro (a He TOIBKO s CAMOCONPSYKEHHOr0) JINHERHOr0 mpe-
obpasosanug  u3 (px,x) > 0 (wnn 2 0) cneayer, uro Bee coGCTBEHHLIE
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3HAYEHUs] ¢ TONOKUTENLHE! (COOTBETCTBEHHO HEOTPULATENbHED). Ilpu-
BECTH [IPHMEp, TTOKA3BIBAIOLIAN, 9TO JJ1A CaMOCONPAKEHHOrO THHEHHOro
npeoOpa3oBaHua obpaTHOe yTBep)KAeHHE MOMXET OhITH HEBEPHO.

15957 JoxazaTe, 4T0 €ClH @ = ¢} WM ¢ = X, [Oe ¢ U 3P — CaMOConps-
JKeHHBIE JIHHelHBIe TpeobpasosaHnsa ¢ NOMMKHTENBHBIMUI COGCTBEHHBI-
MHA 3HAYEHHSMH, a X — YHHTAPHOE NpeoDpazoBaHHe, TO @ = ¥ U X —
TOXKAECTBeHHOE TpeobpasoBanne (cM. 3agauy 1276, B).

15967 HoxazaTe, uTo n000e HEBLIPOXKAEHHOE JHHEHHoe NpeobpasoBaHue @
YHUTAPHOTO {HJIH €BKJIMIOBA) NPOCTPAHCTBEA [IPEACTABNSETCA KAK B BU-
e ¢ = $1x1, TaK U B BUAE @ = Xa¥2, TAE ¥1,%2 — CAMOCONPSIKeH-
HEIE TPe0oOPaZOBalUA ¢ MOJMOKHTENLHEIMH CODCTBEHHBIMY 3HAYEHHUAMH,
2 X1, X2 — YHUTApHEIE (COOTBETCTBEHHO OPTOrOHANbHLIE) mpeoBpasosa-
HHUs, npHieM 00a YKa3aHHBIX NpPeICTABJCHHS €1HHCTBEHHEL.

1597. Ilouemy paseHCTBA

(12)=(12)-(67)-(:1)-(35)

HE IPHBOAAT K MPOTHBOPETHIO ¢ €AHMHCTBEHHOCTBEO NPEICTABJIEHH)S], YKa-
3aHHOTO B TIpeABIAYINEH 3ajaue.

Crenyiomne MATpHUB NPENCTABHTL B BHIAE MPOH3BEAEHHSA CHMMETPHHECKOH
MaTPHILH C NMOJOKUTENBHEIMH X3aPAKTEPHCTHUYECKUMH YACIAMH HA OPTOrOHAb-
HYIO MaTpHILy:

4 -2 39
1508 { 2 1Y) 1s09. (1 %Y. 1600. | 4 4 -1
7 1 1 4 5 i

1601. [oka3aTh, 4TG CaMOCONPSAKEHHOE NHHEAHOE NPeobpaz0oBaHUe  TOrIa H
TOMBKO TOTJA fIBJIAETCH NOJIOXKUTENBHO ONIPEAeNeHHBIM, Xoraa, Kosgdhu-
IHEHTEl ero XapakTEPHCTHYECKOT0 MHOrouena A®+e3 A"~ +- - - +e, Boe
OTJMYHBl OT HY/st H UMEIOT Yepenyomuecd 3HaKH, B HEOTPUIATEibHBIM
(T e. ¢ HEOTPHUATENEHBIME COOCTBEHHEIMI 3HAYEHMAME) TOTHA U TOJb-
KO TOTAA, KorRa Koadduunents ¢p = 1,€1,¢€9,. .., Cx OTAHYHEL OT HyMd
H UMEHT YepeayloLInecs 3HAKU, A Cii1,. .., Cn PABHBI HYMO. 31eCh k —
aoboe yucao or 0 go n.

16027 HoxaszaTe, 4T0 eCHH @ H 3 — CAMOCONPSAXKEHHbIE MPeobpa3oBaHist H @ —
DOJIOYKUTENLHO ONIPeAeNIeHHO, TO COBCTBEeHHBIe 3HAYEHKA TpeobpasoBa-
HUA Py BEIIECTBEHHEL.

1603 JokasaTb, 4TO €CHH ¢ H 1) — CAMOCONpPSIZKEHHBIE Npeobpa3oBaHusa ¢
HEOTPHLATELHBIMH COBCTBEHHBIMY 3HAYEHHSAMH, NPHYEM OJIHO K3 HHUX
HEBBIPOXKAEHHO, TO COGCTBEHHBIE 3HAUEHMS IIpeobpa3oBanud iy Belle-
CTBEHHH M HEOTPHIIATeJIBHBIL.
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Ornen 4. BekTopHBIE TIPOCTPAHCTBA W UX JIHHelHEIE Npeobpas0BaHUA

1604,

1605!

1606

1607:

1608,

16097

1610

JoKa3aTh, MTO CYMMA JBYX FUIH HECKOJBKHX HEOTPHIATEELHEIX CAMOCO-
NPSKEHHBIX npeobpazoBanuii (cM. 3ama4y 1594) asnsercda CHOBa HEOT-
PHIATENBHEIM CAMOCONPSKEHHBIM Npeobpa3oBaHueM.

Joka3aTh, 4TO HEOTPUIATENBHOE CAMOCONPIKEHHOE Tpeobpa3oBaHHe
PaHra r ecTh CYMMa T HEOTPHLATENBHLIX CAMOCONDMXKEHHBIX npeobpa-
30BaHHUil panra 1.

JokazaTh, 4TO NMHelHoe NpeobpazoBaHHE ¢ YHHTAPHOTO IPOCTPAH-
crBa R, AMEWOIIEe PAHT eAMHUIIA, TOL/IA W TOJILKO TOrAa ByleT HeoTpH-
IATeIbHBIM CAMOCONPSIKEHHBIM, KOrja B JI0O0OM OPTOHOPMHDOBAHHOM
6a3nuce ero mMaTpupa npexacrasnferca B suge X' X, rae X —crpoka n
qHCEN.

Jokazats, uro ecmu marpunsl A = (ai;)7 u B = (b;)] spMuToBH! 1
HEOTPUIATENbHB! (T.€. MMEIOT HeOTPHHATeNbHble COOCTBEHHLle 3Hadve-
HHH), TO H MarTpHlia C = (cl-j)’f, LRE & = a,;jb,;j (‘E,j = 1,2,... ,n),
IPMUTOBA M HEOTPULATENbHA (Cp. C 3azaged 1220).

Jluneitnoe npeobpazoBaHue ¢ eBKAUA0BA (HAM YHHTAPHOTO) NPOCTPaH-
crsa R, HAa3bIBAeTCA KOCOCHMMETPHYECKHM, €CNH @° = —p, the o —
npeobpasosanue, conpsixeHHoe . [okazaTh, 4To:

a) ans toro 4rodsl NMHEHHOEe MpeoOpa30BaHHE ¢ €BKIMAOBA TPO-
CTPAHCTBa GBI KOCOCHMMETPHYIECKHM, HEOOX0OMMO U BOCTATOYHO, YTO-
6r1 ero MmaTpuna A B JioGoM OpPTOHOPMHUPOBAHHOM (a3lce ObLIA KOCO-
cummMerpudeckoit, T.e. A’ = —A;

6) Ans Toro uToOLI JuHeitHOe Npeobpa3oBaHue  YHHTAPHOTO NPO-
CTPAHCTBA ObINIO KOCOCUMMETPUYECKHM, HEOOXGIUMO H JOCTATOMHO, UTO-
61 ero marpuna A B moboM opToHOpMHpOBaHHOM Oazuce ObLIA KOCO-
3pMuTOBON, T.e. A = —A.

HokazaTh, 4TO OpTOroHaJLHOE AonosxeHue L* K smHeAHOMY Tomnpo-
crpadcTBy L eBKnuAoBa (WM YHHTAPHOIO) NPOCTPAHCTBA, HHBAPHAHT-
HOMY OTHOCHTEJIEHO KOCOCHMMETPHYECKOro Npeobpa3oBaHud o, TAKXe
MHBAPMAHTHO OTHOCHUTEJNLHO (.

JokazaTe, 4TO ON8 KOCOCHMMETPHYECKOTO Npeo0pa3oBaHiA (¢ YHHTAD-
HOrQ MPOCTPAHCTBA!

a} coOCTBEHHBIE BHAYEHNS YHUCTO MHUMEI (M, 3HaYHUT, XaPaKTEPHUCTH-
YeCKHME YHCIA KOMILICEKCHON KOCO3PMHTOBOH, B YACTHOCTH BEIIECTBEH-
HOt KOCOCHMMETPHYECKON, MATPHULBl YMCTC MHHMEI);

6) cobGCcTBEHHBIE BEKTODHI, NMPUHAAJIEKAIME ABYM DA3MHYHBIM Cob-
CTBEHHBIM 3HA4YEHHUSAM, OPTOTOHAALHEI,

B) €CJIM B OPTOHOPMHpOBaHHOM Oasuce Marpmua A npeobpasosa-
HHA (¢ BEIIECTBEHHA W COBCTBEHHBIN BEKTOD, NPHHALIEKALMI 3HAYe-
Hute Bi # 0, npefcTasned B BUje T + Yi, rhe BEKTOPHI & U Y MMET
BEUIECTBEHHbIE KOOPAWHATH, TO & U Y OPTOTOHAJNBHLL H MIMEIOT OOUHA-
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16117

1612.

1613.

1614z

KOBYK IJIMHY, IIpHYEM
px = —Pfy, ¢y=pz; (1)

F) KOCOCHMMETPHYECKOE Npeobpa3oBaHie eBKJIHAORA NPOCTPAHCTBRA
Beerga o6nanaer OJHOMEPHBIM WM ABYMEPHBIM WHBADUAHTHBIM TOA-
NPOCTPAHCTBOM.

Joka3aTk, 4To:

a) pois Jo00ro KOCOCHMMETDHYECKOro Nnpeofpa3oBaHud ¢ YHUTAD-
HOTO mpocTpaHcTBa Ry, CynecTByeT 0pTOHOPMHPOBaHHEIR Gasuc, cocTo-
Ay u3 coBCTBEHHBIX BEKTOpPOB mpeoOpazoBanus . B atom Gasuce
MAaTPHLA @ ABAAETCA AMATrOHAJLHON C YHCTO MHHMEIMM 3JIEMEHTAMH Ha
OUarOHAAH (IPHYeM HEKOTOPHIE M3 ITHX 3IEMEHTOB MOTYT DaBHATHCH
Hy/a10). Kakoe CBOHCTBO KOMIUIEKCHBIX KOCOIPMUTOBLIX MAaTPHI OTCHOIA
BLITEKaeT?

6) mas mo60ro KOCOCMMMETPHYECKOTO NpeoOpa3oBaHus  eBKANAO-
Ba TIpocTpaHcTBa I, CyIECTBYeT OpTOHOPMHUPOBAHHBIE Da3Hc, B KOTO-
POM MATDHIa MMeeT CAeAyHLIHN KaHOHWYeCKMH BUA: [0 raBHON AHa-

0 g
TOHAJIM CTOAT KAETKH BTOPOTO NOPARKA BUJA | 80} rae B # 0, n

HYJIEBHIE KJETKH EPBOTO NOPAIKA {KJETKH OXHOTO M3 ITHX THIIOB MO-
ryT oTcyTCTBOBATh). Kakos reoMerpuyecknil cMpica npeobpasoBaHus,
KAKOE CBOHCTRO BEINECTBEHHBIX KOCOCHMMETPDHHECKHX MATPHI, OTCIONA
BLITEKACT!

JoKazaTh, UTO eciH @ — CaMOCONPsKEeHHOe Tpeobpasopadie YHHTAPHO-
ro NpOCTPAHCTBA, TO npecbGpasopanue P = i ABAIETCH KOCOCHMMETDH-
qecknM. O6paTHO, eCcl ¢ — KOCOCUMMETPHYECKOe, TO ¥ = ¢ — caMo-
COMpSXKEHHOE NpeoBpazosaHne.

JloKasarh, 9TO €CIH ¥ — CAMOCONPAXKEHHOE NTpeobpa3oBaHie YHUTAPHO-
FO IPOCTPAHCTBA, TO npeobpaszopanne ¢ = (@ — z's)_l(f,o +ig), roe € —
TOXKAECTBEHHOE TPeobpa3oBanue, CYUIECTBYET U ABASETCH YHUTADHBIM.
Joka3aTe, YTO KOCOCHMMETPUUYECKHE M YHHETApHBIE npechpa3zoBanus
YHHTAPHOTO NPOCTPAHCTBA (M COOTBETCTBEHHO KOCOCHMMETPMYECKHE H
OPTOrOHANLHbLIE Npeobpa3oBaHuA €BKJHAOBA IPOCTPAHCTBA) CBS3aHbI
CceyIomuM 06pa3oM: ecnyl B PABEHCTBE

P = (e~ @)e+p) " (1)

(rme £—ToXKAECTBEHHOE NpeoOpPAa3OBAHHE} P — KOCOCHMMETPHYECKOe
npeobpa3oBanue, TO ¥ — yHUTApHOE npeolipasoBanue, He uMeroee Cob-
cTBEHHBIM 3Ha4eHueM yucno —1. O6patHo, ecsw B ToM ke paseHcTse (1)
 — yuuTapHOe npeobpasoBaHne, He UMEIOIee COOCTBEHHRIM 3HAYEHHAEM
queio ~1, T 1P — KococuMMeTprdeckoe npeobpasosanne. Pasencrso (1)
ONpeHeNsieT B3aUMHO ORHO3HAYHOE OTOOpa’KeHHe BCeX KOCOCHMMMETPH-
4eckuX npeofpaloBaHiii HA BCEe YHUTADHBIE Npeodpa3oBaHus, HE UMEIO-
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1615.

1616.

1617}

1618,

1619.

1620.

1621.

1622,

mHe cOGCTBEHHBIM 3HAYEHHEM 4HCF0 —1. AHAJOPHYHAA CBA3L MMEETCH
MEXKAY KOCOCHMMETPHYECKHME H OPTOrOHANBHEIMH TIpeobpA30BaHUAMHU
EBKJIHJI0BA NPOCTPAHCTBA. KaKie CBONCTBA MATPUIL OTCIONA BHITEKAIOT?
TMokazars, yre paseHcTBO (1) npeabiaymelt 3a1a4H ONpPeensieT B3auM-
HO OTHOZHAYHOE COOTBETCTBHE, BO-[TEPBBIX, MEX/Y BCEMH HEBBIPOXK JGH-
HBIMH KOCOCHMMETPHYECKHMH NIPeolbpa3oBAHNAMH U BCEMH YHUTAPHBIMH
(COOTBETCTBEHHO OPTOrCHATLHBIMH) NPeoBpasOBAHUAME, He HMEIONIMMH
c0oOCTBEHHBIX 3HAYEeHH =1, U, BO-BTOPBIX, MEXKAY BCEMH BBIPOXKEECHHBI-
MH KOCOCHMMETPHYECKUMH Npeofpa30BaHUAMH M BCeMH YHHTApPHBIMH
(oproroHanbHEIMH) TpeoBpPAZOBAHUSAMH, MMEIOIHUMH COOCTBEHHEBIE 3HA-
yeHna +1, HO He UMeIMIMH CODCTBEHHOTO 3HavyeHH:A —1.

JoKA3ATE, YTO ecHM  — KOCOCHMMETPUYECKoe Npeodpa30oBaHue YHHTAD-
HOro (MJH €BKJIMjI0BA} IPOCTPAHCTBA, TO NMpeobpazoBanne e¥ spaserca
YHHTAPHBIM (COOTBETCTBEHHO OpTOroHanbHeIM). Kakoe CBONACTBO mar-
puIl OTCIONA BHITEKAETT

Jloka3aTh, 9yTo dbyHKIUA €¥ BLI3LIBAET B3aUMHO OZHO3HA4YHOE OTOOpa-
KEHHE BCEX CAMOCOTDAKEHHBIX NpeofpasosaHuil YHHTapHOTO (HJH -
KJIHAOBA) NPOCTPAHCTBA Ha BCE TMOJNOKHUTENBHO ONPEAeJeHHse (T.e. ¢a-
MOCONPAKEHHBIE ¢ NOJOKHTENLHEIMHA COBCTBEHHBIMYI 3HAMEHHSAMHU ) IIpe-
obpazoBaHUA.

JTuneitnoe npeobpasosanue ¢ YHUTAPHOTO (MM €BKJIHIOBA) TPOCTPaH-
CTBA HA3BIBAETCH HOPMAJBHBIM, ECHH GHO IEPEeCTAHOBOYHO C CONPSDKeH-
HBIM eMy npeobpasoparueM @’ . IIpoBEPUTH, YTO CAMOCONPSIKEHHBIE, KO-
COCHMMETPUYECKHEe H YHHTapHBEE (MIM OPTOroHaJbHEIE) nMpeobpa3oBa-
HHUA HOpMaﬂthI.

Joka3aTs, 4To HOpMaJbHOE NpeofpasoBanue YHUTAPHOrO (WIH eBKJH-
J0BA) TPOCTPAHCTRBA TOTAA H TOJBKC TOL/AA fBAAETCA CAMOCONpPHMKEH-
HBIM, KOTJIa BCe ero cOOCTBeHHbI 3HAYEHHS! (COOTBETCTBEHHO BCE KOPHH
€ro XapaKTEePHCTHYECKOTO YPABHEHWS) BEIeCTBEHHBL

Jloxazars, 4TO HOPMaNbLHOE Npeobpa30oBaHWE YHHTAPHOrO (MM €BKJIH-
JIOBA) TPOCTPAHCTBA TOTAA M TOJBLKO TOTAA SIBJISIETCS! YHHTAPHEIM {(CO-
OTBETCTBEHHO OPTOrOHANBHBIM), KOFJA BCE €ro COBCTBEHHbIE 3HAYEHMs
{coOTBETCTBEHHO BCE KOPHH €ro XapakTepHCTHYECKOTO YPABHEHMA) IO
MOIYJII0 DABHBI €IHHHALE.

JoKa3aTh, 4YTO HOpPMAaJbHOE Npeofpa3oBaHue YHHTAPHOTO (WIN CBKJIH-
Jl0BA) TIPOCTPAHCTBA TOTAA ¥ TOJLKO TOLRA SBJIAETCH KOCOCMMMETpHYe-
CKHM, KOTAA BCE €r0 COOCTBEHHbIE 3HAYEHHS (COOTBETCTBEHHO BCE KODHM
ero XapaKTEePHCTHYECKOrO YPABHEHHs) YUCTO MHHMEL

Joka3aTe, 4T0 NMHERHOE TPeobpa30BaHUE (Y YHHTAPHOTO HPOCTPAHCTBA
TOTAA A TOJALKO TOTHA SBASAETCS HOPMAJIBHLIM, KOTHa ¢ = ), IIe
1 — CAaMOCONPAXKEHHOE W Y — YHUTapHOe Ipeobpa3oBaHusd, NepecTaHo-
BOYHHIE Memjy coboil.
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1623.

1624.

1625

1626.

16272

1628

16297

16307

1631

Jokazars, uro:

a) KaxkZoe JMHelHoe Npeo0pazoBaHue ¢ OJHO3HAYHO NPEACTABASA-
eTcs B BUJE @ = (o] + P2, TAE | — CAMOCONPSKEHHOE U 02 — KOCOCHM-
METPHYECKoe Npeofpa3oBaHns;

6) aus Toro yrobel npeofpasoBanne ¢ OGLIIO HOPMANBHBIM, HEOBXO-
AUMO U JOCTATOYHO, YT0OLI Mpeobpa3’0BaHus 1 U P2 B BEILIEYKASAHHOM
NpeACTABIEHNA OBIM IEePeCTAHOBOYHBI.

HoxazaThk, uTto:

a) KAXKJIO0E JIMHENHOE Npeobpa3oBaHue ¢ YHUTAPHOTO NPOCTPAHCTBA
OJHO3HAYHO NPEJICTABMAETCA B BHAE @ = ] + g, LOE @1 H P — CaMO-
COTpsiXKEHHBIE NPeoHpPa3oBaHN;

6) ana roro urobel npeofipazoBanue i ObLAO HOPMAJBHBIM, HEOOXO-
JEMO ¥ IOCTATOYHO, YTOOL! NpecOpasoBaHus () U 2 B BHILEYKASAHHOM
npeacrasieHu ObIAYN NepPecTaHOBOUHLI.

Joxazars, yro aaa mwobol (koHeUHON uim GECKOHEUHOR) COBOKYITHOCTH
N0NAaPHO MepecTaHOBOUHLIX HOPMAJLHLIX Npeo0pa3oBaHull yHHTADHOIO
npocrpancTea R, CymecTByeT OpTOHOPMHMPOBAHHBLIR DA3KC, BEKTOPHI
KOTOpOro ABAAIOTCA COOCTBEHHBLIMH IJist BCEX Npeobpa30BaHMM JaHHO
COBOKYTHOCTH.

JokazaTs, 4To 13 1060r0 HOPMAALHONO NPEOBPAIVBAHHIA © YHUTAPHOTO
npoctpacTea R, MOxXHO B 0651aCTH HOPMAJEHEIX NIPeobpa3oBaHAl U3-
BJeYb KOpeHb k-H cTeneHy As moboro HarypadepHore ducna k. Hafitn
YHCIIO PA3NMYHBIX HOPMAJILHBIX Ipeobpasosanmi 1) Takux, 4ro $* = .
JoKa3aTh, uTo ec/in & — COOCTBEHHBIN BEKTOP HOPMANLHOrO NMpeobpaso-
BaHUA @ YHATAPHOro (WM eBKAMAOBA) NPOCTPAHCTBA, IPHHAAME KA
cOOCTBEHHOMY 3HAYEHHIO A, TO & ABJAETCS COOCTBEHHKEIM BEKTOPOM JJid
COTPSKEHHOrO NPeofpa30BaHud (o, NPUHAMIEKAINM COTPSIXKEHHOMY
{COOTRETCTBEHHO TOMY e CAMOMY) YHMCAY .

Joxazark, 9T0 cOGCTBEHHBIE BEKTOPH HOPMAJLHOrO npeobpasopaHud,
OpUHATENAINKWE ABYM DA3NHYHBIM COGCTBEHHBIM 3HAYEHHAM, OPTOrO-
HAJBHBL.

[IycTe € — cobeTBenHEIt BEKTOP HOPManbHOTO npeobpasosanua ¢. Jo-
Ka3aTh, YTO HORNPOCTPAHCTBO L, COCTOsILEE U3 BCEX BEKTOPOB NpO-
CTPaHCTBA, OPTOIOHANLHEIX €, HHBAPDHAHTHO OTHOCHUTENBHO .
JoxazaTh, 4T0 A8 HOPMAJIBHOCTH JHHERHOrO TIpeobpa3oBaHUA & YHH-
TAPHOrO NMPOCTPAHCTEA HE0BX0AUMO H JOCTATOUHO, HTOOB! KasKAKIH Cob-
CTBEHHBI BEKTOD ¢ ObIN COGCTBEHHBIM M 11 (.

Hoxazars, uTo moboe noanpocTpancTBo L yHHUTApHOro npocTpaH-
crea H,, UHBAPHAHTHOE OTHOCHTENLHO HOPMAJLHOrO INpeobpa3oBa-
HUA (p, 06AANAET OPTOHOPMHUPOBAHHBLIM BA3HCOM, COCTOAMMM M3 COb-
CTBEHHBIX BEKTODOB Npeobpa3oBaHus .
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16327 TosopaT, uTo nuHEliHOe NPeOGPA30BAHME ( YHUTAPHOrO {MJIH €BKJIMKO-
Ba) npocTpaHcTBa R, ofnanaer Hopmasvhtis ceoticneom, ECIIM OPTOro-
HaJIbHOe qononHeHne L' ana kaxgoro nognpocrpancTea L, mHBapuaHT-
HOI'0 OTHOCHTENLHO (¢, CaMO UHBAPHAHTHO OTHOCHTEIRHO . JJokasaTs
YTBEPXKACHHE: A/ TOrO YTOOHI NMHelHoe npeoOpa3oBaHue v YHHTAPHO-
ro (Wi eBKNAMAOBA) NPOCTPAHCTBA OLIIO HOPMAJILHBIM, HEOOXOOMMO H
JOCTATOYHO, YTOOR ¢ 00NaQal0 HOPMAABHBIM CBOMCTBOM.

1633 Hokasars, 4TO AJi9 HOPMAJIBHOCTH JAMHERHOTO NpeoBpa3oBaHus @ YHH-
TAPHOrO (HMNHM E€BKIM0BA) NPOCTPAHCTBA HEOHXOAMMO H JOCTATOYHO,
9T00B KaXKA0e NMOANPOCTPAHCTED, HHBAPHAHTHOE OTHOCHTENBHO 2, DBI-
N0 MHBAPUAHTHO ¥ OTHOCHTEJBHO @°.
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§ 20. I'pynnwm

1634. BoisgcHATE, 06pa3yeT AW rPyNny KaxKAoe U3 CREAYIOLINX MHOXKECTB npu

YKAZAHHO# ONepaluy HAaX SJEMEHTAMH:

1) penwle 9ucha OTHOCHTENBHO CJIOKEHUI,

2) 4yeTHBIE YMCAA OTHOCUTENBHO CHOMKEHHS

3) uenble YMCIA, KPATHbIE JAHHOMY HATYPANbLHOMY 4YHCHY 7, OT-
HOCHTERBHO CJIOMKEHHH,

4) cTemeHU FAHHOrO ReNCTBUTENLHOTO 4YHCHa a, o # 0, £1, ¢ ue-
JBIMH [IOKAZATENAMH QTHOCHTENBHO YMHOMKEHUS,

5) HEOTPHIATEILHBIE LEbIE YUCIA OTHOCHTEIBHO CJOKEHUS;

6) HeYeTHBIE LeNbIe YHCIIA OTHOCHTENBHO CJIOKEHHI;

7} meNbie YHCAA OTHOCHTENLHO BHIYMTAHHS,

8) panuMoHANbHbIE YHCJIA OTHOCHTEIBHO CAOMXKEHUS,

9) pAnMOHAJBHBIE YHCIIA OTHOCHTENBHO YMHOXKEHHUA;

10) panuOHATLHBIE YUCIA, OTIIMYHBIE OT HYJIA, OTHOCUTEIBHO YMHO-
KEHUS,

11) nonOXKUTENBHBIE PAIMOHAJILHEIE YHCAA OTHOCHTEIBHO YMHOXKE-
HUA;

12) nosoxuUTeNbHBIE PAIAOHANBHBIE YHCAA OTHOCUTENLHO NeNeHUs

13) mBOMYHO-PALMOHAALHBIE YHCAA, T. €. PALMOHANLHBIE YHCJA, 3HA-
MEHATE/MH KOTOPLIX — CTENeHH 4HCcAa 2 ¢ UeJbIMH HeOTPHIATENbHBIMK
NOKa3aTeNIAMHI, OTHOCUTEBHO CJOMXKEHUH,

14) BCe paMOHANBHBIE YNCJA, 3HAMEHATENH KOTODBIX PABHBI NPO-
W3BEACHUAM TIPOCTHIX HHCEN U3 JAHHOrO MHOXecTsa M (KoHedHoro mnu
BECKOHEUHOrO) ¢ LEJIBIMA HEOTPHLUATENBHEIMI TIOKA3aTENAMH (MWL Ko-
HEYHOE 4MC/0 KOTOPHIX MOXET BBITh OTJIMYHO OT HYJsA), OTHOCHTEILHO
CHIOMeHHH,

15) kopHM n-# cTeneHH U3 egMHUNBL (KAK AEACTBHTEILHBIE, TAK U
KOMIUTEKCHEIE} OTHOCHTENLHO YMHOMEHHS;

16) kOpHM BCEX NEJBIX MOJOKHUTENBHBIX CTENEHER W3 ERUHHIBI OT-
HOCHTENBHO YMHOMXEHHS;

17} MaTpumel nopanKa 1 ¢ AeHCTBATENBHEIMHA 3JIEMEHTAMH OTHOCH-
TEJBEHO YMHO)KQHHH;

18) HeBBIPOXK/IEHHbIE MATPHIIbI NOPAAKA N C ReHCTBUTEIbHBIME 3J16-
MEHTAMH OTHOCHUTENbHO YMHOMKEHUS,
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Hononrenne

19) MaTpuubl moOpaAKa 1 € UEABIMH SJIEMEHTAMH OTHOCHTEJLHO
YMHOKEHUS,

20) MaTpHUBI MOPAAKA 7t C HEJBIMH 3JEMEHTAMH U ONpeSeSHTeeM,
paBHLIM €JHHHLE, OTHOCHTEABHO YMHOMEHHT,

21) MATPHUEI MOPsIAKA 7N C LEJHMHA 3JEMEHTaMH M ONPENeHTeNeM,
paBHHM 1, OTHOCHTENBHO YMHOXEHHS,

22) MaTpHUB! IOPAAKA N C AeHCTBHTEILHBIMU JIEMEHTAMH OTHOCH-
TENBHO CIQXKEHHSHA,

23) noncTaHOBKM uHCEN 1, 2, ..., n OTHOCHTEABLHO YMHOXKEHUS,;

24) 4YeTHBIe DOACTAHOBKW 4mucesa 1, 2, ..., 7 OTHOCHTENBHO YMHO-
KEHH;

25) HEYEeTHBbIE NOACTAHOBKM 4Mcen 1, 2, ..., n OTHOCHTENBLHO YMHO-
AHEHHA,

26) B3auMHO OJHO3HAYHBIE OTOOpa)keHuss MHOXKecTBa N =
{1,2,3,...,} HaTypaneHBIX uHCeN Ha €05, KAXKA0e M3 KOTOPHIX mepe-

MeIAeT JIHINL KOHEYHOe YHCAO YHCeN, ecli 33 Npou3BeleHHe oTobpa-
JKEeHUM $ H { TPUHATO 0TOOpaskeHHe st, KOTOPOe NOMYYAeTCs NPHU NOCue-
ROBATENILHOM BLINONHEHHN oToOpaeHn# s U i;

27) npeobpazoBanua mHoxectBa M, T e. B3aMMHO ORHO3HAYHLIE
OTOBparKeHHd ITOr0 MHOXKECTBA Ha cefs, eclH 3a Npou3BefeHNE Npe-
obpa3oBaHuit § u t npuHATO npeobpazoBanue st, KOTOPOE MOJYYAETCH
NPH NOCNEA0BATENLHOM BEINOJHEHNH Npeo0pa3oBaHMi s H 1

28) BeKTOpBLI N-MEPHOro JUHEHHOro npocTpaHcTsa L, oTHochTeND-
HO CJOXKEHHS;

29) napasneJpHBIe [IEPEHOCH TPEXMEPHOrO npocrpascTsa R, eciu
3a NPOW3BeJieHNe NEPEHOCOB § U { NMPUHATO UX NOCTENOBATENLHOE BEI-
TNoJSIHeHue,;

30) moBOPOTHI TpexMepHOTo HpocTpaHcTBa J BOKpYr JanHO# TOY-
ku O, ecin 3a mpou3selieHHe MOBOPOTOB § M ¢ NPHHATO MX [OCIeI0Ba-
TeJLHOE BBINONHEHHE;

31) Bce mBuiKeHHs TpexmepHOro npocrpaHcTsa R, ecau 3a npows-
BeleHHe JABMXKeHHI s W i NpHHATO JBHXKEHHe s, NoAydaromgeecs Npn
NOCIEeA0BATENLHOM BBIIOAHEHHH JABHXEHuit s u t;

32) noJioKHuTENbHBbIE NeHCTBUTENbHbIE YHC/A, €CAH ONnepaitysi onpe-

mensercs Tak: a * b = a’;

33) nonoxurenvHble KeACTBUTENLHEIE YMCTa, €CIIH OTIEpalys Onpe-
Hensterca Tak: a * b = a’b’

34) geficTBUTENbHBIE MHOTOUMEHS CTEHEHN £ 7t (BKAKOYAA HYAB) OT
HEM3BECTHOIO £ OTHOCHTENBHO CJIOMKEHHS,

35) neiicTBUTENBHBEIE MHOTOY/IEHEI CTENEHH 7t OT HEU3BECTHOTD T OT-
HOCHTEJILHO CHAOXKEeHHs!;

36) mefAcTBMTENbHBIE MHOrO4WIeHb moOLIX cTeneHelt (BKMOYas
HYJB) OT HEU3BECTHOTO & OTHOCHTEJLHO CJOKEHHS.
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1635.

1636.

1637:

16387

1639°

1640.
1641.

1642,

16437

1644.

1645.

1646.
1647.

Jloka3aTh, YTO KOHEUHOE MHOXKeCTBO (7, B KOTOPOM Opejie/ieHa acco-
IHATHBHAA arebpandecKkas ONepalua H KAXKJA0E U3 YPABHEeHH ar = b,
ya = b anst moOex @ U b u3 G umeer B G He Gonee OAHOro pemeHys,
ByaeT rpynmoi.

JokazaTs, 4T0 eciu o> = e A moGoro anemenTa o rpynnsl G, To 9Ta
rpynna abefnesa.

Jlokazarhk, 1T0 rpynna KopHefl n-# cTeleHH H3 eANHALLL ABNSETCH eRMH-
CTBEHHOH MYMLTHUILAMKATHBHOH TPYNIOH 7-ro HNOPARKa ¢ YHCJIOBBIMH
ajeMeHTaMu, omanyHoit ot {0}.

HaiiTu see (¢ TOYHOCTHIO B0 H30MOpdHU3Ma,) IPYIIIL NOpsaaKa a) 3;6) 4;
B) 6. Hanmncare Tabmumel yMHOXKEHUS STUX TPYNN H TPEACTABHTE 3TH
TPYNNbl B BHIE TPYIN NOACTAHOBOK.

ITokazaTk, 4TO BpalleHHa KaXKIOro H3 HATH NPABHALHBIX MHOTOIPaH-
HHKOB BOKPYT LEHTPa, COBMEIAIOINME MHOCOTPAHHHK C CaMHM coboi,
oBpasyloT Tpynny, eCAn 33 YMHOXKEHNE JIBYX BPAIIEHHH NPHHATL UX MO-
cNepoBaTeNbHOe BhINONHeHue. HailTh nopsaaKH 3TuX rpyn.

Jokazats, uro rpynnst 1)-4) 3anaun 1634 m3omopdur Mexay coboil.

Hoxazars, uro:

a) Bce DGecKOHeYHEle MUKJIWYeCKHe IPYNNkl H30MOpPHEL MEXaY COo-
oo,

6) Bce KOHeYHBle UHKJIWYECKHE PPYNNBl ZAHHOTO TOPAZKA 1 H30-
Mopdubl Mexay coboit.

JlokasaTs, 4To:

a) Tpynia DOJOKHTENbHLIX ReHCTBHTENBHBIX YACET 10 YMHOKEHUIO
nzoMopdiHa rpynne Bcex AeHCTBUTENBHBIX YHCEN NG CAOMKEHHIO,

6) rpynna nosoXKUTEJILHBIX PAIMOHAJLHEIX YHCEN IO YMHOXKEHHIO
He H30MOopdHa IPYINe BCEX PALHOHANBHEIX YHCEN MO CAMKEHHI.
JoKazars, 4TO:

a) mobasi KoHedHas TpyNma Mopsaika n H3oMopdHA HeKOTOpoil
rpynne NOACTAHOBOK N 3NMEMEHTOB,

6) mobaa rpynna u3lomopdHA rpynie HEeKOTOPHIX B3aHMHO ORHO-
SHaYHBIX OTOOPAYKEHHH MHOKECTBA JIEMEHTOB STON IDYNNBL HA ceba.
Jokazars, uTo afa AOOLIX 3MeMEHTOB a, b, ¢ rpynnul G-

a) aneMeHTH b u ba MMET OJMHAKOBBIN NOPANOK;

6) anementn abe, bea u cab UMEIOT ORUHAKOBHIN IOPANOK.

Jloka3aTs, 4TO €CAM € —eAMHHUIA U ¢ — SNEMEeHT nopsiaKa n rpynnsl G,

TO ak = € TOrhAa H TOABKO TOCOa., KOrjga k ACHTHTCHA Ha 1.

Hatiru Bce ofpazyioniue 31eMeHTHl AJEHTHBHON TPYILIBI [@JIBIX YHCE.
Mycte G = {a} — uukangeckas rpynna nopsaxka n u b = a®. ToxazaTs,
qTO:

a) aneMeHT b Torga u Tosnbko Toraa Syner obpasywoumM rpynnu G,
KOrHa 4ucna 7 U k B3aMMHO TIPOCTHI;

6) nopsaox snemedTa b pasen n/d, cne d — HaubonsIui obuW Re-
Jurens n u k;
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1648

1649,

1650.

1651.

B) eciu n M k B3AMMHO TIPOCTH, To B (G CYMECTRYeT KOpeHb ¥/a, T.e.
a ABnsAercd k-#i CTENEeHBK HEKOTOPOro 3jeMeHTa u3 G u obpaTHo;

I) B IpyNIle HEYETHOTO NOPAAKA BCE SJIEMEHTHl SBJSIOTCA KBAJApa-
TaMH.
Hoka3aTh yTBep)KAEHNS:

a) ecqad sneMeHTHl @ U b rpynnul G nepecTaHOBOUHEL, T. €.

ab = ba, (1}

M UMEIOT KOHEYHEIE B3AMMHO IIPOCTHIE NMOPSAKUA ¥ M §, TO HX IIPOH3Be-
JeHne ab uMeer DOPAROK T;

6) ecnu snemenTH @ U b rpynnel G nepecTaHOBOYHB, HMEIOT KOHEY-
HBI@ NOPAAKHY T U § U lIepeceyYeHne HX NUKJINIECKHUX ITOAPPYII COREPIKUT
JIMIIb eAMHHNY €, T.E.

{e} N {b} = {e}, (2)
TO DOPSAAOK TIPOV3BENEHHUA ab PapeH HaMMeHbIeMYy OOWIEMYy KPaTHO-
My = U 8. [IokazaTs Ha mpHMepax, YUTO /s COPABEINHBOCTY NOCAEIHETO
YTBEPRACHAA Kaxgoro u3 ycnoeudt (1) u (2) B OTHENBHOCTH HeZOCTa-
TOYHO M 4TO ychosue (1) He siBnseTcs cneacTsueM ycnoeus (2) paxe
AJIsi B33MMHO NPOCTHIX NOPSAAKOB JJEMEHTOB ¢ U b;

B) €CJH MOPAJKH T U § JIEMEHTOB a M b B3AUMHO NPOCTHI, TO YCJIO-
Bue (2} BBLIMONHAETCS;

r) NOKA3ATH HA Npumepe, uTo He3 ycaosus {2) NOpANOK NPOU3BEe-
HHUA ab He ONpeRenseTcs OAHOIHAYHO NOpAAKAMH COMHOXUTeNel a u b.
Kakne u3 rpynn 3aga4yn 1634 sBasitoTcst noarpynnaMy JApyTHX U3 3THX
rpymnn?

Horazars, uTO:

a} ecnu H — KOHeYHOE MHOXECTBO 3J1eMeHTOB rpynnn G U npous-
BefieHne JByX niobbix asnementos u3 H cnosa nexur B8 H, ro H Gyaer
noArpynnoft rpynusl G;

6) ecnn Bce sneMeHTH! MHOXKecTsa H rpynnel G UMEIOT KOHEUHBIE
NOPAJNKH U NPOU3BEEHHE ABYX JIOOBIX 3eMenToB u3 H cHoBa mexur
B H, o H 6yzer nogrpynno#t rpynns G.

Hokazare, uro B m0ob0fi rpynne NmoACTAHOBOK, COAEpsKallelt XOTA Obl
OAHY HEYETHYH0 NOJCTAHOBKY: '

A) YHC/IO YETHBIX MOACTAHOBOK DABHO YHC/Y HEYETHEIX;

6) YeTHLIe NOACTAHOBKH 00Pa3yIOT HOPMAJbHBINA JENUTENb;

B) BCE€ NPOCTHIE TPYNNEI NOACTAHOBOK N 3/EMEHTOB NOPAnKa 6o/b-
nre 2 coleplKaTca B 3HaKonepeMeHHol rpynne A, (npocmoti HazsBaeT-
CH PPYIIA, HE HMEKIAA HOPMANBHBIX JEAHTe/ e, KpoMe ceba camoill u
eAMHAYHOR [OATPYIIIb).

1652. Hokazare, uTo mobas GecKoOHeYHasl rpynna HMeeT DecKOHEMHOe YUCJIOo

noarpyn.
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1653.

1654.

1655.

1656,

1657

1658

1659.

HaiiTu Bee (C TOUHOCTLIO A0 M30MOPGU3MA) IPYIILL, KAk Aad U3 KOTO-
peix m3oMopdHa nrbolt ceoelt HeeIMHUYMHON NOATPYNNE.
Hafitu Bce moprpynms:

a) DUKJHYeCKON rpynmnsl nopsika 6;

6) uKAMYeCKOR rPYNNLl NOpsaaka 24;

B) 4deTBepHO# rpynuel (3azada 1638);

r) CHMMETPHYECKOH Tpynmsl Sj.

1) Kaxwe uz noarpynn rpynns! S3 ABAAIOTCA HOPMAJBHBIMH JE/H-
TENSAMHA?

e) JlokasaTb, 4TO 3HAKONEPeMEHHAs TPYTNa YeTBEpTON cTeneHHu Ay
HE AMeeT NMOAPPYIIEI iecToro nopsaka. TakuM obpa3oM, rpymma G no-
psiiKa 1 IJsi HEKOTOPBIX k, Helxsmux n, MOXKET He UMETh NOATpyII
nopsaka k.
HaiiTu Bce moarpynnet rpynnsl G nopsigka 8, BCe 3/eMEHTH! KOTOPOI,
KPOME EIMHHIH €, UMEIOT NopsiaoK 2.
IMycre G = {a} — kOHeYHaa UUKAWYECKas rpynna nopagka n. Jokasars
YTBEPKIOEHHA:!

a) nopagok Juobol noarpynnsl rpynnsl G IeAMT NOPAIOK 711 3TOM
CPYNIBI;

6) mna moboro genutens d 9HCHA N CYECTBYET €ANHCTBEHHAS TTOA-
rpynna H rpynnu G, uMewmasn nopsizok d;

B} nmoarpynna H nopsiaxa d comep>KHT B KayecTee 0Opa3yOmNX Bee
3JIeMeHTHI TIopsaKa d rpynnel G. B yactHocTn, H = {a.g'}.
Ha#Tn Bce noarpynnel NpRMapHO# UMK/INYECKOH CPYNOM, T.€. NUKJIH-
qeckolt rpynnsl G = {a} mopsgka p*, rae p— npocroe 4nco.
JloKazaTk yTBepKIeHUs:

a) cuMMeTpudeckad rpymrna S, npu n > 1 NopeKAAeTCH MHOMXKE-
CTBOM BCEX TPAHCNO3UIMHA (Z,7);

6) cummerpudeckas rpynma S, npu n > 1 NOpoXKAAETCA TPAHCIO-
smmanu: (1,2),(1,3),...,(1,n);

B) 3HaKoNepeMeHHas rpynna A, NMpH 7 > 2 NOPOXKAALTCS MHOXe-
CTBOM BCEX TPOHHBLIX HUKAOB (%7 Kk);

T) 3HAKONEepeMEHHas rpynna A, npu n > 2 N0poXKAAETCA TPOHHLI-
mu nukmamu: (12 3),(1 2 4),...,(1 2 »).
Haiitn cMeXXHBle KacChl:

a) agZOUTUBHOM PPYMIEBI NEABLIX YHCEN MO MOAPPYNNE 4uceN, KPaT-
HBIX RAHHOMY HATYpalbHOMY YHCAY 1;

6) anAMTHBHON CpyNns AEHCTBUTENBHBIX YHCEN II0 NOATPYINIE Le-
JBIX YHCEJT;

B) aJMTUBHON PyINEl KOMIUIEKCHBIX HHCEN IO MOATPYIINe MEeablxX
raycCoBbIX 4YHCeN, T. €. Yucen @ + bi ¢ uensMu a u b;

T) 3IAUTHBHOM IPYNIbI BEKTOPOB IVIOCKOCTH (BBIXOAALIMX M3 HAMA-
JIa, KOOPAUHAT) IO NOATPYIIIE BEKTOPOB, JeXampx Ha ocH abeunce O;
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16607

1661

16627

1663.

1664,

1665.

1666.

1667.

) MyJLTUILAHKATHBHOM FPYIILI KOMILIEKCHBIX YHCEN, OTIIMYHLIX OT
HYAS, (0 MOATPYINe YuceN, PABHLIX N0 MOAYJIIO €JHHUIE;

¢) MYJBTHILIMKATUBHON IDYNIB! KOMIUIEKCHBIX YUCEN, OTIIHYHBIX OT
HYJAsi, 00 NGACpYINne NOJOKHTENBHBIX JelCTBUTENbHBIX YUCENT;

) MYJBTHNJIMKATHBHON FPPYINIbl KOMIVIEKCHBIX HHCEN, OTIHYHBIX
OT HyJf, [0 MOATrpYyIIe AeHCTBUTENLHBIX YHCET,;

3) CUMMETPHYECKOHN Ipynns S, N0 nojarpynne noAcTaHOBOK, OCTAB-
JISIIOMIMX YHCAO 1 HA MECTe.

HokazaTk, 4TO:

a) moarpymna H nopsaaka k xoHeuHoll rpynnst G nopsaka 2k co-
JEPKAT KBAAPATHI BCEX 3MeMEHTOB rpynnsl G

6) moarpynna H unnrexca xpa nwoboit rpynnsl G COOEPKAT KBAAPa-
Thl BCEX 3MeMEHTOB rpynnel G.

JoKa3aTh, 4TO TIpU 7 > 1 3HAKONEpeMeHHaa rpymna A, sBasgeTcsa enuH-
CTBEHHOM NMOATPYNNOH MHIeKCa jaBa (T.e. coxeprkamiell NONOBHHY BCEX
3JIEMEHTOB) B CHMMeTpu4eckoli rpynne S,. [IpusecTn npumep KoHe4HOH
FPYNIBL, COAEPXKALUEH HECKONIBLKO NOArPYIHI MHIEKCA ABA.

JokazaTe, 4To:

a} rpynna TeTpasnpa M30MopdiHA IpYIIe YeTHHIX NOACTAHOBOK de-
Tb'.[pex 3JIEMEHTOB;

6) rpynnel KyOa ¥ OKTasApa W3OMOP(HBI MPYNIE BCEX MOJCTAHOBOK
YETHIPEX 3NEMEHTOB;

B) TPYMNIBl AOAEKA3APA M HKOCA3APa H30MOPGHM TPYNIE YETHHIX
[OJICTAHOBOK MATH 3j1eMeHTOB. QUpenesieHue Ipynn MHOTOIPAHHUKOB
¢M. B 3anade 1639,

JoKasath, 4yTo J106ast NOArPYNNA UHAEKCA JBA SBASIETCS HOPMATBHBLIM
JRJTUTENIEM.

lloka3ars, 4TO MHOMKECTBO £ BCEX 3AEMEHTOB rpymnni (7, KasKibil H3
KOTOPHIX [IEPECTAHOBOYEH CO BCEMHU 3JIeMEeHTAMH TOH MPYNNLI, SBJIAeTCS
HOPMaJIbHBIM JesanTeneM (meHTp rpynnst G).

Snement aba~ 167! Ha3LIBAETCA KOMMYMAMOPOM SAeMENMOE 0 1 b TPYTIL-
nbi G. Jpoka3aTh, 9TO BCE KOMMYTATOPB M HX NMpPOM3BefeHHa (¢ Aro-
BBIM KOHEYHBIM YHCJIOM COMHOXKHTENeR) o6pasyloT HOPMAJILHLIN Jeiu-
rens K rpynoel G (KOMMYTaHT JAHHON CDYIUIHL).

JoxazaTh, 4T0 B rpynne BCeX ABHXKEHHI TPEXMEPHOTO MPOCTPaHCTBA
JJEMEHT T~ 4, CONPsI’KEHHBIH ¢ NOBOPOTOM @ BOKPYT TOuYKH P, saBns-
eTcs NMOBOPOTOM BOKPYT TOW TOYKH (), B KOTOPYIO TIEPEXOAMT TOUKa P
NPH ABUXKEHUH 2.

JloKa3aTh, 4TO MONCTAHOBKA T 4T, CONPAMNKEHHAS B PYIIE TOACTAHO-
BOK C TIOACTAHOBKOH @, NOJy4AETCA OYTEM OPUMEHEeHHs TpaHChOpMH-
PYIOILIEH NOACTAHOBKH I KO BCEM YMCJAM B PA3JIOKEHHH NOJCTAHOBKH @
HA HE3ABUCHMBIE LUKJIBI.
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1668

16697

16707

1671,

1672.

1673.

1674.

16757

1676

JokazaTs, 4TO:

a) uerBepHas rpynna V (3agada 1638) asnsieTca HOPMAJIBHEIM Je-
JIUTeIEM CHMMETPHYECKON rpynnel Sy;

6) daxroprpynna S4/V uzomopdHa CHMMETPHYECKOH rpynne Ss.
IMonesysace sapagett 1667, HANTH YUCAO MOACTAHOBOK CHMMMETPHYECKOH
rpynne! S,, GEPECTAHOBOYHBIX C JAHHOH IOJCTAHOBKOHU $.

Jloka3aTh, YTO €CH Iepecedenue AByX HOpMaNbHEIX aeaureness Hy u Hy
rpynnel G COAEPXHT NHMiL eNHHULY €, TO Jjrobo#t anemenT hy € H
NepecTaHoBOYeH ¢ MoGBIM 3seMenToM hy € Ha.

Jokazars, uro:

a} BMIeMeHTHl Mpynnsl (G, NEPECTAHOBOYHBIE C JAHHLIM IJIEMEHTOM &,
obpazytor noarpynny N(e) rpynnet G (Hopmanusarop a B G}, conepxa-
IIY0 MUKJAAYECKYH0 TIOArpynny {a} B Ka4ecTBe HOPMAJIBHOIO RENHTEN;

6) uucno 3yeMeHTOB rpynnsl G, CONPAMKEHHBIX C @, PABHO MHIEKCY
nopmanuzaropa N(a) B G.

Hokazars, uTto:

a) anemeHTH rpynus! G, nepecTaHOBOYHbIE ¢ RAHHOHN noarpynno# A
{no He obasaTensHo ¢ 3MeMeHTamMu U3 H), obpasyror mogrpynny N (H)
rpymnst G (HopManuzatop noarpynnk H B G), cogepxKaiiyo noarpyn-
ny H B KauecTBe HOPMAJLHOTO REJTUTENS;

6) uucno nogrpynn rpynnst G, conpsokenssix ¢ H, paBHo unyexcy
nopmamuzaropa N(H) B G.

JloKa3aTh, 4TO CAeAyIoLtEe HYHCTa AeNsT NOPAJOK IPYNIIB:

a) 4YUCAO 3AEMEHTOB rpynnbl (¢, CONPSHKEHHBEIX C JAHHBIM 3JIEMEH-
TOM;

6) umcao moarpynn rpynnst G, CONpsKeHHBIX C JAHHOM NOATpYN-
MO,

[Tone3ysace zapadamu 1669 n 1671, HaltTH YACA0 MOACTAHOBOK CHMMET-
PUYECKOH Ppymnsl Sy, CONPsXKEHHBIX C JAHHOH MOACTAHOBKOH §.
JokazaTs, 4TO:

a) mentp Z rpynnsl G nopanxa p”, rae p— IPOCTOE YHCAO, COAEp-
KHT Oojlee OOHOTO IIEMEHTa;

6) mobast Cpynna nopsaka p°, K€ p— NPOCTOE YHCHO, KOMMYTA-
TUBHA.

) TlpuBeCTH TpHMEpP HEKOMMYTATHBHOM TpYNNbl MOpsafKa n>,
re 71— COCTABHOE YHCJO.

r) TpusecTn NpUMED HEKOMMYTATHBHON TIpYNNhl TODAAKA P,
rae p— COCTaBHOE YMCAO.

JHoxazarb, uTo M0G0H HOPMANBHBIA geaurens H 3IHAKONEPEMEHHOH
rpynnel A, creneHu n 2 5, comepKaniyi xoTa Obl OAUH TPOAHON NUKJA,
coOBNagaer ¢ A,.
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1677

16787

1679.

1680.

1681.

1682.

1683,

a) HaRTn Bce K/TACChl CONPSIXKEHHBIX 3JIEMERTOB T'DYIIIE HKOCAdAPa (3a-
dada 1639); 6) noxaszaTh, 4TO TPYINA HKOCAIZPA SIBJISETCA NpPocToM
(T.€. HE MMeeT HOPMAJILHBIX AENUTENel, OTIMYHBIX OT CaMO#l MPYyMIb!
M SOMHUYHON OONTPYMIHL).

Joxa3aThk, 4TO 3HAKONEPEMEHHAd rPyNa NATOi CTeNeHH ABIAETCS Ipo-
CTOf.

Jokaszars, uro rpynna G’ TOTRa ¥ TOJBKO TOTAA SBAAETC TOMOMOpG-
HBEIM 00PA30M KOHEYHON LHKAHYecKolt Tpynnel (G, korna (' TakkKe UUK-
NMYECKas U €€ TOPANOK JAEJHT NOpsanok rpynnsl G.

okasaTs, uro ecim rpymna G romoMopdHo oTobparkena Ha rpynny &
IpHyeM 3jeMenT a u3 G orobpaxaercs Ha ¢ u3 G, To:

a) TOPANOK @ MENMTCS Ha TOPANOK a';

6) mopsaok G OENUTCS Ha MOPASOK G
Hatiti Bce romomopduble oTOOpaXkeHH::

a) mukymyeckolt rpynnst {a} nopagka n B cebs;

6) muKaMueckod rpynnsl {a} nopsaka 6 B uuksayeckyo rpynny {b}
nopsizka 18;

B) nukauyeckod rpynnsl {a} nopazka 18 B uuksmueckylo rpyn-
ny {b} nopanxa 6;

r) mukjudeckol rpynnsl {a} nopsaxa 12 B OMKAMYECKYHO rpyn-
ny {b} mopanxa 15,

A) nukmyeckod rpynnet {a} nopanka 6 s qukaudeckyro rpynny {b}
nopsagka 25.

Joxasars, 4TO aAUTUBHYIO IPYNIY DANMOHANLHBIX YHCEN HENb3fl -
MOMOp(GHO 0TOBPA3UTE HA AMJUTHBHYIO IPYNNY LEJLIX YHCE.
HzomopdHoe orobparkeHue rpynnel (G Ha cebi Ha3wlBaeTcd aamo-
smopusmom, a romomopdHoe orobparkenue B ceba — sndomopduamonm
3TOl Ppynnbl. ABTOMOPhH3M @ HA3LIBAETCH GHYMPEHHUM, €CTH CYIIe-
CTBYET aMieMeHT T u3 G Takofl, uTo ap = =~ lar ana moboro a u3 G, u
@HEWHUM — B TIPOTUBHOM chiydae. Bee aTroMopdmamer rpynnet & camu
oBpa3yoT rpynmy, eciu 33 NPOU3BeAeHHe ABTOMOPQU3MOB NPUHSTEL HX
nocnefosaTentHoe BeINOJHenHe: a{py) = (aw)y. Bee sHaoMopdhusMel
abeneBoit rpynnbl G 06pa3yIOT KONBIO, eCAH CHOXKEeHHe IH0MOPPUMOB
OMpPEeRENUTL PABEHCTBOM a{y + 1) = ay + a¥, a YMHOXKEHHe — KaK /s
aproMopdusmoB. Haiftu rpynny asToMopdu3MOB IUKAMYECKOH Tpyn-
net {a} nopazaka: a) 5; 6) 6.

B) JloKazaTh, YTO CUMMETPHYECKAsi PPYNNA S3 HMEeT 1IeCTh BHYT-
PEHHHX ABTOMOPGhUIMOB M HU OJHOrO BHELUHETO, IPUYEM IPYINa aBTO-
Mopdbu3MoB uzomopdHa Ss.

r) YersepHaa rpynna V (3aza4a 1638) numeeT OXHH BHYTPEHHM aB-
TOMOPDH3M (TOAKRECTBEHHBIA) M. TIATH BHELUHUX, IPHYEM CPYIO4 aBTO-
Mopcdusmos msomopdHa Ss.

Haittn konb10 3HA0MOPGU3MOB LMKINIECKOi rpynnel {a} nopsaka:

n) 5; e) 6; x) n.
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1684.

1685.

1686.

1687.

16887

1689,

JokazaTb, 4TO (PaKTOPrpyNna CAMMETPUYECKOH Ipynnsl S, o 3HaKone-
pemerHol rpynne A, uzoMmopdHa akToprpynne aaIuTHBHON TPYIIIb
HENBIX YHCENl NO MOATPYNIEe YeTHBIX HCEeN.

Haittun daxToprpynns::

a) aJAMTHBHON TPYINBI LEAbIX YUCEeN [0 TIOArPYONe YHCeJ, KpPaT-
HBIX JAHHOMY HATyDPalBHOMY 4HCIY 71

6) aaZMTHBHON TPYINBl HEABIX YHCET, KPATHHIX 3, 10 Moarpynmne
YUCEN, KPATHBIX 15;

B) a/AMTHBHON IpyIibl NENbIX 4YHCeN, KPaTHHIX 4, no nogrpynme
4quCes, KpaTHeix 24;

r) MYALTUIUTHKATUBHON MPyNNbl ZEHCTBUTEIBHBIX YHCES, OTIMYHBIX
OT HYJd, N0 NOATPYINE MOJIOKUTEALHBIX HHCEI.

[lycts G, —aanuTHBHASL PPYNIA BEKTOPOB N-MEPHOrO JIMHEHRHOro npo-
cTpaHCTBa U Hj — NOATPYNNa BEKTOPOB K-MEDHOTO MOANPOCTPAHCTBA,
0 € k € n. Jokazars, uto axroprpynna G,/ Hi usomopdua G,_.
Mycre G — My BTHOJIMKATHBHAS TPYNOA BCEX KOMIJIEKCHBIX YHCER, OT-
JUYHBEIX OT Hyast, H H —wmHoxecTBo BCEX wmcenm u3 (7, nekanmmx Ha
JeHCTBUTENBHON M MHHAMONH 0CAX.

a) Hokazars, uro H —noarpynna rpynnet G.

6) Haftty cMesxHbIe Kaaces! rpynnel G o noArpynne H.

B} Jlokazars, uyro ¢akroprpynna G/H nzoMmopdHa MyNETHIIIHKA-
THBHON rpynne U Bcex KOMIJIEKCHEIX 4HCeN, PaBHEIX IO MOAYJC 1.
IIycte G — MyNLTHIVIMKATUBHAA TPYNNA KOMIUIEKCHEIX YHCelN, OTVIAY-
HBIX OT Hysist, H — MHOXeCTBO yucen u3 (7, NeXKalyx Ha 1 Jiy4aX, BhIXO-
ASAUIMX U3 HYJIA H0J PABHBEIMY YTJIAMH, IPHYEM OAHMH H3 9THX Jydeld CoB-
najaeT ¢ NON0XKUTENLHON JeHCTBUTENLHON nonyocklo, K — agauTusHas
rpynna BCEX ReHCTBHTENLHBIX 4HCeN, 7 — aJAUTHBHASA TPYNNa LEeNbIX
uucen, D — MynbTHNNUKATHBHAS TPYNNA. MOJOMUTENBHLIX yucen, U —
MYJETHIUIHKATHBHAA [PyNNa KOMIJIEKCHBIX YHCeN, PaBHEIX [0 MOAY-
mio eaunune, U, — MyJIbTHINMKATHBHAS TPYINA KOPHEH n-i CTeneHn u3
equHuUH. JloxazaTk, 4TO:

a) K/Z wzomopdna U; 6) G/D uzomopdua U;

) G/U » D, Yy U/U, » U,
) G/U, » G,
e) H ects nogrpynma rpynnel G 1 G/ H wsomopdua U,
) H/D n3omopdna Uy; 3} H/U, usomopdua D.
,llnﬂ MYJNLTHILTHKATHBHEIX PPYIUT HEBBIPOXJEHHBIX KBAJAPATHBIX MaT-
PHUI| OpAAKA 1 AOKA3aTh YTBEPXKACHHS:

a) daxToprpynna rpynmsl AefCTBUTENBHEIX MATPHIL 10 MOACPYTIIE
MATPHIL, ¢ OTpeJeNnTeNeM, pasHblM 1, n3oMopdHA MYNbTHIIMKATHBHON
rpynne JefiCTBATENLHEIX YHCEJN, OTJAMYHEIX OT HYJ;

6) dakToprpynna rpynnel JefiCTBUTENLHLIX MATDHIL 10 NOACPYINE
MATPHI C ONpeleSnTeeM, PABHEIM 11, u3oMOpdHA MYJLTHIINKATHE-
HOH TpPYINNE NOJOKUTENBHBIX YHCET;



216

Jononnenue

1690,

1691.

1692,
1693’
16947

16957

1696.

B) dakToprpynna rpynnsl ReiiCTBUTENLHEIX MATPHI TI0 NOATpyTHe
MATPHUL € NOJOKUTENLHBIMH ONIPEAETUTENIMHN ABJIATCH IMKINYECKOH
CpYNNo# BTOPOFO MOPSIAKA;

r) bakTOprpynna rpynnbl KOMILIEKCHBIX MATPHI] 1O TOACPYIINE MAT-
PHI C ONPEAENUTENSAMH, IO MOAYNK PaBHEIMM €IOMHHIE, H3oMOpdHA
MYNLTHILTUKATHEHON TPyNITe NOJOKUTENBHBIX YHCET,

A) akroprpynna rpynmsl KOMIAEKCHBIX MaTpHN, N0 MOATPYIIe
MATPHI C MOJIOKUTENBHEIMA ONpeNefUTeNIMH H30MOPdHA MYJIBTHILIH-
KaTHBHON IPYNIe KOMIIEKCHBIX YHCEN, M0 MOJYNI0 PaBHEIX eAVHMLE.
[lycte G —rpynna Bcex ABIDKEHHH TPEXMEPHOr0 NMpOCTpaHcTBa, H —
MOArPYNNA NapajJlefibHBIX MEePeHocoB, K — noAarpynna BpalleHuil Bo-
kpyr gauuo#t Touxu . Jloka3aTh, 4TO:

a) H ABIAETCA HOPMAALHBIMU AesaTeNeM rpymnel G, a K — Her;

6) ¢axkroprpynna G/H usomopdna K.

JokasaTk, uro HOpMAJBHbIA gesnuTens H rpynnn G, umeromuil KoHed-
HBIE HHIEKC §, COAEP2KUT BCE 3JEMEHTH rpynns G, NOPSAKH KOTOPBIX
B3auMHO npocThl ¢ j. [Tokasare Ha npmMepe, uro Iuia noprpynnsl H,
He ABAAIOMIEHCH HODMAJIBHBIM JAEJHTENEM, YTBePXKACHHE MOXKET OhiTh
HEBEPHBIM.

Jokazare, yro $akroprpynna G/H Torma M TONRKO TOTHAa KOMMYTa-
THUBHA, Koraa H conepxur xommyTtant K rpymns G (3anaqa 1665).
JokazaTk, 4To (PaKTOPrpyNIna HEKOMMYTATHBHON rpynnsl G 1o ee 1eH-
Tpy Z (3anmaua 1664) He MOXeT GBHITH LMKIHYECKOM.

Jloxazarhk, 4TO ecnM NOPAJNOK KOHEeYHoit rpynnel G AeauTCs Ha MpocToe
qHCIO p, TO G COREPIKUT 3NeMeHT nopsaaka p (teopema Komu).

Hycts p— npocroe yncno. Tpynna G HazwiBaercs p-zpynnod (B KOMMY-
TATHBHOM CAYYae — npumaeproti TPYNNOH), eCiy NOPAAKH BCEX €€ 3Jie-
MEHTOB KOHEYHEI H DABHEI HEKOTODHIM CTeneHsm uucia p. Jloxasars,
4TO KOHeHHAs rpymna G Toraa H ToJAbKO Torga Gyaer p-rpynnoft, korga
€e INOPSAJOK PABEH CTENEHH YHCAA P.

Jokasars, 4To:

a) aJAUTHBHAA IPYINA BEKTOPOB 7-MEPHOTO JIMHEHHOTO NPOCTPaH-
CTBA €CTh NPAMAS CYyMMa 7 TOIACPYNN BEKTOPOB OAHOMEPHBIX MOANPO-
CTPaHCTB, HATAHYTHIX HA BEKTOPEI NMI000ft 6a3kLl NPOCTPAHCTRA,;

6) anANTHBHAA TPYNIA KOMIUIEKCHBIX HHCEN eCTh NPAMAas CyMMa
MOArpyNN AEHCTBHTENLHEIX H YHCTO MHUMBIX 4HCES;

B) MYJABTHIUINKATUBHAS TPYNNa JEHCTBATENBHBIX YHCEN €CTh nps-
MO€ NpPOM3BEJEHHE NOArPYNUEl MONOMUTENLHEIX WHCEJI M MOACPYIIILL
ypcen *1,;

r) MyNbTHIUIHKATHBHAA TPYNIA KOMIJIEKCHBIX YHMCEJ eCTh LPAMOE
NpOU3BeREHHE TIOAPYII MOJOKHUTENBHBIX YUCEJ M UYHCEN, [0 MOLYIIO
PABHBIX €/(MHUIE.
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1697.

1698,

1699,

1700.

1701.

17027

1703

Hoxasars, uro eciu G = A + By = A + By —npaMble pasiokKeHHs
abeneso#t rpynnut & w eciiu B conepxut Bs, To By = Bs.

JokazaTe, uro nogrpynna H abenepo#t rpynnet G TOrAA H TOABKO TOMIA
Gyaer coaraeMelM B psaMoM pasnoxkeHnu G = H + K, korpa cymectsy-
eT romoMopdHoe orobpaskenue G Ha H, coxpaHsAwIee HA MeCTe BCe
aemenTr 3 H.

Jokazare, yro ecni G = A + B — npaMoe pasnoxkenne rpyans! G, T
dakroprpynna G/A uzomopdHa B.

ycts G = Ay + Az + -+ + A; —paznoxenue abemepodl rpynnsl G B
NPAMYIO CYMMY HOArpYII M

rz=a t+as+---+as, a; €4, i=12,...,8,

— COOTBETCTBYICIIEE DA3JOKEHUE WIEMEHTa T B CyMMY KOMIOHeHT. o-
KA3aTh, YTO: :

a) rpymma G Toraa ¥ TOIbKO TOTJIA HMEET KOHEYHBIR MOPAOK 11, KO-
rja KaxkJas NoArpynna A; HMeeT KOHEYHBI HOPANOK », ¢ = 1,2,..., 5,
NpHYEM 7 = NI N3 ... 7N,

6) aneMeHT Z TOTZa U TONLKO TOIZA UMEET KOHEYHBLIH NOPSI0K P,
KOTHi3 KaxKZasl €ro KOMIIOHEHTA ¢; MMeeT KOHEYHBIH IOPANOK p;, & =
1,2,...,s, npuyemM p paBHO HauUMeHBINEMY OOLIEMY KDaTHOMY 4HCEN
p11p2} R 1ps;

B) rpynna G TOrAa ¥ TOJIBKO TOTMA ABJSAETCH KOHEYHOR IMKJIHYE-
CKOM, KOT/Jja BCe NIpAMbIe caraeMble A; — KOHeYHBle LHKAHYECKHe pyn-
NLl, IPUYEM HX MOPSAKH TIONAPHO B3AUMHO NPOCTHL
PasnoxuTe B NpAMy0 CyMMY NPHMAPHEIX IUKAXYECKHX NOATPYIH HHK-
nuyeckyio rpymny {e} nopajgka: a) 6; 6) 12; ) 60; r) 900.
JoxazaTe HEpazIoKUMOCTE B HPAMYI0 CYMMY ABYX HEHYJIEBHIX [OJX-
TPy

4) AJAUTHBHOM IPYNIbI HEABIX YMCET;

6) aJAMTUBHON TPYIIBI PALHOHAJILHBIX YHCEN;

B) NPHMapHON LMKJINYECKOHN CPYIIILL.

IlycTe G — Henynepas xoHeuyHas abeseBa rpynma (¢ aiAuTHBHOH 3amu-
crr0 onepauyn). JJoka3aTe yTBepIKIAEHH:L:

A) ecnH TOPS/KY BCex 31eMeHToB u3 G AensT NPOU3BEIEHUE Pg B3a-
MMHO TIPOCTHIX YACEJ P U ¢, To G pa3faraeTcs B NPSAMYIO CYMMY TIOR-
rpynn A 1 B, rae nopsiiku Bcex 3semenTos u3 A pensart p, a u3 B —
JeJIST ¢, IpUYeM OAHA U3 IOArpyn A win B MOKeT OKa3aThes Hy/IEBOH;

6) miaa rpynosl G uMmeer MecTo padnoxkenne G = A+ Ag+---+ A,
B IPAMYIO CyMMY (HEHYNEBLIX) MPUMAPHBIX MOAPPYIN, OTHOCAIIMXCH CO-
OTBETCTBEHHO K PA3JINYHBIM IIPOCTBIM YHCAAM P1,P2,...,Ps (DOArPYD-
nel A; Ha3BIBAKOTCH NPHMAPHBIME KOMIIOHEHTaMH Tpynnsl G);
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B) TPHUMapHAd KOMIOHEHTA A;, OTHOCAIASACA K NPOCTOMY YUCIY Dj,
COCTOHT H3 BCEX MEMEHTOB rpynibl G, NOPAAKHN KOTOPBIX PaBHH CTe-
DEHAM YHCAIa P4, YTO OJHO3HAYHO ONpeZmesAeT pasfaoskKeHHe rpynnsl G
HA l'[pI‘IMa.prIe KOMIIOHEHTEI;
T) PAa3joKeHHe Ha TPHMApHBlE KOMIOHEHTHI HEeHYNesoi TOArpyI-
obt H rpynmel G umeer sug H = By + Bo+...+ By, rne By = HN A;,
i=1,2,...,s, IpuueM Hynesbie noArpynnsl B; B pasnoxenun H onyc-
KAKTCH.

1704. O6osHauum duepes G(ni,ng,...,ns) OPAMYI0 CYMMY LUKJMYECKHX
rPynn NOpSAKOB COOTBETCTBEHHO N1,Ms,...,Ms. VI3 TEOPHH KOHEYHBIX
abeneBbIX TPyNN U3BECTHO, YTO KAXKIad Takad IPyNna ORHO3HAYHO (¢
TOYHOCTBIO K0 M30Mopdusma) npexcrasaserca B suae G{ni, na, ..., ns),
rAe YHCAa 11 PABHBI CTENEHAM NPOCTLIX YHCes {He 00s13aTeNbHO Pasnny-
Hetx). flpuMensaa ykasanHoe ofosHadenue, HaAHTH Bce abesieBHl rpyn-
nel nopsaaxos: a) 3; 6) 4, 8) 6; 1) 8; o) 9;e) 12; x) 16;3) 24; u) 30;
k) 36; 1) 48; M) 60; 1) 63; o) 72; m) 100.

1705. PaznoxuTe B NPAMYK CYMMY NPUMAPHBIX HUKJIHYECKHX U BECKOHEY-
HBIX OUK/AUYecKHx noarpynn gakroprpynny G/H, rne G — ceoboguas
abesneBa rpymmna c 6azoil T3, X2, 3 u H —nonrpynma ¢ obpasyommMu:
a) y1= Tr) +2¢9+3z3, 6) y =4z + brs+ 3za,

yo = 21z + Bxo + 923, yg = bx1 + 6z + Hza,
Y3 = 5Sxr1 — 4x9 + 313 ys =6z + Txe + Txs;
B} y1 = 5z1+5x2+2z3, 1) yy =6z + 510+ Txa,
yp = 11x| + 8z + 5x3, yo = 8z + Txs + 1lxy,
y3 = 17x; + Bza + 8x3; y3 = 621 + Bzo + 1lxg;
M)y =4z +5r2+ z3,  €) y1 =2z + 632 — 213,
yr = 8z + 9z + =z, yy = 211 + 8x9 — 4x3,
y3 = 4xy + 620 + 22x3; yy = 4z + 1210 — dx3;
k) y1=6z1+ 529 +4z3, 3) ¥ = 71+ 222+ 223,
yo = Txy + 629 + O3, yo = 2y,
y3 = 5z + 4xp — 4x3; 3 = 3y;
n) y1=4r1+ Tae+3x3, x) y1 =2z + 320 + 43,
yo = 2z1 + 3z + 223, Y2 = 9x1 + 5x9 + 6x3;
y3 = 62y + 1023 + 5zg; y3 = 211 + 6x9 + 913,
17067 Hoxasarb, 4To KoHeuHas afenesa rpynna G, MOpPAAOK KOTOPOH paBeH:

a) NPOH3BEJEHHIO JABYX Pa3jINYHBIX MPOCTHIX YHCEN P H q;

6) NMPOM3BENEHHI) PAZAMYHBIX OPOCTHIX YHCET P1,P2, - ., Ps,
ABIACTCA LNHUKJIHYUeCKOH.

B) Haittu Bce moarpynnsl abenesoit rpynnsi G, NOpPAAOK KOTOPOIT
YOOBMETBOPALT YCIOBHIO MyHKTa 6), M HANTH YUC/IO ITHX NOArpYLIL.

r) Joxazarek, 4To ajaa moboro genutens k NOpsiIKa 1 KOHEIHOH abe-
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JIepo# Tpymnbl G CYIECTBYIOT NOArPYNNa W dakToprpynna rpynne G,
HMEIOIKE TIOPSAoK K.

1707* . Hycrs G — HenyneBas KOHeuHas abeliesa CpyNNa, BCe HEHYNEBLIE 3Jle-

1708

MEHTHL KOTOPOH MMEIT OAMH U TOT YK€ HOPAJOK p (INeMeHTAPHAS MPYII-
na). Jlokazarh yTBEepKICHHS:

a) YUCJIO p ABASETCs NMPOCTHIM;

6) rpynna G pasnaraerca B NPsAMYIO CYMMY KOHEYHOPO HHCJIA LMK-
JMYECKUX TMOATPYIN NOPAAKA P M MMEeT NOpsaok p°, tae k— yncio
ITHX CJIATALMBIX;

B} Joban HeHyseas noarpynna H rpynnbt G cama Oyzer 3sieMeH-
TAPHOH ¥ ABJIAETCH NPSAMBIM CIATAEMBIM B HEKOTOPOM NPSMOM DAa3Jio-
xennu G = H + K rpymm G;

r) 9HCJ0 NOACPYNN NOPAAKA P MEMEHTAapHON rpynnsl G mopsaj-

(P - V)" -p)@* -p»...(0* - ')
(o' — 1){p* - p)(* —p?) ... (P~ p'"1)

Hoxkazats, 4yTo KoHeuHaa abenepa rpynmna G MOPOXKAAETCHA €€ IIEMEH-
TaMH MAKCHMAJILHOTO INOPAAKA.

Ka pk, e k = 1 > 0, paBHO

§21. Koabua n nonsa

BriacHuTs, kakue U3 cefyromux MHOXKECTE SIBASIOTCA KOMBUAMH (HO He nos-
MM} M KaKHe NOJIsAMH OTHOCHTENBHO YKa3aHHBIX onepanwmii. (Ecsiu onepanuu He
YKA33HBI, TO NOAPa3yMEBATCA CIOKEHHE H YMHOMXEHHE 4HCer.)

1709,
1710.
1711.

1712.
1713.
1714.
1715.
1716.
1717.
1718,
1719.

1720.
1721.

1722,

Llennie uncna.

YerHble uHCHA.

Ienble uncna, XpaTHsie JAHHOMY YHMCAY n (pacCMOTDPETh, B YaCTHOCTH,
cnyqait n = 0).

PalnoHansHLIE YHCnA.

Je#ACTBUTEILHBIE YHCAA.

Komnnercusie yncia.

Yuena Buga a + bv2 ¢ HefLIMu a u b,

Ynca BuAa a + V3 ¢ pauHoHaIbHEMU a | b,

KommnekcHele yucaa suaa a + bi ¢ mensiMi @ u b,

Komnnexkcuoie yncna Buga a + bi ¢ panuoHanbHbIME @ U b.

MaTpuns nopagKa 1 ¢ UeBIMH 3JIEMEHTAMH OTHOCHTENBHO CHOMEHHS
H YMHOMXKEHUS MATPHIL

MaTpuupl mopaiaka n ¢ AeHCTBHTENbHLIMHE 3JIEMEHTAMH OTHOCHTEJBHO
CJOXKEHHs] ¥ YMHOMKEHHs MATDHIIL.

QyHKIHA ¢ AeHCTBUTEAbLHLIMU 3HAUYCHUSIMH, HENPEphIBHbLIE HA OTPEe3Ke
{~1, +1] oTHOCHTENEHO OBGBIYHBEIX CIOKEHHS M yMHOKEHUS DYHKIMH.
MuorouieHsl 0T OJXHOTO HEM3IBECTHOTO I ¢ LEJBIMHE Ko3d<pHIHeHTaMn
OTHOCHTENBHO OOLIMHLIX OTIEPAIHA CIOXKEeHHS ¥ YMHOMKEHHs.
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1723.

1724,

17257

1726

1727

1728,

1729

17307

1731,

MHOrO4JIEHEI OT OHOIC HEM3BECTHOrO & ¢ AEHCTBHUTENBHBIMU KO-
UMEHTAMH OTHOCHTENEHO OGBIYHEIX OnEparmif.

a b
Bce Marpunp ( % a ) ¢ palHOHANBHEIMH WM ASHCTBATENBHEIMA a,b

OTHOCHTENBHO OGBIYHEIX CIIOKEHHS W YMHOMXKEHHA MATDHII,
O6pasyoT AM KONBLO BCE TPHUIOHOMETPHYECKME MHOIOYIEHBl g +
T

Z(ak coskx + b sin kx) ¢ peficreuTensHbIME Koabdunpentamu? Bl
14}

k=1
SACHHTR TO e Oad MHOIOYNCHOB OAHMX KOCHHYCOB dg + Z dy COS kru
n
k=1

OHMX CHHYCOR Z by sin kx.

k=1
O6pa3yloT nY KOALIO YUCHA BUAA @ + bY2 ¢ PAIMOHAABHBIMA G U b
OTHOCHTENBHO OOLIMHBIX omepanud (ana onpemeneHHocTH Oeperca nelt-
CTBUTEJILHOE 3HAYEHHe KODH).
IMokazaTe, 4TO YHCHA BUjA a + b2 + cv4 ¢ pAlMOHATBHBIMU @, b |
¢ 0Opa3yIoT ToAe, IPHYEM KAk ORI SJEMEHT 3TOr0 NONA B YKA3aHHOM
BHAE TIPEICTABAACTCA OJHO3HA4HO. HakTu snement, oOpaTHbl yYuCTy
1-V2+2V4 (bepeTca meficTBUTENBHOE 3HAYEHNE KODHS).
JOKa3aTh, 4TO YACAa BHIOA a + b5 + cv/25 ¢ panuoHANbHBIMH G, b
H ¢ 06pa3yloT none; HAHTH B 3TOM [OJIE YHCIO, ODPaTHOE YHCAY T =
2+ 3V5 — V25,
[IycTe & — kopenr MHOTOuUNeHa f(z) crenmeHu n > 1 ¢ panHOHANLHBI-
MH KO3 pHIIHEHTAMY, HENPUBOAUMOrO HAJX MOJEM PALHOHAJLHBIX YH-
cen. HokasaTh, 4TO YHCIA BHAA Qg + a1a + agcc2 + -+ an_la"‘_l c
PAIMOHANBHBEIMU &g, @1, 22, . . . ,Qp—] ODPA3YIOT IOAE, NPHYEM KAMKABINA
3MEMEHT 3TOrO NOAA ONHOIHAYHO 3AMKHCHIBAETCH B YKa3aHHOM Bume. [o-
BOPSIT, YTO ITO TOJIE MOJAYYEHO NPUCOCIWHEHHMEM YHCJA & K MO Pa-
ODHOHANBHBIX YHCEJ.
B none, nony4yeHHOM MpUCOEAMHEHHEM K MO0 PALKOHAIBHBIX YHCES
KOpHA o MHOrounena f(z) = x% + 4z® + 2z — 6 (3amava 1729) Haitty
4nCi0, obparHoe uueny 8 = 3 — a + a?.
Jloka3aTh, YTO BCE AUATOHANLHBIE MATPHUILE, T.€. MATPHIBI BHIA

ag 0 0 ... 0
0 az 0 ... 0
0 0 ag ... 0 |’
00 0 ... a,

NOpAgKa 1 22 2 ¢ JeHCTBUTENBHBIMH 3JIEMEHTAMH OTHOCHTENLHO 00bIY-
HbIX CAOKEHUS H YMHOXMEHHMA MaTpur obpa3ylT KOMMYTATHBHOE KONb-
L0 C OeNUTeJAMH HYJs.
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1732.

1733.

1734.

1735.
1736.

1737.

1738!

1739,

1740,

1741.

TIpuBecTH NPUMEPE! JeJATENEeH Hyis B KOJIbUE GYHKUMH, HEMPEPHIBHBIX
Ha orpeske [—1,+1].

ToKa3aTh, 4TO B KOJBIE KBAAPaTHLIX MATPUI NOPAAKA 7 C SN€MEHTAMH
M3 HEKOTOPOrG HOJIS BEIPOKIEHHBIE MATPHLE!, U TOJBKO OHH, SBJIHIOTCS
JeUTENISIME  HY ST

IlokazaTh, 4To napnl (a,b) HeAbIX 4YMCEN C ONEPAnMAMH, 33aJaHHBIMK
PABEHCTBAMHU

(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2),
(a1,b1) (a2, b2) = (@102, b1b2),

06pasyloT KOMbLO, H HANTH BCE JEUTENH HYJIA 3TOr0 KOJbIA.
JokazaTh, 4TO MoJie He HMeeT JeJUTeNel HyJd.
JIOKa3aTh, 4TO B3 PABEHCTBA AT = a¥ AJId JAHHOTO YIEMEHTa a M JI0BIX
JIEMEHTOB ¥ M Y KOJbHA CAEAYET PABEHCTBO T = Y TOT/A U TOJBKO
TOrOa, KOTa a HE ABJAETCH JICBBHIM HEJIUTENEM HYJS.
ITokazaTh, YTO MATPHLLI MOPAAKA 1t 2 2 C IMEMEHTAMH M3 HEKOTOPOTO
108, B KOTOPBIX BCE CTPOKH, HAYHHASA CO BTOPOI, COCTOAT U3 HYJe#, 00-
Pa3yoT KOJBLO, B KOTOPOM BCAKHI JIEMEHT, OT/IMYHLIN OT Hysas, OyaeT
OpasbiM JenuTeneM Hyhsi. Kakue MaTpHubl B 9TOM KOJbLE He OyayT
JIEBBIMH OENHTENAMH Hyﬂﬂ?
ITokazaTs, 4TO B KOJBLE ¢ €RMHHIEH € KOMMYTATHBHOCTL CJIOMEHH
BLITEKAET H3 OCTANLHBIX AKCHOM KOJIbIA.
[IpoBepuB, YTO CBOACTBO HYJsi U AEJHTENEH HYNsSL MOXKHO JOKA3ATH, HE
HCIOAB3Ys KOMMYTATUBHOCTH CJIOXKEHHS, JOKA3aTh, YTG B KOJbNE, CO-
RepsKalleM XoTA Gbl OZMH 3MeMEHT ¢, He ABNAILINKCA JeAUTSAeM HYJs,
KOMMYTATHBHOCTE CJIOMKEHHS BLITEKAeT H3 OCTANbLHBIX aKCHOM KOJBIA.
[IpusecTH NpHMepbl KOJEH MATPHI| CNENHAJILHOrO BHAA, 0DAARAIOUIUX
HECKONBKHMH Hpa.BbIMH HJIH HECKOJIBKHMH JAECBBIMH COHHHIAMH.
ITyere gamo menoe uucno n = 0. Jsa penbix uncia a u b HasmiBaroTca
CPABHUMBLMU TI0 MOOYA0 T, YTO 3AIMCHIBAETCA Tak: a = b(mod n), ecnn
HX pasHocTs a—b nenurcs Ha n (npu n = 0 970 o3HavaeT, uyTo a = b; npu
n > 0—uro a u b npu feneHun Ha 17 JAKOT OJHH B TOT XKE OCTATOK —
BBIYET N0 MoAysio n). [[oKa3aTh, YTO COBOKYIHOCTE BCEX LENbIX YHCEN £
pazbuBaeTca Ha KNACCHl CPABHHUMBIX MeXAY co0oll uucen, He HMewomue
obmux anemenToB. QnpeaenuM CroXkeHHe ¥ YMHOXKEHUE KJIACCOB 4Yepes
COOTBETCTBYIOIME ONEPAIMH HAJ X MPEJCTABUTESMHU, T. €. CJTH YHUCIA
a,b,a + b u ab npunanyexar cooreercTBeHHo Kaaccam A, B,C u D, To
nonokum A+ B = Cwu AB = D.

JoKa3aTh, 4TO NPU TAKKX ONEPANMAX MHOKECTBO KJIaCCOB ABJAETCH
KOMBIOM (KOJIBLO BBIYETOB Zy, II0 MOAYJO 7).

17427 JoxazaThk, YTO KOHEYHOE KOMMYTATHBHOE KOJbIO Oe3 mequrenefl HyAs,

ConepKanee Honee GOHOrO JIEMEHTA, ABJAACTCA MOJIEM.
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1743

1744,

1745.

1746,

1747

1748,

1749.

17507

17517

1752

1753.

1754.

1755.

[TokasaTh, YTO KOJBIO BHYETOB IO MOy n (3agada 1741) Gyzer no-
neM TOria U TOALKO TOIAA, KOLOa 1 — YHMChO OpPOCToe.

Kpagparnaa mMaTpuna Ha3plBAETCA CKGASPHOL, €CIIH e IMEMEeHTHL Ha
[IaBHON AMAarOHAJNM PaBHBI MeXIy coboil, a BHE TVIABHON AMATOHANH —
paeHbl HyAw. Ilokasars, 4To CkandApHBlE MATpPHIBLI NOpAAKa 12 ¢ Oeit-
CTBHTENBHLIMH 3ME€MEHTAME NpH OBLIUHBIX OnEpalyax obpasyoT nose,
u3oMopdHOe N0 XENCTBUTENBHBIX YHCE.

a b
[TokazaTh, 4TO MaTpHUB! BUIA ( b a ), roe a U b— meficreuTeNnLHEE
yuCIa, 00pPA3YIOT NoJe, H3OMOPMHOE NOMO KOMIVIEKCHBIX YHCe.

a b
JloKa3aTk, 4TO noye MATpPHI BHIA (Qb a) ¢ pAalHOHANEHBIMH a, b

(3amaua 1724) uzomopdHo nomo uucen Buga a + bv/2 Taxke ¢ pampo-
HAABHBIMHE a,b.
JoKazaTh, 4To anrefpa BEMIECTBEHHBIX MATPHL BHIA
a b ¢ d
-b a -d ¢
- d a —b
~d - b a
uzomopdHa anrebpe KBaTepHHOHOB ¢ + bi + ¢ + dk.
a+bi c+di
—c+di a—bi
TenpHBIMM @, b,c,d m i = v~1 uzomopdua anrefipe KBATEPHUOHOR
a + b + ¢j + dk.
Haptu Bece asroMopdusmsr (T e. nsomopdrble oTobpaskenns Ha cebsa)
108 KOMOJIEKCHBIX YHCEN, OCTABJIAIOLINE HEM3MEHHBIMHE JIEHCTBUTE b
HBIE YHCJHA.
Jokazars, 9TO JH060€ HUCIOBOE NOJE CONEPKHUT B KaudecTse MOANONA
10J1e PAlAOHANBHBIX YUCE.
Hokazars, yto npu moboM m3oMopdu3Me YHCIOBLIX NOMEH MOANONAE pa-
MUOHAIBHEIX 4UCeN OTOOPAXKAETCA TOMXKIAECTBEHHO.
B wacTHOCTH, NONIE PAIMOHANLHBIX YMCEN AOMYCKAET JIMIIEL TOXKIE-
¢cTBeHHOE H3oMopdHoe oToOpaKkenne B cebs.
ZlokasaTh, 4TO TOXAECTBEHHOE 0TOOpAXKEHNE ABASETCA €RUHCTBEHHbIM
H30MOpdHRIM OTO0paXKeHueM MO/ AeHCTBATENBHEIX YMCEN B CeOd.
TTonesysick 3anaueit 1752, Ha#iTy Bce u3oMOpdHBIE OTOOpaskeHHs No-
JiA KOMIIEKCHBIX YHCeN B cefsi, NepeBodInge NefCTBUTEbHbIE THC/IA
CHOBA, B JeiICTBHTEILHEIE.
JokazaTh, YTO MUHHMAILHOE NOANONE NIOGOr0 NOMsS XApPaKTePHCTHKH
HY/b H30MOP(HO DO PAIMOHAJILHBIX UMCEJI.
AloKa3aTh, UTO MHHHMAaJIbHOE [oAnose JOG0ro Mo XApAKTEPHCTHKM P
M30MOPGHO NOMO BLIYETOB 10 MOZYJIO D.

JokazaTh, 4YTO ajrebpa MaTpUIl BHAA ) ¢ JeicTBy-
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1756,

1757,

1758,

1759.

1760,

17617

17627

1763,
1764.
1765.

1766,

Pemnrs cucremy ypasHeHUH
z+2z=1 y+2:=2 2r+z=1

B IIOJIe BBIYETOB MO MOAYJII 3 M IO MOAYMO 5.
Pewute cucremy ypapHeHHH

Ix+y+22z=1, z+2y+3z=1, dr+3y+22=1

B I0JIE€ BHYETOB 110 MOAYAID O H NO MOAYJK 7.
Hattru Hanbonpiuull obmull genrrels MHOMOUNEHOB

fl@)=2+22+20+2, glz)=2+2+1

a) HaJ MOJNEeM BHIYETOB 110 MORYJIIO J;
6) HaZ mosjeM pPaHOHANLHBLIX HHCE.
Hafitn nanboasmuil obuuil nenuTent MHOTOYJIEHOB

fly=52+2? +52+1, g(x)=5z°+2lx+4

a) HaJA I0JIEM BBIYETOB MO MOAYMIO 5 (IpH 3TOM KaXKIbIA Koagdu-
LMEHT @ HAJ0 NOHMMAThH KAK KPATHOE g€ eIMHUILI € YKAIAHHOrO NOoJis
WK 3aMEHUTh Ko3(PEPULIHEHTH WX HaUMEeHLIIAMHM HeOTPHULATEIBHBIMA
BBIUETAMH 110 MOAYJIO 5);

6) Hajx mOJeM PALMOHANBHBIX YHCE.

Habitu HauGonepmufi obmuit genuTenk MHOTOUNSHOB

f@)=2t+1, gl@)=2*+z+1

H&J MOJIEM BBLIYETOB TIO MOAY/I: a) 3; 6) 5.

a) JokazaTe, uro ecnu MHorounens! f{z) u g{z) ¢ neawmu xoadhduun-

€HTAMH B3aMMHO NPOCTH! HAJ N0NEM Z, BEIYETOB 1O NPOCTOMY MOILYJIO

P, IPUYEM XOTSH Gbl OZMH U3 CTAPIINX KO3 PHULEEHTOR HE JENUTCH Ha, P,

TO 3TH MHOIOWIEHEI B3aHMHO IIPOCTE] HaA NONEM PAIHOHANLHBIX YHCEN.
6) HoxasaTs Ha npumepe, 4To Ansd JOOOro NpPOCTOrc 4UCaa p 06-

paTHOE YTBEePKIECHHE HEBEpPHO.

Hokazars, 9ro MHOrowIeHsl f(x) u g{x) ¢ uenmmn KoappuuHeHTAMH

TOIZIa M TOJBKO TOTHA B3aHMHO NPOCTHI HAA MOJIEM PAIHOHANLHBIX YH-

CeJl, KOKA OHH B3AMMHO MIPOCTHI HAJM TIGJEM BBIYETOR TIO MOAYII P, TOe

p— moboe IpOCTOR YHCHO, UCKIKYAsA, OBITE MOXKET, KOHEUHOE MHOXe-

CTBO TaKUX YMCEs.

Muorounen z° + 23 + 22 4+ 1 pasnoXkuTh Ha HENPHBOXUMbIE MHOKHTENH

H3J [IOAEM BBIYETOB [0 MOOyHaw 2.

Muorounes &>+ 222 + 4z +1 Pa3I0XKHTE Ha HENIPHBECUMBIE MHOMHTENH

HAZ NOJEM BHYETOB N0 MOAYAK 5.

Meuorounen z* + z* + x + 2 pasnoKHTL Ha HENpHBOAUMBIE MHOMKHUTENHT

HaJ MOJieM BEIYETOB DO MOAYIHD 3.

Muorounen z* + 323 + 22% + z +4 DPA3JIOKHUTE HA HENPHBOXMMEBIE MHO-

JKHTENH HAJ IOJIEM BBIMETOB II0 MORYAK 5.
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1767,
1768.
1769.
1770,

1771!

17722

PaznoKuTh Ha HEDPHBOAMMEIE MHOXUTEH HAJ IOJEM BHIYETOB IO MO-
Ayio 2 BCE MHOTOMJIEHBl BTOPOH CTeNeHH OT .

PaznoxuTe Ha HelIpHUBOIHAMEBIE MHOMKHTE/AH HAJ II0JIEeM BbIYETOB 110 MO-
IyAI0 2 BCE MHOPOYMIEHHI TPEThel CTeNeHH OT Z.

Hality BCe MHOTOU/IEHBI BTOPOH CTENEHH OT T €O CTApPLIHM Koaddmuu-
€HTOM 1, HeIPUBORUMEIE HAJ NOJEeM BLIMETOB IO MOIYJH 3.

HaiiTy BCe MHOrOUNEHBI TPEThEH CTENEHH OT £ €O cTapiunM Koaduiu-
€HTOM 1, HeMpUBORUMEIE HaJ MOJIEM BEIHETOB IO MORYJHO 3.
HokazaTs, 4yto ecnu MHEOrOWIeH f(x) ¢ uensMi K03 GHUHEHTAMH TIPH-
BOJMM HAJ NOJAEM PAIHOHAJBHBIX YHCEJN, TO OH NPHUBOAHM HAJ IOJEM
BBINETOB [0 JGOMY TIPOCTOMY MOZYNIO p, HE OEAAEMY CTApum Ko-
adppunuent. IIpuBecTd npuMep MHOrO4YIEHA, NPHBOAMMOrO HaJ [OJEM
PALMOHATBHBIX YHCEJ, HO HEMPUBOAMMOrO HAK [OJEM BEIYETOB IO MO-
RYMIQ p, TAe p menuT crapumit koaddunment.

Hokazars, 4To nwbasa koHeuHas noarpynna G MYAbTHILTHKATHBHOMN
rpynusl nonsa P aeaserca uukanvecko#t. Hanpumep, My sTHLIHKATHE-
Has TPynna Nojs Z, BHIMETOB KOJbLA LEJAbIX Ynucen Z Mo INpoCTOMY
MOAYAIO p U rpymnnel (3, KOpHEH n-if CTeneHH M3 1 ABAAKTCA LMKJIH-
yecKMMH (MOCTe/IHEe NpPOMIE AOKA3AThH ¢ MOMOIIHI0 3AMMCH KOPHEl B
TPHIOHOMETPHYECKoH dopme).

1773?1)Cyu1ec'r13y10'r MHOTOYJIEHb! ¢ NeNbIMH KO (UIHEHTAMH, HEIPHBOIU-

17742

1775.

1776,

1777.

MBI€ HAJ [OJIEM PaHOHAJIBHEIX YHCEJ, HO NPHBOAUMBIE HAJ MOJEM BLl-
9eTOR 0O A000MY NpPOCTOMY MOAYIIO p.

Joxasars, 4To Takum Gyner, Hanpumep, MHOrowien f(z) = =t —
1022 +1. DTOT MHOrOWIEH — MHOTOYJIEH HANMEHbIIEH CTENeHH ¢ Ne/BIMI
ko3 PULHERTaMY, NMEOIME KOPeHb « = V2 + V3.

JloKazaTs, yTO ecnd BCE IEMEHTH KOMMYTATHBHOTO Koabna R uMeror
oBIIpil AeHTeNs a, TO 3T0 KOJAbHO 06Aa3AaeT eqHHHLEH.

YxazaTe KOMMYTATHBHOE KOJIBUO C €MHHULEH, CONEPIKAIICE SIEMEHT @ #
0 ¢ OOHHM N3 CNERYIOMIMX CBONCTB:

a) a? = 0; 6) aas AAHHOTO LEJIOTO YHCAA 7 > | BRINOHEHH! YCROBHA
a" =0,a"#£0, ectu 0 < k < n.

[Tycte R — KOMMYTaTHBHOE KOMBIO C eauHuIei e. Jlokazars, 4To:

a) ofpaTuMbIl ssemMeHT (T.€. JEeNUTeNbL eHHMIb) He MOXeT OhiTh
JeJUTeneM HyJs;

6) obpaTuMbIt 3NIEMEHT HMEET eJNHCTBEHHBIN OOPATHLIN 3/1eMEeHT;

B) ecan §, £ 06paTUMEL, TO G AEIUTCA HA b TOTAA B TOALKO TOTHA,
Koria ad genutcs Ha be;

r) ruaBHEI HZean (@) neMenTta a u3 R TOrAA M TOJBKO TOTAA OT-
miueH ot R, xorga a Heobparum, '
[Tycte R — KOMMYTATHBHOE KOJBIIO C €AMHUNEH € ¥ 6e3 ZeSuTenel Hyas.
Joka3aTe, 4TO:

1 Oty 3azauy ykasan asropy H. P. Hladapesnu.
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1778.

17797

17807

1781.

E—3773

a) AEMEHTHI a, b TOr/a ¥ TOJIBKO TOTAA ACCOLHMPOBAHBL, KOT/A KakK-
ORI U3 HHX TeJIUTCA Ha JpYroi;

6) rnasaeie upueansl (a) ¥ (b} Torma M TOALKO TOTA3 COBNAJAIOT,
Kkoraa a u b acconpuppoBaHbl (onpeiieneHHe IMIaBHOTO MAeANa JAHO B
3anaue 1783).

Iycrs R — KOMMyTaTHBHOE KOABLO C eAMHHNEH € N F{x) — MHOXKeCTBO
00

BCex (HOpPMANBHBIX CTEN€HHBIX DAROB E anz”, an € R.
n=0
Beenem 0BBIUHBIE ONIEPALNH CAOHCEHUR H YMHONCEHUA PAI0E:

D ozt + ) faa” = > (@n + Bn)2”

=) n=>0 n=0

[= 4] >0 [on] n
Z o o Z Bz | = Z Yok, TOE Yo = Z opfn k-
n=0

=0 n=0 k=0

Hoxasa'rb, 4YTO:
a) R{z)—KOMMYyTATHBHOE KOJILIO C eJHHHUEH;
) R{z) comepxuT nogkoasuo, wiomopduoe R,
B) ecin [ He mMeer ,ueﬂnfreneﬂ Hy/Il, TO 3TO BEPHO M Ans R{z);

r) ecnin R—mone, 1o Z 2™ TOrAA M TOABKO TOrma Gymer oGpa-
n=0
THMBIM 37IEMEHTOM Kosbla R{r), korma ao # 0.
[Tycte R — MHOMXECTBO BCeX 4HMCEJ BHAA & + bv/=3, rie @ u b—nensie
panuoHasibHbe. [JokazaTs, 4To K — Konb1o ¢ eAUHNLEH, B KOTOPOM pa3-
JIOXKEHHE Ha MPOCTHIE MHOXUTENIH CYNIECTBYeT, HO He ORHO3Ha4yHo. B
YaCTHOCTH, [TOKa3aTh, YTO B ABYX Pa3J/IOKEHHAX
4=2-2=(1+v=-3)(1 - v-3)

COMHOXKHTENR SIBJIFAIOTCA TIPOCTBIMH, IpHYEeM 2 He accomuuposaHo | +
V=3.
JoKa3aTk, 9TO BCe KOHEYHBIE CYMMBI Za,- + "% ¢ NeACTBUTEALHBIMU
@; U HEOTPHUATEJNLHBLIMH JIBOMYHO PAllHOHAJIBHBIMH T; OTHOCHTEJBHO
OBBIMHEIX OMEPANUE CTOXEHUA U YMHOKeHHA GYHKIHA 00pa3yior KOM-
MYTATHBHOE KOJBLO ¢ eRMHULER W Oe3 AenuTesell Hymd, B KOTOPOM He
CYIIECTBYET HPOCTHIX JIEMEHTOB.
Byayr mu cnepyounye MHOKECTBA TIOACPYIIAMH ANAUTHBHON FPYIIILI,
MOAKONBIAMH HIH HAEAIAMH YKAa3aHHBIX HMXKE KOMel:

a) MHOXKECTBO nZ YMCEN, KPATHBRIX Yuchay n > 1, B KOJNbLE HesnIx
qucen Z;

0) MHOXKECTBO Z LEJIBIX 9HCeA B KOJAbHE Z[r] LemouncIeHHbIX MHO-
FOYJICHOB;
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1782,

1783,

1784,

17857

B} MHOXKECTBO nZ|r] MHOrOYJIEHOB, KO MHIMEHTB KOTOPBIX KPaT-
HBl 4uCay 7 > 1, B Kosblie Z[z] LENOYUCIEHHEIX MHOTOY/IEHOB;

r) MHOXKECTBO [V HATYDAJBLHBIX YHCEJI B KOJbIE NEAbIX YHCea Z;

A} MHOXECTBO Z NENBIX YUCET B KOJALIE A HENBIX IayCCOBRIX YHCE,
T. €. YUCeJl BUAA a + bi ¢ nenbiMB PANMOHANBHLIMU a, b;

€) MHOoXecTBO B uncen a + b, rme ¢ = b, B KoabLEe A neawx rayc-
COBBIX YMCE;

k) MHOokecTBo C uucen Bufa x{l+1) B Kosble A LEJBIX rayCcCoBBIX
yucen, rje £ npoberaeT BCE KOMBLO A;

3) MHOXECTBO J[Z] HEJOUMCICHHBIX MHOIOYNEHOB B KOMbLE R|T]
MHOTOYW/IEHOB HaJ nofieM R panpoHaNBHBIX 4MCeNT,

M} MHOXECTBO | MHOrOY/IEHOB, HE COIEDXKAIIMX YJIEHOB C * pna
Beex k < n, rae n > 1, B KonbOe Z[2] UeMOUNCAEHHBIX MHOTOMIEHOR;

K} MHOXeCTBO | MHOTOYJEHOB C YETHBHIMU CBOGOAHLIME “LICHAMH B
KOJbLE Z|[Z] HesoYHCIeHHBIX MHOIOWIECHOB;

Ji) MHOXeCTBO | MHOTOY/IEHOB C YETHBIMM CTAPIIUME KO3 hHLIHeH-
TaMM B KOJblLE Z[z] UemodncIeHHBIX MHOMOYICHOB;
Hoxazars, 410 nepecedeHne ni060r0 MHOXKECTBA HAEAN0B KOMMYTATHB-
HOTO KOJbLUa R aABnseTca uaeanom.
Faoenoia udeanom (a), NOPOHCOEHHBM IACMERTMOM & KOMMYMATRUGRO
20 Koavue R, HA3BIBAETCA MHHUMAJbLHBIR Haeal, conepxamuil . Jloka-
33Tk, YTO UAeaJ {@) CYIECTBYET A JIIOGOro 9JeMeHTa a € K 1 COCTOUT
M3 BCEX 3JEMEHTOB BHJA:

a) ra, rge r— mobol anement u3 R, ecnu R umeer enununy;

6) ra+ na, roe r— no6oit 3aeMenT us K u n— moboe pesnoe 1ucho,
ecny R He MMeeT equHHLLL.
Hoeanom (M), nopoociennnism muoscecmeom M xommymamuenozo
xosvya R, HasnBaeTCs MUHMMANBHBIA HAead, cogepxammpi M. Ecan
MHOXKECTBO M COCTOHT M3 KOHEUHOrO YHCJA 3JIEMEHTOB ay,...,a4g, TO
unean (M) obosmauaerca Takxke depes {ay,...,as). JlokaszaTs, 4To nue-
anx (M) cywecrsyer ans yoboro menycroro MHoxectsa M € R u co-
CTOMT M3 BCEX KOHEYHBIX CYMM BHHA:

a} Znai; ri € R, a; € M, ecnu R uMeeT eannuny;

6) Zr;—a;— + Zniag; ri € Ry a; € M; n; —uensle 4ucra, ecmu R
HE UMEET eAHHHILI,
Koavyom 2206102 udea.i06 HA3LIBASTCA XOMMYTATHBHOE KOJBIO C €1H-
Hulelt u 6e3 Aenureneit Hy/19, B KOTOPOM KayK bl MO — rIIABHBIH (CM.
sanauy 1783). JokasaTh, 4To KaXkaoe M3 CAEAYIOMHUX KOJ€l SBASeTCs
KOJLLEOM TNIABHBIX H7CAJIOB!

a) KOABLO Z LEJBIX YHCET;

6) xKoasuo Plz] MHOroWwIEHOB OT ONHOrG HEM3BECTHOrO X HaJ Mo-
nem P

B) KONBLO A IENBIX rayCcCOBBbIX YHMCEJL.
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1786.

1787.

1788,

1789,

1790.

1791,

1792,

1793.

1794,

Cymmoti udeanos Iy, Iy, ..., I xommymamusnozo xoavys R Ha3bIBaeT-
csl MHOXeCTBO | BCex SneMeHTOB r u3 K, NpeACTaBHMBIX B BUJE

=z + 22+ + Tk
el 1=1,2,...,k

Myt [ = I1 + o + -+ + I;. Ecoin gns mobore x w3 I ykazaHHoe
TIpe/ICTaB e e eIMHCTBEEHHO, TO CyMMa [ Ha3hBACTCA npamoti cymmotl
udeanoe I;. B srom cnywae mumyr I = Iy + Io + -+ + 1.

HoxkazaTk, uTo:

a) cyMMa moboro KOHEYHOrO YHCAa HEasIoB eCTh Hieal,;

6) cyMMa aByX MJeajoB TOTAA M TONBKO TOTAA GyIeT npsaMod CyM-
MOH, KOraa IepecedeRHe WX COOEPKUT TOJLKO HYJIb.
HokazaTe, uro ecmu I = | + Iy —npamaa cymma upeanos I, Ip, o
npou3ee/ieHne M0doro aneMenTa u3 I; Ha nw06oit sneMenT B3 I paBHO
HYJIIO.
Mycrs R = I + [ — pasnokerne KOMMYTaTHBHOTO KOJAbIA K ¢ eAuHN-
neil ¢ B npsaMy10 CYMMY HeHyneBHX uaeajos [, .

JokazaTh, 4TO eCnu € = €] + ey; €] € I1; eg € Iz, T0 ey, 2 ByayT
CAMHMLIAMH COOTBETCTBEHHO B [, fs, HO He B R.
Hokazarb, 4To (akTOpPKOALLO Koawna D[r] mMHOrounenos ¢ meftcTBu-
TeAbHBIMM KO3 PUIMEHTAMH N0 WISy MHOTOWICHOB, JENAIIMXCA Ha
22+ 1, n3oMopdHO TIONKD KOMIUIEKCHBIX 4Ydcen a + bi ¢ onepauusamy
CROXEHUsSI H YMHOMXEHHs!, ONpeRefieMbIMA N0 U3BECTHBHIM N3 IIKOAbI
NPABUIAM.
Jokazare, qT0 moboe romoMopdHoe oTobparkerue nons P B Koaeno R
ABAAETCA WAM M3OMOPQHBIM OTOOpAKEHMEM Ha HEXOTOPOe I0Jie, BXO-
Aamee B R Kak nogkonbsuo (Taxk HA3HBaeMoe Bioxenue P B R), wm
orofipazkeHneM Bcex 3nemeHTOB u3 P B Hynb u3 R.
Iycete Z —Koawlo nenwlx wucen u R — moboe Koawuo ¢ eIHHHUEH e,
Lokazarh, 4To oTobpasKeHne ¢, And KOTOporo ¢(n) = ne, eCTb roMo-
mopdHoe oTobpaxkenune Z B R. Haittu 06pa3 ¢(Z) konbla Z npu 3ToM
FOMOMOD(hUIME.
ITycTs A — KONBIO LENbix MAYCCOBRIX YHCeN, J — MHOMKECTBO BCeX YHCel
a+ b c yeTHEIMH G U b,

a) Ilokaszars, uro I —ugean B A;

6) HaitTu cMexHEe Knaccel A no I

B) B ¢daxropkonsie A/l HANTH HEJATENM HYJIA M NOKA3AThH 3THM,
yro A/l He sBnseTca nonem.
Hokazath, 9T0 dakTopkonbio A/] KOAbLIa LeALIX rayCcCoBLIX 4HCeN 110
rnaBHOMY uzneaty I = (3) ecrn nose u3 NEBATH IJIEMEHTOB.
Jokazath, 4yro GaxTopronbie A/l KONbIA HENBIX TayCCOBHIX YHCEN NO
MaBHOMY MAeasy I = (n) Toraa W TOJBKO Torpa OyAeT nojem, KOraa
n — IpOCTOe YHCIO, HE PABHOE CYMME IBYX KBaApaTOB LENLIX YHCE.
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1795.

1796.

1797.

1798.

1799,

Mycrs Pz, y] — KoJIbLO MHOTOYWIEHOB OT ABYX HEM3BECTHHIX T, ¥ Hal
nonem P, ] —MHOXeCTBO BCEX MHOTOWISHOB 3TOTO KONbIa Ge3 cpobos-
Horo 4ieHa. JokazaTe, uro:

a} I saBnasercs upeanoM, HO He ABJAETCA TJIABHBIM HIEAJIOM;

6) daxropronsno Plz,y]/I usomopdro nomo P.

IIycrs I = (x,2) — unean, MOPOKACHHEIR MHOMKECTBOM U3 JBYX JJIEMEH-
TOB T U 2, B KOJIBIE LEIOYNCICHHBIX MHOTMOYMNeHOB Z [z]. JokasaTk, 4yTo:

a) uaean I COCTOMT M3 BCEX MHOTOUJIEHOB C YETHHIMH CBOGOAHLIMH
4eHaMH;

6) unean I He ABAAETCA TVIABHBIM,

B) ¢dakTopkonpuo Z|z]/l n3oMopdHO MO0 BRIYETOB 1O MOILYIO 2.
[lycre (n) — uaean, DOPOAKIEHHBIN IEBIM YHCIOM 12 2> 1 B KOJIbLIE IEN0-
9UC/IEHHBIX MHOTO4NEHOB Z |z]. Hoxkasats, uto daxtopkoasuo Z{z]/(n)
n30MopbHO KONbLY Zn[%] MHOTrOYIEHOB HAZ KOMBLOM BRIYETOB IO MO-
RYWIO n.

[Iycte A — Komb1io BCeX NEHCTBHTENBHBIX yHKuuit f(x), onpenenen-
HBIX HA BCell YUCIOBON NPAMON NpH OOBIYHBIX ONEpauAX CIOKEHHA H
YMHOXEHUs1, U ¢ — ReHCTBUTENbHOe Hucno. Joka3aTh, 4ro:

a) orobpaxenne (f(z)] = f(c) ecrs romomopdHoe oToGpaxenue
Konbla R wa none [} nelicTBUTENLHBIX 4YHCET,

6) anpo romomopduaMa @, T. e. MHOXKECTBO | BCEX 3/IEMEHTOB KOJIb-
ua R, orobpaxaroiuxcs B uncyo 0, ects upean B R;

B) daxropxossno . £/] n3omopdHo nomo INeACTBUTENBHBIX YH-

cen D,
[Iycte Z, —nose BRIYETOB 10 NPOCTOMY MOZYNO p, f(r)-— MHOroumex
CTENeHH 7 M3 KOMbLA Zp[Z], HEMPHUBOAMMBIA HAZX moJeM Z, (M3 TeOpHH
NoJiell H3BECTHO, ¥TO TAKOM MHOTOWIEH CYIIECTBYET A moboro mpo-
cToro p M AOOro HaTypanbHoro n), I — rmaBHbil uAeasn, mOPOXK/IAeH-
Helit MEOrowIeHoM f(z) B konpue Z,[x]. JokazaTs, 4To GHakToOpKOABLO
Zylz}/1 ecTb XOHEYHOE MONE, M HANTH YHCIO €rO SJEMEHTOB.

§22. Moaynu

Jesvim modyaem Had xoavyjom R HasmBaercsa abenesa rpynna M (ofwruHo ¢
aJAMTHBHON 3aMUCHIO ONEPALNH), OIA 3NEMEHTOB KOTOPOH ONPERENEHO YMHO-
MeHue Ha jIeMeHTH U3 K Tak, 4To Ae € M jns mobeix A € R, a € M, npraveM
BBINOJIHEHE! C/IEAYIOMIME YCIOBUS, AHATOTMIHBIE CBORCTBAM YMHOMKEHHS BEKTO-
Pa HA MHCRO AJsT JIUHEHHOTO TPOCTPaHCTBA:

1)

Ma+b)=Ida+Ab, 2) (A+pla=Aa+pa, 3} A(pae) = (Auwa,

roe A p € R, a,b € M.
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Ecau, kpome Toro, Konbno R obnanaer eguanneit € u
YYca=a, a€M,

To M HaswpIBaeTCs yHumMaPHbIM Acebim Modysem Hed R.

Tlodmodyaem aesozo modyan M nad xoavyom R HaswmlBaercs moarpynna A
rpynnsl M, ps koTopoit Aa € A aaa mobeix A € R, a € A.

Orobpaxenne ¢ nesoro Monyna M mua neswift Moaynb M’ Hax omHuM H
TeM K€ KOMbLOM R HasplBaeTcs roMoMopdHuiM, ecnm @(a + b) = pa + b,
w(Aa) = dpa ans mobeix a,b € M, A € R.

BzauMHo onHo3HAauHOe U roMomMopdHoe orobpakenne Moayast M Ha MOAynb
M' (naz; TeM e KONBIOM) HA3BIBAETCA UsoMopPrsim (IH usomopPuasmon), a
monymu M u M’ HasmiBaoTCa usomopdruimu.

Daxmopmodyaem M[A se6oz20 modysr M nad xoavyom R no nodsmodyaw A
HasmBaercs ¢axroprpynna M/A ¢ ecTeCTBEHHBIM YMHOKEHHEM HA DJIEMEHTHI
koavua K Alr + A) = Az + A.

Hopadrom O(a) (nmm axnyasmopos Ann{a)) saeMmenma a A€6020 MOOYLA
M nad xoavtjom K Ha3BIBASTCA MHOMKECTBO BCEX JeMeHTOB A € R, gnd koro-
peix Aa = 0. Ecsin nopsifiok 35neMenTa @ COfiepXKUT TONBKO HY/IbL Konbna R, To a
HA3LIBAETCH c6000dHMM daemenmom (Wi asemenmom nopadxae nyss). B npo-
THEHOM C/Iy4ae G HA3BIBAETCA NEPUOCUNECKUM IACMENOM (HITH JAEMEHITIOM
HENYAEB020 NOPATKGR).

AHANOTHYHO ONPEAENIOTCA Npasble Moayau M Haa KoabuoM R ¢ yMHOXKe-
Huem aX € M, a € M, A € R, u cBa3aluble ¢ HUMHM NOHATHS.

Ecnu B cnepyromux 3azadax ropopurea npocro o moayne M Hax koab-
uoM R, 10 M paccmaTpusaeTcs AiA ONPERENEHHOCTH KakK JfEBbIA MOZYMb
HaA R, X0Tsi COOTBETCTBYIONIME CBOKCTBA BEPHbI TAKKE U JJisi NPABOTO MOAYJIS
nan K.

Jis ynpomesnns HeKoTopble 3aAa9u GOPMYINPOBAHE! AN CIydas KOMMY-
TATHBHOTO KOMLLA, XOTA OHH MOTYT OLITh 0606LIEHN HA MOAYMH HaJl HEKOMMY-
TATUBHLIMA KOJBIAMH.

1800. Ilpusectu npumepb Moaynsa M Hax konenoM R, rae cymectsyioT A # 0
3 Runa## 0uzs M, npuuem Aa = 0.

1801. IIposeputh, uto niobast abenesa rpynna G (¢ a7IUTHBHON 3ANKUCHI) OTIe-
panmy) fABAAETCH MONYJEM Hag KOJMLUOM Z LEJIHIX YHCEN.

1802, JleBmit Moayne M Han konbnoM R HA3LIBAETCA MPUBUBADHBM, ECITH
Aa = 0 png smobnix A € R, a € M. Jloka3aTs, 4T0 neBbll Moxyns M
HaJ KOJBIOM R ¢ eguuunedl £ pasfaraercsa B IPAMYI CYMMY [OAMO-
pynei: M = M; + M, roe My yuntapen, a Mo TpusuaneH, npuuem
M conepxuT BCe snementnl a € M, ana koTtophix £a = a, u My — BCe
wemenTr ¢ € M, gua xoropeix €a = (.

1803. Tlpoeeputrhk, 4TO:

a} eClM KOMMYTATHBHOE KOJbIO R pacCMaTPHBATL KAK JIEBRIN MO-
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Horonnerne

18047

1805.

1806.

1807.

1808

1809,

1810.

AyAb HaR caMUM coDo#, TO MOAMOIYNH 3TOTO MOJYJIsA COBIAMAIOT ¢ e-
amamMu kKoaeua R;

6) ecnM HEKOMMYTATHBHOE XOJAbIO R pacCMaTpHBaTh KaK JIEBBIH
(npaBbiit) Mogynb Hag camuMm coboll, TO NOAMOAYIM ITOTO MOAYJS COB-
NaJa0T C JIeBHIMH (TpaBbIMH) WiaealaMi Koabna K.

ITokazaThk, YTO NPHMAPHYIO 10 NPOCTOMY 4YHChy p abenesy rpynny G
(3amaga 1695) MOXKHO DPACCMATPHUBATL KAK YHHTADHBIA MOZYJb HAJ,
KOJMbLOM R panyoHadbHBIX HUCE], 3HAMEHATENH KOTOPLIX HE AeNATCs
Ha P.

Huxauneckus nodmodysem, NOPoNCOEHHDIM FAEMERTNOM G ALBO20 MO-
dyan M nad xoavyom R, HaseIBaeTCS MHHUMATBLHBIR DOARMOAYIL {a},
cogepskawnd a. Jokasarn, uro ana moGoro a € M nuxknuyeckuit nop-
MOAY/bL {a} CYMECTBYET U COCTOMT M3 BCEX 3JIEMEHTOB Moayas M, ume-
FOIUX BUK:

a) Aa, rae A € R, ecnim M — yauTapumiii Moaysis;

6) Aa+na, toe A € R un—uenoe yucno, ecau M — moboit Moayns.
Jokazarhk, 4TO n-MepHOe IHHENHOe IPOCTPAHCTBO HAJ, onem P siiser-
cst (Ipu TeX XKe ONEPANMAX) YHHTADHBIM MOIYJIEM Hal P, npuueM 3ToT
MOAYJb DPA3JIATAETCH B NPAMYIO CYMMY 70 IUKJINYECKHX MOAMOMIYel.
IMycrs M — yHUTApHBIR MOAY/Ib Ha X KOMMYTATHBHBLIM KONbIOM K ¢ efu-
uunedt €, {a} u {b} —unknnyeckne monymn, O(a) u O(b) — nopaaxu
COOTBETCTBEHHO o W b.

a) Jokasats, uro ecid {a} = {b}, 0 O(a) = O(b);

6) moKa3aTh Ha NpHMepe, uTo yciosus Ofa) = O(b) HemocraTouHO
nnst pasencrsa {a} = {b};

B) JOKa3aTk, YTO jssA pasenctsa {a} = {b} HeoGxomumo M HOCTa-
TOYHO, 4Tobel Ob110 b = aa, a = Bb, roe a, B — HeKOTOpPLIE SJIEMEHThI
u3 R;

r) RoKa3aTh, YTO ans paseHcTBa {a} = {b} HeoOxomumo M mOCTa-
TOYHO BBINOJHEHUA yCoBUH: b = aq, rae o € R u ofparum no momymo
Of(a), T.e. cmexxubiii xnace o + O(a) ecTh o6paTHMEBIL 3/emeHT dak-
ropxosnsua R/O(a).

HokasaTs, 4To BCAKHR MoaMonyas A nuksmdeckoro moayts M = {a}
HaJ, KOJILLOM TNABHBIX HAeatoB R cam 6yneT LRKIMYECKHuM.

[Iycts R — MHOXKECTBO BCeX BECKOHEUHEBIX MOCAEN0BATENLHOCTEH ENbIX
yucesn & = (a1,a9,...) CO CIOKEHAEM U YMHOXEHHEM 110 KOMIIOHEHTAM.
IIpoBeputs, 4T0 R — KOMMYTATHBHOE KOJBIO ¢ eAMHULEH, T. €. HUKJIH-
yeckuii MOOYNE HaZ caMuM coboil. Haditu B 9T0M MOIY/IE TOAMOOY AL, He
MMEIOIH KOHeUYHONW cucTeMbl 06PA3yINNX, DTO NOKA3LIBALT, 4TO IOA-
MOZYJIb IMKAMYECKOTO MOZYIA MOXKET He BBITh UKIMIECKHM, 4 IOEMO-
AyAb KOHEYHONOPOXKAEHHOIO MOAYNS MOMXET HE GbITh KOHEYHOIIODOXK-
JEHHBIM.

Mycre M —Moaynk Haj KOMMYTATMBHEIM KOJbLOM R.
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1811

18127

1813

1814,

1815.

18186,

1817,

a) HokazaTs, uro ecin R He uMeeT jenuTenell Hyst, TO MHOXKECTBO
A C M Bcex nepHOJUUECKHX 3JIEMEHTOB SBJISIETCH IOAMOIYIEM MOLY-
as M;

6) nokasaTs Ha NMpHUMepax, 4To AAA Koukna R ¢ nemurenamu Hyna
NpeAbIAYIIee YTREDXKACHAE MOKET ObIThH HEBEPHO.
[Tycrs M — Mogysb Haf KOJBIIOM [ABHBIX Hieanos K, a u b — nepuoau-
veckue anementsl M nopaaxos Ofa) = (a), Ob) = (#), § — HauGons-
wui obmul genurent o u S. Jloxazars, 4TO 3JEMEHT a + b— Takxe
nepuoaudeckuit nopaaxka Oa + b) = (vy), npuuem: a) v genur af/é;
6) v xpatHo af/8°.
Monyne M HasblBaeTCs NEPUORUYECKHM, €CITH BCE €ro IJEMEHTHI SBJIS-
10TCs nepuoauyeckumu. Mogyine M HAA KOJABIOM TNABHLIX HeaioB R
HA3BIBALTCA NPUMAPHBAM, ECTH DOPARKH BCeX 3eMeHToB uz M kak une-
anpl B R noposkAaloTcs CTeNeHsAMH OQHOTO M TOTO 2KE NPOCTOTO IeMeH-
ta p u3 R. Monyns M HaspisaeTcsi npamoti cymmotl cucmems (He 0bs-
3ATENIBHO KOHequﬁ) CBOMX DoAMOnyett M, ecnn kaxbrit HEHYNeBOoHn
aneMeHT U3 M ONHO3HAYHO NPEACTABASETCH B BHIAE CYMMBI KOHEUHOTO
YHCJIA HEHYNEBBIX YIEMEHTOB, B3ATHIX 10 OOHOMY U3 HeKoTopsix M;. Ho-
Ka3aTh, YTO JOGOH Tepuonuueckuil Monyis M HajJ KOTBIOM TNABHBIX
uzeanos R pasnaraercs B NPAMYK CyMMY NPHMApPHBIX DOAMOZY/EH.
Iycrs M — Monyab Hag koabsuoM R. JokazaTs TeopeMy: sl TOTO 4TO-
6ul B M mroGoft noaMoIynk MMeN KOHEYHOE MCNo o0pa3ylomux, Heob-
XOZUMO M JOCTATOYHO, YTOGL B M YAOBIETBOPANOCH YCJIOBHE MAK-
CUMANLHOCTH A/ NOAMOAYJelt: nio6as BO3PACTAIOWAA NOCIENOBATE N b-
HOCTB noamonyneit (He oba3arensHo paznuuneix) M} C My C ... cra-
CHIHBMPYETCH Ha KOHEUHOM Iuare. B 9acTHOCTH, 9T0 BEPHO AN HALANOB
Konbha [, ecin ero paccMaTpHBATH KAK MOAYML HAH CaMHUM COGOH.
Hokazath, uto ecnu {a} u {b} — yHUTApHBIE HUKIHYECKHE MOJYJIH HAJ
ONHMM M TEM K€ KOABUOM R, IpHYEM NOPIAKH @ U b CBA3AHBI BKIIO-
yenneM Oa) C O(b), To cymecryer romomopdHoe orobparkerue {a}
Ha
ycrs M = {a} — yHUTapHBEIN NUKANYECKHH MOZAY/L HAJ KOMMYTATHB-
HbIM Koobmom R ¢ enuuuneii €. JokasaTs, 4ro:

a) nopanok (fa) snemenTa a ecTh ugean B R;

6) daxropkoneno R/O(e), paccmarpuBaeMoe Kak MoAynb Hag R
C €CTECTBEHHLIM YMHOMXEHHEeM, ONPeJeNeHHbIM YMHOXKeHueM B K, uz0-
mopduo Moaymo M.
Ilycts M = A + B — pazsioxenne moxynasa M wag xonenoMm K B mps-
My cymmy nomMonyneit A m B. Hokasats, yro dakropmonyns M/A
u3oMopdeH, Kak Monyas Han R, mopymo B.
Moayns M HazmiBaeTca pacwupenuesm modyss A npu nomougts mody-
as B, ectn A —nopmonyns M u daxropmonyms M/A uwsomopden B
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Hononnenue

1818.

1819}

1820

(M, A, B —wMoznyny Hag ORHEAM M TeM e KoabuoM R). Jokazarw, uro
paciumMperue KOHedHONOPOXKASHHOTO MOAYNS NP MOMOIIN KOHEUHOIO-
POXKIEHHOTO €CTh KOHEYHOMOPOXKJEHHBI MOIYJIb.

JokazaTk, 4TO ecnu B Moxyne M BLIMOJHEHO yChoBHE MAKCHMANLHO-
cTH ana nogMopysei (cM. 3agady 1813), To 3TO YC/IOBHME BBITIOJIHEHO B
daxropmogyne M/A monyns M mo mobomy mogmonymo A.

[Iycts A, B —nogmogrynu mogynsa M Han konpuoM R. Jokazatk caeny-
LY TeopeMmy of uzomopdusme:

(A+ B)/A= B/(AN B).

Mycte M — yHUTapHEI MOIYJAb € KOHEUYHBIM YHCIOM 00pa3syompx
*1,Z3,...,Tn HAJ KOMMYTATHBHBIM KoAbioM K ¢ enununeit. Joka3aTs,
YTO eCAM YCJIOBHE MAKCHMAMLHOCTH BHIIOJHEHO OIS MACAJTOB B KOJb-
ne R, To 0HO BBINOTHEHO M JAjs nojaMonyfedt B Moxyne M (sTy reope-
MY MOKHO 000GIIHTE HA HEKOMMYTATHBHBIE KOJBIA ¢ YCAOBHEM MAKCH-
MAJIBHOCTH RS JIEBBIX HJAH NPaBLIX HAEANOB).

§ 23. JInHelinble npocTpaHcTBa M MUHeliHbie Tpeobpa3zoBaHusd
(moGasnenns x §§ 10, 16-19)

1821,

18227

1823.

JokazaTek, uTo i BLINOJHEHHs paBeHCTBA ax + By = fBx + ay, rae
o, 3 —uucaa ¥ X, Y — BEKTOPbLI, HEoBX0AUMO U IOCTATOYHO, YTOGE DbLI0
WM o = 03, WA © = y.

a) He nomb3yach KOMMYTATHBHOCTBIO CJIOKEHHS BEKTOPOB, NOKa-
34Th, YTO NIPABble NPOTHBONONOKHHEIN M HyJAeBOH 3neMeHTHl OymyT U
JIEeBBIMH;

6) MoAB3YACH NYHKTOM &), A0KA3ATh, YTO KOMMYTATHBHOCTh CJIOXKE-

HHMA BEKTOPOB BBITEKAET M3 OCTAJBHBIX AKCHOM JHHEHHOM) NPOCTPaH-
CTBa.
[Iycts D — none peficTBUTENBHBIX YHCea U V — MHOXKECTBO BCeX (YHK-
14, 3aJaHHBIX U IPHHUMAIIEX DOJIOKHTENLHEIE 3HAYCHHUS HA CETMEH-
te |a,b]. Onpenenum crnoxenue asyx GYHKIHUR ¥ yMHOKeHRe PYHKIUK
HA. YUCI0 PABEHCTBAMH

fog=fg, a®f=f* fgeV,aeD.

a) IIpoBepurs, 4TO NpH yKa3aHHBIX ONepanuax V ABAseTCs JUHel-
HBIM [POCTPAHCTBOM Hag nonem D

6) moxasaTh, 4TO mpocTpacrso V' usomopduo npocrpancrsy V'
Bcex meHcTBuTENbHBIX (byHKIMIL, 3a0aHHEIX Ha cerMeHre [a,b], mpn
OOBIYHBIX ONEpanMax CJIOMeHus GYHKUMA U YMHOKEHUs: GYHKIMA Ha
JAeMCTBUTENBHOE MHCIO;

B) HafiTu pa3sMepHOCTb MPOCTPAHCTBA V.
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1824.
18257

1826!

1827

1828,

1829!?

18307

1831.

18327

1833.

Joka3aTh JUHEHHYH0 HE3aBHCHMOCTE CHCTeME! hyHKIMI e)“”, ceey e*n?®,

rae Ay,. .., Ap — NONAPHO PA3SIMYHBIE JEHCTBUTENbHBIE YHCJIA.
Jloka3zaTh AMHEHHYH HE3ABHCHMOCTb CHCTeMBl QyHKUuE ¥, ..., z%",
FO€ &1, ..., Oy — NONAPHO Pa3/iNYHbIE NeACTBHTENbHBIE THCIA.
JoxazaTe AMHENHHYIO HE3aBHCUMOCTL CHUCTeM hyHKI:

a) sinz,cosz; 6} 1, sinz,cosz;

B) sinz,sin2z,...,sinnz; 1) 1, cosx,cos2z,...,C08 NT;

a} 1, cosx,sinz, cos 2z,sin 2z, . .., cos nx,sin nz.

Joka3aTk J‘IHHeﬁHgIO HEe3aBACHMOCTD CUCTEM (DYHKIMI:

a) 1, sinz,sin®w,...,sin" z;

6) 1, cosz,cos’x,...,cos" x.

JokazaTe MUHEHHYX) 3ABHCHMOCTb CHUCTeM GHYHKIUMH:

a) 1, sinz,cosx,sin”x,cosx,...,sin"z,cos” z mpu n = 2;

6) sinx,cosx,sin’z,cos>z,...,sin" z,cos™  npu n > 4.
IpoBepuTs, YTO BCE OAHOPOAHBIE MHOTOWICGHBI CTENEHH Kk OT 7. HEeH3-
BeCTHBIX I1,%2,...,Tn C ACACTBHTENBHBIMH K03 duuHeRTaMUu (MMM C
KoaduenTaMy 13 MOGOT0 NOJIA) BMECTE ¢ HY/JIEM NPH 0OBIYHEIX Oe-
paupax 00paiyIoT JHUHEHOe POCTPAHCTBO, H HAHTH €r0 Pa3sMEPHOCTh.
TpoBepuTh, YTO BCE MHOTOYJIGHKI CTeNEHH <Kk OT 1 HEW3BeCTHHIX
Z1,22,...,Tn ¢ AHCTBUTENBHBIME KO3 dunuentamu (unmu ¢ koagdu-
IUEeHTAMA U3 JI0H0ro NoJid) BMeCTe C HyJeM Ipu OBBIYHEBIX ONepalusx
06pasyloT AuHeAHOe NPOCTPAHCTBO, H HAITH €r0 PasMEepPHOCTD.

[Iycte V — nupefinoe MpOCTPAHCTEBO BCEX MHOTQYIEHOB OT & CTEIIEHH
£ n, n > 1, ¢ pecTBUTENBEHEIMA KO(DPUIHEHTAMHE.

a) HokazaTe, 4T0o MHOXecTBO L Bcex MHOro4seHoB M3 V', uMetomux
JAHHBIH JeHCTBUTENBHEIA KOPEHB ¢, ABAAETCA NOINPOCTPAHCTBOM V)

6) HaBTE pasmepHocTh L

B) To Xe pyis MHoKecTBa Ly, 1 € & < n, Bcex MHorounenos u3 V,
HMEoIAX & pasAuyHBIX JeHCTBUTEIBHEIX KOPHEH ¢y, ..., ¢ (6e3 yuera
UX KPaTHOCTH);

r) ABNSETCH JU NOANPOCTPAHCTBOM MHOxecTso L' Bcex MHoroume-
HOB H3 V, HMEIOWHX OpPOCTON NelCTBUTENBHBIA KOopeHs ¢7

JokazaTs TeopeMmy: Ajig TOTO YTOOH ABE MUHEHHO HE3ABUCHMEIE CHCTE-
MBL € OBHHAKOBLIM YHCJIOM BEKTODOB
Llyeooy Ty (1)
Y1y Y (2)

N-MEPHOr0 TIPOCTPAHCTBA V', OBINH IKBHBAJIEHTHH! {UJIH NODOXIAIH
OZHO M TO K& NMOAIPOCTPAHCTBO), HEOOXOXUMO H ZOCTATOYHO, YTOOHI B
Jobom Basuce COOTBETCTBYIOMINE APYT APYTY MEHOPH MaTpun A U B u3
KOOPAMHATHBIX CTPOX BEKTOPOB 3THX CHCTEM BBINM NPONOPINOHAIBHEI.
HokazaTe, gyro moboe noagnpocTpancTBO L n-MepHOrO MTHHERHOTO NPO-
cTpaHCTBa V, aAejserca obnacThi0 3HaueHUII HEKXOTOPOre MHHEHRHOro
npeoBpascBaHua .
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Hotomienne

1834,

1835.

1836

Hoxazars, yro moboe nmoanpocTpaHcTeo L n-MepHOro AnHeRHOro npo-
CTpaHCTBa V,, fBJIFETCH AAPOM HEKOTOPOro JIHeAHOro npeobpa3sosa-
HHA .
JoKazaTk, 4To eciy AN9 KaXAOro U3 NONMAPHO PAa3fIMYHBIX COGCTBEHHBIX
BHAYEHHN Ay, Ag,..., Ak JMHEHOTO Npeobpa3oBaHus (¢ B3ATh JHHEHHO
HE3ABHCHMYI0 CHCTeMY COGCTBEHHEIX BEKTODOB, TO CHCTEMA, COMNEDPKA-
IJad BCE B3ATHIE BEKTOPEI, JHHEHHO HE3ABHCHMA.
[Iycts V — neitcrBurenbHOe suHeiHO® NPOCTPAHCTBO (Mnu JMHEAHOE
NpoCTPAHCTBO HAaj Tojem P2, xapaKkTepHCTHKa KOTOpPOTO OTIHYHA OT
aeyx) u V = L + M — pasnoxeHue pocTpancTea V' B NPAMY0 CYMMY
nognpocrpaucts L u M. Torga no6olt BEKTOp @ OHHOZHAYHO NPES-
CTABJIAETCH B BHIE

r=y+z yeL zeM.

Jluneiinoe mpeolpa3oBaHue , ONpefeNeHHOe YCIOBHEM PE = ¥, Ha-
3BIBAETCA npoexmupoeatues npocmparcmea V na L napassessrno M.
TTo 3amave 1538 npoeKTHPOBAaHMA COBNAAANT ¢ HAEMIIOTEHTHBIMH [Ipe-
obpa30BAHHAMH, T. €. C NMHEHHBIMU peobpa3oBaHnAMH, 00IAXAIOIUMH
CBOHICTBOM {,02 = . [lonpayack 9TAM, ROKa3aTh YTEEDXKAEHAA:

a) ecqu @ — npoekTuposanne Ha L napannensHo M n € — Toxne-
CTBEHHOE NpeoOpa3oBaHue, TO £ — ¢ — NpoeKTHpoRaHHe Ha M mapan-
genvho I

6) Juisa Toro yrobel cyMMa ¢ = (] + P2 ABYX MPOEKTHPOBAHMH (©]
¥ g OnLIA DPOEKTHPOBAHHEM, HEOGXOAUMO H JOCTATOYHO BHINOJHEHUE
YCJIOBHA

PLp2 = pap1 = w, (1)

rjie w— HyJIeBoe NpeoOpas0BaHue; €C/IH P] U P — COOTBETCTBEHHO NPO-
ekTupoBaHua Ha Ly napannensro M u sa Lo mapannensno Mo, npu-
4YeM BbINOJHEHO ycioBue (1}, To ¢ = 1 + wp — NPOEKTHPOBAHME HA
L = Ly + Lo napannensuo M = M1 N Mg,

B) IJIA TOrO YTOBLI PA3HOCTD @ = | — e ABYX NIPOEKTHPOBAHMI )
1 o GBIIa MPOEKTHPOBAHUEM, HEOGXOOMMO H JOCTATOYHO BLINOJHEHHE
YCROBUA

P1P2 = a1 = Pa; (2)

ECIH ] B g — OPOSKTHPOBAHHA, ONPEJeNeHHbIE B IYHKTE 0}, IpHYeM
BHIONHEHO ycnosHe (2), To ¢ = p; — wo —npoektupoBanue Ha L =
Ly N M, napannensao M = M + Log;

r) AN TOro 4ToGh NPOUBBEIEHHE © = (01 Ps ABYX NPOEKTHPOBAHUM
©1 ¥ o OBLNO MPOEKTHPOBAHHUEM, MOCTATOYHO BBLIIOJIHEHHE YCJIOBUS

P1P2 = PP1; (3)

eCHN ] M 92 — MPOEKTHPOBAHUS, ONpEeAeNeHHLIe B NMyHKTe ), npu-
yeM BBUIOMHEHO ycioBue (3), TO ¢ = @1y —npoekTuposanue Ha L =
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18377

1838.

1839,

Ly N Ly napannenso M = My + Mo (3secs cymma He 06A33aTeNBHO
npamas). IlokasaTh Ha npuMepe, 4To ycaosue (3) He mBJsIETCA HEO6XO-
AMMBIM AJT TOTO, YTOOBI IPOU3BEIeHHE NPOEKTHPOBAHUHA w1 H @o OBbINO
MIPOEKTUPOBAHHEM.

Joka3aTh, 4TO eCnH Ajia npeobpa3oBaHus (P €BKJIHAOBA TTIPOCTPAHCTBA
V B cebs cymecTByeT ConpsxeHHoe npeobpasosanue ¢*, T.e. npecbpa-
soBanue, ofsafawmee CBOHCTBOM (pxr,y¥) = (&, py) Aana nobLIX Bek-
TOPOB &, Y U3 V, T0 ¢ u " nuHelHL. B 4acTHOCTH, cCHMMeTpHYECKoe
H KOCOCHMMMETPHYEeCcKoe Npeobpa3oBaHHs MOXHO ONPERENHTH COOTBET-
CTBEHHO paBeHCTBaMH (px,Y) = (x, oY) 1 (pz, y) = —(x, @y) Ges Tpe-
foBaHus JTHHEHHOCTU.

Ha#itu paccTosnue Mexay AByMsi IAOCKoCTAMH Py @ = ap+ti1a;+1ieag
n Ps:x = by + t1by + tabs, voe ag = (2, 1,0,1), a7 = (1,1,1,1),
as = (1,0, 0, 1)1 by = (13 -1- 1,0), bl = (13 ]-:D= *1): by = (1! 1}2: 3) H
KOOPAUHATHl BEKTOPOB AaHBI B OPTOHOPMHPOBAHHOM 6Ga3zuce.
Tuavfepmoens npocmpancmaom HA3LIBAETCA MHOXecTBO Vo BCex

GeCKOHEYHbIX MOCAeA0BATENLHOCTER JAeHCTBUTENBHEIX UYHCENT & =
. o0

(a1,a2,...), V1A KOTOPBIX CXORUTCH PSAJ U3 KBAAPATOB Z a?. Takue mo-
i=1
CIEA0BATENBHOCTH HA3HBAKTCA 6EXMOPaMY (HIH movKamu) NPOCTPpaH-
cTBa V. CnoxKeHne BEKTOPOB, YMHOMKEHHE BEKTOPA Ha YHCJO H CKANAp-
HOe YMHOXKEHHE BEKTOPOR onpenendiorea obsiunbiM ofipazom. Umenno,
ecnd & = (a1, az,...) H ¥ = (b1,ba,...) —BekTOPH U ¢ — 4nCIO, TO

s o]
z+y=(a1+b,a2+bs,...),cx ={cay,cay,...),(x,y)= Zaibi.
i=1

1840.

1841,

Jokazars, 4TO:

a) V sisnsercs GecKOHEYHOMEPHBIM €BKJIHAOBBIM POCTPAHCTBOM;

6) ecnu L™ — oproroHansHoe NOMOJHEHHe K MOANpoOCcTpaHcTByY L u3
V (sagzaua 1364), To pasencrso V = L + L* pepHo Jnsa KOHEYHOMED-
noro L;

B) NOKa3aTh HA npumepax, 4yTo paseHcrsa V = L+ L' u (L*)* = L
(cM. 3amauu 1364, 1365) Moryr 6eiTe HeBepHBI A HECKOHEYHOMEPHbBIX
noanpocTpacTs w3 V.

Mycrs V,, = Ly + Lo — pa3snokeHue n-MepHOrO €BKIHJ0BA [IPOCTPAH-
CTBA B NPAMYIO CYMMY ABYX Troanpocrpancts, L] u L3 — oproronane-
Hble ponosnHeHus, coorseTcTBento Ly u Lo, o — oTpaxeHue V,, 8 Ly
napaanensio L. JlokasaTs, uro npeofipasoBanue *, CONPAXKEHHOE (o,
asnsercss orpaxenneMm V,, B L napamnensso L].

Haitty Bce H3oMeTpHUecKHe {MJIH OPTOTOHANBHBIE) TPeobpa3oBaHus, Co-
XPaHAILHE HA MECTE HYJIEBOM BEKTODP: 4) HA ILnocKocTy; 6} B Tpexmep-
HOM TIPOCTPaHCTBE.
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Jonoarenne

18427

18437

1844:

Haittu reomeTpudeckuit CMBICH JUHEHHOTO Npeobpa3oBaHusa p TpexMep-
HOr0 eBKNMMIOBA TIPOCTPAHCTRA, 3aJaHHOIG B OPTOHOPDMHPOBAaHHOM Da-
3HCe €1, eq, 83 MaTpUOeH

3 1 6
4 4 4
A=| 1 3 _8
4 4 4
_v6 VB 1
4 4 2

BeiacuuTh reoMerpuyueckuif CMBICH KOCOCHMMETPUYECKOro mpeobpaszo-
BAHHS ¢ EBKJNZOBA NPOCTPAHCTBA JJIsi CJYYaeB: a) npsmod; 6) ruioc-
KOCTH; B) TpexMepHoro npocrpascrea. IloxazaTs, 4To B TpexmMepHOM
TIPpOCTPAHCTBE © CBOJHUTCA K BEKTODHOMY YMHOMKEHUIO BCEX BEKTODOB
clleBa Ha OJHH H TOT JKE BEKTOP @, T.€. & = @ X T.

JokazaTe yTBep:kAeHHe; A4 Toro YT00B MUHeiHOe peofpasoBaHue
€BKJIN/IOBA NPOCTPAHCTBA (He 00sS3aTeNbHO KOHEUHOMEPHOT0) BLiIo KO-
COCHMMeTpHYECKHM, HeoOX0OUMO U JOCTATOUHO, YT00k OHO NEPEBOINIIO
Ka)K[bllf BEBKTOp B BEKTOP, OPTOrCHANLHLIA C HHUM.

§ 24. JIuneilinsle, OuauHeltrple 1 KBagparudHble PYHKOHUN U
¢dopmbl {HoGaBnenne K § 15)

18457

1846.

1847.

1848:

Hoxazarsb, 4yTo ana nobol HeHynesol auHenHoN GyHKunu ((x), 3amaH-
HOl B N-MEPHOM JIMHENHOM INPOCTPAHCTBE V,, CYLIECTBYET KAHOHHYe-
cKuif §3a31¢, B KOTOPOM 3Ta (PYHKOMA 3a0HUCHIBAGTCA B KAHOHHYECKOM

suae l(x) = xy, rie ] — nepsast KOOPAHHATA BEKTOpA & B 9TOM bazmuce.
ki

JokazaTe, 4T0 HeRyneBas OnimHedHan ¢opma bz, y) = Z G TiY;

i,j=1
TOrJa H TOJMBKO TOrMa pacnajaeTcd B nponsse,neﬂne ,nByx JHHERHBIX

dopm b(x, y) = I (x)is(y), rae | (z) = Zb xi, bo(y chyj., KOTa

i=] i=1
€€ pPaHr paBéH eNuHHule.

Joxazare, uro GunuHeinaa dbyuxmua b(x,y), naHHaa B ReifCTBUTEND-
HOM 1-MEDHOM IPOCTPAHCTBE (UM B N-MEPHOM IPOCTPAHCTBE HAJ 10-
JEM XapAaKTEPHUCTHKH, HE PABHON JBYM), TOLJA U TOJBKO TOTJA SBJIS-
eTcs CHMMETPHYecKoH, KOraa OHa HMeeT KaHOHWYecKHH 0azuc, B Ko-
TOPOM OHA 3ANUCHIBAETCA OWnHHERHON DOPMON KAHOHHYECKOIC BHJIA:
b(m,y) = Mz1y1 + AeZay2 + ++ + AnTnln-

Hoka3aTh, UTO ecnH NpOM3BEjEHUE NBYX JHHeHMHBIX YHKIMH, 3a0aH-
HbIX HA NHHEHHOM NpocTpaHcTBe V (He 0643aTenbHO KOHEYHOMEPHOM ),
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1849

18507

18517

1852

1853

1854

1855.

18567

1857

TOXJECTBEHHO paBHO HyMo, T e. {{x)la(x) = 0 gna xwoboro x € V, To
xoTs 66l 02HA U3 3TUX HYHKIHHE TOXKAECTBEHHO PaBHA HYJIO,
HoxazaTh, 4T0 ecau cuMMerpudeckas Ounuueitnast dyuxkousa b(x,y),
3a3HHAA B NUHeHHOM npocTpaHcTee V' (He 0613aTENBHO KOHEYHOMED-
HOM), PACTIAIAETCS HA ABe nuHeHHble byHkimn: b(x, y) = i1 ()l (y), To
oHa npencrasasercsa B suze b(x, y) = A{x){(y), rae A — yucno, oThug-
HOe oT Hynd, u I(x)— nnuHeliHaa QYHKUMA.

Jokazarh, 4To OunuHedHas QYHKIMS B N-MEPHOM JeiCTBUTEIbHOM
NPOCTPAHCTBE TOTZA M TOJILKO TOTAA MMEET PAHT 1, KOIZa B HEKOTO-
poM 6a3nce OHa 3aIHCHIBacTCA POPMON BHAA

a) ®T1y1, ecnu HyHKIES CHMMETPHYECKAS,;

6) z1yo, ecin byHKUUA HECHMMETPHYECKAS.

JokazaTh, 4TO HeHyneBas KOCOCHMMETpHYECKasa (PYHKINS HA TUHEHHOM
npocrpadcTee V' (He o0g3aTesbHO KOHEYHOMEPHOM) HE MOXKET pacra-
JAaThCA B IPOUBBENEHME ABYX JHHEHHEIX (hyHKIHIS.

[Tycre (@) —Henynepass yuHeRHAas ¢yHKUUS HA JHHEHHOM NPOCTpPAH-
cree V' (He o0si3aTentHo KoHewHoMmepHOM). JokazaTk, uto:

a) axpo S ¢yuxkmun [{x), T €. MHOKECTBO BCEX BEKTOPOB & € V,
Ana KOTOpHIX (k) = 0, ecTh MakCHMaJbHOE JIMHEAHOE MORNPOCTPAH-
CTBO, T. €. S He coflepXKUTCs B noanpoctpaHcrse T, otnuunoM ot S u V',

6) maa moboro BekTopa @&, He JeXalero B 8, Mmool BEKTOp © of-
HO3HAMHO NPEACTABAETCS B BUE & = Y + aa, TOe ¥ € §.

Joxa3ats, uro ecam nBe nuHeknble pyHruun {1 () u lo(x) Ha nuHeiiHOM
npocTpancTee V' (He 00A3aTeNBHO KOHEUHOMEPHOM) MMEKOT OHHO H TO
xe aapo 8§, to {1{x) = Al(x), rae A — 4ucio, OTAMYHOE OT HYJIA.
Mpumenasa meron AxkolH BEIYHCIEHUA YIVIOBBIX MHHODOB, OIPEJENHTH
achduHEBIF KNACC TOBEPXHOCTEN B TPEXMEPHOM NPOCTPAHCTRE:

a) =% + 208 — 22 + 22119 + 21 + 209 = O;
0) I% + f% + 2zy20 + 22123 + 25y + 1 = 0.

JoKazaTk, 4T0 €CNH KRagpaTH4Has $opMa ¢ MATPHIEH A IOIMKUTEb-
HO ONpEAEeAEeHHA, TO U KBajparu4yHas ¢opma

a) ¢ obpaTHOil MaTpwLe AL
6) O B3aMMHON MAaTPHLEH A DOJOKUTESLHO ONPEJESIEHHA.

[Iycrs f(x) —kBagparuyHaa yHKNMA HA n-MEpHOM AeMCTBHTENBLHOM
nuHeHOM npocrpancTee V,,. BekTop g Ha3bIBaETC uzompontivim, €c-
au f(xp) = 0. Joxkazars, uro ecau dbyaxuus f(x) — 3HAKONEPEMeHHAH,
T.€. CYmECTBYIOT BEKTODH &, &y Takue, 4ro f(a) > 0, f(xs) < 0,
To cyuiecTByeT 6a3uc, cOCTOANMA U3 U3OTPOIHBIX BEKTOPOB. Y Ka3aTh
METOH MOCTPOEHH: TAaKoro Ha3uca.

Haomponnsim (M nyaesbism) Konycom xeadpamusnoll dynxyuu fx)
Ha3BIBAETCA MHOXKeCTBO K BCex M30TpOmHBIX BeKTOPOB (3amada 1856).
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Hononnenune

18587

18597

1860.

18617

HokazaTh, UTO H3OTPONHBIN KOHYC KBagpaTu4HOl GyHkuM f(x) HA n-
MEPHOM ReHCTBUTENBLHOM NIPOCTPaHCTBe V,, TOTAA H TONBKO TOrAA Oy e
NOANPOCTPAHCTBOM, KOrAa f{&) 3HakonocTosHHa, T. e. uny f(x)2 0 nis
Beex &, wy f(x) € 0 anst seex x.

ITycre f(x) — xkBafpaTuyHad QYHKIUSA HA N-MEPHOM JAEHCTBHTEILHOM
NUHEHHOM NPOCTPAHCTBE Vyy, ¥ — PAHT, P U ¢ — NONOXKUTENLHBIR U OT-
pHUATeNBHEIN HHIAEKCH MHepouu aTolt dynkuun. JoxasaTs, 4T0 Mak-
CHMAJIbHAA Pa3MePHOCTh JIMHEHHBIX NOANPOCTPAHCTB, BXOAAINX B H30-
Tponusii kouye K (3anaua 1857), pasna:

a) min{p,q), ecan f(x) HepipokAeHHA (T.€. T = n);

6) n — max(p,q) = min(p,q) + n — r, echu f(x) — mobast (BLIPOXK-

JEHHAS WJIH HEBBIPOXKJIEHHAA ).
Mycre f(2) — KBagpaTAYHAA (PYHKIHUA ¢ TEMH JKE CBOMCTBAMH, KAK H B
npexpiaymet 3ajade. JoxasaTs, 94TO MAKCUMANBHAS PA3MEPHOCTh JIM-
HeftHOro MHorooGpasus P, BX0AsLIEro B NOBEPXHOCTL BTOPOTO MOPAAKA
S, samaHHyr© ypasHeHueM f(x) = 1, paBHa;

a} min(p, q), ecnu f(x)} HeBvipokeHHa (T.€. r = n);

6) min{p—1,¢) + n —r = n — max(p,¢ + 1} B 0bmem cnyyae.
Ilonr3ysck 3agayamu 1858 u 1859, HalTH MAKCHMANLHYIO pasMepHOCTE
JMUHENHBIX MHOrOOGPA3Mi, COACPIKAIIMXCH B CEAYIOUIMX MOBEPXHOCTSIX
BTOpOro mopafka (ecan pa3MepHOCTh NPOCTPAHCTBA HE YKa3aHa, OHA
CUMTAETCHA PABHON HAUGOIbLIIEMY HOMEDPY KOOPAMHAT; DA3MEPHOCTD IIy-

CTOro MHOr000Gpa3us CUHTAETCA paBHOH —1):

a) ¥ + z% — z% = 1 (opmonosocTHEIT runepGooun);

6) % — 22 — £ = 1 (uBynonocTHb# runepbosonn);

B) :r%-:r%-:r%:(); r) 7123 = 1;

R) z1z2 = 1 (B TPEXMEPHOM IPOCTPAHCTBE);

e} z17p = 0;

k) 122 = 0 (B n-MepHOM mpocTpaHcTee); 3) 3 — x2 = 1;
2 _ 2 2

u) z{—z35—--—z, =1, k) $%+---+xi_1—x2= I;

T
m 22 t+al-gl-xl=1, w) Z(—l)k_lmg = 1.
k=1

Jesvm adpom (Mnu neewsm myaseswm npocmpancmeosm) GuuHEHHON
byukuun b, y), 3a0aHHON Ha JMHEHHOM NpocTpaHcTse V), Ha3BIBa-
ercss MHOXKeCTRO L{ BCex BekTopo o € V, ans xoropmx b(z,y) = 0
A Beex ¥y € V. AHanoruyHo ompegensierca npasoe aapo Lg.

JoKa3aTh, 4To:

a) JIeBOE M TIPABOE #pa — NOANPOCTPAHCTBA,

6) B n-MEPHOM NPOCTPAHCTBE JIEBOE M IIPABOE ALPA MMEIOT OfMHA-
KOBYIO Pa3MEPHOCTb N — r, TAe © — paHr b(x,y), T e. paHr ee MaTPUILL]
B KaKoM-Hubyan Gasuce.
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1862. Haftru 6a3ucer J1esoro u mpasoro sfep (Hynessix mpocrpancrs) Li u
L{ (3apaua 1861) nns 6ununedtnodt dopmeur b(x,y) = z1y1 + 22192 +
3zoy, + 6zyy u nokasats, uro Ly # Lg.

18637 a) JlokasaTh, YTO AJIst CHMMETPHYECKON M KOCOCHMMETPHYECKOH GH-
avHeNHBX GYHKOUA eBoe AP0 COBNAINAET C IPABLIM;

6) npusecTu npumep HunMHERHOK DYHKUUN B N-MEPHOM OPOCTPAH-
CTBE, KOTOPas HE SIBISeTCH HU CUMMETPHYECKOH, HU KOCOCHMMETPHYE-
CKOH, HO Oy KOTOpOH /1€Boe AMpP0O COBHARAST C [PAaBBIM.

18647 HoxaszaTe, 4TO HeHYJEBAd KOCOCHMMETpHUecKas OUIHHeHHasd yHK-
UUs B TPEXMEPHOM TPOCTPAHCTBE NpeicTaBiAdeTcd B BUie b(x,y) =
a{x)b(y) — a{y)b(x), roe a{x) n b(x) —nuneftume byHKUA.

1865 Ilycrs b(x,y) — Gununetnas ¢yuxuus u L — k-mepHoe noanpocrpas-
CTBO B N-MEPHOM OpoCTpaHcTBe V. O6osHauum uepes L* MHOXKecTBO
BCex BeKTopos ¥y € V,, Takux, uro b{x,y) = 0 ana scex x € L. Ho-
Ka3aTh, 4TO:

a) L” —noanpocrpancTeO;

6) ecnu b(z, y) HeBLIpOXK AEHHA (T. €. PAHT PaBeH 1), TO PA3MEPHOCTh
L* papHa n — k;

B) ecau b(x, y) umeer paur r < n, TO pasMepHocTs L* Goabine wau
pasua max(n — k,n — 7).

18667 Ilycre b(x,y)— HeHynepas KococuMMeTpHYecKas Ounuueitnas ¢yHK-
nUf B N-MepHOM JuHefHoM npocrpancTtee V. Jlokazats, yro cyme-
creyer Basuc, B koropoM b(x, y) 3anuwerca GunanHeHON dopMol cie-
JYIOIIEr0 KAHOHUYECKOr0 BHIA:

ble,y) = T1y2 — Toy1 + Taya — Tayz + . .. + Top—_1Yok — TarYok—1,
1<k<n/2

Haitru kaHOHHYeCKUH BHZ KOCOCHMMETPHYECKOH OHIMHeHRHOH dopmur (3a/1a4a,
1866) M HesLIpOXKIAEHHOE NpeoOpa3’0oBaHHe HEM3BECTHBIX, K HEMY TIPHBOIALILE,
A chenyioumx Gopm:

1867. b(a:, y) = Ti1Yys — Zath + 2($1y3 - .'I:gy]) — T1Y4 + Tay1 — 3(I2y4 - $4y2).

1868. b{zx,y) = z1y2 — T2y1 + 2(z1y3 — T3y1) + (zoys — z4v2).

18697 Ilycrs f(x) — kBagpaTuuHas QYHKUUA B R-MEPHOM EBKJIHAOBOM IpO-
crpancTee V.. JokazaTh yTeepXKaeHUE:

st Toro wrobn konyc K ¢ ypasrennem f(z) = 0 (3amaga 1857) co-

JepXKaJl OPTOHOPMMpPOBAHHEIR 6asnc mpocrpancrsa V., HeobxoAumo u
JOCTATOYHO, YTOOH coes MaTpuubl A dyrknun f(x) B oqnom (a 3nauuT,
1 B j1060M) opToHOpMHpoBaHHOM Gasuce Gpn pasel Hymwo. Coopmyn-
POBATL COOTBETCTBYKOINEE YTBEPAKAEHUE HA MATPHYHOM SA3BIKE.
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§ 25. Addpunurie (TOYEUHO-BEKTOPHBIE) NIPOCTPAHCTBA

O['IPB,I_IBJ'IBHHE”. Ilycte mano MHOXecTsBo 9 asnemenTor A, B,C ..., HaswIBa-
€MBIX TOYKAMH, U JUHEHHOEe NpOCTPAHCTBO V' (HAK mojieM AEHCTBUTENLHEIX
YHCea WM Haj Mi0ObIM noneM FP) ¢ 3jeMeHTaMU &, Y, Z, . . ., HA3LIBAEMBIMH BeK-
topami. [lycTs, Danee, Kaxao ynopanoueHHoH nape Touek A, B (Pa&”“‘ﬂjﬂx

HJIM COBIAAAKITNX ) TOCTAB/IEH B COOTBETCTBHE EAMHCTBEHHDBIN BeKTOp & = AB,
OpUYeM JJIst 3TONO COOTBETCTBUA BLITOIHSIOTCA CHEAYIOLIME OBE aKCHOMBI:
I) ana mobolt Touky A M moGOro BEKTOpa & CYmECTBYET eUHCTBEHHAA

—_—
Touka B Takaa, uro AB = wx;
Il) gna mobpix (e obs3aTensHO pas3AnyHBIX) Tpex Touek A, B,C umeer

—_ —_—
MECTO PaBEHCTBO AB + BC = AC.

MuokecTBo 21 BMECTE C TAKMM COOTBETCTBHEM HA3LIBACTC afiuHibm npo-
CMPAHCTNEOM.

Ecnin V = V,, ecTh n-MepHOe JHHefHOe NPOCTPAHCTBO, TO M 2 Ha3biBa-
erca n-MepHbeIM adpHHHBIM MPOCTPAHCTBOM M 0003Havaerca 4yepes A,. Ecnu
V GeckoueunoMepHo, To 1 2 HaswiBaeTcst HeckoHeyHoMepHBIM. Ecn smrelinoe
npocTpaHcTBO V' ABAAETCA €BKJIHJOBLIM, TO H TOYEYHO-BEKTOPHOE NPOCTPAH-
cTBO 9 HASBLIBAETCH €BKAMAOBLIM, B 2TOM clydae paccToaHHe MEXIY TOYKAMH

é_l;l B DABHO JUIMHE BEKTOPA AL u yron ABC paBeH yriy MeXXRY BEKTOPaMu
BA u BC.

3AMEYAHHUE. Jlio6oe nuHeliHoe npocTpaHCTBO V' MOMXKHO PacCMATpPHBATE
kax adunnoe. Ilpu sTtom MuOxecTBo A coBnagaer ¢ V, Tax 4YTO BEKTOpPHI
PaccMaTpHBAIOTCH TakXKe KaKk TOYKHU. [OBOPAT TakiKe, YTO BEKTOP & 3aJaeT
HeKOTOPYIO TOUKy achdUHHOr0 npocTpancTea. ConocTapNenue ynopsaaodeHHo
NApe TOYEK BEKTOPa, YKA3AHHOE B ONpEeNEfeHMH, B LAHHOM CJy4ae COCTOMT
B TOM, YTO YNOPAJOUYEHHOH Nape To4eK &,y u3 V COOTBETCTBYET BEKTOp 2 =
y—a. OTcioNa N0 & U Z OAHO3HAYHO ONPENENTeTCs Y, YTO KOKA3LIBAET AKCHOMY
I. Akcuoma II cBoauTCa K OueBHMAHOMY paBeHCTBY (¥ — &) + (2 —¥y) =z — .
Takoe oTOXJECTRIEHHE TOUEK M BEKTOPOB NpUHATO B §§ 16-19 3Toit kuuru.

IHaocxoemovio agpunrozo npocmparcmea A, nporodaweld wepes mowxy A
U uMmenued HANPASARIOWUM NOONPOCMPAHCMEOM _L; HA3bIBAETCA MHOXECTBO

7 Bcex Touek M m3 ¥, nna koropmix BekTop AM npunamnexwmr L. Paa-
MEPHOCTBIO NADCKOCTAY T HA3BIBACTCA PA3MEPHOCTH €€ HAIPABNAIOWIErO MOA-
npocrpadcTsa L. OnHOMEpHBIE [IOCKOCTH HA3BIBAKTCH NpAMbimy, a (n — 1)-
MepHbIe NJIOCKOCTH 7-MEPHOFO MPOCTPAHCTBA — 2UNEPRAOCKOCTIAMLU,

JBe NIoCKOCTH 71 ¥ 7y HASLIBAIOTCA NAPLAAEAbHOLMY, B CHMBOMAX 7 |[ma,
€CAH OHHM HE NEepeceKaloTes (T.€. He MMeT OOmMX TOYeK) U HANpaBJsIOUIee

Y IMpusenennoe 3zech onpenenenve adduHHOTO NPOCTPAHCTBA B3AT (¢ HeGOMBIIMMY
u3MeHeHusMu) u3 kuauru: Edumos H. B. Buicuras reomerpus, — 4-e uan, — M.: Ouzmarrus,
1961, §179.
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NOANPOCTPAHCTBO OJHOH H3 HUX COAEPIKUTCA B HATIPABNAIOIIEM IMOAIPOCTPAH-
cTBe Apyroit (Wi COBNAJAET ¢ HHM).
Ecmy BHOpaTe HEKOTOPYO HadadeHYH Touky O € A, 1o gwobag Touka M
—

—_—
0AHO3HAYHO onpeeaserca BekTopom OM u obparno. Bekrop OM nasniBaer-
ca paduycom-gexmopom Touxku M. IlmockocTs o, mpoxoaamasa depes ToUKy A
H HMelaa HalpaBismllee noxnpocrpancTeo L, cocTour u3 Bcex Touek M,

ey
PaAHYChl-BEKTOPEl KOTOPBIX ONpeRenalTea u3 pasedcrsa OM = O4 + x, rae
x € L. Ecnu cYuTaTh TOYKAMH BEKTOPHI M3 V', TO IIOCKOCTh ONPeAEseTea U3

paBeHCTBA ® = Tp+ L, roe 2 = OA. Taxuu 0o0pa30oM, B 3TOM CIyYae IOHATHE
IUIOCKOCTH COBNAjaeT ¢ NOHATHeM JHHeHHoro MHOroobpasusa us § 16. Ilnocko-
cTH, npoxoAdamue yepe3 To4ky O, 6yAyT COBNARATH C NOANPOCTPAHCTBAMU.
Addunnana cucteMma koopaHHAT n-MepHoro addUHHOTO npocTpaHcTea Ay,
cocTouT ®3 ToukH O € A, HazmBAEMOH Havaaom xoopdunam, U Oazuca
e],es,...,€, COOTBETCTBYIOHIEr0 JUHEAHOTO NPOCTPaHCTBA V). Koﬂuuama-

Mmu movxu M € 2, Has3BpBATCA KOOPOHHATH ee paanyca-sekTopa OM B gad-
sHoM Ba3uce, T. €. YhCha Ty, T2, .. ., Tn, YAOBJIETBOPAWIINE PABEHCTBY

OM = z1e; + 2989+ -+« + 2,€,.

IIyers k-mepHast NI0CKOCTh 7 AEHCTBUTENLHOTO n-me&)Horo ad)%)HHHOFO
OPOCTPAHCTBA NMPOXOAMT 4Yepes TOYKy A ¢ koopamHaTaMu zj, mg, ce.y T, H HME-
eT onpegensollee nognpocrpaicTso L ¢ 6a3ucoM U3 BEKTOPOB, 33AaHHBIX HX

KOODAIHHATAMU i q 1 .
ci:(ci,(,‘%)...,c;) (z:l,?,...,k).

Toraa xoopausaTh 1060 Touku M € mr onpenensioTcd paBeHCTBAMH

i=ad + el 4 fef (G=1,2,...,n). (1)
DTH PaBEHCTBA. HAZLIBAIOTCS NAPEMETMPUNECKUMY YPAGHEKUAMY NAOCKOCTAU
w. [lapamersr 1,12, ..., DPUHUMAIOT JIOGHE OEHCTBUTENLHEIE 3HAUCHHA.

Ty Xe ILHOCKOCTL 7T MOXHO 33JaTh N — Kk NMHUHEHHO HE3ABHCUMBLIMH YPAB-
HeHUSIMM BHIAA

n
Z“fﬂj:bﬁ (i=12...,n—k). (2)
=1

n T
Jaecs b; = Zaijx? U OIHOPOJIHbIE YPABHEHHM Z%ﬂj =0(:=12,...,n—-k)
=1 =1
zapator nognpocrpancreo L. Ypasuenus (2) 6ylem HazniBaTs 06mpmMu ypae-
HEHHUHAMH ILIOCKOCTH T,

YpaBHEeHHs NPAMON, NPOXOASALIEH uYepe3 JBE TOYKH A(m?,xg,...,xﬂ) H
B(y?1 yg! ey y?}.)} HMEWT BUI
zi=a) + iy — ) (E=1,2,...,n). (3)

3xecy t npoberaeT BCe NEHCTBUTENLHBIE YHCA,
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Ompesxom AB Ha3blBAETCS MHOXECTBO TO4YeX M, KOOPOWHATHI KOTOPHIX
nony4aTcs u3 paseHcTs (3) npu yceaosun 0 € t € 1. Touka M, pensimas
orpe3ok AB B oTHomenun A # —1, onpenensieTcss B BEKTOPHOH dopMe yCiIo-

—_— —

pueM AM = AMB unn p xoopamHaTax
0 0
7, = T+ Ay (4
1+A
18707 B adduHHOM IPOCTpaHCTBE JAHBI YeThIpEe pa3inunsle Touku 4, B, C,
D. Toukn K, L, M, N penar orpesku AB, BC, CD, DA B oguaakoBoM
orHomenun — % —1. Jlokazars, 4To:
n

=12,...,n)

a) ecsiu  ABCD —napamnenorpamm, to KLMN —napanneno-

rpamm;
6) econ K LM N — napannenorpaMM u m # n, ro u ABCD —na-
PaJLIesIOrPAMM,
1871. [oxazaTk, 4TO nape COBMABIIHX TOYEK COOTBETCTBYET HYJIEBOH BEKTOD,
—
T.e. AA = 0.

—_— e
1872. Hokazatk, utro AB = —BA,
1873. dokazars, 4yTo niobas mAOCKOCTh 7 A PUHHOTO TPOCTPAHCTBA CAMA SIB-

nseTcs adpbUHHBIM IPOCTPAHCTBOM, PA3MEPHOCTh KOTOPOTO PABHA, pa3-
MEpHOCTH .

1874. JlokasaTsk, 4TO IJIOCKOCTh 7T, NIPOXOAAIAsA Yepe3 TouKy A ¢ HAnpasis-
WLHM TORIPOCTPaHCcTBOM L, He 3aBHCHT OT BhIGOpa Ha Helt TouKM A,
T.€. COBMAJAET C IJIOCKOCTBIO 7T, Mpoxodselt yepes Touky A’ w3 =, ¢
TEM K€ HANPABJIAKIEM MORNPOCTPAHCTBOM L.

Hapitu napamerpudeckne ypaBHEHMs MJIOCKOCTH, 3aJaHHOR OBIIMMH ypaBHe-
HHAMH!:
1875, 1+ To— 213+ 3r3=1,
Ty + 219 — 13+ 214=3,
¥1— T9—4z3+ bry = -3.
1876, 221 — r9+ zg+ 224+ 3z5 =2,
6ry — 3xs + 203 + 424 + Bz = §,
6z, — 3ro + 4xa + 8x4 + 13z5 = 9,
41— 229+ x3+ T4+ 25 = 1.

HanTu ofmue ypaBHEHHs NAOCKOCTH, 33IaHHON NApPAaMETPHYECKHUMH YDaBHE-
HHAMH:

1877. z1= 2+ t1+ t, 1878. zi =1+ 1+ to

za = 142t + to, T9 =2 + &g,
3 =3+ t;+ 2, T3 =58~ 11+ 3tg,
Tq4= 3J+3t + ig, x4 =342 — 19,

rs= 14+ t;+ 3. x5 =1+ 3t — 21,.



§ 25. Addunnbie (TOMEYHO-BEKTOPHBIE) MPOCTPAHCTEA 243

1879,

1880.

1881.

1882,

1883.

1884,

1885.

18867

1887,

Joka3aTn, 4TO yepes Awbbie Ape pasfnyHble ToUkH A, B addunuoro
OpPOCTPAHCTEA. NPOXOMHT €XMHCTBEHHAA TIpAMas.
Jokazarh, uTo uepes mwbnie Tpu Touku 4, B, C addunnoro npocrpan-
CTBa, HE JIeXKalle Ha ONHON MPAMOH, NPOXOANT eRHHCTBEHHAS NBYMEp-
HAZ ILIOCKOCTD.
Jlokazars, 4yTo 4epe3 mobbie k& + 1 Touek Ag, Aq, A, ..., Ay, adduuno-
ro NPOCTPAHCTBA, He Jexamue B (K — 1)-MepHON ITOCKOCTH, TIPOXOAUT
eNUHCTBEHHAA K-MEpPHAA MJIOCKOCTh.
YKazaTh BCE ChyYay B3aHMHOIO PacloIOMKEHHA TPexX PasiHYHEIX MAOC-
KOCTEM TPEXMEPHOTO MPOCTPAHCTBA, 3AJAHHBIX O0IMMEH YPABHEHHAMHE:
a1z + by +ez=di,
asx + boy + coz = ds,
a3T + by + c3z = ds,
U I0s KAXKJOro ClAyudass NJaTh HEoDXoAuMoe U JOCTATOYHOE YCJIOBHE C
MOMOIIBH TIOHATHA pa.HFa. Ma.TpHL[bI.
C noMoIIbIO DOHATHS PAHTA MATPHIB 0XapaKTepHU30BATHL BCE CYYal
B3AMMHOTO PACTIONOXKEHUSI RBYX NPSIMBIX TPEXMEPHOro MpPOCTPAHCTBA,
3aJaHHBIX OOIUMH YpaBHEHUSMHU

a1z + by + ez =dy, az+ bpy + coz = dy,

a3 + b3y + caz = d3,  aax + bay + g2 = dy.

C nomoIIBI0 MOHATHS PAHra MATPULE! ONKUCATE BCE CYYau B3AUMHO-
ro pacnoNoKeHHsA ABYX ABYMEPHRIX ILJTOCKOCTEH HeThIpEXMepHOro Mpo-
CTPAHCTBA, 3aJAHHBIX OOLIUMH ypaBHEHUAMH

4
> ez =b (i=1,2) (1)
j=1 ‘
H
4
Y ez =b (i =23,4) (2)
F=l

OmucaTe Bce C1yYaM B3aHMHOIO PacloNOXKeHHA ABYX IHIEPIUIOCKOCTeH
n-mepHore adHHHOTO NPOCTPAHCTBA, 33JAHHLBIX OOIIMMH YpaBHEeHH-
AMY

a1 +aste+ -+ aptp =cu by +bare + - -+ bz, =d.
Joka3aTh, 4YTO eCsiM mEpecedYeHMe 7T MHOXKECTBA (KOHeYHOro wmu Gec-
KOHEYHOr0) IJIOCKOCTell T, adhduHHOrO npocTpaHCTBA HEWyCTO, TO 7T
ABJIAETCH IUIOCKOCTHIO.
JOKA3aTE, 4TO ABe NIOCKOCTH 7, = ap + L1 u my = as + Ls Torma
M TOJNBKO TOTRA IEPeCceKalTCsd, KOTOa BEKTOp @1 — G NPUHALIEKHT
nognpocrpadcrey Lj + Lo.
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18887

1889

18907

1891.

1892.

1893.

1894.

JoKa3aTe, 4TO IIOCKOCTR 7] n-MepHoTo adxpHHHOTO OPOCTPAHCTEA, OT-
JHYHAA OT TOUKH, TOTAA U TOJNBKO TOTIA NapasiienbHa Jboi He nepece-
Kalomiell ee MIOCKOCTH e, KOLJA 771 ABASIETCA TMAEPIIOCKOCTBIO (T. €.
HMEeT pasMepHOCT: n — 1}

Joka3aTh, YTO ABE NEpEeceKAloMMecs CUNEePIVIOCKOCTH T W Ty N-
MepHOTo adpPUHHOTO NPOCTPAHCTRA TOrMA U TONBKO TOTAA MAPAJLIeNh-
HBI, KOTIa OHH JIEAKaT B TIJIOCKOCTH 73, AIMEIINEN PazMepHOCTL Ha eXH-
HUOy Goabinyro, yem Goypimas U3 pa3sMepHOCTER 7y U .

Jorazars, 4To 4depe3 Jwlibie HEMEPECEKAIGIIHMECH TUIOCKOCTH 7| U 7o
n-MepHoro adypUHHOTNO NPOCTPAHCTEA MOXKHO IIPOBECTH NAPAANeNbHbIE
THIEPINOCKOCTH 77y U 7.

Ilycte 713 = a1 + Ly u w3 = as + Ly — Henepecexkamomuecs: 1I0CKO-
¢TH KoHeuyHoMepHoro adxpunnoro npocrpancrea. Hafttu nnockocrs 73
HanMeHbIel pa3sMEPHOCTH, COAEPKAIYI0 7| M NAapANIeNbHYIO T3
JokazaTs, 4T0 eCAH NJOCKOCTE Ty ad@PHHHOrO NpPOCTPaHCTBA Napas-
JIEABHE, KaXKA0N W3 TMOCKOCTEH T, M TEPECeYeHHe T IJIOCKOCTENH g
HEIIYCTO, TO 7T €CTh MJIOCKOCTE, MapalfieNnbHas .

BripasuThk ycnoBHE DapasieNbHOCTH ABYX IUIOCKOCTER n-MepHOro ad-
GHUHHOTO NPOCTPAHCTBA, 3aAaHHBIX 00MFMMH YPABHEHMSIMH, C IOMOIILIO

NOHATHA paHa MaTpPHULBL
T

l'unepmiockocTs, 3ajaHHAdA OBIIHM YPABHEHHEM E a;x; = b, pastusa-
i=1
eT n-MepHoe adbdHHHOE NPOCTPAHCTBO HA JBA NOJYIPOCTPAHCTBA, CO-
CTOAIMME M3 TOYEK, KOODAHHATH! KOTODEIX YOOBJETEOPAIT OJHOMY U3
n

HEPABEHCTE Z:a,-:r3 b unu Za,xl < b. Hoxasarn, 4To Kaxj0e H3

=1
STHX HOJ‘IprOCTpa.HCTB HBJ'IS{GTCS{ BBIMYKJIBIM MHOMXECTBOM.

1895*!) Muororpannuk P safaH KaK BBHIYKJIOe 3aMblKaHHe CHCTEMbI TOUEK

1896,

YeThIPEXMEPHOr0 ahPHHHOrO NPOCTPAHCTBA, 3AAAHHBIX KOODMHATAMI
0(0,0,0,0), A(1,0,0,0), B(0,1,0,0), C{1,1,0,0),
D(0,0,1,0), F{0,0,0,1), F(0,0,1,1).
a) Hanucare cucTeMy JMHHEHHBIX HEpABEHCTB, 3aJalOIINX MHOIO-
rpaHHux P;

6) HaWTH BCce TpeXMepHble CPAHU ITOMO MHOTOTDAHHUKA.
Peumnrs 3ajga4y, ananoruynyio npeaslgymeil 3agade, 44 TOYEK:

0(0,0,0,0), A(1,0,0,0), B{0,1,0,0),
C(0,0,1,0}, D(1,1,0,0), £(1,0,1,0),
F(0,1,1,0), G(1,1,1,0), H(0,0,0,1).

U 3anauu 1895-1898 yxazan asropy 3. B. Buubepr.
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1897. Haiitu sepmusl 1 ¢GopMy MHOrOTpPaHHHKA P TpexMepHOro npocrpas-
CTBa, 33JaHHOI0 CHCTEMOH HEPAaBEHCTB

£ o€, za€l, ;o+mz-1, s14+232 -1, z1+x2 2 —1.

1898, HaﬁTH GOpMY B BEPIUHHBI CEMEHHH YeThIpeXMepHOro KyGa, 3aiaHHOTO
B OPTOHOPMHPOBAHHON CHCTeMe Koopauear HepasencrBamu 0 < z; < 1,
i = 1,2,3,4, nmnoCKoCTAMH:
a) sy +Tet+rz+aa=1; 6) mi+r2+rztary=2
B) I1+ Zo+ T3 =1, r)x1+za=x3+za=1
18997 B Tpexmeprom adpunnom npocrpaHcTBe Az HaZ nomem Z; u3 ABYX
snemenTos 0 1 1 HAlTU: a) YMCIO BCEX TOYEK; §) YMCAO BCEX MPSMBIX,
B) 9HCJI0 BCEX TLIOCKOCTEH; T') YHMCIIO TOYEK, JeXKAIIUX Ha ORHON NpsaMoi;
JU) 4UCHIO0 TIPAMBIX, NIPOXO/ANIMX Yepe3 OAHY TOYKY; €) YHCHO TOYEK, Je-
MKALMX HA OZHOM IJIOCKOCTH; K ) YHCHO ILIOCKOCTEl, IPOXOAAIHX depes
OAHY TOYKY; 3) YHCJIO NPAMEIX, JEXKALHX Ha OJHON [JIOCKOCTH; H) YHC-
JI0 IJIOCKOCTEH, NPOXOASIIUX 4epe3 OJHY NPAMYK; K) YHCIO NpPAMBIX,
TIAPAANENBLHEIX JAHHON NPAMON; J1) YHCHO IUIOCKOCTEH, NapaslIesHbIX
JAHHOM NJIOCKOCTY; M) YHCHO MPSMBIX, APAJIAENLHBIX AAHHON NIIOCKO-
CTH; H) YHCJO INIOCKOCTEH, MAPAANENBHBIX AAHHONK MpPAMONR; 0) YHCIIO
NPAMBIX, CKPEIIMBAOIMXCA ¢ AaHHOR NpaMoi.

§ 26. Tensopnasa anrebpal)

TlpuBesieM OCHOBHBIE MOHATHA U CBONCTBA, KOTOPHIE NPEJIIONATAIOTCA H3BECT-
HBIMK H3 Kypcos nekuuil. JokasaTenhCcTsa HEKOTOPBIX U3 YKA3aHHBIX CBOUCTB
NIPE/IArAIOTCH B KAMECTBE 3aJa4 B 3TOM naparpade.

IIycTe B n-MepHOM JIUHEHHOM NpOCTPAHCTBE V, {EACTBUTENILHOM, KOM-
TIIEKCHOM WJIM HaJl HEKOTOPHIM nojieM P) nasel apa 6asuca €(,e€q,...,en, U
e],€h,...,€e. DTu 6a3ucH CRA3AHBI PABEHCTBAMHU:

e =cle; + cfes + - - + cTey,

ey = céel + C%Eg + -+ cgen,

WIM B COKPAallleHHON 3allHCH

e: =Cfek (1: 1‘2’...._,”). (]‘)

) Paz 3amau sroro naparpada ykasan H. B. Edumosnim 1 J1. A, CKOPHAKOBBIM B CBS3M ¢
KypcoM «JIuneitnas anrefipa U TeOMETPHA», YNTABMIHMCST HMH HA MEXaHUKO-MAaTeMATUYECKOM
¢axyaerere MI'Y ¢ 1964 .

B wacTHoCTH, onpenenenye TEH3ODHOIO NPOM3BEAEHMA U HPUMEHEHHE K HEMY NOHATUSA
cBepTKY (CM. BBemenne B 3agaqy 1918) s3are u3 kypca H. B. Edumosa.
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3aech 1 HHIXE 110 HHAEKCY, CTOSIIEMY KAK CBEDXY, TAK M CHU3Y, IPEAIOJAraeTCs
CYMMHMDOBaHHE B IIpejenax or 1 aoc n.
Beenem marpuuy nepexonma

1 1 1
23
| cf ¢ c
C 1 2 n ,
¢l ¢y Cn

110 cTOA6UAM KOTOPOH CTOST KOOPAMHATH BEKTOPOB BTOPOro Ga3uca B nepsoM’).
Torna dopmyast (1) B MaTpuunoit ¢ropMe 3anuIIyTCsa OIHHM PABEHCTBOM
P o
(eli COTRRER en) - (Ela €a,... !E'n)C'

KoopauraTel BeKkTOpa © B NepsoM 0a3uce BHIPA3SITCH 4€Pe3 KOOPJHHATEE
TOr0 € BeKTOpa BO BTOPOM 0a3uce Nmpu MoMOIM CTpoK Marpuusl C no ¢op-
Mynam: zF = ix’, k= 1,2,...,n. OTCIONa KOOPAUHATE! Z'* BHIPA3ATCS 4EpE3
z* B BHZE

=dizf i=1,2,... n (2)

Brenem marpumy

d & ... &
D — dé d% * dg ,
dy dy ... dy

no crosbuam koTopolt cToAT KoahduIUeHTE B BEIpaxernax z" uepes £, To-
roa ¢opmynanl (2) B MaTpuuHo#i dhopMe 3ANUITYTCA PABEHCTBOM

(z1,2?,...,2™) = (1,22, ..., 2")D.
Tax kak, ¢ apyroft cropousl, (z!,z2,...,2") = (2}, 2,...,2™)C*, T0 Mar-
puusl € u D cBa3aHBl paBEeHCTBOM
D=(cH™ (3)

31eck H HIzKe 3Be3/109K0H 0603HaueHA TPAHCTIOHUPOBAHHAA MATPHI@A. Eciu ofie
Marpunel C' u D macars us kosdpdunuenror dhopmyn (1) u (2) ve no cronbuam,
2 1O CTPOKAM, TO 3TH MATPUIBLI 3AMEHSITCH Ha TPAHCIOHHPOBAHHBIE U PABEHCTBO
(3) He uzmMeHHTCH.

3aKoH U3MEHEeHHs, AHAJOTHYHBIR H3MeHeHMIo Gaznca no dopmynam (1), Ha-
3BIBAETCH KOGAPUGHMHDM, 3 3AKOH U3MeHeHHs Tio dopmymaM (2) — xonmpaea-
puaHmusim. Bennuunp (WM apyrue of'bekThl), CBA3AHHbIE ¢ HA3HCOM M H3Me-

Y Ecim MaTprily nepexo/ia AMCATE He 10 CTOAGLAM, & TI0 CTPOKAM, TO (POPMYJIE!, HCIIOMb-
3yolMe MATPHUHOE YMHOXKEHMe, H3MeHATH, dopmynw xe (1), (2) w opyrue, He ucnons3y-
IOIIHe YMHOMEHNA MATPHIL, OCTAHYTCH NMPEHKHHMH.
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HAKIIHECH KOBADHAHTHO, HASEIBAKOTCA KOSAPUSHMHMMY W 0003HAYAIOTCA HUXK-
HUMU HHAEKCAMH, & H3MEHAIIIHEC KOHTPAaRaPHAHTHO HA3BIBAKOTCA KONMPLEQ-
pusHmHsaMy 1 0003HAMAOTCA BEPXHUMH UHJIEKCAMH.

Tensopom B N-MEpPHOM JNHHEHHOM NPOCTPAHCTBE Ha3HBAETCA TAaKOe COOT-
BETCTBHE, IIPM KOTOPOM KaxzoMy Ba3ucy mpocTpaHncTBa cooTsercryior nftd

qucen a‘:l‘f: 7% OTMEYEHHBIX p HUKHUMH H g BEDXHUMH HHIEKCAMH H H3MEHSIO-
IHXCS C u3MeHenuem asuca KOBAPHMAHTHO MO HIDKHUM U KOHTPABAPHAHTHO 1O
BEPXHMM HMHAEKCAM. ITH YMC/a HA3BIBAIOTCA KOOPJUHAMOMU MEH3OPL B JAH-
HOM 6aszuce, a 4HCIO p + ¢ — sasewmHocmobie menaopa. TOBOPAT TakXKe, 4TO
JaHHBIA TEH30P ABJACTCA P Pi3 KOGUPUGHIMHGM H ¢ PA3 KOHMPAGGPUIHMH LM,
WM mensopos muna (p,q).
[To onpenenenuio TeH30pa €ro KOOPAUHATHL B BByX Basucax
f

! '
€1,€2,...,€n U €],€5,..., €,
CBSI3aHHLIX PaBeHCTBOM (1), CaMH CBAZAHEI PABEHCTBOM
Hg2ede _ kike ks 11 gia g fibady
i1ig..dp T Tiyi2 "'cip di1d12 dJ klkg Ky (4)

(010 oy ipyJly e ey g = 1,2,...,n).
3neck, Kak 0OBIYHO, 10 BCEM HHASKCAM Ky H I MPEANONaracTCs CyMMHPOBaHUE
B npegenax ot 1 mo n.

Tenzop MOXKHO ONPEJETUTL HHAYE, KAK FeOMeTPUYeCKu#l of'bexT, CBA3AH-
HeI ¢ IMHEHHBIM TIPOCTPAHCTBOM V. I 3TOr0 pacCMaTpPHBAIOT CONPAKEH-
Hoe TpocTpaicTBO V. Ero BeKTOpaMu ABNAKTCA JHHeRHble dYHKOMN @(x),
3a/IAHHBIE HA JAHHOM NPOCTPAHCTBE V., Npu 0OBIYHBIX ONEPAIHAX CIOMKEHHS
AByx HYHKUHK H YMHOMKeHHst (YHKUMH Ha 4yncao. Ilpocrpancreo V), Takixe
N-MEPHO, MPUYEM KAXKIOMY 6a3nc¥ 81,82, , €n NPOCTPAHCTBA V,, COOTBET-
CTBYET €JMHCTBEHHBIN Dasuc e, e , e’ COHpH)K&HHOl"O npocrpascrea V),
HA3BIBAEMBIN CONPANCEHHBLM (mm eaauuumm) basucom IO JAHHORO Gaamca.
OpOCTPAHCTBA V,, U CBA3AHHBINA C HUM PABEHCTBAMHU

e'e;) =8 (4,5=1,2,...,n), (5)
re 05 — cumson Kpomekepa, pasubiii 1 npn i = j u 0 npu i # j.
Ecniu 6a3uc e; npeobpasosan no dopmynam (1), To conpskennniit 6asuc e*
npeoGpa3yercss no ¢opmynam
=die* (i=1,2...,n).
Mexkny BceMM NOAHMNHHEHHBIMHM DYHKINAMU
2
F(:cls:c%"'ra:p; ‘Pla({-’ ,_,,,ipq)
OT P BEKTOPOB M3 V,, M ¢ BEKTOPOB u3 V', W BCEMH TeH30pamu THOA {p, q)
Ha V', MOKHO YCTaHOBHThL CACAYIONIEE B3AMMHO OIHOSHAYHOE COOTBETCTBIE,

HBOMOI)CIJHOG OTHOCHTENBHO onepauuﬂ CJIOXKEHHA, YMHOXKCHHA H YMHOMCHHA
Ha YHCTI0.
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Monnunueehinolt ¢yHxuy, HANUCAHHONR BB, COOTBETCTBYET TEH3OP, KO-

OPAMHATH KOTOPOTrQ B Haswce e, €y,...,€E, NPOCTPAHCTBA V, ONpeieNsioTes
PaBEHCTBAMU P o _
132dg _ . , . il pd2 J
Tisig i = Fl(ei,ei,...,e; ;€1 e, ) (6)
(B, hip, 01,0 g = 1,2, ,m).

J1i2. .'-'q

Haotopor, TeH30py ¢ KOOPAMHATAMH A B bazuce e, es,...,€, COOT-

1112
BETCTBYET MOMUNNHeNHaA (PyHKUUA, onpe,neneHHaﬂ PABEHCTBOM
conl 42 _JlJZthliz fp 1 2 q
Fley,xe, ... 2y ¢, 9% ..., 97) iviz.i T T3 C TP UG UG, ol (7)
rae zl,x?,...,27 —KOODAHHATH BEKTOpa &5 B Oasuce €),€s,...,€, H
ulb ub, ..., ul —KoopamHATH BekTOpa ' B conpskennom Basuce el e?,. .., e".

Mpu sroM 3HAYEHHE TONUARHENHON GYHKINH Ha JAHHBIX BEKTOPAX HE 3a-
BHCHT OT BHIOOpA conpsixKeHHbIX OazucoB B V, n V.

Beuay yka3aHHOrO COOTBETCTBHSI TEH30PHl HA NPOCTPAHCTBE V,, MOMKHO
OTIPEe/IUTh HE3ABHCUMO OT 6a3uca Xak nojufnHednble GhyHKIHH OT BEKTODOB
NPOCTPaHCTBa V', U CONPSXKEHHOTO NPOCTpAHCTBA V..

Ipocmpancmeom ¢ xeadpamuynoti METPHKOH HA3LIBAETCSl N-MepHoe Heil-
CTBUTENBHOE JIHHEHOe NPOCTpaHcTBO M,, B KOTOPOM 3a/aHa HEBHIPOKIEH-
Hasl CUMMeTpHuecKas Gunurelasn pyHkuus g, ¥), HA3HIBAEMAS METPUYECKOM
dbyuknuedt. Eciu cooTrercrBylomwas eit ksaapatnyHas ¢byukous g(x, @) noso-
JKUTENBHO OMpeaeneHa, TO TPOCTPAHCTBO ¢ KBAAPATHYHOR METPHKON ABJISETCH
€BKJINAOBHM NpPOCTPAHCTBOM H Oyner obo3Hadarkca depes E,. B srom cnmy-
yae BMecTo g{&,y) OyleMm nucaTh NpocTo (T,%) H HA3RIBATH 3HAYCHHE TOH
(byHKIHH CKaNSIPHBIM [IPOH3BEAEHHEM BEKTOPOB T U Y.

B npocrpancrse M, K&)K,n,cn\%y bazucy ey, €s,..., e, COOTBETCTBYET €QHH-
CTBEHHBIH B3aMMHBIA 6asnc e, e, ... ", cBS3aHHBI ¢ JAHHBIM Ga3ucoM pa-
BEHCTBAMH N — & S5 —

g(ei:ej) _51' (313 —1121"'}71)' (8)

Kax st BexTop T w3 npocrpancTsa M, pasnaraerca no 6asucam e; u €',
T.e. & = x'e; = x;€'. [Ipu nameHennu 6asnca e; no Gpopmynam (1) KOOPEUHATEL
x' B 3roM Gasuce m3MeHsarorca no GopMmynam (2), T.e. KOHTPaABapHAHTHO, U
Ha3BIBAIOTCS KOHMPABAPUAHMHbMU Koopdunamamu. B To Xxe BpeMma B3anMHbIN
Gasmnc €' npeobpazyercs o dropmynam

e'=die* (i=12,...,n), (9)
4 KOOPIOWHATH Z; B 3TOM Gasuce —no dopMynam
e =cfaey (1=1,2,...,n), (10)

T. €. KOBADHAHTHO, H HA3ZEIBAIOTCH KOGAPUGHMHMMU KOOPOUHAMIMY.

[Ipu ¢dpuxcnposanuom sextope y € M, dyukuusa ¢ (x) = g(z,y) apaa-
eTca JUHENHON QyHKIHeN OT &, T. €. IJHEMEHTOM CONPIKEHHOro NPOCTPaHCTBA
M. CoorsercTsie y — @, (x) asnserca usomopdubiv orobpaxennem M,
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Ha M. OToxAECTBAAA SNEMEHTE 3THX NPOCTPAHCTE, COOTBETCTBYIONINE OPYT
APYTY NpPH 3ToM u30MOpdu3Me, MOXKEM CYMTATh, 4TO MpocTpaHcTeo M, co-
NPKEHHOE TIPOCTPAHCTBY ¢ KBAAPATHYHON MeTpukod M,,, cosnagaer ¢ M.
B uacrHOCTH, 9TO BEPHO A7si €BKAKAOBA MpocTpaHcTBa B,

B npocrpancTee ¢ kBaaparuuyHoil merpukoit M, ogHy u Ty Xxe nonunu-
HeltHY10 YHKUHIO OT 7 BeKTOPOB U3 M, MOXHO pacCMaTpHBAaTL KaK TEH30D
mina (p,q), tae p+q=rup=0,1,2,...,r. [lna storo, BeIbpaB OgHO U3 BO3-
MOXKHBIX 3HAYEHHH A5 p, ONpeliesisieM KOOPAHHATH TeH30pa B AaHHOM 0asnce
e; o GopMyamM, aHanoruyHeM (6), rae e' — B3auMHLBIA 6a3nc, CBA3aHHLIA C
Gasucom e; dopmynamu (8). ObparHo, no sauHomy Texwszopy THOA (p,g) 3Ha-
YeHHE COOTBETCTBYIOLIEH NONUNHHENHOH GYHKIMH HA AAHHBIX BEKTOPax ompe-
pensercs opmyno#t, ananornanot (7). Ilpu srom B dopmynax (6) u (7) oy

ol 0%, ..., % HANO NOHMMAThL BEKTOPbL H3 TOTO XKe NMPOCTpaHcTsa Mo,. ‘
B wacrrOCTH, MeTpHUecKod yHKRUUM g{X,y) COOTBETCTBYIOT ABA TEH30PA
¢ KOOpAHHATAMHM .
9i; = gles,e5) (5,7 =1,2,...,n); (11)
¢7 =g(e',e) (i,5=1,2,...,n), (12)

HA3bIBAEMBIE COOTBETCTBEHHO XOBAPUAHMHHIM U KOHMPAGUPUAHITIHBIM METPU-
NECKUMU MEH30PaMU. ITH TEH30PBI cooTeeTcTBerHO TUna (2, 0) u (0, 2). Kpome
TOro, Tolf e ¢yHruuH g(a,y) COOTBETCTBYET TpeTHit Tensop tuna {1, 1), ko-
OPAMHATBI KOTOpOro onpepensiorcs Gopmynami (8) u me 3aBucar ot Buifopa
6a3uca e;. )

Buavenus MeTpuyeckoil ¢byHKuuN ¢g(x,y) onpemensinorcst noboi U3 Tpex

ODPM VI i
bopuy g(z,y) = 952y, (13)
g(z,y) = =iy, (14)
gz, y) = xr. (15)

B yacTHOCTH, B €BKIHAOBOM NPOCTPAHCTBE AHAJOTHYHO BBIYHCISETCH CKAJIAP-
Hoe npowsBefieHue (&, y).

IlycTe B €BKIHAOBOM NMPOCTPAHCTEE PACCMATPHBAIOTCA TOJIBKO OPTOHOPMH-
posannnie Gasucel. Torga marpupa C n3 kosddunuentor dopmya (1) opro-
roHaJLHa, W3 paBeHcTBa (3) moaysaem D = C, marpunsr u3 kosddpunuen-
ToB dopMya (1) u (2) GyayT B3aMMHO TPAHCIOHHPOBAHHBIMH, B3aHMHBIR 6a3nc
COBTIAJIAET C MCXOJIHEIM, KOBAPUAHTHBIE KOOPJAWHATE] COBNAJAIOT ¢ KOHTPABADH-
AHTHBIMM M MATPHIL METPUHECKHX TEH30DPOB ¢4 W ¢ NpEeBpaluaioTcs B eau-
HUYHYI0 MaTpuny. B aroM caydae Bce TeH30pH TUINOB (P, ¢), COOTBETCTBYIOIHE
JAHHON nojmnuHeiHoM GyHKUMH OT p + ¢ apryMeHToB, copmajator. OTanune
KOBapMaHTHHIX M KOHTPABAPHAHTHBIX BAJEHTHOCTE TEH30pA TEpAET 3HAYEHUE.
IMosroMy BCe MHAEKCHI MOXHO NUCATH CHU3Y, COXPaHss HYXKHBIE 3HaKH CyM-
MHPOBAHHS.

IIycTe B eBkammoBoM mpocrpaHeTse E, man moboit Gasuc e, es,...,€n;
06O3HAYNM 4epe3 ¢ onpenenuTens MaTpunbt G = (g;;) KOBAPHAHTHOTO METpU-
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YeCcKOro TeH30pa B HAaHHOM Gazuce. Tax Tak g(@, &) — DOMOKHTEIBHO ONpene-
JIeHHAsl KBajJpaTudyHad yHKuua, 1o g > 0.

JuckpuMunaHmMHisiM Menr30pom (Koeapuanmmnm) eexaudosa npocmpan-
cmae E,, HaseiBaeTca Takoe COOTBETCTBUE, NPU KOTOPOM KazkaoMmy 6a3ucy co-
OTBETCTBYET CHCTEMA YHCEN (KOOPAMHAT TeH30Da), 33JaHHBIX HOpMyIaMu

Eipigdn = (_1)3\/.6) (16)
rjie s — YHCJAO MHBEPCUIl B IEPECTAHOBKE 11,12,...,%n H & iy i, = 0, ecan xoTa
65l ABa H3 UHJEKCOB ORMHaKoBbl. B wacrHocTH, €12, = /g > 0.

KoopausaTel JUCKPHUMHHAHTHOTO TEH30DA NPH [EpexXoRe K HOBoMY OasHcy
¢ To# ke opHeHTanuell MEHAITCH, Kak ¥ 1t Pa3 KOBAPHAHTHOTO TEH30pa, a IpH
nepexone K 6azucy ¢ NPOTHBOMONIOKHON OpHeHTAlHed JONOAHUTEABHO MEHSIOT
3HaK.

AHAJOPUYHO ONPENENsIeTCs KOHMPEBUPUAHMHblE JUCKDUMURGHMAUWY Mmen-
30p Et]tz...%n-

Opuermuposannoim 06semomM napaasesenunedas (Q, nocmpoerHozo Ha 8ex-
mopaxr i, L2, ..., Ly npocmpakemas K, Ha3pBaeTCa 4UCTO, ONpeieeHHOE B
JanHoM Gazuce chopmynoft

Ve(@y, @2, ®a) = /5 - det(ay, 2y, ..., 25), (17)

roe /g > 0 m deet(m]_,mg,...,iBn)—OHpe,ELEIIHTEIIb M3 KOODAMHAT BEKTOPOB

Ty, Ty, ..., T, B JaHHOM Gasznce. C moMOombIo JUCKPUMHHAHTHOTO TEH30pa OpH-
eHTHPOBAHHBIN 00beM BrIpaxkaerca GopMynoi

Velzy,2,...,2,) = s,-lgz__,,-n:ri‘m? . :ci[', (18}

rae i — s-9 KOODXHHATA, BEKTOPA. &; B JaHHOM Dasuce,

OpuenTtnposansbiil 06beM o6paInaeTcs B HyJdb TOCYA M TONBKO TOrAA, KO-
T4 BEKTOPHI ®; JMHEKHO 3aBACUMH. s MMHEAHO HE3aBUCUMBIX Z; ero abco-
JIOTHaA BENIHYMHA PaBHa o6beMy mapainenenuneia () U OH IONOXKHTENEH HIH
OTPHLATE/IEH, CMOTPS 110 TOMY, ABJIAETCA MM CHCTEMA BEKTOPOB &, X2, ..., Tp
OXMHAXOBO HJIH IIPOTHBOIOJIOKHEO OPHEHTHPOBAHHOMN ¢ BazncoM €1, €,...,€ey.

TEH30PHOE NMPOU3BEREHKUE. IIycts V u V' — apa nuneitHuIx npocTpas-
CTBa HAJ ORHHUM U TeM e mojeM P. PaccMoTpuM ynopsaguenHsle napw
BexTOpoR, Tae & € V, &' € V', u dopManbHEle KOHEUHBIE CYMMBI TAKHX Map
&) + - + zpa). OnpesenuM OTHOUIEHME IKBHBANEHTHOCTH 3THX CYMM IO
npaBunaM: 1) Ase CyMMbl, OTVIMYAIOMMECS JHLIb MOPSAKOM CJAFAEMBIX, SKBU-
BanenTHsr; 2) napwl (ax)z’ u xz(ax’), rae o € P, sxksupajeHTHH; 3) napa
(@ +y)x’ sxksuBanenTHA cymMe nap xx' +ya’ u napa z{x’ +y’) sxsusanenTHa
cymme nap zx + zy'.

JBe cyMMBI 9KBUBAJIEHTHEI, 8CJIM OT ORHOM U3 HUX MOXKHO NepelTH K Apyroi
MyTeM NPHMEHEHHS YKA3AHHBIX IMPABHI KO BCEH CYMME HJIM €€ 4ACTH B KOHEed-
HOM 4HCJE. JTO OTHOLIEHHE SKBUBAJEHTHOCTH PepIeKCHBHO, CHMMETPHYHO H
TpaH3uTHBHO. [109TOMY BCe CyMMBl PasGHBAIOTCA HA KJACChi YKBHBAJEHTHHIX



§26. Teuzopuas anrebpa 251

cymu. Hyere T' — MuOXMecTRO 3THX Knaccos. Beegem B T' onepanuu cloKeHAs U
YMHOMKEHNA HA 3JIEMEHTHI noJia P uepes onepanuu Ha/| NPEACTABUTENAMH KAAC-
coB. Oymaoti ABYX CYMM HA3bIBAETCH CYMMA, IOy YeHHASA OPUIHACKON K TIEPBOit
CyMMe CIaraeéMbix BTOPOH CYMMbl. Ymuoorcenue CyMMbl Ha o € P onpepenum
KaK YMHOJKeHHE Ha & IEPBHIX 3/IEMEHTOR BCEX Nap ZaHHOH cyMmmbl. Hanpumep,
alzz’ + yy') = (ez)x’ + (av)y.

MuoxecTso T’ mpu 3TUX ONepanuiaxX siBASETCA NMHEHHBIM NPOCTPAHCTBOM
Had nonseM P. OHO Ha3BIBAETCH MERIOPHBIM npousaedenues npocmparcme V
u V' 1t o6o3nanaerca yepes V x V. Ecom V u V' koneunomepsrr, Tou V x V/
KOHEYHOMEPHO H €ro pa3sMepHOCThL PABHA, IPOU3BEAeHHI0 pasMepHocTeit V u V',

Ecnu e, €3, - ..,e, —basuc V n &, e5, ..., e}, —6aznc V', To cucrema kinaccos
3KBHUBAJTEHTHLIX CYMM, COIEPKAIIUX YIOPsA0YEHHbE Maphl
! . . . !
ee; (1=12,...,n; j=12,...,n), (19)

arnserca Hasncom npocrparcrsa V x V' (cm. 3amauy 1918).

AHAROIMYHO ONpEeNsaeTca TEeH3OPHOE [POM3BEAeHHE J00TO KOHEYHOTO
MHOJKECTBA, JIHHENHBIX POCTPAHCTB.

Tenzopw THRA (P, ¢}, 3a1aHHBIE HA NpocTpaHCcTBE V,, MOXKHO pacCMaTpH-
BaTh KaK BEKTOPHI IPOCTPaHcTBa T, ABSAIONMIErocs TEH30PHEIM NPOU3BENEHAEM
g npocTpaHcTB V,, M p conpsiskeHHBIX npocTpaHcTs V. Insi sToro GepeM Gasuc
€1,€s,... €, BV, U cOnpsKeHHHIN 6a3uc e, e2,... " B V. Torma ynops-
JOYEHHEIE CHCTEMEBI

e . gt gtz i
€5, €, ... €5, €€ .. €7, (20)

rJie BCe MHAEKCHl M3MEHAIOTCd oT 1 f0 p, cocTraBnaior Hasuc npocrpancrea T'.
Bekrtop ¢ u3 T sripaskaerca uepe3 3ToT Ha3uC B BHAL
AJa.dg i

— .o . ol pi2 P
= Qi iy.i, C1€f2 -+ €5, € €7 ... EF.

Ngz-dq
Ero koopanHaThl, T. €. YHCHA Qi g ip GyayT KoopAHHATaMH TeH30pa THOA (P, g)

B Oasuce ey, ey, ..., €, B CMBICIE TIEPBOTO ONPEJENEHUd TEH30PA.

1900. Hokaszate, uro mia mwboro Gasuca ep,...,e, N-MEPHOrQ JHHENHO-
ro OpoCTPAaHCTBA V, CYyIIECTBYET eXMHCTBEHHHIN CONPSYKEeHHEIN 6a3uc
el,...,e" coupsiKeHHOro TpOCTPAHCTBA V7., T.e. 6asuc, CBA3AHHBIN C
JaHHEIM GasucoM ycnosuamu €’(e;) = & (4,7 = 1,2,...,n), rae & —
cuMeon Kponekepa.

1901. Jlunefinas GyHKIHs w(®) HA n-MepHOM JHMHEHHOM NpOCTpaHCcTee V,
ABJIACTCHA KOBAPHBHTHBIM TEH30POM, T. €. TeHsopom tuna (1,0).

a) Haittu ero xoopauHaTH a; B AaHHOM Da3uce e;.

6) Iloxasars, 4TO YHCIA G; ABIAIOTCA KOOPAMHATAME (X)) KaK BEK-
TOpa CONPAKEHHOrO npocrpaHcTBa V), B Gasuce €', conpsaxennom Ga-
3UCY e; NpocTpaHCcTBa V.
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Jononuenne

1902.

1903.

1904.

1905.

19046,

1907.

1908:

1909.

KoopauHaTs! BexTOpa & B RaHHOM 6a3uce n-MEpPHOro JIMHEHHOTO Ipo-
cTpaHCTBa V', OIPEAENAIOT KOHTPABAPUAHTHBIN TEH30D, T. €. TEH30p TH-
na (0,1). 3anucaTs ITOT TEH30pP B BHAE mOJMAHHEHHOH QyHKUUM.
ycts @(z) = 12! + agz® + -+ + e,z — nuHedtnan dopma oT KOOp-
AUHAT BekTOpa & € V, B Gasuce e;. IlokasaTe, uTo Ko3dhbHLHEHTH
aja; (4,§ = 1,2,...,n) xsaapara 310} (HOPMEI AAKOT JABAXKIH KOBAPH-
AHTHBHIA TeH30p.

Hazosem wampuyedi dsascom xoeapuanmunozo men3ope a;j B JAHHOM
fa3ice MaTpULLY

a11 aj2 Qin

a a a
A= | o2 ez 2n

Qnl Qn2 Qnn

Hafitu 3ax0H U3MEHEHHA MaTPHLB! A NPH NIepexoze K HOBOMY Ga3ucy.
Hazosem sampuuetl 06axcos XoHMPLEAPUAHINHOZ0 MEHIOPE A B JAH-
HoM Oazuce marTpuuy

all (112 alﬂ
21 22 n
a a
A=
a'n.l an? Q"

Hairru 3axoH u3MeHeHUst MATpULbl A NpH nepexofe K HOBOMY 6a3ucy.
ITycTs @] — Tensop tuna (1, 1) B n-meproM suHeiHOM OpocTpancTse V.
Cuurast ¢ HoMepoM cTOAOLA, & J — HOMEPOM CTPOKH, TIOJIYYMM MATPHILY

H3 KQOPIAHHAT 3TOr'0 TEH3O0pa

aq aé . ai‘
A=1] 4 @ Uy
a] ag an

Haitrn 3akon u3meHenus MaTpunbl A OpHu nepexoie K HOBOMY Bazucy.

a) Iokasars, uro cumBon Kpowekepa &7 maer Bo Beex Gasmcax n-
MEPHOTO JIMHEHHOTO npocTpaHcTBa Tersop Tana (1, 1). 6) 3anucars srot
TE€H30p B BHAJE TNOIHAAHeNHON (YHKIUM.
[lycTs a;; — RBa’KAbl KOBADHAHTHEIN TEH30P B N-MEPHOM NPOCTPAHCTBE.
HOKa3aTh, 4TO:

a) ecnn MaTpuua A TeH30Da. a;; B OOHOM 0a3uce HEBHIPOKIEHHA, TO
OHa M B moOoM Oa3uce HEBHIPOXKJIEHHA;

6) snementst @ marpunel, o6parHoli ams MaTpunsl A TeH3O0pa aij
(B cnyuae, korga A HeBRIPOXKIEHHA), 00pa3yloT ABAXKAbl KOHTpaBapH-
AHTHRI TEH30D.
[Iycts Az — snnuefinoe npeofipasosanve B @{x) — useiiHasn dyHKOus
Ha n-MepHOM JjuHelfHoMm npoctpalcTee V. [lokazark, aro yHKIMs
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1910.

1911.

1912,

F(x;p) = ¢(Ax) ecth Tensop tuna (1,1), MaTpuna KoToporo s moGom
fazuce coBnAjaeT ¢ MATpUNEH AHHEHHOro nmpeoGpa3oBaHAa Ax B TOM
)Ke Oazuce.

JoxazaTb, 4TO 3MeMEHTH MaTpuubl GrnHedHo Gynkupm F{x,y) B
N-MEPHOM JIHHENHOM IIPOCTpaHCTBe 0fpasyior Tensop Tuna (2,0), T.e.
OBaK OBl KOBADHAHTHLIMN.

Jloxa3aTh, 4TO 3AeMEeHThl MATPHIL! AHHEHHOTO NpeoGpasoBaHus B RaH-~
HoM Gasuce obpasyior Tenzop Tuma (1,1).

[Tycte B n-MEPHOM JIHHERHOM NPOCTPaHCTBE V', JaHbl P BEKTOPOB
X1, T2,...,Tp. BHIINIIEM KOOPAHHATH ITHX BEKTOPOB B HEKOTOPOM 0a-
3MCE 10 CTPOKAM MATPHIBL

1 .2

aj a% af
aé a9 ay
e
ap Gy ap

a) [loxazaTe, 4TO uUMCIa

i i

ai' o ... aof

.. i i2 in
autz...zp (12 a2 022 (i],ig,...ip = 1‘2, ’n)

51 12 P

a) ay ag

ABMSIIOTCH KOOPAMHATAMH p pa3 KOHTpABapHaHTHOrO TEH30pa, T. €, TeH-
zopa thoa (0, p) B aaHHOM Gazuce. DTOT TEH30D HA3LIBACTCH P-6EKMOPOM
(npu p = 1 — gexmop, upu p = 2 — Gusexmop).

6) JokazaTe, 4TO p-BEKTOP TOTHA M TOMLKO TOIJA PABEH HYJI), KO-
TA2 JaHHHIE BEKTOPHl B1,®q,..., T, JHHENHO 3aBHCHMBI (B YaCTHOCTH,
Np¥ p > 7 BCE P-BEKTOPB! PABHBI HYJIKO).

B) JokazaTe, 4TO nBe JMHEHO HE3ABHUCHMBIE CHCTEMBl M3 p-
BEKTOPOB KaXKAad TOTAA W TOJBKO TOTRA SKBHBAMEHTHBI, KOTA4 COOT-
BETCTBYIOINME UM P-BEKTOPBI PA3NHYAIOTCH MHOXKUTEIEM, OTIHYHBIM OT
HYJISL.

r) ITokazaTe, 4TO €CAM MOHMMATH [OJ TEH3O0PAMH INOJMJIHHEHHbIE
dynkonu (cM. BBefieHNe K 3TOMY naparpady), To p-BEeKTOp, 3aJaHHbIH
BEKTOPAMH &1, Tg,...,Tp NPOCTPAHCTBA V., MOXKHO ONPEAETHTE KaK
NOMMAUHeHHYH0 BYHKIHIO OT P-BEKTOPOB ¢, 02, ..., P CONpPIKEHHOTO
poCTpaHCTBa V), 3aJaHHYI0 PABEHCTBOM

oHzy) ¢ @) ... Pl
Flol @, ... o0y = | ¢ (@) $'(@2) oo Flma)

Sol(mp) ‘Pg(mp) e PP (@)
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HomonHenne

1913,

1914.

1915.

BrIACHUTD, KAK UBMEHSIOTCH KOOPAHHATH! TEH30pa THIA (p, ¢) IIpH nepe-
xone or Baguca ey, . .., e, x Gasucy €], ..., €, TONyuUeHHOMY H3 NpeHsl-
AYIIEro myTeM JAaHHOH nogcraHosku 7(i) = k; (2 = 1,2,...,n); 310
3HAMUT, UTO €; = ey (¢ = 1,2,...,n).

HapTi xoopauHaTel B nanHoM 6asuce ey, ..., e, TeH30pa Tuna (n,n),
3a/JaHHOTO PaBeHCTBOM . . N
‘Pl(ﬂﬂl) 502(3:1) e ()

T
p (m2) p™(®2) ... "(@m2) |

ol (xn) ©Hen) ... ¢"(2n)

Hycres F(xy, ..., Zp; ol .. , @ ) — nonuHeiHas QYHKUNA, KOCOCHM-
MeTpHYeCKast KaK N apryMeHTaM &j,...,&n, TAK H [0 APrYMEHTAM
@b, ..., p". JoKa3aTh, YTO €e IHAMEHUS UEpPe3 KOOPAMHATEI B AAHHOM
faznce BhIpAKAIOTCA (HOPMYNIOLt

F(mlr-'-:xn; (1011'“159“):

F(mla'--'}m‘n; {1011"'150?1) = det(a:)det({io) 'F(elr"':en; ela”':en)a

1916.

1917.

rie et — Ba3uc, conpsixKeHnbi Gasucy e;, det{x) — onpeneauTens u3 Ko-
OPIHMHAT BEKTOPOB ¥y, ...,&, B fa3uce €;,..., e, u det(y) — onpenenn-
Teb M3 KOOPHMHAT BEKTOPOB @, ..., " B Gasuce e!, .. e".

Ilycts mad TeHzop Tuna (p,¢)} B BHAE NOAUAHMHERAHOR GYyHKIMH
Flxy, ..., xp; ©l,...,¢9). Ero ceepmxot mo momepam k < p, | < ¢
HA3BIBAETCHA CyMMa

n

. Al -1 I I+l
ZF(:B].I”’}zk—l!ef)xk‘l‘ll"'1mp!(lo!"'}LP 1€, P ?"':goq)'
i=1

[MokazaTs, 4TO CBepTKA He 3ABUCHT OT 0A3UCA W SIBAAETCA TEH3OPOM

tuna (p — 1,¢ — 1). Ilpeanonaraercs, 4ro p,q > 0.

JaHbl CHMMETPHYECKHI TEH30D G;; U KOCOCHMMETpH4ecKH# TeHsop b
Ay

Haittu ux nonmyio ceepTky a;;0.

1918 dna usy4eHus TEH30PHOr0 NPOU3BEACHHMA (CM, BBEJEHME K STOMY Napa-

rpady) ynobHO HCNOAL30BATh MOHATHE CBEPTKH B CIERYIOLIEM CMBICJIE.
15 BpOCTOTHl PACCMOTPHM TEH3OPHOE NPOM3BEAECHHE ABYX JMHEHHBIX
npocrparcts: T =V x V’, rae V u V’ — nunelinsie npocrpaicTsa Hag
ONHUM H TeM xke nosem P.

Ceepmxotl cymmni T1xT] + - + &y, rae @ € V, af € V' (i =

1,2,...,k), ¢ BEKTOPOM @ IPOCTPAHCTBA V™, CONPSMKEHHOI'O NPOCTPaH-
crBy V, HasbiBaeTcs BEKTOP &y +- - -+og), € V', rae a; = o(x;) € P
(¢ =1,2,...,k). AHANOrUIHO OMPEAENsieTCs CBEPTKa TOM Ke CYMMBEI €

BekTopoM ¢ € V'*; oHa aBnaerca sekTopom m3 V.
a) Joka3aTh, YTO €CJHU JBe CYMMbl YKa3aHHOIrO BBILIE BAAA IKBH-

BAJIEHTHBI, TO X CBEPTKH PABHBL DTO NO3BOJIAET ONPEAGTUTL CBEPTKY
eYe Vi ignate T, p € V*.
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1919.

1920.

1921.

1922,

1923.

6) JIna Toro urobn mapa @’ Guta sKsusajenTHa mape 00', rae
0 u 0’ — Hynesble BeKTOPH! cooTsercTeeHHo u3 V u V') neobxomumo u
JOCTATOYHO BHITIONHEHHE NO KpatiHelt mepe ORHOTO U3 ycjioBuh & = 0,
z = 0.
8) Ecmn z2) + -+ + zkz), ~ 00’ u Bekropm <, ..., ) MUHERHO
HC3ABUCHMBIL, TO
o =...=x=0.

r) Knacchl SXBHBAJEHTHBIX CYMM, COfiepKamue napel ee; (i =
L2,...,m 5 =12...,n), rne e1,...,e,—6azuc V u e},...,e,, —
Gasuc V', obpazyror Gaznc T.

Jl0Ka3aTh, YTO TEH3OPHBIE MPOM3BEACHHA JIMHERHBIX IPOCTPAHCTB BCEX
MHOTQUJIEHOB OT £ W BCEX MHOTOWIEHOB OT Y ¢ KoaddbUnuenTamMu u3
noia P ecTh IpOCTPaHCTBO BCEX MHOTOWJIEHOB OT ABYX HEH3BECTHBIX
z,y ¢ koadpdunmentamu u3z P.

JoxazaTh, 4TO TEH30PHOE NPOU3BEJNEHME TIPOCTPAHCTBA MHOTOUJIEHOB
f(z) crenenn € n M MPOCTPAHCTBA MHOIOWIEHOB ¢(y) CTemeHu < § C
ko3 dunuentamu u3 nosa P ects npocTparcTeo MuOrouneHos h{z,y),
CTEMNEHE KOTOPKIX € N0 T H £ § 110 ¥, ¢ KoadbunueHTaMu K3 nonas P.
JoxazaTe yTBepXIeHHUs:

a) ana mioboro Gasnca e; N-MEPHOTO €BK/MJOBA IIPOCTpaHcTBa E,
{nnu NpoOCTPAHCTBA ¢ KBAAPAaTHIHON MeTpukoft M, ) cymecTsyer eaun-
CTBEHHBIN B3aNMHEIA Gasuc €' npoctpancrsa E,, (coorsercreenno M),

CBA3AHHBIN C JaHHEIM 6a3ucOM paBeHcTBaMU (e, €’) = & (i,5 =
1,2,...,7n) (COOTBETCTBEHHO paBeHCTBAMH (8) M3 BBEJEHHMA K STOMY Na-
parpady);

6) B3amMHBIR Ga3nC BRIPaXKaeTCa Yepe3 AaHHLIN 6a3uc 1o dopmynam
e = g'%e, (i = 1,2,...,n);

B) JaHHBIY Gazuc BBIPAYKAETCA Yepe3 B3aMMHBIN 1o (opmynam e;
gie€” (i = 1,2,...,n);

T') MeTpHYecKHe TEH3OPH gi; Y 9" CBsI3aHEI PABEHCTBAME Ging”®
& (4,7 = 1,2,...,n);

n) ecnu 0003HAYMTL MATPHIBI METPHYECKHUX TEH30pOB 4epez G =
(9:;;)7 w Gy = (¢")], a onpenenurenu 3Tux MaTpun—uepes g = |gi;|T
g = |g”[], 0o GG, = E, gg1 = L.

JoxasaTb, 4TO KOBapHaHTHblE M KOHTDABAPHAHTHBIE KOOPAMHATHI O
HOTO M TOrO K€ BEKTOpa B NAaHHOM (a3nce eBKAWAOBA NPOCTPAHCTBA
CBA3AHLI PABEHCTBAMH:

a) T = gigx® (i = 1,2,...,n)

6) = g% (1 = 1,2,...,n).

B npaMoyroabHON ReKapTOBOR CHCTEMe KOOPAMHAT JAHBl JBA BEKTOPA

e; = (1,0), es = {cosa,sina), sino # 0
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Joronnenue

1924

1925,

1926

1927,

1928!

19297

a) NMPOBEPUTh, YTO 3TH BEKTOPH 00pa3yioT 0asnc;
6) HANTH KOBAPHAHTHBIN MeTpHYeCKHit TeH30D g;; B Dazuce e, ey;

B) HAilTH KORTPABAPMAHTHBIA MeTpHuecku#f TeHsop g” B Gasuce
€1, €2

r) HallTH BBIpaskeHUe BEKTOPOB B3aMMHOTO Gasuca el, e® vepes 6a-
3UC €], €3 H UX KOOPAAHATE! B HCXOAHOH NPAMOYIOABLHOH CHUCTEME;

1) HalHCaTh BHIPAYKEHHE CKANsPHOrO Npow3BeleHHs (&,Yy) ABYX
BEKTOPOB 4€pe3 MX KOOPAHHATHL B Dasuce e, €o;

€) HaliTH AUCKPMMHUHAHTHHIN TeH30p €;; B basuce e, ey;

) HAIHMCATH BBLIPAYKEHHWE OPMEHTHPOBAHHON IJIOLIANA TAPAJIIeNO-
rpaMMa, IOCTPOEHHOr0 Ha BEKTOPaxX &,Y, 4Yepe3 HUCKPHMMHHAHTHBLH
TEH30P €;; U 4Yepe3 ONpelenuTeNnh M3 KOOpAuHaT B 6a3uce €), €.
Iycts ey, es — moGol 6a3ic MI0CKOCTH, g% — KONTPaBapHanTHBIN MeT-
pPHYECKHI TeH30p H Eij—,Il,HCKpHMHHaHTHbIﬂ TeH30p B 3TOM Gasuce.
ITo maHHOMY BEKTOPY & = @®'e; NOCTPOEH BEKTOp ¥ = y'e;, rae
¥ = g, k:n" BroiscHUTE, B KaKOH Mepe BeKTOP ¥ 33BHCHT OT BbiGO-
pa 6a3nca U KAKOBA MEOMETPHYECKAS CBA3b BEKTOPOB L H Y.

B yersipexmepHOM eBKnmJ,OBOM OPOCTPAHCTBE A3H JBAKJL KOHTPABA-
PHAHTHEIA TemHso . Kak uamensiorca ¢ uaMeHenneM 0asnca BeJHYH-
Rbl b;j = z-:ljk;a (z i =1,2,34)7

[Iycre B mEexoTopoM 6a3uce n-MepHOrc €RKAMAOBA NPOCTpaHCTBA B
J@H TEH30P Gjji TUNA (3,0), gij u ¢V — merpuyeckne Tensoprl. Onpe-

Aenum Temsop a Tama (1,2) paBeHCTBaM: a’ = ¢°¢Panp 4,5,k =

1

1,2,...,n). Bepasuts o uepes a”
Tpexmepﬁoe EeBKJIHIOBO IIPOCTPAHCTBO ONPEAEeneHo MeTPHYECKHM TeH-
1 31
sopoM ¢ Matpunet | 3 10 1 ). HaiiTu hAuHbl 0OTPE3KOB, OTCEKAGMBIX
1 16
Ha OCAX KOOPAMHAT IIOCKOCTLIO 2 + 3 + - £ = 1.
MeTpuka TPEXMEPHOTO €BKJIHAOBE, TPOCTPAHCTRA 33JaHA METPHIECKHM
111
TEH30DPOM g;; ¢ MaTpuueii | 1 6 3 | . HafTn mnomaas S TpeyroabHu-
132

Ka ¢ Bepmmnamu A(1,0,1), B(2,1,1), C(3,1,2) u Bricory h, onylueHHy0O
n3 C Ha AB, ecnu KOOPAUHATEI M TEH30D AaHbL B OTHOM U TOM Xe Baalce.

TpexMepHOe eBKNKI0BO NPOCTPAHCTBO 38JAHO METPHYECKUM TeH30POM
121

gi; ¢ Matpuueit | 2 5 3 | . Haittu ocHoBaHHe mepneHuukynspa PQ,
133

onymenroro us roukn P(1,~—1,2) na maockoers z! + 2 + 2% +2 = 0.
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19307 B ueThIpexMepHOM EBKAHIOBOM NpocTpaHcTee FE4 naHBl TpH BEKTO-

1931.

1932.

Ve(mla r2,..-, wn) =+ hN detl(ml, ra,. .. ,93“) = Eil,fz.---,fn$}I$32 N

1933.

1934.

pa x,Y,z H HOCTpoeH BEKTOP % ¢ KOBADHAHTHBEIMH KOODIHHATAMH
U = evkgx’y 2 (¢ = 1,2,3,4), roe €54 — IMCKPUMHHAHTHHI TeH30D
B TOM e Gaznce (4EThIpEXMEPHHBIN AHAOT BEKTOPHOTO INPOHIBEAEHMS
cM. 3aga4dy 1938). JokazaTk, 4ToO:

a) BEKTOP % OPTOrOHAJIEH KajKIOMY U3 BEKTOPOBR T, Y, Z;

6) ecom BEKTODBI X, Y, Z JHHEHHO HE3ABHCHUMBI, TO AJIUHA |u| Bek-
TOpa % paBHa TpexMepHoMy obvemy V(z,y, #) Dapaiienenunesa, no-
CTPOEHHOTO Ha T, Y, Z; eC/H Xe X, Y, z JHHeHHO 3aBHCHUMEL, TO u = 0.
Haitti nonnyio cBepTky ¢i;¢* METPHYECKHX TEH30DOB 71-MEPHOr0 €B-
KARAOBA DpocTpalcTBa F,.

Onpenenu™M KOHTPABAPHAHTHBIN ZHCKPUMHUHAHTHBIA TEH30D N-MEPHOrO
eskymjoBa npocrpancrea E, dopMynamu 1% = (=1)° /g1, rae

|g‘3|“ $— YHCJIO HMHBEPCHH B IMEPeCTAHOBKE i1,%2,...,%n, H
5'”‘2 = {}, ecsiu x0T 61 OBA M3 WHAEKCOB 11,19,...,%in COBIAJAIOT.
,ILOKaaaTb, 4TO:

a) OPUEHTHUPOBAHHBIA 00BLEM Napasye/enunesa, NOCTPOSHHOrO Ha
BEKTOpAX &1,&3,...,&n (CM. BBEJEHHE K 3TOMY naparpady), Bbipaxka-
eTcHd paBeHCTB&MH

1n?
roe detq{x, ®9,..., &y) — OIPEAEINTEND U3 KOBAPHAHTHEIX KOOPIUHAT
BEKTOPOB T1,®2,..., L, H T; — -9 KOBADMAHTHAS KOODIMHATA BEKTO-
pa sy . . .
6) é‘” W20eufn guoq gzgaz . -gtnansal,ag,...,aﬂ;
B) €i1ig,in = JiranGigag - - - Finan €’ 02
BrerauenuTe CBep’I‘Ky JUCKPUMHWHAHTHBIX TEHI0POB £;5 ks Tpexmepno-
ro eBKANIOBA NPOCTPAHCTBA.
B 6asuce e, ey, €3 TpexmepHOro AefCTBHTEIBHOIG MPOCTPAHCTBA JAaH
KOBAaPHAHTHLIN METpHYecKHH TeHz0p g% ¢ mMaTpuueh

110
G=1{122
025

a) TlpoBepuTh, YTO MPOCTPAHCTBO E€BKIHAOBO;

6) mafitu Marpuny (3] KOHTPABAPHAHTHONO METPHUYECKOrO TEH30-
pa ¢7;

B) HAfTH KOHTPABAPHAHTHBIE KOOPAMHATH ENUHHYHOLO BEKTOPA

MaIH K ILIOCKOCTH, 3aJaHHON B TOM ke 6a3nuce ypaBHEHHeM 32! +
—32% -5 = 0.

19357 ILOKa.BaTb, YTO KB3APAT OPHEHTHPOBAHHOrO 00bLeMa mapaaiefienunesa,

9—3773

MOCTPOCHHOTO Ha 12 BEKTOpaXx N-MEPHOTIO €BKJIHAOBA NpOCTpaHCTBa, pPa-
BE€H ONpPEHeNNuTEND Fpa.ma ITHX BEKTOPOB.
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Hononrenne

1936.

1937!

1938!

[IycTe B n-MEPHOM EBKJIMAOBOM NPOCTPAHCTBE JIAHBL THOEPILIOCKOCTS T,

3aJlaHHAA YDABHEHHEM a1T’ +- - -+ an " +b = 0, n Touka M(xo, ,a:o).

a) IlokasaTh, 4TO BEKTOP P ¢ KOBAPHAHTHHIMH KOOPAHHATAMW
ay, ..., 0n NEPIEHIUKYAAPEH K ILTOCKOCTH 7T;

6) paccrosHHe d oT TOUuKH M 10 NOCKOCTH 7 BHIpasKaeTes Ghop-

MYJI0H

layzd + -+ - + anal + b

Ipl

Haitru paccrosrue or touku M{zp,yo) HA eBKANAOBON ILIOCKOCTH A0
npaMoilt ar + by + ¢ = 0, ecnH KOOPAMHATH HaHul B Gasuce

e; = {1,0}, ey = {cosw,sinw}, sinw#0

d=

(KoOpAUHATE! BeKTOPOB 0a3uca HAHLI B IPSIMOYTOALHOR BEKAPTOBOH CU-
cTeMe KOOPAUHAT).

Ilycrs €45k ——,H,PICKpHMHHaHTHhIﬁ TEH30p TPEXMEPHOr0 €BKJAHAOBA IMpPO-
CTPAHCTBA, Z',y' — KOHTPAaBAPHAHTHEIE KOODAMHATHI BEKTOPOB &,y B
HekoTopoM Oaznce. JJoKazaTh, YTO BEKTOD %, KOBAPHAHTHEIE KOOpAH-
HATBl KOTOpPOroc B ToM e Dazuce 3a1anbl HOpMyJIaMu z; = s,;aﬁ:r“yﬁ
(¢ = 1,2,3), ABIAETCA BEKTOPHHIM TPOH3BENEHHEM T H Y.



OrBeThi

Otgen 1. Onpenenurenu

1.1. 2.2 3.-1. 4.0. 5.0. 6. —1. 7.4ab. 8. -2b°. 9.1

10. sin{a — 8). 1l.cos(a+ B). 12.0. 13.1. 14.1. 15.-1. 16.1. 17.0.

18, ab—c?—d% 19.(a—b)* 20.0. 21.a°+0%+c?+d% 22.x=3y=—1.

23. 2 =5 y=2. 24.:.,":%;3,;:%. 25, x =2, y = -3,

26.z =cos(f —a); y =sin(f —a). 27.r=cosacosf; y =cosasinF. _

28. Cucrema neonpenenenta, hpopmynnt Kpamepa He JawT BEpHOIO OTBETA, TaK
KaK 1o 3THM Gopmynam x U y pasdst 0/0, T.e. MOTYT NPHHHMATH HPOH3BONBLHBLIE
3Ha4eHHd, TOCAA Kak OHH CBA3aHLI COOTHOUIEHHEM 22 + 3y = 1, OTKy[a [0 3HAYEHHIO
OAHOTO HEM3BECTHOTO ONPEJENAETCA €HHHCTBEHHOE 3HaUEHHEe APYTOro.

29, CucreMa TIPOTHRODEMHBA.

30. Ilpu @ # b ypapueHue onpeneneHHo, npn a = b # ¢— NPOTUBOPEYUHBO, [IPH
a = b = ¢— HeompeAENeHHO.

31. Ilpn o = k7, rae k—uenoe Yucao, ypaBHeHHE HPOTHBOPEYHEGD, DY GCTANIE-
HBIX JHAYEHHAX @ — ONPEASNeHHO.

32. lIpu & = 2kw, rae k— uenoe 4HCIO, yPaBHEHHE NPOTHBOPEMHBO, NPH & =
(2k + 1)7 — HEONPERENEHHO, 1IPH OCTANBHLIX IHAMEHHAX & — ONPEAEACHHO.

33. Ilpu a + 3 # kw, roe k — nesoe 4HCNO, ypaBHERHE ONPEIJENeHHO, NpH e + §F =
2kmunpu e+ 8 = {2k +1)m, & = kow, roe k| B ky — Leable quCa, — HEONPESEIeHHO,
mpu a + 3 = {2k) + 1}, @ # kem™ — NIPOTHBOPEYHEO.

34. IIpu ¢ # 0 cuctema cnpeneneHna, npd a = b = ( HeonpeneneHna, nNpy a =
0 # b— npoTuBOpEYHBA.

35. pu ac — b* # 0 cucTeMa onpeneneHHa, npu ac — b° = 0 — HeonpeReneHHA.
IIporueopeuneolt 0HA OBITH HE MOMET.

36. llpu a # +6 cucTeMa onpeneneHHa, OpH a = 0 — Heonpe#eneHHa, OpH a =
—6 — NpOTHROPEYUBA.

37. Ilpu ab # 90 cucrema onpefienenna, npu a = 6, b = 15 — HeonpenenenHa, npu
ab = 90, Ho a # 6, b # 15 — npoTHBOpPEUHEA.

39. YKABAHUE. ¥Y6enaTecda, 9T0 B hopMyne pelueHnit KBaIpaTHOIO ypaBHEeHHA
MONKOPEHHOE BBIPAKEHUE HOJIOKUTEIBHC,

40. PEEHHUE. [TycTs Nannbill Tpextned sBAsAeTCH NOMHBIM KBALAPATOM, T. €, az’+
2bx +c = (px +q)2 C?aBHHBaH KosdeJHuHeHTbl PH OXUHAKOBBIX CTENERAX X, HAXOIHUM
a=p% b=pq,c=q% otkyna ac—b° = p*q® — (pg)® = 0. IlycTs, 06paTao, ac—b? = 0.
Torna

1
az’ + 2z +c = E(a2$2 + 2abz + ac) = %[(az +b)2 + (ac — b?)] = %(a:c +b)?

€CTh NOJIHBI KBAAPAT, TAK KAK U3 KOMIJIEKCHOrO 4HCIa 1/a MOKHO M3BIEYDL KBaj-
PATHBIR KOpEHb.
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42, PELUEHUE. BEcan z;:j_-z = ¢ npu aboM z, T0 ez + b = qlex + d), a = qe,

b
b= qd v ad — bc = 0. O6parno, eciak ad —be =0, T0 put ¢ # 0 # d umeenm g =759
a=gc, b =qd Ilpn ¢ = 0 # d Byger @« = 0 u, nonarasa ¢ = -, CHOBA UMeEEM

d,
a=ge b= gd lpu ¢ # 0 = d nonywum To >xe camoe, 1toaras ¢ = %. ITosTomy

ar+b  glex+d)
=rd = q upy TOOHX T.

43, 40. Cﬁi_ —3. 45.100. 46. 5. 47.0. 48.1. 49.1. 50,2. 51.4.
52. —8.

53. 6. 54.20. 55.0. 56.3abc—a®—b* -3 B57. %+ + % —3abe. 58.0.

59. 2x% — (a + b+ e)z® + abe. 60. (ab + be+ ca)x + abe. 61.1+a? + % 442

62. 1. 63.sin{8 — v} +sin(y — ) +sin(o — F). 64. cos® a+cos® f+cos® y = 1.

66. —2. 67, zyz+ 2(ace — bef +adf + bde) — z(e? + f2) —y(® +d%) — z(a® + b2).

68.0. 69.-3. 70.3iV3.

72, 4. YKA3SAHUE. Bee mecTs 4neHos onpefie/inTesis He MOTYT PaBHATHCA 11, TaK
KaX TOrC[a IPOH3BEeSHHE TPeX WIeHOB: a1)d22033, A12023031, 613021 A32 ObLI0 Gb1 paBHO
[POM3BEIEHHIO TPEX OCTAJIbHBIX YIIEHOB, B TO BPEMS KaX NEPBOE K3 3THX NPOU3BeIeHnN
PaBHO NPOM3BEAEHHIO BCEX JEBATH 3JIEMEHTOB OIPEJENHTENA, a BTOPOE— TOMY JKe
NPOM3BENEHHIO OEBATH 3NEMEHTOB C NPOTHBONOAOYKHBIM 3HakoM. Jdanee, ybennarbes,
YTO ONpefeAHTeNs OTJIHYEH OT 5 # 4TO

-1 1 1
1 -1 1|=4
1 1 -1

73. YKA3AHUE. lToka3aTe, 47¢C BCE TPH NONOKUTENBHBIX Y/IEHA BXONALINX B OIpPe-
JEenUTENb, HE MOTYT PABHATHCA 1, M yvecTs, 4TO

011

101;=2

110
Td.2=3,y=-2,z=2. T.z=y=z=1. 76.z=1,y=2,z=-1.
TT.z2=2,y=-3,z= -2
TB.x=—a,y =5, z=c. YKAZAHUE, HonomuTbE=$’;%=y’;§=z’.
T9.x = be, y = ac, z = ab.

80. x = a, y = 2b, z = 3¢. YKAZAHUE. Kamaoe w3 ypaBaeHUll pasaenuTs Ha abe

U MOJIKHUTE E =T, % =y, % = 7',
at+tb+e a+be? + ¢ a -+ be + ce?
81.3:=v-——-3-—;y= 3 ;Z = 3 .

VYKA3BAHHE. DTy CHCTEMY MOXKHO pemarte no ¢gopmynaM Kpamepa. [Ipowe cnasana
CIIOACHTD BCE YPABHEHHS, 3aTeM CJ0XKHTD IOCAE YMHOMKEKHUS BTOPOTO Y PABNEHUS HA €2,
a TPETHEro Ha &, M, HAKOHEY, CMOXKHTE 110C/Ie YMHMIKEANA BTOPOrO YPABHEHNA HA £, &
Tperrero Ha £2, Henonp3osaTs cooTowenne 1+ £+ £2 = 0.
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82. Cucrema Heoupe/ie/ieHHa, TAK KAK TPEThE YPABHEHHE eCTh CYMMa fBYX OCTAllb-
HBIX M, 3HA9MT, A06Goe pelteHne OBYX MEPBBIX YPABHEHMI VIORJIETBODAET H TPETHEMY.
Iepssie ABA ypaBHeHHA HMelOT GeCKOHEYHO MEOTO penlennii, HampUMep ¥ W Y BLIpa-
XKAOTCA vYepes z Tak: © = 10z + 1, y = 7z. Jlasas z npoussonbroe 3Ha4YeHue, Halifiem
3HAYEHHA T M ¢,

83. CucTema HeonpemeneHHa.

84, CucreMa NpOTHBOPEYMBA, TaK KaK, €C/H Obl OPH REKOTOPBIX MHCIOBHLIX 3HA-
YEHUAX HEH3BECTHEIX BCE YPABHEHUS CHCTEMEI 00PAIIANNCE B PABERCTBO, TO, BHIYUTAN
NEPBOE PABEHCTBO H3 CyMMbL JBYX OCTAMBHBIX, Mbl HONYYHNH Obl CHOBAa PABEHCTBO.
Ho nonyyaerca 0 = 4.

85. CucreMa NpOTHBOPEMHEBA.

86. Ipu o® # 27 cucrema onpenenenHa, npi o> = 27 npoTHBOpE«HBa.

87. Tlpu 4a® — 45a + 58 # 0 cucrema otpesienenna, npu 4a° — 45a¢ + 58 = 0
TIPOTHROPEYHEA.

88. Ilpu ab #* 15 cucteMa onpeneneHua, npu a = 3, b = 5 Reonpeaenexna, upu
ab = 15, Ho a # 3, b # 5 npoTHBOpeuHsa.

89. Ilpn ab # 12 cuctema onpenenerna, npy a = 3, b = 4 necnpefenenna, npu
ab = 12, Ho a # 3, b # 4 npoTuBOpeuHBa.

99, YKA3ZAHHME. PaccMOTpETh ONpefeHTeNb, B KOTOPOM NEPBHIE HBE CTPOKH He
HPONOPLUMUOHANEHBI (B YACTHOCTH, KM OJIHA K3 3THX CTPOK He JOIGKHA COOEPIKATh TONb-
KO HYZIR}, & TPETbS CTPOKA PABHA CYyMME NEePBHIX OBYX, T. €. KAX/BIA €€ 3teMEHT papeH
CYMM€ COOTBETCTBYOIHUX 3MEMEHTOR NEPBBIX HBYX CTPOK.

100.0. 101.0. 102.0. 1063.0. 104.0. 105.0. 106.0. 107.0. 108.0.

109. 0. e touku {1, 11) v (T2, ¥2) WIOCKOCTH NEXKAT HA ONHOM NPsAMOT ¢ TOYKOH,
nendieil 0TPE3cK MEXAY HHMH B JAHROM OTHOILEHHH .

110. 0. YKA3AHUE. K neppoft cTpoke npuGapuTh BTOPYI H TPETHIC H BOCIOMb-
30BaThcA ¢ropMynocl Buera.

120. ¥YKA3AHME. K Tperbemy cToabLy onpemenuTess, CTOALIETC B NEBOH HACTH
PABEHCTBA, NPHOABUTL BTOPOLt, YMHOMKEHHBIR Ha o + b -+ ¢, ¥ BHIYECTh HEPBHIA, YMHO-
JKeHHelll HA ab + be + cao.

123.5. 124.8. 125,13. 126,18, 127,
3n(n—-1)

n{n—1) n{n + 1)
3 . 128, 5 .

129, uaeepcuit. lepecrancexa yetna npu n, pasuom 4k, 4k+1, n Heuer-

Ha npu n, pasHoM 4k + 2, 4k + 3, rae k — m0boe Lenoe HEOTPUNATEILHOE YHCITO.
130 3n(n+1)

n = 4k + 1,4k + 2, toe & — nw0b0e 1enoe HEOTPULATENRHOE YHCHO.

In+1l
131. M3ntl) uneepcuii. llepectaroeka werna npw n = 4k, 4k+1 u ueverHa upu

n = 4k + 2,4k + 3, rae k — moboe neoe HEOTPHUATETBHOE THCIO.
n{in —1)
132, ——
n =4k 4+ 1,4k + 2, tae k — mofoe Lemoe HEOTPUNATEILHOE YHCIO.
133. 3n(n — 1) unsepcnii. Ilepecranorka yerHa npu mobom n.
134. n(3n - 2) urBepcuii. HeTHOCTE NEPECTAHOBKKM COBNANAET ¢ YETHOCTBIO 1.
135. n(5n + 1) unsepcnit. Ilepectanopka vyeTHa npn n0boM n.

uneepcnii. [Tepecranorka verua npu n = 4k, 4k +3 1 HeveTHa npn

uneepcuit. [lepectanoeka uetHa npu n = 4k, 4k+ 3 u HedeTHa npu



262 OTBeTh

136. B nepecranoBke n,n — 1,n — 2,...,3,2,1. Yucno uueepcuil B HE paBHO

2 = n{n — 1).
" 2

137. k —1. 138, n—k. 139.C2

140. Onsa n = 4k, 4k + 1 oounakoBa, a ons n = 4k + 2,4k + 3 npOTHBONONOKHA.
3aech k— nr0Goe LENOe HEOTDHUATENLHOE HYHCIO.

141. PEIUEHUME. Bepem apa noObiXx 3NeMEHTA a;,a; B LAHHON NEPECTAHOBKE
(i < j).

Ecan B anHON MepecTaHOBKE 3TH 3J€MEeHThL 00pasyioT NOpAKOK, TO U B HCXOAHOM
PACHOJIOKEHHHM a; CTOMT PaHblIe a;, B MHAEKCHL i, OYAyT 00pa3OBHIBATEL NOPALOK.
Ecmu :xe B JaHHON NepecTaHOBKE SJIEMEHTHL d;,a; OOPaA3YIOT HHBEPCHIO, TO B HCXOI-
HOM DacNOJOMKEHHH G; CTOHT paHblle a;, NO3TOMY MX MHIEKCH j,1 Takke o6pasymor
HHBEPCHIO,

IToyroMy MHBEPCHH AAKHON NEPECTAHOBKH B3aMMHO ORHO3HAMHO COOTBETCTBYIOT
WHBEPCHAM IEPECTAHOBKH HHEEKCOR 3JIEMEHTOB TIPH HOPMAaNbHOM PACNONOXKEHHH 3THX
IMEMEHTOB, H, 3HAYKHT, YHCJIO TeX B APYTHX HHBEPCHI OJHHRAKOBO.

142, YKA3AHHE. B nepecraHoBke aj, aa, ..., 4, 3EMEHT b| NEpEBOINUM HA NEPBOE
MECTO, B NONYHYERHOMN IIePECTAHOBKE by NepeBOAHM Ha BTOPOE MECTO H T. A

143. Hanpumep: 2,3,4,...,n, 1 unu n, 1,2,...,n — 1. YKA3ARME. Ilpn noxasa-
TENBCTBE HCIOOML30BATL TO, YTO OAHA TPAHCIO3KLUMA MOXKET YMEHBUIMTbh 4HUCHO 3Je-
MEHTOB, CTOAIIHX B NEPECTAHOBKE NpaBee {fiepee} HX MeCcTa B HODMAJNLHOM PacIofo-
JKednu, He Gonee YeM HA €IKRHKILY.

144. YKA3AHUE. B nepecrasoske ap,4a9,. .., 3MeMeRT b CMEKHLEIMH TPAHCHO-
3HLMAMHA TIEPEBECTH HA NEPBOE MECTO, B NOAYYEHHON NepecTaHOBKE SNEMERT by CMex-
HBEIMH TPAHCONO3ULESMH NEPEBECTH Ha BTOPOE MECTO M T. 1.

145. C2 — k.

1
146. 57;!03. YKA3BAHHE. Bocnons3oBaThea NpeAsIgyeti 3asa4es.

147. ¥YKA3AHME. CMeXHBIME TPAHCNO3MUHAMH 1IEPEBECTH 1 HA NepBOE MECTO,
3aTeM 2 Ha BTOPCE MECTO U T. 4. ¥HECTh, YTO OAHA CMEXKHRAA TPAHCAOSHUMA H3MEHAET
4HCIO HHBEDCHIT Ha €IMHHLY.

148. YKA3IAHUE. PaccMoOTpeTh pajl nepecTasoBOK, HAMHHAKMMIECH C NEPeCTaHOB-
kn 1,2,... n, noay4eHnsil CNeIyIOUIMM PASOM TPaHCIO3HUKA: CHAYANA eAUHHNY Ne-
PEBOAUM HA NICCIEIHEE MECTO, TICPECTABNASA €€ C KaXKIbIM YHCJIOM CPaBa, 3aTeM JBoli-
Ky T€M >Ke IMyTeM NEpPecTaBJseM Ha NPeJnochenHee MeCTC H T [., TIOXA He UPHIeM K
nepecTaHoske n,n - 1,...,2,1.

YTBepKkAeHNE MOKHO TAKIKE OOKA3ATH MHAYKIMEH 110 4HCay k.

149. PEWEHHE. s BoIBOAA PEKYPPERTHONG COOTHOIIEHHA 3aMETHM, ITO €CJM B
NepecTaHOBKe ¢ k HHBEPCHAMHA YHCAC N+ 1 CTOMT Ra nocnegHeM MecTe, TO Bee k HHBep-
cuit obpasytores unciamu 1,2, ..., n, u Takux nepectanoBok dyger (n, k); e n+ 1
CTOHT Ha NpeAnocjaeJHem MecTe, TO OHO 0fpaldyeT OIRY URBEPCHKD, a ncna 1,2,...,n
obpasyioT k — 1 nEBepcuil, K TAKHX NEPecTanoBOK 6yAeT (n, k- 1}, ¥ T. 4.} HAKOHEL, ec-
Ay n+ 1 CTONT Ha MEPBOM MecTe, TO OHO oDpasyeT n MHBepculi {3TO BO3MOXHO JHLIL
upu k 2 n), a uucna 1,2,...,n ofpa3yoT k — n MABEpCHil, H TAKHX NEpecTAHOBOK
Gymer (n,k — n).
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Pacnonaras uncna (n, k) B Tabiauue 0o CTPOXaM ¢ JAHHBIM T R 110 CTONGLAM C
AAHHEIM k, M3 PEKYDPEHTHOrO COOTHOLIEHMS BUIMM, YTO Kaxmoe 4ucno (n + 1)-#
CTPOKH PABHO CYMMe 1 -+ 1 4uces npedplayiueil CTPOKH, CHHUTAs HX BAEBO OT 4HCAA,
CTOAMIETO HAZ CKOMBIM YHCIOM {BKIHOYAA H YMCNa, PaBHEE HYIO). Boinuceisas aia
yACGCTBA OTCYETA MECT TAKMKE H HyNEeBhIe 3Hauenus (n, j) npun j > c,f H yYHTHIBASA,
arg {1,0) =1, (1,4) = 0 npu j 2 1, noay4aem tabauuy 3xHadvenudt (n, k):

k

n

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1j1. 0 0 0 O O O 0 0 o 0 o0 O O 0 O
2(1 1 0 0 0 0 O 0 0 0 o0 0 0o 0 0 O
3(tr 2 2 1 0 0 O 0 0 0O 0 o0 O O 0 O
411 3 5 6 5 3 1 0 0 ¢c 0o o 0o 0 0 0o
51 4 § 15 20 22 20 15 9 4 1 0 0O O 0 0
671 5 14 29 49 71 S 101 101 9% 71 49 29 14 5 1

Hanpumep, 41CA0 MEpecTaHOBOK LIECTH 3AEMEHTOB C CEMbBI0 HIIH BOCEMbIO HHBED-
cusmit pasuo 101,

150. YKA3SAHHKE. Bo Becex nepecTaHOBKAX 3aMEHHTD JAHHOE PACIONoKeHHe Ha 06-
parTHoe,

151. (1 4 2) (3 5). Jexpement pasen 3. IloncraHorka HeueTHas.

152. (1 6 3} (2 5) (4). IloncTaHOBKA HEMETHAS.

153, (1 8 2) {3} (4 6 7) (5). ITogcTanoBxa YeTHas.

154. (1 5) (28 6 4) (3 9 7). IlomcraHOBKA HeTHAS.
155. {1 2345678 9). Iloncrasosxa 1eTHas.
156. {1 4} (2 5} (3 6). IloacTanoBKa HEYETHAS.
157.(1 2) (3 4} ... (2n — 1,2n). JexkpemenT paseH n. “eTHOCTH 1OACTAHOBKH
COBINAJAET ¢ YEeTHOCTBIO YHCIA N.

158.(13) {2) (¢6) {8) ... (3n—2,3n)}(3n — 1). Hexpement pasen n. YeTnocTs
HOACTAROBKH COBNAJAET ¢ YeTHOCTHE) “IHMCIA M.

159. (1,3,5,...,2n — 1){2,4,6...,2n). Hexkpement pasen 2n — 2. IlogcraHoBka
qeTHASA.

160.{(123) (456) ... (3n—2,3n — 1, 3n), Jexpemenr pagen 2n. [loncraHoska
4eTHAs.

161.(1,4,7,...,3n — 2) {2,5,8...,3n — 1} (3,6,9,...,3n). MJexpemenr pa-
Ben 3n — 3. YeTHOCTE NOACTAHOBKH NPOTKBOMOMAOKHEA YETHOCTH SHCHA 7.

162. (Lk + 1,2k + 1,....onk — k + D)2,k + 2,2k + 2....nk — k + 2)
... (k,2k,3k. .. ,nk). Jexpement paeen nk — k. [logcTaHoBKa YeTHAA [IPH YeTHOM Kk H
npH HederHoiX k& 1 n. H nederHa npu k HEYMETHOM B 1 9ETHOM.

12345 123435

o (12345). nea (12943)
6
25

3421
1234567809 1234 .. 2n-1 2
165'(74163 89)' 166'(2143... 2n Qn—l)'
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1234..2n-12n
167'(2345 2n 1)'
e (123466 .. 3n-23n-1 3n
‘\312645 3n 3n-2 3n-1

1234 12345
139'(1 3 4 2)' 170'(3 125 4)'

12345 1234 12345
171‘(1 2345)' 172'(34 1 2)' 173'(2 345 1)'

176. A, YKAZAHME. Bocnone3oeaTscsa npeasaymiet 3agaqed.
177. ToxaecTeenHas NOSCTAHOBKA F.

1234567
178'X=(7123456)

181. YKAZAHUE, Pacniono:KuTe YMCHa NEpBoil CTPOKY NOACTAROBKH B BO3PAcTa-
IOlEM TOPAJKE H OT TOMJESCTBEHHON MOOCTAHOBKM mepeliTH K JARHON MyTeM paja
TPAHCTIIO3ULHIT BC BTOPOH CTPOKE.

182. YKA3AHHUE. JInsa N0ka3aTeNbCTBA CYMIECTBOBAHMA DA3JIOKEHHWS HA TPaHC-
TO3HIHM B YHC/E, PABHOM OEKPEMERTY, YMHOKHTh NOICTAHOBKY Ha TPaHCTNO3HIHIO
YHCeN, BXOFAINAX B OOHR UHKJ, H HCHONB30BATh 3aaaqy 180. Ana moka3aTenbeTsa
MHHHMAJIBHOCTH YUC/4 TPARCTIO3HLMN 3aMeTHM, TO NPA YMHOMKEeHHH Ha OZHY TpaHCc-
MO3HUMIO JIEKPEMEHT HE MOXKET YBeJUIHUThCH OONblte YeM HA euHUILY.

183. ¥YKA3AHME. Ecmu P = P P ... P, — mofioe paznoxenue noacTaHoBKY P HA
a; az ... Z:) PPy...Pu

TPAHCTIO3HUHY, TO HCHOAB3OBATE DABEHCTRO F = ( a1 a
1 2 ...

3anaud 179 n 182,

184. PEMEHHKE. Ecnn X — noacranesxa, nepecranoeognas ¢ 5,10 SX = X 8, or-
kyma X 'SX = . Pasnoxum S Ha upxam § = (1 2)(34) = X~1(1 )X X3 )X
HenocpencTBEeHHEIM BLIMHC/IEHHeM yOexgaeMmca, 4To X *1(1 2)X ecrtb cHOBA QUKA
ANuHBl 2, nofy4ennastil u3 uukna (1,2) 3amenoii uncen 1 M 2 Temu, KOTOPLIE UM CO-
OTBETCTBYIOT B NOACTaHOBKE X . ITO ke BepHO B Afta uukha (3 4). Takwum o6pasom,
noAcTaHoBKa X JOMHA HEepeBOJUTDb IHKALL W3 S B LMKAEB! TOH K€ ANHHLL, & B CHIY
eAHHCTBEHHOCTH PASNOMEHHA S HA UMKJBI, HUKALI TG0 NEPEexXojaT Kaxaplil B cebs,
nubo ofnn B Apyroi. Tak Kak Kaxaplil UKKI JJHRBI ABA MOYKHO 33IHCATE ABYMST CITO-
cobamu: (1 2) = (2 1), (3 4) = {4 3), To BCe NOACTAHOBKY, NepecTaHOBOYHBIE ¢ S, GyayT:

1234 1234 1234 123414
123 4) 1243) 2134) 2143)
1234 1234 1234 12314
3412) 34210 4312 4321/}

185, HexkoMble HOOCTAHOBKMY:
) ) ’

)
REDNEHHN
) (21242).

BB e B
— L W W
B B b D
= G LD
[
Ly en = on

1
3
1
5

[ N
W chan



OTpeTh 265

186. YKASAHUE. Jloka3aTh, 94TO HHKakoe u3 9ucen 1,2,...,m — 1 He MOkeT ne-
PefiTH B Hy/Jb U PasHble YHCIA [EPEXOAAT B Pa3HbIE.

12345678
187'(51627384)'

188. BxoauT co 3HakOM MHHYC. 189, BXOAMT co 3HAXOM ILTIOC.

190. He sapaaercs 4menoM onpenenurens. 191, Bxoaur co 3Hakom MHHYC.
192. He spnaerca unenom onpenenurens. 193, Co smaxom (—1)"7L

194. Co 3xakom (—1)".

195. Co anaxom (—1) “"F2_ 186. Co anaxom (—1)* = (—1)".
197.i =5 k=1 198.i =6, k = 2.

199. ay1a04a32843 + 0130921032044 + Q14023Q32841. 200, 10z? — 523,

201. Co 3nakoM e, 202, Co 3nakom (—I)C?‘. 203. aj1002a33 ... Qs

204. (—1)"F . 0 1n02m-1-..an1. 205. 0.

207. Kopusamu 6yayT 4Mcna ay,02,43...,0,. YKA3ZAHHUE. Ucnons3osare yTBED-
JKAEHHE, YTC MHOTOYJ/IEH CTENEHM 71 He MOXeT HMETh Oosee 4eM n pAa3IMYHBIX KODHEN.

208. ¢ = 0, 1,2, e, — 1. 209. An—k+1,n—i+1- 210. On—i+1n—k+l-

211. Ecnd 7 YETHO, TO YMUCIO PNEMEHTOB HA YETHBIX H HEMETHHIX MEeCTaxX OfyuHa-

1
KOBO # paBHC 5?’12. Ecnu n HEYMCTHO, TO YACHO 3MEeMEHTOR HA UYCTHBIX MECTaX paBHoO

%{nz + 1), a HA HEMETHBIX ——%(n2 —1).

212. OnpegenuTens yMmuoxunrea Ha (—1)" L

213. Onpeaenurens ymuokurea na (—1)00—1/2,

214. Onpeznenatents He M3MEHMTCS.

215. OnpepenuTelin He UIMEHUTCA. Y KA3AHUE. [Jlannoe npeoBpa3oBaHde MOXK-
HO 3aMEHHATE JBYMS CHMMETPMAMH QTHOCHTEHBHO rOPH3CHTANBHON N BEPTHUKANLHON
CPEMHUX JTHHMI 1 CHMMETDHEN OTHOCHTENBHO MVaBHON HWArOHAaNH.

216. YKA3AHHE. TpancnoHWpOBATL ONPENENHTEND.

217, YKASAHHUE. TpaHcnOHWPOBATE ONPENe/INTEND.

218. n = 4m, roe m—uence. 219. n = 4m + 2, e m — uenoe.

221. OnpepemuTens yMHOXUTCA Ha (—1)".

222, OmnpenenaTent Re U3MEHHTCS. Y KASAHUE. Paccmorpers oblunil 4ien onpe-
JeNuTens.

223. YKA3AHME. PaccMOTpeTh cyMMy HHEEKCOB BCEX 3NIEMEHTOB, BXOAAINUX B
obmuil yneH onpefenurend.

224. YKA3AHME. Bocnonb3osaTees npeaprayiueit 3anaqei.

229. Onpepeautens GOPaTHTCA B HYIb.

230. Onpenenutent OOPATUTCH B HYABL, €CIM OH YETHOIQ NOPAAKA, H YABOWT-
Cfl, BCNIH HEYETHOTO. Y KAJAHUE. PaidfoxuTe Ha CyMMY OnpenennTe/ell no KamxaoMmy
crontuy.

231. Onpepenurens yMHOMHTCH Ha (—l)cvzu

232, Oupemenutens papeH HyMO.

233, Yncno takux onpegenureneii papHo nl. Hx cymma paena nynwo.

234.0. 236, 8a+ 156+ 12¢ —19d. 237. 20 — 8b 4+ ¢+ 5d.
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238, abed. 239, abed. 240. ryzuv. 243. 0.

244. YKA3AHHE. YMHOXUTH BTOpOit cTonben onpeaenutens B Aepoit uactH pa-
BEHCTBA Ha Yz, TpeTull ctonben Ha Tz B YeTRepTHIA HA TY.

245. YKA3SAHRUE. Hcnonsays gopmynst Buerta, npeobpasorars n-it cronfew.

246, YKABAHUE. Ucnonsays gopmynsl Buerta, npecbpaiosaTh n-it cTonben u ne-
penecti ero Ha {i + 1)-e Mecro.

247, YKA3AHME. PasnoxuTs 1o nepsomy cronbuy.

253. YKA3AHME. Pasnoxuts no Tperwefi cTpoke.

256. YKA3AHUE. CeecTH K npefapiayinedt aagage.

257. —8. 258, —3. 259. -9. 260.18. 261.18. 262.4. 263.90

264. 27. 265.17. 266. —6. 267. —10. 268. 100. 269. 150. 270. 52.

271. 5. 272.10. 273.1. 274.100. 275.1.

276. 1/35. YKABAHHE. 31eMEeHTH] KAXKAOH CTPOKY NIPUBECTH K 001meMy 3HaMeHa-
TEA W BBIHECTH €ro 3a 3HaK ONpeae/nTeNs.

277.1. 278.9V10(vV3 — v3). 279.nl 280. n(—1)"r.

281. Il(ﬂfg - 0.12)(.'.33 - 0.23) v (In — an_l‘n). 282. (—l)n(ﬂ_l)/zblbz, ey bﬂ.

283.2n + 1. 284. (ap +a +az + --- + a,)z".
21 az

a )
+—=4+-- 4+ —n) YKASAHNE. W3 i-ro cTonbna BeIHeCTH 34,

285. T1T3...Zn
I Ig T

3HAK ONPEAENIMTENIN £; U X KKAOMY cTonOiy NpubasuTh BCE CEAYIOMIME.

286. 1. 287. n(—1)""L

288. (—1)*"1{(n—1)""% VKABAHUE. 3 ka0it CTPOKH BHECTS NPEABLAYINYIO,
3aTeM HOCAeAHH cTonben NpUbaBHTb K OCTAIBHBIM.

280, (c -1}z —2)...(z—n+1). 290. (- (z—-1){z—-2)...{z—n).

291. ao{z — ay)(z — az) ... (T — an).

202. (x—a—-b—c)(z—a+b+e){z+ta—-btecz+a+b—2c)

293. (22 — 1){(=® — 4).

294. 7222, YKABAHHE. [lepecTaBup [pe NepBble CTPOKH M HBA MEPBBIX ¢TONOHA,
JOKA34TE, YT0 ONPENE/IHTENE He U3MEHHUTCA IPU 3aMene T Ha —I. IIpoRepur, 4T0 npn
T = () onpefesuTeNb OOPAILALTCA B Hy/b, HOKa3aTh, YTO OH JelnTca Ha x2. Te xe
PacCcyKALHRS TMPHBECTH AJA 2.

n—1
295. a1b, H(a,:+1b,: — azbi41). YKA3BAHHE. Ilonyuuts cootnowenne D, =
i=1
by

—(anbn—l - an—-lbn)Dn——l-
bn—-l

296. aox1ZT2T3. .. Ty + QIY1TIT3 .. T + Q2Y1Y2T3 ... Tn + - + CaV1Y2Y3 - - - Y-
YKA3ARME. lonyuute cootnomenue Dy = 2,00 + antiyz ... yn. Onpesenurens
MOMHO BLIMHCJIHTE HHA4E Pa3a0KeHHeM 110 nepnoﬁ CTpOKeE.

1 1 1
297. —010z...0q (~—+__+...+_)'
ay  az (119

298. a102... 0y — 0182 ... Gp_] + @103 .. Gz — -+ {~1)""Lay + (~1)".



O1BeTHI 267

5ﬂ+l _ 2n+1
299. n+1. 300.2"7'—1. 301. — 302.9-—2"t1. 303.5.2"1
4.3 1
a+l _ antl
304, %

a-j
305. "+ (ay +az + - -+ +ap)x™ 1. YKASAHUE. DNieMeHTHl, CTOSIINE BHE [T1aBHOHN
OUATOHANM, TPEACTABMTL B BUAE a; = U + a;.

a1 a2 an
. - - ‘e - 1 e .
306. (71 — a1)(z2 — @3)...(zn — an) ( ot et an)

YKASAHUE. lonoxute x; = (x; — ;) + @;.

307. (a1 —z1){az —x2) ... (an — Tn)—a1az...a,. YKABAHUE. ITonoxurs B MeBOM
sepxHem yray (0 = 1 — 1 4 npeAcTaBuTh OHPERETHTENs B BUAE CYMMBl OBYX OOpene-
JHTeNe! OTHOCHTENLHO HEepBOH CTPOKH.

by asb nbn
308. (2, — arb1) (22 — a2bs) .. - (Tn — Gnbn) (1 pab ek )
I Ty Iy

nz—n
309. (n— 1), 310. byby.. by 311 (=1)F22(n -2l 312. (-1)""'n
313. 2 +(~1)"1y". 314.0. 315. (-1)*FC(n+1)""L. 816. (—-1)""}(n-1).
317. 2n— D{n—1)""1 318, [a+ (n — Dbl(e — 5)®"L. 319.1. 320.1.
321. (z —a1)(x — az)...(x — a,). 322, apx™ + o1z 4+ - +ap.
'l 1 n41 nz™ ™ — 1 =

- - . 324 - 325 T - _
3 T T P o T oy 35}1( )

326. (—1)* % {ap — a1 + a3 — -+ (~1)%an]. 327 (~1)* " (n ~ 1)z""2,

328. 112131 ..nl = 172°713"% . 320, [] KL 330. ] (3 -

k=1 nxi>kzl
n{n— P
331, [ (ei-an). 832.2°%" [[ cos +""’“ sin £ =Pk
, 2
1gichkgntl nzizkzl
333, 2% H sin 2 _; Pk sin &2 ; P 334 H {xi — xx).
lgi<ken nzix>kxl
335, 2° 5 41,0020+ Gn-1,0 H sin L4 .; Pr sin #i ; (pk.
1gi<ksgn
1
336, o J] (z:—a). 337 (-1)"112...nl
19131 —1
PE OIS VS

n z;

338. H P H (x; — x). 339. 113151, (2n — 1)L
=] nzi>kzl

340, H (aiby — axhy). 341. H sin(a; — ag).

1gi<kgn+1 1gi<kgn



268 Oreertt

342. ajas9...4a, H (ziyxe — zxyi), UAE a; — KO3 DUDMEHT KIpY z* B MHOTO-
1gickgn+l
qanene fi(z,y).
343. (1" = [I -2} o]y e @) = (= - mle -
i=1l  napixkzl i=1 Tt ¢
Tp) ... (T ~ Ty). YKABAHUE. Pa3noxuTs onpemenuTe]s N0 nepsomy cronbuy.
344. (x1 + 29+ -+ 24) H (z; — xx). YKA3ZAHUE. Onpegenurens

nRi>kel
1z 22 xr
1 zg Ty
1 z, 22 xn
1 z 2% z"

BHIMMCJIUTh JBYM$l CIOCODAMM: PA3MAOKEHHMEM 0 NOCHEAHEN CTPOKE H KAK ONPEJENH-
Tess Bangepmorna. B o6oux BHIpaskeHnsix BPUPABHATh KOdddRUMeHTH npy 2"~

1 1 1
345.x1x2...xﬂ(—+—+---— H (x; — &}
1 T2 Tn/ psiskzl

346, (Z o ...xu“_,) H {x; — xt), vae cymma Deperca N0 BCEM cove-

nzizkzl
TAHUAM 72 — § YHCE Q),Qn...,0,.4 U3 udcen 1,2, ..., n.
347, [z1z2.. .20 ~ (21 ~ 1H{z2 ~ 1).. . (208 ~ 1)] H {z; ~ ). YKA3AHUE.

npink31

i-it anement 1-ro cronfua npeacrasuth B Buge 1 = z; — (r; — 1) ¥ npencTaBaTh
ONPENETMTEND B BUAE PASHOCTH ABYX ONpPEAEIHTEHeH.

348, 22172 .. T~ (T1~ 1)} (x2~1) ... {xn~1}] H (zi—zk). YKA3AHUE, Ipu-

n2ixkzl

nucate nepsyio ctpoky 1,0,0,...,0 ¥ nepeniit cronbeu U3 efunKL, nepebli cTonbel
BBIMECTH H3 OCTANLRLIX, €OHHHLY B JICBOM BEPXHEM YIUIY NPEICTABMTE B BHie 2 — 1
U NPEACTABHTL ONPEAENUTENb B BHAE PASHOCTU ABYX ONpEeftuTenell OTHOCHTENBHO
epBoil CTPOKH.

- NER-TIE =T i — Pk
349, 201 H sin & 5 Pk sin 22 5 Pk YKAIAHHE. Bocnons3oBaThcs Tew,
1€i<kgn
4TO COS k(p BRIPAXECTCA NEPE3 COS¢ B BHAE MHOTOWICHA CO CTAPIIMM ieHOM

2:” cos® (v (370 MOKHO BeIBECTH A3 GOpMynbr Myaspa v pagencTea 1 +Ck +C’,c +--
251y,

350. 2"0"" Y gin oy sin gy . . .sing, H (sin Pit Pk in P ‘Pk). VKA3BA-
lgicken 2 2
HHUE. Joka3ath, 4T0 sin k@ MOMHO npe,u,c'ranu'rb B BHJIE I[POM3BEAEHHA SIN© HA MHO-
rousled OT €os €O crapuiuM unenoM 251 cos®™
351. (a+b+c+d)(a+b—c—d)(a—b+c—d)(a—b—c+d}. YKA3ZAHME.
Bocnios30BaTHCH METO/IOM BLHIACTEHUA AHHERHBIX MHOMHUTENE!.
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352, (a+b+ctrdte+f+g+h)a+btetd—e—f—g—h)a+b—c—d+e+f—g—h) x
(a+b—ec—d—e—f+g+hi{a—-btc—dte—f+g—h)a—b+te—d—e+f-g+h)x
(e—b—-ctd+e—f—-g+ha—b—c+d—e+f+g—h)

353. (z+aj+az+--- +aq){z —a1){x—a2)...(x — an). YKA3ARKE. [Ipumennts
BBLICJIEHHE JIMHEHHRBIX MHOMHTEACH WAH U3 KaX Aol CTPOKH BLIYECThL MPEIbIAYIY IO B
3aTeM K KAKAOMY CTOsIOUY NpuOaBHTL BCE IOCHELYIOIIHE,

354.0npu n > 2; I = a; — by; Ds = (@7 — as)(by — ba).

355.0upu n > 2; Dy =14 myy1; Dy = (z1 — 22)(y1 ~ w2)-

356.0 mpu n > 1., ¥YKABAHUE. Pa3noxuTe Ha CyMMy ONpeIesuTeneil OTHOCH-
TENLHO KakIoro cTonbua.

Tt

357. 1+ (ai+b)+ D (@i — ax)(be — by).

i=1 lgi<kgn

358. (-1 thy, + Z i — T )% — yx) |- YKA3BAHUE. Ipume-
15iwkgn
HHUTb PE3YJILTAT 3afatu 355.
T

359. 2" 4+ 2""! Z{a,- — b))+ "2 Z {a; — ax){b; — bi). YKA3AHUE. Pasno-
i=1 1gi<kgn
*KHTb ONPENENHTEND Ha CYMMY JBYX ONpPeIefAuTesel OTHOCHTEIBHO KaxXaoro ctonbua
Y NPHMEHUTE PE3YABTAT 3a0a4u 354.

n
b
360. z,25... 2, 1+Z‘-‘é—-‘
i

361. (a® — bz)”‘. VYKA3AHUE. BeiBecTu pekyppeHTHOe cooTHouieHue Ih, =
((,12 — b2)D2n_2.
n

362. H(aiﬂ2ﬂ+l—-i ~ bibony1-i)-
=1

n+1
—.

364, 0, ecid n TpH JeneHNH Ha 6 KaeT B OCTATKe 2 WK 5; 1, ecnu n JelauTca HA 6
WJIA O3eT B OCTATKe eOuHuLY; —1, eClH n IIpU JeNleHHH Ha 6 JaeT B OCTATKE 3 uiau 4.
OTBeT MOXKHO 3ANUCATHL MHAYE TAK:

Cr —-8C, | +9C5,,—-27CT, +-
211
YKA3AHHE. [I[pHMeHHTE: MEeTOH, peKyPPeHTHBIX COOTHOINEHHE, pa306paHHLIi BG BBe-

JeHHH K HACTOAIUEMY naparpady.
365. YKASAHHE. [TonyunTe peKyppenTHoe cooTHouenue Dy, = D, + D, _4.

366. 5" — qn+1

"1+ (-1)"]
2
vetHoe, To D, = (—1)"2.

Dn,:

367. ,rme i = +/—1, T.e. ecin n Revernoe, 0 Dy, = 0, ecm n

1
368. 5[1 + (-1)"].
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369.
1
= @Ol 1a" O (1RO e

YKA3AHME. IlepBoe BHIpAKEHHE MOMYHALTCA HEROCPEACTBEHHO METOAOM DEXYPPEHT-
HBIX COOTHOLIEHMM, BTOPOE JIErKO JOKA3ATb METOHOM MHAYKIMH, MCTONL3YA COOTHO-
wenne CF + CEFL = CETL

370.

1
D = [Chiqa™ +CE a2 @2 + )+ -+ CEV 22 (2 g)f 4+ ) =

— a“—l—C'rll_la“_Q—|—Cfl_Qa“_“+---+C:f_ka"_2k+--- .

ari.
2cosne = (2cose)” —n{2cosa)* % + W(Z cosa)4 —
n{n — 4)(n - 5) n-86 & kM Ak n—2k
—-——31—(2005&) doee= Z(—l) n_kCn_k(2cosa) s
: k=0

rae 4epes [n/2] obozHadeHa nenas 4acTbh uYHcaa n/2. YKAZAHUE, PaBeHcTBO cosno
JAHHOMY ONpEeRENIUTEeNe AOKAZATh WHIYKIMEH no n.

Hanee, ecnu D,, — onpefenirtens manHel 3a0adn, a Dﬂ—onpe,neﬂmenb 3a’a-
4n 369 ¢ 3amenofi a Ha 2cos o, TO D), = Dﬂ —cosaD?_,. To, uro koaduunenTs 5
TIONYHYEHHOM BBIPAMKEHUH COS NQ YePe3 coso ByIyT UelbMy, CIefyeT W3 NErKo npoBe-

n
PSIEMOT0 PABEHCTEBA i
n —
NOCNEAHErO, COREPIKAT MBOMKUTENE 2, & NOCIEIHHA “WIEH HE COOEPIKHT 2 €08 NG
TIpH 4€THOM 7, KO Torja k = n/2 u 3ToT 4nen paseH 2.

372, sinno = sine [(2cosa)™ ! — CL_,(2cosa)* 2 + CZ_4{2cosa) * ~ .. ] =

ck L =Ck_, — Cﬁ:i_l H U3 TOTO, YTO BCE 4JIeHbI, KpOME

(o7 i -
sin o z Cr_,_1{2cosa)" %L rne [ ] €CTh LeAas YacTh YHCIA

k=:0

373. YKAZAHME. [IpuMeHuTs METOA PEKYPPEHTHBIX COOTHOLIEHMH.
1
374. 1+ 2% + 2+ .- + 2. 375, (—1)“("'1)f21‘—21n“—1.
n—1 (n - 1)1‘

376. (—nx) a+ | YKA3AHUE. W3 kaxk 10t CTPOKH BBIMECTE CNEAYIO-

my:0, BCe CToAGUS! NPpHGABHTE K NOCAEAYIOIIEMY, K HPEANOCAENHEN cTPOKe NIPHOABUTE
BCE TPEIbIAYIUHE H 3TY CTPOKY HPHOABETHL KO BCEM HPEABIAYILHMM.
377. (1 — o™y L
378, DTH UMPKY/IAHTBL Pa3NANAIOTCS MMl MHOKUTenem {—1)m—2Hr-1/2,
n—k n—1
379. 1. YKAZAHHME. llofte3y#CH PABEHCTBOM (:) = ( x )+(k 1
H3 KasKAOTo CTONdUA npeAraynnil, a 3aTeM U3 KaKA0l CTPOKM NpefblAyIIyK.
380. 1. ¥YKA3BAHHKE. Bocnonb30BaTnes YKa3aHUeM X Npeanlayiueii 3amade.
381. 1. ¥KABAHUE. U3 KawI0# CTPOKE BBIMECTH MPEIBIIYIIYIO.

) , BHIYECTh
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382. 1. ¥YKA3BARUE. M3 kaxaoii ¢TPOKM, Ha4HHAA CO BTOPO, BBIYECTD HpeRpliy-
iy, 3aTeM U3 xam,u,oﬁ CTPOXH, HAMKHAS € TPEThEH, BEIYECTb NPEAbLAYLUYIO0 K T. 4,

383, (— l) . YKA3AHUE. M3 kax10ro cTonbua, HauHHas CO BTOPOrO, BRIYECTh
TPeABLIY Ui, 3aTEM H3 KaKA0T0 CTOoab1a, HAMHHASA ¢ TPEThEro, BEI9ECTh EPeABLAY i
u T.1. B nonyuenuom onpenenuTesie TO e caMoe NPOAEIATh XIS CTPOK.

384. 1. YKA3AHME. Bocnoas3osaThca yKa3aHUeM K 3ajgade 382,
(m+n) m4n— 1)_ B _(m+n—p+l)

nt+1/\ n+1 n+l ny _
385, P (PFR=T) (T . Y KABAHUE, [lonbaysce cooTHOLIEHHEM (k) =
n+l n+l n+l

nfn-—1
E ( % 1), BLIHECTH 34 3HAK ONpeme/uTeNs U3 Hepsoit cTpoxu m, U3 BTOROit m + 1

1
M T. 1., U3 nocneanell m+n; 3 NepBoro CTonbua —, U3 BTOPOro 1
p P

H T. 1., U3 NOCJEA-

1
HEro et C nony4eHsbIM OnpeaenuTeNleM NpoJenaTE: AHATOTHYHBIE Hpeobpasosanns
PR

M T. 1., [I0KA HE NPHJEM K ONPEeNeNHTENO TOTO e THIA, 4TO H B Ipefbplaylied 3agaqe.
386. n. YKAZAHHUE. M3 Kaxaoll CTpOKH BBIMECTDL NPEAbLIAYUIYEY, PAIJONKUTE IO
3NeMEHTaM nepeoro croabiua, B NOJYyHEeHHOM oupeienuTesie U3 NepBore cTojadua BEI-
4ecTE BTOpPOil, NpHOABKUTE TPETHI, BEIYECTh YeTBepThil U T. 4. [IpencTasuTe onpene-
JNHTE/Mb B BHJE CYMMBI OBYX OllpefennTteieli 1 nokasats, uro Dy, =D, + 1.

387. n. YKA3AHHUE. 3 kaxgoro cronbia BLIYECTh (IPEABIIYIINIE, 3aTEM H3 Kaik-
A0l CTPOKH BBIMECTh NPEABIAYUIYIO. DJIEMEHT 2 B JICBOM BEPXHEM YIJIy NpPecTaBHTh
kax 1+ 1 u nosnyuurs coorromerue D,y = D, o+ D), rae D, _, —onpenenurens
TOTD JKe BiAa, 9TO H B 3afaqe J79, Ho nopafka n — 1.

388. (z—1)". YKA3AHME. 13 ka:x K0 CTPOKH BLIMECTE NPEABIAYILYIO H IOKA3ATS,
uro Dy = (x — 1) D5,

389, 112!13!... (n — 1)l{xr — 1)". ¥YKA3AHHKE. CsecTu K npeapinyiueit 3agad3e.

390. x, — (T) Tpo1+ (;)xn_g — (g) Tpoz+-+{—1)"xp. YKA3AHME. U3 kax-

J0H CTPOKM BBIMECTH NPEABIAYUIYIO, NOKA3aTh, YTO Dpyi(xo, 21,...,20) = Dpl(r —
T0,T3 — Xi,---,Lp — Tn—1), 4 NIPUMEHUTE METOJ MATEMATUYECKON HHAYKIMK.
n—1_ ,m—1
391. (—1)“‘19:3;——:—0——1——. YKA3AHHUE. IlonoKHUTL B NpaBOM HHXKHEM YTy

() = z — 2, PA3NCKWUTL HA ABA ONPEJENHTENA H AHO0 IPHMEHUTH METOJ, PEKYPPEHTHBIX
coorHoutenuit, mubo nafitk D, U3 OBYX paBeHCTB:

Dn = —.’I,‘Dn_l + I(—y)"-_l, Dn = _yDn—l + y(_I)n*l’

z{a —y)* —yla — z)"

r—y

xfly} ~ yfix)
:r__

392.

393. , rae f(z) = (a1 — 2){as — 2)...(an — 2).

g fB -1 f ()

o , coe f(z) = (a — 2){(ag2 — 2)...{ay — 2).
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395. 0" + 4" 896.a¢" +a" '+ +a+ 1
7 n—1 n—=2 gﬂ % + Ctgn %
397. nl{apz™ + a1z + asx +---+a,). 398, .

2

n
399. H(:r—l—n—2k+ 1) man {22 —1%)(x? - 3%)... [z? — (n—1)%, ecqm n ueTHOR, M
k=1
z(z? = 2%) (2?2~ 4%) ... [z? = (n ~ 1)?], ecan nn meweTHOe. YKABAHHUE. K Kaxmoli crpoke
npuBaBATL BCe CCAYIONINE, H3 KAaXKAOro CTOI6na BbI'-lECTb npesBAYIOM B NOKA3aTh,
410 ecau Dy () — manseit onpegenurens, 10 Dy{z 2 (z+n—-1D,_1(z—-1).
400. 0, ecmu n > 2, Dy = a®? — z; Dy = zaP(a® - 1)(1 — a).

a* — 1
401. (-1 !
(1 o - S
402.{11&2..‘&“(&0——‘1——_1_ ..... _1_)
a1 [+] [+ 75
403, abcyes ... ey (EQ - 1 - 1 . }_)
ab e eg Cn
1 1 1
404, b 2b 1)b S T T S
alatb)at)..fot - ”( a+b+a+2b+ +a+(’n—1)b)

YKAZAHME. U3 kamaoit cTPOKH, HAMHHAS CO BTOPOl, BBIMECTH CAEAYIOILYIO, H3 Ep-
BOH CTPOKH BHIYECTE HNOCAEHHIOW H MOJYYHTH ONPeAeaUTeNt TOrO K€ THNA, YTC H B
npearayinel 3amaqe.

L3
Fri
405. |1 —d 2 _2042;). YKA3BAHHUE. H 0 3
+ Z = 2 i];‘!(x‘ aiz;). ¥ CHONb30BATH PE3YILTAT
330894 306.
2 T n
22

408. 1+Z m‘— ‘]:11( i 20:‘,3’::’).

407. 1 - b] -|— bibe — blbgbg +--- 4+ (—l)nblbg ... b, YKA3AHHE. HOJ'Iy'-IHTI: COOT-
Howenwe Dy, = 1 = 5D, 5.

408. (—1)“'1(blaga3 el Fhibpas. . ca, + - F b, bn_lan).

409. (—1)""12"72 YKA3AHME. U3 kax A0l CTPOKH BBIYECTH CAEAYIOUIYIO.

410. (-1)*[(z—-1)" —z"]. YKABAHKE. I3 kak o0/l CTPOKY BEIMECTE NPLOLLIYIYIO,
B IPABOM HIDKHEM YOIy MOAOMHUTL 1 = -+ (1 — I) B OPEOCTABHUTE B BUMIE CYMMBI JABYX
onpenemTeNei.

kil

411. agz™ H{b,-—ai). VKABAHUE. YMHOXKHTEL BTOPYIO CTPOKY Ha 2771, TPeTsI0 —

i=1
Ha "2 U T. 1., n-10 —Ha 2. Belkectn u3 nepsoro cronbua x™, u3 Broporo !, u3

Tperbero "2 u T. 4., U3 n-ro .

412.n1(1+x+32‘1+§+...+g)_

413, 2™ [1 tx (2— Qiﬂ)]

414. i [1 + w:ﬁ].
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nin n+l _ 1
415, = FH 1 4L~
a*{a—1)

T (e = ax)(be = i)
lgihkgn

[T (ai+ b}

ik=1
Beem i, k, npoBeralomUM He3aBHCHMO OPYT OT ADYTA BCe 3HAMEHHA 0T 1 A0 n. Y KA3A-
HHE. U3 xaxnoit cTPOKH BBIHECTH 3a 3HAK onpefennTens OGIME 3HAMEHATENb 3Je-
MenToB 3Tolt cTpoku. IlokasaTh, YTO NOAYYEHRBIH onpezenuTent [ menwrcs Ha Bee
Pa3noCTH BHAE a; — ax M b — by (3 # k). [Toxa3aTs, 4TO 4acTHOE OT JEMEHHA D' Ha

H [(&; —ax)(bi — bi)] ecTh KoHCTANTA, A1A ONpesiene s KOTOPOil NoA0KuTs B D
1€i<kgn

418.

, TIle NpoH3BeJeHue B 3HameHaTene Geperca no

ay = —b, ag = =bo, ..., ap = —-by.

MosKHO pelWMTE HHAYE, 4 MMEHHO! M3 KasKNOH CTPOKH BLIYECTh [EPBYI), a4 3ATEM H3
KaxJoro ¢Toabna BLIYECTh NEPBbIil.

IT (i —zx)(ox — a;))]

lgichksn

417. . ¥YKA3ZAHUE. Bocnone3oBaThes yKa3aHWeM K

i3

[T (2 —ax)

k=1
npeabinyined 3anade.
[11213!.. . {n — 1)!]3
) alln+Dn+2}...(2n - 1)V
MH 3anaqu 416,

YKA3BAHHKE. Bocnonn3osaTbes pe3yIbTATA-

1 1 1
419, apa103 ... 0, (—~ +— 4 —) VYKA3AHUE. ITony4uTs pekyppeHTHOe
ax M Gn

cootHowenre Dy, = {an_; + ¢} Dh 1 — aﬁ_an_g H [NPHMEHHTE METOA MaTeMaTH-
YeCKOH HHAYKLMH.

420, Koutunyanra (ajas ... @,) PaBHA CYMME BCEBO3MOMKHEIX NIPOU3BEACHUH 31e-
MEHTOB 41,02 .. ,{n, OJBO H3 KOTOPEIX COJEPIKHT BCE 3TH 3NEMEHTEHI, a4 APYTHE MONY-
4al0TCs W3 Hero BLIOPACHIBAHNEM OAHON WM HECKOJIBKHX NAP COMHMKHTENCH ¢ coced-
HuMH HoMepamu. TIpu 3ToM uneH, nofly4aeMsblil BHIOPACHIBAHHEM BCEX COMHOXKHTENEH
(npu weTHOM n}, CYATaeTCA PaBHBIM 1:

(a102a384) = a1020304 + Q304 + 0104 + G102 + 1,
(a1a28a304a5) = a1a003a405 + 230485 + 013485 + a1a2a5 -+ a1a0203 + a; + az + as,
(@16203040506} = 01223044505 + 03048506 + 01048506 + 31020586 + 41020304 +
+ ajazazay + asag + azag + a0 + azay + o184 +a102 + 1.
YKAZAHME. IIpoBepuThs CIpAaBReSIHBOCTD YKA3AHHOI'O 3aKOHA ANA KOHTHHYAHT l-ro
H 2-TO NOPAAKOB W, NPELNGIOMKHUE ero CIpaBe/yINBOCTE IS KOHTUHYaHT (n — 1)-ro
(n — 2)-ro NOPAIKOB, KOKA3ATH COPABREANHBOCTE €r0 I/ KORTHHYAHT N-TO IOPAIXA.
JA 3TOro BEIBECTH PEKYPPEHTHOE COOTHOIIEHUS
(2183...an) = agn(a1as...04-1) + (@102 .. Gn_2).
k12
421. (C;)".
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424, YKA3AHUE. llokazaTe, 4TO “uCI0 AHREpCHil B 06enx CTpoKax NaHHON noa-
CTAHOBKH pagHO @) +az + - +ar + 5+ P+ -+ B ~2(0 + 24 - + k).

425. 10. 428. 100. 427. 60. 428.10. 429. —4. 430. -2.

431. 195. 432. 90. 433.8. 434.4. 435, 1000. 436. 12.

437. (g — z1)sin{y — 8) + {y2 — y1) sin(a — 1) + (22 — z1) sin{B — ).

438, A%z B%20+C%234+2BCy1 +2C Aya +2ABys, e A = be' —b'e, B = ca'—ca,
C = ab' — a'h.

439. —(ayz + bxz + cxy). 440. —(aa’ +bb' +cc’). 441. abe — x(be + ca + eb).

442, (3‘.‘4 — I;;)[(.Tg — .Tg){.fc,; — .’L‘z) — 2(.’1’,‘3 — Il)(.'.l'.'4 — I])].

n
443. H(akka2n—k+1,zn—k+1 — Gk, 2n—k4+102n—k4+1,k)
k=1
444. (-0° [ (@ -2
npimkzl

445, —84. YKA3ZAHUE. I3 BTOpPOI CTDOKH BBIYECTh YABOEHHYIO TIEPEYIO, K TPETheil
CTPOKE MPHOABHTL YABOCHHYIO YETBEPTYIO.

446, —84. 447. 98. 448. 43. 449. 81. 450. 14. 451. (—1)*(nz + 1)z".

452, binbono1. . bnr{ain — cin){@2,n-1 — 2 n-1) ... (@r1 — Ca1).

453, 22" — 22 2(ay +ag+---+a.)?. 454, a) D = MiM,;6) D = {(—1)* MM,

455. D = (—1)k+mM1M2 ... M;. MipaBuno 3HaxoB HHavYe MOXKHO CcoOpMynn-

Efk=1
POBATH TaK: IpH ueTHoM [l Geperca 3nax (—1)*, a npu nevernom ! —anak (—1)

459. (2FT1_1)(3!2-2* 1) —4(2F—1)(3' —2"). YKABAHUE. PasnoxuTs no nepsem
k cTpOKAM ¥ NPUMENHTH METOI PeKYPPEHTHHIX COOTHOLICHHI.

460. (1a2...0a) = (@107...05) {0k 10542, - -Gn) + (@123, . .0k_1){Brs20k43. . -Qn)-
Ilonaras anece n = 2k, a) = ag = -+ = ay = 1 ¥ 0603HAYAS 4E€DPL3 Uy, N-€ YHCAO PAJA
Duonaayn, NOAYIUM Uze = uj + Up_,, T.€. CYMMa KBAAPATOB ABYX COCEAHHX THCEN
pana OuboHAYYN TAKIKE ABAAETCA YHCAOM 3TOrO PAIA.

462, YKA3AHHE. PaccMoTpeTs onpedenuTent NopAAKa 2n MaTpHubl, NOTYYeHHOH
M3 NAHHON NPHITHCHIBAHHEM CHH3Y TEX K€ 7t CTPOK B TOM JKE [ODPAIKe.

463, YKA3ZAHUE. Pasnoxus D nmo 1-it, 3-# u 5-i crpokam, nokasarts, 410 D =
AAZ?, rpe A ne 3aBncHT oT snemenTos A, Jlns onpenenenns A mOMOMNHTD 3J€MEHTbI
Ha TNABHON AHArOHAnH A pABHBIMH €/IHHHIE, A BHE TIaBHON AMarcHanu A paBHLIMH
HYNIO.

464. YKA3AHUE. Onpesenurensb B A€EOH YMACTH PABEHCTEA PA3JICHKHTD HA CYMMY
ONpeAenuTe el OTHOCHTEABEO KAXA0H CTPOXH W NMPeACTABMTE B BHAE

. ol g4
Z aibjek Dije, rae Dijx = | & 7
ij k=0 af gE A

IToxaszars, 9TC NOCNEAHIO CYMMY MOMKHO 6paTh JALE N0 BeeM Tpoiikam 11k, He conep-
JKAIMM PABHBIX MHCEN, PA3IATAHA ONPEASIUTENs $5-I0 IGPANKA B MPaBoif 4acTH paBeH-

CTBA N0 NEPBbIM TPEM CTPOKaM, MPEACTABHTH NPABYI) 9acTs B BMJE E aibyerClijr,
rae cymma Geperca no BCeM TPOHKAM PASMMYHBIX HHCEN ijk, H3MeHSwIuMxca oT 0
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gc 4. Haxonen, nokasats, 4ro uMeer mecto Dy;x = Cyji; Ana sroro mobyw Tpof-
Ky uMcen ijk cBECTH K cny4qam ¢ < j < k mepecTaHoBKOR CTPOK M cTONGLOB onpe-
NENUTENeSH W PACcCMOTPETE BCe JECATH BO3MOXHbIX cnyvaes. Haupumep: Doz =

1 1 1 0 l o o
a B8 v =(a+ﬁ+7)(ﬁ~0)(“f~a}h—ﬁ)-H0H6'013=—|p R RN 8=
03 ;83 _}(3 q 1 e 72

(@+ B+ 78 —a)(y— o}y — B), Tax kak p = —(a + S + 7).

468, PEWEHHE. JJoKa3aTeNLCTBO NPOXOAUT TIO TOMY K€ INTaRy, KAK H B TEOpeMe
Jlannaca. HoxaxeM, 1ro noGoit unen npoussexenns e MM, ... My ectb unen onpe-
penutensa . Ilycts chadana M) nexxuT B NepBHEIX & CTPOKAX M NepBhIX k cTonbuax,
Mz — B cneayromax | crpokax u creayiomux § cronbuax u 1. 5., M, — B nocnemaux
§ CTpOKaX M nocJeanux s croabuax. B aToM ciyuae noxcTanoeka (1) sBnseTcs Tox-
OecTBeHHOR W & = +1.

Bepem iipousseenne mobbix WieHoB MEHOpoB M, My, ..., M, B nopaake sospac-
TaHHA NEPBbIX MHAEKCOB 3MeMeHTOB. ORO CONEPIKHT 0 OOROMY 3MEMEHTY H3 KAMKAOH
CTPOKH H KaXKIO0ro croadita u, 3HAYHT, 1O COoCTaBy aneMenToB Gyner unenom D). Ecau
BO BTOPBIX MHHASKCAX 3JIEMEHTOB “jeHa Muaopa M; ecTe ¢; HHBEPCHH, TO 3HAK ITOCO
npouspexenus Gyaer (—1)71+ "+ 7. Ho nnaeKCE 3/IEMEHTOB AABYX PaJHBIX MUHOPOE M)
n M; nupepcnii ve 06padyioT. 3HaUUT, 0 + -+ + O €CTh 06llee YUCNO HHBEPCAR BO
BTOPBIX UHJAEKCAX 3JEMEHTOB B3IfITOrO MPOHM3BEACHHA, U OHO Dymer wiedoMm D Taioke
H no 3HaKky. [Tyerh Teneps Munopbl M pacnonoxessl nponseoasHo. Ilepesenem ux
B PACCMOTPEHHOE BhILE TIOMOXKEHHE HA MIABHON AHATOHAJIK TAKHMHA MEPECTAHOBKAMMU
cTpok u cronbuos D). Cuavana mepByr CTpPoKy musopa M), umeoumyn HoMmep aj,
TIEPEROAUM Ha NEPBOE MECTO, MEPeCTABIISAN CO BCEMH BBIUENEKAIUUMHE CTPOKaMu D,
IIpa 3TOM MBI COBEPWIMM @) — 1 TPaHCHO3HUME CTPOK, T. €. CTONBKO, CKOJBKO HEBEp-
cuil ofpasyer YMCac oy B BepxHel CTPOKe NOACTAHOBKH {1) CO CAeAYIOUMH 33 HUM
qUCIaMH. 34TeM CTPOKY C HOMEPOM @ TEM K€ MyTeM IepPEeBOJIHM Ha BTOPOE MECTO,
COBEpINAA CTOJBLKO TPAHCHO3MUMA CTPOK, CKONBKO MHBepcHit ofpasyer oo B BepxHelt
CTpOKe NOACTAHOBKH (1) € uMcnaMu, CeAYIONMME 3a HIM, ¥ T. 1. Tak ke nepecrasns-
em cronbupt D. Ecin B nepeofi crpoke noacranosky (1) o, a BO BTOPOA T HHBEDCHI,
10 € = (~1)°*" 1 BCeroc Mbl COBEPWINM ¢ -+ T TPAHCIO3MUMA CTPOK H cToabuos D,
Tlo3TOMY MBI IpHEM K HOBOMY otnpesenurento D, ana koroporo

D=ceD (2)

Ifo moxazanHomy panee moboit wieH npouzseaenns MM, ... M, Gyner uneroM
onpenenarens D', B cuny {2) moBoit wren npoussenenus e M M, ... M, 6yzer 1nenom
onpenenatens D,

Bcee unens! offioro 1 TOrO ke MAH ABYX Pa3HblX npomssefeHuit eMi My ... M,
OTAHMATCA ADPYT OT JPYTa 110 COCTABY 3JIEMEHTOB H NOTOMY OyAYyT pA3AMYHbBIMA 4une-
Hamu onpegenutens I). QcraeTca Aoka3aTs, YTo obllee 4uCN0 WIEHOB BCEX TAKHX
npousseaeHnil pasHoe nl. Yucno munopos M, pasho C,'f . Ecnu My yxe seibpan, T0O
MUHOPEI M2 MOTYT JIEKATH MHIID B QCTABLIMXCSA 1 — K CTPOKAX M X MHCIO {1715 Kax-
noro seopa M) pasro CL_, . TIpu sei6pannsix My n My wncno munopor Ms pasao
C 1 M .1 Hakodew, npu seibpanneix My, M, ..., M,y uucno munopos M, pas-
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Ho O] = 1. TlosTomy Beex npoussegennti suga e\ Ms ... M, 6yger
Ck G4 Oy O =
7l (n— k) (n—k-1) s! n!
SHn—k) Hn—k-0 mn—k—l-m) s kllm!.. s
Ho uucno unencs onpegenutena D B xaskaom nponseegennn sMiM;... M, pae-
no kllml. .. sl. 3naqut, uHCcHO 4neHoB BO Beex Tpoussenenuax My Mz ... M, pasxo

nd Wm! sl !

487, ITonyynM npn yMHOMKEHHH

-1 2 -3

CTPOKH HA CTPOKH: -4 -7 =13,
-3 -4 -13
7 26 13

CTPOKH Ha CTOROULL: 12 -35 19|,
17 =52 27
-3 1 -6

CTOJIBLEBL HA CTPOKM: -3 1 -8/,
4 7 1
g --35 18

CcTONOUEl HA CTONOUBL: 13 —-47 24|,
12 =37 17

3Radenua JaHHbIX onpesenuTeneit —5 ¥ 10, a 3HauYeHAs BCEX NOJNYYEHHBIX ONPEeNH-
Tenell paepRbl —50.

468, (a2 + 2+ 2 +d%)2 469, (A + 024+ +d2+ 2+ 2+ 45 + AL

470. O upu 1 > 2; (g — 21)(y2 — ¥1) 1p¥ n = 2. YKASAHME. [Ipeacrasute B BAOE
IpouaBefeHuA onpeacnuTenedi:

1.’.\'.'10...0 1y100
l:rgO...OHlng...O
1 z, 0 0 1y, 0 0

471. 0, ecnu n > 2, sin(og — ag)sin(f; — F2), ecma n = 2.
472.0, ecoiu n > 2, sin(o; — az), ecnu n = 2.
473.0, ecn n > 2, —sin®{oy — ap), ectu » = 2.
a74. [ (as = ar)(bi — ba).
npizkzl
ars.cicz.on ] (e — au)(b: — be).
npi>kpl
n{in—1 n .
476. (-1)" 7 [(n — 1)!]". ¥YKABAHME. BnemenT B i-it cTpoke H k-M cronbue 3a-

nucars B Buge [+ (k — 1))*~! u pasnoxuTe N0 dopMyse cTeneHu GUHOMA MITH TPTMO
BOCTIONIL30BATLCS PE3YNBTATOM NpepLIyIueil 3a1a4u.
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a77. [ (= — =)

npi>kz1

n
478. H(n: — 1) H {z;— a:k)z. VKA3AHUE. lIpeacTaBuTs B BHIE DpON3BEIE-
i=1

nzizkzl
HUS OlpeACNUTENEH:
1 1 .01 1 : 1 1 ... 1 ¢
x XToa ... In x T T2 ... Xn O
x? a2 x2 x? u 2 2 0
1
n—1 n-1 rn—1 n--1 n—1 fn—1 -1
xy o - i "t 0
@ z3 @ 0 0 0o 1

IMIDHYEM NPOH3BEOCHHE COCTABNAETCA IO CTPOKAM.
479. YKA3AHME. Jlauneilt oupesenuTe/is MOMHOXKUTE HA, ONpenenuTens Banaep-

MoHA2 1 e € ... ¢!
1 g9 g2 ... et}

v 2 €3 2
2 n—1

1 & &, €,

481. (1 —a™)*~ 1. YKa3AHME. Ucnonb3osars pesynbTaT 3afauu 479 U paBeRcTEO
(1—as1l{1—aez). .. (Q—ae,) = 1—a™, €1, €9, ... , En ~— KOPHH 7t~ CTEMEHH K3 €QUHULEL
ITpowe, 0ARAKO, BLIYHCIHTE STOT ONpPEJENUTeNb KAaK YacTHBIR CNyvail onpefenutena
3ajgaun 325,

483, (a+b+c+d2)(a—b+c—d)(a+bi—c-—di (a~bi—ctdi)=a* —b*+
¢t —d' —2a%¢® + 26%d? — 4a®bd + db*ac - 4c%bd + 4d%ac.

am | 0 DOpH 7 HEvYeTHOM,

484. 1 + (1)) = { 2" npu 71 YeTHOM.

[(n+ 1)a® — 1J* — n"gnin+l)
(1—an)? '

486, YKA3AHHE. BpruncnuTs neppsiil ONpeReNUTENb, HCNONb3YSA PEIYALTAT 3a-
zaqn 479.

487. (—2)""(n — 2p), eciu n u p B3aMMEO NpocTh; 0, €CAW 1 W P HE B3AMM-
HO NPOCTH. YKA3AHUE. Ucnone3osaTe pesyneTaT 3afa4un 479 w CBOHCTBA KOpHEH
n-if cTelleHn U3 €AMHUIPI, B YACTHOCTH, TG, YTO IPH P, B3IAHMHO NPOCTOM ¢ 11, THCAA
el,eh, ..., P cHOBa ABNAIOTCA BCEMH 3HAYCHUAMU /1, a npr p, He B3aUMHO NpPOCTOM
c n, Haligerca £x # 1, Ama Koroporo g, = 1.

488. [3+(n—p)b)(a—b)""1, ecnu n u p B3aHMHO NpoCcTHI; 0, €CIH N M p RE BIAHMHO
npocTsl. YKA3AHHE. Bocnons3osaTsca ykasanuem K npeapiaymeh aajaye.

: iy =3
_ by F) £y +¢€
489. 22 (cos" - - 1). VYKASAHHE. ITonosxuTh cos'L = —1—21—, e g€, =
n n
T ., T
€08 — + i 8in ~, HCMOAB30BATE PE3YALTAT 337a4M 479 U TO, YTO AMa moboro a umeem
n n
n-—1

H(a—sfk) =a"—-1nel = -1,
k=0

485, (-1)"
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[cos § — cos(n + 1) — (1 — cosné)™
2(1 - cos 8) -
8 2)8 8
= 2" Z5in" "2 % sin® % — sin™ %] .
2
YKaA3AHKE. [Tonoxkuts € = cos il + ¢sin -;z—r-, 1N = cos? + isinf U BOCNOALIOBATHLCH
Pe3yABTATOM 3amayvu 479.

491. (—1)"2""*sin"? i [COS"L (ﬂ + n_h) ~ cos™ (“ + o 2)h)] '

490.

2 2 2

(n+ 1)(2n+ 1)n""2

492, (—1)*!? 2 [(n+2)" — n™]. YKAZAHHE. Hcnons3osars pe-
1}(2 1
3yMbTAT 3asaun 479 u cootHowenus 12 422 + 32 4 ... 4 n? = n{n 1 )6( ntl) u
l1-e)+2
1+4e+ 92+ 021 = —%, rae £ — KOpeHb n-it cTeneHn w3 1, o1-

au4HbIf or 1. JIna nonyyeHns 1OCAeIHEr0 PABEHCTEA YMHOMKHTE H PA3JIEHTs JEBYIO
9acTE Ha 1 — &.
493. fm)f(m) ... f(ns), toe f(x} = a1 + azx + a3x® + -+ + azx™ ! u
(2k - 1w
co§ ———— +

n

M,"M,...,Jn —BCE 3HAYEHWs KOpHA +/—1, Hanpumep, . =

. (2k— D
isin *———~. YKAIAHUE. JlanHp1ll OUDEACUTEE YMHOKHTS HA ONpeAETMTEN, Bas-
JEPMOH/IA, COCTABNEHRBIN U3 TUCEN 71,72, .- - s Jn-

494. floa)floa)... flan), tae f(z) = a1 + agx + as2® + -+ + 2™ ! W

oy, 0Q,. .., 0y — BCE 3HAYCHUA KOPHA n-if cTENeHn n3 z.
kn .. km
495, ¥YKA3AHUE. O603HAYME KOPHH cTeneHH 2n u3 1 yepes & = cos — +isin —,
n n

k=0,1,2,...,2n—1, nOKAa3aTh, YTO YHUCJIA £ ¢ YETHBIMH URIEKCAMHU & HAKT BCE KOP-
HH n-if CTENEHN W3 eRMHNUEL, TIPHYEM 1 + 0ok +ag,£,2c +-. —l—agnsi"_l ={a1+anp1}+
{ag +any2)er+(ag+ an+3)££ +---+(an+ agn)s}:‘l, A YMCHa £ ¢ HEeYeTHBIMH HHIEKCA-

MH K JalOT BCE KOPHH N-i cTenend u3 —1, npuaem a; + aqer + ageﬁ +ee 4 agnei"_l =

(81 ~ @nt1) + (82 — ani2)Ek + (a3 ~ @nya)el + - + (@0 —a2a)ep L

496, IIponsseneHne OBYX YHCENA, KAXO0E H3 KOTOPBIX €CTH CYMMA KRAAPATOB He-
TEIPEX LENBIX YHCER, caM0 OYAET CYyMMON KBaADATOR YETHIPEX LENBIX HHCE]. ¥ KA3A-
HHME. Kaxkapifi U3 onpeaendTeneil BO3BECTH B KBAJADAT.

497, Mlpouzeenenne HBYX YHCEN, KaXKHOE M3 KOTOPBIX PABHO 3Ha4eHMI (hOpMEI
23 + 3 + 2° — 32yz, NpH UEIX IHAUEHUAX Z, ¥, Z CAMO GYIET THCIIOM TOrO XK€ POIA.
VYKASAHUE. BpIMHCANTD NPOH3BEICHHAR ONpEe/uTe el

MOMHOKas CTPCKM HE€PBOrQ Ha CTONOLEB! BTOPOTO.
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498. YKA3ZAHME. B npousseienun onpeaeauTeneit
ald a b1
b1al-|d o 1],
c 1l b T |
COCTABJIEHHOM NYTEM YMHOKEHHSA CTONOUOE Ha CTONOUEL, TPETHH cToN6e MOMHROMXHTD
Ha s’ = o'+ 8 + ¢ u MHOKUTENH 8 BHIHECTH U3 BTOPO CTPOKH 34 3HAK OTIPEIENHTENH.

3artem U3 TpeThEro cTonbua BLIMECTH MEPBbIN U BTOPOI.
499, YKA3AHME, 3amucas onpenenutens [ B e

Dormbie D aukbok oo D 0Lk bmk,
D= Z a’lklbl‘kl Z a'z.k‘zb?,k‘z s Z a2=kmbm=km

Zam,k;bl,kl zam,k,bg,k, Zﬂm,kmbm,km

I7ie BCe CyMMsl j-ro cToabua GepyTcs no ofHOMY W TOMY e ungekey k; = 1,2,...,n,
pasnoxkuTs D B cymmy n™ onpegenureneli OTHOCHTENBLHG CTOAGIOR, B KAXKAOM CJ1a-
raeMoM M3 j-ro cTo6Ua BRIHECTH bk, 3a 3HAK ONpeIeNMTeNs H IOKA3aTh, YTO

il

D= 3" braboks - bmke Aky kb (3)

kika, .o hm=1
rAe UHIEKCEl CYMMHPOBABHS MEHSIOTCA OT EAHHALBI A0 1t HE3ABUCHMO JDPYT OT APYTa.
3aMeTHTh, 9T0 Ay, k,.. k., = 0, ecllh cpel® uuAekcos ki, kg,...,kn €CTh paBabIe,

BeisecTy 0TCI0a yTBEPRKACHHE (2), 2 IpH M € N A0KA3ATh, 9TO A1 NoObIX HHIEKCOB
B89y yim, e 1 € 4] < iy < -+ < iy € N, BCE CNATAEMBIE CYMMEI (3), B KOTOPBIX
HHOEKCH ky, kg, ..., ky 00pasyloT moOOLIE NEPECTAHOBKE HMCET 11,%2,...,%1m, HMEIOT
cyMumy, paBHY® Ai, io 4 - Byl is. i, M OTCIONA NONYUUTE yTBEpxAeHue {1).

500. ¥YKA3AHUE. Marpuupr A u B 1ononHuTe A0 XBAZPATHBIX TEPH MOMOLIH M — 1
CTONBUOB, COCTOANIMX H3 OJHHX HyMeil.

501, YKA3AHHE. IIpuMeHHTL TeopeMy 3adaun 499 K MaTpuiam

a1 0z ... 4y Cl €2 ... €n
by by v by ) BNy dy L dy )

503. YKA3AHHKE. Bocnonb3aosaTeea TOXAECTBOM NPEABAYINEH 3aa4H.
504, YKA3AHKE. IIpuMeHUTs TeopeMy 3aaaud 499 K MaTpHuam

ay] Qy ... {n @ @2 ... €@y
by by ooba JUNE B B )

505. YKA3AHUE. Bocnons3oBaTbCsd TOXKASCTEOM MpenblAyIneH 3aaun.

506, YKA3AHHE. Ilepemuoxasa D u D' no crpokam, nokasars uro DD’ = D,
orkyaa npu D # 0 u caeayer (1). Mlpu D = 0 paccmoTpers city4aii, KOraa Bee ane-
meHTel D paenpt nynw. Eciw D = 0, Ho xoTa 6bl GAHH 37€MEHT ay # 0, T0o K -1
crpoke D', NOMHOKEHHOA Ha 0., NPUOABUTL NEPBYIO CTPOKY, OMHOXEHHYIO HA a1;,
2-10, NOMHOMKEHHYIO BA G2j, - . ., 71-10, IOMHOMEHBHY O K& Gnj, H TIOKA3aTh, 4T0 a4 D' = 0.

Cayuaii D = 0 moxHO 000HTH, €C/H CYNTATL 3JIEMEHTH [} He uHChaaMmu, a He3a-
BUCHMEIMH NepemenubiMu. Toraa cnpenenurens GYHET MHOPOMJICHOM, OTAHYHBLIM OT
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HYAs, H MBI DOKaxeM, 4t0 {1} eCTb TOKZECTBO, 3HAYMHUT, OHC BEPHO NP NKOOLIX YUC-
AOBBIX IHAYEHHAX NEPEMEHHBIX a;; HE3aBUCHMO OT obpawesna [} B uyab.

507. YKABAHME. CHayana paccMOTpeTh ciydalt, Korna M nexuT B seBoM Bepx-
Hem yray. ITomnoxkas no crpoxaM ) Ha musop M, sanucasHull B Buze

A oo Aim Aimer o Aln
Aml Amm Am,m+1 Amn
0 0 1 o |’
0 0 0 1

nokasatk, 410 DM’ = D™A u M’ = D™ 1A (caywait D = 0 moxno oboitTn ana-
JIOTHYHO TOMY, KK YKA3aHO B Npefplayuiell 3amade, T.e. cauTarts [} MHOrounesom
0T n° HeH3BeCTHBIX ai;). 3aTem obuee pacnonoxenne M CBeCTH K PacCMOTPEHHOMY
NEePecTaHOBKAMH CTPOK W CTONOKOB, ANA 4erc 0Ka3aTh, YTQ MPH HEPECTAHOBKE ABYX
COCEIHAX CTPOX (WIH CTONGLOR) BO B3aHMROM onpegeanTtene [’ npoucxoanT Takas xe
NepecTaHoBKA CTPOK (M CTONBUOB) U, KPOME TOTO, BCE dNEMEHThl [’ MeHSIT 3naK.

508, YKA3AHHE. Henonb30BaTh NpeaplayLUIyIo 3akaqy.

508, YKAIAHHE. Henonbp30BaTh NpepiAyLIYIO 3amaqgy.

510. YKA3AHHE. IIpuMeHATE paBeHCTRO 3a7a4u 507 ipu m =n — 1,

511. YKA3AHUE. [IpuMeruTs paBeHCTRO 3a7a4n 507 ¢ 3aMeHOl m Ha n — m.

512, YKABAHHE. Ilo 3HaueHmio B3aMMHoro ounpenenurens [ nafitn svadvenne
onpenenurens D U nprmennTs papeHcTBO 3ama«u 510. [TokasaTs, 4T0 3agaqa uMe-
eT n — 1 pewennit.

513. YKAIAHUE. Ilepeulil onpeienuTens NpeIcTaBUTh KAK KBAAPAT ONpeacnHTe-

na Banpepmonfa, cocTapfeHHOre w3 4qucen 0, Ty, Ta,...,Tn.
1t
514. Ay = Y _aaar; (1,7 = 1,2,...,7).
k=1

515. YKA3AHUE. Pacemorpers npouzsesenns DA n AD, rae D — nannsit onpe-
JEMUTeINb, & A — ONpesennTedb TOro XKe NopsaKa, 110 M D, nNoay-eHHsd nepecTtanos-
Koil ¢-#i ¥ j-H cTpOK M3 onpenensuTeNs, HMEKNIEr0 eIHHHLBLI Ha MABHON JAMaroHam
H HYIW BHE ee.

516. YKA3AHUE. PaccmoTpers npoussesenns DA u AD, rae D — nanusiit onpe-
HEJIHTeNb, & B A 3JIeMEHTHI TIAaBHOH AMACGHAJH PABHBI 1, 3JIEMEHT B -l CTPOKE H j-M
cronbue paseH €, a OCTAJIBHEIE HIEMEHTH PABHLL HYJ.

517. YKASAHUE, [IonoxuTh 1 = tra — a3, w2 = g — 0, ¥3 = 0 — Q2.

518. YKASAHME. [IpuMeHuTs ToXaecTBO 3aRa4un 502.

520. Onpenenurens paBeR yOBOEHHOR muouianu TpeyronbHHka M) MoMs, ecnn
HANDAB/MEHUE HAMMERBIIEr0 NOBOpoTa ay4a M3 M) no cornazenus ¢ My M> cosnanaer
€ HANPABJIEHKEM HAHMEHBIIErO NOBOPOTA OT HOAOKHUTENLHOIO Hanpasftenus O 10 no-
JO¥KHTeAbHOrO Hanpasiesuda Oy, B npoTUBROM cllyuae OH PaBeH YOBOSHHON NAQIHALH
rpeyroapvHnka M M>Ms co 3snakom muHYC.

PEIUEHHE. YKa3aHHEIE Npeobpa30BaHAA KOODEUHAT BLIPAKAIOTCA GODPMyNnaMH

T=rcosa ~ysinw+x0, Y= sinaty cosat yp.
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OTcioga, yMHKasd [0 CTPOKaM, HAXOOUM

Ty ¥y 1 cosa —sina xp £y oy 1
xh yp 1| |sine cosa yi=|z2 2 1
FARTA | 0 0 1 23 ya3 1

Ho eTopoit onpesenuTeNs B JEBOit YACTH PABEHCTBA PaBed 1. 3THUM HEU3MEHHOCTD
JAHHOTO B 347a4€ ONPENENHTENA NPH YKa3aHHKLIX Npeobpa3opauusax aokasaHa. Ilepe-
HECeM Havallo KOODAHMHAT B TOUKY Mz M mosepreMm ocu Tak, 9100BI HOBas ochb abc-
upuce nomna no MaM,. Hoswle koopmunare! Towex My, Ms, Ma 6ynyt ) = MaM,,
yh = +h, rae h—sbicora Tpeyronvauka M MaM;, onywueHnas n3 BepwuHbl My,
npudeM BRIOOP 3HAKA IUIIOC HIIX MHHYC CBSI33H ¢ OPHEHTALMEN TPEYTONLHUKA YKa3aH-
HBIM BbIlLIe MPABUIOM, ¥ = T3 = yy = 0. Ilosromy onpesennrens NPUHUMAET BUJ

) 01

zh yp 1| =+MM, h=+285, rne S —nnomans Tpeyroasauka My My Ms.

0 01

521, Onpenenurent pageH NAOILAIN NapaJIeIOrpaMMa, TIOCTPOEHHOIO Ha OTpe3-

Kax, COSMUNISIIOIMX HAYANO KOODAMHAT ¢ ToukaMu M) u My, B3saToil co 3naxom nmoc,
ecnu HampasieHua KpaTuaifiwero nosopora ot OM; x OM, v or Ox x Oy copna-
JAI0T, H CO 3HAKOM MHHYC, €CAM 3TH HANPaBJIeHHS NPOTHBONONOXKHLL. Onpemenyrens
He MeHFETCS NPH NOBOPOTE Ocell, KO MOXKET MEHATLCA NPH TIEPEHOCe HavdaNa. YKAZA-
HUE. IIpUMEHHTE PE3YNLTAT NPEeAbIAYINER 3a]a4M, IPHHAE 3& TPETHIO TOYKY HAYAN0
KOOPAHHAT.

abe
522. R = P YKABAHHE. LleHTp ONHCAHHOTO KPYTa IPUHATL 34 HAMAJIO KOOp-
8
JAHHAT, BOCMGAL30BATBCSA COOTHOIERUSMHA

] ..
RL—%%—yWﬁ=g@r—%f+%m—wf](%L:L2BL

a TaKXKe pesynbTAaTOM 3amavH 520.

523. YKA3BARME. Ilokasars, “To KBaapaT onpenenuntens paees 1. Jns onpene-
JIEHUS 3HAKA, TIONB3YHCh HENPEPLIBHOCTRIO OIpeAe/nTeNs 1O COBOKYIHOCTH BCEX Iie-
pemenusix &, Gi, v (i = 1,2,3), nokasars, yto npu spawennu gurypst OABC on
HE WU3MERAETCS.

524. Oupenennrens paseH o0bEMY Napanneienunefa, NOCTPOEHHOrg HA OTPEd-
Kax, COeZHHAIOMMX Havano xcopaurBar O ¢ roukamu My, Mo, Mi, unn wecrn 065
emam rerpaszpa OM MoM;, B3ATHIM CO 3HAKOM TUIIOC, €CJIH OPHEHTAIMH TPH3ADOB
OM;MsMs n Oxyz OIHHAKOBBI, H CO 3HAKOM MHHYC, €CJIM 3TH OPHEHTALMH IIPOTHEO-
NOMCKHBI (IIDH 3TOM OPHEHTAMMH CHUHTAIOTCA OJHHAKOBBIMH, €C/IH MOCNE COBMEIUEHUS
nyTeMm Bpaluenusa rpusipa Oxyz ocu Ox ¢ OM; n miockocrn xOy ¢ OM My tak,
qrober Oy 1 OMy nexanu no ofuy cropouy ot Oz, nyuu Oz u OM; oxaxyres mo
QIHY CTOPORY OT WIOCKOCTH TOY, U NPOTHBONONOKHBIMY, €CJIH 10 PAZHLIE CTOPORLL).
VYKA3AHUE. Echn oq, as, a3, 51, 52, B3, 71, 72, Y3 — COOTBETCTBEHHO XKOCHHYCH! HOBBIX
oceit Ox', Oy', 0z’ co crapeIMH, TO CTapbIE ¥ HOBBIE KOOP/HHAThI CBA3&HBI COOTHOUIE-
HUSIMHA

r=ar + 0y 7, y=or + oy +1z, z=o032" + By + 32’
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IMoap3yAch 3THM M pPe3YAbTATAMH fpeApAyINeH 3aJa4M, HOKA3aTh HEH3IMeH-
HOCTh CNpPEJEeNNTEeNsl HacTosulel 3amayn. s BLISCHEHHS [EOMETPHYECKOTO CMEIC-
N3 ONpejenuTelis TIOBEPHYTH CHCTEMY KOOPAMHAT (Xyz TaK, KaX YKa3aHO Bbl-
e TIPH ONPEOEeIEHHH ODMRAKOBOH M OPOTHBOMOMOMKHONH ODHEHTANMHM TPH3-
pOB.

525. V = abcy/1 — cos? o — cos? 8 — cos? ¥ + 2 cos o cos €08y, YKASAHUE, Brr-
uMcauTh V2, nosn3ysce pe3yabTaTOM MpenbiAyLlel 3aIavy.

§26. YKAZAHUE. Baate na nyqax OA, OB, OC touxku M, Ms, M3 na paccroa-
Hiu 1 oT Hasana KOOPAMHAT H NPUMEHUTE PE3YILTAT 3adaqn 524.

527. Onpepenntens paBed wecTu ofveMam TeTpasppa ¢ Bepumdamu Mq, Ma,
M, My, B3aToiM €O 3HAKOM INTIOC, ECHIH TPU3AP nyuel u3 M B Kawayw H3 TOUEK
My, Mo, M3 uMeeT OBMRAKOBYIO OPHEHTAIHIO ¢ TpH3ApoM Oxyz, H CO 3HAKOM MHHYC —
B MPOTHBHOM CNyuae. ¥ KASAHHUE. IlepenecTy nawano xoopauHaT B Touky M,y ¥ npu-
MEHHTH Pe3YABTAT 3ada4% 524. MHave MOXKHO OCTYNMTE aHAJIOTHYHO PeILeHHio 3aka-
gn 520, none3ysack 3adaqeil 523, Torma 3amava 524 mony<uTcs Kax “acTHRIA cny4ai
LAHROM (aHaNOrM¥HO TOMY, KaK 6bUIO Ha NUIOCKOCTH B 3amade 521).

1
528. R=24—V\/2lf3£f4£§3l§4+2£f21f4!§2£§4+2l%2£f3«€§2!§3—l‘f2£§4 — {334 —114135, e

V —obvem Tetpasapa u ly; = ; (i,7 = 1,2,3,4, 1 # j) — pyana pebpa, coequasio-
IWETro BEPUINHEL (&4, ¥i, zi) U {T;,Y;, Z;). B Caydae NpaBuILHOTO TeTpasapa ¢ pedpom

a
ANVRBEL o noay4uM R = ——. YKA3ZAHHE. [IpumMenuTs pesynnTaT npeianiayilel sa-
Aaqd M COOTHOLIEHHE

1
R? -z ~ gy — zizj = 5[(3\?5 — )+ (i -y {2 — 2,

BEDHOE B NPEXNOICKEHNH, YTO HA4aJI0 KOOPEMHAT NEPEHECEHO B IEHTD OMHCAHHOTO
urapa.

529. VKA3ZAHRUKE. Ilpu moxalaTenncTBe yTBEpKAEHUS 2) NOKA3aTh, YTC BEKTOD
a; = (au, [ TR G,‘n) MOXKHO NPpeICTABHTL B BHAE @i = ;1€ + a9€0 + - -+ 4+ @in€y.
Jlanee moxasaThk, 4TO P NEPECTAHOBKE ABYX BEKTOPOE dhynkuua f(ay,az,...,an)
Menser 3HaK. [Ipu KoKa3aTeNsCTBE 3TCrO, HANPHMED, AJiA BEXTODOB &1, G2, PACCMOT-
pers flay + az,a; + G2,a3,...,85).

530. VKa3ARME. Joxasats, 4yt0 $ynkuus f(ap,as,...,a,) = |AB| or crpox
MaTpHubl A oGnanaer ceoiicteamn (o) u (8) u uto f(ey,ez,...,e,) = |Bj.
531. Honowum f(e;,, es,,...,€;, ) = 1 npd mobrix 4y, ig,...,4, = 1,2,...,n (oau-
k13

HAKOBBIX HIM padnuyHbix). B cuay (o), nomaras a; = E ai;€;, TONY4HM
=1
T

flen,az,...,@0) = Y 014024 - Cnjin-

$248240n0dn 2l

A1um bysxuus f{ar, aq,...,a,) cnpesenera. (4eBHIRO, OHA NPH [IEPLCTAHOBKE BEK-
TOPOB HE MEHSIeTCS, T. €. B CIIyYae NOJs XaPAKTEPUCTHKM 2 MenseT 3uax. IlosTomy (8)
BBINONHEHO, a (), OYEBUJIHO, HE BHINOJHAETCH.
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Lin=1}{3in-23 a
532, (-1} Ciliind = 3 nZ. PEMEHME. YMHOXAs AAaHHBIN Oonpeaenu-
k

rene D cam Ha ceba u 3amenas, 4To £ = 1 TOrmA U TOJBKO TOTILA, KOTHA k HBENHTCA
Ha N, NOAYYHM

D* = = (-1
tn...00
R 2 o
orkyga D = +i-1n¥ u ans monyna D naxomum: {D] = n?. Ocraerca onpe,nenu'rb
aprymeHt. Boiamucnas D KaK ONpeneNHTeNDb BaHJIEpMOH,ILa uncen 1,£,6%,...,6" ! u
T
IOJAras 3aTeM £ = &°, [Ae & = COs — + 18in —, MOayaUM
ki’
D= [ (*-¢h= J] (*-o¥)=
ogi<kgn—1 Ogj<kgn—1
= [ o*ari—am®9) =
DgjckeEn—1
= I ot ] s E=DT
n
0gi<kgn—1 0gickgn—1

Ana paccmaTpuBaeMbix 3HaveHn#t 7 u k Becerma 0 < k — jJ < n H, 3HAMAT,

. (k=7 (k=)
sin (E=gim > 0. Mostomy |D| = H 2sin (=g)m = n% D = |D|B,
n Ogj<kgn—1 n
2 4k
rag § = i%n H o!*. B noxazarenr cTeneHH NpH ¢ KAMXAOE UENOE HHUCAO
0gj<k<n—1
p(0 € p € n—1) Bo#zer poBHO n—1 pa3; tubo non BuaoM § ana k = p+1,p+2,...,n-1,
mnbo noz euaom k g 7 =0,1,2,...,p~ 1. 3ameyaq, uto a®? =g {npu ReueTHOM N
6yoer a™/? = +i, onpaxo BEIDOD 3RAKa He UIPaeT POJH BBHAY HETHOCTH Hucaa 1 — 1,

4T0 SICHO W3 TIPUBEICHHBIX HIDKE BHIMHCIEHHH), HAXODUM

B=i

Nonarasg 3n = 2n + n ¥ UCNONBL3YA JAHHOE BhIUlE BhIpaXKeHue Jia |, nomyuaem
Tpebyemoe Beipaxkenune mus D.

533. Oupenesmrens Gyser nomuoxen Ba (2—k)25~1. YKABAHME. Crywait mobeix
CTPOK CBECTH K 1epsriM. ECU ke BEIENIeHE! EPBLIE & CTPOK, TO yKazaHHoe npeobpa-
30BAIHE MOYKET OBITh NMOJYYEHO NyTEM YMHOXKEHHS ZAHHOTO OMpefIeIMTENA CHEBA HA
ONpedeNHTENb TOTO e NOPAIKa, B KOTOPOM BCE 3MEMEHTH! [JIABHOH OMACOHAIM Pae-
Hbl 1, 37IEMEHTHL BCE TMIABHON JUATORANM, CTOSLIHE B MEPRBIX k CTPOKAX M NEPRLIX &
¢Ton6uAax, paEHel —1, 2 OCTANBHBIE JJIEMEHTE PABHBI HYJIG.

534. D = Dy + Sz, roe Do —anavenne onpegennarens D npy r =0u §—cymma
anrebpanyecknx JOTOAHeHn# Beex smemeHToB .

535. YKA3AHHE. Bocionb3osaThca pe3yAbTATOM LIpefblayiell 3aMaun.

536. YKAJAHHE. Bocnonn3opaThea npeaplayinedt samadedi.

vl('na—lj.‘:.:v\f;ngl)2 - n(n 1]+(n 1) jn llzg:m 21.
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537. YKA3AHHE. B onpenenurene zanaun 534 nonoxuts ¢ = —1.

539. YKA3SAHUE. IIpuMeHuTs METOO MATEMATHHYECKON MHAYKLHH.

540. YKA3AHME. Bee np ¢Tpok onpenenurtens I} pasbuTe Ha n CHCTEM 1O P CTPOX
B KaXKAOH, OTHecA K nepsoit cucTeme cTpokK ¢ nomepamu 1, n+1, 2n+1, ..., (p—1)n+1,
KO BTOPOit — cTpoxY ¢ HoMepamk 2, n+2,2n+2,...,(p—1)n+2... ., K R-fi —CTPOKH
C HOMepaMHu 1, 2n,3n,...,pn. K 3THM cHcTeMaM MpHMeHUTh OGOGINEHHYIO TEOpeMy
Jlannaca 3anaun 466. [okasaTs, 4T0 MUBODH IOPAAKA. p JIOGOH HI YKAZARHBIX CHCTEM
PaBHBI HYJI0, ECTH XOTA Obl JBa BTOPBIX HHAEKCA HIEMEHTOB by OOHRAKOBHL ¥ 4T0 D =
flai,...,ann)B", rme f{ai1,...,Gnn) HE BABHCUT OT 31eMeHTOB b;;. s onpenenerus
flei,. .., @np) MONOHMTE by =1 ana i =1,2,...,n A by; =0 anad,j=1,2,...,n,
i #£ 1.

542. PEWIEHKE. Ecnu Bee A;; = 0, TO MOMHO THOJIOKHTE

A,’ = B«,; =0 ('l. = 1,2,..‘,1'1).

Mycrs, nanpumep, anrefpauvecKie JONOMHEHHS EMEHTOB MOCHEIHEro cronbua He

BCE PaBHHI HymMo (B Ciyvae npyroro croafua paccy:KIOeHHsr anajaorudbl). Tak Kak

D = 0, To anrefipanyeckue ACMIOMHEHHNS 2JIEMEHTOR ABYX CTOAGLOB NPONCPUHOHALHBL
{cm. zamauy 509)

r

Ay _ Ay Ay B

—= i=1,2,... —1
A Az A~ ¢, U=L2Zenl),

f

rae apodhb FJ Bynem cuntaTh necokpaTumoit. OTcona
b

AinB_;‘ . .
Ay = = (i=1,2,....n; 3=1,2,...,n—1}. (1)
i
'
Ho A;j — MHOrOYJIEH OT X1, Z2,...,Ts B APOOE -CTJ- necokpatnma. [loatomy Ay, monx-
i
Ro mesutoes Ha Cy (§ = 1,2,...,n — 1}, a 38a4uT, ¥ Ha OLUEE HANMEHbIIEE KPATHOE
seex Oy (7 =1,2,...,n — 1}. Obo3raqur 370 obiuee HauMeHbLIee KpaTHOE depe3 By,
TEIONY UM
Ain = A;Bn (i=1,2,...,n), (2)
Bﬂ r -
cfie BCe A; — MHOTOYJNEHbI OF Ti,T2,...,Ts. Ilonaokum B; = rool B; G=12...,
i
n — 1). Bce B; — MHOYO4/I@HEI OT T1, T3, .., Ty, MPHYEM U3 (1) HaxomuM
A"j‘-—“A"Bj (i=1,2,...,'n,,j=1,2,...,n—1}. (3)
Pasenctsa {2) n (3) u zokaswipaior Teopemy. B uacTHoCTH, ans onpezenurena A
MOKHO nonoxuts: 4) = By =¢, Az = By = —b, 43 = By = a.

543. PEWIEHHE. [Iycte Dg,, — KOCOCHMMETPHYECKHA ONPENeNUTeNb NOPIOKA 2n.
IIpumenuM uuaykuuwo 1o n. Jna n = 1 Teopema Bepra, ubo Dy = a?z. Ipeanono-
UM, YTO TEOPEMA BePHA IJIS 9HCJIa N H JOKaxKeM ee 71 yucna 1+ 1. Beruepkuys us
Januoro onpenennrens Dy, o DOCRESHIONW CTPOKY B NOCACTHME CTONOEL, TIOIYHHM
KOCOCHMMeTpHueCKUil onpesenurens Da,y1, paBHblit Hynw. Ero sneMeHTel MOXKHO



OTBernl 285

PAcCMATPHBATL KAK MHOTOYMNEHBL OT 3JEMEHTOB, CTOSIIIMX BBIE TVIABHON AHATOHA-
au ¢ uenbiMi koaguunentamu. Ilo Teopeme mpeapaymeit 3anaun anrebpanvecKne
JonoaHenns 25eMeRToB Doy UMeloT BB Ay = A B; (1,5 =1,2,...,2n+1), roe A;
u B; —wmuorousiens: 0T Tex e nenssecTHniX, Munopet My; u Mj; B Da, 4y nonyua-
I0TCS GAMH K3 APYroro TPaHCHCHUPOBAHHEM U H3MEHEHHEeM 3HAKOB 3JIEMEHTOE, & Tak
KAK OHA YeTHOro mopaaxa 2n, 1o Ay = Ay. Han A:B; = A;B;.

B B .
I: =A—;_=,\; Bi=XA; {(i=12,....,2n41).
A — pauncranbuas QYHKUAS Tex ke HenmasecTHex. Jamee, Ay = A;B; = \A?

W, O NPeaiioNOMERNI0, Aj; eCTh NOMHbIH KBAADAT. SHAMHT, A = 42, Tle i — PAUHo-
nanbhas byuxkumn, Urak, Ay = (uA;)%. 3necs cresa crout muorounes. Ho ksaapar _
HecokpaTuMoli apoBu He MexKeT ObITh MHOTOMEHOM. 3HasNT, pA; = ¢; — MHOTOMIER,
IlpuMenan pasnoxKesue, JaHROe B 3ana4e 541, HAXOAUM

2n+1 2n41
Donga = - z Aijos znt202n42,f = Z A;Bjoiania050n42 =
f =1 #j=1
M+l 2n+1
= Z Ai@s 2n40 z Biajonyz | =
i=1 i=1
2ndl 2 2n+1 2

i

MY Awiong) = > Citignta
i=1 =1

DTHUM yTBEPKACHHE 3AA9H JOKAIAHO. DTO AOKAIATENHCTBG He NaeT yROGHOro npue-
Ma A hAKTHYECKOrQ BHIMUCHEHUS MHOTGWIEHA, KBAJIPATY KOTOPOTO PABEH JAHHLIN
KOCOCHMMETPHYECKHI ONPEeAETHTENh YETHOTO nopaaxa. TakHe NpaBuia AaHbl B 334~
wax 545 u 546.

544. YKA3AHME. PaccMoTpert OBa 4/IeHa, B OOHOM H3 KOTOPBIX IOICTAHOBKA HH-
JAEKCOB UMeeT UMK (ayeg...ap) (h—Hederino n Bonpme eunMLE), &4 B APYIrOM —
MK (@pCep—1 ... gey ). Ciyuai h = 1 paccMoTpeTs OTAeNLHO.

545, YKA3AHUE. llpu ackazarenveree 1) no maHHO# nape Ny, No npuesenennsix
npacdOBBIX IPON3BEALHAN BOCCTAHOBUTE 3amuchk (1) NOACTAHOBKHM HCKOMOTO YJIEHA,
HMEs B BHAY, 970 €CAM 3ANUCATL 3TOT 4EH B BHIE

F0a;,00 000,05 + ++ Can,a; BFr,By + + + Cpupitr s

T0 Nj COCTONT M3 3JE€MERTOB, 3aHHMAICIHX B 3TOM NPOH3BEICHHH HEYETHLIE MECTa, a
N} — yernste mecta. Hanpuwmep, 8 N 6epem s/1eMeHT ¢ TepBeIM HHAeKeoM o = 1. Bro-
poif ero HHEJAEKC cra KACT Bropoil aneMent nepeoro unkna. B Ny 6epem snemenT, oouy u3
HHIOEKCOE KOTOPOr'o €CTh ¢rz. ECHH APYroit HHAEKC —a, TO LMK 3AMBIKARTCH, €CTTH o,
TO 3TC TPETHH “eH uuKAaa, u 1. 4. [lokazaTs, 4TO B HOy4eHHOR HOKCTAHOBKE BCE [THK-
Abl 9eTHOR AnuHeL. LIpu noxasatenscrse 2) 3ameruTs, urto Ny = N{ u Ny = NJ. 3rax
4neHa ONpeenuTs Kak {—1)°, rie 5 — 9McIo [UKIOB COOTBETCTBYIOINEH NOACTAHOBKH,
Yreepxkaenue 3) BoiBectH U3 1), 2) U Teopems! Upeaplayiel 3aaa4H.
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546. YKA3ABHKE. Iloka3aTe, 4TO B Kaw/I08 CHATAEMOE ATPEraTa P, BXOANT OAHH
M TOJLKO OAKH 3IEMEHT n-re cronbua D,; B KaXAOM CHACaeMOM Py, PACclONOKHTh
3MEMEHTHI B NIOPAJKE BO3PACTAHHA BTODEIX HHARKCOB U MOKA3ATE, YTO €CHH BLIHECTH 34
CKOOKH 3JIEMEHT a;p, U3 BCEX CAATAEMBIX, €r0 COAEPKAIIHX, TO B CKOOKAX OCTAHETCA Pin
co 3nakoM (—1)"11 = (—1)""L
547. p2 = a12; p4 = @23014 — Q13024 + G12034;
P8 = 034025016 — 024035016 + 023045018 — G34015026 + 014@35426 — 013845026 -+
+ 24415038 — Q14035036 + 012845036 — 023A1504¢ + 013025046 — Q120354046 +
+ ac3ai14058 — 213424056 + 012034456.
548.1-3-5...{n — 1).
549, YKA3AHHE. Oupenenutenns

an ain I

Foooo] rnser s s e r s
D= ,

—lln Gnn Tn

—I —Iy 0]

MONy"eHHbId OKaliMmeHueM D, pasnoxurtk no GopMyne 3afgadd 541 B IPpHPABHATH K
kpaapaty ndaddopa arperata ona D', npumends K Hemy dopmyny sagaun 546, B
MOJYYeHROM PaBeHCTBe NOJCKUTL &; = 27 = 1, 2x = 0 npu i # k # j.

550. YKAZAHRKE. Henoaesya To, 4TO NPOH3BEIEHHE JBYX MHOTOYJIEROB, OTIIHY-
HBIX OT HYJIs, CAMO OTAWYMHO OT HYASA, IOKA3aTh, 4To ecin D = AB — npeanonaraemoe
pasNokeHue 0 Kaxoil-HUOYAb 4IMeH MHOPOYIEHa A COZEPKNHT 11, TO HUKAKOR unen B
HE COAEDAHT SJIEMEHTOB NepBoil CTPokH (cTonBHa). BRIBECTH OTCIOAA, 9TO, KAKOBLI Gb
uy Belnn £, = 1,2,...,n, Haitgercsa 4uned B A, cofep:Kallnit a;, HO HUKaKoi unen B
HE COOEPKHT O4j.

551. YKA3AHNE. [Ipu moxasaTensCTBe 2) ONpEsENHTH An—g, HCXOOA H3 HyMe-
panuH t],tg,...,t{"r_sk) coueTaHuii u3 n uncen 1,2,...,n 0o n — k, KOTOpas CBs3aHa

€ HyMepaumei 31,32,...,3(:), onpenensiiomel A, Tak, 4TO ¢; COEEPXKHT Te n — k
"HCceN, KOTOPBIE HE BXOAAT B $;. ECMW 0; —CcyMMa 4HCeNl M3 COMETaHHs $;, TO BHI-

. . . n

HECTH K3 i-if CTPOKH W i-T0 cTOaGUA (z =12..., ( %
n—

mioxuTens (—1)74. Ilpu moxkasaTenscTBe NYHKTA 4), MCIIOAB3YS PABEHCTBA NYHKTA 3)
U HENPHBOSUMOCTL D), YCTARHOBJEHRYIO B HpeApLayIelt 3aiade, a TAKXe cTeneHn [

n—1
u Aj OTHOCHTEIEHC SIEMEHTOBR 04;, NOKa3aTk, 4T0 Ay = CD(*-I}, CAe ¢ Re 3aBHCRT OT

)) OTpENeNHTENnst Ap_ g

n—l
3JIEMERTOB ai;. [/1A onpefefenla ¢ NOKa3aTh, 4TC Kak Ag, TaK U D) COJIEPIKAT

n—1
ynen (a11a93 ... ann)(k-l) ¢ K03 PHIMEHTOM, PABHLIM €JIHHHLE.
552, P, = @, = 1. YKA3AHRKE. [TokasaTs, uto @, = P2.
1

553, YKA3AHME. JlokazaTs, 410 d;j = thpkjcp(k), rhe pij —T€ XKe, 4TO U B

k=1
Npeis Ay el 3a0a4e.
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Ornen 2. Cucremsl JUHEHHBIX ypaBHeHHUN

854. 21 = 2o =1, Ta = 74 = —1.

555, I = —2, I = 0, Xy = 1, Ty = —1.

856. 1 =1, 20 =23 = 2, x4 = 0.

587.21 = 2, 29 = =2, x3 =1, 4 = 1.

558. 1y = ~0,4, To = —1,2, 13 = 3,4, 74 = 1.

559. 7 = 2/3,y = —1, z = 3/2, t = 0,

560.z = -3,y =0, z=—1/2, t = 2/3,

56l.z =2, y= -3, z=-3/2, ¢t =1/2.

562. Cucrema pemieHui HE HMeeT.

563. Cucrema pemenuii ve HMeer.

584, MaMeHeHue HYMEpaUMY BeM3BECTHRIX BOOOIIE HE IIePeBOAUT CUCTEMY B IKBH-
BAJIENITHYK}, HO IIPM DELIEHUH CHCTEMbI OHO JONYCTHMO NPH YCJAGBHH, 9TO HOCAE pe-
IMEHHS ¢UCTEMBbI Mbl BO3BPAIHAEMCA K HCXOOHOH HyMmepauun. YKA3ZAHUE. [lokazaTs,
4TO moche npeobpasosanuit THNA a), 6), B) n060e ypapHeHUe HOBOM CHCTEMBI AUHEHHO
BLIDAYKAETCS 4epe3 YPABHEHHUS CTapoi cuctembl ¥ 0OpaTHO.

567. I —1, Tn = 3, I3 = —2, Xy — 2.

568.11 = 2, 22 =1, 23 = =3, 4 = 1.

569. 1y = -2, 22 =1, 13 = 4, T4 = 3.

570. g | 0, g = 2, Iy = 1/3, Xy = —3/2.

571. iy 1/2, XTn = —2x3, Xz = 2, Ty = -3.

572, 21 = 1042, 2, = 7%, 73 = —10, 74 = L.

573.2y =5, 23 =4, 13 =3, x4 =2, x5 = 1.

574. rn = 3, g = —5, X3 = 4, Ty = —2, s = 1.

578. 121 = 1/2, ©5 = -2, 13 = 3, 74 = 2/3, 5 = —1/5. YKA3AHHUE. [Ipnusrte
33 HOBbIE HEH3BeCTHbIE 27, 3x4, 5.

576.x1 =5, a0 =4, T3 = -3, £4 =3, 15 = -2.

577. xrn = 2‘ o = —3/2, Xz = 4, Iy = 3, Xs = 5/2

578, CucreMa BeONpeHeNeHRa, T. €. uMeeT OECKOHEYMHO MHOTO PeumieHuil; T u Ij
MOXCHO BBIPA3HTh 4Yepes Xz ¥ x4 Tak: xy, = 6 — 26xg + 171y, 290 = —1 4+ T3 — Sxy,
[pHYEM T3 H T4 MOTYT NPHHEMATE NHOOBIE 3HAYEHUS,

579. Cucrema neonpegenenna. Ofwee penenne: x; = Tla(ﬁ ~ 15zp — xy), 23 =
%(1 +dzy), 0OE To U T4 IPHHHMAKT JIKOOLIE 3HAYCHHA.

580, CncreMa NPOTHEOpPEUMBA, T. €. HE HMEET DelleHuH.

581. CucTema pewenuil He WMEeT.

584. Ecnd a3, 4z, . . ., 2, — BCE 3EMEHTHI NOAA, TO MHorowted f(x) = (x — a1} x
(zx —ag}...(z — a,) pased Hymw Kak GbyHKUHA, HO HMeeT KO3hGHUMEHT efunuIy
npu x".

585, f(r) = z* ~ 5z +3. 586, f(r) = 2z° - 5z% + 7.

587. [Ipu 3a088HOM ACHMITOTHYECKOM HANPABIEHUH Yepes Jiobee n + 1 pasing-
HBIC TOYKHM TJOCKOCTH, H3 KOTODBLIX HHKAKHE ABE He JICXKAT Ha NpaMoll acHMMTOTH-
YECKOTO HANPABNEHUA, MOKHO NPOBECTH Napalony HE Boillie n-f CTENEHH H NPHTOM
TONBKO O/RY.

588.y =32° —5z° +1. 589.z =y? — 3° — By + 5.

590. r = ;{—a+b+e+d), y = la—b+etd), z = J(a+b—c+d), t = j{a+b+e—d).
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1 c—ad ¢ ~a'b " -a'd
89l x=-1[ — '
:c 2 b—a+b’—a’+b”—a”
1fe—ad & —a'd ' —a"d
Y=3\%-e¢ T<-o pt—a )’
y l1fe—ad ¢ ~ad " —~a’d
T2\ b—0o b —a [

b—a Y —a [
YKAZARUE. [Ing OOKA3aTeNLCTRA eXMHCTBEHHOCTH PeLeHHMS NOKa3aTh, YTO Onpere-
nurens cueremst pasen 2(b — )(b — a’'}(b” — a”) # 0. daa uaxoxaenus peieHus u3
NIepBOrO, BTOPONO H TPETHETO YPABHEHHA BBLIMECTH YETBEPTOE, YMHOKEHHOE COOTBET-
CTBEHHO Ha a.0’ u a”.

1 (c—ad e —a'd c”—a”d)
t—d— - + + .

1
592, z = Z(ap—bq-cr—ds), ¥ = -ji(bp—kaq — dr + c3),
1 1
= Z(cp—kdq—k—ar—bs), t = z(dp—cq—l—br—kas),
rae A =a® + 8 + c® + d°. YKABARME. Bocnonb3osatcs 3asaqeit 468.
593. x = {— l)kPk, rae P —cymmMa BCEBO3MOXKHBIX NPOU3BEAEHHE no k ancen

41,83, ...,85. ¥YKABAHHE. Bocnoap3osaTeca 3anaqeii 346.
16— as) F0)
ik
504, x; = e = Jre flry={z—a1{x—aa)...(r—an}.
[1{ax —a))  (b—ac)f'{ar) 1) = (@—a)z—az)...(z~an)
ik
- bifix
595, xp = (~1)"t* : , e fix
(-1) g(a;—al)...(a;—a,-_l)(ag—agﬂ)...(ai—an) -
€CTb CYMMa BCEBO3MOXHBIX NPOM3BEJAEHHH no n — &k u3 n — 1 uncen ap,..., 0;_1,
Qiply-- - Bn-
1 T
596. T, = b; fri, Toe fi; ecTs
(ak —a1)...(ax — ag—1)(ar — aky1)...(ar — an) E ifiis A€ s
CYMMa BCEBO3MOXKHBIX IPOH3BEAEHHA MO N —71 U3 n—1 QUCEM 1, .o+, Q1 Qg1s. -« Une
~1)¢P,_
597. 2 = {)n—ink, rae P; (i = 1,2,...,n — 1) ecTb CyMMa BCEBO3MOMHBIX
NpoM3BeseHHul no ¢ U3 n ancen 1,2,...,na By =
n
by ¢
598, T, = —— 5
TR a0 a—ba+(n— b
b—u;
599, xp = o . ¥YKA3AHUE. Onpesenurens CHCTEMEL NPEACTABUTE B BHIE
: k— U
i#k
TPOU3BEICHHA ABYX ONpenenuTeneii.
600. PEIMEHKE. In(l + z) = T — %12 + -13;:.5'3 - lx“ + -+, TlosTomMy 1 =
1 1 1 11 1
(1+h1$+h2$2+"‘) (l— §I+ §$2—ZI3+"'), Oery,n,ahl = 5, Ehl —hz = g,
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1 1 11 1

1 1
—hy—che+h3 ==, -hy—~Zhe+hyg—hy ==
g gt = gt gatgle m =g
npasiny Kpamepa nony4um Tpefyemoe Bhipakesne 1nd h,.

602, YKA3AHME. Hexona B3 ToxAecTBa

, --. W3 neperix n ypasnesuit no

1= (14 b2 + bpx? + b2’ P Ee T
= (140124 box® +baa® + ) (14 b gp+p 0 ),
NOMYHHM CHCTEMY YPABHEHUI Ana onpefenenuns by, by, by, ... Jna nokasaTenscTsa To-
ro, 4To ban_1 = 0 npu n > 1, 3aMeTuTs, 4To b = ~1/2 v 9r0 byHKUMA
1 l:l.‘ e:r/’Z +e—z/2 _ ez/z _ 8—1/2
LANRNRUNE S L ) ( )
e —1 2 ex/? — g=%/2
JeTHad. )
603. YKA3AHUE. Ucnonsaya paeencTsa b = ~5 bon—1 = 0 mpu n > 1, momy-

uyeHHBlE B NpeALIAYILEH 3a0a4e, TONOKHETE ba, = ¢ B B TOXKAECTBE

1 2 3
1= (1—§x+clx2+czx4+<:3x6+w-) (1+%+%+i—!+---)

NpUPaBHATL K03 PHUMERTDI OTAENBHO NPH Y€THBIX M MPH HEMETHBIX CTENEHSX I.
604. YKA3AHME. [Ina ycranoBneHus TpebyeMOro paBencTBa B TOXKILCTBE

(x+1) =2 +C0 g™ O 22 4 4 Gl + 20

monokuTh x = 1,2,3,...,k —1 ¥ noayveHHble paBeHCTBA CJIOKHATE. B yCTAHOBNEHHOM
PaBEHCTBE 3aMeHHTb 1 Ha n—1,n—2,...,2,1 1 U3 NOJy4YeHHOH CUCTEMBI 11 THHEHAHEIX
ypasHenuii oTHOCHTENBHO So(k), 81(K), ..., 8n—1(k) nalttu s,_1{k}.
2
3 1 0 0
4 1
=] 7 1 . 0
& 1 1
05. 1, = il -
605. & 7 4 20 0
2n 1 1 1
2n+1)! (2n-2)! (2n-4) 7 2

YKABAHUE. IlonyyuTs TOXKAECTBO
2 g4 46

x €T x x
:n——’+————’+---=$(1—E+E—a+---)(1+l1x2+32x4+---).

10—3773
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2
3 1 0 .. 0
4 1
= ] 1 0
= 6 1 1
606. /» = 7! 5t 3l 0
2n 1 1 i
2n+1} (2n—1) (2n-3)1 " 3!
1
T 1 0 0 0
1 1
3 T 1 0 ... 0
1 1 1 1
T.0pn=—=| — —
607. a oy 3 3 T 1 .0
1 1 1 1 1
nl (n-1) (n-2) (0n-3) 1!
VYKAZAHUE. [lony«uTs TOXKAECTRO
z  x% 3
1=(1—a1m+aga:2—a3a:3+---)(1+ﬁ+§!-+§!-+---),
NOJIYYUTH YPABHEHUS ANA ONPENENEHHA ay,02,...,0n.

608, 2. 609.3. 610.3. 611.2

612. Iipu A = 0 panr MaTpuusr pasen 2, pu A # 0 ou pasen 3.

613. IIpu A = 3 panr paben 2, IpH A # 3 paHr pased 3.

619.3. 620,2. 621.3 622 2

629. YKA3AHUE. Ucnoneaya snuHeitHoe Boipajkenne Beex cronbuos Marpuusr A
yepes cToabubl, NPOXOISINHE Yepe3 MHHOP d, MOKa3aTb, 4To echn d = [, TOo ¢TPOKH
MaTpuubl ‘A, npoxonauye yepea o, THHEHHO IABUCHMEL.

630. Ecmn 0 g€ rgn-2,rof=0Eomr=n-1T107 =1 Ecnu r =n, T0
F = n. YKASAHHUE. Hcnonszcsate 3afady 509 unu zagauy 747.

631. PEIUEHUE. [lokaxem 1). [Ipu r = 0 Bee TIaBHbIE MUHOPB! IEPBOTO H BTOPOTO

nopsAAKOB paBHEr HYAW. Ecin A = (243)a, TO @11 =aa =+ = Gnn =0n
Qi dig 2 2
e = Gaag; —af = —a; =0
Gji Gjj ! 1

ans mobbix i,7=1,2,...,n;i < j. Orcroma a;; = 0,4,5 =1,2,...,n; A =0; pasr 4
PABEH HYI0, 9TC ¥ HYKHO J0Ka3aTh. [Ipu r = n—1 wmeem M, #0, M,, = |A| =0,
paur A pamen n - 1.

[Myctes 0 < v € n — 2. TnaBnwsiit mudop M, # 0. Ilepectabnsas cooTBeTCTBEHHO
CTPOKHM M CTONOIBI MATPHLB! A (4TO HE HADYIUHT CHMMETDUY MATPHIB! A M HE H3MEHHT
€e paHra), Mbl MOXXEM MEPEBeCTH MMHOp M, B JeBbLl Bepxuuil yron MarpHust A.
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Jna goxasaTenncTa 1) KOCTATOMHO NMOKAa3aTh, 9TO BCe MURODSHI (r + 1)-ro nopajka,
okalimnsiowe M., paBRBI Ry,

Mycte M;i; — MuHOp, noay4enyeli u3 M, oxaitmneHueM i-if CTpOKolt u j-M cTONG-
nom (i, > r). Ilo ycnoeuso M;; = 0 mpu ¢ = §. Ilyets ¢ # j u D — onpegenurens,
nony4eHuplit w3 M, oxafmneHuem i-it n j-#i cTpokaMu u i-M n J-m cronbuamn. o
yenosuwe D = 0. Ityers €' — matpuua onpegenutens D. llpeanonokuu, wrto My £ 0.
Torna panr C papen r + 1 ¥ cTpoky Marpuust C ¢ Homepamu 1,2,..., 7,1 JHHEHHO
HezaBHCHMEL [To camMeTpun C cTONGLEL ¢ TeMu XKe HOMEPaMU Takske MHHEARO HE3A-
BHcHMBL. 110 3afa4e 629 mutop M;;, cTodmuli Ha nepeceyeHHN 3THX CTPOK H CTOADLOB,
OTIMYEH OT HYAS, YTO NPOTHROPEYHT YCHOBHIO. ¥ TBepkaenue 2) cieayer uz 1) wan
upaAMO M3 3amaqu 629,

632, YKA3AHHUE. Mcnons3opaTe NpenpLayYiLyo 3aJa4y.

633. ¥YKA3AHUE. Ucnone3esats pemende 3aaaqd 631,

634. YKA3AHUE. Bocllons30BaThCs Npeapiayineit sagavei.

636. (1,4,-7,7). 637.x = (0,1,2,-2). 638.z={(1,2,3,4).

639. JTunefino nesasucuma. 640. JIune#tno zasucumMa.

641, Jluneitno nesapucuma. 642, Jluneitno 3aBncuma.

643. JIunetino 3asucuma. 644. JIuHeiiHo He3aBHCHMA.

8
651. YKABAHUE. lpenionoxus, 4To Z)\.:a,: = 0, rne ne Bce A; paBHbI Hynw,
i=1
H BeIGpaB cpea A; HanboOMLIIAE O MOAYNI0 KoahUUMERT Aj, NOKa3aThb, 4TO j-A
KOOpAWHATA B3ATOH NMHACHHON KOMOWHALMH OTAWYHA OT HYJA.

656. YKA3AHHUE. IIpeanonoxkus, 9To ABa BeKTOpa @i, a;{i > j) JuHefiHO Bbi-
PAKAIOTCS 4epe3 NPefplayluue, HaiTH BRIDAXKEHUE BEKTOpa b U3 BoIpakeHWs a; W
MNOJCTABUTE HAWAEHHOE BHIPAYKEHUE B BBIDAMKEHHE 4;.

657. YKA3AHUE. K cucreme a4,4as,...,4, NpUNKcaTsL Blepeau b n BLIMEPKHYTH
BEKTOPBI, MHHEHRHO BeipaxKalolIHeca depes NpeAplayliye; K NOoNyYeHHol cucTeMe npu-
micaTh BREpend b; U CHOBA BHIYEPKHYTh BEKTOPHI, JIHHEHHO BBIPAYKAIDILMECS 4epes
OPEABILYIHE, W T. I

BocnomszosaTthea npempayinelt 3anaqeil.

6858. YKA3AHME. Hcnonp3osaTh 3a0aun 6563 u 657,

659. YKA3AHUE. CuuTan NaHHYK) MOACHCTEMY YIOPAAOYEHHON, MPHIMCATL NO-
€€ Hee BCE BEKTOPE! CHCTEMEL M BRIMEPKHYTE BCE BEKTOPEI, IMHEHNHO BRIDAIKAIOIINECH
9epe3 IPeblayLEHHe.

662, Takux uHcen noxoGpPATE HEJbL3A.

664, YKAIAHME. llpn aoxasarenncree 3) ucnone3osaTs 3a1a4y 663, a Takxe 3a-
Ja4y 658, myHKT B).

665. A = 15. 666, )\ — moboe vHCIO.

6867. A —nwboe uncno. 668. A we pasHo 12,

669, Takoro 3HayeHHa A He CYUIECTBYET.

670. B 3anaue 665 pexTOpEl @y, 4y, @3 KOMILTARADHE! (T. €. JIeXKaT B OAROH miroc-
KOCTH), HO HE KOJLHHEapHE! (T.e. He nexxaT Ha osHolt npamoit). IIpu A = 15 BexTop b
MONAZaeT B TY XKe IJICGCKOCTEH M BBIPAXKAETCA 4epe3 &1,43,83, a Npu A # 15 oK He
NEXKHT B 3TOH MIOCKOCTH H He BHIPAXKAETCA 4Yepe3 3TH BekTopbl. B zagade 666 Bek-
TOPH ¥, &2, &3 KE KOMIUIAHAPHEI H JK000# BEKTOD TPEXMEDHOTO MPOCTPAHCTBA Uepes
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HUX nuHeline pHipaxkaeTcs. B zapave 667 BEKTOPHL G, G2 He KOJJIMHEADREBI H JIeXKaT
B OJOCKOCTH 411 — 329 = Q.

IIpn mo6oM 3HA4eRHH A BeKTOp & MEXKHUT B TO# »Ke MIOCKOCTH M AUHEHHO BHIpa-
JKAETCA HEPE3 41,as.

B 3anaqe 668 BexTOpHI 4], 4y RE KOJUIHHEADHLL, & BEKTOp b He KoMIIaHapeH a, ag.
IIpu A = 12 Bexrop @3 KOMINARADPEHR a1, A2 U BeKTOP b 4epes a;, 4z, Gz HE BhIpaKa-
ercd. IIpu A # 12 BeKTOpSBI @1, A2, &3 HE KOMIUIAHADHBL U b 4€PE3 HUX BHIPAXKAETCS,

B 3amaue 660 pexTOpHl @),47,Q3 AeXKaT B NMOCKOCTH 3z — x3 = 0. T usme-
HEHHEM A OT —o00 JO -+00 KoHer BekTopa b cnuceiBaeT upsamyw 2 = 2, za = 5,
HapaaieAsHyo 3ToH nhocKoeTH. BekTop b HU NpH KakoM 3HAYeHHH A He NEXKUT B
YKa3aHHOH IJIOCKOCTH M HE BLIPAXKaeTca uepes a;, Gz, 4.

672. Taxux cucreM uyetsipe: 1) aj, as; 2) a1, aq; 3) ag, aa; 4) as, a4.

673. 1) a1, as; 2) as,as.

674. JIxo6ele gpa sexTOpa 06pa3yioT fa3y.

675. 1) ay,a4; 2} az,aq; 3) asz,aq.

676. JIio6pie TpH BekTOpa, KpoMe @y, Gy, s U 43, a4, 45, 06pasyor Hasy.

677, EouacTeeHHaA G6a3a Oyler B TOM H TONBKG B TOM CJy4ae, KOrza nubo Bes
CHCTeMa COBnaaaer co cBoel 6azol, MHGO Bee BEKTODPLI CHCTEMBI, HE BXOASAIHE B €
fa3y, paBHBI HYMQ.

678. dpe Ga3el,

679, Basy o6pasyloT, HANDUMED, BEKTOPLI G, g, G4 A3 = &) — Q2.

680. Oany us 6a3 oOpa3ylOT BEKTOPH @1, 4z, 43, G4 = 2a; — 3ag + da;.

681. Oany u3 6a3 o6pa3yOT BEKTOPHL A1, Gg, 5} Q3 = Q] — @2 + a5, @y = 31 +
4(12 — 205. n

682. YKA3aHHE. [Ipu nokasarenscree 1) B paBeHCTBO Zcxjn:j = () NoICTaBHTD

r j=1 n
BhIpAXKEHHA I; = Z/\"jl‘j (=r+1,7+42,...,n) 1 NOKA3aTb, 4TO & = — Z @i g,
§=1 i=r+1

j=1,2...r

[osp3yack 3THM, MIOKA3ATE, 4TC eI & = {— i1, — A 2,---, ~ A 0,...,1,...,0),
i=r41,7+2,...,n, rAe pabHas eAUHELE KOOPOMHATA 3ANMAET {r + i}-e MeCTo, U

L)
a = (o],02,...,0,), TO @& = Z =¥ TP
i=r41

ITpu mokasarenscree 2)-4) ucnonszosats 3afagy 664.

883.2fi —3fa~f3 =0, i-3f2+ fs =0.

684. fi—2fo—f3=0,f1i-3fa+ f4=0,3fi —8fa—fs =0.

6885. ®opmu nuHeltHO HezasucUMEBL JCHOBHON CHCTEMBI JJHHEHHBIX COOTHOMIEHMEH
HE CYIUECTBYET.

688.2f; ~ f2 - f3 =10, 687. 2/, - f2=0,
2fi=2f2+ fa— fs =0. fi~fi—fat fs=0.
688. YKA3AHHE. Henonssosate 3anauy 661 uan 657.
T3 — 914 — 2 —Bxa + 24 + 10
689. Hanpumep, ofiuee pemenue r; = —————, Ip = —————————;

11 ’
HACTHOE pemienie £ = —1, 29 = 1, 23 = 0, 14 = 1. -
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690. Hanpumep, ofinee pemenne r3 = 22z — 33z — 11, x4 = ~-16x; + 24x2 + &;
qacTHOE pemenue: 17 = 2, X3 = 1, xa = T4 = 0.

691. OGwee peuenre: x3 = 1 — 31 — 475, x4 = 1; wacTHOE petrenHe: £ = —1,
=1, 23 =0, 74 = 1.

692, CucremMa HECOBMECTHA.

693. CucreMa HMeeT eNHHCTBEHHOE PeIIeRue Xy = 3, T2 = 2, 23 = L.

694. Obee pemenne: x3 = 6 ~ 15z) + 102y, z4 = -7 + 18z — 12x9; yacTHOE
pelleHHe: £, = T3 = 23 = 1, T4 = —1.
34xq — 1722 — 29 16x; - 8z — 16
695, Obee pewenue: 3 = Z , Tq = T; JACTHOR
pewetne: 1, = 2, g = 1, 3 = 22/5, x4 = 8/5.
7 9 3 1
696. O6wee pewenne: T3 = 2 — 3—31:1 + ﬁl‘g, Ty =—1+ Tﬁxl — ﬁxg; Y4ACTHOE
pemeHue: ¥ = 3 = 1, 3 = 8/13, 24 = ~11/13.
—6+ 8z 1-13z 15 — 6z
697. Obiee peieHne; ) = %, Ty = —7—-—-5, T3 = -«—--,}-wi; 4ACTHOE
pewseHme: ¥; = —2, x93 = 2, r3 = 3, x4 = -1,
698. CucremMa HeCOBMECTHa.
699, Obwee pemenne: £3 = —1 — 8z + dxg, 24 =0, 25 = 1 + 223 — x9; wacTHOE
pelenue: xy = 1, x5 = 2, ra = -1, 24 =0, x5 = 1.

700. Obwee pemtenne: r3 = 13, 14 = 19— 31; — 215, 25 = —34; YacTHOE pelUeRue:
2y =1, 20 =8, 23 =13, x4 = 0, 25 = —34.

9 25 15
701. OOmee peuieHue: T3 = -3 —x — 21q, Ty = -5~ 2Ty ~ 4z, T = -3~
1 5 5
21y — 429; MACTHOE PENIEHME: Ty = 1, 79 = —3, x5 = 3 Tq = 3 Ty == 3
702, Obuee peulenue: T —4:1: +29: I4= 1 T za—1,2 —4.1: +2m +2;
» Ubruege p T3S gTT I T S — il T gl — L, Ts = gt gty
YACTHOE DELIeHHE: T) = X9 = 1, &3 = 2, 24 = —8, x5 = 4.
703. Cucrema nMeeT egUHCTBEHHOE pelleHHe: £, = 3, £y = 0, x3 = —5, x4 = 11,

704, Cucrema HeCOBMECTHa.

705. YKA3AHUE. [Ipu moxazaTenscTee MUHHMAALHROCTH YHCIA 12 — 7 CBODOOHBIX
HEM3BECTHBIX BOCHOJIBIOBATHCA CBI3BID PenieHnit HEOOROPOIHON H COOTBETCTEYIOILEI
OZHOPOOHGCH CUCTEM YPABREHHH ¥ TeM, 9TO HHCJIO HEH3BECTHEIX OJHOPOAHOH CHCTEMEI,
MOTYLUMX IPHAUMATH NPOH3BOJBHEIE, HE 3aBHCAILHE APYr OT APYTa 3RAMEHHS, PABHO
MAKCHMAJIbHOMY HHCIY JIHHEHHO HE3aBHCHMBIX PENISHHH W, 3HAYUT, He 3ABUCHT OT
BEIOOPA ITHX HEH3BECTHBIX.

1 31 2 1 7

706, xy = §x4+—é-, Ty = 5, T3 = — T4 — o
T07T. 1y == §-3-:&' +@x = §x +§:c Ex—-gx 1
e e T e A R Rt R R T

708, CHcTeME! HECOBMECTHEI.
709. Cucrema nMeeT eAHHCTBERHOE pewenue: 1 = 1, 10 = 2, 23 = —4, 4y = -3,
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12 176 4 9
710. z; = ~205 Ty = 12 + 5:03, T4 = 508" 3zech T3 — cBoDOIHOE HEH3BECTHOE,
1 7 5 7 1
71l. 23 = —5 -1—-2~ 9 — Emg §$5, Ty =1~ —2—3:5, TOE Tg,T3,Ts — CBODOKHEIE
HEM3BECTHBIE.

712. Ilpu A # 0 cucrema necosmectra. Ilpn A = 0 oHa coBmecTHa U ofmee pe-
IICHHE HMEEeT BHI

i _ —Sz3 —13z4 -3 :c =Tz —19x4—7
1= 9 ] 2= 9
713. IIpn A = 0 cucrema wecoemectra. lIpk A # 0 oHa cOBMEcTHa, u oBmiee peme-
4-X 3 93-16 8 1

HHE UMEeT BUJ Iy =

X TEm U gy T mTy

714. IIpn A = 1 cucrema necosmecTHa. lIpk A # 1 ona coBMecTHa u obmee pele-
43-8x 9 5 1
T e R I R e ¥

715. Cucrema COBMECTHaA NpH JICO0M 3HAMEHMH A. Mpu X = 8§ ofwee peinenune
uMeeT BUI Ty = 4 + 231 — 274, T3 = 3 — 214, rOe 11, x4 — CBODOAHRIE HER3BECTHEBIE.
ITpu A # 8 obinee pentenve umeer pua r; = 0, 29 = 4 — 224, 23 = 3 — 2ixy, £AE Tq —
CEOBOIHOE HEH3BECTHOE.

7168. Cucrema coBMecTHA Mpd J00bix 3uasenusax A. IIpu A = 8 ofmee pemenne

HHE MMEET BHI I =

3
UMeeT BUA T3 = —1, 74 = 2 - 17 ~ 5:.5'2, rie x1,Xs — CBOBOAHEIE Heu3pecTHoe. [Ipn

=11, ¥3 = —1, x4 = 0, rne ¥, —croboauge

4
A # 8 ofmee pelrenne HMeET BUA To = 373

HEeU3BeCTHOE.
717, Ipu (A — 1)(A + 2) $ 0 cuCTeMa BMEET EIMHCTBERHOE pPelleHHe: T) = Tp =

T3 = ITpu A = 1 obiuee peueHne uMeeT BUA Ty = 1 — Xg — T3, THE T3 U T3 —

1
A+3
caobomnple HeussecTHoie, [Ipy A = —2 cucTema HecOBMeCTHA.

718. IIpu (A — 1)(A + 3) # 0 cucTeMa HMEeT SNHHCTBEHHOE pElleHHe: T) = Tp =

T3 = x4 = 1/(A + 3). IIpn A = 1 oBmee pemeHue uMeeT BHO T1 = 1 — Tz — T3 — T4,

rae xg, r3, x4 - ceobogHbie Hen3BecTHbE. [Ipu A = —3 cucrema HecosMmecTHa.
2 — A2
719. IIpu A{A + 3} # 0 cucreMa UMeeT eOUHCTBEHHOE DOIEHHe: T = ———,
3 2 AMA+3)
Ig = %—_1 Ty = A2V oAl Ilpu A = 0 1 upH A = —3 CHCTEMA HECOB-
S D Yo Wi T R L
MECTHA,

720. IIpu A(X + 3) # 0 cHCTeMa UMeeT eAHHCTBEHHOE pelllenue: x; = 2 — A2,
xp =22~ 1, 23 = A*+2X% — X\ — 1. ITpu A = 0 06uiee pemenne WMeeT BUL T =
—I3 — X3, IHE 3,3 — cBoDOIHbe HeussecTubie. [Ipu A = —3 obwee peureHue umeer
BHE X| = Tp = T3, [Oe T3 — cBOOOAROE HEN3BECTHOE,

721. Ecnu q, b, c nonapHo pasanyHbl, TO CHCTEMa UMEET EAHHCTBEHHOE PEIIEHUE:

_(b-dfe~d) _(d-a)d—¢) __ (d—a)d—b)
Th-ac-a YT -af-9 "7 c-ae-b
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Ecnu cpenn amcen a, b, ¢, d MMESTCA TONBKO OBA Pa3JHYHLIX, TPHYEM a # b uan a # ¢
i b # ¢, TO peuIeHye 3aBUCHT 0T ofaroro napamerpa. Hanpumep, B ciyuae d = a #

- a—c¢
b = ¢ ofee pelrende UMEET BHIO T = 5 =1,y = b—z, rae z — cpobomHoe
HeH3BECTHOE, UIPAIOIIEe POMb YIOMAHYTOTO 1?apame1‘pa, onpgg%nmomero peuleHue.,

Ecnhu a = b = ¢ = d, To pelleHUe 3aBHCHT OT ZBYX NapaMmeTpos, 0llee pelIeHHe
MMEET, HANPUMEp, Bul « = 1 — y — z, rAe y, z — ceoboansle Hen3pecTHrle. Ecnu cpenn
4HCen a, b, ¢ ABA Pa3/IMYHBL H d HE PABHO HYU OZHOMY W3 HAX WIH ecqid a = b= ¢ #£ d,
TO CHCTEMA HECOBMECTHA.

722. lpu D =abe—a — b —c+ 2 # 0 cucreMa uMeer eAHHCTBEHHOE DENIEHHE:
z=(b~1)(c-1}/D,y={a=1)e-1}/D, z = (a—1}(b—1)/D. B 310M clty1ae HyaeprIe
BHAYEHHS MOTYT HMETh KAKHE-JIH0O BA HEH3BECTHBLIX OAHCBDPEMEHHO, [IPHYEM TPEThe
HEH3BECTHOE H COOTBETCTBYWIUMI napamerp pasnel efuuuue. Hanpumep, z =y =0,
z=c¢=1 EBcm D = 0, npuyeM 0AHO ¥ TONLKO ONHO M3 YHCEN a,b, e OTNMYHO OT
eIMHHULIB], TO PEIlCHHE 3ABUCHT OT OXHOCO NapaMeTpa, HanpHMep, npu a £ b=c =1
obniee peuiedne umeet uax = 0, y = 1 —z. B 3TOM cyuae 0QHO UK KBA HEM3BECTHRIX
o0fA3aTeNbHO PABHBl HYMIO.

Ecnw a = b = ¢ = 1, 10 obwee pewreHne UMeeT BHA T = 1 — y — 2z, IpUYEM OOHO
UM JBA H3 HEM3BECTHHIX MOTYT pasHAThca Hyfio. Ecan I = 0 v vu ogHO w3 wucen
a, b, ¢ e paBHC eRMuHMLE, TO cHCTeMa HecosmecTHa. Cayusalt D = 0, npuuem oaso u
TONBKO OMHO M3 YHCed &, b, ¢ PABHO eAMHHIE, HEBO3MOMEH.

723. Ecnn D= abe—a—b—ec+2 % 0, To cucremMa uMeeT eINHCTBEHHOE PELISHHE:

_abc—2bc+b—|—c—a _abc—2ac+a+c—b
I = D ] ‘9‘— D T
_ abc-2abt+a+b—c
Z = D N

Econ D = 0 v TOonbKO QOHO U3 YnCeA @, b, ¢ OTNMYHO OT eAMHALL], TO PEUIEHHE 3aBH-
CUT OT ONIHOCO NAPAMETpA, HALpUMED, NpHu a ¥ b = ¢ = 1 ofiee pemeHue UMEET BUI
x =1, y = —z roe z—ceoboasoe HeuspecTHoe. Ecmu @ = & = ¢ = 1, To pemenue
3aBHCHT OT JABYX IapaMerpoB M ofinee pelneHuwe uMeeTr eua x — 1 —y — 2z, e 4,z —
cBoboaHbIe HeudrecTHEIC. Ecnuy D = 0, npuveM Bee gucia a, b, ¢ OTJIHYHEL OT eIHHH-
1bl, TO cucTema HecosMmectHa, Cnyuvafi ) = 0 H TOnMbKO OfHO W3 uMCEd q, b, ¢ paBHO
€NMHALE HeBO3MOKEH, Y KASAHHME. [Ina noKa3zaTenncTBA HECOBMECTHOCTH CHCTEMBI B
cnyuae D = 0 npM yciaoBHH, YTO BCE 4MHCHA a, b, ¢ OTIMYHBI OT €AMHMILI, NOKA3ATh
CupaBeNnBoCTE ToxAecTs: D — D, = 2(b —1){¢ — 1), D — D, = 2{a ~ 1}{c — 1),
D—-D, =2a—1)(b—1),rne D,, Dy, D, — COOTBETCTBEHHO IUCTAUTENY B HANWCAHHEIX
BBILIE BEIPAKEHHAX IJIS T, Y, 2.

724. Hanpuwmep, obutee pewenune: r; = 8xg — Txy, 2 = —6x3 + 5x4. Cyroamen-
TaNbHAS CHCTEMa peLIeHwHil:

Iy | T2 | X3 |Eg
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725. Obuiee pemenue: T3 = ——g:cl + 529, 24 = g-s-:l — 7zy. $ynoamenTansHan
CHCTeMA pelIeHHA:
T1|T2| T3 Tq
1|0 |-58/2(+7/2
0|11 +5 | =7

91, + 61 + 8z 3 2 4
726. Obumee pemenme: T4 = _$, rg = 2t zz+ x5

Dynna-
MEHTAILHAA CHCTEMA PELICHHH:

Ty (T2 T3] T4 | T5
1({0]0([-9/4]|3/4
0(1(|0]|-3/2(1/2
o(ol1]| -2 1

727. CacreMa MMeeT TONBKO HyAEBOe pemreHue. OyHIaMERTANBHOH CHCTEMBL pe-
lIeHdRt He CYIHEeCTBYEeT.

-9z, + 3x3 — 1025 _ =3z 432 + 413

728. Ofwee peluenne: T4 = I x5 = 11

. Oyuzna-
MEHTAJIbRAA CHCTEMA PelleHU:
T |xTo |23 e ] Ts5
1(0]0]-9/11 |—-3/11
g(1r|0f| 3/11 | 1/11
0|0]1]|-10/11| 4/11
729. CucreMa HMEET TOJILKO HyJIEBOE pelleHHe.
730. Obinee penrenue: ) = T4 — I, Tz = T4 — Tg, T3 = 4. DyHAaMeHTansHAR
CHCTEMA PeLIeHHI:

Ty | Do |L3|T4|T5 ]| Te

1 111]1|10(0

—1{0f{0]0f1

0 [-1{0f0]O0]|1
T3 — 2Ts

731. Ofwee pemwenne: z; = 0, g = , &4 = 0, roe x3, x5 — ceoboaHbE

3
HeussecTHole, DyHAAMEHTANBHAN CHCTEMA peLIeHHii:

I X X3 |Tyq|Xs
0| 1/3(1]|0]0
0[-2/3]0f0 (1

732. Obmee pemenue: ) = —3x3 — 5x5, 29 = 273 + 31, x4 = 0, Pe T3, Ts —
¢pobogRbIe HeH3BecTHIe, PyHAaMeHTANRHAA CHCTEMA pelleHut:

T1 | T2y Xa|X4|T5
—~3121140
~-51310101(1




OTBeTs! 297

738, 11 = 13¢, 3 = 2¢, 23 = Te.

736. 2y = 4d¢y, £3 = 8cg, Ta = —3cy + 3¢9, Ty = 1 — 3.

737.x1 = 2¢1, 22 = €3, X3 = 33, Ty = —3c) — ¢o — dea, x5 = —C3.

738. 2y = ldey, 190 = 42¢y, T3 = 42¢3, 4 = =31 + 302 — Y¢3, x5 = ~8¢; +
8-‘.‘:2 bt 1063.

739, 1) = ¢ — Vg, o = 2¢; + Beg, 13 = ¢ + 3e2, T4 = —4ey, x5 = —ben.

T40. 1, = 11¢y, 9 = 33¢q, 23 = —24ey) — BTco, x4 = 8¢y + 5ey, T = —c1 — €3,

741. Crpokn MaTpuuel A He 06pa3yior, cTpoku MaTputsl B o6pasyior.

742. YerpepTas cTPOKA BMECTE ¢ MIOBBIMH OBYMS U3 MEPERIX TPEX CTPOK obpasyeT
GYBIAMEHTANBHYIO CHCTEMY, & OCTANBHBIE CHCTEMEL CTPOK He 00pasyioT.

743. ¥YKA3AHHE. B nepeo#t yacTH 3a1a4y BPpUMERHTL Pe3yAnTaT 3afayqd 734, Bo
BTOpON YACTH MIOKA3ATH, YTO €C/IM 3HAYEHWU CBOGOIHBIX HEUIBECTHBIX B HEKOTODOH
CHCTEME PEUIEHHMH NAOT JHHEHHO 3aBHCHMBIC CTPOKY, TO M BCA CHCTEMA peineruit -
HEeHHO 3aBHCHMA,

748, YKAZAHME, [Ipunucats K MaTpuue cucTeMs! csepxy Jobyr B3 ee CTPOK W
ONpeAe/UTeIb NOMYYEHHON MATPUILl PAa3ncKUTh ne nepsofl crpoke. Menoaezosate
3anady 746.

749. YacTtHoe pewenue: ) = ~2, 19 = —6, Ta = 7. O6wee pewmenue: x; = —2e¢,
19 = —fie, x3 = Te.

750. YactrHoe pewenue: Ty = 3, o = —2, 3 = 0. Obuwee pewenne: 21 = 3¢,
2o = —2¢, x3 = 0.

751. YactHoe pewenne: xr; = —6, 3 = 11, 73 = -9, 4 = 4. Obmee peuerne:
x = be, g = —11¢, 13 = 9¢, T4 = —4e¢,

752, Yactraoe pewenne: £, = 3, zg = 0, 3 = 4, x4 = 0. Obwee pewrenue: ; = 3e,
o =0, 13 = 4c, T4 = [

13 n

T54. a} Za,-jxj = 2b; (?r =12,... ,S); 6) Zaij:rj = Ab; (3 =1,2,... ,3).

i=1 j=1

755. B oboux cay4yanax xeoOXOAMMBIM M AOCTATOYHbBIM YCJIOBHEM ABJAETCH OIHO-
POOHOCTE BAHHOH CHCTEMBL

756. [Ipu ycmoBuH, 4TO cyMMa Ko3dpuUHeHTOR BaRHON NunaeliHol KoMOUHALMH
paBHa eMHHHLE,

757. IlepBoe HeW3BECTHOE B /MIOGOM peLIEHHN NIDHHUMAET 3HAYEHHE, DABROE HYJIIO,
Ecnn koagppuiineHTH NP BCeX HEM3BECTHRIX, KPOME NEPEOrO H, HAIPHMED, RTOPOrO,
PABHEL HYMI0, TO BTOPOE HEW3IBECTHOE NMPHHUMAET ONpPEHE/CHHOE 3HavYeHHe, KoTopoe
HAXOOUTCH U3 YPABHERHA, CONEDHKAIIErO ReHyneroll Ko3gppunyeHT npH BTOPOM HEH3-
BECTHOM, eCIH OTOPOCHTL TaM BCE YJEHBl ¢ OIPYTHMM HEM3BECTHBIMU, B 3TOM CHydae
BCE HEM3BECTHLIE, HAMHHAS ¢ TPETHero, MOryT NPUHUMATE NObe 3navenns. Ecau xe
o Kpaiineil Mepe TPH HEM3BECTHLIX {HAIpUMED, X1, T2 B T3) BCTPEYAIOTCH ¢ HEHYIEBbI-
MH K03¢pHUIMERTAME, TO BCE HEH3IBECTHLIE, KPOME NIEPBOIC, MOTYT IPHRHMATD JIF00bIe
3HAYEHUHA, IPHUYEM MX 3HAYEHHUA B KAXKIOM DELIEHHM CBA33HBI OOHHM COOTHOUIEHHEM,
NOMIYyYEHRBIM H3 T0G0r0 YPABREHHA CHCTEMBL, COZEPIKALIEre ReHynepcht kxosdpunuent
IpH BTOPOM HEHIBECTHOM, €C/H BRIGDOCHTE WIEH C MePBLIM HEM3BECTHHIM.

PapeHcTse HyMO BCex XO3(h(HUMERTOB NPH NMEPBOM HEW3BECTHOM HIK NPH BCeX
HEM3BECTHBIX, HAMHHAA CO BTOPOrO, NPH YCAOBHAX 33341 HEBO3IMOMHO.
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758, Heo6x0OMMBIM 1 JOCTATOMHBIM YCAOBHEM IJISI STOTO ABAAETCA TO, HTOOBI
PaHT MATPHUBL U3 KO3GhODUUMEHTOB IPH HEM3BECTHLIX YMEHLIUANCH HA eAHHUILY NpPH
BBIYEPKUBAHHM k-TC CTONOUA, MHBIMA CAOBaMU, 4ToObL k-ii cTonGew He ObLA nuHEH O
xOMOHHALHE OCTANBHBIX CTOAGLOB 3TOM MATDRIbL

759, Paur paciumpennoit Matpuupt (13 k03 pUIHEHTOB DU HEUIBECTHRIX W CBO-
GOJIHBIX 1JIEHOR) AOJIKEH NPY BEIMEPKUBAHKMH k-T0 ¢cTOAGUA YMEHBIIATLCS Ha €TUHHILY.

760.e = ad — bc = 0.

761. OapHo ycnopue, BhIPAKAKLIEE HEPABEHCTBO HYNK onpenenvrens D nopsaz-
ka7, ¥ (8 — r)(n — r+ 1) ycnoBaii, BEIPAKAIOWMX PABERCTBO HYG ONPENENHTENRH
(r + 1)-ro nopsiaka, oxaimnsomux D.

ITocneasne yCROBHS HE3ABUCHMBI, TAK KAaK KAXKIOE COACPIKNT 3IEMEHT, HE BXOAS-
IHIT B OApyTHe YCHOBWA, CTOAIIWI HA MEpPeceHeHHN OKANMASHKIUMX CTPOKH H cToabua
¥ uMerounil MHOKHTERs D # 0,

762, JIubo no xpaitHeil mMepe nBa M3 wHCcen, a, b, e, d, e paBusl —1, AHBO HH OAHO
H3 HUX HE paBHO —1, HO TOrOA

Q b ¢ d e

erl b1 teri Tdr1 T eTiT

763. X = af-+bg+ch = YKA3BAHHUE, CROXHTD BCe YPABHEHHS, IPEIBADKTEIIBLHO
IIOMHOXKME WX CCOTBETCTBEHHO Ha AZ, Ay, Az, At. [lonyquep yenosue ) = 0, onpegenn-
TEJMb CHCTEMbI MOMXKHO BBIMHCIUTD KaX KOCOCHMMETpHUECKHit o 3anage 547,

1.

1 1 1 T y 1
764. |22 y2 1| =0. 785. |z w1 1| =0
zz ys 1 T2 y2 1
e b o
7868. ] a3 by o | =0.
a3 by ¢

DTO YCNOBHE SABJACTCA JOCTATOYHBIM, €CMHM B CAy4ae TPEX NAPAINEALHBIX MPAMBIX
cuuTarh ux obiuel Toukoll HecofCTBERHYIO {DECKOHEMHO YIANEHHYIO) TOUKY JaHHOCO
nHanpasfieHnsa. Ecau He AOnycKaTh HecOOCTBEHHBIX TOYEK, HeOOXGOHMBIM H AOCTATOY-
HBIM YCJI0BHEM OyZleT PaBEHCTBO PAHTOB ABYX MATDUIL

a1 b a1 b ooy
a9 bz H Q2 b? C2
az ba as b3 ca
Ty 3 1
Iz Y2
767, Paur MaTpuubl JOJKEH OBITH MeHee Tpex.
Tn Yn 1
768, Ilpu ponyimenud HecoOCTBEHRRIN TOYMEK PAHT MATPHLIBI
a1 b oo
az by c3

Gn bn Cn
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A0J13EH OBITE MeHee TpEeX. HpH HeJOINyIICHHHA HecODCTBeHRBIX TOYEK PAHI IPpHBEOCH-
HOH MATPHUBI J0J/DKEH COBMAAATE € PAHI'OM MATDHULIL

ay by

az by

:r§+yz T ¥ 1 xz+yz z y 1

69 L +y% X2 Y2 1 =0 770 r + Y1 1 i1 1
. 1 . . =
1

T3+ Y5 T3 va To+y; T2 oy 1
T3+l T4 va T2Hys 13 ya 1
771. 2% + 4% — 42 — 1 = 0. Llentp B TOU4Ke (2,0). Pagnyc pasex V5.
T72. YKA3AHME. HenonbsosaTe orber 3agaqn 770.
™ xy v ox y 1
Ty T yz T N
773, Is X2l ‘y% T2 Y2
Tala ik
Ty T4l ‘yi T4 Y4

2
Ts TelUs Hs Ts Us

2 2
774. l'unepbona % - g_ﬁ =1
775, 22° + Ty? +y —8=0. 9o —ammnc ¢ uentpom B Touke (0, —1/14} u nony-

%]
Bt
b
H
L5
— o

15 15
OCAMU INHHBL ﬁ\/ ldn 1 mpudeM O6nbLIas och Mapalielibiaa ocH abcLuee, 4 Manas

JIEXKHT Ha OCH ODAMHAT.
T onl
rre. | T2 Y2 %2 1

T3 Y3 z3 1
Ty Yy 24 1
r yv z1
1 1 11
777, 2 3 -1 1 =0, umm dr+y+32—8=0,
3 -1 -11

778. Eciin nonyckaTh necobCTBERHEBIE (GECKOHEYHO YIAJNEHRbIE) TOUKK, TO

= 0,

ay oo dy
az by oo dp
az b3 c3 ds
ay by cq4 dy

= 1.

Ecni e He A0NycKaTh HecOOCTBEHHBIX TOWEK, TO PAHT MaTpHIpl
ay by a1 dy
az ba co dp
az bz ¢z ds
as by ¢y dsg
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HE JOMKeH UIMEHATHCA NMPH BLIYEDKHUBAHHH NOCJAEARers croabua.
779, Paur MaTpHubI

ar b e dy
as b2 e2 ds

an bn cn dn
paBeEH ,IIB)'M H H¢ HAMEHAETCA NMPH BLHIMEPKHBAHHH TOCNeIRero CTOJI6U,3.

.7:2+y2+22 r Yy z
z§+y2+z§ T 1 21
T80. j2y+yz 22 T2 Y2 22
x2+y§+z§ Ta Y3 23
$4+y§+22 T4 Y4 Z4

—_ e e
Il
o]

781. 22 + y° + 2° — 2 — 2 = 0. LleHTp HAXOOHTCA B TOHKE (1/2,0,0). Paguye
paeeH 3/2.

782. CucreMa TPex NUHERHBIX YPABHEHHKH ¢ IBYMSA HeM3BECTHHIMH, B KOTGPOI pac-
IHPEHRAST MATPHLA M TPH MATPHUBI KOMDQHUIHSHTOR DY HEH3BECTHHIX Ias M0G0
nNapel ypaBHEHHH BCe MMEIOT paur 2.

T83. Cucrema Tpex NHHEHHBIX YPABHEHHUH ¢ KBYMSA HEH3IBECTHLIMH, B KOTOPOH paH-
M MaTpHll 3 KoadgpUIHEHTOB NPH HEM3BECTHLIX B MOGOH mape ypaBReHUME paBHEI
JBYM, & PaHl PACIIHPEHHON MATDHIbI DAaBeH TDEM.

784. Cucrema Tpex ypaBHeHHH C TPeMsl HEH3BECTHHIMHM, B KOTOPOR panru BCex
Marpun 13 KoacduuueHTOB NpH HEMIBECTHBIX NMIOOLIX JBYX, & TAKXE BCEeX TPEX YPaB-
HEHHHl paBHBl ABYM, & PAHl DACIIMPEHHON MATDUULI DABEH TPEM.

785, CucreMa yeTLIpex JHHEARBIX YPaBHeHHH ¢ TPEMS HEM3BECTHLIMH, B KOTOPOHR
padry MaTpuu U3 Ko3gQpHUHUEATOB PH KEUIBECTHLIX NIOOBIX TpeX ypapHeHH# DPaBHb
TpeM, & Panr pacliupeHunoll Marpuusl papen 4.

T86. YeTslpe NAOCKOCTH HMPOXOAAT 4Yepe3 OAHY TOUKY, NPHYEM HHKAKME TPH H3
HHX He MpOXOAAT 4epe3 OJHYy NPAMYIO.

787. Ecau se paceMaTpHBATE HecOBCTREHHBIE (HECKOHEMHO YHRACHHEIE) NIPAMEIE H
IJIOCKOCTH, TO ypaBHeHus Buia Or 4+ Oy = @ v Oz -+ Oy + 0z = o npu e, ve paBROM
HYJII), HE HMEKT MeOMETPHYECKOrD CMBICAA, a IpH ¢ = () yIOBNETBOPSKTCH KOOpAn-
HaTamu fA0H0f TOYKU NAOCKOCTH WK NPocTpancTsa. Mcknwoyana ypaBHEHMA Taxoro
BHOA ¥ CD03HAMAA DAHT MATPHUBLLI M3 KC3¢PHUHMEHTOB NPH HEH3IBECTHHIX 4epe3 7, a
DAHI PACIINPEHHCH MATPMIBL H9E€Pe3 71, UMeeM:

IJis cucTeM ¢ ABYMA HEH3BECTHBIMH:

1. r =2, r; = 3. CucreMa He umeet pemieHnii. [IpaMble He NpOXOAAT Yepe3 OAHY
TOYKY, IPHYEM XOTA Obl JBE NPAMBIE DA3NHYHEL H NIEPECEKAIOTCH.

2. r = r; = 2. CHcTeMa HMEET eOUHCTBERHOe pewenue. [IpsaMule mpoxoasT yepes
OBHY TOYMKY, IPHYEM XOTH OBl ABe NpsiMble DPA3JIMYHEL.

3. r =1, r = 2. Cuctema He umeeT pewennif. IIpameie napanneibis Uy CoBNa-
JAFT, BpUYeM XOTA Obl gBe HPAMBIE PAa3JIHIHEL

4. r = r; = 1. Petuenre 3agncuT 0T oguoro napamerpa. Bee npaueie coBitafasoT.
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Jlna cucTeM © Tpems HEeU3BECTHBIMH:

1. r = 3, r; = 4. CucreMa ne umeeT pemeHuit. [InockocTH He NPOXORAT 4Yepes
OIHY TOHKY, UPHHEM XOTH Obl TPU W3 HEX PASAHYHLI H NDPOXORAT Hepe3 OfHY TOUKY.

2. r = ry = 3. CucremMa uMmeer epuHcTBedHOoe pewnenue. [lnockocrn npoxomsT
4epe3 OHY TOYKY, IpHYeM XOTHA ObI TPH H3 HUX HE NPOXOOAT 9€pPe3 OLHRY NPAMYIO.

3. r =2, r; = 3 Cucrema ve umeer pewenuii. IImockocTu He IpoxonaT yepes
OAHY TOMKY, ODpHYeM XOTd Obl TPM HAOCKOCTH PAa3AM4HBl K Jio0ble TPH pa3NnU4HbLE
TIOCKOCTH NGO He HMerT obliell TOYKH, AHOC NPOXGAAT Yepe3 OAHY NPAMYI.

4. v = r; = 2. Pemense 3aBHCUT OT OAHOTO NapaMeTpa. Bee MIOCKOCTH NPOXOAAT
4epe3 OOHY NpPAMYI0, BTPHYeM XOTd Obl Hpe W3 HHUX Pa3NUHEBL

5 r =1, r; = 2. Cucrema He umeer pewenuit. TInocKocTH MapasnesHbl WM
COBIAAAIOT, IPHYeM XOTA OBl ABE U3 HUX PA3JINYHEL

6. r = r; = 1. Pemienue 3aBHCHUT OT JBYX apameTpPOB. Bce IIOCKOCTH COBNANAOT.

Otnen 3. Marpuosl U1 KBagparayHbie (hOpPMEL

1 5 -5
5 2 ax +by af+ b6
788. (7 0). 789, (Cﬂ+d’}’ C,B+d‘(5)' 790.1 3 10 O
2 9 -7
s mwy  (BrpE
791. 9 —27 32 |. 792.
ST 16 12 9 20
7 1 3 10
86 4 2 0000
50 -5 —10 00 0o0Do0ooO
793.( . s o 794.(00). 795. [ 4 0 0 o
109 8 7 60 0G0O0
100
796. ( ) 797. 1 0 2 O
05
1000
0200 13 -14 304 —61
798. (0 030 7 (21 *22)' 800. (305 432)'
0004
801 10 2 -
+| g 1 ) mpu n werroM, { o _o ) TIPH n HeeTHOM.
N
. ! /\g 0
802. (cosna —smna) 203.
sinna  cosna
0 "
1 n AT pAl
804. (0 1). 805. ( 0 )
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(1356 nn+1)
2
013 w
806. 001 {n —2)(n—1) | IZl€ N —NOPANOK NANHON MATPHII.
. . ——2""“"'""
\ 000 1 /
(1 Crlxul C"2—1 03—1 . C:Izll
0o 1 ¢l ¢, ... crt
807.1]0 o0 1 Cl_, ... o}
\0 0 0 0 1
190 189 —189
808. ( 3;2; 'ifggg ). 809. | 126 127 —126
252 252 —251

811. a) i-9 ® j-51 CTPOKH MPOM3IBEREHNA NOMEHAKTCA MecTamH; 0} K i-# cTpoke
Npou3IBEfeHUs NPUBABATCA j-1 CTPOKA, YMHOXKEHHASA Ha ¢; B) i-H ¥ j-I cronbust npo-
U3BEJEHNSA TIOMEHSIOTCA MECTaMK; T) K i-My cTonbuy npousseaenus npubasutcs j-it
cTonder, yMHOXKEHHBI Ha c.

a 2b
822. (Sb o+ 3b ), roe a u b— nobse 4ucta.

823. ( _a5b a—?—bgb ), rae @ u b— mobre ucia.
e b e a bcd
824. [ 0 a b ). s25. [0 0c¢
00 00abd
@ 000a
k
826, c= cos% +isin?Tﬂ- (k=0,1,2,...,n— 1), n—nopaaok MaTpuue! A.
21 =23 15 000
827. f(A) = —13 410 ]. 828.| 00 0
-9 22 25 000

830. YKAZAHME. MaTpuns! nopsgka n CYMTaThb nQ-MemeMH BEXTOPAMH.
831. YKA3AHUE. MlpumennTs 3agauy 814. 3AMEYAHME. B 3anaqe npennonara-
erca, yTo snemeHTsl Matpuu A U B —uucna. Jas nona xapaktepucTeku p # O pe-



OTaersl 303

3yALTAT HeBepeH. Tak, AMA MaTPUL NOpaaxa p

010...0 000. 0 0
o001 0 100 . 0 0
A= ..o ulB=]0249. 0 0
o0 ... 1|
000 ...40 000 ...p-10

umeeM AB — BA = E.

a b
]32. ( e —a)’ rae a,b,c—nobble udcna, YAOBNETBOPAIOUIHE COOTHOLIEHHIO

a? + be = 0.
833. YKA3AHUE. Henoneaysa sanauy 829, noxasats, uto eciu A = ( @b ), TO

e d
AF = {a + d}k'lA.

834, +F unu c:: _2 , re a® + be = 1.

835. Ecnu [A] # 0, 0 X = 0; ecnn |A] = 0, 50 A # 0, npavem oTHOWEHHe
3NMEMEHTOB 1ePBOre CToNBuA MATPULEl A K COOTBETCTBYIOINHM 3JIEMEHTaM BTOPOLO

€I
crombua = o, To X = ( y ) npu mobeix T, y; ecan 0ba 3MEeMEHTa BTOPOTO

—ar —ay
cTonbua MaTPALRE! A paBREI HYAIO, HO XOTA OBI GIHH 3JIEMEHT NEePEOro cToabua OTAHYEH
oT ayna, ro X = (2 g) ¢ nobemmn x,y; echim A = 0, To X — mobas MaTpuua.
-2 1 T —4 1 d —=b
cosa sin 1 -1 1
839. ( IO ) 840. | —38 41 -34
27 =290 24
-8 29 -11 ~7/3 2 -1/3
841. | -5 18 -7 |. 842. | 5/3 -1 —1/3
1 -3 1 -2 1 1
1 {1 2 2 (1011 1
843. - | 2 1 -2 844, -
sl 5 5 1 dl1 -1 11
1 -1-1 1
22 6 ~26 17 1 -1 0..0
17 5 20 -13 0 1 -1..0
8485. 846. | O 0O 1 ... 0

-1 0 2 -1
4 __l __5 3 ................
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847.

848.

849.

850.

851.

852.

/1 -1 1 -1 .. (-1)*!

0 1 -1 1 ...(-1""?
0 0 1 -1...(=1)""* |, n—nopasoK AAHHON MATPULEL
\0 0 0 0 1
[1 —a 0 0 0
01 —a 0 0
00 1 -a 0
(1 0 0 00
—a 1 0 0 00
a®  —a 1 0 00
—a? a? —a 1 040
\ (o) (cay™ (a2 (o a1l
(1—2 1 0¢...0 0
0 1 -2 1...0 0
0 0 1 ~-2...0 0
0o 0 0 0...1 -2
\0 0 0 0..0 1
n n-1 n—2 n-3 ...1
n—12n-1) 2(n—-2) 2(n-3) ... 2
1 n—22n-2) 3(n—-2) 3(n—-3) ... 3
n+l1] n—3 2n-3) 3n-3) 4(n—-3) ... 4
1 ....... 2 ......... 3 ......... 4 ....... n
2—n 1 1. 1
1 -1 0. 0
1 0 -1. 0
1 ..... 00 _1
2—m 1 1 1
1 1 2-n 1 1
_— 1 1 2-n 1
n_ -----------------------------
1 1 1 . 2-n
l-n-a 1 1 1
1 1 l-n—a 1 1
— 1 1 l1-n—-a 1
a(n + a)
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( 1—as 1 1 1 \
af ayaz a1ag 2105
1 1—aqss 1
1 @2t a3 aza3 agdy,
855, —— 1 1 1 —ass 1 ,
s azay azaz a3 7 aza,
SRR C SIS ; .;.(;f;.s
\ An Q] an 2 anda T a,?l )
1 1 1
e § =14+ — 4+ —+-v0 + —,
) az an

3 -2 -5 8

857. 1 41 _30 —69 111
-5 43 99 —159
1—2 143 1 AU | 1
1 1—-814+s ... 1 1
1 1
858, — 1 1 1-s...1 1 ,mes:-?in—iﬂ—).
ns ............................... 2
1+ 1 1 .1 1—35

VYKASAHUE. B cucTeMe ypaBHeHME ANA 3NeMeHTOB k-ro cronbua obpatHoft MaT-
PHLBL B3 KayKAOrO YPAaBHEHKHA OT HepBOro Ao (n — 1)-ro BoMeCTh ceayomee H Nony-
4eHHBIE Nt — | ypaBHeHuH clOXuThb. Bee HEHW3BECTHBIE BHIPA3UTH uepe3 k-e.

h-s h+s h ... h h
1 h h—-s h+s ... h h
859, — h h h—s ...h h ,
nhs tttttttttttttttttttttttttttttttt
h+s h h ... h h—-s

n{n —1)

roe s =na+ k- — CYyMMA 3NEMEHTOB KakOH-HUGYHL CTPOKH (Hau cronbua)

JAHHOH MaTpHIIbI.

11 1 1 |
1 ¢! g2 e ® g=(=1)
1|1 &7 e g8 g=2n-1)
860. ol P 6 e ? g—3(n—1)
1 e-(r=1) =2(n=-1) —3(n-1) E—(n—n*

YKA3BAHHE. HantucaTs ypaBHeHHA ¢ HEH3BECTHBIMM I),Za,...,T, IS OIpeene-
RUA 3eMeRToR k-ro cronbua obpariolt MaTprupl. Kaxnoe ypasieHue MOMHOMXHUTD Ha
TaKYI0 CTENEHD &, 9T00bI KO3 ULIHERT IPH ONPEL/IEHHOM HEHM3BECTHOM Z; 06paTHII-
ca B eguuuny. [TonydeHnsle ypaBHEHHA CAOXKUTD.

-1 -1 3 -2 1 2
861.( 2 3). 862.(5 _4). 863.(3 4).
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6 45 123 111
864. 2 1 2 865. [ 45 6 |. 886. | 1 2 3
333 789 231
2430 34 3cz
867. Ofwwuii Buz peurenns: ( ), €1 H Cp — MobbIe YHCnA.
Cz
2 361
868. O6uui BUA peleHun: ( , €1 R €3 — PCHU3BOJILHBIE YHCHA.
869, Pemennsa He CyLIECTBYET.
7 - 301 5 3(32 7 — 3e3
870. Obwuit Bng peeHns: cy , €1, Ca, 3 — NPOUIBONB-
561—9 562—3 563—7

HBIZ YHCJIA.

111 ...1
011 ...1
sTi | 001 ... 1
000 .. 1

872. B marpuue A~ coorBeTCTBEHHO: a) NMOMEHSAIOTCA MecTaMM i-it H j-ii cTonb-
upl; 6) i-# ymHOoxuTea HA 1/c; B) W3 j-ro cTonbua BuiMTeTCA i-if, YMHOMKEHABIH 1A ¢

ITpu npeofpasopaHuu CTONOUOE MATPULE! A aHANOTHYHO YKAZAHHOMY MEHSIOTCS
eTpoxu marpuiel A”!

o1 Ex U
ot = (5 )

B81. Ilpn ymuoxennn A cnepa Ha Hy Bce CTpoKH A CABUTAIOTCH HA OAHY NO3HLMIO
BBEDPX, OPHYEM NEPBad CTPOKA MCYE3AET, a NOCNEIHAA 3IAMEHACTCA HyJNeBoil.

[Tpu ymuoxenun A cnipasa ra H, ananorduioe uaMeHeHHe IPOUCXOANT CO CABHIOM
cronbues pupaso. UIpn ymuoxenun Ha H_) cnesa (cupaba) npodcXOAuMT Takoit ke
CJIBUC CTPOK BHU3 (COOTBETCTBEHHO CTONOLOB BNEBO).

890, Yeaosue AB = —BA ynosnersopaerca, HANPUMED, A8 MATPHI

010 0 0 010
“100 0 0 001
A=l vo00-1] B=l -1 o000
001 0 0 -1 00

YKA3ARME. [Ipn nocrpoenny Matpuy A 1 B BOCnoNb30BaThCA YKA3AHHEM K 3a-
Ha4ge 1747,

897. YKABARME. Henose30saTe 3Havenne B3aHMROIO ONpeaenutens (3ana4a 506)
H CBECTH 33734y K HpeXbLayuieit.

898. VKA3AHUE. UcnonbaosaTe yKazaRue K NpeabiIytieii 3amayde.

899. VKA3ZAHUE. Henonezorate TommecTeo 33aa4M 502 unu ¢opmyny Buna—
Komu B 3azaqe 499.
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900. YKA3SAHHE. Henonp3sopaTh ToxKIecTsBo 3ada4n 504.

901. YKA3AHUE. Ucnonp3oeats dopmyny Buns—Koun B 3azaqe 499.

902, YKA3AHUE. Ucnonszoeate dopuyny Buns—Kouwmn B 3azaqe 499,

903. YKA3AHHUE. Hcnons3osare 3anaqn 896 u 507,

904. YKA3AHHE. Henons3opats 3agady 507.

905. JIuaronanbHble S3A€MEHTE paBHEl X1,

906. JInaroHancHbie 3IEMEHTHI 10 MOAYNK) PABHBI €JHHULE.

913. YKA3AHUE. Ucnonezosate dopmyay Buas—Kowmn, ganuyio B sagaue 499,
WK YKa3aHHe K TOH iKe 33mase.

915. YKA3AHUE. Bocnions3ceaTeca npeapiaymeii 3agaqei.

920. YKA3IAHHE. Bocnons3opareesa 3anmaqeii 913.

921. YKA3AHUE. [TpumeHuTs TeopeMmy Jlannaca, HepapencTso Komn—ByHakos-
ckoro # ¢opuyny Buna—Konm {cM. 3amauu 503 u 499).

922, ¥YKAZAHUE. Ilycts n—uueno crpox A, B, C; k—uucno cronbuoe B; [ —
qucho croabnoe C. [IposepuTH BLIIOMHEHHE HEDABEHCTBA B Cay4anx k+! > n n paur
A<k+l €n

HNoxazate, uto upH k + ! = n 3a0a4a coBnagaet ¢ npeasayweit. [Iposeputs, Yo
HEPABEHCTBC 00pAllAeTCa B PABEHCTBO npH k + ! € n B ACHOIHRUTENLHOM YCHAOBHH
B'. ¢ = 0. Haxonen, B cnyvae, korga panr A = k-+! < n, gononnuts A 10 XBaapaT-
Ho#t Marpuusl {4, D) = P = (B,Q), rae Q@ = {C, D), upu nomomu n — k — I nuneiino
HE3ABHCHMBIX CTONGLOB Tak, 4Tobbl A'D = 0 (3TO MOXHO CAENATh MyTeM NoCTpoe-
HHA HYHAAMEHTANBHON CUCTEMB! PELIEHKIT ORHOPCAHOIT CHCTEME! YPABHERUH € MaTPH-
ueit A'), npAMenuTs npeapAyILM cayval kK MatpunaM P = (A,D) u @ = (C,D} n
NPHHSTH BO BHUMaRRe, yro P = (B,Q) n |[D'D| > 0.

923. YKA3IAHHNE. HeckOnbko pa3s npiUMeHHTh KePaBeHCTBO Npeablayileii 3aqasu.

924. YKA3AHME. IIpuMeHHTEL NOBTOPHO HEPABEHCTBA 3aa4K 922,

925, YKA3BAHHUE. lIpHMeHHTE pacCy KIOeHHs, aHAJOTHYHbIE TIPHBSISRHBIM B YKa-
3aHHH X 3alade 922,

926. YKA3AHHUE. [ToBTOpPHC NPDHMEHUTH HEPABERCTBO Npeablayllelt 3asadn U Hc-
NONL30BATL OTBET 3aja4n 532.

927. llepecranoBKa i-H M j-fi CTPOK MAH ¢-r'0 U j-TO CTONGUOB HONYYAETCA MPH
YMHOKEHUH HA MATPULy, JMEeMeHTHI KOTOPOH prx = 1 ang k, e paevoro 1,§, pij =
pji = 1, & BCE OCTANbHBIE HYJU.

YMuoKeHHe i-i1 cTpoKE (cTonbua) Ra YHeiIo ¢ # ( MOmyvaeTcs NPH YMHOMXKEHHH
Ha MaTpHLy, OTMHYAICUIYIOCH OT €ANHHYHON ML TeM, 4TO i-H 3IeMeRT rAaBHOM Ana-
roHanu og; pased ¢. [Ipubasnenwe K i-if cTpoKe j-f CTPOKH, YMHOMKEHHOH HA €, NHO-
JNiy4aercs 1P YMHCMXKEHHH CJIeBA HA MATPHUY, OTAHYAIUIYICCA OT eHHHYHON MNIb
TEM, YTO SNEMEHT Py = O

s apanornynore ipecdpasoBaHns CTOAGHOE HANO YMHMKHTEL HA AHANOTHYIHYIO
MaTpuy, ¥ KoTopo# py; = c.

YKAZAHUE. Hns onpenenenus BHIA HCKOMBIX MATPHL NPCOLIATE JARHOS HIIEMEH-
TapHOe Tpeobpa3oBaHie HaJ eJMHUYHON MaTpHuell, mopAAOK KOTOpO#l paBeR HHCay
CTPOK MaTpuupl A B cityyae npeofpazoBadus CTPOK M HMHCHY CTOJMOLOB A B Cayvae
npeobpasopanna cronbuor. 1IpoBepuTh, YTO NONYYEHHEIE MATPHUBLL YAORIETBOPAIOT
TPeOOBAHUAM 33,038K.

928, YKA3AHHUE. Ucnoapsosats 3aga4y 927 H noKasaTh, UTO npeobpa3oBaHue TH-
113 8} MOMKHO 33aMEHHUTH HECKOMBKHUMH MpeofpasosaHuamu THNOB 6) u B).
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929. VKA3AHUE. BocronezoBatecs 3agayqamn 617 u 927,
930. YKA3AHME. Henons3osats aagavy 623.
931. YKAZAHUE. lIpeMeHsTh K MaTpuue A 3a7auyy 929 W BOCMNONLIOBATHCA 3a-
Javamn 915, 930 1 914.
933, YKA3IAHUE. Henone3oBaThs 3aga4y 927.
24 3 -4 -8

—23/2 -1 2 7/2 -1z -l

934. 935. | 1/4 —9/4 3/2
10 1 -2 -3
s o 1 1 1/4  3/4 —1/2
-1/6 1/2 -7/6 10/3

o36. | ~7/6 —1/2 5/6 -5/3

3/2 172 -1/2 1
1/2 172 -1/2 1

938. YKA3AHUE. Jna noKaszaTenbCTBa RecOXOOMMOCTH TPHEATE 3a B moboit
HeHymeBoit cronfey MaTprupl A.

939. YKA3AHUE, [Ipu mokazarenscTse HeOOXOIMMOCTH NPUEATEL 32 5B marpumy
H3 No6bIX 7 MUHENHO He3ABUCHMBIX CTONGLOB MATpuunl A; i-fi cronbern mMarpuns C
COCTABHTD U3 Ko HunesToR B BoIpasKeHun i-ro cronbna A vepes cronbuet B. Uc-
NoAL30BaTHE 3afaqy 914.

941. YKA3SAHHE. Henonb3osaTk 3aaaau 626 u 931,

943. YKA3AHHUE. UenouncaeRHbBIMY 3/IEMEHTAPHBIMH 11pecOpa30BAHUAMH NPHBE-
CTH JaHyl MaTtpuuy A ¥ HopmanbHolt marpune. Jasa 310r0, BRIfpaB HauMeHBIOKI
10 aBCOMIOTHON BeMIHYHHE H3 HE DPABHBLIX HYMIO 3JEMEHTOB, NyTeM LENOuMHCHEHRBIX
3MeMeHTApHLIX NpecGpa3oBannil 3aMERUTE YIEMEHTH CTPOKH H CTONOLR, B KOTOPBLIX
CTOHT 3TOT SJEMEHT, WX OCTATKAMH NPH OeJeBHH HA Hero. IIoBTOpATE Tak, NOKa BCe
3NEMEHTHI {-it CTPOKH H j-ro croibua, KpoMe aq;, He obpataTes & HyNb. Ecny kakoii-To
3NMEMEHT ax; B HOBOH MATDHIE He NEJHTCA Ha a4y, TO K i-# cTpoxe mpnbasuTs k-10 n
BHOBL NepeliTi k 0CTaTKy. [IOBTOPATE TAK, IOKA. BCE MEMEHTH HEKOTOPBIX P-H CTPOKH
H ¢-T0 cTONOLA, KPOME (pq, BYAYT HYNAMH U BCE ODYIME 3NeMENTHl OymyT HeIuTHCA
Ha @Qpq. 3ATEM NEPEBECTH Qpg B JIEBbIR BEPXHUR yIOM H HAYATH AHANONMYHBIE NPeod-
Pa3cBaHHA ¢ yMEHBIIEHHON MATpPRUEHl, NOMYYEeHAOH BEIMEPKHBAHNEM NEPBOIl CTPOKH
H nepsoro croabua, ¥ T K. Insg KOKa3aTenbCTBa ¢OUHCTBEHHOCTH ROpMaJbHON dop-
Mbt 0603Ra4uM qepez dy, Ranboabunii oSN AENUTEN: BCeX 3MEMEHTOB MATPHUL A,
panra r ¢ 1 CTPOKaMH H n cronbuamu npu &k = 1,2,...,7 ¥ nonoxuM d; = 0 npu
r < k € m,n. Ioka3aTe, 4TO HENHTENN MHHOPOB dy HE H3MEHSKOTCS IPH LENOYMHC-
JIEHHBIX 3ME€MEHTAPHBIX pe0OpPasOBaHHAX M UTO 3NEMEHTHI €1, g, . .. HA TIaBHOM AHA-~
FOHAJIH HOPMANbHOH MaTPHIBI, SKBUBANEHTHOHR A, CBA3AHB]I ¢ AEAUTENAMH MHHODOB
paBeHcTBaMH dy = €)1,€z,...,¢8; (k € m,n), oTkyna '

di_q

944. YKABAHHUE. Ilpu noKkasaTeAbcTBE BO3MOKHOCTH TpeOyeMoro NpeiCTABNCHHA
nenonb30saTh 3amavy 927. Ilpy mokas’arenbeTBe €AMHCTBEHROCTH W3 OBYX NPERCTAB-
aeguit A = PR, = PR, Buisecty, uro Marpuua C = P2_1P1 = RQRI_I SBJAAET-
€51 LEJOMHCACHHONH, YRUMOBYASPHOA B TPEyroabHOH, 3/JeMEHTHl KOTOPCH Ha rtaBHoil

€k (k=12,...,"Ynep=0pmnar <kgmn.
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OHArOHAIH TIOJIOMUTENBHEL M, 3HAUUT, PABHEL 6AMHULE. 3ATEM, IPUPABHUBAS B PaBeH-
ctee CRy = Ry (k+ 1)-#, (k + 2)-1 u T. 4. 3neMeHTh! k-i CTPOKH, NOKa34Th, YTO BCE
3neMeHTEL MaTpuiubl C CIpaBa OT rapHOl JHANOHAJM PABHBL Hymo, T.e. O = E.

945. YKA3AHME. Henonb3oBath 3agaqy 927.

949, PEIIEHHME. [IpupeneM MaTpuuy A K pepxHell Tpeyroanroll Matpuue C cie-
AYIIUMA 3IEMEHTAPHLIMY NPeoBpaloBaHuaMn CIpok: ay; = dy # 0. Beiunras nep-
BYIO CTPOKY, YMHOXEHHYI) HA HOAXOASINME YHCIIA, U3 OCTANBHBIX CTPOK, IPHBELEM
matpuny A x BUAY

a1 aig a%3 ‘s a%n
Al = 0 az o033 ... a6z, ||
¥
1 1 1
0 Qny Op3 Qpn

TAK KaK TPH STOM MHHOPHI, CONEP/KAIME NMEPBYI CTPOKY, HE WIMEHUIIHCh, TC dy =
ay1a3, # 0, oTkyma a), # 0. Berauras Bropyio cTpoxy Marpuner A' ¢ noaxonsmu-
MM MHOMKHTEJISMH M3 HHXKEeKALNX CTPOK, OOPATHM B HYJIb BTOPHIE 3/MEMEHThHI 3THX
cTpok u T 4. Ilocne r waros ofpaTaTcs B HyJb BCE 3JIEMEHTHI NEPBBIX T CTOABLOB,
CTOfIME HHKe SMaronand, Tak Kak paHr noiy4ensoll Mmatpaupt AM = C pasen pan-
ry 4, T.e. paBeH r, T BCE IMEMEHTHI NOCHEAHHX 1 — r CTPOK MATPHIEL C PABHEL HYJIIO
n, chenosarefinno, C — BEpXHAA TPeyro/kHaA MAaTprua. B cuny 3agaqn 927 C = PA,
rae P —nponseegnne paga HHMKHAX TPEYTONBHBIX MATPHIL, T. €. CHOBA HHXKHAA Tpe-
yronbhaa Matpuua A = P~1C = BC, rae B = P~ — miuas TpeyronbHan MaTpHUA.
DTHM CylUeCTBOBAHME PA3NOXKeHUa Buaa (2) OOKa3zaHO,

Ilyers aano moboe npeacrasnenne suaa (2}. o dopMyne &1s MHHOPOB NPOH3RE-
JleHua MaTpHu (3afava 913) umeem

1,2, k=14 Y\ _
A(Llhwk—Lk)“

= % B hheckl Yo (g,
g T

Ho nepeble k cronbuos Matpaust C cosep:kaT ARMB OJUH MHHOP k-0 NOpPSAKA, OT-
JUYHEIA OT HYNA, NO3ITOMY

1,2,...,k=1,4 } 1,2,...,k—1,i L2,....k\ _
A(LGqk—Lk)“B(Lz“wk—Lk)C(Ll_wk)_
’-_'b11b22---bk—l,k—lbikcllc22---Ckk (t= kk+1,...,n k= 1,2,...,?").{3)
Tlonaras 3aecs i = k, Haliaem

dk = bubgz O bkkcllcgg e s Chk (k = 1, 2, gy ?"). (6)

Jens (6) Ha aHaNOrHYHOE paBencTBO ¢ 3amesol k Ha k — 1, nonyanwm (3). Hena (a)
Ha (6}, momyuum nepeyio u3 dopmyn {4). Bropas dopmyna noryuaerca aHATOrHYHO.

Iyere D — aobas weocoberHas JuaroRanbras M&TPHL[& C aneMedTamu dy,do, ...,
dy, Ha rnaeroii quarchanu. Torga A = BC = (BD)(D™'C). Marpuua BD nonyuaercs
13 B yMHOxeHHEeM cTONOROB Ha di,ds,ds. . .., d,. Matpuua D71C nojyqaercs us C
ymuoxenueM crpox Ha DIt DFY, .. Dl Tlosromy muaronansuee snementer B u C
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MOkHO GpaTh M106sIME npK yenoeuax (3). B npoussesenun BC sneMenTsr nocnenux
n-r cronbuos B yMHOMKAKITCA Ha 3EMeRTH NocyenHux n—r ¢Tpox C. [loaTomy, ecinu
ONHU U3 STHX HJIEMEHTOB HONOKUTE PABHEIME HYJIO, TO KPYIHe MOXKHO B3ATH JMIOOBIMH.

951. YKA3AHUE. [Tpumenuts pemwenue 3afa4u 949 4 noka3aTe, 4T0 NP yCJIOBUAX

d
brr = cpp = =k ycaosua {3} yaoBnereopsrOTCH U ycnosua (4) aawor: by = o
k

t=k+1,k+2,...,n k=12...,7).
952. AB = C = (Cyy), tre Cuy = (3),012 - (§ g).cm = (), Cn = (9,1),

c- (g1 92) (200

21 22 8.9 1

854, YKA3RAHUE. PaccMmoTpeTs npon3sencHue - kAeTOMHON CTPOKM HA i-H Kie-
TouHbt#t cTOnGew.

957. P—KBa,DpaTHaH KIeTOYHAR MATpPHUA € KBAIADATHREIMH €NHHHYHBIMHA KJCT-
KaMH [OPAOKOB My, My, ..., Mg [I0 THABROI JHATOHAJIM, IPHYEM KIeTKa, CTOAIAA HA
nepecedeHuy i-i KJIeTOUHON CTPOKK U j-T0 KJIETOYHOro cTonfna, coBnagaer ¢ MaTpu-
et X, a Bce OCTANBHLIE BHEAMATOHAJILHBIE KNETKH PABHBI HYAI0. AHajAorH4Ho (@ —
KIETOYHAA MATPHUA C KBAAPATHEIMHE eIHHMYHEIMU KIETKAMH NOPSIKOB 101,12, . .., T
Ha TJTABHOM AHATOHANH, MATpHIEH Y Ha nepeceyeHHn j-H KI@TOUYHOR CTPOKH {-T'O KJe-
TOYHOrC CTOABIA U HYJeBRIMY KIEeTKAMM Ha APYIHX MECTaX.

958. YKA3AHHE. W3 BTOPON KIETOHHON CTPOKN BEMECTE NEPBYHO, YMHOMKEHHYIO
cleBa HA MATDHLLY CA_I, #, NOAB3YACH NpedbLayHielt 3afaveli, 10Ka3aTh, YTO 1IDH
ITOM PAHI HE HIMCHHTCHA.

959. PEHIEHUE. ToT e psa snemeHTapHbIXx npecbpazoBanuil, KOTOPLIi nepe-

A
poauT Marpuuy R B R), nepesomut marpuuy I = ¢ _ca-lp ) B MaTpHWy

_ Ay By
= ( 0 X —CA-'B ) [o npeapiayweit 3agaqe paur T pasen n. Tak xak ane-

MEHTADHbIE NpecOpa3oBaHuA He H3MERAIOT DaHra MATPHUBL, TO paur I = pasry
T =n n paur Ay = panry A = n. Hostomy X —CA !B =0; X =CA™'B.

~20 8 11
960. A ! = 17 =7 =9 |. 96l.x =1,y =2, z=3,
-2 1 1

98
962. X = (2 3).

963. PELIEHUE. CeolicTea a) u ) JErKe CHSAYIOT U3 ONpPEeIeNeHns] KPOHEKEPOB-
CKOre npousseRenns. Jlna AoxazaTeNsCTBa B) OyJeM NHCATh B KAYECTBE KHAEKCOB 1IPH
3AeMEHTAX KPOHEKEPOBCKOrO HPOM3BEACHHUA HEe HOMEpPa Iap, 4 caMH napbl (IpHdem
YHCIa ORHOE nmapbt GyaeM nHcaTh paaoM H Ges ckobok). Ilonowum AB = F, CD =G,
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FxG=H, AxC =P, Bx D =0Q. Torna
hisia, jo = JuuinBinga = Zailsb-ﬁl Zciztdth =

E Qi s Cigeboj dij, = E :Piliz‘stqst,jmv

a,t

orkyna H = PQ.

964, a) Jlna npasoro npamoro NPOH3BEASHUA HAIO B3ATHL JEKCHKOrpadudecxoe
pacrionoxenne nap: {1,1),(1,2},...,(1,%),(2,1),(2,2)...,(2,n)},..., (m,n). Ansa ne-
Boro — pacnonoxenne (1,1},(2,1),...,{m,1),(1,2),(2,2),...,(m,2),...,(m,n)}, no-
JyHaIoIeecs MyTeM JICKCHKOrpapHiecKoil 3anicy Tex e nap, 1MTAeMbIX CIpapa Ha-
nieso. CeoiicTea 6}, ), I') HENOCPEACTBEHHO BLITEKAOT W3 onpeneienua. CBoACTEO 1)
CeAyeT U3 COOTHOUIEHUH B) npenslaywiedl u r) HacToawei 3agavu. CBolcTBa NEBOroO
NPOM3BEAEHHS BHITEKAIOT H3 COOTBETCTBYIOIWAX CBCHCTB NPABOTC IIPH TIOMOILM COOT-
HolleHuit 6).

965. YKAZAHUE. [ToxazaTh, YTO H3MeHeHHe HYMEpalMH Nap He MeHSeT onpene-
nurens |A x B|, u, nonasayacs ceofictBoM B) 3aaa4n 963, npeacTaBHTHL erc B BUAE
|4 x Bl = [(AER) x (EnB)| = [A x Eq|- 1B x B = |A~ x E, [+ 1Em x* Bl.

966. YKA3AHUE. Ucnonsaosats nonoxenne, ute 13 |4} = 0 creayer panr A < 1,
Joxa3dasHoe B 3agade 630.

987. PELIEHHE. TNonoxum AB =C u o0003HaYuM COOTBETCTBEHHO depes
Aij, By;, Cij anrebpanyecxue AoNOAHEHNs, a yepe3 M;;, Ni;, Pi; — MEHODBI 3/1EMEHTOB
B i-il cTpoKe H j-M cronbue maempuy A, B, C.

Torza, IPUMEHAS BbIPAKEHHE MUHOPA POUIBEXEHUA ABYX MATPHL YePe3 MUHOPLI
»TuxX maTpun (3asaqa 913), HaxosuM

G =Cy = (=1PHPy = (-1H )" MuNu =
k=1
= Z(—l)Hijk(—l)k“Nk:‘ = ZAjkBki = dekﬁkj.
k=1 k=1 k=1

OTKYJAa C =B A

Ans HeocoHeHHBIX < MaTpHLL Awu B Tor e pe3ysIbTaT nonyqaeTca KOPOde TaK: IIo
npenbmymeﬁaanaqu |A|-A™!, orcioma {AB) = |AB|(AB) ! = |A|-|B|B'A7! =
BA. Zna maTpui ¢ YHCACBBIMK SHEMEHTAMNA CAYHall BHIPOXAEHHBIX MATPHL MOy 494~
eTca npenensHeiM nepexonroM. MHoroumer ot A, pasubiii onpenenuteno |4 + AE|,
HMEET CTeneHs 1t U He Bonee n KOpHeR. Hoammy MOKHO B3ATh NOCIeJA0BATEAbHOCTD
qucen: Ay, Ag, ... lim A = 0 Takyw, 4To MaTpunst A+ A E n B+ A E 6yayT neoco-

Gennbivi. [lo mokazasnomy [(A + M E)}B + )&kE)] = (B + ,\kE) - (A + A E).
ITepexoaa x npemeny npu k — 00, TIOAYYHM (AB) = BA.

968. YKA3BAHHE. a) Cnegyer w3 zagauu 913, 6) mokalaTes Afta ciayuas, KOTAA
|A| =0, noms3ayscs saauelt 747, a a7 |A| # 0 — cooTnowenuem A = |A|- CA'~1C,
rae U — AuaroHaJbHAA MATPHLA ¢ 3neMedTamu 1, —1,1, —1, ... Ha rnaBHolt AHACOHANH.
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069, YKA3SAHKE. IIpaMennTs 3azaqy 913.

970. Hanpumep, HyMepauus CoUeTaHnil B NeKCUHKOrpaduIecKoM NopaaKke, [IPH Ko-
TOpOM coveTasme i) < fg < -+ < ip HNPEJUIECTBYET COMETaHnI0 f1 < Jo < '+ < Jp,
ecny iephad OTIHYHAsA OT HyNIA PA3HOCTE j1 — 11, J2 —f2,...,Jp — ip NOMOKHTEILHA.

971. ¥YKA3AHHUE. [loxa3aTs npeiJioKeHH0e PABEHCTBO CHavana AN TPeyroabHo#l
MaTPULBL A, TONE3YACE TeM, YTO H3MEHEHUe NTOPsIKa HyMePALIWA COYeTaHull He Mens-
eT ONpeNeINTeNs aCCOUHHPOBAHRON MATPHILT Ay, U MPUMEHNS NPeSbIAYUYID 34034y,
O6muil cayyalt cBeCTH K TPeyTrONbHBIM MATDHIAM [IPH HOMOIIH 3ana4u 928 1 969.

972. PEWERKE. B cuny 3anaun 956 us AB = E, cnenyer A B, = Ey, e
N = CF; otcioma

jlv jZ} vy jp ?:1! i?! vy 1"p —_
2. A(il, i, ...,ép)B(kl, ko, ...,kp)—

1€i) iz < <ipgn

P
1, ecnu Z(js —k)?=0
s=1

N<Jo< - <Gy
(1s kL <ky <o <k g‘"’)" 2)

r
0, ecnu Y (§y— k)2 >0

==

C apyro#t ¢cTopoHbl, no TeopeMe Jlannaca HaxoguM

Z A("?h _jfg, . p) (——l)sél(iri—k.)A(,_,;" k:é, iaey Ji:l_p) _
i1, f2, ...y Op i, 49y ..., 3

o . . ¥ -
1€ <ig < <ipgn n=r

P
(4], ecan Z{js - k) =0,

= 5 3)
0, ecnu z:{j.g ~ k)% >0,

a=1

rge i) <dp < or <y, BMECTE C iy <dp < rr <ip B K] < ky < --- < ky,_, BMeCTE

¢ ky < ko < -+ < kp COCTABJARNT MONHYIO CUCTEMY HHAekcos 1,2,...,n.

Tak kak cucreMa JuHeilHsIX ypasHeHnit ¢ HeocobGenroll Marpuueli A, npu 3anan-
HBIX CBODOARBIX 4leHAX UMEET eRHHCTBEHHOE PELIEHHE M TaK KAK NpaBble MACTH pa-
BeHCTBa (3) OTMHYAIOTCA OT MPABLIX YaCTell COOTBETCTBYIOINMX PaBercTB (2} TOMbKO
MHOXHTENEM |A|, TO TAKMM 3Ke MHOMHTENEM JOJIKHEL OTAHYATECA W JIeBble YacTH,
OTKYZA M BHITEKAIOT Tpebyemuie paseHcrsa (1).

973, YKA3AHMUE. [Ipamennts Teopemy Jlannaca » 3amayy 903.

974. YKA3AHME. [lpaMennts Teopemy Jlannraca u sasady 903.

10 A1 0 10
975'(0 A2)' 976'( 0 XHAZooa- ) 977'(0,\2+5)\)'

10
A—1 0
. . . A
978 ( 0 (A+1)(,\-1)3) e {0 .
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A0 0 1 0
980. | 0 A2+ 0 ; 981. [ 0 0 )
0 0 A%+ 00 (Hh—2)°

1 0 0 1 0
982. | 0 A+ X 0 . 983. |0 0 .
0 0  A+2x%4) 00 A2+
984. YKA3BAHME. Joka3aTs, uT0 MHorownensl Dy()) He mamensorca mpu aJe-
MEHTAPHBIX NPeOOPa3OBAHMAX M 9TO B Cydae HOPMANbHOM AMArOHANBHON (OPMBI

k
D) = [[ B0 (k = 1,2,...,m).

1=l

PR - R e B ]

1 0 0

985. | 0 AL -1)(A-2) 0 .
0 0 A = 1){(A - 2)
A0 0

986. | 0 X 0 .
00 AA=1}A=2)(x~-3)
1000
0p 00

987. | . g p o | P =0 =D -0 -3 - 1),
000p
1000
0po0O

988. | 4 9p 0 )
000 p?

e p — NPOH3BENEHNE MHOCOYICHOB 4, b, ¢, d, IEJIeRHOS Ha NPOM3BEeHMe CTAPLIHX KO-
3¢ PHULNEHTOR 3THX MHOIOYJEHOB.

d(\) 0
989. | f(A)g(A)),

ed(A)
rae d(A) — HauGonpunit o6wud nenuTens mMuorowaeHor f(A) a g(A), umeouull crap-
urnif Koa¢ppuIHeHT, paBHBIN eQUHULE, H ¢— NPOH3BEICHNE CTAPIIUX KO3ghPULIEHTOB
ITHX MHOrO4/ICHOB.

1 0 0
990. | 0 fgh 0 .
0 0 fgh

abe 0 0
fgh
991. =
0 abe 0 ’
0 0 fgh

rae o, b, ¢ cooTBETCTBEHHO HaubonbutHe obiHe ReauTenu onA g v b, fa h, f u g,
B3SIThIE CO CTAPIIMMH KO3 PUUHERTAMH, PABHEIMH €JHHHLE,
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abe o
2
992. ] o Lfh 4 |,
abe
o o Jeb
d

rae d — HauBonbluuii of6Mii Jeautens f, g 1 h; a, b, ¢ — cOoTBETCTBeHHO HauGONBLIIME
obwwe neantenn g u b, f w h, f v g, npudem cTapume ko3 PULMEHTE BCEX MHOTO-
4neHow a, b, c,d pasnnl eguHALE.

100 0 10 0 0
0100 010 0
91 o010 ] |00 0
000 A 00 0 X
1000 0O
0100 O
995. 1 0010 0 |,rmef(A)=2+52"+a¥ 130722041
2001 0
0000 f(A)
100 0
996, (g [1) [1) g ,ecnn 8 #0, WITH
000 [(A+ra)®+87Y°
10 1] 0
01 1] 0
00 (A+a)2 0 , ecam 8 = 0.
00 0 )\+a
1 1 0 1]
997. 0)\ 3 A-1 1]
0 0 (A- 3 0 (A-1)?
1
1
999, 1 , TRE N —HOPAAOK AAHHON MATPULIBI.
0 Aﬂ

1000, DxewpanenTHer. 1001, He skeuBanedTHb!.

1002, Matpuust 4 n C 3KBHBANEHTHBE MeXAy coOO M HE SKEHBAJIEHTHBI MAT-
puue B.

1003, EgnnuvHas MaTpHua.

1005, YKABAHKRE. Bocnonbp3oBaThea TeM, WTO 3JeMeHTapHRoe npecbpasopanue
CTPOK MATpHUB A CBOAMTCH K yMHOMeHHIO A cresa {a ¢cTonSHOB CHpaBa) HA CHEnu-
ALHYI0 YHHMORYAApHYo A-matpuuy. Hanee, echu B = B, P, ... PLACHh Qs ... Q,
rie P;, @, —cnenMansHele YHHUMOAYMADHBIE A-MATPHIBI, TO MNONOXHTE P =
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PP_,..PE,un@=E.Q¢-...Q; llpn noxazarenscTee JO0CTATOMHOCTH HCIONB-
30BaTh OTBET 3ama4uu 1003.

(1 0N, o (0 12
1006'3‘(0 A2—1)* P‘(—z A+3)‘

Ao—ieg i

_ 2 2
“r 1-2 1y A+3
2 2

A2 0 10
10“7'32( 0 )\2+4/\+4)’ P_(—l 1)’

Q- 1 —A2-2)
TA=A ARy )

1 0 0 —2A—3 0 2A+4
1008. B=| 0 A-1 0 i P= -3 -1 4 :
(0 0 AP-N ( 3 0 -1 )
1 AR+l 0
Q = A At 41 0 .
~A-1 A2 1

=3 4 0A+8 3AT—0x a4 (172 —1/4
1009‘H"mp'““ep'‘D‘(—2,\2+6,\+5 2-er+3 9= 0 12 )

{1 =UN  X A =223 A2
lOlO.HanpnMep,P-(o ) ),Q_-( A-1 2% _ 1 .

1011. Hanpumep,

1 00
P={ 11248 —-11 0 |;

2A-1 -2 0
—2x -1 “2-1 224
Q= 222 +2+2 A2 +2+1 X221 .
( 0 0 1

1012. Hanpuwmep,

1 0 0
P=1{ =332 -22+1 X4+x 1 |;
2

A2 —dx+4 2274201
“A+1  —x X2
Q=1 -2+2 =x+1 -x* |.
A—=1 A A%41

3 1 —3 -5 0
1013. Hanpumep, P = ;0 = 5 8490
10 0 01

0
1014. Hanpumep, P = ( -1
1
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1015. Ey(0) = 1; BN = A — 1; Ea(A) = (A = 1A% - 1).

1016, E1(0) = A +1; E3(A) = A% — 1; E3(0) = A3 — A

1017. E1(0) = A2+ 1; Ep{(A) = X3 = A2 £ A = 1; E3(0\) = Ey(A) = 0.

1018. E1(A) = 1; Ea(A) = A2 = A+ 1; Es(A) = X 4+ 1; Ea()) = 0.

1019. E1(}) = --- = E,(A) = 1; Enja()) = AL

1020, E4y{M) = = E,1{(N) =1L E,(A) = (A —a)%, ecu 8 #0, E;(M) = =
Ea)) =A—a,ecm g = 0.

VYKA3ZAHUE. Ilpn § # O nokasars, 4To ZeanTens MuHopoB D, 1{A) = 1. Jua
sTor¢ y6eauThed, YTO MHHOP, NOJAYYERHbIH BBIMEPKHBAHHEM TIEPBOrO CTOABUA M MO~
crnefineil CTPOKH, He OOpANIASTCA B HYMb MPH A = .

1021, A+ 1,(A — 1)%. 1022, A+1,A—1,A—1.

1023. DneMeHTApHBIX ACMUTENEH HE CYNIECTBYET.

1024. A + 1L, (A =12 A - LA+ 2,20+ 2,0 + 2.

1025. JneMeHTaPHBIX JENMUTENEH HE CYLIECTBYET.

1026. B none pauuoRansRuIX unces: A% 41, A2 —3; B none AeACTBUTENLHBIX YHCEIT:
M1, A48 A \/ﬁ; B MOJNE KOMILAEKCHBIX YHCEN: A + %, A —1i, A+ \/§, A — /3.

1027, B none panuoHaibHbIX qHCeN: A2 —2, (AQ —1—4)2, A%+ 4; B none peficrBuTE B
HBIX YHCEI: A + V2, A — V2, (A% + 4)%, A% + 4; B HONTE KOMILNEKCHBIX YHCET; A + V2,
A= V2, A+ 20)%(A - 20)%, A 426, A — 24

1028, B nose paloHaJbHEIX H B HOMe AeicTBATENbHbIX yncen: (A — 1Y%, (A + 1),
A41, {22 =X +1)% 2% — A + 1; B none komnmekcrpix unce: (A —1)%, (A +1)% A +1,

2 2
1+iv3 1-iv3 1+iv3 1-iv3
A~ - A= L — .
2 2 2 2
1 0 0 0 0
0 A+1 O 0 0
1020. | 0 0 A?-1 0 0
0 0 0 AM-2x323110
\o o0 0 0 0
{1 © 0 0
0 A+2 0 0
1080 | 5 5 A342aZ—4r—38 0
\0 0 0 A —120% +48)% — 64
/1 0 0 0 0
0 A-1 0 0 0
1031. | 0 0 A2+r-2 0 0
0 0 0 AMEAt BN - A2180v -4 0
\o o 0 0 0

1032. YKA3AHHUE. ITycte e{\) — kakoli-HHOY L HENPUBOAHMBIE MHOMKHTENE, BXO-
AAINE B padjioenue XOTA 6B OOHOTO JHATOHANBHOTO 3JIEMEHTA, § — YHCJIO AUAaro-
HANBHBIX JEMEHTOB, OTVIHYHBIX OT HyAd, H 0 < o € a3 € - - € ay — COBOKYIIHOCTL
nokasaTeseil cTeNeny, ¢ KOTOPLIMA e{\) BCTpesaeTes B 3THX aieMenTax. [foxasaTs, €4To
mpu k = 1,2,..., s geantens Muropos Di()) memures Touno Ha [e{A)]*r o2t ot g
MHBADHAHTHBIA MuoKuTeNs Ex{A) —Towio Ha [e(A)}* .
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1033. YKA3ZAHHME.

D MeMeHTAPHBIMH NpeoDpPA30BARHAMH NPUBECTH KAXAYIO AHA-

FOHANBHYIO KIETKY K AHArOHaNbROK (HATpHMED, K HOpMAanbHOH) dopMe 1 BOCHOE-
30BaThCd MpeApayLIeil 3anaqeif.

/10 0 0
0 AA+1) 0 0
1034- [ 5 "o T A+ DO~-1) 0
\o 0 0 AR+ -1
/1 0 0 0
0 X —4x 0 0
1035 1 5 9 M_ax 0
\0 O 0 M
1 0 0 0
0 f(x) 0 0 13 2
1036. | o 07 sy o ,rie FA) = A3 4+ A% — 62,
0 0 0 [f)?
/10 0 0 1 0 0 0
0 X-1 0 0 ¢0Ax-1 0 0
1087, | o 75 2y o 1038. | 0 "o s2lq g
\0 0 0 (A2 -1)° 0 0 0 0
/10 0 0 10 0 0
01 0 0 01 0 0
1039 | 40 a2-q0 ] 1040 [ 50 x242-6 0
\o00 0 O 00 0 A2pa—8
(1 0 0 0 0
0A=1 0 0 0
1041. 1 0 0 A%-1 0 0
0 0 0 M-222410
\o o 0 0 0

1042. D, = 1,D,
1043. D, = 3, D,

1045. YKA3IAHHE.

=2,D; = 4,D4 = 320.
= 18,4 = 324, D, = 11 664.
[IpH BOKa3aTeNLCTRE CYIECTEOBAHISA PENCTABNCHNS JAHHOTO

BHIA BOCNOJB30BATHCA Npedsiayineii sagaveit. [Ipy foxasaTenncTBe eIMHCTBEHHOCTH
U3 ABYX upeiacTapnenuii gandoroe suga A = Py R, = PR, BoipecTn, uto Matpuna C =
Py'Pi = RyR7! sinnserca yHUMOAYRAPHOH M TPEYTONBHOR A-MATPHIEH, SMEMEHTDL
KOTOPOH Ha MaBHO! AHACOHATM HMEIOT CTapwiil KOs pHUHEHT, PABHBIR ¢AMHIUUE, H,
3HAYNT, CAMH PABHH €ZURULIE. 3aTeM, IpHpaBHUBas B pasencTse C' R = Ha aneMenTst
k-if CTPOKM H MPHHUMAH BO BHHMAHHE YCAOBHE JAsA CTeneHe# smemeHToB K, n Ry,
NOKA3ATh, YTCG BCE MIEMEHTH! MATpHIp! C CIIPABA OT IIABHOM AMArOHANM PABHBL HYNIO,
T.e. C' —enuanydas matpuua. lonyuuts orciona pagenctsa Py = P w Ry = Rs.

1047. Hanpuwmep, A = (

1 -2
2 —4

2 4
12

o= (1)
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1048. Cxansapusle MaTpHUbl. YKA3AHME. Ilokasats, uyto ecnn AT = TA ana
mobol HeBLIpOXKASHHOR MaTpHusl T, TO 3TO BepHO Ans Beex Marpuu 1. ns storo
Boipoxaenuyr) marpuuy T npencrasurs B BHge T = (T —aF) + aF, e aa # 0 u
Beibpano rak, uro [T — aF| # 0. 3arem npumenuts 3agavy 818.

JAMEYAHHUE. YKa3aHHbH METOJ[ DEINEHUA MOXKET OKA3ATHCA HeNpHTONHBIM ANA
MATPHIL] ¢ 3MEMEHTaMH U3 KOHEYHOTO TONA, [EE MOXKET He HATHCE 3NeMEHTA o ¢ HYXK-
HBIMH CBOECTBAMU. MeTO 1, MPRIORHBIH A/IA MATPUL, € DNEMERTAMU U3 MOGOTO NoAs U
HE WCHCABIYIOLONi 3amayn 818, COCTOMT B cliemyoolueM: Ans ¢ # j 0003HAYMM yepes
Fi; MaTpuuy, oTAuHaRUyocs 0T eOUBUYHON NUUIB TEM, YTC €8 JIEMEHT B i-ii CTpoKe
u B j-M cronbue pasesn efunnie. B papencrse AFy; = Fi; A npupabudeM sneMenTb B
i-#1 cTpoke u 7-M cTonbue, a 3aTeM E i-f1 CTpOKe U i-M ke cronbue.

1049, 3a matpuuy T MOXHEO B3ATL MATPHILY, [IOMYUEHHYK H3 €INMHHUYHON mnepe-
CTAHOBXOH -if U j-if cTpox.

1050, YKA3AHME. BocrionbaoraTbed npenplayimnet 3agaueil.

22+1 A1 123
1058. A={B—JXE)| 3x+23x 2 | +| 312
A+2 201 231

Aox 1 5 —2 3

1059. A= | 202 3% 2 }(B-AE)+ | 6 -3 2
ATy -2 7 -5 4

1060. ¥YKABAHUE. McnonsacsaTth 3anavuy 1005,
1061. PEMERME. llycte P = (B—AE)P,+FPou Q = Q1(B—AE)+Qo. Ucnonmbaya
3TH COOTHOUICHHS, PABEHCTBO

B —A\E = P{A - )E)Q (1)

MOMHO HNPHBECTH K BHIOY

B —AE - Po{A - AE)Qo = P(A-AE)Q1(B - AE) +

+{(B — AEYPI(A = ME)Q — (B = AE)P\(A - AE)Q1(B - \E).

Tloncrasnag coaa HA OCHOBAHAN paBeHcTBa (1)

PA-MEY=(B-XE)Q™! u (A-XE)Q =P Y(B-)E),
NoJTYUYHM
B —AE - Py(A—AE)Qo = (B- AE)[PLP™' + Q7'Q1 — PI{A— AEYQ|(B — AE).

BoipaxeHne B XBAJPATHRIX CKODKAX B NMPABOM 4acTH 3TOCO DPABEHCTBA AOJMKHO
PABHATHLCA HYMIO, TAK KAK HHAYE NPaBas YaCTh MMena 6Bl CTeNeHs OTHOCHTEILHG A He
HIDKE JBYX, TOMHA XaK CTEHNEeHDb JIEBOH 4acTH He pbiule eaurausl [Ioatomy B — AE =
Py(A — AEYQ,. Tlpupasuuban B 3TOM papeHcTBE Ko3dbduienTs npu A u ceodoaHbIE
uynensl, Haxeoum: FpQQ = Eu B = FyAGQo.

1063. IlonoHunt, 1064. ITono6un:.

1065, Matpuusr A 1 C noacbust Mexay cofolt, Ho He MOROGHE! MaTpuue B,

1066, Marpuust B u C nogebrel mexay coboli, HO He noaebuel MaTpuue A.
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1067, Hanpumep, T = ( _i _g ) VYKA3AHME. ns noaydyeunsa no BOIMOXKHO-

CTH TPOCTOrC OTBETa HAJ0 CTPEMHTHLCA COBEPLIATH Hauboee MPOCThIE 37eMEHTAPHEIS
npeobpasosanua cronbros Matpun A — AE u B — AE.

1068. Hanpumep, T = ( _(1) 1?]
A — AE x sopManbhoil AMaroHalbHoll ¢popmMe H3 BTOPOit CTPOKH, YMHOXKEHHOH Ha 6,
BBIYECTE [IEPBYIO CTPOKY, YMHOMKEHHYIO Ha A+16, & H3 nepeoro ¢reabua, yMHOXKEHHOTO
Ha 6, BblYECTh BTOPOH cTosbel, YMBOKEHHBI Ha A — 17. Ananoruuno npecbpa3oparn
matpuuy B — AE.

1069. Hanpumep,

). YKA3ZAHHUE. JIna npuBefieHua MATPUIBI

1 -3 3
T'=12 -31
1 -21

1070. Y KABAHHE. [lony<HTE ¢ KaK CYMMY BCEX COMHOMKHTENEH, CTOSIUNX B ONpe-
genurene |A— AE] npn npouasesenusax no k 3/IEMEHTOB [VIARHON THACGHAH W B3FTBIX
apn A = 0.

1071, A\ = af + a% + -+ ai, Az = -+ = A, = (. ¥YKA3AHKE. [Ipumenuts
NpeAbIAYIIYI0 3a34Y.

1074. YKA3AHUE. [Ipumenurs 3anaay 1070 x marpune B = A— Ay F u nokazars,
uTO XApaKTepHCTHYeCKUN MHoro4uned | B — uF| matpunm B nocne 3amens = A — Aq
NEPEXOANT B XAPAKTEPHCTHYECKHN MuOrounes |A — AE| marpuus: 4.

1075. Ina TpeyronbHoll MATPHLE! BRIOA

Ao @12 @13 ... Qp
A = 0 /\0 223 ... g ,
0 0 0 Ao

rae a; ;41 = 0(i=1,2,...,n—1), 6ymer d = 1. [Ina auarcHanbHol MATPULEL TTOPS -
Ka 1, B KOTOPO# p 3JEMEeHTOB IMABHOH AMArOHANH PABHHI Ag, Bymer d = p.
1076. YKA3ZAHUE. [lepeMHOKUTL paBeHCTBaA

[A™Y —AE) = (=247 |A — %E‘ .
1077. YKABAHME. [lepeMHOXKHTE PABEHCTBA

|4 = AE| = (A — A(Aa =AY (A = ),

[A+AE| =+ e+ 0.0+ 2)

v 3aMenuTs A2 Ha .
1078. YKA3AHKE. Papercteo |[A-AE| = (A1 —A)(A2—A) ... {An—A) nepeMHOKUTE
€O BCEMH PABEHCTBAMH, MIOJYMEHHBIMH H3 HETO 3aMEHOHt A Ha A&y, Aéa, ..., Agp_y, [OE
dnk 2rk
€ = cos —— -+ igin % (k=1,2,...,p— 1) u B nony4eHHOM PABEHCTBE 3aMEHHUTH
AP ma A
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1079, PeureHuRE. Yyers f() = ao [[(A — #5), xpome Toro, (A} = [[ (A — A).
g=1 i=1

Nonaraa A = A B f(A), nonyaum: f(A4) = agp H(A — p;F). Tlepexoxa oT mMaTpHu K

i=1
CNpeIenuTeNnaM, HaxXo0IxuM

/(&) = af HIA #;El—ﬂoﬂw(#g)—aoHH(A - us) =
J=14=1
= I e [T = )| =TT F20.
d=1 j=1 i=1
C apyroit croponst, |f(A)| = af H w(us) = R(f,¢).

3=1
1080, YKABAHME. [IpHMEHHUTE pABEHCTRO MPEeAbLIAYINEH 3a4a4H K MHOMOWJIEHY
g{x) = f(z) — A, rae A — IpPOU3BOJIBHOE YHUCIO.
lg{4)]

[h(A4)]

1081. ¥KA3IAHME. [IpuMenurs pasenctso |f(A)| =

Jaun 1079 u 1080.

1082. YKA3AHUE. Ecnu xoTa 661 oqua u3 matpuu A, B vespipoxkaenHa, TO yTBED-
JKJeHRe BhITEKAeT u3 noaobusa Matpuun AB u BA (cm. 3anaay 1047). B ofuwem cny4ae
MOKHO NIPUMERNTE 3aJaun 920 u 1070, Jina MaTpul Haf noeM ¢ GecKOHeYHBIM (MITH
AOCTATOYHO BOMBIINM ) YUCHOM SNEMERTOB M3 BLIOIHEHKA TPefyeMOro paBeHcTsa A
HEBLIPOMCIEHHBIX MaTPHL, CREAYET €ro ToXKAeCTBenHOe BhinonHenue. Haxonen, ana
MATPHY] ¢ YHCIOBBIMH 3JIEMEHTAMH PABEHCTBO A7 BBIDOMKJIEHHOH MaTPHIEI A MOXKHO
AONYHHTHE NYTEM ApedeNbROro nepexonsa. Hanpumep, ecnu Ap, Ag, . . ., Ay — XapaxkTepu-
CTHYECKHE 4MCJIA BEIPMKACHHON MaTpuus A, To GepeM NOCHea0BATENLHOCTE YHCEN,
£1,€3,..., TAKYI}, YTO BCE OHH OTJUYHBL OT A, A3,...,An H le gr = 0. Marpuua

k—oo
Ax = A — &, F uesviposgenna. 3nauut, |AyB — AE] = |BAg — AE|. Iepexoza x
npeneny pu k — 00, NOAYYHM HY>XKHOE DABEHCTEO.

1083. XapaxTepucrudeckue Yucna (¢ yueroM xpataocth) Gyayr Ax = flex), roe

H HCNOAL3OBATH 3a-

flo)y= ar+0oT+0az’ 4+ danr  uey = cos¥+zsm Tk (k=0,1,2,...,n-1).
VKAZAHHUE. [IpUMeHHTE BhIpasKeHne NI UHPKYAARTA W3 3a4a¥H 479 X UupKyAAHTY
|4 — AE|, rae A—napamerp.

1084. PELIEHUE. [Ipumensis 3agady 304 k onpegenuremo |A — AE], roe A—
XapaKTePHCTHYECKOR HHCA0, monoxum « + 8 = —A, aff = —1. Torna |4 — AE] =
" +a" 184 4+ 8" U3 af = —1 naxomuM o # 0 u 8 # 0. Janee o # B3, Tax
kak w3 a = Fu |A ~ AE| = 0 cnegosane 6m1 o = F = 0. Hovromy |4 — AE| =

nt+l _ g+l n+l &
3——’6— =0, oTkyzna (%) =1; 2 — cos 2k +isin 2n (k=1,2,...,n),

a- B n+1 n+1
k # 0, Tak xax E # 1. Peuasd 3TO ypaBHEHHE COBMECTHO ¢ af = —1, HAXOOUM:
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k k k - k
o= +i (cos nﬂ. + ¢sin nLH)’ g =+i (cos nﬂ-{-l — tsin nﬁ_l_ 1) 3aece 3HaKkK =+

+1
Haje 6paTe AnA a M [ COBNANAIILMMH, Tak Xak af = —1. Orcioga A = —(a + §) =
mk
F2icos {k=1,2,...,n). Bee sru wuciaa qoskHel O6ITE XaPAKTEPUCTHYECKUMH.

n+1

Ho cpemu sux MMeloTea paBHBIE, TAK KaK COS

e ntl-k)m

coS
+1 n+1
Bee paznuubpie 9MCHa COOEPIKATCA B CHCTEME

wk

,\k=2icosn (k=1,2,...,n).
Ho crenesp XapakTepUCTHHECKOTO MHOTOUIEHA paBHa . SHAUHT, IOCTeARAA CHCTEMA
CONEPACHT BCE XAPAKTEPUCTHYECKNE YHCHA, EPHYEM KPAaTHBEIX KOpHel HerT.

1085. YKA3ZAHUE. Joxkazars, uro knerka 2KopaaHa nopsiaxa k ¢ 9HCHOM & HA
AMACOHAJM MMEET EIMHCTBEHHBIN S/IeMeHTapHER genurens (A — a)*.

TMoctpouts xopaarosy maTpuuy A;, kierkn XKopaana xoTopol #axoAaTCs B yKa-
3AHHOH CBA3M ¢ 3MEMEHTADHbIMH ReMuTenssMu MaTtpuipt 4 — AF, u, nonwayacs 3axa-
gamu 1033 u 1061, pokasaTe, 4ro marpunet A u A; nogobusr. Ilpn goxaszarenecrae
€IHHCTEEHHOCTH, MONB3yachk 3anaqeit 1005, yBeAnTeCs, YT XapakTepuCTHIECKHe MaT-
PHLEL ABYX NOOOGHEIX KOPKAHOBLIX MATPKL B U € 3KBHBANEHTHBI, H W3 COBIAJAEHUA
aneMeHTapHBIX Aenurtenedl Matpuu B —~ AE u C — AE, cHoBa npuMensis 3agady 1033,
ybequThes, 4yTo MaTpunpl B u C cOBRagaloT ¢ TOMHOCTEI A0 HOPSAKA KNETOK.

1000 0 © 1 0 0 0 00
0100 0 0 0~-1 0 0 00
0010 0 0 0 0-1 0 00

1088. [ 5 501 o of 17| o 0 0-1 00
0000 -2 0 0 0 0 0—10
0000 0 —2 0O 0 0 0 05

1088. 3axaua nocraenena HepepHo. Takix MHBAPHAHTHBIX MHOXKHTENER ¥ MATPH-
el A — AE werBepTOro nopaaxa He MOMeT OBIT.

200 -1 0 0 -3 0 0
1090. | 0 21 1091. 0 -1 1 1092, 0 -3 1
002 0 0 -1 0 0 -3
100 -2 0 0 000
1093. ( 01 1 1094. 0 -2 1 1095. | 0 0 1
01 ¢ 0 -2 000
100 1040 110
1096. | 0 0 1 1097. | 0 2 0 1098. | 0 1 1
000 003 001
10 O 3 0 0O a 00
1099. | 01 O 1100. [ 0 -1 1 1101. | 0 a 1
00 -1 0 01 00«

11—3773
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1 0 0
11062. | 0 2+ 0.
0 0 2—1
10 0
1103. | 0 ¢ 0 |,
00 &
roe £ = —% + %i\/ﬁ—o,uno M3 KOMIWIEKCHEIX 3Ha4eHAN 1.
1000
10 0 0110
1104. | 0 24+ 34 0. 1105. | o o7
0 0 2-3i 000 1
2100 /11 0 0
0200 01 0 O
1106.(0021 . 107 | 0 o 1 1
0002/ \oo0o o0 -1
1100...00
8383\ (0110 00
1108. | 0 o o 1 1109. | 0011 ...00
0000/ \0 000 .. 01
1110. To xe, uto B 3apaqe 1109, 1111, To ke, uTo B 338a4e 1109,
nl00...00
0n10..00 ;ggg
1112, 001 00 yyis looa o
T N e,
\0o000..0n 000...n
o0 0 0 ... 0
0 4 0 ... 0
1114. | 0 0 @5 ... 0 ,
\0 0 0 .. an,
" 2nk ., 2wk
rae g, ®]y...,%n—] —BCE 3HA¥YEHAA Vo', T.e. ap = & COST—Hsm—n—

(k =0,1,2....,n— 1)

1115, Ogpxa knerxka 2KopaaHa ¢ YHCJIOM ¢ Ha CIaBHON IWACOHAJIH.
1118. B none papHoHaIBHbIX 9MCe] noaobHa MaTpuue

100
02o0].
003
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1119. B none seluecTREHHBIX YHCEA nOA00HA MATpHIE

2 0 0
0v3 0
0 0 —V3

1120. B none xoMnaexcHeIX 4HCea nogobHa MaTPHLE

1 0 0
02+3 0O
0 0 2-3

1121. He nmono6Ha aMaroHanbHON MATPULE HH B KaKOM IOJeE.

1125, /lyaroHanbHAas MATPHIIA C 3MEMERTAMH Ha [MABHOW OHATOHANH, PABRBIMH
HY/IO WIH efHHHuE.

1126. JuarorancHas MATPHLA C 3aemeHTaMu 1 Ha rMasHOH JAATOHAIH,

3AMEYAHHE. YTBepXKAEHHE HE BEPRO IJIS MATPHIL HAJ NOMEM XAPAKTEPHUCTHRH 2.

2
Hanpuumep, (é i ) = E u marpuua (é i ) He NMPHBOJMTCA K AHACOHAALHON B

CANY eXHHCTBEHHOCTH KOPIAHOBOH (POpMEL

1127. Ecnu n — nepuof MATPHUBI A, T. €. HAMMEHbLIEE 3 HATYPAJIbHbIX YHcen k,
AN KOTOPBIX Af = E, 10 AnaroHanbHas MaTPHOA HMMeeT Ha TMAaBHOR HHACOHANH
HEKOTCPbIE H3 N 3HAYCHHMI KOPHA /1. 3AMEYAHHE. PesynstaT He Bepen; A MATPHI]
HAJ NONAMNA KOHEYHOM XapaxTePUCTHKH, HALIDHMeED JJ1A MATDHOBL NOpAJKA & p Haj
NONEM XapaKTEPHCTHKH p:

110..0
a-fo1r1...0
000 ...1

cilpaBeINBO papeHcTBo AP = F.,
1128.2a) A —1; 6) A.

1129. dna ckanapHsix MaTpiy A = aF 4 Tonpxo and vux. Jna ganHoro mopagxa
. TAKas MATPULA TONBKO OJIHA.

1130. (A — ). 1134. 2% —4) +4. 1135. A - 5A 4+ 6.
1136. Hanpumep, pns MaTpui

00
040
11
01

[ R e e
OO e
Lo IS R e B
[l e e B

10
01
00
00

e\ = (A=D1, ¥{A) = (A—1)%, Ho 5TH MATpPHIB] HE NONOGHEI B CHY €IHHCTREHHOCTH
HKOPAAHOBOH opMel N0GOR MATPULIBL.
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af CiaF! Caf™? Clokt ... Cploh !

0 Otk Clak——-l CQGk—2 L Cn—2ak—n+2
1137. k k k ,

0 0 0 0 o

npu k < n — 1 3nece cnenyer nmonoxuts Cy = 1 u Cf ans k < s.
1138. YKA3AHUE. [lonoxurs A = aF + H u B paseucrse

$0) = ) + L@ r iy L1 9)

st
(s —crenens muorouneda f{x)} nojokuts x = A,

1140. Ogna knerka 2Kopaana ¢ YHCAOM o ra muarowamy.

1141. Ecnun n > 1 nopanok knerku 2Kopaana A ¢ HyneMm Ha JHAPOHANY, TO KOpIa-
tosa ¢opma MaTpHier A2 COCTOMT M3 JABYX KMETOK C HYAEM Ha AUATOHANM, UMEIOUIHX
nopaaxu n/2 npu derhoM 1 u {n — 1}/2, (n + 1)/2 npu HeuetHOM n.

YKASARME. [lonesyace 3anaxell 1130, naiiTy MUBAMANBHBIE MHOTQ4/IEHEI MAT-
pu A u A% 1 noKa3aTs, YTO KIETKH »KOpHaHOBOH bopMbl MaTpuust A2 uMelor no-
paaKn He Beiue n/2 pas verHoro n u (n + 1)/2 nna nevernoro n. Iposeputs, 4To
JEMUTENs MMHOPOB Dh,_s{A) maTpuus A% — \E paBeH eIMHHIE, H Jadee NOKA3aTh,
4TO KOpAaHoBa (hopMa MaTpuibl A? comepKuT He Gosee OBYX K/ETOK.

1143. Hcrkomas maTpHita CONEPKUT ABe KIeTKE 2KopfaHa ¢ YHCIOM & Ha AHaro-
HAJTH, UMEILIMX TOpaaku n/2 npu detHoM n uim (n—1)/2 1 (n+1)/2 npu HeveTHOM 7.
YKA3AHME. [IpuMeHnTh OBe NpeabiayIune 3aJa4H.

1144. PEWIEHUE. IIyere A = TBT™1, rne A — fnanuaa MaTpuua u

4

(x—a)*+---+ (z —a)

B,
B, O
B =
0 B,
—ee wopaanosa gopma ¢ knerkamu 2Kopaana
A1 0...0
B=| "Mt 0| w128
0 00 A
Torza A’ = T 'B'T". Mycrs
0 ...01
H. = 0...10
1...00
HMEET TOT XKe NOPSIoK, 4To D, u
H,
mn 0
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HemocpecTenssiM nepeMuoKenven naxonum: B = H'BH; u, suasut, B =
H™IBH. Yostomy A’ = T 'H™'BHT' = T 'H T 'ATHT' = C 'AC, rze

= THT' —cummeTpu4ecKas HeBbIpOXKZenHaA MmaTpuna. Ifonoxam D = C™14.
Torna D' = A'C'™ ! = C~'ACC~? = D. Takum obpasom, mMaTpuua D Taxoke cuHM-
merpuusia 1 A = CD,

1145. Ecnu Ay, Az, ..., Ay — XapaKTepHCTHYECKHE YHMCIIA MATPHUH A (C y4eToM ux
KPATHOCTH), TO XAPAKTEPUCTHYECKUE YHCNA Ma'rpuu,bl Ap (TaK}Ke € YYeTOM HX KpaT-
HOCTH) PABHBI YHCIIAM Agy, Ag, .. Ay, (1 €141 <13 <+ <ip € n), T €. BCEBOBMOXKHEIM
MPOU3BEACHUSM IO P U3 XapaKTePHCTHHECKUX YHCEN MATPHIbl A.

YKABAHUE. BoIACHHTD, YTO TIPK M3MEHERMH HYMEDAUMH COMETAHMMN 10 P U3 YHCEN
1,2,...,n maTpuua A, nepexomut B nogobHYIO et MATPHUILY, HCIIONB30BATD 33034y 970,
nepefiTi K opaasosoft hopMe A; U NPHMEHHTE CBOHCTBA ACCOLMMPOBAHHBIX MATPHIL
H3 3aga4u 969.

1146. Ecn Ay, Ag,. .., Ap — XapaKkTepucTUHecKHe uucha A U fi1,. .., iy — XapaK-
TepucTHYeCKue wucaa B, To xapaxTepucTuueckue uncna A x B pasnbl Apu; (I =
L,2,....;; 7 =12,...,9).

PEmIEHHE. IycTt KpoRekepoeckoe npouzsenenue A X B onpemgnsercs pacno-
JIOKEHMEM 1, Qy,. .., Qpg TAP Hmcen (£,7) (i = 1,2,...,p 7 = 1,2,...,q). Tpanc-
HO3HLMS (O K O BBISHIBAET B MaTpume A x B nepecranoBky i-#i M -l CTPOK M
i-T0 H §-r0 cronbuoB W, 3HAYHT, NEepeBeReT 3TY MaTpuuy B NoiodHyio e (3ana-
qa 1049). Tax kax mobas NEpecTANOBKA CBOJUTCH K DAAY TPAHCIOIMUMM, TO Xapak-
TEPHCTHYECKHE YHCAA BCEX KPOHEKePOBCKHX npou3seneHuil A X B coBOanaiorT o Mox-
HO PACCMATPHBATDb, HAIDUMED, IIpaBoOe NpsaMoe npon3senerne A x° B (3azaga 964).
Iycrs A pasmserca C~'A;C u B = D™'B;D, rne A; n B; — XOpIAHOBE MaTpH-
er. TIpumensis ceoficTso B) 3amaqu 963, naxomum A x* B = C 2 A;C x* D7'B;D =
(C~Y x* D™1){(A; x* B;){C x* D). lo ceoitcTsy &) 3anaqu 964 nmeem: C71 x* D1 =
(C x D)~ 1. 3naqur, matpuuer A xX° B u A; x* Bj nono6HB! # HX XapakTepucTUye-
ckHe uMcia copnaaanT. Ho A; x° B; asnderca Tpeyronsnoit MaTpune ¢ 31eMeRTaMu
Ay (1=1,2,...,p 7 =1,2,...,q) Ha rIaBHON DUArOHANH, YTO U LOKAIBIBAET HALIE
YTEEpPXIEHNE.

1147. YKA3AHHE. ITokazars, uto g(A) = h(A) Torga u Tomeko Torzaa, Korza
g{A) — h{)\} menntca ma Y(A).

1149. B naHHOM cay4ae MUBRUMAJIBHBIL MHOIOWIEH COBNAJAET ¢ XaPAKTEPHUCTH-
YECKEM {C TOUYHOCTBIO OO 2HaKA). 7(A) ecTh OBBIYHEBIT HHTEPNONANMOHHLIN MHOPCYIEH
Jlarpauzka.

(A=ME)... (A=A EYA~- A1 B) .. . (A=A E)
FlA Ak) )
(4) = Zf k) (e = A1) oo (e = M 1A = dg1) oo (e = An)
roe Ay, Az, .., An — XAPAXTePHCTHYECKHE YHCIA MATpHULl A (N0 yCHOBHIO pasiudv-

HBIE).
1150. r{)) ecTo o6bIuHBIA HHTEpl‘IOJ‘IHHHOHHbIﬁ meorounten Jlarpansxa.

(A AIE) (A= Mt E)A =i E) ... (A= NE)
)= Z FO) A e (O = A1) = Ag1} - (e — A)
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1151. PEMEHME. ITokaskeMm, BO-NIEPBHIX, 4TO €CAM HHTEPNOAALMOHHBIE MHOIO-
unen Jlarpamka—Cunbpectepa r(A} CymecTsyeT, TO OH ONPENENASETCS PABCHCTBA-
mu (1} n (2). Hycte

w - - k.1 . vy
0~ [+ s (3)

— pasnomenue Apobu Ha npocTefilme. Y MHOXKAS 3TO PABEHCTEO Ha (), NONYYHM pa-
pencTso (1). Jna ycranopieHns paseHcTs (2) ymMHOxkUM paBeHcTso (3) Ha (A — Mg},
Tlonyum

r{})
Yi(A)

rae ¢{A) — pauMoHanbHas (bYHKUMS, HMERIIAA CMBICH IPH A = Ax BMeCTe cO BCeMH
cBOUMM NpoH3BoaHEMHU. Beps o1 ofieux wactel pasencrsa (4} (§ — 1)-10 npoussoauyo
PR A = Mg H NOAB3YACE TeéM, 9TO 3Hauenus 7(A) 1 f{A) HA CNeKTpe MATPHUBL COBIANA-
I0T, MBI H OJY4UM paseHcTBa (2). Bo-BTOpBIX, MOKazKEM, 4T0 MHOCOYIER T(A), onpe-
JeneHnbll papencreaMi (1) u {2), SBITETCS HHTEPNIONSUMOHRLIM MHOTOUYNEHOM Jla-
rpamxa—Cunprecrepa ana ¢yukuun f{A) na cnextpe marpans A. Us pasencraa (1)
BUAHO, 4TO creneHb r(A) Huske crenenu Y(A). Hanee, nonckum

‘Pk()\) = Qg1 + ak‘z()\ — Ak) +oe oy, ()\ _ Ak)“_l.

=op 1+ aka(d = A) F oo F ok (A= )TN (A= ARV, (@)

Ha pasencts (2) cneayer, 4to npu A = A, 3vaveHns GyHKUHA wi(A) ¥ ee mpo-
M3BOAHBIX MOPAAKA § < 7k COBIAJAIOT COOTBETCTBEHHO CO 3HAYeHUsAMYU yHXuUmu

fA)
Yr(A)

r(A) = Z wr{A)¥e(\) 1 paBeHCTBAX, NOMYYEHHABIX U3 HETO J-KpaTHbIM Judbepentn-
k=1
poBaHHeMm (J < 7i), MBL OIY9HM

06 = FD ) G=01,...,0 -1 k=1,2,...,8),
T.e. 3HaveHus 7{A) u f(A) HA CIEKTpe MATPHLBI COBIAJAIOT.

1152. f{A) = [eE + b4 — MEN(A — MEY + [cE + d(A — ME) +
e(A - 2EY?)(A - MEY?, rme

H €€ NPOM3BOIHEIX TOCO e nopaska. [lostomy, monaras A = Ay B paBeHCTEE

- _d) ! '
T (A=A ’ (A= )\2)4f(Al) * (AL — Ag)3 A,

__fhe) _ 2 1 ,
T (e — Al)z’ T (A~ Al) 5/ (2) + (Az _ A1)2f {A2),
1 "
€= mf(AQ) ( )3f( 2) + = '(—le)zf (/\2)

1154, YKA3ABHME. [loxazarh, 4TO 3InadeHusd HATEDMIONAUHOHHOTO MHOTOYNEHA
Jlarpamxa—Cunssecrepa r{A) maa f(A) Ha cnekTpe MATpUusl A COBNANAIOT CO 3Ha-
veHuaMu f(A} Ha cnexTpe ka0l KIeTKU Ay, ¥ NPHMEHHTH 3amady 1147.
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1155, 1) = 70 + O+ L 4y T 0
o s L L
A= o FO 70 %
s

f(A) umeer cmpicn gns noboit Gynkuua f(A), AMa KOTOpPOR OnpejeneHb 3HAYEHUS
FO) F/(0),..., F27V(0).

f”( ) fo D (a)

1156. (X)) = f(a) + fla}(h —a) + i (A —a)® + -+ + W (A —a) L,
f”( ) D)
- , [ a)
fl4)= 0 fle}y f (Of) CEDl
0 ...... 0 ...... 0 ........... }.(.C;)...

F(A) umeer cmeicn aaa moboi dbyaxmun f(A), Aa KoTopo#l CylHECTBYIOT 3HAYEHHA

fa), f'(a),..., I Da).
1160. YKABAHUE. [IpuMeHHTs NPEALIAYIIYIO 33a4Y.

3.2100 _ 9. 3100 9(3100 _ 9100y so [ —24 25
1162. ( _3(3100 _ 9100y 3101 _ 5101 ) 1163. 2 ( —25 26 )

1/ 71
1164.:1:2(_1 g).

12 2 02
1185. :t5 ( 3 13 ), + ( 31 ), BCErO YeThIpe MATPHI(bI.

4e -3 2-2e 2¢2 _g?
1166'(63-—6 4—33)' 1187. (e 0 )

3e—-1 e —3e+1
1168. e e+3 —3e~3 | =(e-2A’+A+E
3e—1 e+1 —3e

1 -5 2
Ofmee pelieHHe HMEET BHJ

34 2min -15 6
1 -5+ 27win 2 ,

1 —5 24 2min

3 -15 6
1169. ( 1 -52 ), ec/H OpaTh BEIUECTBREHHOE 3HAYEHHE JIOTAPHMMA.

roe i = v—1 1 n— moboe auCHo.
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1 -1
1170. (1 ‘1).

1171. YKA3AHHE. Hemone3oeats 3amaay 1159,

1172, ¥YKa3AHME. Henonesosars 3anayy 1159.

1173. |eA1 =¢e°, rae § = ay) + 499 + - -+ + Gnn —CHEN MATPHIEL A,

1174. YKA3BAHHE. Hcnons3sosate 3amauy 1161,

1175. 42 +y2 — 2. 1176, 4 — v —y3. 1177. 3 — 4.

1178. 48 — y3 ~v3 —vi. 11794 + 43 — 3.

1180. y2 + 42 ~y2; 11 = Lt g = Lo g = X
O e ol A B | 2!.’2 693, 2 = 2y2 69‘3, 3= 31;3-

1
1181. yi +v3 —v5 o = FUH Y T2 =Y 45, T3 =~y + 3.
1182, % —y2 — 42 oy = y1 — Y2 — Y3, T2 = Y1 + Y2 — Y3, T3 = Y3,

1 5 1 1 1
1183. ¥} + 93 —y3 # = -2-\/§y1 - Eﬁyz + -‘,;V@ya, T2 = —;07\/51;2 + 5\/53;3‘
1 1
Ty = §\/§yz + -jv/gys.

3 1 1 1 1 1 1
1184. ¢ 15— 71 = —qvi- Zy2+g\/§ya, Ty = —§yl+ ¥z T3 =5l + Y2

1185, y% —yg; Ty =Y — Y2 — Y3, T2 =1+ Y2 — Y4, Ta = Ya, Tg = Y4,
1 1 2 1
1186. 42 + 43 — v3 —vd; o = §\/§yl - Igvfﬁyz + g\/gys -~ @Vﬁ?g’ym

1 6 3 1 G 1
T2 = g\/ﬁyz—g\/ggyz+ — /620y, T3 = ﬁ\/8_5y3+@v 620y4, x4 = ﬁ\/ﬁ? 4

629
s s , 1 11 1
1187. 2y{ + 10y; + 190y;, 1 = x1 — 592 + 23, Yo = 5% — 7578 Y3 = 15T
1188. 3y2 — 3042 + 530y%; y1 = = +gw—lm —lx—lm —i:r
- ol i) Y3 1 = 11 32 23,9’2——32 203,9‘3-203-
1 1 1 1 1 1
1129- 2y} + 693 ~ 6Y5 + 2u5; 1 = 571~ 2, Y2 = B2k 533, Y = gEa b 5,
W= §$4-

1190. z; = y1 — 3y2 — 6ys; x2 = y2 + 3yz; =3 = ya-
1
1191 21 = 2V2y1 + V2u2 + 5us; 72 = 5V + 35 73 = us.
3 3
1192. z; = y3, 72 = V22 + ¥3, T3 = V2y1 - '2‘\/53;2 - (3 + 5\/5) ya-

2. e o e mre s e o )
1193. 473 11 = @12y + GoX2 -+ -+ GpTn; Y2 = To2i Ys = Ta5 ...3 Yiml = Tl
Yi = T4} Yitd = Tigl} «+ -3 Yn = T, €CIM a3 # 0.
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3 Py 4 2 5 2 n+1 2
1194.yf+z‘y2+gys+§y4+'”+ o In
1
y1=:r1+§($r2+$3+"'+xn);
1
y2=rg+§($3+$4+"'+xn)y
Yn = Tn
3 4 5 n—1
2 .2 .12 2 2 2 —_ 2
1195.y1—yg—ya—zyci*‘gys"gyﬁ""'"g(n_g)yﬂ‘
1
ylzi(a‘;l+3‘;g)+.’r3+$4+"'+$n;
1
y2=5(r1 — z2);

1
ys=T3+ =(Ta+Es5+ -+ Tn)

Ya=x4 + §($s +T6+- +Za);
Yn = T
YKA3AHHKE. CBecTH K mpeAblfyniell 3agaue.
1196. Ecim n vertHo: y? - y% + y§ - yf +---+ y,":_l - y?,;
_ T+ T T2
= 5

yi:ms-l —-‘J;e+a:¢'+1 (i=2,4,6,....n—2);

T + xa _Tn-1 —In
¥n—1 5 1 Un 9

(i = 1,3,5,..,,?'1—3);

Ecan n HeverHo: y% - y% + yg - yi +--- 4+ y;‘:-z - yfl—l;
T Ty + g2

yi= 5 (i=1,3,5,...,n-2)
o _I"- 2
yi=I‘ 1 2:+17:+1 (i=2,4,6,...,ﬂ—1);
Yn =%n.
n—1 n—2 2 1
1197 —=yf + —=pd -+ 3vh o + Vi
Toataz+ -+ 2p
W =Ir - 3
n—1
— I R A .
Y2 2 n—2 ’
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1 n
n—1 2
= 2. § 2_Z2 z . -
YKA3AHME. [Ipeacrasute opmy B BHOe f| = P T " IyT; U NpH

i<j
MEHUTb METCH uHayxuuu. Jpyroft nyTh COCTOMT B CAeAYIOUIEM: COBEDILHB Ipeofpa-
I0BAHHE Zzy = ] — 8§} 23 = X3 — 8§} ...} 2Zp—] = Tp—]1 — &) Zy = I, H CIOKHUB 3TH

n n—1 i—1]
. 2 . 2 .
paBeHcTBa, NpHBeaeM GopMy E (x; — 8} & BHAY: 2 E zf+ E #;%; | Hemonp3aya
i=1 i=1 i<}

3 4 n

oTBeT 3axa4u 1194, nomyyvum 23;? + §y§ + §y§ +-- 4 —lyﬁ_l. IIpu 3TOM CBA3L
n —_

CTADBIX U HOBBIX HEH3BECTHBIX NOJYYaeTCd CPABHHTENLHO CIOMCHOMN.

1198. (n ~ L)y} — 3 ~ ¥3 =+ = ¥ns
1
y1=5{z1 4z + a3 400+ an);
1
==zt zat +aa);

1
w=gl-z—r2+zat - +aa);

1
Yn=5(=T1 =Tz = = Tny +Tn).
O6paTtHoe npeoGpa3oBaHHe KMEET BB X1 = Y1 — Y2; T2 = Y2 — Y3} .+ Tnol =

Un—-1 — ¥n} Tn = Y1 + Yn. ¥ KABAHHE. I[IpuMenuTs npeobpascosanue

z1y=x1+ 224+ T
g =T+ T3+ + Ty

1199. YVKA3AHUE. J0oKa3aTesbCTRG AHANOIMYHO JOKASATENBCTRY IAKOHA HHED-
HHH.
1200. ¥YKA3AHHE. Hcnons30Bate NpeAblayLIyIc 3aLaqy.
1201. Gopme! fi n fi sxeuBaneHTHBL MEXAY COBOR U He sKBUBANEHTHBI dopMe fa.
1202. $opue! fo u fi sxeUBANEHTHBEI MEXAY cOOOH 1 He sKBUBANEHTHBI dopMe fi.
(n+1){n+2)
2

1203. B komnaekcHoit obnact n + 1; B BemecrbeHHOH obnacTH

1204. Padr — 4eTHoe 4MC/I0, CUTHATYDA DABHA HYMIO.

n—|s

1205. s

2
AAUWEE I.

1210, YKA3IAHUE. JIa N0Ka3aTeNbCTBa YTEEPHIOEHHA 6} PACCMOTPETH (HopMY
fe = f+eg, roe e > 0 0 g—cyMMa KBAgpaTOR HeuspecTHBIX. Ilpn ooxasarens-
cTBE HeOOXOOUMOCTH IIPOBEPHTB, UTO fe > 0 M YTO AN COOTBETCTBYIOLUMX [NIABHEIX
munopos D n D dopm f n f. nmeer mecro: D = lin}) D.. Tlpu nokasarenncree

5—"

ACCTATOMHOCTH MPOBEPHTL, pa3faras D, no crenensm £, uro Dy > 0, H 1M0OKa3aTs,
YTO ANA J0ObIX 3HAUEHHHE HEH3BECTHLIX HMEeT MecTo [ = lirr{l) fe. IIPUMEPHL. Popma
E —

] + 1, rae [z] 06o3naqaeT HaubonbLIee LENOE YACIO, HE TPEBOCKO-



OTBeTnt 331

h = —.’I,‘% HIH HeBLIpoxAeHHAsA ¢opMa fa = —:r% + 2T1T3 AMEIOT YIVIOBBIE MUHKODLI
HEOTPHMLATENBLHBIMH, HO CAMH He ABJAKTCA HEOTPHUATENbHBIMH.

IIpn ROKAa3aTENLCTBE YTBEDXKAEHUA B) NPUMEHUTH 3aaady 1208.

Ilpn pokasaTensCTBe yTBEPXOEHHS T) NPUMEHHTH 3amady 916 u unpusenenue f
K HOpMAJIBLHOMY BHNY, [IOKa3as, a0 A = D'BD = (BDY(BD), rne D — marpuua
npeofpasopabns, a B —wmarpnua ¢opMbl B HODMaNnsHOM BHZE.

1212, A > 2. 1213, {3 < /5/3. 1214. -0,8 < A < 0.

1215, TpebyeMmuix 3Hay“eHHN A HE CYIUECTBYeT.

12186. TpeGyeMmblX 3HAYEHHIT A He CYLIECTBYeT.

1217. ¥KASAHUKE. Ilyetb g = f +1°, rne [ = 121 + - - + 42, Menssa nopaaok
HEM3BECTHBIX, TPHHTH K CIy4al ¢, # 0, copepummnts npeofpa3oBanue y; = x; (§ =

l
L,2,...,n=1), yp = o M AOKa3aTh, 9TO IR HOBKIX cbopm Dy, = Dy, +c2 D1, THE

D,,_1 — yrnoso#t MuHop nopazka n — 1 ¢opMbI fi.
1218. YKA3IAHHE. [Ipencraruts dhopMy f B BHae

2
a1z a9

f=oan (:cl 4+ Szg -+ —'P-a:n) + fi{za, ..., xn)
a1l a11

H, NONb3yACh NpenblAyInel 3anayel, nokasats, 410 Dy = anDp € an D,
1219, YKABAHMUE. Henone3oraTs KaHORHYEeCKHE BuO JaHHON dopmbl.
1220. PEwERUE, Ouesunno, uro {fi + fz,9) = (f1,9) + (f2,9)- IIpueoas ofe
r 5

(boprI K HODMAaNbHOMY BHAY, HailneM f = Zy?, g = Z Z?, rne 4, 25 — JAuHeiineie
i=1 i=1

OpMEI OT T1,T3,...,Zn. B cuny oTMe4eHHBIX CBOUCTE KOMNO3NuMKM uMeeM: {f, g) =
r a
2 .2
Z Z(yi V25 )
i=1 j=1
T T
PaccMoTpuM ofiHO M3 craraemsix (y2,z%), rae y = Zakxk_, z = Zbk:rk.
k=1 k=1

T n n
2 2 2 2
Torma ¥ = D awazer; 22 = 3 bibimez; (83,20 = Y axarbebizen =
ki=1 k=1 k,I=1

n
(z akbkxk) 2 0 npu mobBIx BEIECTBEHRbIX 3HAYEHUAX T1,...,T,. OTciona {f,q) 2
k=1
0, uem yTBepxkieHRE a) mokasauo. llycre teneps f > 0 u g > 0. $opmy g npu-
k) Tt

BEIEM X HOPMaJbHOMY BHIY: § = ny, Tae ¥y = Zqija:j (i =1,...,n) n
i=1

=1
n L
Q@ = lgs| # 0. Torma {(f,9) = Y (f,v}) Ho 4 = Y giqus;zk, oxyza
i=1 Jok==1
13 i3
(5,49 = Z Ok QijQikTiLh = Z a;c{qi;x; )(qinxx) 2 0 B cuny £ > 0. Ecom

4,k=1 4.k=1
npu HekoropoM ! GepeM 3HavenHe x; # 0, TO cymecTByeT i Takoe, 4TO ¢ # 0
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(vnage 6wno 6Bl B BepTHKANBHLIX ueprax @ = 0). 3uauut, B cuny f > 0 rakxe
n

(fud) = ) algya;)(gwze) > 0w (f,9) > 0.
k=1
1221, YKABAHHE. Ilpu jokasaTenbeTse yTBepRAcHUA () PaccMOTPETh (hopmb

k
fk = Z Qi 4Ty (k = 1,2,...,1’1).
igj=1
1222. YKASAHHE. HeobxoaumocTh ycnosui (2) cnegyer U3 HeM3MEHACCTH YIVIO-
BLIX MHHOPOB NP TPEYroAbHBIX PeobpasoBaHudax (CM. NPEALLAYILYIO 38084y }.
Tak e JOKa3HBAOTC paBeHcTBa (3). JIOCTATOYHOCTE MOXKHO AOKA3ATh HHAYX-
uHed no YHCNIY HCH3BeCTHBIX 7.

2 1 1 1
1224. fy = =291 + 3935 01 = 9§ + ks 21 = w1 + 3V3us 22 = S = — V3.

1 1
1225. f1 = yi+y5; o1 = 47 — 203 71 = —2V2y + 3V2y2; 7y = 5\/591 - 5\/§y2-

1 1
1226. fi =93+ 99 -9 g =i+ i+ m = V2o 29 = iz -3;\/53}3;
2 1 1
T3 = Fh - 5\/5?;2 + E\@ys-

1227 i=gi+ 3+ - =i+ +ul+ilini =+t
1 1 1 1 1 1 1 1
T2=Y2 -V T3 =YL — o2+ o¥ — oV T = oV~ g2 — pUs t e

5 2 1
1228. fi = yf + 23+ 25 — Tuki 9y =9l + 3+ U3+l T = 3w+ us + quss
4

2 4
T3 = Y2~ Y3 + FY4 T3 = Y3 — 2y4; 24 = 1.

1229. i= i + 2 - b g =i+ i+l T =y —un 22 = e+ us;
x3 = —3y2 + 2y3.

1230. YKA3AHUE. [Toka3aTh, 4TO KOPHH A-ypABHEHHA Mapbl POPM HE H3MEHSIOT-
¢ NpH N060M HEBBIPOKAEHHOM AHHEHHOM Npeofpa3oBaHii HEWIBECTHBIX.

1231. Henp34, Tak Kak KOpHE A-ypaenerusi 1 & 51’.

1
1232. Hennas, Tak Kak KOpHH A-YpaBHEHHS :|:—2-£\/5.

1233. TIpu noaxo samett HyMepalMu BMeer MecTo: Ay = 1 (i =1,2,...,n).

1234, 3y? —y2 — Byd. 1235, 5y7 — y2 — 22

1237. OxeuBanenTuol. 1238, DKEUBANCHTHBL

1239. x1 = 12y, — 17y2; T2 = Sy1 + Tya. 1240. 27 = yy + 2y2; 22 = 3y + 2.

1242. YKA3AHHE. IlokazaTh, 4¥TO XapaKTepHCTHHeCKHH Muorouner |A — AE| ne
H3IMEHAESTCA NP OPTOCOHAJILHOM NPeoHpPa30BAHUH g)opmm f.

1248, 447 + 4y2 — 22, 1244, 643 + 6y2 + 9y3.

1245. y? + V32 — V32, 1246. 3y + (1 + VIThE + (1 - VIT)2.
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1247. Zcos y,, VYKABAHUE. Paccmorpers yasoenyio ¢bopMy B pelaTs

ana.nomqﬁo 3a.naqe 1084

2 1 2 2 2 1
1248. 3y? 4+ 62 + %9; ¢ = FY1— g¥e+g¥s %2 = gt e - oy

- 1 +2 +2
3 = 3‘9‘1 33;2 3

2 p 1 1 2 2
1249. %7 + 18y2 — 9%, z; = 9 + 3¥2~ 3% T2 = 3 + 3¥2 + Y8

:J:—2 1+2
3—31}1 3y2 3

1 1 1 1 1 1
1250. 3yf+6y§—2y§; I = ﬁyl + %yl + Eya; Ty = _Eyl - %yz+ ﬁya;
1 2
v_@yl = \/Eyz-

1251. 5y} — 45 — v3; =

T3 =

1

1 1 1 1 1
= =y + =Yg + =Yz} T2 = —=¥1 + —=U2 — —=Va;
: . \/§y1 \/é?)'? V,Q-ys 2 \/:-]'yl \/gy2 \@93
T3 = ﬁyl - ﬁ?ﬂ-
1 2 2 2 1 2
1252, 92 4+ 1842 + 182, o1 = ¥~ 32 + 3Y3 2= U1~ ¥~ g

2 2 1
r3 = §y1 + §y2 + 5‘93-

2 1 1 12
1253. 3y§ — 6y 71 = S + 5 V202 + Vs 72 = 3ui — 3V
2
T3 = 3h + - —\/-ys

2 1 1 1 2
1254. 9y? 4+ 9u2 — 9yd; 2, = i+ 5\/53;2 + E\/iya; T3 =21 = §V/§y3;

2 1 1
T3 = gyl -~ —2-\/§y2 + E\/iya-

1 1

1255. 2% +dyf — 22 —4yd; 7y = 5(‘9‘1 +y2+yat+uya); 2 = "2‘(—y1 +y2+ys—va);

1 1
T3 = ‘2‘(‘*?;1 —yz+y3tya); Ta = 5(?,'1 —y2 + ¥3 — ¥a)-

1 1

1256. 48 + 8y + 1243 — dyd; =y = Sl +yztystu)i 22 = §(y1 ~ Y2 Y3+ y4);
1 1
T3 = 5(:1}1 +yr—yz —y4) T4 = 5(?1 —y2 + ¥z — ya).

1 1
1257. 5yf ~ 5u3 +593; o1 = V(2 +va); 22 = 2VB(n — 2m);

5

1 1
T3 = 5\/5(21;3 + ), 4 = g\/g(—ya + 2ya).
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1 1 1
1258. 247 - 443 11 = 5V2(u + sk @2 = V2 — w); 73 = SV2te + w);
1

Ty = 5\/5(?;'2 — ta)
2 2 2 1 1
1259, 9y7 +9y; + 0y5, o1 = y1; 22 = g(yz + 2y3 + 2y4); 23 = 3(2v2 +ys — 2y4);
1

T4 = 322 — 23 + y4)-

1260. 5y3 + 593 + 593 — 8y%; 21 = %‘/5(2:’”‘ TYs)i T2 = «;—\/g{—yl-l—?ys); e
T4 = %\/ﬁ(?m + 3ys); T5 = 11—3‘/@(392 ~ ).

1261. dyf + 4y3 + 493 — 6y] — 6y 71 =13 T2 = %\/g(vz + 2y4);
T3 = %\/5(—2?;2 +14); Ty = %\/ﬁ(ys +3ys), 75 = %\/E(Sys ~ )

1262. 5y% — 5y2 + 5y — 5y2 + 5y% 7, = %\/5{23;1 +42); T2 = é\/g(w ~ 2y2);
X3 = ll_omwya + Y1) Ta= %m(_ys +3ya); 75 = %\/5(23;5 + ve);
Tg = %\/5(3;5 ~ 2ys)-

ntl 1 1 1
1263. Tyf + 5313 oot 533; ¥ = ﬁ(xl +xy 4+ Tn);
1 .
Vi= ===ty + 22+ -+ 2 — (1 - 1)z} (i =2,3,...,n).
i(t — 1}
ﬂ—]. 2 1 2 1 2 1 o)
1264. Yy — §y2 - §y3 - = §yﬂ; npecOpasoBarue MOXHO B3ATH TO KE,

qTG ¥ B Npedslayulell sanavge,

1265. YKA3AHHE. [lokasaTe, 4TO npH OpTOrOHANBHCM NpeobpaloBaHHK KBAIPA-
TU4HOH (HPOPMEI XAPAKTEPHCTHYECKAN MHOTOYIEH €8 MATPHLEL He HIMEHTeTCS.

12668. ©®opMbL f u h OPTOrOHANLHC AKBHBATEHTHBI Mexay coboli, HO He opTOrc-
HAJILHO SKBUBAJEHTHH gopMe g.

2/3 —-2/3 -1/3 100
1269. Q= | 2/3 1/3 2/3 |; B=(040}.
1/3  2/3 —2/3 007
§\/5 0 %\/5
5 . p 10 0
1270, Q = E‘/E —gv% —E«fS . B={01 0|
. A ; 00 10

3 3 3

1271, YKA3AHHE. Ilome3ysace ykaszaHueMm K 3anade 1074, nmoka’aTh, 4TO Xapak-
TEPHCTHYECKHE YHCAA MATDHLB! A — Ag E NONyYaoTca BEIMHTAHHEM g K3 XapaxTepu-
CTUYECKHX YMCeN MATPUUB A, H NpUMeHHTs 3aza4y 1242.
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1272. YKA3AHHUE. [IpuMeHNTs IPeAbIAYILYE 3aIa4y.

1274. BemrecTreHHAA KBAIPATHAA MATPHLA € NOJOKHTENbHBIME yIJIOBLIMH MHHAO~
PAMH TOCOA W TOJNBKO TOIJa OPTOrOHANbHA, KOT/a OHA ABMAAETCA €/ HHHYHOH.

1275. PEIUEHUE. KBaspaTuunas dopma f ¢ maTpuueii A’ A nonoxxurensHo onpe-
nenenna {3azaua 1207); 3HaqnT, TPEYrONBHBIM Npeofpa3oBaHHEM e MOXKHO IPHBECTH
K KAHOHUYECKOMY BHAY € NOJOXKHTENBHBEIMH KodhGHIMeATaMH Ay, Az, ..., A, {3ana-
ua 1222). Ecan € — matpuua sroro npeobpasoeanua, D — quaroransHas MaTpHua ¢

snemenTaMi v/ A1, VA2, . . ., V/ An Ha GUATOHANM (IIPUYEM BCE 3HAYEHMS KOpHEH B3ATHI
nonoxuTenbibivMu), u B = DC, to A'A = C'D*C = B'B, rue matpuua B ynosneTso-
psier Tpeopanuam 3anaan. [onoxam Q@ = AB™!. Torna Q'Q = (AB™!Y - (AB 1) =
(B !.(44) B! = (B! - B'B.B™! = E, e marpana () OPTOroHajAbHA H
A = QB; ecnv eme A = @181, To marpuna Q' - Q1 = BB[! oproronansra n
TPeyrofpHa, ¢ MOJOKHTENLHBIME 2MIeMEHTAMH Ha HATOHAMH. 3HAMUT, 3TO eHHHYHAA
MaTpHua, oTkyma § = @y u B = By.

1276. PEWIEHUE. HokaxeM yTeepKIeHue a) 4Jis npeacrasinenus A = QB tpe-
6yemoro suga. Marpuua A’ A cHMMeTpHYHA, H KBaApATHIHAA HOPMA, ¢ ITOH MATDH-
neit noNoKUTENsRO ONpeaesenta (3ata4a 1207). IosToMy CyuecTByeT OPTOrOHAIBHAS
maTpuna P rakas, aro A'A = P'CP, rae C — aparonansias MATPHIEA € HIONOMUTE b

HEIMH 9JIEMEHTAMH A, Az, ..., A, Ha AuaroHanu. [IycTe D — AMaroHalpHas MaTpHiIa
€ 3NeMeHTaMu +/ A1, v A2,..., /Ay Ha OHATOHAIH, TPHYEM B3ATHI NOJOKHTENLHbIE

3nadenns xopua. Honoxum B = PPDP = P~1DP. Orciona creayer, uro B — cnm-
METPHYECKAA MATPHIA C HOJOXKUTEILHEIME XAPDAKTePUCTUIECKAMH SHCAMU. 3HAUHKT,
KBAApATHYHAA hopMa ¢ MaTpunelt B HONOXHTeNLHO ONpeJeieHHa B YLAOBbIE MHHODDL
ee nonowwTensusl. Nanee A'A = P~'CP = P71D?P = P~1DP. P~1DP = B% Tlo-
nowum Q = AB™!. Torna A= QB n Q'Q = (AB™Y) . {(AB~Y) =B~} (A4'4)-B 1 =
B~1B%2. B~ = E. 3raunt, MaTpuna Q opToroHajbHa.

IIycrs aavpl aBa npencrapnenus tpebyemoro uza: A = 1By = (1B>. Torma
AA = Bf = B%. O603HATUM HePe3 A1, Az, ...y And M1y 42, ..y fin] V1, P2, .., Uy Xa-
DAKTEPHCTHYECKHE YHCIA cooTBeTcTRenno ana A’ A, By, By, pacnonosxeHible B HERO3-
pPACTAIINEM NopAaKe. Bee 3TH 4MCna NONOKHTENBHBI H ,u? =M= uf (=1,2,...,n)
(3amaua 1077). 3waunt, gy = v (1 = 1,2,...,n). [Iyers € u D — puaronansasie
MATPUUEL ¢ EMEHTAMM A1, Az,...,Aq H H1,H9,. .., iy HA AHATOHANH. CymecTeyiorT
opToronansheie MaTpuuel U u V Taxue, uro By = U'DU, By = VDV, 3naunt,
B? = U'CU, B? = V'CV, orkyna U'CU = V'CV, CUV' = UV'C. Marpuua.
W = {(w;;)T = UV’ nepecranoouna ¢ C. IIokaxkeM, 9TO OHA NEPECTAHOBOYHA ¢ D.
Ecau Ay # Ay, To, Betanchas snemenT matpunpt CW = WO e i-#f cTpoke u j-M
cronbue, waligem, uro wy; = 0. Takum obpazom, ecam mpeacrasuTe marpuuy C B
BHAE KNETOYHO AHArOHANLHON MATPHMLE! ¢ AHAroHaneuemy kherkamyu Cp,Cs, ..., Cy
Tax, 4TO B KayKAOW KJETKe JAHACOHAJbHLIE 3JEMEHTHl OJJUHAKOBEI, A B PA3HBIX KIET-
KaX — pa3nu4Hbl, T0 MaTpuna W aBnsercs xJIeTOMHO AHATOHANBHON € HHATOHANBHEI-
mu knerkamu Wi, W, ... W, mex e nopsagkos, uto u Cy,Cs,. .., Cy. Ilo nocrpoe-
HHIO MaTpuipl D ona Taxske OyAET KJIETOYHO JUATOHANBHON ¢ AHATOHANLHBIMM KNeT-
kamu Dy, Da, ..., D Tex e nOpAgKOB B PABHBEIMY JHATOHANLHBIMY 3JEMEHTAMH B
raxaoh knerke. Tak kak DyW; = W, D; (i = 1,2,...,k), 7o DW = WD, Orciona
DUV =UV'D;, DU = V' DV, 1.e. B| = Bs.
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Honpaysace GyBKUMAMHA OT MATPHL, MOXKHO NPOBECTH JOKA3ATENLCTBO KOPOUe.
Ecnn A = QB —npencrapienue nekoMoro suna, o A'4 = B% B = VA’ A, npuuem
xapakTepucTHueckue ducha B noncxurensucr. Takum ofipazom, B asnsercs snauve-
HHeM DYHKIMH v {rne Beperca apudMETHYECKOe 3HAMEHHe KOPHA) mpn A = A'A.
Tak Kak xapaKTepHCTHYECKHe YHCIa MATPUITE A’ A HOMOKKTENbHDY, TO 3TC 3HAYEHHE
HMEET CMBICH, OTIPENENICHO CHHOZHAMHO M, KAK MHOTOYNIEH 0T CHMMETPHYECKON MATpu-
upl A’A, 6yner MaTpHuel caMMerpryeckolt (3anaqun 1148, 1151). Ionaras Q = AB™!,
yBenquMcs, Kak Bbllle, YTO () OPTOTOHAJBLHA.

[Ipencrasnenue A = By(Qy mony4aeTcda aHAJOTHYHO TIPH TIOMOIIH MaTpuupl AA'.
Yreepxaenne 6) D0KaZEIBAETCA TAK e, KAK a), ¢ 3amMeHof TOI0XKUTENBHO ONpeaeneH-
HBEIX (POPM IPMHUTOBLIME MOMOKKTEABHO ONPERENEHABIMHE hopMamMu. Y TBEPXKIEHHE B)
CHenyeT W3 eAMHCTBEHHOCTH NPeCTABACHU], YKaSaHHLIX B a) H B ). OHO MOXKeT ObITE
JOKA3AHO Takke NpuBeJenuem maTpuusl B B cnyvae 1) u marpuust A B cryvae 2} K
OUATOHAJIBHOMY BUAY NIPE NOMOWIM OPTOrORANBEON (yruTapuoil) maTpuup {Cu. 3343
w1y 1595). Torma us yTBepxAeHHs 1) JIerko cieayeT eAMHCTBEHHOCTE TIPEACTABIECHHI,
YK&3aHHBIX B a) ¥ 6).

Oraen 4. BekropHbie NpOCTPaHCTBA U UX JUHEHHBIE
npeobpazoBannsd

1277. (1,2,3). 1278.(1,1,1). 1279. (0,2,1,2).

1280. z) = —~27z] ~ Tlxh — 4lxh; 29 = 9| + 20z} + 9x%; x3 = 4dx] + 1275 + 85,

1281. z) = 2x}| + &y — x; T9 = —3z| + b ~ 225 + 3 T3 = 1] — 225 + 274 — x5
Tq = x) — 25 + 25 — T4

- "Na
1282. a) ao,a1,4az,...,aq; 6) fla), f'(a), f{) ) ()

20 T n!
1 —a o —-o® ... (-1)*a"
1283. | 0 1 —2« 3a® ... (~1)*"tnet?
00 ¢ 0 ... 1

B srofi matpune B (k + 1)-M cTonbue cTodaT uucia
(~a)*, CE 1 (—a)* L, CF 2 (~a)*2,.. ., CL(~a),1,0,0,...,0.

1284. a} IloMeHAKTCA MECTaMH ABE CTPoKy; 6) NOMEHAIOTCA MECTaMu ABa CcTonG-
0a; B) NPOH30HAET CHMMETPHYHOE OTPAsKEHHE MATPHLBI OTHOCUTEIBHO €€ LEeHTPA.

1285, He senserca. 1286. He amnaercs.

1287, HAengerca, ecy SaHHAs HPAMAS BPOXOAUT HEpPE3 HAHaNO KOODJIHHAT, He
ABNAETCA B MPOTHBHOM CHIY4ae.

1288, femgerca. 1289, He apnserca. 1290, He spaserca.

1291. fdensercs. 1292. He asnserca. 1293. fsnsercs.

1294. Bce npocTpaHCTBO; BEKTODRLL, JezKamMe B JOOOA MAOCKOCTH, npoxopAmett
YEpe3 HAYANO KOOPAHHAT; BEKTODHE, AexKauiue Ha 0ol npaMoil, mpoxoasaueh 1epes
HAYaN0 KCOPJAKHAT, H CAMO HAYAN0 KOOPAHEAT, T. €. OKUH HyIeBo# BEKTOD.

1295. He sepso.
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1297. Basuc ofpasyior, Hanpumep, sexropu (1,0,0,...,0,1), {0,1,0,...,0,0),
0,0,1,...,0,0, ..., (0,0,0,...,1,0). PasmepHocTh paBha n — 1.

1298, Basuc of0pasyOT clleyolile BEKTOPBL: eCan & — Homep Ba3suCcHOrQ BEKTO-
pa, TO ero KoOpAMHATA ¢ HoMepoM 2k — 1 paBHa eQUHUNE, & OCTANbLHBIE KOODJAHHATHI

n+1
paBHbl Bymo, k= 1,2,.. ., —5— | The [x] oBo3raaer nanbosiblree NesI0e YNCHO, HE

[n +1 ]
IIpeBocxoAslIee . PasMepHOCTb PABHA — |

1299, Baauc o6pa3yioT BEKTOPEL, YKA3AHHbIE KAX Oa3UCHEIC B OTBETE [TPeALLAYILeH
3ajaun, ¢ A0OABNEHHEM eIl OJHOTO BEeKTOPa, ¥ KOTODOrC KOODAUHATBL ¢ YETHBIMH

n+1
HOMEDAMH PABHBI €OUHHULE, 4 C HeYETHRIMH — HYNMKW. PasMepHocTs pasna 1+ [T] .

1300. Basuc obpasyror sexcroper (1,0,1,0,1,0,..) w (0,1,0,1,0,1, .. ). Pa3zmep-
HOCTH paBHa 2.

1301. Baguc ofpasywr, Hanpumep, Matpuusl £ (3,7 = 1,2,...,n), roe By —
MATPHUA, JEMERT KOTOPOH B i-i CTPOKe W j-M CTOJOLE paBeH eMHHLIE, & BCE OCTANL-
HBIE JIEMEHTHL PABHBI HYMI0. PasMepHOCTh paBHA n*.

1302. Bazuc ofpa3yoT, Hanpumep, MHOrodmeHsl: 1,x, o
paBHa i+ 1.

1303. Basuc ofpa3yior, nanpumep, Matpuusl Fy; (i € J; €,7 = 1,2,...,n), tae
F;; —martpuua, y xoropolf snementTst fi; = f;; = 1, a Bce OCTaJIbHbIE SJEMEHTHI PaBHbI

2 ...,2". PasmepHocTb

nin+1)
nynw. PaamepHocTs paBHa —
1304. Bazuc ofpasyior, HanpaMmep, matpuust Gy (1 < #; 1,7 = 1,2,...,n), roe
G,:J-—Ma'rpuua, BNEMEHTH! KOTOpOH gi; = 1, gj5 = —1, a BCe OCTAJIBHBIE JIEMEHTH
nin - 1)
PaBHH HYMO. PaaMepHOCTE paBHA, —

1308. Ba3zuc ofpasyior, Hanpumep, sexktopst (1,0,0,...,0,-1), (0,1,0,...,0,-1},
..+, (0,0,0,...,1,—-1). Pazmeprocts pasHa n — 1.

1310, Pasmepuocts paeHa 3. Bazuc o6pa3yioT, HAIPUMED, BEXTOPEE 41, &2, &4.

1311. PaameprocTs pasra 3. Basuc o6pasylor, HanpuMep, BEXTOPHL @1, as, A5.

1312. Hanmpumep, x; ~ 23 — 24 = O, T2 + 23 — x4 = (.

1313. Hanpumep, z; — 22 —~ 223 =0, 2y ~ 22+ 224 =0, 227 + o — 25 = 0.

1317.5=3,d=1. 1318.35=3,d=2.

1319. PEWIEHUE. IIpasuno 1) nokaznisaercs nerke. Hokaxem npasuno 2). Tak

1

KaK YUCHA T4l , - - - Tik,y Yils - - -, Yil YROBAETBOPSAIOT paBeHcTsy (1), T0 ¢; = Zy"fbj =
Z:c,;jaj. Ttostomy BekTOpBL €; (1 = 1,2, ..., d) npunaanexar kak Ly, rak u Lo, a3ua-

—
fm'r, 1 ux nepecesenuio D). Ilycts & — mwoboit Bektop D). OH BHIpAXKaeTca KaK depes
6azuc Ly, Tak u uepes 6asuc Lo. 3nauur, ® = aja1 + -« +orar = 1 + -« + Gibe.
DTO OBHAMALT, YTO CTPOKA TUCEN Of,..., &%, 1, .., 01 €CTh penleHve CUCTEMBI YPas-
uennii (1) ¥ noToMy AMHERHO BRIpAXKaeTCa Yeped GYHNAMEHTAIbHYI) CHCTEMY peLte-
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d
uuit (2). yers v1,. .., vd — ko3 dumen s 3Toro suipaskenus. Toroa 3; = Z ViYij

i=]

2= 3= 3 (S = 3o (St = S e

Hrak, mofoii sexrop © € [ nuneitno Bripaxkaercsa yepes sextopst {4). Haxonen,
cuctema {4) NUHEHHO HEIABMCHUMA, TAK KAK MATPULA KOODAMHAT 3THX BEKTOPOB B
Gasnce by, ..., b comepsxur munop (3) nopagka d, oTiU4HEI OT HyAA.

1320. Basuc cyMMbl 0BpasyioT, HaIpEMeEp, BEKTOPHL @, G2, ;. Bazuc nepeceve-
HHMS COCTOMT M3 OOHOTO BEKTOpA € = 2a; + a2 = b; + by = {3,5,1).

1321. Basuc cyMmmbl 00pa3yoT, HANIPUMED, BEKTOPHI &1, @z, @3, bo. Bazuc nepece-

YeHHA, HANpHUMeEp, by = —2a; + as + ag, by = ba; — az — 2as.
1322, Basuc cyMMbl COCTOHT, HAaNpHMEpP, M3 BEKTOPOE &1,ds, s, by. Basuc ne-
PECEYeHNs] — RallpHMep, M3 BEKTOPOB €] = 4y + az + a3 = by + by = {1,2,2,1);

¢y = 2a1+ 2a3 = b + b3 = (2,2,2,2).

1328. IIpoekuus BekTopa €, Ha L, napannensio L. BMeeT (-0 KOOpOMHATY
n—1 - ‘
, & OCTaJIbHblE — e npoexuns Ha L napamencuo Ly umeer Bee KOOPOAHATEI

papHeiMH 1/n.

1 1/2 ... 1/2 0 1/2 ... 172
20 A = | V21 2] -2 0
1/2 1/2 ... 1 ~1/2 ~1/2 ... 0

1334. YKA3ZAHUE. PaccmMOTpETs napaMeTpuyeckie ypaBHeHus NpAMEIX & = ap +
at,® = by + bif, roe ap, a1, by, b1 — JaHHBIE BEKTOPGI.

1335. Bektope! ag — bo, @1, by JOMKHBL OBITE AMHEHHO 3ABRCHMEL

1336. UckoMbie yenosus COCTOAT B 'TOM, 4TO BEKTOPSI a1 W by nusHeliHO HezaBucu-
MBI, & BEKTOP g — bp NUAEHHO BuIpakKaeTes yepes a1 u by, Ecan ag—by = t1a1 + 4261,
TO TOYKA NEepecedyeHns 3aJAeTCH BEXTOPOM &g — b1y = by + £2b;.

1337. (—2,-5,-1,1,—1). 1338, (0,1,—-1,-2,-3).

1339, Heofxogumele ¥ DOCTATOYRBIE YCHIOBHS COCTOAT B TOM, 4TO HYETBEPKa BEK-
TOPOB Qg — ¢, by — ¢, a1, b AuHeliHO 3aBUCHMa, A KaXKAaAA N3 OBYX TPOEK dg — ¢, 61, by
u by — ¢, a1, by naHelino HezapucuMa. FcKoMas npamas HMeeT ypasHenue € = ¢ + dt,
cae d = A{ag — €} + Aear = Az(bp — €) + Asby, upuuem koadbunmenTsl A; # Ag
OTAHYHBEL OT HYMNA.

Touku nepeceueHua 3TON NPAMOH ¢ JAHHBIMH NPAMbLIMHE UMEKT BUI

Ag 1 Aq 1
—a) = —d —b = —d.
A]al -':Jr)\1 n bn+/\3 1 C+/\3
1340. ¢ = c+di, rne d = (6,7, -8, -11); M1(2,2,-3,—4), M2(-4,-5,5,7).
1341. 2 = c+ dt, rne d = (1,1, 0, 3); M1(2,3,2,1), Ms{1,2,2, -2).
1344. Ecay ABe MAOCKOCTH TPEXMEPHOrO NPOCTPAHCTBA MMEKT 00ILYIC TOUKY, TO
onn nMeT cburyw npamyw. Ecnn nnockocTs u Tpexmepuoe nuuefinoe MuorooGpazue

ag =
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YETHLIPEXMEPHOTO IPOCTPARCTEA HMEIOT COLIYI0 TOUKY, TO OHH UMET ODLIYI0 NPAMYD.
Ecnu aBa TpexMepHBIX JHHeAHBIX MHOro00pasus YeTEPeXMEPHOIC TPOCTPAHCTRA HMe-
0T CBIMY TOYKY, TO OHM HMET obuIyio NIOCKOCTh.

1345. Ona yxroberea KaaccH$HKANNE PASHBIX CAYYaeB BEEJEM HBe MATDHIbL A —
MATPHIA, 110 cTONOLUAM KOTOPOH 3aMHCAHBI KOODEHHATHL BEKTOPOB @1, &2, by, bs, B —
MATPHUA, OIYYEHHAA A3 A NPANUCHIBARMEM CTONOUA KOOPIMHAT BEKTOPA Gy — bg.
Ilycts paur A = ry, paur B = ry. Boamoxer oauH w3 wectu cayvaes:

1) ry = 4,72 = 5. IINOCKOCTHN He JIeKAT B OQHOM YETRIPEXMEPHOM MHOTO0BpAINY
(mnockocTd ABCOMGTHO CKPEUTUBAIOTCA ).

2) 1 = rg = 4. [InocKocTH UMEIOT OAHY ODLLYH TOYKY, 3HAYUT, JIEAT B O-
HOM YeTHIPEXMEPHOM, HO HE JIEXAT B OKHOM TPEXMEDHOM MHOrOOBpasui (NIOCKOCTH
abCoNOTHO NEPECeKAIOTCA ).

3) ry = 3,ry = 4. [InockocTH He HMET OOLUMX TOYEK, JIEXKAT B OJHOM YETHI-
PEXMEDHOM, HO He JIEXKAT B OJHOM TPEXMEPHOM MHOroo0pasun (IIOCKOCTH CKpeuiy-
BAIOTCA NApasuIeNLHO NpAMOH, HMEHHO: 06e OHH napaniiebHbl PAMOI ¢ ypaBHeHHeM
at; + aztey = blt:; + b2t4).

4) r1 = ro = 3. IINOCKOCTH NEXAT B TPEXMEDHOM IIPOCTPAHCTEE H NEPECeKaloTes
110 NpAMOIL.

5} vy = 2,r; = 3. TlnockocTd He UMelOT ODILMX TOYEK, HO JIEKAT B OJHOM Tpex-
MEPHOM [TPOCTPAHCTBE {IJIOCKOCTH NApallIeNbRbl),

6} r1 = ro = 2. lIn0cKOCTH COBNAMAIOT, o 2 r1 2 2, TAK KaK 00e IIApLl BEKTOPOB
@y,az H b, by nuHEHO HE3ABUCHMBL.

1347. YKASAHHE. Bectu 10xa3aTenbCTBO HHAYKHel 00 qucay k.

1348. OxTazap ¢ BepwuHamu B roukax: (1,1, -1, -1}, (1,-1,1,~1), (1, ~1, ~1, 1),
(-1,-1,1,1),{-1,1,-1,1}, {-1,1,1, —1). ¥YKA3AHME. [Ipy onpeneneHnl KOOPAUHAT
BEPUIHH YHYECTE, YTO BEPLIMHLI HCKOMOI'O CEYeRHs AOMKHEL BBITh TOUKaMH nepecede-
HHA CRKYIIErO MONIPOCTpaHcTBa ¢ pebpamu kyba 1 9TO BAOE xaxKaorc pebpa xyba
TPH KOODJAHMHATHI pabHet +1, a yerBepTan Menserca ot +1 ao —1.

1349, Terpasap ¢ BepUIHHAMH B TOMKAaX:

3 1 1 1y /13 11 113 1y /1 113
rTr A ey e Ty, U e ey

VYKA3AHHE. HaiiTi npoekui Bepuidi.

1350. YKASAHUE. TlpunaTe QaHHbll KOHeN JHATGHANH 33 Havasnc, a pebpa, u3
HETO BEIXOAAIIHE, — 3a OCH KOOPAMHAT M TIOKA3aTh, YTO PACCMATPHBAEMBIE IAPAJIAENb-
Hble TuHefiHble MHOroO6pa3us ONpenensoTCa YPABHEHHAMHY

T +ze+--+za=k (k=01,2,...,n),
4 TOYKA NepecedeHns SUATOHAAM ¢ k-M H3 3THX MHOT0OOpasuil HMeeT Bce KOODIRHATEI

PABHBIMH OOROMY M TOMY e 4uciny k/n {k=0,1,2,...,n}
1352. Bunusefinan dbopma ¢ JomkHa ObITE CHMMETPHYHA, T. €. 4 = aj; (1,7 =
n

1,2,...,n), a COOTBETCTBYIOIIAA eif KBaApaTH4YRas dopma f = Z Gi; T; Tj — OO~
i,5=1
KHTENTBHO onpesenenyan; (e, e;) = ai; (1,5 =1,2,...,n).
1357. Mox#o aoBasuth Bextopm (2,2,1,0), (5, -2, —6, —1).
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1358. Moxno gobasuts BekToput (1, —2, 1,0}, (25,4, —17, —6).

2 2 1
) +{Z,—=, -2}
1359. Oaun u3 BEKTOpOB (3, 3 3)

1 11 1 1 1 11
1360. Hanpumep. ('2-, —'2*, *2-, —*2-) f (E’ —'2-, ——2-, *2-) .
1361. (1,2,2,-1},(2,3,-3,2),(2,-1,-1,-2).
1362. (1,1,-1,-2),(2,5,1,3).
1363. (2,1,3,-1),(3,2,-3, -1}, (1,5, 1,10).
1366. Hanpumep: b; = (2,-2,-1,0), b = (1,1,0,-1).
1367. Hanpumep: 6z; — 822 — z3 = 0,22 + 24 = 0.
. k
1369. Ilycts a4, as,...,ar —6azuc L. Hitem y B BHIE ¢ = cha.j. YwuHoxaA
=1

3TO PABEHCTBO CKANADHO U3 @; W 3amedad, uTo (a;,¥y) = (@, ®), NoayHaeM CHCTEMY
k

ypaBHexuii Z(ai,aj)cj = (a;,x) (i = 1,2,...,k), KOTOpad No CMBICTY C1,Ca,--.,Ck
JOJKHA HM::T; eguHCTBeHHOe pemeHne. Haltaa y, monmaraem z = ¢ — y.

1370. y = 3ay — 2a; = (1,-1,-1,5); z = (3,0,=2, —1).

1371. y = 2ay — az = (3,1,-1,-2); z = (2,1,—-1,4).

1372,y = (5,—5,—2,—1); z = (2,1,1,3).

1373. YKAZAHUE. BrigecTH COOTHONIEHUE

|z — uf? = (= - xo) - ¥I* + |y — (u - x0)[?,

rae Y — OPTOrOHANbHAA NpoeKnHa & — Ty Ha L.

1374. a) 5; 6) 2.

13757 YVKABAHBHE. Tlonoxkum ¢ —~®@g = y+ 2, tae y € L,z € L*. Tlo aazna-
ue 1373 d° = (2,2). Oycts y = Aaj + Aqaz + - - + Agag. 3 nocnennero croabua
onpenenurens G(ay, 4y, ..., G, £—XLp) BEYECT HPEAbLIYIHe CTOAOE, YMHOKEHHDIE
COOTBETCTBEHHO H& A1, Ag, ..., Ax, H NOKA3aTh, 9T Ba MecTe (a;, & — Zo) nOMy4InTCH
HYNb, a Ha MecTe (& — &g, & — xp) Oymer (& — o, 2) = (2, 2).

1376. YKAZAHHE. Ilycre uy € Py, 49 € P, ¥ — OPTOrOHANEHAS NPOEKUUA X —
@y Ba L. BriBectn pasencrso

Jur — waf? = (@1 — @) ~ Y +fy + (w1 - ®1) — (uz — @),
1377. 3.
1378. PEMEHYE. [Ipumem oany 43 BepIIHH HepBoll MPAaHN 3a HAYAJNC KOODJHHAT.
IlycTs gpyrue repuIuHL NepROit TPaH 3a0210TCH BEKTOPAMA 2y, T, . . . , Tk, A Beplln-
HEl BTOPOH I'DAHE — BEKTOPAMH ®k41,.. ., Eyn. HINeM paccTodnne MeXAY AUHEliHBIMH

MHOrOOOpA3UAMU, OIPEENIeHHBIMU BEPITHHAMHE 3THX rpanedl (3axa4a 1346). DTu MHO-
roobpasus —

Xty + - F Xl U [mk-]-l - mn)tk-l-l +. 4 (mn—l - mn)tn—l + &n.
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Hckomoe paccTosinpe paBHO INHAE OPTOTOHANBHON COCTABRAIOIIEH 2 BEKTOpA &y
OTHOCHTENBHO NOANPOCTpaHcTBa L, HATAHYTOrO Ha BEKTODBL &1,...,%Lk, Tkyl —
Tyyese,Bno] — L. YMHOKAA DABEHCTBO

Tn = Xyl + - Tl + (zk-l-l - xn)tk-lvl +---+ (wﬂ—l - mn)tﬂ—l + =z

HA, BEKTODBI X1,..., Lk, Lht] — En,- .., Lr-1 — L, NOJIYIHNM YPABHEHUA:

PRI PR #
1 22 2.&

1 1
Lot + §tk+2 +eoid ety = —

1
Sttt bepz b b sty =~

1 1
—t —f fpot = —=,
gkt + k2 +-- 4 1 5

OTKYAa, CKIAObIBas Nepsble k W nociaenHue n — k — 1 ypapsesuil, Jerko HaxoauM:

k41 +- -+
typ === kg == g = p— IToatomy z = fadad LIl

k+1’ n-—k
T+ T
k—-l-l' OTCciofa BUOHO, YTC Z COSAMHALT OEHTpel JaHHBIX rpadeit.
Tak kak PacCTOAHNE MEWIY MHOI"OOﬁpaSHHMH, onpe/leneHHbIMY BEPITHHAMM JAH-
HBIX IpaHell, 0 JOKa3aHHOMY PABHO PACCTOSIHHIO MexXXIY UEHTPaMH 3THUX rpaHefi, To
OHO H OyZeT pacCTOAHWeM MEKAY STHMH Ipanamu. Bo3pogs B KBaIpaT BripaskeHHne

n+1
2n— Rk + 1)
1379. YKABAHME. Hafitu o u3 ycnosua (x — ae,e) = 0. Ilpu gokazaTenscTee

E€MHCTREHHOCTH 00e YACTH PaBEHCTBA ¢ - € + Z1 = (€ + 23 YMHOXKHTb CKalsApHO
HA e.

LUl Z W W3BJIeKAs 3ATEM KOPeHb, Haxomum: |z| =

k
1380. YKAZAHHME. PaccMoTpeTs cxanapHelil KEaAPAT BEKTOpA Y = & — z ey,
i=1
rae o; = (@, €;), h NPUMEHUTH CBONCTBA B) U ) NpeAsiaymiel 3ana4u.
1381. YKA3AHME. Iepeoiit cnocod: paccMoTpeTs cKanapHeid keBagpat (x + ty,
x + ty) KaK HEOTPHUATENLHBI KBAAPATHBI Tpex iieH ot £. Bropoit cnocob: npu gy #£ 0
NpeJCTaBUTL & B BHIE T = oy + z, [Ae (¥, ) = 0, nokazats, 4ro (x, ) 2 a2(y,y],
NpUYeM 3HAK PABEHCTBA UMEET MECTO TOrJA M TONMLKO TOLRa, KOrja X = oY, H Bbl-
ACHHUTBL, YTO

(¥ = (¥, v)(1y) < (@), y).
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Tpetuii cnocol: tpHMEHUTL HEPABEHCTBO 33a4d 503 K KOODAMHATAM BEKTCPOB & U ¥
B CPTCHOPMHPOBAHHOM Dazuce.

1382. ¥KA3AHUE. [lepsrit cnocof: paccMoTpeTs ckanapHsti KBaspar (x + fy,
x® +ty), cae t = s{®, ¥), KaKk HEOTPUIATENLHLIA KBADATHBIA TpexuneH ot § {3 — neli-
cTBUTENBHOE). BTOpo# ciiocol: npy ¥ # 0 noamxuTs & = oy + 2, [ie & — KOMIJIEKCHOE
uncno u (y, 2) = 0, nokazark, 410 (&, ) > @y, y), IPHIEM 3HAK PABEHCTBA HMEET
MECTO TOTAA U TOMABKC TOPAA, KOLAa & = &, H BBIICHHTL, 4TO

(=, )y, ) = o&(y, ¥) (v, ¥) < (=, T} Y, ¥).

Tpernit cnocod: NpUMEHUTH HEPABEHCTRO 3a4a4H 505 K KOODOMHATAM BEXTOPOB T H Y
B OPTOROPMUPOBARHOM Ga3uce.

b b b
1384. | [ ag@ic | < [l [lo@)d.

a a a

1385. AB = BC = AC = 6; LA = £B = ZC = 60°,

1386, AB =5; BC = 10; AC = 5\/5; LA = 90°% £B = 60°, ZC = 30°.

1389. YKA3AHME. Echu pebpa 3a5atbl BEKTOPAMH G 1, G2, . . . , (b, TO PACCMOTDETL
BhIpaskeHue |a; + as + - + a.n|2.

1390. YKA3AHME. Pacemorpers shipaxenue j@ + y|° + 2 — y|2

1393, [Ipu HeyeTHOM N OPTOTOHANLHEIX JAMACCHANER HET, IPH N = 2k HCKOMOe
YHCIO PABHO %C,’: = Cgk__ll.

1394. a - /n; nlergoa\/ﬁ =

1395, ¢, = arccos ; wg = 60°.

1
\/ﬁ; lim ‘Pn—2
1396.R=a2ﬁ.ﬂpﬂn:1,2,3 R<aynmpun=4 R=a,umpun>4 R>a

1398. YKA3AHHE. [TokazaTh, 4TO HAMANO AHATOHANH MOXKHO COENMHHTE ¢ JHO0GH
Apyroli BEpUIHHON Heno4Koif pebep, ¥ BOCMONbL3OBATHCA NPEAbIAYILEH 3aaayei.
1399. YKA3AHHKE. Mcnonwzoeath 3agauy 1379.

1400. PEIIEHME. cos(x,y) = (@, y) = (s 9) ’yl, cos(x,y’) = (a:,y); =
) ol | ||~"ﬂ| Ayl eyl =l || - 3]
w.y Y-y Y

— = — cos(y, ¥ = = ¢cos{2, y}. 3HAaX pPABEHCTBA BO3MOXEH TOTIA H
al- o]~ el [y] Y < g = 0@ 0)
TONBKO TOr4a, Xoraa cos(y,y’') = 1, T.e. no 3agave 1399, korna ' = « -y npu a > 0.

k
1401. arccos . 1402. 60°. 1403. 30°.

1405, arccos % VYKAZAHHUE. [Iycrs a; —BekTOp 83 Ag B A; {§ = 1,2,3,4). Pac-
CMOTPETh ABA BEKTOPA @1f; + astls n azls 4+ agly; NOKA3aTh, 9T KBAAPAT KOCHHYCA
(t1 +t2)2(t2 + t4)?
4t + titz2 + E3)(t3 + £ty + t3)

uun (8 + t2)° upu yenosuu, wto t3 4 tyty + £3 = 1.
14086. 45°. YKA3AHHME. Hcxate MHHMMYM yr/I0B BEKTOPOB BTODOH NJIOCKOCTH C
HX OPTOrOHAJIBHBIMH IPOEKUHMAMHM HA NEPBYIC NAOCKOCTE.

yITa MeXXAy HHMH PaseH , A Ha#TH MaKcuMyM yHK-
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1407. ¥YKA3ARUE. IToxasath, 9To Xancaas u3 cucreM f,....Ffc ¥ g1,..., 9%
ABASETCA 6a3UCOM NOARpPOCTpancTsa Ly, HATANYTOTO HA BEKTOPLI €1,...,€k, YTO
(fi:9;) =0 npu i # j, RaxoHen, ¥To B paBeHcTBe gy = c1f) + - + ¢t fy Bee Koacp-
dbHmuentTs ¢1,¢2,. .. ,Cx—1 PABHBI HYJIO,

1408. YKA3AHME. [Tonoxns (x2 — 1)* = ux (), nposepuTs, uro uf)(ﬂzl) = 0 opu

+1
J < k W, HHTErpHpYs NO 4acTAM ] uik)(:c)r" dz HEeCKOMbKG pa3, NOKA MOJ 3HAKOM HH-
=1
TErpajia He HCYE3HeT MHOXKUTENb BHAA r°, NOKA3ATE, 9TO TOT HRTECPAN PABEH HyMO
+1
npu j =0,1,...,k — 1. Beieectn orcroma TpefyeMoe pABEHCTBO: /Rf(:c)Pk(a:)dm =0
I
npu j # k.

1409. By(z) = 1, Pi(z) = =z, Pfx) (3z° — 1), Palz) = %(5:.5'3—3:5),

L=

k .\
= Yiae 4 _ ag.2 : = oSy @ ek _
Piz) = g(362* - 302° + 3); Pilw) = g ;0( 1) C,,(2j_k)!x =

k

Z( 1)”'J l{ke-.-:))!(Zj — 502)3!2:_11_) I2j_k, IOPHYEM B 3THX BHIPAXKEHHAX CIEAYyeT BbiNy-
§=0

CTHTb BCE CJlaraeMple C OTPDHUATENbLHBIMH IIOXKa3ATeNAMHE CTENEHH X.

2
1410. 4f TR PEMIERKE. Monexum (22 —1)* = wup(z) 4 BerBcIuM CKaNgpRbI
keanpart (P, P). Uarerpupysa no wacram, HAXORNM

+1 +1
fuik)(:c)-u;(:k)(z)d:r = *[u(k—”(f)u(ﬂl)(x)d:“:
—1 -

+1 +1
- l)k/uk () (z)dx = (2k)!f{1 - 2)*(1 + z)*dz.
-1 -1
CHoBa HHTErpupysa Ha HaCTAM, HAXOAUM
+1 +1
/(1 —2)*(1 + 2)fdz = kl—kl (1 -z 11 +2)tlde = ..

-1 -1

B k! (k)2
T BEDGE+D.. 2R /1(1 +o)tdr = BT
OTKYAA
1 (k1)222k+1 2
(Pe, Pi) = 22k (k12 (2k) @(2k+1)  2k+1
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1411. Bi(1) = 1. YKA3AHUE. [lpumenurs k Boipaxkenuio Py(x) ﬁ x
. !

m[(x +1)*(z — 1)*] npasuno JekGunua aAndbepeRuupOBARAS IPONIBELERAA.

2k CE 1-3.5.....2k-—
1412, P(x) = Crfr(z), rne Ci, = % = % = T 2 1
wult xospunuent muorouneda Pyp(r} {k = 0,1,...,n). YKAZAHHKE. Ucnonpaosats
sanauu 1407, 1408, 1409.

1414. YKA3AHUE. Ilonoxus ¢ = [z — f(z)] + f(z), noka3arb, YTO MHHUMYM
BOCTHIAeTCH TOTHA U TOJBKO TOrAa, Korga f(x} — OpToroHainHas COCTABIAILAN JJIA
2™ OTHOCHTENBHO NORINPOCTPAHCTBA MHOTOMJICHOB CTENEHA § n — 1 (aanaqa 1373}, u
npuMeHuTs 3azayMn 1410, 1412 w 1413.

1415. g(e1,as) paseH KBaJpaTy IJIOLIAAN NaPAIENOrPAMMA, TIOCTPOSHHOTO Ha
BEKTOPAX @y, G2; g(G1, a2, @3) PABEH KBAADATY 06beMa MApANNENENHIERA, TOCTPORH-
HOTO HA BEKTOpax ai,ds,ds3.

1416. YKA3AHUE. PaccMoTpeTs CHCTEMY ONHOPOAHBIX JIMHEHHBIX YpaBHERHL C
onpenenuTenem g(ay, ag,...,ak).

1417. ¥YKA3AHUE. Hckate BaauMBLIll 6a3HC K3 COOTHOmMEHMH

— cTap-

i=D_ciker  {F=12,...,m)
k=1

1418.3) T = (8')7Y; 6) T = (). 3aech mTpHX 03HA4AET TPAHCHOHUPOBAHUE,
a 4epTa — 3aMeHY 3MEMEHTOB KOMIUIEKCHO CONPSKERHBIMM.

1419. YKA3AHUE. Ilepsnifi cnocoB: noxasaTe, 4TO onpeaeaurens ['pama
glai,...,ar) paBeH KBAUPATY MOAYIS ONPENENHTENA K3 KOODAMHAT BEKTOPOR
ai,...,8¢ B JIOOOM OPTOHOPMHpPOBAHROM Dasuce k-MEpHONG NOANPOCTPAHCTBa, CO-
Oep:KAIET0 3TH BEKTOPHI.

Bropofi ciocob: nokazaTh, YTO HEOTPUUATENbHAA KBadpaTHuHad dhopMa (ayx) +

©F QEZp, a1y + - - + GrTy) OT Ty, ..., Tk ABIAETCA NONOKKTENBHO ONPERCTCHHON
TOTB& W TOJABKO TOTHA, KOTHAa BEKTODH @y, ..., &y JAUHEHHO HE3ABUCHMBL.

Tpetnft crocof: NCAB3YACH REMSMEHHOCTHIO ONpedenuTens I'paMa NpE OPTOrOHA-
JH3anuu BEKTOPOB (3aaava 1415), NOKa3aTh, 4TO €CHH BEKTOPHI By, . .., by MOJYHeRDb]
M3 @y,...,Q, OPONECCOM OPTOrOBANN3auMH, TO g(ai,...,ax) = [bi|...{bx|%, u npu-
MEHMTHL 3amauy 1413,

1
Cpvoan+1
HHE PABHO JJIHHE OPTOrOHATLHON COCTABNAIOMENR BEXTOPA — ™ OTHOCUTEILHO NORNPO-
CTPAHCTBA MHOTOYJIEHOB CTEIEHH HE BBULE N — 1, NPUMEHHTL NPERBIAYILYIO 33034y H
3agaay 418.

Bropoit cnocof (e ucnoassyromudi 3ana4u 418): HCKOMOE PACCTOARKE JAET MHHH-

1

1421. YKABAHHUE. [Iepeuift cnocol: 3aMETHB, YTO HCKOMOE PACCTON-

M¥M HHTErpana f [£(x))?dz, vae f(z) —MBrOrouNeR n-it cTenenu co cTapiuuM Koagdu-

UHEATOM, PABHBIM EOHHHIIE. DTO NO3IBONALT HIMEHEHHEM npenenos HATErpHpoOBaHHA
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CBECTH 33/1a4y K COOTBETCTBYIOIEMY IKCTPEMANBHOMY CBONCTBY nowuroMa Jlexans-
pa (3amaua 1414).
1422. YKAJAHHE. [lpumenuts 3anaun 1413 u 1415.
n

n

1423. |D?| € H Z |ai;}%, nputemM 3HAK paBeHCTEA UMEET MECTO TOTAA H TOJNBLKO
i=] j=1

n
TorAa, xorja nubo Za,;kajk =00 #4; j=12,...,n), mbo onpexenunrens D

k=1
COZCPYKHT HYNEBYI) CTPOKY.
1424, ¥YKA3BAHHE. B BextopsHoM npocTpancTse R, BBECTH CKanApHCE NPOH3-
n

Begenne {r,y) = Z @i TiY;, TAE Ti,...,Tn WU Y|,...,Yn — KOOPOUHATE COOTBET-
ig=1

CTBEHHG & W Y B HZKOTOpOM fazuce ei,...,e, HpocTpancTsba R,, NOKa3aTe, 4TO

Dy = glei,...,e,), 1 IpHMEHHTD 3ajauy 1422,

1425. YKaA3AHUE. Henons3osars 3agauy 1210, r).

1426. YKAZAHKE. [IpAMeHNTE CBOfCTBA 3PMUTOBBIX POPM, aHANOTHYHBIE CBOMH-
CTBaM BEHIECTBEHABIX ($OPM, YKA3aHHEIM B 3afave 1210 (cm., nanpumep, TAHTMA-
XEP ©.P. Teopus matpuu. — M.: Tocrexnamar, 1953, cn. 10, §3,9).

1427, YKA3AHUE. Hcnone3osate paccy:IeHUsl BGEPEOTO H TPETREra crnocobos,
YKa3JaHHBIX B OTBeTe K 3aaadve 1419,

1428. YKABAHUE. IIpuMennTs 3ana4y 1422.

1429, PEIWIEHRE. IlycTh npoUece OpTOrOHANUIAUNY NePEBORUT BEKTODHI &4, . . .,
ai, by,..., b B BEXTOpEI €1, . . ., Ck, d1,..., d1, aBekTOpE by, ..., by —B BEKTOpBL €Y, . . .,
e;. OpTOroHaNbHasA COCTABAAICIHAS BEKTOPA €; OTHOCHT&IBHO NOANpOCTpaHcTEa Lj,
HaTAHYTOro Ha @q,..., &k, b1,..., bij_1, coBnagaer ¢ d;. B camom gene, b; =y, + ey,
rae ¥; AMHeHHO BolpakaeTcs 4epes by, ..., bi_1, a €; OPTOTOHAJIEH K 3THM BEKTOpPaM.
e; =y, + 2z cae ¥, € L;, a z oproronaner k L;, no torna b; = (y; + ¥i) + z, rae
y;+¥; € L;, a z oprorosanen ;. 3naunt, no sazaqe 1413 z; = d; u |d;| < |e;}, npuqem
3HAX PABCHCTBA 3aBEICMO HMEeT MECTO MpH ychoBuu (2), noTomy urto €; = b, — y;

BEIpakaercs uepe3 by, ..., b;, H, 3HaunT, OPTOrOHATEH K @1, ..., @k} b1,..., bi_1. ITo
3anagye 1415 umeem
glay,...,ax, b, b)) = (lel]® oo e (da . d?) €
% (lcll2 st 1ck|2) ) (|81|2 feen |8¢‘12) =9(01,.--,ak)g(bh.--,b:),
4TO AoKaseiBaer Hepasenctso (1). [Ipu yemosum (2) [di| = les] (1 = 1,2,...,0) n
nepapeHcTso (1) ofipamaerca B pasenctso. Ecau ay,...,ax umn by, ..., b nunefino

3aBHCHMBI, TO NpaBad YacTh HepaBencTsa (1) obpam@aerca B HYNb, a TAK XaK JEBas
4aCTh HEOTPHMUATENbHA, TO Mbl CROBA IIOJNYYAEM PABEHCTEO.

TlycTh, oBpaTHo, HepasencTso (1) obpamaerca s pasexcreo. Torga no npegsinyie-
my fes|?. . Jex® |dii?- - |di]? = ler]®. - lek]® - |eal?. .. ei]?, oTkyna nubo cymecTeyer
i € k raxoe, uro jo;| = 0, T.e. ay,...,a; JEHeliHO 3aBHCHMBL, JHOO cymecTsyer
i € ! Takoe, wro |di| = |e;] = 0, r.e. by...., by quHeitno 3aBucambl, 1ubo d;| = ey
(i =1,2,...,0), oTkyna cneayer, uTO BCE €;, a 3HAYMT, H Bce b; (KaK MX JHHeliHbIE
KOMGHHAIHH) OPTOTOHANBRLL K &y, . . ., Gk, T. €. BBIIOAHAETCA ycioBue (2).

1430. YKABAHME, [IpuMeRNTs BpeabIAYILYIO 3a0a4Y.
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1431. YKA3AHUE. [Ipumenuts 3anaq9u 1425 u 1429,

1432, YKAZAHME. IIprMenuts 3anaun 1426 u 1429,

1433. PEINEHHKE. a) [Tycte yncna cucreMsl (1) sIBASIOTCS PACCTOSHUAMH BCEBO3-
MOXHEIX Ttap Bepmui Mg, My, ..., M, n-mepHOro cnmnnexca, apuyuem

ay; = M M; (i, =0,1,2,...,n; i > 7). (2)
Ob6oanaunm wepes e; peKkTop, uayumh uz My 8 M, (1 =1,2,...,n). Toraa umeem
a§0=(eg,ej) (:=1,2,...,n) 3)
af; = (e;—e;,e;—e5)  (4,i=1,2,...,n;i>j)
M3 5THx paBEHCTB HAXOHKHMM CKaJAPHBIE POU3BEIERUS BEKTCPOB €1,...,€4:
(eivei)=ai0 + (i:l,?,...,ﬂ); 4
Qip + G40 — Q45 C
(ehej)=—£""'"'%2‘“"_£ (3,5=1,2,...,n; i > j}. (4)
IMpumensas 3T COOTHOLIEHUA, HanMIneM MaTpuly ['paMa BEKTOPCB €1,..., ey,!
( aznp + @10 — aa Qno -+ Q10 — On \
a1p ce
2 2
a + aip =~ a1 @np + Q20 — An2
2 20 T2
(8)
@no + 210 — Gnl  Anp + G20 — Gn2 o
2 2 ° /
Tak xak Touxu My, M, ..., M, ne nexar B (n—1)-MeproM MiorooOpasiH, TO BEKTOPbI
ey, es,...,e, MuHelHo nezasucimbl. (603Hauas vepes [y yraoeol MUHOp nopsagka k
matphue!l (5} 1 npuMenas 3anavy 1419, noayvaem
D >0 (k=1,2,...,n). {6)

Urak, ycnosus (6) aBas0TCA HEODXOANMBIMH B/l TOTG, YTOOLI uuc/Ia cicTemb! (1)
6bLAM PAcCTOAHKAMH BEDIUMH N-MEPHOro cuMIiekca. [foixaxem, 4To 5TH YCAOBHA A0-
craTounul. [Ipn Bbnosarennu ycnoeddt (6) marpaua (5) senserca marpuuell [pama
JUHeitio He3aBUCHMO#t CHCTeMb]l BEKTOPOB €1, ..., €, (CM. 3a7a4y 1352 wiu 1210, 8}).
TlosToMy BepHEI pasencTsa (4), OTxyAa BeiTekaior pasedcrsa {3). IIpusumas navano
xoopauHAT 3a Mp, a KoHel BekTopa €; 33 M; {1 = 1,2,...,n), nonyaum BeINOMHEHNE
paeedcTB (2), uT0 H TpeboBanOCh.

B cayyae 6) HeoOXODMMBIM U OOCTATOMHBIM YCIOBHEM ABNAETCA HEOTPHLATENDb-
HOCTh BCEX THABHEIX (4 HE TOMBKO YLJIOBBIX) MHHOPOB MaTpuubl (5). Heobxomumocrs
JOKAIBIBALTCH TAK K€, KAK B CAyYae a), ¢ TON DasHHuEH, YTO BEXTOpPH €],..., ey,
MOFYT GbITh JHHEHHO 3aBUCHUMBL JIOCTATOYHOCTH JOKA3BIBAETCA TPH NOMOIHM 33Ja-
uyn 1425 unu 1210,r).

1484, (cosa —sine )

singe cosa
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001 010

1435. | 1 0 0 |, ecnu e; mepexosuT B €3, u | 0 0 1 |, ecnu ez mepexo-
010 100

IUT B €].

111
333
100 100 11 1
1436. { 0 00 ). 1437. ([ 01 0 |. 1438. | 5 3 3
000 000 111
33 3

1439. IlepBpie & 31€MeHTOB [HABNOR AUATOHANN MATPHIE! TPeodpPa3OBAHNMS PABHEI
eJMHHLE, & BCE OCTAJILHBIE 3JIEMEHThI DABHBI HYIIO.

1440. B i-Mm cToa6ue MaTpHibl IPe0Opa30BAHAA CTOAT KOOPIUHATHI BEKTOpa b; B
fazuce aq,...,an.

0 11
1441. p muueiino, 4, = | 2 0 1
3 -11
1442, » He ABNAETCA NHHEAHRBIM.
1443. ¢ He ABASETCA NHUHESHHBIM.
1 -11
1444. ¢ nuneftno, A, = | 0 0 1
0 10
2 -11 6 1 -6 11 5
1445. | 1 -7 4 |. 1446, -] —12 13 10
2 -10 30 6 -5 -5

123
1448. B Gasuce ey, eq,eg MaTpua | 2 4 6 |, B Gasuce by, by, by MaTpHua
369

20 5

— —= 5
3 3
16 4

- - -4
3 3

8 -2 6

1449, a) npM yMHOXKEHHH CHEBA 6} npU YMHOXXEHUHR CIpaRa
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0100 ...0 01060 0
0020...0 0010 0
1450. ) 0003 ...0 . 6) 0001 0
0000 ... n 0000 ...1
60000 ...0 60000...0

1451, B MaTpBue nepecTaBaaeTca i-1 U j-A CTPOKH H -8 U j-I1 CTONGIEL.

1 021 2 0 1 0
2 351 1 —4 -8 —7
1452.2) [ 3 302139 | 1 4 6 1
1 123 1 3 4 7
100 1 2 2
1453. { 0 2 0 |. 1454. [ 3 -1 =2 |. 1457-(-%31 _4245).
00 3 9 -8 1 2
109 93 R
1458. ( ot 29). 1461. n2.

1464. YKA3ZAHUE. [IpuMennTs NpeAsiAylUy0 3a/ady M onpejenenine GbyHKINH
OT MaTpunsl (3amada 1148).

1465. Ay = Ay = A3 = —1. Coberrennsle BexTOpH UMeT Bug ¢(1,1,—1), rae
c # ¢

1466. A = A = A3 = 2. CobcTeennble BeKTOPLI UMelOT Bt €1(1,2,0)+e2(0, 0,1},
FOE €| H 7 HE PABHBI HY/IIO OOHOBPEMEHHO.

1467. A = 1, Az = Az = 0. CobcTperHbe BEKTOPH JNA IHAYEHUs 1 NMEOT BIA
e(1,1,1), a gna A = 0—sug ¢(1,2,3), roe ¢ # 0.

1468. )\, = Az = Az = 1. Cobcreennnle BekTOpb HMeOT Bua ¢(3,1,1), rae ¢ #£ 0.

1469. A = 3, A2 = A3 = -1. CobcTBEHHBIE BEKTOPBL AJIA A = 3 HMEIOT BHI
c(1,2,2), a gna A = —1—sug ¢(1,2,1), rae ¢ # 0.

1470. Ay = Ay = 1, A3 = —1. CofcTBeHHbe BEXTOPBL ANA A = 1 HMET BHA
€1{2,1,0) + £2(1,0,-1), a ana A = —1 Bug c(3,5,6), rae ¢ 4 cy HE PABHBI HYMIO

ofiHOBpeMeHHO u ¢ 7 0.

1471. X = 1, Az = 2 4+ 3i, A3 = 2 — 3i. CobcTBeHHBIE BEKTOPBL ANA A = 1
umeroT Bug c(1,2,1), ana A = 2 + 3i—sug (3 — 34,5 — 3i,4), ana A = 2 - 3i—sug
o(3 + 34,5 + 3i,4).

1472, A} = Ag = 1; A3 = Ay = 0. CobcTBeHHbIE BEXTOPB ANA A = 1 HMEIOT B
c(0,0,0,1), a gna A = 0 —suzg ¢, (0,1,0,0) +¢2(0,0,1,0), rae ¢ # 0 1 ¢; U ¢z HE PABRLI
HYJIK) OOHOBPEMERHO.

1473. A = A3 = 1, A5 = Ay = 0. CobcrperHbie BeXTOPBL Afta A = 1 HMeT BUX
c1(1,0,1,0) 4+ ¢2(0,0,0,1), a ona A = 0—sua £1(0,1,0,0) + 3(0,0,1,0), rae yucaa ¢
U ¢a He PABHBI HYJK OKHOBPEMEHHO,

1474. A = 2. CobcTrennbie BeKTOPs UmetoT Bug ¢ (1,1, —1, 0}+c2(1,1,0,1), cae o
M Cp He DABHbI HYMO ORHOBDEMEHHO.

1477, YKABAHHE. [IpuMenuTs 3agayn 820 u 1476.
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1479, ¢, =(1, 1, 1), 100
a2=(1> 1, O)} 020
a3 =(1, 0, -3 002
1480, MaTpuua k AnaroHansHOMY BHAY He NPUBOJHTCA.
1481, a; =1, 1, 0, 0), 200 ¢
az=(1, 0, 1, 0), 020 0
az=(1, 0, 0, 1) 0oz 0
ay=(1, -1, -1, -1); 000 -2
1482, MaTpuiia X JUACCHAJABHOMY BHAY HE NPUBOIATCH.
1483. a;={ 1, 0, 0, 1), 10 ¢ 0
ar»={ 0, 1, 1, 0}, 01 0 ¢
az={ 0, -1, 1, 0), 00 -1 0
as=(-1, 0, 0, 1) 0 0 1
1484. Hanpumep: 10 0 —1
01 -1 0
T=] «iiiiiiininnae. )
¢1... 1 0O
10 0 1

r'Ze No BTOPOH ANArOHAIN HIEMEHTHI BBINIE TaBHOM JHAPOHANM DaBHBL —1, a Huxe +1;
[IPH HEYETHOM 71 Ha NEPEeCeveHHH SuaroHaneil Moxer cToaTs Xak +1, tak u —1. dua-
ronanbiaa MaTpuua B uMmeeT Ha rrabHOft AMATOHANH CBEPXY M/2 OPH HETHOM N H
{n+1)/2 npu HEYETHOM 7 IAEMEHTOB, PABHEIX +1, 4 OCTANIBHLIE 3JIEMEHTHI PABHBI —1.

YKA3ZAHHE. PaccMmorpers nuHelRoe npeocOpa3cbaHue @ n-MepHOrO IPOCTPAaH-
¢TBa, MMeloee MaTpuiy A B HexoTOopoM 6Gasuce, natith Gazuc, cocrosnmit w3 cob-
CTBEHHBIX BEKTOPOB 3TOro npeobpa3’oBaHnsa, M NIPHMEHNTL 3ataqy 1477,

1486. JlioOrie ABa 3JEMEHTA v H (ip—k41, PABHOOTCTOANINE OT KOHUOB NOOOTHOMH
JHArOHANH, NOJMKHEL THOO 06a GbITE OTIHYHEL OT HyAd, Jubo 0ba o6pallaTecs B RyNb.

YKA3IAHUE. Paccmorpers nuneiinoe npeoBpazoBaHHe (p N-MEPHOIO NPOCTPaH-
CTB&, COOTRETCTBYWOLIEE MATpuNE A B rREkoTOpOM Oa3Hce, u IIPUMEHATH 3aaayn 1117,
1132, 1484.

1487. Enpncreednoe cobcrbendoe 3Haderne — A = 0; cofcTBeHHBIE BeKTOPHI —
MHROIOYJIeHsl HyJeBOH CTemenH.

1491. PEWEHUE. CHavana JOKAKEM PABEHCTRO

pasm. L = pasm.L + pasm.Ly, (1)
rme Lo —nepecesenme L ¢ sapom ™ '0 npeobpasopauna . Ina storo 6asy
ay,ay,...,a; noanpocrpanctsa L mononuum sexropamu by, by, ..., b mo 6aswer L
(upu Ly = O orcyrcreyior BeKTOpH @;, npu Ly = L —eexktopmt b;). Bekrops
@by, pba, ..., b 06pazyioT 6a3y wkL. B caMOM Jene, eciH ¥ € tpL TO Y = T,
rnex € L Ecm xr = Za,a, + Zﬁ,b,, O Y = = Z,S,-cpbi, TaK Kak

=1 i=1

wa; =0 (i =1,2,...,k). Bekropn Lpb],gobz, ., b nuHeiHO Ke3aBHCHMHEI, TAK Kax
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i ! t k
H3 Z,@,-(pb,- = 0 cmeayer Z B;b; € Ly, otkyna Z,@,:b,- = Za,:a,:, H 3HauuT, 53; =0

i=1 i=1 i=1 i=1
(¢t =1,2,....0.

Hrak, pasm.L = | + k = pasm.pL + pasm.Lyg.

a) M (1) B cany Lo C ¢~ '0 naxomum

pasm. L = pasm.pL + pazm. Ly < pasm.pL + aed.yp;
pazm.L — ned.y < pasm.pL.

Hanee, pasm.oL = pasm.L — pasm.Ly < pasm.L.
6) Tlonoxwum ¢ 'L =L Takxak 0 € L, 0 ¢ 0 C o ' E=L' n L'ny”'0 =
©~10. Tipumensis (1) ¢ samencit L uwa L', nomy+um

pasm. L’ = pasm.pL’ + ned.p. (2)

Tak kak ¢L' C L, 10 pasm.wL’ € pasm.L u no (2) pasm.L’ < pasm.L + ned.p, uem
JOKA3aHO BTOPOE M3 HEPABEHCTB 6).

Toxaxem, 1o oL’ = LN pR,,.

Tak xak wL' C L w oL’ C ¢R,, 10 oL’ C LN @R,. Ecnu & € LNyR,, 10
z=ypx' rnex’ € o 'L=L t1e x € oLl Orcosa LNeR, C pL'.

Tax xak pa3m.(L + pR,) € 1, To, HCOAB3YS CBA3L Pa3MEPHOCTH CYMMBL H Tepe-
CevYeHHA OOANPOCTPAHCTE (3azaua 1316}, nomyauwm

pasmypL’ = pasm.(LNyR,) = pasm.L + pasm.oR,, — pasm.(L + ¢R,) 2
= pasm.L + pasm.eR,, — n = pasm.L — ned.p.
Orcoza 8 cunry {2) Haxozum
pasm.L’ = pasm.oL’ + ged.¢ > (pasm.L - ned.p) + ned.¢ = pasm.L,

4eM JOKa3AHO TIEPBOE U3 HEPABEHCTB 0).

1492. YKA3AHME. Paccmorpers npeofpasopanns ¢ B 3 npocrpanctea R, ¢ mar-
pHuaMu A u B 1 npHMeHHTE NpeapAyILyIo 3334y K nognpocrpanctey L = Y R,.

1494. Enurcreenroe cobcTrennoe anadenne A = 1. CoBcTReHREBIE BEKTOPH HMEIOT
Bia ci{a) + 2az) + ea{ @z + a3 + 2a4), rae c;, ¢z HE PABHBI HYJIK) ONHOBPEMEHHO.

1495. YKABAHHE. PaccMmoTrpers MaTpuuy npeoOpasobannus ¢ B Gasuce, NepBH-
MH BEKTOPAMH KOTOPOTC ABIAIOTCHA JMUHEHHC HE3ABHCHUMBIE CODCTBEHREIE BEKTOPH! (2,
npuHaanexanne ig. JApyroit myTe CBA3aH ¢ NpHMEHeNnneM 3aia4u 1074.

1501, Hynerpoe nmoanmpocTpaHCTBO M noanpocTpaHcTeo Ly, cocTodluye M3 Beex
MHorounenos crenenn € k (k = 0,1,2,...,n).

1503. VMHpapnaHTHEIMA NOANPOCTPARCTBAMH BYIyT: HYJEBOE [IOONPOCTPAHCTEO H
n1060e NOANPOCTPAHCTBO, HATARYTOS HA KAKYK) YIOOHO MOKCHCTEMY BeKTOPOB Oasuca
@1,82,...,0y; UX YHCIO paBHO 2™.

YKASAHUE. [Ipumensn 3anaur 1495, 1502, nokasats, uro moboe HEHYAEBOE UH-
BapHaHTHoe noanpocrpadctso L umeeT 6asuc, apnaomuiics NOACHCTEMOR BEKTOPOB
ay,83,...,0y.

1504. Ipamasn ¢ GazncubiM BEKTOPOM @) = (2,2, —1}, nwbas npaMas ockocTu L
¢ DasucHuIMH BekTOpamu ag = (1,1,0) n ag = {1,0,—1), T.e. maockocTH =1 — T3 +
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z3 = 0, caMa 3Ta mIockoeTs L, mobas NIOCKOCTE, NPOXOAAINAs Yepe3 BEKTOp @, BCe
NpPOCTPAHCTBO W HYNEBOE TIOAIIPOCTPARCTEO.

1505. IIpamas ¢ GasucHsiM BeKTOpoM (1, ~2,1), mnockoeTs ¢ 6a3UCHEIMU BEKTO-
pamu {1,1,1) n (1,2,3), T.e. naockocts ¢ ypaewennem xp — 2z + x3 = 0, Bce npo-
CTPAHCTBG H HYJIEBOE MONIPOCTPAHCTEO.

1509, Ay = 1, A3 3 = 0. KopHeBbIe NOANPOCTPAHCTRA COCTOAT W3 BEKTOPOB IJIA
A = 1:2{1,1,1}; mia Agz = & 1 (1,1,0) + e2(1,0,-3).

1510, Ay = 3, Az 3 = —1. Koprenble NOATPOCTPAHCTEA COCTOAT U3 BEKTOPOB JINA
A= 3:¢(1,2,2); oas Agz = =1 e1(1,1,0) + 2{1,0, —1).

1511. A1 2,3 = —1. Bee n1pocTpaHCTBO ABIAETCA KOPHEBHIM TIOMIPOCTPaHCTBOM,

1512. A5 = 2, Az 4 = 0. KopHeBble HOANPOCTPaHCTBA COCTOAT H3 BEKTODOR:

BJIA Al,g =2: 61(1,0, 1,0) + 62(1,0, 0, 1);
JIA A3‘4 =0 161(1,0,0,0) + é’z(U, 1,0, 1)

1515. a) Jliofoe yHcno o« sBafgeTca cOGCTBeHRBIM 3HaveHHeM, CoOTReTCTRYIOIIE
eMy CcODCTBEHHBIE BEKTODPBI HMEIOT BHA ce”™", rue ¢ # 0;

6) KOpHEROE NOANPOCTPAHCTBO, COOTBETCTBYIONIEE MMCAY <, COCTOMT M3 BCeX
dyuxnatt Buna {ag + a1z + -+ - + a,x")e"", rge ag, ay, . . ., Gy — NOGLIE YHCTHA M T —
J06oe Hence HeOTPHUATENBHOE HCIO.

1517. Eclu MHEUMANBHBI MEOTOWIER g(A) = A" — ¢ A" L~ (A2 g,
TO MaTpUna Npeobpa30BARUS (P UMEET BHX

0 [+
. 0 [}
0 C3

1518, Kopoanoea Knerka

al0.. 0
0 el ... 0
000 o

1520. ITpu » = 2 NoBOPOT ILIOCKGCTH Ha YroA « # Kk He oDnafaeT MHBApH-
aHTHBIMM NpaMbiMy. [lognpocrpanceTso L TOraa v TONBKO TOTAA COAEPIKHUT IPIMYD
HEMOABHKHBIX TOYMEK, KOTHA npecOpasopaHue o), MHAYUNDPOBAHHOE NPeoOpaloBaHu-
em ¢ Ha L, obnanaer cofCTEEHHBIM 3HAYEHUEM, PABHBIM EHUHUIIE.

1523. YKA3AHME. llpu nokazaTennCTBe yTBEPKIEHHA a) HCNOMB30BAThL PaBeH-
ctBo 1 = Ay { Ay (A) + he(A)ua{A), roe ui{A) u ua{A\) —mHOroUneHsl OT A; 8} BBIBECTH
H3 a}.

1524. g(A\) = (A = 1)>(A = 2). Ry = Ly + Lo, rae Ly umeer 6asuc f, = ey,
fs = €2 —e3, a Ly—0Gasuc fz = es.

YKAZAHME. [Ipu oTwickanun g(A\) acnons3oBatk 3anady 1485.

1525, g(A) = (A — 2){A — 3). R3 = Ly + Ly, roe L; umeer, sanpumep, Hasuc
fi=e1+e f; =€ —es, a Ly—0Gazuc 2e; — ey — Ges.
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1526. g(A) = |A — (a,a)]A. Ry = Ly + Lg, roe L) HatanyTo Ha sexTOop a u Ly
0o6pazoBaHC BCEMH BEKTOPaMH, OPTOrOHANLHLEIMA K Q.

1527. Ecau Ap — coOCTBEHHOE 3HAYEHHE (@, TO *KODAAHOBA (POPMA COCTOUT U3 QJI-
HON KJIETKH NOPARKA 1 ¢ Ap HA JUAPOHAJNN.

1529, PEIMEHHE. A) Homoxkum fi(A) = -(-)‘L(%-k— (i =1,2,...,s). Muoroune-
Hul (A} B3auMHO DPOCTHL. JHAMAT, CYLIECTBYIOT MHOrO4IeRH hi(A} (i = 1,2,...,5)

TaxKHe, 4TO 1 = Zf,v()\)h,-()«), OTKYAA AAA J0BOoro BEXTOpa &

i=1
-]
T = Zm‘ir (1)
i=1

rae x; = fi{p) - hi(p)x € Py, tax xak (p — Me)¥ax; = flp)hi(p)x = 0 no Teopeme
Famuaerona—Kosnu, B cuny xotopodt flp) = 0.
Exuncreennocts paaftowenus {1} gocrarouno Aokasats ana @ = 0. Mpumenss
5

ofeHM HACTAM PABEHCTBA Z:c,- = 0 npeobpasosanue f;(yp), noayuum: fi{p)x; = 0,

i=1 .
Tak Kak fi{p)e; = O npu § # i. Janee, u f;(A){(A — A)¥* seanmuo npocrsr. 3uaunr,
CYUIECTBYIOT MHOTOuneHsl p(A) u ¢{A) Taxue, ato

1= p(A)filA) + (M) (A = XM,
OTKyJa
&; = p(e) fi(p)2: + alp)(p — Me) iz = 0.

DTHM JOKA3AHO, WT0 [POCTPARCTBO R, €CTh NpAMas CyMMa noanpoctrpancts P;
(i = 1,2,...,8), 1 moCTpoeHHe WCKOMOTO 6a3nca ceeligHO X cryvawmo B), B caywae
MHUHHUMAJILHOIO MHOTOMJIEHA PACCYKJEHMA AHANOTHYHEBL (CcM. 3amady 1523).

B} JocTraTouno AOKA3AThL, YTO YKA3AHHOE HOCTPOEHUE HA KAXKAOM LIATE BOIMOM-
RO (T. €, BEKTOPHI, BOnonHsieMbIe J0 6azuca Iy, IuHelHO HE3ABUCHMBI) H 9TO BEKTOPBI
BCEX IIOCTPOERHBIX cepmit obpazyior Gasuc npocrpaucrsa Ry, Kawpol cepuu 8 mar-
puie npeoGpa3oBaHuA | COOTBETCTBYET, OUEBHJIHO, XKODAAHOBA KIMETKA C HYNEM, a B
MATPHIE NpPecOpa3cBaHNA @ = Ao + 1 COOTBETCTBYET KAETKA € Ag HA JHATOHANU.

B03MOKHOCTE BOCTPOEHHA HA KaXKOOM Liare AOKA3LIBAETCA HHIYKTHBHO I8
h=kk-=1,...,1. llpu h = k pexropst moboro Gazuca I BMecTe ¢ BEKTOPAMH
BELICOTHL K, HAMHHAIOMIMMH CEPHH MEPBOTG ILIATa, IO HOCTpoeHnto obpasytor Hazuc Hy.
IIpeanonoxum, 4To yixe NCCTPOEHEB! CEPUH C HAMANBHEIMH BEXTOPAMH BLICOTHL 2 h+1,

npHYeM BCE BEKTOPB! BbICOTHL A + 1 MOCTpoeHnbrx cepuli #1,...,Tp BMECTE C BEKTO-
pamu ¥y,..., Y, moboro Gasuca Ry, ofpasyior Gasuc Rpyy. [TokameM, 4T0 BeKTOPH
BRICOTHI h: ¥2y,...,&p MOCTPOEHHBIX cepuil BMecTe ¢ MobbIM 6a3sHcoM zy,...,%r

ana Ry_, nuseiino Hesasucumel. Ilycre

P r
ZC;’I,D:B; + Zdjlj =0, (2)
i=l =1
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Ilpumenss k¥ 06eHM YacTAM 3TOIC PaBeHCTBA Npeobpa3oBaHUe ph 1 MOy UM
p p
h —
Y Zc;m,— = 0. IlosTOMYy BeEKTOpP Zc,-m,; NPURAANEXKHUT [y M NHHEHHO BEIpakKa-
i=1 i=1

ercss vepes erc 6asuc ¥y, ..., Y, M3 nuHeliHOi HE3ABUCUMOCTH BEKTODOB T1,...,%Ep,
Y1, Y, (xak Gasuca Rj41} sbiTekaer, uto ¢; = 0 (i = 1,2,...,p). ITostomy us
pasenctsa (2) BbiTekaer, uto d; = 0 (j = 1,2,...,7); 3TUM AOKa3aHO, YTO BEKTOPHI

BLICOTHL /i IOCTPOEHHEIX PaRee Cepuil BMECTE ¢ BeKTopamu Jioboro 6azuca | MOKHO
JononauTs #o 6asuca Ry,. [IpuHAB A0MOAHATENbHbIE BEKTOPHI (ECIH OHU CYILIECTBYIOT)
38, HAMANBHEIE BEXTOPH! HOBHIX CepUil, Mbi HAXOJMM, YUTO NPEATONOKEHHE, CAENaHHOe
Bole 4ns Rp41, BBINONHEHO Teneps Ana Ry, H NocTpoeHHe MOXHO BECTH JabLIe,

[MycTe yxasaHrOe NOCTpoeHNe BeInoaHeHo it h =k, k—1,...,1 (B peficrenTens-
HOCTH Da3uc BCEro NPOCTPAHCTBA MOXET NOJyYHTHLCH B DAHBLIE, 9€M MBI JAOHAEM A0
h = 1). Tak kak Ry #He umeeT 6aznca, TO N0 AOKA3AHHOMY BEKTOPHI BHICOTHL 1 no-
CTPOSHHBIX cepuil 06pasyloT 6asuc gna R, 3HAYMT, 9TH BEKTOPHL BMECTE C BEKTOPAMU
BBHICOTHL 2 MOCTPORNHBIX cepuil 0bpasyT Basuc Ry u tak nanee. Hakowen, sexTopni
BBICOTHI < k — 1 HOCTPOEHHBIX CEPHIl BMECTE ¢ BEXTOPAMH BBICOTHI k 3THX CepHii o6pa-
syioT 6azuc K. HuplMu cioBaMu, BEKTOPEL BCeX NOCTPOEHHEIX cepuit obpazyior Gaauc
BCEr0 NpOCTPAHCTBA.

B} Mycte C = Aj — AgE. Tak kak marpuupsl B® u C® nogo6uel, T0 panr matpu-
oet C° papen vy, (h=0,1,...,k,k +1). Kaxnon xopaaHosoit kineTke matpunst A ¢
Ao Ha quaroHanu B MaTphnoe C COOTBETCTBYET KNETKA TOrG XKe TOPAJKA C HyJeM Ha
auaronami. Ecnu D Takas KieTKa nopsaka p, To paur xaetku D npu h = 0,1,2,...,p
paged p—h,anprn h = p,p+1,...,k, k+1 paeen nymo. Knerke ¢ A; # g Matpuusl A
COOTBETCTEYET B MaTpHie C KIETKA C YHCIOM A; - Ag # 0 Ha guaronand. Panr moboit
ee cTencHu pamen ee NOpAAKy. Panr marpuust C® paseH cyMMe paHroB ee KIETOK.
Mostomy npu itepexose o1 matpinpt C*~! x MaTpuue O panr nonuskaeTes poBHO Ha
YHCII0 KIETOK MaTpuubl C ¢ HYNEM Ha AHATOHANM, UMERMWAX nopsagxy 2 h. Orcoma

k
ZE,;:T‘h_l—'f'h {h=l;257k) (3)
i=h

BaiunTas orciofa ananorduHoe paBeHCTBO ¢ 3aMeHoll h Ha R+ 1 (npu A < k),
nojy4am cooTHoweHus (o) ana b = 1,2,...,k ~ 1. Tak Kax KJIETKY OOPAIKOB Bbi-
we k ¢ Ag Ha guarcHany B MaTpuue A; OTCYTCTBYT, TO 7 = Thy1, M HpU h = k
cooTHowenne (3) BaeT: Ty = Th_1 — Tk = Tk—1 — 2Tk + T&+1, T. €. COOTHOWICHHE ()
BepHO n nna h =k,

1530. f1={(1, 4, 3), 210
.f2 = (17 0! 0)) AJ = 020
Fs=1(3, 0, 1), D02

1531. .f] = (ls -3, _2): 010

,={1, 0, 0), Ay=|1 0020
f.’i = (1> 0, 1): 000

12—3773
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1532, f,=(6, 6, —-8), 1 10
fo=(3, 1, 0), Ay = 0 -10
fa=1(2, 1, =1), 0 00

1533. f1=(3, 1, 1), 310
f‘Z"‘(l! 0: 0): AJ: 030
f3“(5! 0, l)r 003

1534, f,=( 1,1, 1, 1), 1100
fo=(-1, 0, 0, 0), A _(0100
fa={( 1,1, 0, 0), JTTl1o0011 |
Fa={ 0, 0, -1, 0), 0001/

1535. f, =(-1, -1, =1, 0, 2 100y
:=(2 1, 0, 0, , [0200
Fs=(1, 0, 0, —1), IS0 20 |
f.=(3 8 7, 1) 0001/

1536. llpu ueTHOM n1:
fi=e1, fy=e3 fy=e5..., fp=en1, fo,1=€,..., fu=en

Marpuua A, cocrout w3 Apyx kiaetok KopAaHa nopagka n/2 ¢ HymeM 00 [HasHOMN
auaronamu. IIpH nedeTHoM 7

fi=e, fa=es fy=es,.., fopr=en, fopry =€, fri=en 1
=+ =4+

Marpuua Ay cocrour u3 mpyx xnetox AKoppata nopuaxos (n+1}/2n {(n—1)/2¢
HyJeM IO [VIaBHOH AUATCHANM.

1537, ¢ ABNAETCA OTPAMXKEHHEM NPOCTPaHCTBa K, B HEKOTOPOM IOANPOCTpaH-
cTBe L) napannenbHO HEKOTOPOMY OOMOAHWTENbHOMY noanpocTpaHcTsy Lo, el
mn cnopamu, R, ecto npsmasa cymma Ly v Lo, npudem o2 = ¢, ecom z € Ly, n
px = —x, ecan x € La.

VKa3AHHKE. llepsniit cmocob: npuusts 3a Ly n Lo cobokynkocTd Beex @, nns
KOTOPBIX COOTBETCTBEHHO 0 = X W & = —X, H NONOKHTb

1 1
x = 5(:1: + px) + §(m — ).

Bropoift cnocof: paccMoTpers GasHC, B KOTODOM MaTpHua Ay HMEET :KODAAHOBY
dopmy.

1538. » sBAAETCA NPOEKTHPOBaHMEM mpocrpaHcTsa R, Ha #HekoTopoe IOANPO-
crpacTeo Ly napannentHO HEKOTOPOMY JONOJHHTENLHOMY HOZNpOoCTpaHcTBy Lo,
HNunimu cmoBamu, R, ecth npamasa cyMma Ly 1 Lo, npudem px = @, ecnu o € L,
Hopxr =0, ecni ® € L.

YKA3ZAHHE. Ilepeuiii cnocob: npunaTte 3a Ly i Ly COBOKYNHOCTH Beex &, #4114
KOTOPBIX COOTBETCTBEHHO & = @ ¥ & = 0, H DOAMKATL & = X + (& — ).

Bropoii cnocod: paccmorpers 6a3uc, B KOTOPOM MATPHUA Ay UMEET KOPHAHOBY
dopmy.

1539, a) [Ias Bazuca e, ez, €3 npeobpa3oBaHUe ¢ ONPEIENEH TaK:

pey =€, pex=e3, pe3=10
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6) e, = ey, ey = —ey, pes = 0 (B cnyvae OPTOHOPMHPOBAHROTO Bazuca v ByJer
NpOeKTHPOBAHHEM Ha WJIOCKOCTh €1, €2, COBOMHEHHBIM C MOBOPOTOM 3TOH NJIOCKOCTH
Ha yron w/2).

2 6 ~36 37 —15 4 -2 2
1541. (_1 _3). 1542. | 30 30 14 ). 1543.( 2 -1 1
26 27 9 1 21

1544. ¢* — upoeKkTUpOBaRUe Ha OHCCEKTPHCY BTOPOl M YETBEPTON YeTBEPTH Na-
pannensHo ocn Oy.

1545. YKA3AHUE. [TokasaTe, yro eciu z € Ly, u € L3, 10 "2 =0, p*u = u.

1547. YKA3AHHME. [loka3aTe, 4TO OPTOTOHANLHOE ZONOJNHERHE X ORHOMEDHOMY
NCeANPOCTPAHCTBY, HHBAPMAHTHOMY OTHOCUTENBHO CONPAMKEHHOTO NPeoBpa3oBanus @+,
WHBADHAHTHO CTHOCHTENBRO (0.

1548. YKA3AHUE. lone3ysace npeppiayiueil 3agadeii, NOCTPOUTE UENOYKY HOK-
npoctpancts By, 2 Ly 2 -+ D Ly, roe Ly — k-mepHOe NOZNPOCTPAHCTBO, HHBADH-
AHTHOE OTHOCUTENLHO (7, H TIPUMEHHTE 3ana4y 1355,

1549. 3:131 - 3:1:2 + 13 = 0.

1553. YKA3BAHHUE. PaccMOTpeTr paBeHCTBa,

{vei, f3) = (e, " f;}  (L,i=12,...,n).
1554. ¥YKA3AHKE. [lepeliTn K OPTOHOPMUPOBAHHOMY BazHCy.

128 313 454 5 &5 3
1555. A, = 36 117 145 ). 1556. Ay = | -5 -7 -2
—61 —-197 -245 3 6 0
23 -1 0 —4 4
1557. Ay=1[ 5 2 -1 |. 1558. 4, = 0 -87
34 0 -7 -2 5
1562. HanpuMmep, npeolpazopanue ¢, nepepofsllee BEKTOD & = (X1,Ta,...,Tn),

3aMaHHBI  KOOPAMHATAMH B OPTOHODPMHUDOBAaHHOM 0a3uce, B BEKTOD @ =
([21], 224 -- -, Tr), COXPAHAET CKANADHBIE KBAADATHL, HO HE JIUHENHO.
YKA3AHME. JIna NOKa3aTeNbCTBA YyTBEDPIKACHHA O JIMACHHOCTH ( TIOKA3ATh, YTO

(plax + by) — apx — bey, plax + by) — apz — bpy) = 0.

-1

1563.a) UA™ = AU, 6) U4 = A'U.
k-1
1566. YKA3AHME. [Toka3ars, 4TO CYIIECTBYET BEKTOP &) = Tk — Z ez (BBITH

MOXKET, PABHBIA HYJIO}, NIA KoToporo (), 2;) =0 (i = 1,2,...,k — 1), 9T0, NOJOKHB
k=1
Y. =y — Zagy,-, NOJIY4HM CHCTEMBI BEKTOPOB &1, ..., Lk-1, T B Yy, Y51, Yk

i=1
¢ paBHBIMH MaTpHuaMmi 'pama, 0 NPUMEHUTE METCH MATEMATHUECKON HHAYKUHHE.
1567. YKABAHME, IIpumenuTs 3amauy 1499,
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_ 1569. PELIEHUE. a) Ecnn pz = Az, 10 (p2,02) = A\(z,2z) = (2,z), otxyna
AA=1u|}=1

_6) Ilyers pz) = A1z, w22 = Agzo, Ay # Az. Torma (z1,22) = (pz1,022) =
A1da(z1, 29), OTKy/a, YMHOMKAS HAa Ay ¥ NDHHEMAS BO BHHMAaHME, YTO A2lg = 1, Haii-
aem A (z1,22) = Ao(z1, 22) u, 3naunT, (2),22) = 0.

B) Iycre X u ¥ — cronfupt XoopauHaT & K Y. [lepexons x KCOPAHRATAM B PABEH-
cree (e + yi) = (o + Bi)(z + yi), nonyaum AX + AYi = {aX — 8Y) + (8X + oY),
OTKYJa, IPUPABHHBAA NefCTBUTENbHLIE U MHUMBIE 4acTH, HaxoguMm AX = aX - 8Y;
AY = BX + oY, uro poxaseiBaer paseHcTBa (1). YMHOXKAS NMOYIEHHO NEPBOE W3
pabBencte (1) camo Ha cebs ¥ TIDHMEHAS COOTHOUIEHHE o + B2 = 1, nonyunm
(e, pz) = (z,2) = (&® + F*)le|* = ®[)* + Flyl® ~ 208z, y). epemnoxas
pasencTsa (1), HAXORUM

(pz,09) = (x,9) = (& + £°)(=, ) = aB(lz|* - |y} + (o - B°)(z, w).

Takum ofpasom, aas sennyns |z|2 — |y|° u (@, y) nocre coxpamenus na F noyuaem
CHCTeMY YPABHEHHHR

Bllel® ~ [y*) + 20(=,y) =0, of|=]* - |y|*) - 28(=,¥) =0,
TAK KAK ONpeNenuTeib CHCTEMbl OTAMYEH OT HyJd, TO
>~ lyl* =0 u (x,y)=0.

r) Ecnu ¢ uMeer semecTserHoe cOOCTBEHHOE 3HAMEHHE, TO HMEETCS OTHOMEPHOE
MHBAPHAHTHOE IOANPOCTPAHCTBG. B NPOTHBHOM Clly4ae MEPEXOHHM K YHUTApPROMY
npocTpaHCTBY. MMenHo, 6epeM B YHHTapPHOM IpocTpancTee R, OPTORODMHADOBAHHBIN
6azuc ey,...,e,. BEKTOpPbI U3 R,’;, HMEICUIHE B 3TOM Da3Hce BEIUECTBEHHBIE KOODIH-
HATBL, 06Pa3yIOT eBKJIHI0E0 NPOCTPAHCTEO R, BioxkenHoe B B),. Ipeobpasosanue
umeeT B Ha3uCe €1, . . ., €, BENIECTBEHHYIO OPTOrOHANTLHYK MaTpuLy A. 9Ta MaTpHua B
JaHHOM Basuce onpelenseT YHHTAPHOE NpecbpasoBakKe ', COBIAJAIINEE C i Ha R,
Ipeo6pasobanne ¢’ nMeer cobersennoe anavenne o - Fi, rae 3 # 0. Ecu = + yi —
COOTBETCTRYHIOIIUH emy CODCTBEHRBIN BEKTOD U I, 3 — BEKTOPDL C BEIIECTBEHHBIMH KO-
OPAMHATAMH, TO BRINOJHAITCA paseHcTBA {1). BHAUHT, NOANPOCTPAHCTBO MPOCTPAH-
ctBa R, HATAHYTOE HA BEKTOPbl T K ¥, HHBADHAHTRO OTHOCHTENBHO (.

1570, a) na moboli yRUTAPROK MATPUUB! A CYWECTRYET YHATAPHAA MATpHuA ¢}
Takag, 170 Marpuna B = Q' A() omaronanbHan € 37€MERTAMM JMACOHAJH, PABHBIMH
110 MORYAK EAHHHKLE.

6) Ilpocrpancreo R, sejasercs npamofi CyMMOH OPTOTOHANBHBIX OJIROMEDHEIX M
JABYMEpHBIX HOANPOCTPAHCTB, WHBADHAHTHBIX OTHOCHTENBbHO . IIpecbpaszoranue
OCTABJAAET BEKTOPbl OJAHOMEPHBIX NOANPOCTPAHCTE HEW3MEHRBEIMU WM MEHSEeT MX HA
NPOTHBONONOXHbBIE, & HA ABYMEPHOM NONNPOCTPAHCTEE BHI3LIBAET NOBOPOT HA YO .
Jns 6ol opTOroRanbRoM MaTpuLEl A CyecTBYeT OPTOrOHANBHAA MaTpHLa & Ta-
Kad, 4To Marpuila B = Q' AQ) uMeeT KaHORWYECKHE BHJ, YKA3aHHBIH B 3a834€.

VYKA3ZAHHE. Henonb3osaTh 3a0auu 1567 #1569 1 npHMeHATE METOR MATEMATH-
yecKol HHAYKUHA.
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1
1871, f) = —=(1,1,1), 10 0
1 \{g B= (0 1 0|
f2=\7§(110,—1), 00 —1
1
f3=76{1,—2,1);
1572. f1='1'\/§(1,1,0), 1 00
p B={0o o01).
f'2=(0v0s1)‘ 0 -1 0

f3=%\/2_(1,-—1,0);
1
T P Sy
M Vmwa V4=V V)
f2=ﬁ(6\/§,—2—\/§,2—\/§),

fa= \/%(0, \/;2 - 28v/2, \/42 + 28v/2);

1 0 0
o “2+TV2 V424 28V2
B = 12 12
o V42+28V2  —2+7v3
12 12
(1 0o o ( V3 VB o
; 3 3
1 V3 1 1 1
, — _ —_— s = -3 —= 6 — 2
1574.B=| 0 3 = Q 3V3 -5v6 —5V2
-3 1 s lpg !
\0 5 3 \3\/§ ti\/f_i 2\/E
/1 0 0 (s Ys2 o
o L lnp 2.2
1575. B = 2 27, Q=|1lpm _Llg
0 -1vi 1 ? :
\~ "2 2 \ o0 -
100 0 /2 1/2 172 -1/2
~{o10 o _{ vz 12 -1/2 1/2
000 —1 ~1/2 1/2 1/2 172
1 0 00 1 0 10
0 -1 00 1 1 0-10
177.8=| 0 0 o1l @=35v2| 0 1 01
0 0-10 0~-1 01
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2z _L
10 0 > 3 8
1578. B=| 0 ¢ 0], Q=| -4 =i =
00 —; 3 3 3
3 3 3
1584, ¢ — nubo ToxAECTBEHHOE TpecOpa3oBaHue, THHO CHMMETPHA OTHOCHTETHHO
HEXeTOpora noanpocrpakctsa L pasmeprnoctu k =0,1,2,...,n— 1, T.e. px = & gna
awboro T u3 L v px = ~z ana mobore & n3 oproroanenore sonojmenus L*.
1585, f, =(2/3,2/3,1/3), 9 0 0
I, =1(2/3,-1/3,-2/3), B=|018 0
F3=1(1/3,-2/3,2/3); 0 0 -9
1
1586. f, = [ —=, —=,0}, 90 0
1 VEVET L B=[09 0
o= 00 27
\f" \/" VI8
fo= (32,3
- gs’ 3’ 3)
1587. f, = -~=(1,-1,0), 200
' ~/1§ B=[040
= — l, "0 R 004
f2 \/ﬁ( i )
f3=(0:011);
144 141
(5 0 _| v3 &
1588.3_(0 _1), c=| Y e
V3 6

20 1 (2-i 1
1589.3__(08), C""\/"'é(—l 2+z‘)'

1590. YKA3AHHE. ITycte E;j — MaTpnua, y KoTopo#t B i-# cTpoke B j-M cronbne
CTOUT €IMHHIA, 4 HA OCTAALHBIX MECTAX — HyJH. PaccMOTpeTh MATPHUL! BCeX BPeod-
pa3soBaHHil B OPTOROPMEpPOBaHHOM Ga3uce:

Evi,Eo,....En, B9, Ee 0 Epay oo B,

1581.a) UA = A'U;6) UA = A'U.

1592. e BemecTBeHHbIE XBAAPATHYHBIE (DOPMBI TOCAA H TONBKO TOTIA 1IPHBO-
BATCA K KAaHOHHYECKOMY BHAY OJHUM M TEM XK€ OPTOrOHAJBHBIM Npeobpa3oBaRHEM,
KOTJA MX MATPDHLBLI MEpPecTAHOBOYHBLI. [lpe NOBEPXHOCTH BTOPOrC TOPAJKA TOTIA M
TONBKQ TOLZAA MMEIOT IApaJIeNbHBIE TIIABHbIE OCH, KOTAA MATPHULT W3 Kod(duunen-
TOB IPH "WIEHAX BTOPOH CTENOHM HX YPABHEHHMH I€PECTAROBOMEEL. YKA3AHHE. Hoxa-
3aTh, 4TC NOANPOCTPAHCTBO L Beex cOOCTBEHHBIX BEKTOPOB Npenbpa3oBanvs ¢, NpH-
HAJJEXANHX OJHOMY M TOMY 3Ke COOCTBEHHOMY 3HAYEHHIO A, OyJIeT NHBADHAHTHBIM
OTHOCHTEJLHO BTOPOrC npeobpa3oBaHua .
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1593. Ecau

ain biy
A= | 2 u B bia
Qin bin
(t =1,2,...,n) —cronfupl, ABMAIOLMECT OPTOHOPMHPOBAHKBIMH COGCTBEHRBIMH BEK-

TOpamu cooTsercTeerto P u @, To n? marprn X;; = A-iB; (i,j=1,...,n),rme s k-l

crpoxe u I-M cronbue MaTpuubl X;; CTOMT IPOM3BENEHHE 0i:bj, 06pas3yoT oprodop-
MUPOBAHHEBIE §a3uc CODCTBEHHBIX BEKTOPOR npecOpazosauuli ¢ ¥ 1, npudeM JoboH
Takoil 6a3uc NOAyYAETCH YKa3aHHBIM CNOCODOM U3 HEKOTOPBIX OPTOHOPMHUPOBAHHBIX
6a31coB COGCTBEHHBIX BEKTOPOB MaTpHu P u Q.

1594, Ecan, sanpuMep, JuReiiHoe npeo0pa30BaHHe ¢ NJIOCKOCTH B OPTOHOPMBDO-
1

BaRHOM Ga3uce 3aKaHO MATPULEH 0 *i' ) H BekTop = (1, 1) 33338 KOOPIHHATAMA
B ToM xe Oazuce, To (px,x) = —1.

1595. YKAIAHUE. MOXKHO HCnoas30BaTh 3amavy 1276 B). Ipowme paccmoTpers
MaTpuusl npeofipasoBadiil ¢, ¥, X B OPTOROPMHAPOBAHHOM Da3uce cOOCTBEHHBIX BEK-
TOPOB MpecbPa3oBaHus .

1596. YKA3AHKE. CyuwecTBoBaHHE ROXa3bIBALTCA, KaK B 3agade 1276, Exun-
CTBEHROCTb NPOILE JOKA3aTh, NOJB3YACH Npeablayluel 3afaqed.

1597. CoficTeeHtble 3HAueHHs HPeo0pazoBaHHa ¢ Marpuuel (21) ?) pab-

fel 3, —1, T.e. He ABMAIOTCH 002 HONOKUTEIBHBIMH,

(35 1/ le _Lp
\2V2 3v2) (32 32
5 3 1 1
1599. ( V2 Y - Y2 T3V
L -3V2 3V2) \ 38 3V
14/3 2/3 —-4/3 2/3 ~1/3  2/3
1600. | 2/3 1773 2/3 |- 2/3 2/3 -1/3
—4/3 2/3 14/3 -1/3  2/3 2/3

1602, YKABAHHUE, HalTH HeBbIPOXKIEHHOE IDEoOpasOBAHIE Y TAKOE, 4TO X2 = ¢,
¥ TIOKA3aTh, 4TO NPeoBpa3oBaRNe X l@WX ABIACTCH CAMOCONPAKEHHBIM.

1603. ¥KA3AHME. [lycTs 1 B 91 — caMocOnpsIKeHHBIE Mpeobpa3oBalua ¢ HEOT-
PHUATENbHBIMH COOCTBEHHBIMH 3IHAYCHHAMHK TAKHE, 1TO np% =pn wf = . Ecmu
HEBbIPOA(EEHHO, TO, MONOKHE X = 111, I0Ka3aTh, 4T0 xX* = ] i1,

1605, ¥KA3IAHHE. PaceMoTpeTs MaTpuuy npeofpasobaHia B 6a3znce cobBCTBEHHBIX
BEKTOPOB.

1606. YKA3AHHE. PaccMOTpeTh OPTOHODMHDOBAHHEIA Ha3UC, B KOTCPOM MATpPH-
U2 (¢ AMArCHANBHA, 0 COBEPIINTL fEPEXOR K HOBOMY Oa3ucy.
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1607. YKa3AHUE. [Toka3aTe AMCTPUOYTHBHOCTE ONEPALMH nepexona or A u B
k C. PaceMoTpers nuHERble TpeoOpa3oBaHus @, 1, X, 3aaHHBIE B HEKOTOPOM OPTO-
HODMHPOBAHHOM Da3Hce YHHTADROro npocrpancTsa B, marpuuame A, B, C. Pazfats
OpPeoSpal0RAHNA ¥ B 1 KA CYMMBI HEOTPUNATENABHBIX CAMOCONPAMKEHHBIX tpeofpa3osa-
HHii parra 1 ¢ matpunamu A; ... A, n By ... B;. Tlonsayace 3anaqeii 1606, nokasats,
4T npecbpasobanue ¢ maTpuuei (A;, A;) B ToM xe Gasuce Heorpuuatensro. Hakonen,
HONMb3yACkL 3ajadell 1604, nokasates, 4To npeodpaloBaHAe ¥ HEOTDPHIATENLHO.

1609. YKA3AHME. JJoKaspIBAETCA AHANOTHYHO COOTBETCTBYIOWEMY CBOACTBY Ca-
MOCOTIDAXEHHOrO MpeobpazoBatus.

1610. PEMEHKE. CpolicTBa a) u §) HOKa3LIBAIOTCA AHAJOTHYHO COOTBETCTBYIO-
UM cBOHCTBAM CAMOCOMPSKERHONO NpeohpazoBaHus.

JoxazaTenscTeo cBORCTBA B): nycts X M ¥V —cTonOUB KOOPEUHAT COOTBETCTBEH-
HO x u y. [lepexolia K KOOPAMHATAM B paBeHcTBe w{x + yi) = Bi(a + ¢i), nomyyum:
AX + AY{ = —-8Y + BX4, orkyma, npupapHuBas AeBCTBHTENLHbIE H MHHMBIE 9a-
ctd, HaxoauMm: AX = —-gY, AY = X, aro moxasuBaer pasenctso {1). Tak xkak
MaTpHua A BenecTBeéHHa, TO LA BEILIECTBEHHOLO BEKTOPAa Z BEKTOP @2 M HHCHO
(pz, 2} penecrrerurL [loatomy (02, 2) = (2, —pz) = — (2,92} = —(p=z, z) U, 3HAYHT,
(pz,z) = 0. ¥muoxas sropoe u3 pasencTs (1) Ha ¥, naitmem: S(z,y¥) = {py,y) =0,
oTKyAa (®,%y) = 0. ¥YMHOXAA nepsoe U3 paseHcTs (1) Ha ¥, 4 BTOPOS HA X B CKIAKEI-
BasA, MOJYYNM BBUAY BEILECTBEHROCTH wncha {py,x) = Az, ), uto B(|z|* — |y|?) =
(pz, y} + (o, 2) = (02, y) + (2, oy) = (92, ¥) — (pz,y} = 0, orkyna |x| = |y|.

JlokasaTenncTBo CROMCTRA I): ecnn npeobpasoBaHue @ uMeeT ducho 0 coberpen-
HbIM 3HAYEHHEM, TO HMEETCH OTHOMEPHOR KHBAPHAHTHOS NognpocTpaicTeo. B npotus-
HOM (Jiy4ae [epexoauM K YHATapHOMY npocTpadcTey. MMenno, fepeM B yHUTAPHOM
npocTpalcTBe R, OpPTOHOPMHDOBaHHBIA HasHe e, . . ., e,. Bektops u3 R, umeiomge
B 9TOM 0a3HCe BelIeCTBEHHBIE KOODAMHATLI, 0OPA3yOT eBKIKI0E0 HPOCTpaHcTEo R,
paoxentoe B ). [Ipeobpasosasie  AMeeT B Gasuce e1,. . ., €, BEUIECTBERHYIO KOCO-
CHMMETPHYECKYIO MaTpuuy A. 3Ta MATPHUA B JaHioM Gassce ONpPENETAET KOCOCHM-
MeTpUYECKOe Npeobpa3cBanue ' YHHTADHOTO NPOCTPancTBa F,, COBNAIAIONIEE €
Ha R,. [IpeoGpascsanne ' aMeer cobersennoe smavenne 5; # 0. Eum T + yi—
COOTBETCTBYIOIEMH COOCTBEHHBIA BEKTOD, A€ &€ K Y — BEKTOPHI ¢ BRIUECTBEHHLIMH KO-
OPAHHATAME, TO BBINONHAIOTCA paBeHcTBa {(1). 3HAUMT, NOANPOCTPAHCTBO, HATAHYTOR
HA & W Y, HHBAPHAHTHO.

1611. a} Jasa mo6oll KOCOSPMATOROH MATPHLIEI A CYILIECTBYET YHHTAPHAS MATPH-
ua @ Taxas, wro Matpuua B = Q71 AQ AnaroHasibHa ¢ YHCTO MHHMBIMH 3IEMEHTAMK
Ha OHACOHAJH, HEKOTOPbIE H3 KOTOPHIX MOTYT PABHATLCA HYMIO.

6) IlpoCTpaHCTBO SBAAETCA NPAMON CYMMOR OPTOrOHANbHEIX MeXny coboi of-
HOMEPHBIX H JBYMEPHBIX IOANPOCTPAHCTE, HRBADMAHTHHIX OTHOCHTENLHO . IIpeot-
PA30OBARME {» NEPEBOSHT BEKTODHI OJHOMEPHBIX NOANDOCTPAHCTE B HYMb, 4 HA ABY-

0
MEPHOM NOANDOCTDAHCTBE, COOTBETCTBYIOIIEM KIIETKE ( —,B rg y BbI3BIBACT NOBOPOT

Ha yron /2, coefuHennbiit ¢ yMHMKeHHeM Ha qucho —F. Jns moboit rewecTeenHoi
KOCOCHMMETPHYECKOH MATPHLBL! A CYLECTBYeT BELECTBeHHANA OPTOrOHANLHEAA MATDH-
ua Q Takas, 470 MaTpuna B = Q71 AQ uMeer KaHOHHHECKHIT BHI, NPHBEICRHbIN B
TEKCTE 3IAJAHM.
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VKABAHHE. Hcnions3osath 3agadn 1609 u 1610 1 npuMeHHTH MeTOI MATEMATH-
qeCKOH HHIAYKIHMH.

1614. Ecnr A — KOCOIPMHATOBA MATPHUA, TO Marpaua B = (E — A)(E + A)™! —
YHHTAPRAA, e HMEIOUIAA XapaKTePUCTUHECKOrO Yneaa, pasHore —1, u, obpaTHo, eciu
A — yHHTapHAA MATPHUA, HE HMEILIAN XAPAKTEPHCTHYECKOrO YHC/a, paBHoro —1, To
matpuna B = (E — A)Y{(E + A)~} kocospMuTOBa. AHANOTHUYHAS CBSI3b UMEETCA MEXKIY
BEINECTBEHHEIME KOCOCHMMETPUHECKMMK H OPTOPOHANEHBIMY MATPHLIAME.

PEIUEHHE. PastepeM auiue ciry4adl yHUTapHOro npocrpancrsa. IIycTh B papeH-
crse {1) p —KococuMMeTpHiecKoe npeobpalosanne (¢° = —y). Torna

=+ e )= -9) et )= (e rp)e~9) =97,

TaK Kak £ + ¢ u (€ — ¢)”! nepecraHoBOYHbl. 3HAYHT, Y YHHTADHO. 3AMETHM, UTO
(et cp)'l CYIHECTBYIOT, TAK KaK uncna +1 ue apnaiorca coOCTBEHHBIMY 3HAYEHUAMHU
(3amaqa 1610, nyuxt a)). Hanee,

ety =(c+te)eto) +(e-—olet+ ) =20+ )" (a)

H, 3HAYUT, 1) HE MMeeT COBCTREHHBIM 3HavweHMeMm <umcnaa —1. Kpome Toro, ¢ seipa-
JARTCA 4epe3 i NPH NOMOUIM PABEHCTBA, aHanorkunoro pasenctsy (1). B camom
nene, u3 pasenctsa (o) saxomuM: £ + @ = 2 +¢¥)"l ¢ = 2(e + ) —e =
Ae+ )t~ (e + ) e +¥)' = (¢ ~ ¥)(e + ¥)" . Hycrs, obparro, B pasencrse {1)
@ — YHUTapHOe npeofpasoBaHue, He BMeInee coBCTBERHEIM 3HaueRueM uncaa —1. To-
ma % = (e + ") e —97) = (e + o ) Me— ) = (p+ &) lpp (p —¢) =
—(c—p)e+9) ' = -9, Tak kak € — p u (€ + ¢)”} nepecrancsouHb. 3HauET, Y —
KOCOCUMMeTpHYeckoe npeobpalosanue. KpoMe Toro, ¢ BHIPaXKaeTcs 4epes ¢ npu no-
MOIIM DABEHCTBA, AHANOIHYHONG paBencTsy (1). 3TO AOKAILIBAETCH CHOBA IIPH NOMO-
1 papeHcTsa (o) AocnoBHO, kax spune. Taxum obpasom, paserctso (1} orobpamaer
BCE KOCOCHMMETpHYECKHE NTPeospa30BaHia Ha YHUTAPHAIE, He BMEIOIHe COBCTBEHHBIM
3HauEHHEM YHCIA —1, H 06GpaTHO, MPUYEM OJHO M3 3THX OTOGpaKeHuil sBaseTca ob-
pParHsIM IS APYTOro. 970 JOKa3blpaeT, uTo 0ba 0TobpaskeRus BIANMHO OJHO3ZHAMHBL

1616. Ecm Matrpnua A —K0cOoapMUTOBA (MJH BEUIECTBEHHAS KOCOCHUMMETDHYE-
¢Kast), To MaTpuna e — yrurapua (COOTBETCTBEHHO OPTOTOHATLHA).

1617. PEHEHHE. ITo 3anate 1559 npecOpaszopanue e GyeT caMOCONPAKEHHDIM.
Ecnu Ay,..., Ay, —COOCTBEHHBIE 3HAYEHUS (¢, TC CHH BEIHECTBEHHB! H 1O 3a1aye 1161
coBCTREHHbIC 3HAMeRMs ¥ GyayT e, ..., e, T.e. e¥ MONOKUTENbHO ONpeaeNeHHe.
TokaxeM, 9T0 PA3ITHYHBIM CAMOCOIDAKEHHBIM MPeopa30BanuaM ¢ H ¢ COOTBETCTRY-
f0T pasniaikle npecbpadosanus ef n e? . Ilycts €% = €% ; ¢ obnanaer OPTOHOPMHPO-
BaHHBIM 633HCOM COBCTBEHHBIX BEKTOPOB @1, . ..,an, TAE @a; = Aa; {§ =1,2,...,n).
ITyere a’ — moBoh coBeTBERHBIN BEKTOP npeoﬁpaaosaﬂna ¢ co 3mavenuem X; a’ =

Za:,-a,-. Torna no 3amade 1464 e¥'a’ = e*'a’ Zs z;¢;. C apyro#t cropous:,

i=] n n i=1

- s .
efa’ = E T;e¥a; = E :.c,:e)“a,:; TaK Kak €* o’ = e¥a’, 10 7; = 0 mna Beex i, ang Ko-
i=1 i=1

] . ’
Topuix et £ et neM =e*, ecnmz; # 0. Tak kak A; u A’ BelEeCTBeHHEL, TO H3 x; # 0
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”n n n
caeayer A; = A. Tlostomy wa' = Za:t-cpa,- = Za:i,\,-ai = Zx,:)\’a.i = XNa' = ¢'da.
i=1 i=1 i=1
Tak kak ¢ obnanaer 6a3McoM COOCTBERHBIX BEKTOPOB W HA 3TOM $asuce COBNARa-
eT ¢ , To ¢ = . IlyeTs 1 — moBoe MONAGKUTENLHO ONpEeeHHoe peofpasosa-
Hie. CymecTByeT OPTOHOPMUPOBAHHLBIE Ga3HC, B XOTOPOM MAaTDHUa ¥ KHATOHANBHA

C NOMOXMHTENLHLIME 3JIEMEHTAMH p), i3, ..., s Ha guaronann. Ilonexum A; = ln gy,
{i =1,2,...,n), 0oe A; — BEIIECTBEHHOE 3Ha4eHUE NorapudMa, u nycTh npeobpasosa-
HHE ¢ B TOM Xe Ba3sHce 3a0aHC IHAIOHANLHON MATPULEH C SMEMEHTAMH Ay,..., Ap HA

auaronanu. IpeobpazopaHue ¢ CAMOCOTIPSAKEHHOR, B 1) = e¥.

16825. YKA3AHUE. Ilpumenruts 3amaqy 1507.

1626, Eciu r — panr , TO YHCIO TAKHX mpecbpa3osannii pasno k.

1627. ¥YKA3ZAHHME. Joxa3aTe paBeHCTEO

(e — Az, o2 — Az} = (¢*T — A2, "2 ~ I).

1628. YKA3ZAHHUE. [IpuMeHNUTS NPeABpLAYLIYE) 320a4Y.

1629, YKABAHHUE. [Ipumenuts zamauy 1627.

1630. ¥YKA3AHHUE. [IpuMennTs 3amauy 1627 n 1629,

1631. YKA3AHUE. Heckonbke pa3 npaMeHHUTh 3afady 1629.

1632. ¥KABAHUE. [IpH gokazarenbcTBe HEOOXOOUMOCTH ITPUMEHUTE OBE TMpefbl-
Ayioue 3aaa4n. IIpy 10Ka3aTenseTBe JOCTATOMHOCTH IOKA3ATE, YTO IPpeobpa3oBaHie ¢
YHUTAPHOTO TPOCTPAHCTEA, 0Bnafailee HOPMaNbHBIM CBOfCTBOM, oBnamaer Opro-
HOPMUPOBAHHEIM HA3HCOM COBCTBEHHBIX BeKTOPOB. Cnyvali eBKINAOBA NPOCTPAHCTEA.
CBECTH X CJIyYald yHHTADHOTO.

1633. YKA3AHUE. [IpuMeHATh NpPedBIAYLIYI0 3a0a4y.

HJononuerne

1634. 1) Ia; 2) na; 3) aa; 4) ma; 5) mer; 6) ner; 7) mer; 8) ma; 9) wer; 10) na;
11} pa; 12) wer; 13) ma; 14) ma; 158) aa; 16) na; 17) ser; 18) ga; 19) wer; 20} ma;
21) ma; 22) ma; 23) #a; 24) ga; 25) wer; 26) ma; 27) zma; 28) ma; 29) ma; 30) ja;
31) na; 32) wer; 33) uer; 34) aa; 35) ner; 36) ma.

1637. YKA3AHHUE. [lepsrui criocod: okasats, 4ro |a| = 1 gna nwboro o U3 gaH-
nofi rpynner G nopagka n. pu n > 1 B3ats B G anement b = cosy + isiny ¢
HAUMEHBLIMM TIONIOKUTENBHBIM APTYMEHTOM 1) H NIOKa3aTh, 4TO

G ={1,b,4",...,0""}.
Bropoii cnocof: noas3yack Teopemoil Jlarpaxa, nokazats, 4o a” = 1 gra moforo a
uz G.

1638. a) Opnua rpynna — qUKAMMECKan TPyRNa 3-ro NopsA/Ka ¢ SAEMEHTAME &, a, b
H Tabauued o b

e
e
a
b

B npeactapieHny NOOCTAHOBKAMM MOMKHO NOMAGKUTH: e — emunuua, ¢ = (1 2 3), b =
(132).
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6) Jise rpynnei: 1) uMkAM4eckas rpynna deTBEPTOrO MOPAMKA C 3MNEMeHTa-
MU &,a,b,c 1 Tabnuuei:

ab e

oo R M
ook m M
mooeR
=B B T - ]
R o0

B npejcTaBleHHMH MOACTAHOBKAMM MOMCHO IIONOMXHTB: € —elnuHAua, ¢ = (1 2 3 4),
b=(13)(24),c=1(11432)
2) yerBepHas IPyNna ¢ SAEMEHTAMH €,a, b, ¢ u Tabnuneit

B npe/fcTaBneHHA NOZCTAHOBKAMH MOMKHO HONOXKMTH: e —emuBuua, a = (1 2}(3 4),
b=1(13)24),c=1(14)23).

B) Oee rpynnou 1) qUKAMYEcKas TPYINA MIECTONC NOPAAKA € 3JIEMEHTAMH
e,a,b, e d, f u Tabanueit

eabedf
ele a b cd f
afla b cd f e
blbcd f ea
ele d f e ab
dld f e abc
Flfeatbcd

B npencTaBneHny 1OACTAHOBKAME MOXHO NOJIMKUTE: € —eauanna, ¢ = {1 23 4 5 6),
b=(135)246),e=(14){25)36),d=(153)264), f={165432),

2) cMMMETpHYEcKas Cpynna TPeThel CTeneHn ¢ dJieMenTamMu e, q, b, e, d, f u Tab-
huueit

eabedf
ele a & ¢ d f
ala b e d f ¢
blbea fcd
ele fdebda
dld ¢ faedb
flfdcbdbaece

B npencrasneHnd MOACTAHOBKAMH MOMKHO TIOJNOXHUTE: € —emuHuna, ¢ = (1 2 3), b =
132,e={12),d=1(23), f=(13).

VEKA3AHHUE. [Tokazarhk, 4TO eciy B rpynne G NOPSAOKA 72 HMEETCA MHOMKeCTBO H
H3 k 371eMeHTOB, k < 1, KOTOPOE CAMO ABAAETCH TPYINOf NPH ONEPAUMM YMHOKEHHH,
3anannoll B G, TO, YMHOXKASA BCE 3MIEMERTH W3 H Ha sMemeHT x, e pexkawmuh g H),
MBI HONY4HM k HOBBIX 3fieMenToB rpyine G. IHostomy k € %. 3a H moxuO B3ATH

MHOMECTBO 3MEMERTOB €, a,a”,...,a* !, roe af = e. Hanprmep, B ciy4ae B) 2), T.e.
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OJ18 HEeUMKIMYecKod rpymnel G mecToro nopsaka, noypkao Ooite & € 3. Ecan 6w
610 a2 = e gus moboro a uz G, TO ueTbipe SMEMEHTA e,a, b, ab oBpasosanu Gbl
IPYIIY, 4T0 HEBOIMOXKHO. 3HAYKT, CYIECTBYET SAEMEHT a, Aj1A KOTOPoro a° = b # e,
BO ¢ = e. YMHOXKAZ SteMEHTH €,a,a’ Ha HOBBIl IMEMEHT ¢, MONYUUM BCe ILIECTD
afneMeHTOB rpynmsl G B BUAE e,a,6° = b,¢,ac = d,a’c = f. Hano nokasaTs, uro
e =d? = f2 = e u ca = a?c = f. Hanpumep, ecyu 61 GLL0 ca = ac, TO, YMHOKAA
CNeBA CHAYANA HA C, & 34TeM Ha 02, TEQUTYYHM: a’cac = fd = e, oTkyna fd = d® u
[ = d, 4T0 HeBO3MOXKHO.

1639. I'pynna reTpasfpa uMeeT nopaJok 12, kyba u oKkTasapa— 24, fomekasapa
1 urocasapa —60. YKAZAHHE. PaccMOTpeTs Bpamess, repesoisinye JAHHYIO Bep-
muny A B HEKOTOPY10 Bepluuny B (He oBazaTensHo OTAMYHYIO OT A}, H NOXA3aTh, YTO
NOPAACK TPYNMBI paseH nk, TAe 71— 9UCAO Bepliuk U Kk — 9ucno pefep, BLIXOAAUMX
W3 GOHOH BepIIHHBI.

1643. YKAZAHME. KaxxnoMmy sneMeaTy T gaHHo#t rpynnet G [IOCTABUTE B COOT-
BeTCTBHE oToOpaXKeHne a — az Aas moboro sieMenTa a w3 G.

1646, £1.

1648. YKA3AHME. a} Paccmorpers {ab)?" u (ab)™, rae p—nopanox ab. 6) Pac-
cMorpets {ab)?, rae p— nopanok ab, U nMokazaTk, uro a® =bF =

[IPUMEP 1. Ilnda sneMenToB a # e,b = a™' ycnosue (1) Bumonneno, a (2) — uer.
¥YreepxkieHue §) He BHIMOJHEHO, TAK KaK MOPAAKM a ® b paBHnl mexkay coboll  He
paBHbL €UHWNE, 4 OPAAOK ab = e paBeH eAHHKUE,

MpuMEP 2. JneMentst o = (1 2), b = (1 2 3) cummerpuyeckods rpynnbt S3 uMeroT
B3aHMHO IpocTsie NopaAkRk 2 i 3. Yenosue (1) He BbIOIHERO, Tak Kak ab = (1 3), ba =
(2 3), a (2} Bemonneno. YTeepxAcHue §) He BbINOMHEHO: @ Nopaika 2, b nopaaka 3,
ab nopagxa 2.

8) Obe wacTu papencrsa a® = b! BO3BBICHTL B CTEmEHD $, PaBHYIO NOPsAXY b.

r) TIPUMEP 3. B nukinueckod rpynne {a} BOCLMOTO NOPAAKA 3JIEMEHTH @,a>, a®
HMET NOPAIOK 8, HC aa® = gt nopsaxa 2, aa® = o nopsigKa 4.

1649. 2) u 3) ana 1); 4) v 11) gna 10); 1), 2}, 3), 13}, 14) pn=a 8); 15) ana 16);
20) u 21) mna 18); 20) pas 21); 24) nna 23); 23) u 24) ana 26); 29) u 30) gna 31);
34) ana 36).

1653. Beckoneunan QUKIHYECKAR TPYINA, BCE LMKAUYECKHE TPYINBI NPOCTHIX NO-
PAOKOB H e,rmunqﬂa.ﬂ rpynna.

1654.3) G = {a}, {a?}, {a*},

6) G‘ = {a}, o}, 1%}, {a"}, {aﬁ} {as} {a'?} {e};

= {e.a,b,c}, {a}, {8), e}, {ek;

r) anMeHHa 3anHCh NOACTAROBOK B LIKKIAX, TIONYYHM NOACPYRILI

Sa, {(123)} {(12)}, {(13}), {(23)}, {e};

J) HOPMaJIbHBIMH Senutensivi 6yayT Sy, {(1 2 3)}, {e}.

e) YKA3AHUE. Pa3no:xeHHe Ha UMKJBI NOICTAROBKM M3 A4 MOMKET COOEPXKATH
JIKUIL UMKABL OANHEL 1, ABA UHKAA OAWHED 2 uad oouH uuka quueel 3. [ostomy Ay
He HMeeT LUKJIHYECKOH MOArpyMMs! LIECTOro MOpsAka (cM. 3amady 1648a),6)) u Bee
ee HMEMERTHl BTOPOre NOPSAKA IePeCTAHOBOMHLL 3HAMHT, Ay HE HMEET IOLIPYIINE,
nzomopduoll §3. Ho mobasa rpynna wmecroro nopagxa aubo SBISETCS HKIHYECKOH,
mbo wiomopdra S; (3amava 16388)).
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1855, Buupaem B &G miobole 3/1eMeHTBI: cHavana & # e, 3aTeM b # e,q, 3a-
Tem ¢ # e, a,b,ab. OcranpHeiMu snementamu rpynust G 6yayt ab, ae, be, abe. T'pyn-
na G afenepa (3ama4a 1636). I'pynna G umeer cneayiomue 16 noarpynn: {e}, {e,a},
{e,b}, {e.ch, {e!ab}! {e,ac}, {e,bc}, {e,abe}, {e,a,b,ab}, {e,a,c,ac}, {e,b,c,bec},
{e,a,be, abe}, {e, b, ac, abe}, {e,c,ab, abe}, {e, ab, ac, be}, {e,a,b, ¢, ab, ac, be, abe} =

16857. B anauTuBHON 3anMcH Bce no,n,rpynnbl HMEIOT BHJ,

Go = {a}! G, = {Pa}! Gz{pza}, T = {pk la} G = {P a} {0}
Onn ofpazyror yOBRIBAILYK LENOYKY NOArPYNN COOTBETCTBEHHO HOPAAKOB p , P ‘1,

pk_zl R | p? 1

YKA3AHUE. chonbaosarb 3agauy 1656 6) unu BOKA3aThy 4o noarpynna {sa},
rae 0 < s < p¥, conagaer ¢ moArpynno# {pa}, ree s = p't, 0 €1 < kutne
JENUTCA Ha P,

1658, a) YKABAHHE. Pa3nouTe NOACTAHOBKY HA LHKABI K IIPOBEPHTH, UTO
(ivigis...ik) = (irin)(iris). .. (i1ix).

6) YKA3ZAHHUE. [Ipoeeputs pasencreo {1:}(17)(14) = (7).

B) YKAZAHME. IIpoBeputs, 4T0 NPOU3BEHEHAE OBYX TPAHCHOZHUMIL ClIeAYHOIMM
06pasoM BLIDAXKAETCA |Yepe3 TPOMHLIE UKL

(i) (ik) = (i5k),  (i5) (k) = (i7k)(ilk).
r) PEWEHHUE. [IycTs G —noArpynna 3HAKONEPEMERHON IpyNunl A,,, NOPOXKIEH-
HAH MHOXKECTBOM YKA3aHHABIX TPONHRIX LKKIOB, H i, j, ¥ — pasad4Hbie YHCAa, 6GIbIIHE
AByX (Opu n = I yTBepXKAEHHE OMEBHHO, & IPH N = 4 NAHHOE HHXKE AOKA3aTeNBCTRO

cokpam@aerca). Bmecte ¢ uukaom (1 2 i) rpyuna G comepxut 06paTHBIR 3MEeMEHT
(¢ 2 1), 3arem G comepxur

(12(129G2)=>145); {(F21E21){125)=(21ij)
INpu » = 4 rpynna G yxe COUEPAKMT BCe TPOAHDbIE UHKILL [Ipu n > 4 ona couepKuT
128010k 21)=({ jk) 3daant, G comep:kuT Bee TpofiHble LHKALL KU 10
OYHKTY B) COBIRNaeT ¢ An.

1660. ¥YKA3BAHME. IIycte K — MHOKECTEO BCEX 3MEMEHTOB Ipynnu (G, He IpH-
Hagnexaumx x H, u a — nwoboit snement w3 K. [okaszars, 4To, yMHOXaa a Ha BCe
3nemenTel H, nonyuum see snementst K. BrleecTH oTCiOna, YTO, YMHOXKASA 4 HA BCE
snemenTht 3 K, nonyumMM Bee snementbl w3 H. B wactroctd, o npunamnexut x H.

1661, IIpumepoM MOXET CIYXKWTh 4YETBEPHAS TPYNNA C SAEMEHTAMU e,a,b,¢

(cM. orBet 3anaun 1638). Ona HMEeT TPH NUKJIHYECKHE MOArPYIILL BTOPOTO NOPAKKA:
{a}, {8} n {c}.

YKA3BAHUE. JokazaThb, 4TO NPH BOSBEIEHNH B KBE3IPAT BCEX TPOHHEBIX 1{UKJIOB MBI
MOJYYHM CHOBa BCE TPOIHBIE LMK, H HCIOJMB3OBATE 3adaqMn 1658 uw 1660,

1662. a) YKA3ZAHUE. Kaxaomy spawenuic tetpasapa ABCD coorsercreyer
TIOACTAHOBKA ero BepiH. [Ipoussefennio BYX BPAWEHRH COOTBETCTBYET NPOU3BERE-
HHE COOTBETCTBYIOMNX NOACTAHOROK. JIBYM PA3JIHUHEIM BPAILEKHSIM § U { COOTBETCTBY-
OT Jp€ pa3JIHYHble NOOCTAHOBKH, TAK KAK WHAYE HEeTOKAECTBEHHOMY BPAILEHHI) st!
COOTBETCTBOBANA ObL TOXAECTBEHHAS MOKCTAHOBKA, COXPAHAKINAS BCE BEPIIHKLI HA
mecte. Ilo oreery 3agaum 1639 rpynna Terpasapa usomopdHa NOArpynne OBeHanlla-
TOTG NOPAJKA CUMMeTprYecKol rpyrnbl Sy. Janee, MoxkHO MHGO NPOBEPUTH, YTO BCE
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MOACTAHOBKH, COOTBETCTBYIOIIHE BPAIIGHHAM TETPA3APa, YeTHBIe, THOO HCNONBE30BATE
3amaqay 1661.

6) PEHIEHHUE. lenTtpor rpaneif okTasapa spnsTca sepumHaMiu kyba. ITostomy
rpynnsl Ky6a u oxTasapa nacMopduer. Kaxnoumy epamenuio xyba COOTBeTCTBYET NOI-
CTAHCBKA ero vercipex auarcnaned. Ilpouzsenenuso spamennit cCOOTBETCTBYET NPOH3-
BEIEHHE COOTBETCTRYIOLIMX NOACTAHOEOK. PaccMoTpHm Bce Bpalllenus Ky6Ga, 1o —
TOXJECTBERHO® BpAIUEHHE, BOCEMb BPAILEHHH BOKDYr HMaroHaeil Ha yrisl 27/3 o
47 /3, wecTs BpameHKit BOXPYT ocell, HPOXOAALMX HEPe3 CEPesHHY NPOTHBONONOMK-
HbIX pebep, HA Yroll T ¥ JAEBAThH BpAaLUEHui BOKDPYT' oceii, MPOXOJAIINX Hepe3 LEH-
TPBI IPOTHBONIONOMCHEBIX IpaHedi, Ha yrawl 7/4, 27 /4 v 3n/4. Yucno stux BpameHuil:
14+ 8+ 6+ 9= 24. [To oreery 3agayn 1639 UMK HCHEPILIBAIOTCS BCE BpalueHns kyba.
Henocpencrrennoli npoepkolf yHexaaemcd, YTO TONMLKO NPH TOXASCTBEHHOM BPAllle-
HHH BCE “eTHIpEe JHATOHANM OCTa0TCA Ha MecTe. OTCIoMa, KAk B NYHXTE 4), BBIBOJIMM,
4TO rpynna Kyfa HR0MOpdHA rpynue NOACTAHOBOK 4YETHIPEX SHJI@MEHTOB, HMEel
nopagok 24, T.e. CHMMETPUMYecKOd rpymnne Sj.

B) PEMEHUE. Hentpsl rparell 1omekasapa ABASIOTCS BEPUIHHAMH HKocadapa. [lo-
TOMY PYNNEBl JCOEKA3APa U HKocasapa n3omopdust. s xaxaoro pebpa nkocasapa
HMMEETCH OJHO MPOTHBONOJOKKROE NapasieibHoe eMy pebpo U OBe Napel ePHeRIUKY-
JAPHBIX X Hemy pefep: pebpa onHON nape! HAMUHAIRTCA B BEPLIHHAX IDAHel, IPUMBbI-
KaioWHX X JasHoMy pedpy, a pedpa Apyrolt napbl NPUHANIEIKAT TPAHAM, UMEHOUIHM
BEPLIMHAMH KOHIBI JaHRoro pebpa. Pebpa ompolt w3 »Tux nap uapanjieNesHel, a pas-
HBIX HAp — NepneHARKynApHel Mexkay coboli. Takum o6pasoM, sce 30 pebep menstcs
HA NATH CHCTEM N0 LiecTH pebep B kaxzaofl cucreme. Pebpa omnoll cuncrems! nubo na-
pannensHel, TH0O NEPHeHARKYASPHEL, 4 peGpa Pa3HBIX CUCTEM He NapasyiensHbl W He
nepneH BAKYAApHbL. C Kax ol cucteMoli pebep CBA3aH OKTAILD, BEPIIHHAMH KOTOPOTO
CNYXAT cepefiHinl pedep AanHON CHCTEMBI. JTHM ONPEeJENeHbl IATh CKTa3ApPORB, BilA-
CaHHbIX B HKOCaynp. KaxAoMy BpallgHHIO NKOCA3Ipa COOTBETCTBYET [TOACTAHOBKA IIS-
TH YKA3aHHBIX cHCTeM pebep (MIIH COOTBETCTBYIOIMMX MM OKTa3gpos). Ilpouspenenuio
JABYX BDALIEHU COOTBETCTBYET NPOUIBEAEHHE COOTBETCTBYIOINX HOACTAHOBOK. Pac-
CMOTPHM BCE BPAINEHHA HKOCABAPA. DTO — TOXKIECTBEHHOE BpalleHue; 24 BPalleRns
BOKPYT KaxAOH M3 LIECTH oCell, MPOXORAILNX 4epe3 MPOTHBONONMKHEIE BEPIIHHEL, HA
yrael 27 /5, 4w /5, 67 /5 u 87 /5; 20 ppatueHnt BOKpYT KaxmAOH H3 JecATH Ocelf, NpOXo-
AKX YePEe3 UERTPHI TPOTHBONONOXKHBIX rpaHel, Ha yriw 27 /3 u 47 /3; 15 spamennit
BOKPYT XaxJ0H U3 MATHAOUATH Ocel, NPOXOAAIMNX Yepe3 CePeOUHBl TPOTHBOTIONOXK-
Hbix pebep, Ha yroa . Yuciuo sTHx Bpammenuit: 1 + 24 + 20 4+ 15 = 60, IIo oTre-
Ty 330a4d 1639 HMH HCUEDPTIBIBAIOTCA BCE BpAIIEHHA MKocasapa. HenocpencTeenHoil
HPOBEPKOIl yOeKAAEMCH, YTO NS KAKAOrO HETOXKAECTBEHHOIO BPALCHMS HaHAeTcA
pefipo, nepepondlleecs JAHHLIM BPalleHHeM B Apyroe pebpo, ne Nnapajuienbioe H He
TICPICHAMKYNAPROe K JaHHOMY pebpy. [losToMy TONBKO TOXKIECTBEHHOMY BPAICHHIO
COOTBETCTBYET TOMKJCCTBEHHAA IOACTaROBKA cAcTeM pebep. OTCona, xakK B yHKTE a),
BRIBOIUM, YTO rpyMna MKOCcasfpa u3oMmopdHa noirpynmne nopsiaka 60 cummerpuae-
ckoit rpynuet Ss. Ilo 3amaue 1661 3ta noarpynna coBlaJaeT €O 3HAKONEPEMEHHOM
rpyinoii As.

1668. YKA3AHUA. a) llpumeruts 3azaqy 1667. 6) IlokasaTe, uro Kaxcaplil
CMEKHEI KJIACC CONEePUT TOYHO OOHY NOACTAHOBKY, OCTABMSIOLIYIO HA MECTE THCIIO 4.
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1669. Ecsu B pa3ioxkenun GARHON NOECTAHOBKY § HA HE3ABHCHMEIC LIMKIALI BCTPE-
yaercs k; OuxAoe JinHe I;,1 = 1,2,...,r, IpHYeM yITEHB BCE LUKIbBL, BKIOUYAA K
UHKIBEL IAMHBL 1, TO YHCIO NOACTAHOBOK, IEPECTAHOBOYHBIX C [IO/ICTAHOBKON 8, paBro

r

H(k,-)! 1%, Cunras 0! = 1, MOKHO HCKOMOE HHMCNIO 3AIMCATEL HHawe. IIyeTh j; — unc-

JIO0 LMKIOB OMAMHEL $, BXOMANIMX B PA3NIOXEHHe NOJACTAHOBKH ¢, rae it = 1,2,...,n, 1

€CAH LHKJIOB AJIMHEL i B DA3NIOKEHHH HeT, TO nomoxeHo j; = (. Torma nckomoe yHcHo
T

paBHO H(j,:)! - i,
i=1

VKAIAHUE. Upxasl ognoit ¥ To# e anuuul [, BXOOAINHME B PA3NOXKEHHE §, IPH
TpaHchOPMHUPOBAHMHA MOACTAHOBKOM T, NEPECTAKOBOYHOHM € §, MOTYT NHILIb NEPECTAB-
AATECA MexAay coboil, IpHueM NEpBOE YHCAC KAKOro-AHO0 UHKAA MOXKET nepeiiTu B
N1060e YHCI0 MIG00ro HHKIA TOH »Ke JIMHBI, BXOAAILErO B Pa3JI0KeHHe II0JCTAHOBKH §.

1670. YKAZAHUE. PaccMoTpeTs KOMMyTATOD hlhghl‘lhg ! srux snemenToB.

1674. Ecnu B pa3no:KeRWH JAHHOH MOACTAHOBKH § HAa HE3ABHCHMbBIE HKINBI BCTPe-
qaertcs k; UMKJIOB miuHbl 4,1 = 1,2,...,7, IIpH'-IEMIy‘-ITEHbI BCE UHKIDLI, BKJIFOYAR U

n:
LMKNBl AMUHEL 1, TO MCKOMOE 4HCJIO PABHO ———. JTO YMC/IO MOMKHO 3ami-
k B
IF (ko)! - ik
=] i
CaTh HHaJe, TONL3YACH ADYTHM BLIDAXKEHHEM 3HAMEHATE s, YKAa3aHHBIM B OTBETE 3a-
Jaud 1669,
1675. YKA3AHKA. a) O603HAMHTE 4epes ap YHCAO KIACCOB CONPAIKEHHBIX 3JIe-

MEHTOB ¢ p° 3nemeNTaMH B, NOAR3YACH 3a7aveit 1673, 110Ka3aTh, 4TO ag +a1p+azp® +
T

+ = p .
6) Paccmorpers rpyniy {Z,a}, rae a € Z.
lab
B) 83 x 53. 1) Ipymna marpuy suga { 0 1 ¢ | san nonem Z,.
001

1876. YKA3AHUE. Ecau H conepaur upkh (afy} u o', §', v — nwbre paanuunpie
aucna ot 1 jo n, To TpancdoOpMHPOBaTL HUKN {@f7y) NOACTAHOBXOM

x:(a, 8 v & ¢ )
o B8 gD
rae & u & ppifpanel Tax, 4TO NOACTaHOBKA T verna. HenonvaosaTe 3agaun 1667
1658 8).

1677. PELIEHUE. a) Bce 60 ppaiueHusl, COCTABASIOILNE IPYNIY HKOCA3ADA, YKA3A-
Hel B oTBeTe 3324y 1662 ). ToxcnecTpennoe BpallleHue ABASETCH €QMHUUEH [PYNIIE]
W cocTaenger OuB xaacc. COnpsiyKeHHbIE 3/IEMEHTHI HMEKT OOWHBAXOBLI MOPALOK.
DemeHTAMM NATOrO NOpsika ABnAKTCA 24 Bpawenusa Ha yrel 2kw /5, k = 1,2,3,4,
BOKDYT KaxJ0H H3 mecTH oceif, TPOXORAIINX Hepe3 NPOTHBOMNONOKHLIE BEPIIKHLI.
[lop BpawenveM Bokpyr Bepmubl A Ha yront o 6vIeM NONHMATL BPALIEHHAE BOKDPYT
OCH, TEpoXonAIne vepe3 A 1 NPOTHRONONOKHYIO BEPIUUHY, HA YTOM ¢ IPOTHE YaCOBOH
CTPENKH, ECIH CMOTPETE BROML OCH OT A K IPOTHBONONIONKHOI BEpLINHe. ¥ KaXICH
BEPUIHHBEl OTMETHM OfHH H3 IIOCKHX YLAOB ¢ JaHHOH BepminHoil. Kaxnoe Bpaluenue
HKOCAIPA BHOMHE XAPAKTEPHU3IYETCs YKA3aHHEM BEPIUHHBI B, B KOTOPYIO nepexomuT
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nanuas eepuinia A (B moxer cosnagats ¢ A), H niaockoro yraa npu B, B kotopsiii
nepexoauT orMeeHHsd yron npa A. IToaToMy kaxkidoe BpalueHue x, nepepogsuiee A
B B, npeacraBaserca B BHIE NPOU3BEASHHA T = ¥z, [Oe ¥ TEPEBOAUT OTMEHEHHBIH
yron A B orMmeueHRbIl yros B, a 2z eCcTh BpalueHue BOKPYT BEpPIIMHB B Ha yron o.
O6paTueii snement 71 = 271y~ ! ectn nponspesenue Bpawenus z ! pokpyr B Ha
YTON — M BpalleRiiA y~ L, mepepoasero oTMedeHHbIl yros B B oTMeuennbli yron A.
Ilycte Teneps g-— BpamueHue BOXKpPYT Bepwvdel A Ha yroi o n x — w0l 3aeMeHT
rpymisl, neperopswit A B B. [Ipeacrapass x B Buie NpOM3BENEHHs] T = ¥z, KaK
YKa3ato Bbllle, HalaeM, 4TO CONDAMEHHDBIA 3JIEMEHT :c_lgar = z_]y'l gyz ABJIAETCA
HOBOPOTOM CHOBA Ha YTOJ ¢, HO Y3Ke BOXpYT Bepuivnsl B, B gacraocTu, ecaw A n B —
TPOTHBOMON0MAK HbIE BEPIIMHE], TO NOBOPOT BOKPYr B HA yroA o COBNAJAET € NOBOPO-
ToM BOKPYT A #a yront 2m — a. Takum 06pasoM, Bce BPAILEHHS BOXPYT BEPUINH Ha
yrawl 2n/5 u 87/5 NpUHAKIERKAT OJHOMY KJIACCY CONDPSKEHHBIX JIEMEHTOB, TAK e
KAK ¥ BCe BpAIUCHHS Ha yrasl 47/5 u 67 /5. [lokameM, 4To BPAIEHUSA gh U g2 BOKDYT
sepiinubl A Ha yrasr 27 /5 n 47 /5 npuHagnexar pasnuaHeM knaccaM. Ecnn z nepe-
BO;wT A B Apyryio Bepwuny B, To £~ gz ecTh Bpamenne Bokpyr B u mubo ne Symer
Bpamennem Bokpyr A, mubo {ecau B nporusononoxna A) Gyaer BpateHnem BOKpyr A
Ha yroa 8% /5, T.e. z g1z #£ go. Ecan xe x — Bparuenue Bokpyr A, To ¢y ¥ @ —ane-
MENTH UMKIAYECKOR (M, 3HAYAT, KOMMYTATHEHON) NOACPYTIILI BPAIIEHHR BOKPYT A,
7 cHOBa T lg1T = g1 ¥ g2

Hrak, BCe 3/IeMEHTHI NATOrO NOPALKA Pa3GUBAKTCA Ha JBa KJacca no 12 sneMmen-
TOB. AHANOrMYHO, OTMETAS IO INIOCKOMY YTty KaXKIOi rDaHi M 10O BepPIMHHE KaX0ro
pebpa, ybemumca, 9o 20 3/1I€MEHTOB TPETBErO Nopsaxa (BpalneHUss Ha yrabl 27 /3
H 47 /3 BOKpPYr ocell, NPOXOAANMX YEPE3 UEHTPH! IPOTHBOINONOMHBIX rpaHell) cocTan-
JAKT OOMH Knacc W 15 31eMeHTOB BTOPOrO NOPAJXa (BPAIEHMS HA YIOA 7 BOKPYT
ocell, NPOXOASIIHX 4epe3 CEPeNMRLI IPOTHBOIOA0MKHBIX pelep) TakiKe COCTABJISIOT
OUH KNacc.

©6) HopmaneHblll genuTens AOJMKEH COCTOATH M3 HEJALIX KJIACCOR, JOJMKEH COAEp-
KTk EIHMHHLY, H Er0 NOPSAOK JOKEeH ZeNHTh nopagok 60 rpynnwl mkocasgpa. Ilo
AYHKTY 2} K/acchl CONPAKEHHBIX 3JIEMEHTOB COAePKaT cooTreTcTBento 1, 12, 12, 20,
15 3nemeHTOB. 3 3THX 9MCeN MOXHO COCTABUTE NHIIE JBE CYMMbI, BKAKYAQIME CHa-
raemoe 1 W penamue wucao 60, umenno 1 w 60. D10 maeT AMMIE ABA HOPMANBHBIX
AeUTeNnn — eAHHHYHYI0 NOICPYNNY H BCIO CPYIY.

1678, YKA3AHUE. [Ipumenurs 3amaqu 16628) u 16776).

1681. I'omomopdusm BrionHe gnpejensercd oOpa3oM 06pasyIOMWILrO 3JEMEHTA 4.
Huske ykazaHbl BO3MOXKHbIe 06Da3bl 3TOrQ SMEMEHTA:

a} moOBOH 3MEMEHT IPYNIBI; IHCAO TOMOMOPMHIMOE DABRO T3;

6) e,0% b%,6% 612 b1°; B) e,b,b%,6% b7 6% 1) €,0%, 0% n) e

1883. a} Uuknuveckad rpynna {p} 4eTBepTOro Nopajxa, Lae ap = a%; 6) mux-
ayeckas rpynna {¢} BToporo nopamgka, rae ayp = a’; 4) NnoMe BLIMETOB [0 MOAYAIS 5;
€} KOABbUO BBIMETOB [0 MOAYJIO 6; K} KOJBLUO BBIMETOB N0 MOAYMIO L.

1685. a) LUnxkauveckas rpynna nopagxa n: 6) UHKAUvecKas rpymila nopsaka 5;
B) UMKJIUYeCKas CPYMNa nopajgka 6; r) uMkIddeckas rpynna nopaika 2.

1688, ¥YKA3AHUA. B cnyuae r), 1) u 3) paccmorpers orobpaxenne f(z) = 2", a
B coy4ae ) — orobpaxenne g{z) = 2™ /|z|".



OteeTHl 369

1691. B rpynne 53 nmoarpynna {(1 2)} ameer wuaexc 3, HO HE CONEPKUT SIEMEH-
ta {1 3) nopsgka 2.

1693. YKA3AHME. llpeanoncxkue, uro G/Z — uMKIH4ecKas rpynia, BolfpaTh B
KJIacce, CHYKAWEM A5 Hee 0DPa3yrIiM SJIEMEHTOM, 3JIEMERT @ U TIOKa3aTh, TG a
# Z nopoxjaler scio rpynny &

1694, PEWIEKRKE. [IpumenuM unayknuio 1o nopaaxy » rpyunet G. Jdna n = 2
rpynna G — yHxauveckas BTOPOTO NOPAKKA, H TeopeMa Iiia nee sepHa. Ilycrn Teope-
Ma BEPHA BJI BCEX IPYMIl, NOPSAOK KOTOPBIX MEHbLIe 7, ¥ (G — PYIHIA MOPAAKA n.
ITyers cHavana G xoMMyTaTHBHA. Bepem MoOG0H 3€MERT , OTAHYMABIL OT EIHHHALEL €
rpymnel G. Ero nopagox k > 1. Ecin k genutca Ha p, k = pg, To anemedt o9 umeer
nopagoek p. Ecan k e senvrcs Ha p, T0 nopsgok n' dakroprpymust G = G/{a} rpyn-
net & 110 uHKAMYecKol noarpynne {a} paeen % < n ¥ genutca Ha p. [lo mpemmono-
KeHmno nsayKuan G conepaunt snemenT b nopsagxa p. Ilycrs b--3nement rpynnnr G,
BXOAIMI B cMexHEl knace b, Uz 7 = ¢, roe ¢ —eaununa Tpynmt G', cnenyer,
aro bP copepwutes B noprpynne {a}, T.e. b* = o', orxyna * = a'* = e. Ecom b* = ¢,
10 b = ¢' u k nennTcs wa HOPAJOK P 37eMenTa b, 4To HeBO3MOKHO. SHauuT, b*? = ¢,
Ho b* # e, T.e. aneMeHT b* umeer NOPAJOK P.

IIyete Tenepe rpynna G HekoMMyTaTuBHa. Ecan cymecteyer noarpymna H, ot-
Audnan oT (7, MHAEKC KOTOPOH He OEIHTCA Ha p, TO NOPAKOK H Mesbiue n U HenaTes
Ha p. [lo npeamonoxenuo uHaykuuk H comepxxut anement nepagka p. Ecan ke nu-
JEKChbI BCEX MOATPYHN rpymiel G, OTABYHLIX OT (7, RENATCA HA P, TO HHUCIO 3MEMEHTOR,
COUPAMKEHRBIX JIOO0MY 3IeMeHTyY rpynnsl (G, He BXOHALUEMY B ee neHTp Z (3amad4a
1664), nenutca na p (3amaua 1671). Tak kax nopagok n rpynnel G TAKKE HEIHTCH
Ha p, TO M NOPAAOK NEHTPA Z AEMUTCHA HA P U MEHBINE N, TAK KaK G HEKOMMYTATHBHA.
Tlo npeanonoxenud HHAYKIMU Z COREPIKUT 3JEMEHT NOPSAKA P.

1695, YKAIAHKE. BocnonpaoraTbed Npeabiayilell 3anavett.

1701. a) {a} = {3a} + {2a}; 6) {a} = {4a} + {3a};
8) {a} = {15a} + {20a} + {12a}; r) {a} = {225a} + {1002} + {36a}.

1702. ¥KA3AHME. B cryuae B) ucnone3osats 3afagy 170086).

1703. ¥KA3AHKA. a) Tpunats coorBeTcTBEHHO 32 A U B MHOXKECTBA BCEX 3Mie-
MeHTOB a W b u3 &, ana kotopetx pa = 0 B gb = 0; §) PacCMOTpPETH PA3NACKEHHA
n= p‘f‘ p’;’ cas p’;' HopAAKa n rpynnsl G Ha NPOCTHIE MHCKUTENN U NPUMEHKTD 4).

1704. 2) G(3); 6) G(4), G(2,2); B) G(2,3); 1) G(8), G(2,9), G(2,2,2); 2) G(9),
G(3,3); e) G(4,3), G(2,2,3); x) G(16), G(2,8), G(4,4), G(2,2,4), G(2,2,2,2);
3) G(8,3), G(2,4,3), G(2,2,2,3)%; u) G(2,3,5); x} G(4,9), G(2,2,9), G(4,3,3),
G(2,2,3,3); n) G(16,3), G(2,8,3), G(4,4,3), G(2,2,4,3), G(2,2,2,2,3); M) G{4,3,5),
G(2,2,3,5); n) G(9,7), G(3,3,7); o) G(8,9), G(2,4,9), G(2,2,2,9), G{(8,3,3),
G(2,4,3,3), G(2,2,2,3,3); m) G{4,25), G{2,2,25}), G(4,5,5), G(2,2,5,5).

1705. Ecnu Z; — unknuveckas rpynna nopsiaka k 1 Z — GecKoReYHas UMKIAYe-
CKad CpyNNa, T¢ HCKOMOE MpsAMoe pasnoxeHnue daktoprpynust G/ H umeer sum:

a) Zo+Za+23,6) Za+24;8) Za+Za+ Zy;1) Za+ Za3 1) Zy+ 25 €) Zo+ 2o+ Z;
x) Z3;3) Z+ Z; u) Z; x) GfH —nrynesas rpynna.

HckoMOro paslnoeHHsA HE CYNIECTBYET.
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1706. 8) I'pynna ¢ eANHCTBEHHBIM GOPA30M PA3NAraeTcd B MPAMYIO CYyMMY NOA-
rpyui: G = A1+ A+ -+ A,, rae A; — IEKIHYECKAs NOAIPYRNA HOPAIKA p;. Jlwbas
nogrpymia H rpynust G, oTAMYHAA OT HYJNEBOH, ABJNAETCA HPAMOH CyMMON HEKOTO-
puix u3 noarpynn A;. Yucno scex noarpyun pasHo 2°. YKA3AHHUE. Vcnons3osath
nyHKT 6) U 00Ka3aTk, 910 echu b — obpasyoiait nogrpynnst H, to H asnaerca npa-
MOt cyMMOil Tex HoArpynn A;, KOTOpble CONEPIKAT HEHYMEBBIE KOMIIOHEHTHI HIEMEH-
Ta h.

1707. ¥YKa3AHUA. B) Ina nokazarenscrsa pasznoxenus G = H+ K s3ats moboit
aneMeRT o) BHe H, 3aTem mwoboli anement ap sie {H,a1} u T 4. u nonoxurs K =
{al, g, .. }

r) Jlrwbas noarpynna H nopsaaka p' pasiaraeTcs B ApaMylo CYMMY | LHKITHHECKUX
noRrpyin nopsaxa p. Ilycre 310 paziokeHue HMeeT BHI

H={a1} +{as} + -+ {a}.

Haxonum uncno scex cucreM (ay,as, ... ,a;), ONPEIeNeHRBIX YKa3aHKbIM 00pazoM ans
Bcex noarpynn M nopanxa pi. Tax xak a1 # 0, To AfA a1 UMeeM p" — 1 BoamoxHOCTEIL.
Tak K4k 23 JeKAT BHE UMKJIMYECKOH NOArPYnnbl {a1}, TO AJAS a2 MMeeM »* — p Bo3-
MOMKHOCTER # T. 1. AHANOTHYHO HaXOOUM YHCNO Beex cucTeM (ap,ag,. . .,a;), BAOUHX
onny rpymny H nopsaxa p'. Yucno scex moarpynn nopaaxa p' paBHO SacTHOMY ABYX
RafiNeHHBIX HYuces.

1708, YKA3AHME. CHauana paccMOTpeTs CJiy4ail MPUMApHOR TPYINLL, 3aTeM
B3ATH PA3/IOEHUe rPyllibl HA NPHUMADHBIE KOMIOHEHTH (3amaua 17036)) u npume-
HUTHL 3anauy 17006).

1709. Koseue. 1710, Koasno.

1711. Konene. pu n = 0 nonyvaem Hyresoe Koo, COCTOSINEE U3 OOHOTC 1HC-
Ja 0, koTopolii 6ymer exnniuell KoNbUA u caM A cebs obpatHeiM. Hynesoe konsuo
He 6yIeT noneM, TAK KaX NoJe J0MKHO COREPKATS DOMEE OHOIO AMEMEHTA.

1712. ITone. 1713. llone. 1714. IToae. 1715. Konsue. 1716, llone,

1717. Konsmo. 1718. llone. 1719. Koasuo. 1720, Koabuo.

1721. Kombno. 1722, Konsno. 1723. Koneno.

1724, MaTpuup! ¢ paiMOHANBHBIMU a,b 06pasywT nofe, a ¢ JAefCTBUTENLHLI-
MH a,b— KONBUO, HO HEe TIOJE.

1725. MHOro4NeHbl OT CHHYCOB M KOCHHYCOB H MHOTOMIEHBL OT OJHHX KOCHHY-
cOB 00Pa3yIOT KOABIUO, a OT OOGHHX CHHYCOB He 00pa3yioT. YKAJAHHKE. Ina mokasa-
TEAbCTBA, TG MHOPOMJIEREI OT CHHYCOB He o6pasywT Kombna, NCTONB30BaThL TO, MTO
NpOM3BENeHHe ABYX HeueTrHblx byHKumit Abadercs dyHKUMeH YETHOI.

1726, He o6pasyior. YKASAHUE. Mcnonb3ysa HENPUBOAHMOCTL MHOTOMAEHA - — 2
HAJ NOJIEM PALMOHANBHBIX HHCEN, JOKA3aTb, 4T0 V2 - V2 = V4 He NPUHALIEKHT
PACCMATPUEAEMOMY MHQMKECTBY.

1727. (5+9v/2 — ¥/4)/43. YKA3AHME. [l 10Ka3aTeALCTBA OBHO3HAYHOCTH He-
NONb30BATH HENPHBORMMOCTb MHOTOW/EHA 27 — 2 HAR HMOJeM DALHOHATLHALIX 4HCe.
Ana oTeickaHua 0OPATHOTO SNEMEHTA NMPUMEHATHL METQ/ HeonpeleneHHsIX Koaddu-
LHENTOR.

1728. x7! = (19 — ¢/5 + 11¥/25)/208.
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1729. YKA3ZAHUE. Ucnoaszoearsh CBOHCTBG HENPHUBOOHMOCG MHOTOUYIEHA GbITh
B3AHMHO BPOCTLIM € JIIOOBIM MHOTOYICHOM HU3LIEH CTelmeHH.

1730. 47! = (101 4 37 + 4a*)/405. YKABAHHE. Ecmn o(z) = 2% -2 + 3, 10
METOAOM ReonpeaeneHnbix KoadbduuuenTor raiiTy Muorownensr fi (<) nepeol crenenn
1 1(x) BTOpO cTenenw, ynosreTsopaomue pasenctsy f{x)fi{x) + o(x)p{z) = 1,
H TIOJOXKHTB B 3TOM PABEHCTBE £ = o

0 <0, £0,
1732. Hanpumep, fi{z) = { e i'];z i‘ >0 fa(x) = { gﬁ: ; >0

1734. Jenures uyna umewor sug (a,0), rae a £ 0, u {0,5), tae b # 0.

1737. MaTpuupl, B KOTOPBIX 3JIEMEHT B JeBOM BEPXHEM YTAY OTAHYeH OT HyJA, HE
O6yayT nepbimd {Ho OyAyT OpaBbIMM) HENHTENSTMH HYJS.

1738, YKABAHKE. PackpoiTh ckobxu B npowssenenu (a + b)(e + e} myms pas-
HBIMH criocobamu.

1740, Marpuup nopsaka n 2 2 ¢ 9JIeMEHTaMH H3 ZAHHOTO HOMIA [1PH YCROBUM, YTO
BCEe CTPOKM, HAMMHAA CO BTOPO, COCTOAT U3 Hyneil, 00pasyIoT Konbuo ¢ HECKONbKHMH
NeBBIMH EAMHHUAMH, 3 [DPH AHANCTHYHOM YCJOBHM IS CTOAGIOB — ¢ HECKONBKHMH
NpaBpIMH €FHHHUAMH.

1742, YKABAHUE. IlycTh @ —3/MeMEHT KOabua, OTAMYHBIH OT Hynd. IIokazate,
YTO COOTBETCTBHE & — aZ, [Je T — NGOH 3NEMERT, ABJIALTCA B3aHMHO OXHO3ZHAYHBIM
oTobpazkeHHeM IJAaHHOTO KOoAbla Ha cebs.

1743. ¥YKABAHHUE. Ucnonb2oraTe 3ama4y 1742,

1747. YKABAHUE. Haiitu wmarpuoe E,I,J K, COOTBETCTBy!OI.L[He eIHHHLIAM
1,4,5,k, ¥ upoBepuTh TabMMLY yMHOXeRHs inA mux: [° = J° = K°® = —E,
IJ——JI—K, JK =-KJ=I KIf=-IK =],

1749. Bo3sMoxHB Iniibs ABA TAKHX aBTOMOPGH3MA: TOKJECTBEHHBIR H NepeBoas-
WK KasKaoe YHCIO B CONPAMXKEHHOe.

1750. YKA3AHKE. [ToxasaTs, 4T0 Ji0b0e YUCOBOE HOJIe COREPKUT YHCAC 1, 3aTeM
nenLie B, HakoHeu, ApobHeie wUCAa.

1751. ¥YKA3AHUE. PaccMorpeTs 06passl eAMHULEL, HEALIX N APOGHBIX HNCE]L

1752, YKA3AHKE. [Toxazarh, YTO MOJOKHUTENBHOE MHCI0, KAK KBAIPAT JeficTEN-
TeJIGHOrO HHCAZ, NEPEXOSUT B TIONOMKHTEIBHOE. 3aTeM, NOABL3YACH TeM, 4TO MEXAY
JBYMS Pa3IUYHBIMU ACHCTBUTENBHBIME YHCTAMY JIEXXHT PAUUOHANBHOE, H COXPAHERH-
EM PAHOHANBHBIX YUCE]], TOKA3ATE HEU3MEHHOCTh AIGOre NelCTBUTENBHOTO YHCTA.

1753. BOaMOMHBI UG ARBA TAKHX O0TOBDAXKeHHA! TOXKISCTBERHOE U NTePEROIAILELS
n1060e KOMIUVIEKCHOE 9HCIO B CONPSIXKERHOE.

1756, Ilo mMonynio 3 cucTeMa HECOBMECTHA, a TIO MOAYNK 5 OHA HMEeT eOHHCTREH-
HOe pemweHne © = 2, 3 = 3, z = 2.

1757. Mo moaynio § cHcTeMa HECOBMECTHA, 4 IO MOAYIIC 7 GHA HMEET 6HHCTBEH-
Hoe pelteHue * = 2, y = 6§, z = 5,

1758.a) = +2;6) 1. 1759.a) 1;6) 5r+1. 1760.a) 2° + 2+ 2; 6) 1.

1761. a) PEWIEHME. [peanonoxkuM, 410 f{z} u g{z} umeror Han momeM pa-
UMOHANBHBIX YHcen obluuit senurent d(r) nonoxurtenwroff crenenn. Torma f{z) =
a{z)d(z), g{z) = b{z)d(z), rae a(z), b(r), d(x) — MHOrO4JIERBL ¢ PARMCHANLRBIMA KO-
acpduupenTamu. Bomocs obuwue 3namenareny v obpe HanOonbllve NEMNTENN HHC-
aureneft KoadhHIHEHTOR ¥ npUMeHsa gemMy [aycca o NpOM3BEOEHMH NPHUMHTHBHBIX
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MHOrowteHos, noayuas: f(z) = a1(x)d;(z), g(x) = bi(z)di(x), roe Bce MROrOUACHHI
UMEKT ueAbe ko3 dbunuenTs, crenens d)(T) paBHa crenmeHy d(z) u crapukii koadr
cunuent dy(x) ne genurea wa p. Mepexods K MOMI0 BEYMETOB [0 MOAYIIO P, TOIYYHM
ofbIufi JenUTeNs NONOXKUTENbHONR creneHu 11a f(x) v g(r) HAN STHM TONEM, 4TO
HEBO3MOKHO.

6) Muorouneus! f(z) = z, g(x) = z + p B3aUMHO NPOCTEL HAJ MONEM PALHOHAb-
HBIX 4YHCEt H PABHEL T, T.€. HE B3AKMHO MPOCTH!, HAJ IOJEM BHIYETOB M0 MOAYIIO P.

1762. ¥KA3AHUE. Ecnu f{z) u g(z) B3aumHO 1pPOCTHI, TO, NONYYHB DABEHCTBO
F(x)u(x) + g{z)v(z) = ¢, rae u{z), v{z) — mHOrOWIEHE ¢ ueABIMH KosdhdunuenTaMu
H ¢— LEJIOR HHCI0, 0OKa3aTh, uTo f(T) u g(r) B3auMHO NPOCTHL HAK NONEM BHIMETOB
no Jo00My TPOCTOMY P, HE JeNfAlieMy C.

TIpu mokasaTenscTee OOPATHOIO YTEEPHKAECRUA HCMOJIL30BATh 3agady 1761

1763. (:-c +1)* (:.c +x4+1). 1764 (:c +3)(2% + 4z + 2).

1765. (=2 + 1)(3: +2 4 2). 1768. (:r + 2+ 1){(x? + 22 4 4).

1767. fi=2%, fo=2’+1=(x+1)% fs=2’4z=x(x+1), fa=az*+z+1
HEPHBOIMM.

1768. f; = 2° 2 ) = z° +1_(23:+1) x? +a:+1),

fi=+z=a(x+1)% f=2"+2? =z *(z +1),
fs=x+z + 1 Henpnso,u,um, fe=23+27+1 HeanBO,IIHM,
fr=2d 42l vz=x(@®+z41), fa=2 4224 +1=(x+1)>

1769. fi =224+, =2’ 4+ +2, fa =240+ 2.

1770, fi = 2% + 22 4 1, fo=z34+2z 42,

fa=23+12% 42, fa=23+22%+1,
fo=ad+z?+e+2, fo=23+2°4+224+1,
f7 =zt 422 +x+1, Is =g 4 22% 4 22 + 2.

1771. ¥YKA3AHUKE. IpuMenss nemmy Laycca, us paznoskenus f{r} Ha nBa MHOKH-
TEJIS C PALHORANbHBIME X03DHINEHTAME HOMYHUTL PAa3NOKEHEE Ha. IBA MHOMKHTENS
¢ uennimu kosdpdummentamu. Muorounen f(x) = pz® + (p+ Dx+1 = (pr+1){x +1)
IHPUBCAMM HAJ NOJEM PALKOHANBHBIX TMCEN, HO [0 MOAYNK) p paBeH x + 1 W, 3HAUUT,
HEMPHBOIMM.

1772. PERUIEHUE. [1ycTh 1 — nopafiok rpynnst (G ¥ m — HauMeHbIee 00Iuge KpaT-
HOe NOPSAKOB BCEX ee 3ieMeHToB. Torga m menur n u g™ = 1 gns eeex g € . Ho
ypasHenne £ = 1 He MoxeT uMeTs B mone P Gonee m pewenuii. 3vauur, m = n.
Iycts n = p¥!,...,p" —pasnoxenwe n B Mpou3BeseHHE CTENeHeHl PA3TMYHBIX PO-
CTLIX 4MCen, TOTRa AaA Kaxaoro ¢ = 1,...,5 B rpynne G cymecTsyeT snemedt
MOPAIKA p:-“' i Jnemenr g; = AT umeer nopagok p:*. Ilo 3apave 1648a) snement
g = g1...¢s HMERT [IOPSHOK 7 H ABAseTcd obpasyoiuaM rpynnst G.

1773. PEUIEHUE. CHayana JoKa)KeM JeMMy u3 Tecpun rpymn. Eeau dea saemen-
ma o u b yukausecxod 2pynnt G He AGAR0MCR Keadpamamy, Mo UT npoudsedenue
RABAACTCA Keadparmo.

Muoxectso H snementon us (G, ABAAIOMNXCA KB3APATAMH, €CTh nogrpynna. $ak-
toprpymna G/H umkmuueckas. Ecmu C = cH —ee ofpasyiommii, 1o u3 ¢ € H ce-
nyer C? = ¢®H = H. 3naunr, wnn H = G, unu G/H —rpynna sToporo nopagxa u
ab € oH - bH = H, 1.e. ab ecTb kBagpar.

OTcoga cneayer, 4TC 0o JI0GOMY NPOCTOMY MOEYMIO p OAHO U3 uucen 2,3, 6 cpas-
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HEMO ¢ KBaapaToM. B camoMm mene, npu p = 2 uMmeem 2 = 02, npu p = 3 Taoke 3 = 0%,

Ecmu p > 3, 70 2 # 3 MOKHO PACCMATPHBATE KaK 3/1IEMEATHI MYNbTUIUIRKATHBHON [Py

nel G noss BeMETCB no moayio p. Cornacuo 3apave 1772 rpynna G — upKauyeckas,

d Mo AeMMe, JOKA3AHHON Bollle, ecM 2 H 3 — He KBaApaThl, To 2 - 3 = 6 — KBaJpart.
Muorounes

f{z)

z—-VZ-vVI-V2I+ VB + V-V +vV2I+V3) =
= g% - 102% 41

HENPHBOAUM HAJ, TIONEM PAHOHANBHBIX YHCEA, TAK KAK JMHEMHLIC MHOXKKTENH H UX
NPOM3BEJEHHA NO JBA HE ABNAKTCA MHOIMOYNEHAMHU € PANUOHANbHBIME Ko3¢pULBEH-
TAMH.

Ilycte Zp, —none peiveToR 110 OPOCTOMY MOAYMKY p. 10 JOKAZAHHOMY CYIIECTBYET
3JIeMENT a € Zp, AN KOTOPOro 6 =2 ume? =3, wm a® = 6. Bum o = 2, TO
! —100" +1 = (2% + 20z — 1}(2® — 2z — 1); ecm a® = 3, 70 2 — 1022 4+ 1 =
(22 + 2ax +1)(2® — 2ax +1); ecnn a? = 6, r0 2% — 1022+ 1 = (2% -5+ 2a) (22 — 5 —2a).

1774. ¥KABAHHME. [lokaszaTh, 4To €ClIK @ = ae, TO e — eABHHLA.

1775. a) @ = p B KONbLE BLIYETOB N0 MOAYIO pz; 6} ¢ = p B KOJLIOE BEIMETOB N0
Monymo p°. 3mecs p— moboe uucno, Gonsliee 1.

1779. YKA3AHME. Lna uucna z = a+bv/—3 seectu HopMy N(z2) = 2.7 = a®+3b°,
Joxazats, ato N{z; - 22} = N(21)N(z9), ana aanvoro M > 0 cymecTsyer nums
KOHETHOE MHOECTBO ukcen z ¢ N(z) < M, nennTenamu esununsl ABNAKTCA MHIUL L1,
BeHTENb Z ¢ HaHMeHbIell HOpMoil, Gonbluelt 1, ABNAETCA NPOCTHIM.

1780. YKAZAHME. HeoBpaTuMuril anemenT npeobpazoBalis HEUZBECTHOTO Mepe-
BECTH B MHOIOW/EH cTeneHu GOnblIe HBYX.

1781. a} Upean; 6) noaxosabno; B) WAead; r) He ABIACTCA NOArPYINOH aJAWTHE-
HOI Tpynnss; ) NMOAKOIBLIO; €} NOArpynna aJANTHBHOH FPYNNBL; 3K) WAeaN; 3) nom-
KOJBUO; H) MASAN; K) WAEAN; N} He ABIMAETCH NOACPYNIIOH AANUTKBHON CPYINLL

1785, YKABAHUE. [Tokazars, uto moboi ngean { NOpoXKIAeTCAa CBOUM 3JEMEH-
TOM @, OTJIHYHbIM OT HYJH M HAHMEHBLIMM B CHEAYIONIEM CMBICHE: a} 10 aBCONOTHOHK
BejiianHe; 6) RO CTeNmeHH; B} 10 MOAYI. B KaxkaoM Ciyvae HCHONB3OBATE CYLHECTEO-
BAHHE JEMEHWS C OCTATKOM Ha SMeMmeHT b # 0, nprydeM 0CTATOK MW PABEH HYJIK, WIH
MEHbLIE JEMUTENA B YKA3AHHOM BbIUIE CMBICHE,

1791. Eciu ne # 0 gns moboro n # 0 w3z Z, 10 w — uzoMopduzm, u ¢(Z) uso-
mopduo Z. Eciu ne = 0 ana mekotoporo n # 0 uz Z M np — HAHMEHBIIEE NOJO-
KHTENBLHOE YHCTO, A8 KoToporo nge = O, 10 ¢(Z) usoMopdhHo KONBLY BLIMETOB WO
MOLYMNE} Tig.

1792. 6) Yersipe cMexHBIX KJacCa, COCTOSMUIME N3 uncen o + bi co croiicTBAMu:
1) o u byernsr; 2) @ 4eTHo, a b HeweTHo; 3) a HeweTHo, a b ueTHo; 4) @ U b HeweTHLY
B) xuaacc B, comepxampuit 1 + i, SBNAeTca NenHTeNeM Hymls, npauem B2 = 0. °

1799, Yucno saemMeHTOB paBHO p™.

1800. 1. R —xoNnbuo ¢ DenuTenaMu Hyas, PACCMATPHBAEMOE KAK MOAYIbL Haj Ca-
Mum coboli, A 1 @ — genureny uyna, s Kotoperx Aa = 0. 2. G = {a} — yuxauveckas
rpynna nopagka n (¢ AJANTHBHON 3IAMHCHI0 ONEpalUNM), PACCMATPUBAEMAR KAK MO-
AYNb HAK KOJLUOM pefnix ducen. Torma na = 0.

1804. YKA3ZAHME. IpumennTs 3amaqy 1647 B).
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1807. 6) IlycTe @ # b— aBa PASNUYHEIX SJIEMEHTA BTOPOrO NOPAIKA YETBEPHOMN
rpynmet (cM. oTBer 3ama4u 1638 6)). Ecitu pacCMATpPHBATE 3TY IPYNITY KaK YHHTADPHBIA
MOAY/Ib HAK KOJBLOM OENBIX 4uces (Ipy 0BbIMKOM YMHOMKEHHMH 3JIEMEHTOB IPYIHILL Ha
qncnal, To Ofe) u O{b) coBnanaT ¢ MHOXKeCTBOM “eTHBIX 4ncen, Ho {a} # {b}.

1808. ¥YKA3ZAHUE. Jokasars, 4Te mMuoxecTso [ Beex A € R, nns KOTOpEIX Aa € A,
€CTb HAaeas Konpua R.

1809, MuoxecTBO A BCEX 3JIEMEHTOB ¢ KOHEYHBIM YHCIOM HEHYNEBbIX KOMIHOHEHT.

1810. 6) IIPUMEP 1. B komsne Zg BHIYETOB N0 MOAYMO 6 Kak MoAyie Haj ca-
MHM cO60I 2eMeHTH! 2 B 3 ABISAIOTCA MePHOIMYECKHMH, & UX CYMMa 5 He sBaAeTca
NEPHOANYECKAM 3JEMEHTOM.

IIpuMEP 2. Ilycts R —kombuo nap (x,y), 0ae £ ¥ ¥ — UeNble HHCAa, A CIOXEHHe
W yMHOXKEHHE TIap NPOM3BOJATCS MO KOMIOHEHTaM (3asava 1734). SneMents! a =
{1,0) u b = (0,1} sepaTCA JenuTeltamu ByAs. Eciu R paccMaTpuBaTe Kax MOAYNE
Hah camuM cofol, T0 a 4 b 6yayT MepHOAHYECKMMM 3JeMeHTamu, Tak kKak O(a)—
MHOKECTBO Beex nap Buga {0,y) w O(b} —Bcex nap suga (x,0). Ho snement a + b =
(1,1) umeer nopazaxkom wyaeeolt amement (0,0).

1811. YKA3AHHKE. [lonoxuTs a = '8, 4 = §'6 n nokasars, aro o §'8(a+5b) =0
B oavh = 0.

1812, YKA3ARME. [lokazats, yto M ecTs npamas cymMMa HEHyNERLIX NOAMOY-
aeit M;, Kaskapllt 13 KOTOPBIX COCTOMT H3 BCEX 3MEMEHTOB M, NOPARKH KOTODBIX Mo-
POXJIEHBI CTENEHAME TIPOCTONO 3JeMeHTa p; u3 R, )

1813. ¥YKA3AHME. PaccmoTpers obvenunenue monyneii M.

1819. YKa3AHKE. okazaTe, uTo b — A + b ecTs romomopdmoe 0TobBpakenne B
Ha (A 4+ B)}/A, ¥ npMMEHUTL TEOPEMY O POMOMOPMU3IMAX [ MOAYAEH.

1820. ¥KA3AHUE. lpumennts uHaykuuic o n. Ipn n = 1 npumennts 3383~
yu 1815 u 1818. Ilpu n > 1 npegnoncsknute, 4ro B M cymecrayer feckonedHan Bo-
pacTaolias uenb pasAHdHbIX nmoaMoaynelt M; C M,y C ..., nonoxuts A = {x,},

X

B = UM“ M{ = M; 1 A 4 nokasaTs, 9ro uens M, cTabUMMBUPYETCA HA HEKOTO-
i=1

pom M} = AN B. 3areM npumennts Teopemy of uzomopdusme (cm. 3anady 1819) u

HCIONB3CBATE TO, YTO haxropMonyns M /A umeer n — 1 ofpasyoimx.

1822. YKABAHHUE. IIpn mokasaTellbCTBE NYHKTa 6) paccMOTpeTh BHEIPAYKEHHE
(1+ Dz + ¥).

1823. 8} IIpocrpanctee V GeckoHeqnoMepno.

1825. ¥KA3BAHME. JoKa3blBaTh 0 HHAYKUME HJIH NOJA0XKHTDL B IMHERHOM COOT-
HoweRnu x = 1,2,22,...,27" L

1826. YKA3IAHME. B cayuasix B}, r), a) audrdbepeHnuposars %Ba pa3a ¥ npume-
HHTb MHAYKUHMIO,

1827. YKA3ZAHHE. Henons3osate onpesenntens BanzepMoRga.

1829. Pasmeprocts pasua Cpp ) | = CF,, ;. YKA3AHHKE. Baars 3a Gasy bce
OJIHOUMEHEl U KAXKAOMY OLHOYJICHY BHAA Z7'T3?...TS™ WOCTABHTH B COOTBETCTBUE
CTPOXY 1.1z 1 ... 1zy...1... 1z,

S’ L S —’
oy pas &z paz &y, paz

1830. C,f,,_n. YKA3AHME. [lonoxuts x; = m i X ¥ CBECTH K mpelslaylieit sagaqe.
n+
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1831. 6) Pasmeprnocts L pasHa n; B) pasmephocth Ly pasnan —k +1; 1) L
HE SBASETCS NOANPCCTPAHCTBOM.

1832. YKA3AHME. llpn nmokazatenscrbe HeoDXOAUMOCTH TONYYHTh DABEHCTBO
B = CA, rae C — HeBHIpOXOERHAA MATPHUA W2 KO3(DHLUHEHTOB B BEIDAXEHUAX CH-
cremst (2) yepez (1). Illpu nokazaTenscTae AOCTATOYHOCTH MPHUNNCATL K MaTpnie A
CHH3Y CTPOKY KOOPOMHAT BEXTOpa b; U, BRIYHCNAA paHT METOROM OKaltMJIeRHUsA, MOKa-
3aTh, YT0O PAHr MONYYEHRHON MATDHUBLI paBeH k.

1836. 1) Iyere wa maocxoern xQy L = Ox, M = Oy, L' —mobaa nps-
Masl, [MPOXOHAIAS Yepe3 HAYAN0 KOOPAMHAT H OTJIHYMHAA OT ocei, ¢ — NPOEXTHPO-
Banue Ha L mapannensno M, ¢, — npoextupopanne Ha L' napannensno M. Torga
PL1pn = Y1 F# w2 = o). Yenosue (3) He BBIMONHEHO, HO 17 H P31 ABAAIOTCA
HPOEKTHPOBAHHBIMH,

YKA3AHHA. 6) llokazare, 4TO €CU ) M Y3 WIAEMIIOTENTHEL, TO (01 + (Pp WAEM-
MOTEHTHO TOTHA H TOJAbKO TOILA, KOTHA 102 + wayp = 0. YMHONKAsS 370 PABEHCTRO
CNI€BA M CIIPABA HA, ], AOKA3ATH ero SKBUBANEHTHOCTE yeAosuK (1). B) Hcnonnsys a},
ceectd B) k B). 1) M3 ¢1p@ = @ BbBECTH 1@ = o = @. 3aTEM HCIONB3OBATH
NpEJCTABNEHHE & = o -+ (& — tp2)X.

1837. YKA3AHHKE. Pacemorpers (p{®) + 22}, y) n (p(hz), y).

1838. %\/1"0.

1839, Eciiw L — noanpocTPaHcTBO BCEX BEKTOPOB, Yy KAMAOrO N3 KOTOPBIX NN
KOHEMHOE 9HCAC XKOODAHHAT OTJIHYHO of Hyna, To L* =0, L+ L* =L #V (L'} =
V # L.

1841. Ilycte A —MaTpuuna Tpeofpa3coBaHMdA B OPTOHOPMHpOBaHHOM Oasuce.
a) [oBOPOT NAOCKOCTH HA HEKOTOPLI ¥rOA BOKPYT Ha¥aNla KOOPAKHAT, ecyn |4] = +1;
3EPKANBLHOE OTPAMKEHHE MJOCKOCTH B HEKOTOPOH NMpAMOi, Npoxoaulell yepe3 Hada-
a0 KoopAMHAT, ecau |A] = —1. 6) [loropoT npocTpaHCTEA HA HEKOTCPBIR Yrou BO-
KPYT OCH, TIPOXOAAINel Yepe3 Hawano xoopausxar, ecnd |A| = +1; nosopor, ykasan-
HEI BBINE, ¢ NOCAEAYIONHM 3€PKANBHBIM OTPAXKeHHEM NPOCTPAHCTBA B MJIOCKOCTH,
npoxofAumei Yepe3 HAYANO KOODAMHAT M MEPIEHANKYIAPHRON K OCH BPAIUEHHS, eCJH
A = -1.

1842. TloropoT BOKPYT oCH, onpeneaeHHon sexTopoM F(1,1,0) Ha yror a = 60°
B OTPHLATENBHOM HANpaBaeHud. ¥ KAZAHUE. Bekrop f umeMm kak cobcreeHHbIH Bek-
TOP, HpUHAAIeKAIMH cOBCTBEHHOMY 3HAaYeHHIO 1. ¥ToN 0BOPOTA & HAXCAMM M3 YC0-
BUA 2cose + 1 = aq; + azz + @33, NOAYHMEHHOrC H3 UHBADHAHTHOCTH C1€Ha MATPHIEI
npecbpasobaHud . Jlna onpefeneHusA HANpPABIEHMA NOBOPoTa GepeM BEKTOP, He Je-
KAIMA HA OCH BPAILEHUA, HAPHMED €], ero o6pa3 ¢e; U BeKTOp ocH F, 1 HUIEM 3HAK
OTIPEOEUTENs U3 KOODAHHAT 3THX TPEX BEKTOPORB, T. €. ODUEHTALHIO TPORKH BEKTOPOB
€], per, f .

1843. a) Hyneroe npeoBpazoBatine; 6) HOBOPOT HA yron /2 B NOAOKUTEIBHOM
HAW OTPUUATENLHOM HAIPABNEHHH ¢ MOCHEIYIOIIMM YMHOMKERHEM HA REOTPHUATENB-
Hoe wucho; B) wx = a X x. UUpn a # 0 npeoSpasoBalue p CBOOUTCA K MPOEKTH-
POBAHHIO BEKTOPA ¥ HA IIOCKOCTH, NMEDMEHAHKYNADHYIO K BEKTOPY @, IOBOPOTY BO-
KPyr @ Ha yron 7/2 B MOMOKWUTENBHOM HAUDABNEHHH H YMHROXKEHHIO Ha ANHHY .
VYKA3AHUE. PaccMoTpeTs MaTpuuy npecGpa3oBaHud ¢ B OPTOHOPMHDPOBaHHOM Ga-
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] a1z G13

3uce 4 = —~ayz 0 aqa H MOAOKHMTE & = (aj,as,03), 0OE a; = —ags,
—a13 —ag 0

g = —daz = 413, 43 = —d13.

1844. YKA3AHME. [Ipn aoka3zaTenncTBe OCTATOUHOCTH PACCMOTPETH CKANAPHOE
npoussegenve (p(c + y), & + y).

1845. YKA3AHUE. Haiitu 6asuc e, es,...,e,, Ana koroporo l(e;) = 1,i(ep) =
e = l{en) = 0.

1848. YKA3AHME. lpeanonoxuts, ure Ih{a) # 0, l2(b) # 0, n paccMorpers
BexTOp a + b.

1849. YKA3AHHE. dokazaTs, uto eciu b{z,y) # 0, 10

W)  hiy)
L@ Ly 7"

Paccmorpers npoussenenne ({(x) — Alg(x))z(x) v npumennts 3ana4gy 1848.
1850. YKABAHHE. ITpuMennTts 3agayy 1846 n 1849,
1851. YKA3AHHUE. lpumennts 3aaa4vy 1848.

S
1852. YKA3BAHHUE. IlonokuTe ¥y = = — EE—G; -a
1853, YKAZAHUE. Jnda Henynepblx PyHKUUR B3ATL BEKTOD G, HE Nexauui g S,
li(a)
lafa)
1854. a} OmuononocTrelit runepbosnous; 6) ABYIOROCTHbIN rUnepbONOUL. Y KA-
3AHHKE. IlepefiTH X OOHOPOBHLIM KOOPDAMHATAM
1856. Eciu ey,...,e, —HOpMahbHEIA Ha3uc (B xoTopom f{Z) 3anucmiBaercs
Keagpathunofi ¢opMoil HOpManpHOro aKaa), npuuem fle;) = 1 (¢ = 1,2,...,p),
fle;) =-1(i=p+1,....,r); flex) =0 (k =r+1,...,p), To 32 HCcKOMBII Ga-
3HC MOKHO B3ATh, HANPHMED,

HOJIOKUTE A = U NPUMEHATH 3aja4y 18526).

Ji = ei+en (i=1,...,p) Fi=—ept+e; (G=p+1,...,7}
fro = e (k=r+1,...,n)

YKA3ZAHME. [oxazaTs, YTO BEKTOPEI

fij = e;+e (i:l,...,p;j:;;_!_l,___],.);
g, = e —¢; G=1,...,p: j=p+1,...,7)
he = ex (k=r+L...n)

M3OTPOLHEL 1 49€pPe3 HUX BLIPAXKALTCS OA3UC €1,...,En.

1857. ¥KA3AHHUE, Henonbsosarte 3agaun 1306 n 1856.

1858. ¥YKA3AHKE. Paccmorpum ciyualt 6} npu ycnoeun p £ ¢. Base 3amuce
fle) =23+ 4 :rf, = :rg_,_l —— x§+q ¢hopMoif HOpMAaJIBLHOTO BHIE, IPCBEPHTE,
aro K cozepaT nomnpoctpaHeTso L, 3agaHnoe ypasBHEeHUAMU

I1 —Tpp1 "—*0,...,IP—IQPZO, $2p+1=0,...,.’ﬂp+q=0, (1)
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npHyuem pasmepdocTs L pasHa n — g. 3aTem npeAnonoxuTe, uto K comepxur noa-
npocrpadcTee L' pasmeprocTi s > n — g, 3alakHOE YPABHEHHAMH

iaijszﬂ (t=1,2,...,n—s), (2)

=1
J00ABHTL K HUM YpPaBHEHHs
z1=0,...,2, =0, Tpygp1=0,...,2,=0 (3}

H NpUiTH K NPOTHBOPEYHIO.
1859. a) PEMEHHUE. Ecau f(x) B nomxomaiuem Ha3uce 3aHCaTs B HOPMAJILHOM
BUJE, TO YDABHEHHE MOBEPXHOCTH S 3AMUIIETCS TaX:

T o

Ecnu p = 0, To Ha S Her neficTeuTensasix Touex. pu 3tom min{p — 1,q) = —1.
Tecpema BepHa, €CJIH CYHTATH PA3MEPROCTb MYCTOrO MHOKECTBA PABHOR —1.

ITycte p > 0. Torna va S umerorca Touky, nanpumep (1,0,...,0}, T. e. HyAbMepHEIE
mHoroodpasud. [Iycrs P — MHoroobpasie MakCHMANbHROM pa3sMepHOCTH k, BXOHAILEe
B 5. P 3anaetcss cacremMoli n — kK JHHENHO HE3RBHCHUMBIX ypaBHeHHH

n
Za,-jzj=b,- (i=1,2,...,n-k). (2}
3=1
DTa CUCTEMA HE MOKET SBITH ONROPOHOMN, TAK KAK KYACBOE PeIeRHe He YIOBIeTBODA-
er ypaprenHio (1). JInsa npoCTOTH! IPEIION0KHM, YTO ONPeAeNUTeNb d HOPAAKa 1 — k

13 k0a(pPHUHEHTOB IPH IIEPBBIX 7t — & HEWIBECTHBIX OTHAN4eH OT uyJs. Torma obuee
penteHue cucTembr (2} MOXKHO 3ANMHCATH TAK:

Ti = Cin—k418n—k+1 ++ CinTn + Ciny1 (=1,2,...,n—k). (3)

Paccmorpum {n + 1)-meproe npocrpasctee V... Bepem B vem soBodt Hasuc u
cunTaem, 410 V', HATAHYTC Ha IEPBHIE 7 BEKTOPOE Hasuca.
PaceMoTpHM OTHODOORYIO CHCTEMY YDaBHEHHI

Zaijﬁj—bixn.'-l:o (t=1,2,...,n—k); (4)
i=1

Ko pUIMEHTH Takue *ke, kak B (2}, Ee ofmee pemenne uMeer puz
Ty = Cin—ki1Tn—ktl T+ Cin¥n + Cing1Zas1 (E=1,2,....n—k) {5)
¢ takumu xe koaddunuentamu, kax B {3).

3aTtem paccmoTpHuM KoHyc K, 3a/laHHBIA yPaBHEHHEM

2 2 __ .2 2 _ .2 _

T+ F T, = Tpyy — Ty~ Ty =0 {6}
Jokasxem, uro (k+1)-MepHoe nognpocTpaHeTeo L, 3amannoe cucremoli (4), mexur

B koiyce K. Jlioboe penrenue cucteMsl (4), B KOTODOM Tp41 = 1, nocte ot6packisa-

HUSl Z,41 A3ET peweHHe cucreMwul (2), T.e. sekrop w3 P C 8. Ho rakce peienue

YBOBJETBOPsieT ypaBuenuo {6) u, 3HauuT, aexkur B K.



378 OTsernt

1
Ecnu o — noboe peinenue cuctemur (4), B KOTOPOM Ty = @ # 0, 10 —x € K,

o
orkyaax € K. [lycte @ = {01, ..., Qn—k, On—k+1, - - - ¥n, 0) — pemenne cucreMs! (4) ¢
Tny1 = 0. CymecTsyer pemenne @' cuctemst (4), B KOTOPOM CBOBOIOHEIE HEU3BECTHERIE

HMEIOT 3IHAYCRMA

1
Tnktl = Qnekilyseos Tn = 0ny Tnpl = 7 {1=12,...)

Hz ¢opmyn (5) acHo, uro Ilim x' = x. o noxasannomy sbune @' € K. [epexons
—00

B paBeBcTRe (6) IOCJE [OACTAHOBKH B HEM KOOPAMBAT &

monyunm x € K.

Hrak, L ¢ K. Unaexco! wiepumu K paeum p,g + 1. [lo samave 1858 k+ 1 £
min(p,q + 1), orkyaa k € min(p — 1,4q).

Mycre K'--xonyc ¢ ypabHenuem

+oi - —ad, - -2k =0, (7)

K npemeny mpu i — oo,

r7i€ 3HAKM COBMAJAT €O 3HAKAMH COOTRETCTBYMOWMX w4ienos ypasdednsa {1). Co-
rnacno 3amaqe 1858 xomyc K’ comepxkur nognmpocrpamcteo L' pasmeprocta k& =
min(p — 1,¢), Nexkaluee B NOBNPOCTPAHCTEE ¢ ypaBHeHueM z; = (. Bozemem B V,
BekTOp ag = (1,0,...,0)}. Toroa § conep:xur Muoroobpazne P' = ay + L' pasmepno-
cru k = min(p —- 1,¢). YTBep:xaeHue a) IoKaIaHO.

6) YKA3AHHUE. IIpu r < n cectu §) K a} B r-MePHOM NMPOCTPAHCTBE.

1860.a) 1;6) 0;8) I;r) &; 1) 1;e) 1; ) n +11; 3)n-2;mn) 0; K) 1, ecnin

n>20emmn=2;n) 1; M) uenas 4acTe o ana —n—1, ecqu n weTHo; = (n—1),
ecny n HEeYETHO. 2 2

1861. 6) YKA3AHUE. HaliTH cHCTEMBL IHHEHHLIX YPABHEHHH, 3a8AI0IIHX AEBOE U
npaeoce fOpo.

1862. Bazuc L; obpaayer sexrop (3, —1), a 6asuc Ly —sexTop (2, —1).

1863. 6} YKA3AHME. [lycts 1 < r € n. Baats dynkunw, matpuua xoTopo#t B
HEKOTOPOM DasHce HMeeT B TEBOM BEPXHEM YTy KBAJAPATHYH HEBBIPOXKEEHHYID KIET-
Ky NOpAJKA 7, HE ABMAKMIYIOCA HH CHMMETPHYECKOH, HH KOCOCHMMETDHYECKOH, a Ha
OCTaJbRBIX MECTaX — HYJIH.

1864. YKA3ZAHUE. HenonezoBaTe Hynesoe noanpoctpascTeo dyuxkuun bix, ).

1865. ¥YKA3AHHKE. loka3aTh, 4TO KOOPAMHATHL BCex BekTopos u3 L* ynosnereo-
PAIOT MaTpu4HOMY ypasHeHulo BAY = 0, cae A —matpuua b{x, ¥) B HexoTopom bazu-
ce rpocTpancTBa V,, B—MaTpHua, o CTpoKaM XOTOpPOit CTOAT KOOPIHHATEHI JIOHOT0
Ga3uca nognpocrpanctsa L B ganuom 6azuce V,,, Y —cronBey xoopauMHaT BexTOpa
y € L' B ToM xe Baznce.

1866. IIEPBOE NOKA3ATEALCTRO. Tax kak b(=x, y) # 0, o b(x, &) = 0, To cyme-
CTBy{OT BEKTOPHI &1, &3 TAKHE, 4TO b(®1, X2) # 0. YMHOKAA ONIMH H3 ITHX BEKTOPOB HA

m, TIOAYYUM BEKTOPHI €1, €3, AN KoTophix b{ep, es) = 1. BexTopw e, ez au-
L1, 2

He{fHO HE3ABMCHMEI, TAK KK eCli e; = aej, T0 ble, e3) = able;, e1) = 0. llycrs Ly —
JABYMEDHOE NOANPOCTPAHCTEG, HATAHYTOE Ha €1, es, # Ly — MHOXecTBO Beex y € V,
Takux, ute bz, y) = 0 ana mobore & € L. Tlo 3agaue 1865 L, — noAnpocTpancreo
pasmepHocTH 2z n — 2. [lepeceuenne Ly u Lo copep:uUT AHWL HYAEBOH BEKTOpP, TAK
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KaK, ecJt & € Ly, 70 £ = ajey + azes. Ecmu & € Ly, 10 bley, &) = bleg, @) = 0 n
bley,e1} = bleq, €2} = 0; ble;,e3) = —bleg,e1) =1, otxyaa o =0, a3 =0, 2 = 0,
Ilo zamaqe 1296 pasmepuocts Lo paBHa n— 2 n V,, ecte npamas cymMa Ly u Lo,
Ecnu va Ly ewe b(x,y) # 0, To, Kak Bbllle, CYUIECTBYIOT BEKTOPH €3,e4 € Lo, nna
koTOpsiX B{es, eq) = 1 u 1. o Ilocse KOREMHOTO YUCNA WATOB IPHAEM K NOAIPOCTPAaH-
crBy Lii1, Ha kotopom b(z,y) = 0. Ecnn Lyyy nenynesoe, 10 Gepem B BeM nioboit
Ba3uc egpp1,. .., E,. BEKTOPEL €1, €9, ..., €, 00pa3yIOT HCKOMEI Gasnc.

BTOPOE [JOKA3ATEJBLCTBO!), DT0 JOKA3ATENBCTBO AAeT NPAKTUYECKAN METO.
HAXOXKJAEHHS HEBLIPOKAEHHOTO JIHHERHOro NpecfpasoBAHNA HEHWIBECTHDBIX, TEPHBOA-
LIeTe JaHHyIo OunnHefnyio GopMy K yKa3aHHOMY B 33Ja4e KAHOHHYECKOMY BUAY.

n

ITyers B nexoTopoM Gasuce bz, y) = Z Q35 T:Y;- 34 CHET H3IMEHEHHA HYMEDALIHW
ij=1
HeU3BECTHBIX MOXKHO CHHTATh ajz # 0. anumeMm dopmy B Buge

bz, ) = za{ataye + -+ + a1ayn) — Y1(21222 + - + a1aZn) + bi(2, ¥)
M COBEPIMHM HEBBIPOMJIEHHOE TpecOpa3oBaHHe HEH3BECTHBIX
iy =1x1, Tp = aaxz + - + Q1nTn, Th = Ta,..., Th = Ty
H Taxoe »ke mpeoOpasopaHue ana y;. Iloayyvum
bz, y) = x1ys — Ta¥1 + ba(x, w).
Eﬁ“" ba (2, ¥) He COMEPKUT Xh, Y5, TO NOCTYAEM € Helt ananoru4Ho. Unase by{x, y) =

z aj; T, rae ag, # 0 ans vexoroporo k, 2 € k € n. CoBEPUINB HEBBIPOXKIEHHOE
ij=2
mpeofpa30BaKHe HEMIBECTHHIX

.':C” = Ii‘

o ! / r ’ ') L. '
Ty =&y —@pTz — -0 T Agply, Xy T Xy ..y n

U TaKoe xe npeobpasosanue yf, nonyunm bz, y) = iy —zhyl +balz, y), rme bs{z, v)

He comep:KHT x,x5,%1, ys. Ecnn ba(x, y) # 0, To nocrynaeM ¢ Hell aHANOIMYRO.

1867, b(x, ¥} = w1vs — UV + Us¥y — wq¥s) U] = 2] + 324, Up = To + 223 — 24,
Uz = X3, U4 = Bx4 N TAKOE KE BRIPAKCHNE V; YEDEI ;.

1868, b(;’c, y) = U g — Ul + Uzly — UgV3; Y] = T —41.'4, Ug = Iy +2.’I,‘3, Wy = I3,
ug = —874 M TAKOE IKE BLIPAKEHHE T; Y€Pe3s Y.

1869. Ha MaTpH4ROM #A3bIKE NOAYYAEM YTREDHKAEHHE: NS TOTO YTOGHl AeficTBu-
TeJIbHAA CHMMeTpHYecKad MaTpuua A Obula GPTOroHANLHO NOAOOHA MATPHULE, ¥ KO-
TOpO# BCE SJAEMEHTHI MMABHOH RMATOHANM PABHEI HYN, HEOOXOOUMO M JOCTATOYHO,
4T00H cnex A Obln paBeH HYMIO.

VKA3AHHME. [Ipn O0Ka3aTensCTBe NOCTATOMHOCTH NPHMEHUTh MHIYKUHIO TIO 7.
IIpy n > 1 B3aTe mwboit oproHopmuposannsil Sasuc f,, fa,...,f,.. Ecan or se
AEXUT HA KOHYCe, TO NOKa3aTh, YTO CYMIECTBYKT BeKTOPHl f;, f,, Ina KOTOpLIX
f(F:) >0, f(F;) <0, u 3a nepselit BeXTOp HCKOMOro §a3Uca BIATH BEKTOP €], NOMy-
qeHHbI! HOpMUpOBanAeM BekTopa f,+Af ;, rae A naltneno n3 yeaorus f(f;-+Af;) = 0.

D ManbiER A. 1. Ocuospl swHefinoit anrefpoi — 2-e w3n. — M.: Tocrexmznar, 1956,
c. 217.
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1870. ¥KAZAHME. IIpuMeHuTE CBOHCTBO: YETHIPE PA3tUHLIE TOYKH TOIAA K TONb-
KO Toria obpas’yrT MapalNeNorpPaMM, KOTZa HX PajuyChl-BEKTOPBL YAOBIETBODAIOT
YCHOBHIO X] -+ X3 = &2 + X4.

1875. 2y = =14 3t; —4fg, x2 = 2~y + 13, 3 = 11, T4 = 2.

1 1 1

1876. 1, = —5 + §t1 -+ Efg, Tog =%, T3 =3—4dts, x4 =0, x5 = £a.

1877. 3x1— 19 —x3 =8, 27 ~ 2090+ 24 = 3,50, ~ 223 — 25 = 7.

1878. 1 ~dxs + 23 +2=0,22, - 329~ 24+ 7=10, 32y - Sz2 ~z5 + 8 =0

1882, IIycts r ¥ v’ — COOTBETCTBEHHO DAHTH MATDHI{

a b e a1 by o d
A= a2 by e u A=\ ay by e dy |;
az by ca az by c3 da

Tij H r;j — COOTBETCTBEHHO PAHTY MATPHI M3 i-if ¥ j-H cTpoK marpan A u A’

Bo3moxKHBL CNEAYIOMME NATD CAYYIAEB, BAA KOTOPHIX NE0OXOMUMBl B JOCTATOUHBL
YKa3aHRHBIE 3HAYERHS PAHTCB!

1} TPH MIOCKOCTHM MPOXOAAT 4YEpe3 OFHY TOUKY: r =7’ = 3;

2) TpH IIOCKOCTH He MMEIOT OBINNX TOMEK, HO MONAPHO MePEceKalOTCs 110 [IPAMBbIM
(0bpasyroT npusMy): 7 = rie =73 = o3 = 2, v’ = 3;

3) ABe MIOCKOCTH MapasliebHbl, A TPETbA HX HEPECeKAeT: r1g = 1, 1 = 1], =
r13 = ro3 = 2, 7 = 3 H ABA AHAJOTHYHBIX CIYHAS;

4) TpH MJICCKOCTH MPOXOJAT YEPE3 OOHY NPAMYK: ' =T = rjg =rga =71 = 2;

5) TPH NIOCKOCTH MAPAIENBHE: T = 1, 1]y = 71]3 =7hs =1’ = 2,

1883. IfycTh » # r' — COOTBETCTBEHHO PAHIU MATPUI

ay b; oy ay bl Ci dl

az by e ay by ca do
u

az bz ca az by cy di

ay by eq ay by cq dy

Bo3MOXKHEBL YeTHIpE Clydasi:

1) v = 3, ¥’ = 4; npameie ckpemmpaoTes; 2} r = v = 3; NpAMBIE EPECEKAIOTCS;
3) r =2, r" = 3; npambie napamnensuer; 4) ¢ =7’ = 2; MPIMBIE COBNAJAIOT.

1884, ITycTh r u ¥’ —~ COOTBETCTBEHHO PaBTH (POCTOR H DPACHIHDEHHON MATPHLL
obbenuHenHoii cuctemul ypasrenui (1) u (2). BeaMoxHuI naTes cayyaes:

1) r =’ = 4; nnockoeTy nepecekaroTes B OxHOM Touke; 2) T = 3, v’ = 4; nnocko-
CTH CKPENHBAIOTCA H NAPAMIEILHE TPAMOH, 33aHHCH TeMu TpeMs n3 yparaenuii (1),
{2), ¥ KOTOPbIX JI€BblE 4ACTH JHHEHHO HE3ABMCHMMBL 3) T == 7' = 3; IIIOCKOCTH 1epe-
CeKaIoTCs 1o upaMoit; 4) r = 2, v/ = 3; nnockocTH napannensst; 5} r = v’ = 2;
IJIOCKOCTH COBRAJAIOT.

1885, Ilyctb r B ¥ — COOTBETCTBEHHO PAHTH MATPHIL

Q1 az ... Qg ay a3 ... Qp ©
by by ... by Bolb by .. b, d )}



Otaern 331

Bo3MOXKHEEL TPH Clty4as:

1) r = 7/ = 2; rUNEPIVIOCKOCTH nepecexaloTcs no (n — 2)-MepHol INIOCKOCTH;
Nr=1r =2 re 4% _ .= # E; TUNEPIICCKOCTH TAPAJIeNLHbI;

b bo ba d

3) » = r' = 1; CHIEPIIOCKOCTH COBNAJAIOT.

1886. YKA3BAHUE. [Ipumenute 3ana4yy 1874 U COOTBETCTBYIOINEE CROHCTRO TIO-
NpOCTPaHCTB.

1888, YKAZAHUE. [Ipumenuts 3ama4qy 1887.

1889. YKA3ZAHHUE. IlpumenuTe 3anaq1y 1887,

1890. YKA3BAHHME. IIpumMenuTe 3anauy 1887.

1891, Ecau ) || %2, TO 73 = my1; ectut 7y §f wo, To W3 = @y + (L1 + La).

1893, IIycts nNOCKOCTE ) 3a4aHa CHCTEMO#l ypaBHEHHHA

2111+ + 810 Tn =01,

......................... (1)

a THIOCKOCTE Ty — CAcTeMmolt

..... (2)

b 1+ + by o =dy,

M NyCTb r1,7] W r2,7h— COOTBETCTBEHHO PAHIM MATPHUbI U3 K03(hdUUHEHTOB npH
HeH3BECTHHIX M PACIMpeHHoR maTpunmer cucrem (1) u (2), r u v’ — parru MaTpHLb]
U3 K03¢pHULHEHTOE NPH HEM3BECTHHIX ¥ PACIIMPEHHOM MATPHULB! o0beHHEHHON CH-
CTeMsl, cocTosAuell U3 Bcex ypabHeHnit cucreM (1) u (2). Yrobbr cucremur (1) u (2)
337aBANH [JIOCKOCTH, HeOGXOONMO M AOCTATOYHO, YTOBBl Kaxnas ud HUX Obputa cos-
MECTHA, T. €. Ty =7) ¥ rq = ry. [[py BEINOAHEHNH 3TUX YCIOBHI A5l HAPANNETLHOCTH
JAHHBIX TJIOCKOCTEH HeOOXOMMMBI M JIOCTATOMHBI YCIOBHA: © = maX(ry,rz), r’ =r + 1.

1895. a} Muororpannuk P 3agaercs cucremoli HepaseHcTB @ 2 0, 22 2 0, 23 2
Dzl ntrnsl,oi+tyy€l,zatmagl,zatoag

6) TpPEXMEPHBIMH TPAHSIMH SBISQTCA YETbIPE YEThIPEXYTONLHbIE NUDPAMHJBL
OABCD c sepuunoit D, OABCE ¢ sepunnoit F, ODEF A ¢ sepumnoh A, ODEFB
¢ sepuintoit B, u vernipe terpasapa ACDF, ACEF, BCDF, BCEF. YKA3AHKE,
Yepes xamJple 4eTbIpe TOYKH, HE JE)KAINHE B ONHOH IBYMEDHON IUIOCKOCTH, IPO-

BECTH TPEXMEPHYIO MIOCKOCTE. Ecnum Za,—wi = h— ypaBHeRHEe TAKON TIOCKOCTH M

LN8 KOODAHHAT BCEX OAHHBIX TOYEK HJIH Za,:zg 2 b, win Za,:n:i % b, To coorper-
CTBYIOIIEE HEPABEHCTBO BXOAMT B CHCTEMY HEPABEHCTE, 3aJA0MUX MHOTOrPAHHHK P.
Brinyk/ioe 3aMBIKARHE BCEX TOYEK, IEXKAIIHX B TAHHON TPeXMepHOH INIOCKOCTH, 6yaeT
TpeXMepHON IpaHbio JaHHOro MHororpannuka. Hanpumep, Touku O, 4, B, D cnpene-
JSIOT TPEXMEPHYEY HIOCKOCTE ¢ ypasueHueM rq = 0. Jna Beex JaHHbIX Tovek x4 = 0.
IMosToMy HEPABEHCTBO T4 2 ( BXOJUT B HCKOMYHK cucTemy. Ha Tpexmeproil MIOCKo-
ctit x4 = 0 fexaT naTh JaHHbix Touek: O, A, B, C, D. Ux Brimyxnoe saMbIKaHMe €CTh
MHpaMHIJa, SBIAIILASCA TPEXMEPHO# rpanbio MEororpanunka P, Hanporne, yeroipe
toukn O, A, B, F onpeaensior TpeXMEpPRYIO IIIOCKOCTE C YpaBHeHUeM T3—T4 = (, npu-
yeM an1a Toukd D uMeeM x5 — x4 > 0, a aas Touxku E umeeMm x3 ~ 4 < 0. 3Haunr, 3ta
MIOCKOCTE HE NPHBOAHT K HCKOMOMY HEPABEHCTBY M HE COAEDKHT IPARM MHOTOTDAH-
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HAKa P. 15 yMeHbLIEeHAS YHCIA PACCMATPHBAEMBIX YETBEPOK TOYEK HAA0 YHECTh, YTO
nse yerseprku OABC u ODEF paBHOMPABHEI U JIEKAT B ABYMEDHBIX NIOCKOCTAX.

1896. a) Muororpannuk P 3agaerca cuctemoit HepaseHcTs x; 2 0, 29 2 0,
3zl 20, m+rg €zt € Lzs+aa £

6} Tpexmepunimu rpassMu apagwrea Kyd OABCDEF(Q) n wecTs YeTuIpexyrois-
HEIX NHpaMuz ¢ ofied pepmmuoit H, a umenno: OBCFH, QACEH, OABDH,
ADEGH, BDFGH, CEFGH.

1897, IlaTs BepnH L1 1

A{1,1,1), B{1,1,-2), C(1,-2,1), D(-2,1,1), E(_E'_E‘_E)'

MHoOTrOrpaHHHK HMEET [IECTh Tpeyronbibix rpaneii ABC, ABD, ACD, BCE, BDE,
CDE n npencrannser coboii asa rerpasapa ABCD u BCDE c ofiuuM ocHOBaHK-
em BCD,

1898, a} Terpassp ¢ sepumnamu (1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1);

6) Oxraszp ¢ eepwmnamu (1,1,0,0), (1,0,1,0), (1,6,0,1), (0,1,1,0), (0,1,0,1},
(0,0,1,1);

B) TPeXyroibHas NPA3Ma C OCHOBAHUAMA B Toukax (1,0,0,0), (0,1,0,0), (0,0,1,0)
u (1,0,0,1}, (0,1,0,1), (0,0,1,1};

r) keanpar ¢ sepurHaMu (1,0,1,0), (1,0,0,1), (0,1,1,0), {0,1,0,1).

1899, a) 8; 6) 28; B) 14; r) 2; &R} 7; ) 4; x} 7; 3) 6; n} 3; k) 3; n) 1; M) 6
H) 5; 0) 12. ¥YKAZAHUE. BeecTn cuctreMy KOOPOMHAT M PACCMOTPETH NAPaMETPHYe-
CKHE YPABHEHHA IPAMON U INIOCKOCTH B BEKTOPHON dopme.

1901. a) a: = ¢(e;) (i = 1,2,...,n).

1902. F(y) = p(x), p € V. :

1904, A’ = C*AC, rae C — maTphua nepexoma OT CTaporo Hasnca K HOBOMY,
3alMCcaHbaa no croabuam.

1905. A’ = D*AD, rae D = (C*)~! u C — maTpnua nepexosa ot craporo 6asuca
K HOBOMY, 3allHCaHHanA MO CTONGLIAM.

1908. A’ = C~1AC = D*AC, rne C — MaTpuia nepexona oT craporo Gasuca K
HOBOMY, 3aIHCAHHASA NO croabuam, n D = (C*)~1,

1907.6) F(z,p) = p(x), € Vo, wa; € V..

1008. YKA3AHUE. 6) BasTe creprky a;ob® Teniopa e b*, rme
KOOPAHHATAMH B = o g oguom Gazuce. [pumenntrs 3anagy 1907.

fHija.. § n{jr)m(g2)...w(dg}
1913. az‘]lz':,.ipq = n(i:)ﬂ{i:)...ﬂ(i:)'

b — renaap ¢

1914, af!{2 " = (~1)"*", rme s — 4uCIO MHBEPCHI B NEPECTAHOBKE 1,2, .. ., in,
a { — B NEpecTa”HoBxe f1, Jz,. .., jn, €CNH HHAEKCHL CBEPXY H CHH3Y Pa3AH4YHLI; B IIPO-
THBHOM CIY4ae YKa3aHHAA KOOPOMHATA PABHA HYJIO.

1917. Uupapuant, pasHoil gucay 0 Bo Beex Hasncax.

1918. YKA3AHME. a) [IpoBepuTh 3T BJIA KAKIOTO H3 NPABHS SKBHUBAJIEHTHOCTH,
YKAa3aHHBIX BO BBEJEHHA K 3TOMY naparpady; 6} Lng O0Xa3aTenseTra HeOOXOIMMOCTH
npu x # 0 B3aTH CBEPTKY N0 @ co cBOHcTBOM p(x) # 0. lns noxaszarenscrea Jocra-
TOUHOCTH AN napsl £0' nonoxuts 0 = Ox B nape 00'; B) B3ATH CBePTKY ¢ ¢’ € V,

ans koroporo ¢ (x7) = 1, ¢'(x}) = 0 (§ # i); r) ucnons3osats B).
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1923.6) g =g22 = 1, g12 = g21 = cos ax;

1 CcOS ¥

11 22 .12 21 .

B) g =" = "7 g ==
sin” o sin“ ¢

r} el =

1 1
e1—egcosa) = (1, —ctga), €2 = —ejcosateq) = {0, ;
sinza( b )= {1, - ctga), sin2a( ! +e) ( sina)

1) (&, y) = 'y + (2'y? + 2%y ) cos e + 2%y%, rae = = zley +2eq, ¥ = yler + ey

E) E190 = —€9) = |sina|, £1]1 = €0 = 0;
1 2
{ 4 B X
K} § = egyx'y’ = |sing] Wy

1924. IIpu nepexose K HoBOMY §a3ucy ¢ TOM xe opueHTalMel Y HE M3IMERACTCS,
a ¢ apyro#l opHeHTaUudell — MEHAET HallpabBleHue. BekTop Yy NmolaydaeTcd U3 & NOBO-
POTOM Ha yroa /2 B OTPHUATENBLHOM HANPABICHHHM IO OTHOWEHHIO K OPHERTALIHN
fasuca e, e2. YKAIAHHUE. [Ipy BLISCHEHUH 3aBHCHMOCTH ¥ OT Da3uca HCIIONB30BATH
HHBAPHAHTHOCTh TEH3IOPHBLIX YpaBHeHH. JIJ1A BBIACHEHHs TeOMETPHYECKOil CBA3H &
H Y PacCMOTPETh OPTOHOPMHMpPOBAHHBIH Gasuc.

1925. I1pn nepexoze Kk HOBOMY Ha3nCy € TOM JKe OpueHTalvell BeTHYHHBL by; H3Me-
HAIOTCA KaK KOODAMHATHI JBaxKIbl KOBAPHAHTHOrO TeH3opa. [lpu mepexome k Gazucy
¢ NPOTHBONGAOXKHON OpHeHTANMEH BETHYNARI b,-j JONMJIANTENERO MEHAKT 3HAK.

19286. aijr = giagipay (4,5, k = 1,2,...,n).
YKAZAHHE. CBepuyTh 00e 4acTH JafHOro B 334a4€¢ PABEHCTBA C (ig' g, MO U §,

VCTIONBIOBATE COOTROWIEHNE gin'¢'™ = 6%, ¥ MOCJIe 3TOrO H3MEHHTh OGO3HAYEHHA i, §
Ha o, F u o, 53 uai,j.

1928, 8 = 3/2, h = 1. ¥YKA3AHHUE. [Inomaas uckate no gpopmyne S = %bcsinA
HIM HCTIONBL30BATE 3afauy 1935,

1929, Q(—4,2,0). YKAZAHHNE. HanucaTs napaMerpuyecKHe ypaBHEHHS 1npa-
moli PQQ B KOHTPABAPHAHTHBIX KOODIHHATAX.

1930. YKAZAHME. [Ipn moxazartenscree §) B3ATh OPTOHOPMHPOBAHHBIN Gazuc
£1,€2,€3,e4, [/I® €] HANDABAEH NO U, & €37, €3, €4 JEKAT B OOHOH TPexXMepROl nioc-
KOCTH € ®, Y, Z H OJHHAXOBC ¢ HUMH opuenTuposansl. Mcnons3osate BrIpaskenne opn-
eHTHpOBanHOTO o6bema 1o ¢opmyiam (17) u (18) u3 Beenenus k sroMmy naparpady.

1931. UupapuadT, paBHblA 9ucay n B JoboM Gazuce. 1933. 6.

6 -5 2 2 1 -1
1934.6) Gy = -5 5 —2 ;B( ' 3 )
i A S Y U

C TOMHOCTBIO OO 3HAKA.
1935. YKASAHHUE. Ilepsrilt cnocol: npAHATE JaHHbIE BEKTOPHl 3a Gasuc; BTOpOt
cnocob: BeIOpaTE OPTOHOPMMPOBARHEIN Oa3uc.
sinw(azg + byo + ¢)
vaZ + b? — 2abcosw
1938, YKA3ZAHHUE. lepeilTn K OpTOHOPMHPOBARHOMY 0a3HCY C TOt YK€ OpHeHTa-
Luei.

1937.d =

. ¥YKA3AHHKE. [IpumennTs 3anaqy 1936.
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